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A systematic framework for realizing Z2 gauge extensions of hyperbolic lattices within the nearest-
neighbor tight-binding formalism is developed. Using the triangle group ∆(2, 8, 8) as an example,
we classify all inequivalent projective symmetry groups by computing the second cohomology group
H2(∆(2, 8, 8),Z2). Each class corresponds to a distinct flux configuration and can be constructed
by tight-binding models to verify the symmetry relations of the extended group. The translation
subgroups of the Z2 extended lattices are associated with high genus surfaces, which follows the
Riemann-Hurwitz formula. By applying the Abelian hyperbolic band theory, we find the all-flat
dispersions along specific directions in momentum space and van Hove singularities correlated with
discrete eigenenergies. Our results establish a general route to investigate gauge-extended hyperbolic
lattices and provide a foundation for further studying symmetry fractionalization and spin liquid
phases in non-Euclidean geometries.

I. INTRODUCTION

While Euclidean lattices have long served as the foun-
dation for condensed matter physics, recent advances
have extended the study to hyperbolic lattices which
are periodic in two-dimensional hyperbolic space. The
Schläfli symbol {p, q} is applied to describe the regular
tessellations where p denotes the number of edges of the
regular polygon and q denotes the number of polygons
meeting at each vertex. The expression (p−2)(q−2) > 4
is satisfied for the hyperbolic lattices. One critical break-
through in this research area is the generalization of
Bloch theory in Euclidean space, which leads to the
Abelian hyperbolic band theory [1–3]. The discovery
of hyperbolic topological band insulators [4–6], hyper-
bolic flat bands [7, 8] are enabled by the generalized
band theory due to the characterization of the spectra
in momentum space. However, while Euclidean trans-
lation groups are Abelian, the hyperbolic translation
groups are non-Abelian and require higher-dimensional
irreducible representations (IRs) besides the Abelian IRs.
Different approaches such as the coherent sequence of
normal subgroups method [9, 10], and the continued-
fraction method [11] have been developed to construct
non-Abelian hyperbolic band theory.
Symmetry has been the most fundamental concept in

the exploration of condensed matter physics [12, 13].
Embedding gauge structures into lattice models usually
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will reduce the symmetry groups of the systems [14, 15].
However, Wen has introduced the projective symmetry
group on the square lattice which can still preserve all the
original symmetries up to a gauge transformation [16].
This framework can also be applied to chiral spin liquids
on triangular and kagome lattices [17], and other wallpa-
per groups in two dimensions [18]. Recently, a Z2 gauge
field was introduced to the hyperbolic lattice to inves-
tigate the hyperbolic spin liquid and chiral quasiparti-
cles with non-Abelian Bloch profile [19, 20]. However, a
thorough projective symmetry group classification of the
Z2 gauge extension on a hyperbolic lattice has not been
studied yet.
In this work, we develop the projective symmetry

group classification of Z2 extension on a hyperbolic lat-
tice which is described by the triangle group ∆(2, 8, 8).
The second cohomology group H2(∆(2, 8, 8),Z2) is ap-
plied to classify inequivalent projective symmetry groups
mathematically. Then simple nearest-neighbor tight-
binding models are designed to realize all the classifi-
cations with different gauge fluxes. Also, the Abelian
hyperbolic band theory is applied to the tight-binding
models to explore the band diagrams of hyperbolic lat-
tices with Z2 gauge structures. The all-flat bands along
a single specified line in momentum space are presented.

II. TRIANGLE GROUP OF THE HYPERBOLIC

PLANE

As shown in Fig. 1a, the symmetries of a {p, q} hyper-
bolic lattice are described by the triangle group [9]

∆(r, q, p) = 〈a, b, c|a2, b2, c2, (ab)r, (bc)q, (ca)p〉, (1)
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(a)

(b)

FIG. 1: Symmetries of different triangle groups. The
primitive cells are plotted by blue polygons.(a) Triangle
group ∆(2, 8, 8) presented by alternating grey and white
triangles. The reflection lines a, b, c are the generators
shown in Eq. (1). (b) Triangle group ∆(2, 4, 4) (square

lattice) with its reflection lines a, b, c.

where a, b, c are reflections over different sides of a trian-
gle with internal angles π/r, π/q, and π/p. Assume the
triangle surrounded by three reflection lines is denoted as
the identity of the triangle group, all the triangles shown
in Fig. 1a can be represented by the word built from the
generators a,b, and c. We use the right-action convention
for convenience, where the word ab means ”apply reflec-
tion a then b”. For comparison, the wallpaper group p4m
is also written in the form of the triangle group ∆(2, 4, 4),
which can be verified by Fig. 1b.

III. PROJECTIVE REPRESENTATIONS OF

THE TRIANGLE GROUP ∆(2, 8, 8)

A projective representation of G with coefficients in an
Abelian group A is a map

ρ̃ : G→ GL(V ) (2)

(a)

(b) (c)

FIG. 2: (a) The π-flux of rotation operator R̃4 = −1.
(b) Conventional mirror symmetry M is replaced by (c)

a C2 rotation around a horizontal axis. Red edges
represent hopping coefficients tij = −1 while black

edges represent tij = 1.

such that a modified multiplication rule is satisfied:

ρ̃(g1)ρ̃(g2) = ω(g1, g2)ρ̃(g1g2), ∀g1, g2 ∈ G. (3)

Mathematically, all the inequivalent factor systems
ω(g1, g2), ∀g1, g2 ∈ G form the second cohomology group
H2(G,A) (see Appendix A). In our case, in order to find
out all the projective symmetry groups of the Z2 gauge
extension on the hyperbolic lattice ∆(2, 8, 8), we need
to figure out H2(∆(2, 8, 8),Z2). Each equivalent factor
[ω] ∈ H2(∆(2, 8, 8),Z2) corresponds to a distinct central
extension which can be expressed as:

1 → Z2 → ∆̃(2, 8, 8) → ∆(2, 8, 8) → 1. (4)

Since the triangle group ∆(2, 8, 8) has infinite group
elements, it is hard to list the factor system
ω(g1, g2), ∀g1, g2 ∈ ∆(2, 8, 8) of the projective symme-

try group ∆̃(2, 8, 8). Instead, we only need to take the
relators of Eq. (1) into consideration when deriving the
H2(∆(2, 8, 8),Z2). Following the method used in [18], we
can express the projective relations of the triangle group
∆(2, 8, 8) as

ã2 = β1, (5a)
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b̃2 = β2, (5b)

c̃2 = β3, (5c)

(ãb̃)2 = α1, (5d)

(b̃c̃)8 = α2, (5e)

(c̃ã)8 = α3, (5f)

where the six independent cohomology invariants
β1, β2, β3, α1, α2, α3 ∈ Z2. By redefining the generator
such as ã′ = −ã won’t change the projective relations
shown in Eq. (5) due to the even indices of the expres-
sions. Hence we have

H2(∆(2, 8, 8),Z2) = Z
6
2. (6)

The result can also be verified easily by the HAP package
[21] of the computational algebra system GAP. For com-
parison, the wallpaper group p4m which can be described
as the triangle group ∆(2, 4, 4) has H2(∆(2, 4, 4),Z2) =
Z
6
2 [18].

IV. TIGHT-BINDING MODELS WITH

RESPECTIVE COHOMOLOGY INVARIANTS

A. fluxes with different cohomology invariants

The 6 relators shown in Eq. (5) can be classified into
two categories: relators of the mirror symmetry operators
and relators of the rotation symmetry operators. For the
discrete lattice model, the mirror symmetry operator M
and the rotation symmetry operator R can be viewed as
the permutation matrices while the corresponding gauge
transformations GM and GR can be presented by diago-
nal matrices with values±1 for different lattice sites. The
relations between projective representations and spatial
symmetry representations without a gauge field can be
expressed as [18]

R̃ = GRR, (7a)

M̃ = GMM. (7b)

1. cohomology invariants of rotation operators

Assume the tight-binding model is written as H =∑
ij tija

†
iaj . After applying the rotation operator R̃ to

H , we have

H ′ =
∑

ij

GR(i)G
−1
R (j)tR−1(i)R−1(j)a

†
iaj , (8)

(a)

(b)

FIG. 3: Flux distributions with different cohomology
invariants of the triangle group ∆(2, 8, 8).(a) The fluxes

Φi, i = 1, 2, 3 correspond to cohomology invariants
αi, i = 1, 2, 3 as shown in Eq. (5). (b) The fluxes
Φi, i = 4, 5, 6 correspond to cohomology invariants

βi, i = 1, 2, 3 as shown in Eq. (5).

where GR(i) is the gauge transformation of the rotation
operator on site i. Since the system is invariant under
the transformation R̃, we have

tij = GR(i)G
−1
R (j)tR−1(i)R−1(j). (9)

Since nontrivial cohomology invariant R̃n = αr only ap-
pears when n is even, we can define the two-fold rotation
R̃2

π by

R̃2
π = R̃n = αr. (10)
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Combining Eq. (10) and Eq. (7a), we can achieve

R̃2
π = GRπ

RπGRπ
Rπ = GRπ

RπGRπ
R−1

π R2
π

= GRπ
(r)GRπ

(Rπ(r)) = αr. (11)

For a discrete lattice model, we need an even number
of sites i = 1, 2, · · ·2l to represent a system which is sym-
metric under Rn (n is even). As shown in Fig. 2a, the re-
lations between hopping coefficients ti,i+1 and ti+l,i+l+1

can be derived from Eq. (9) by replacing operator R with
Rπ:

ti,i+1 = GRπ
(i)G−1

Rπ
(i+ 1)ti+l,i+l+1. (12)

Following the convention in ref. [18], the flux of the area
shown in Fig. 2a can be expressed as

exp(−iΦ) = t2l,1

2l−1∏

i=1

ti,i+1

= t2l,1

l∏

i=1

ti,i+1

2l−1∏

i=l+1

ti,i+1. (13)

Here, we assume the hopping coefficients ti,i+1 are nor-
malized. Substituting Eq. (12) into Eq. (13) for ti,i+1, i ≤
l, we get

exp(−iΦ) = GRπ
(1)G−1

Rπ
(l + 1) = αr, (14)

where t2i,i+1 = 1 and G2
Rπ

(i) = 1 since we focus on the
Z2 extension.

2. cohomology invariants of mirror operators

Similarly, for the mirror operator M̃2 = αm, Eq. (9)
and Eq. (11) can be rewritten as:

tM(i),i = GM (M(i))G−1
M (i)ti,M(i), (15)

M̃2 = GMMGMM = GMMGMM
−1M2

= GM (r)GM (M(r)) = αm. (16)

Combing Eq. (16) with Eq. (15) we can get

tM(i),i = αmti,M(i), (17)

where G2
M (i) = 1 is still valid. When αm = −1, we

have tM(i),i = −ti,M(i), which can not be realized by
real nearest-neighbor tight-binding models (see Fig. 2b).
Hence, a bilayer version of the lattice model is raised to
replace the mirror operatorM with a C2 rotation around
a horizontal axis as shown in Fig. 2c [18]. Since we have
derived the relation between the flux of the rotation oper-
ator and the cohomology invariant, the result in Eq. (14)
is still valid for the C2 rotation around the horizontal
axis.

FIG. 4: Top-down projection schematic of the
tight-binding model with flux distribution

(α1, α2, α3, β1, β2, β3) = (−1, 1, 1, 1, 1, 1). The black/red
lines represent hopping coefficients tij = 1/− 1 for both
top and bottom layers. The blue dots represent the

hopping coefficients tij = 1 between the top and bottom
layers. The primitive cell is shown by blue curved lines
and the periodic boundaries ī and i are related by the

translation operator γi.

The flux distributions with different cohomology in-
variants of the triangle group ∆(2, 8, 8) are concluded in
Fig. 3, where the three cohomology invariants of rota-
tion operators are determined by the flux distributions of
intralayer plaquettes and the mirror operators are deter-
mined by the flux distributions of interlayer plaquettes.

B. tight-binding models with different fluxes

For a given flux distribution, we can have different pa-
rameters of tight-binding models. For the π-flux shown
in Fig. 2a, as long as there exists odd number of −1
hopping coefficients on the surrounding edges, the flux
condition will be satisfied. For the Z2 extended hy-
perbolic group ∆̃(2, 8, 8), there are 64 classes of sym-
metries which is predicted by the second cohomology
group as shown in Eq. (6). These classes are labeled
by (α1, α2, α3, β1, β2, β3) in Eq. (5). We will list the 6
classes with only one parameter equals to -1 and the rest
classes can be constructed by these 6 classes.
When (α1, α2, α3, β1, β2, β3) = (−1, 1, 1, 1, 1, 1), we

show one example of the corresponding tight-binding
model in Fig. 4. The primitive cell has four pairs of
periodic boundaries indicated by γi, i = 1, 2, 3, 4, which
is the same as the triangle group ∆(2, 8, 8) [3]. The four

translation generators γi form a subgroup Γ of ∆̃(2, 8, 8)
which is called the Fuchsian group:

Γ = 〈γ1, γ2, γ3, γ4|γ1γ
−1
2 γ3γ

−1
4 γ−1

1 γ2γ
−1
3 γ4〉. (18)
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FIG. 5: Top-down projection schematic of the tight-binding model with flux distribution
(α1, α2, α3, β1, β2, β3) = (1,−1, 1, 1, 1, 1). The black/red lines represent hopping coefficients tij = 1/− 1 for both top
and bottom layers. The blue dots represent the hopping coefficients tij = 1 between the top and bottom layers. The
supercell is shown by blue curved lines and the periodic boundaries ī and i are related by the translation operator γ̃i.

Here the generators γi are related to the generators of
Eq. (1) by γi = (ca)5−iab(ca)i−1, which can be verified by
the LINS package of the GAP [22]. The Fuchsian group
Γ is isomorphic to the fundamental group of a genus-
2 surface, while the translation subgroups of wallpaper
groups are isomorphic to the genus-1 surface.
When (α1, α2, α3, β1, β2, β3) = (1,−1, 1, 1, 1, 1), the

tight-binding model is shown in Fig. 5 where the super-
cell is twice the size of the primitive cell as shown in
Fig. 4. According to the Riemann-Hurwitz formula [9],
the relation between the genus of a supercell gsc and the
genus of a primitive cell gpc can be expressed as:

gsc − 1 = N(gpc − 1), (19)

where N is the number of primitive cells contained in
the supercell. The seven pairs of periodic boundaries
denoted by γ̃i are related to the translation operators γi
in Eq. (18) by [22]:

γ̃1 = γ21 , (20a)

γ̃2 = γ2, (20b)

γ̃3 = γ3, (20c)

γ̃4 = γ4, (20d)

γ̃5 = γ−1
1 γ2γ1, (20e)

γ̃6 = γ−1
1 γ3γ1, (20f)

γ̃p1
= γ−1

1 γ4γ1 = γ̃6γ̃
−1
5 γ̃4γ̃

−1
3 γ̃2. (20g)

Six translation generators γ̃i shown in Eq. (20) are in-
dependent of each other, which satisfies the Riemann-
Hurwitz formula shown in Eq. (19) where N = 2, gpc = 2.

The translation group Γ
(2)
A generated by the γ̃i is isomor-

phic to the fundamental group of a genus-3 surface.
When (α1, α2, α3, β1, β2, β3) = (1, 1,−1, 1, 1, 1), the

tight-binding model is shown in Fig. 9 (see Appendix B).
The periodic boundary conditions are exactly the same
as the model in Fig. 5.
When (α1, α2, α3, β1, β2, β3) = (1, 1, 1,−1, 1, 1), the

tight-binding model is shown in Fig. 6, where the size
of the supercell is also twice the size of the primitive cell
shown in Fig. 4. The eight pairs of periodic boundaries
γ̃i are related to γi in Eq. (18) by:

γ̃1 = γ4γ1, (21a)

γ̃2 = γ−1
1 γ2, (21b)

γ̃3 = γ−1
2 γ3, (21c)
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FIG. 6: Top-down projection schematic of the
tight-binding model with flux distribution

(α1, α2, α3, β1, β2, β3) = (1, 1, 1,−1, 1, 1). The black
lines represent hopping coefficients tij = 1 for both top

and bottom layers while the green lines represent
hopping coefficients tij = 1 for the top layer and

tij = −1 for the bottom layer. The blue dots/red stars
represent the hopping coefficients tij = 1/− 1 between
the top and bottom layers. The supercell is shown by
blue curved lines and the periodic boundaries ī and i

are related by the translation operator γ̃i.

γ̃4 = γ−1
3 γ4, (21d)

γ̃5 = γ−1
4 γ−1

1 , (21e)

γ̃6 = γ1γ
−1
2 , (21f)

γ̃p1
= γ2γ

−1
3 = γ̃−1

5 γ̃−1
3 γ̃−1

1 , (21g)

γ̃p2
= γ3γ

−1
4 = γ̃−1

6 γ̃−1
4 γ̃−1

2 , (21h)

Again, the six independent translation genera-
tors γ̃i in Eq. (21) indicate that the transla-

tion group Γ
(2)
B they formed is isomorphic to the

fundamental group of a genus-3 surface, which
verifies the Riemann-Hurwitz formula. For the
cases (α1, α2, α3, β1, β2, β3) = (1, 1, 1, 1,−1, 1) and
(α1, α2, α3, β1, β2, β3) = (1, 1, 1, 1, 1,−1), we list them in
Appendix B due to the similarity with Fig. 6.
After the 6 classes with only one parameter equals

to -1 are equipped, we can combine any num-
ber of them to create the whole 64 classes of
symmetries predicted in Eq. (6). For example,
considering the case when (α1, α2, α3, β1, β2, β3) =
(−1,−1, 1, 1, 1, 1), we can view it as the combination

of the class (α1, α2, α3, β1, β2, β3) = (−1, 1, 1, 1, 1, 1)
and (α1, α2, α3, β1, β2, β3) = (1,−1, 1, 1, 1, 1). The
translation group of the class (α1, α2, α3, β1, β2, β3) =
(−1,−1, 1, 1, 1, 1) should be the subgroup of both Γ

shown in Fig. 4 and Γ
(2)
A shown in Fig. 5. Since

Γ ⊲ Γ
(2)
A , the supercell of (α1, α2, α3, β1, β2, β3) =

(−1,−1, 1, 1, 1, 1) shares the same shape with the super-

cell of group Γ
(2)
A , which is shown in Fig. 7. The hop-

ping coefficients t
(−1,−1,1,1,1,1)
ij inside the supercell are the

products of the corresponding generators from the six

listed classes: t
(−1,−1,1,1,1,1)
ij = t

(−1,1,1,1,1,1)
ij t

(1,−1,1,1,1,1)
ij .

We can verify that the hopping coefficients in Fig. 7 are
created by the products of the hopping coefficients in Fig.
4 and Fig. 5.
When (α1, α2, α3, β1, β2, β3) = (1,−1, 1,−1, 1, 1), the

translation group Γ(3) of the supercell as shown in Fig.
12 (see Appendix B) should be the normal subgroup of

both Γ
(2)
A and Γ

(2)
B described by Eq. (20) and Eq. (21)

respectively. The 17 pairs of periodic boundaries denoted
by γ̃i are related to the γi in Eq. (18) by:

γ̃1 = γ−2
1 , (22a)

γ̃2 = γ−1
3 γ4, (22b)

γ̃3 = γ2γ4, (22c)

γ̃4 = γ−1
2 γ3, (22d)

γ̃5 = γ−1
1 γ−1

2 γ3γ1, (22e)

γ̃6 = γ−1
1 γ4γ2γ1, (22f)

γ̃7 = γ−1
1 γ3γ

−1
4 γ1, (22g)

γ̃8 = γ−1
1 γ2γ

−1
3 γ1, (22h)

γ̃9 = γ3γ
−1
4 , (22i)

γ̃10 = γ2γ
−1
3 , (22j)

γ̃p1
= γ̃−1

6 γ̃−1
8 γ̃−1

9 γ̃3, (22k)

γ̃p2
= γ̃−1

5 γ̃1γ̃
−1
2 , (22l)

γ̃p3
= γ̃−1

8 γ̃−1
9 , (22m)

γ̃p4
= γ̃7γ̃1γ̃10, (22n)
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FIG. 7: Top-down projection schematic of the tight-binding model with flux distribution
(α1, α2, α3, β1, β2, β3) = (−1,−1, 1, 1, 1, 1). The black/red lines represent hopping coefficients tij = 1/− 1 for both
top and bottom layers. The blue dots represent the hopping coefficients tij = 1 between the top and bottom layers.

The supercell is shown by blue curved lines.

γ̃p5
= γ̃−1

9 γ̃−1
10 γ̃3γ̃

−1
2 γ̃−1

4 , (22o)

γ̃p6
= γ̃−1

6 γ̃−1
8 γ̃−1

9 γ̃3γ̃
−1
4 , (22p)

γ̃p7
= γ̃8γ̃7γ̃6γ̃5γ̃

−1
6 γ̃−1

8 γ̃−1
9 γ̃3γ̃

−1
4 . (22q)

The translation group Γ(3) formed by ten independent
translation generators γ̃i in Eq. (22) is isomorphic to the
fundamental group of a genus-5 surface, which can be
predicted by the Riemann-Hurwitz formula in Eq. (19)
since N = 4, gpc = 2. The relations between the Fuch-

sian group Γ (Eq. (18)), the translation groups Γ
(2)
A ,Γ

(2)
B

(Eq. (20), Eq. (21)), and the translation group Γ(3)

(Eq. (22)) can be concluded by the following sequences
of finite-index normal subgroups [9]:

Γ ⊲ Γ
(2)
A ⊲ Γ(3), (23a)

Γ ⊲ Γ
(2)
B ⊲ Γ(3). (23b)

The indices of the quotient groups are |Γ/Γ
(2)
A,B| = 2,

|Γ
(2)
A,B/Γ

(3)| = 2, which can be verified by counting the
number of primitive cells in the supercells shown in Fig.
5, Fig. 6, and Fig. 12.

V. BAND THEORY IN Z2 EXTENDED

HYPERBOLIC LATTICES

For simplicity, we assume the eigenstates of the Hamil-
tonian satisfy the Abelian hyperbolic band theory [1]

ψ(γ−1
j zi) = eikjψ(zi), (24)

where zi is the site on the lattice and γj are the trans-
lation operators in the primitive cell. Similarly, we
can replace the translation operators γj with γ̃j for the
Bloch theory in the supercells. Although the transla-
tion generators are non-Abelian (γiγj 6= γjγi) for the
Fuchsian group Γ, the Abelian hyperbolic band the-
ory can be applied to describe the abelianization of Γ,
which is Γ/[Γ,Γ] [10]. The theory is widely adopted
and proven effective in prior studies [2, 8, 23, 24]. By
applying Eq. (24) to the tight-binding model shown in
Fig. 4, we can achieve the density of states (DOS)
ρ(E) of the hyperbolic lattice with flux distribution
(α1, α2, α3, β1, β2, β3) = (−1, 1, 1, 1, 1, 1) as shown in Fig.
8. Also, the all-flat dispersion relations are shown when
k1 = k2 = k3 = k4 = k in Eq. (24). Note that there
exist 32 sites in the primitive cell of Fig. 4, which means
some bands shown in Fig. 8 are degenerate since only
17 isolated lines are presented. The positions of the van
Hove singularities in DOS match well with the discrete
eigenenergies of the flat bands. Similar all-flat bands
along a single specified line in momentum space are also
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FIG. 8: Density of states ρ(E) of the tight-binding
model on the hyperbolic lattice with flux distribution
(α1, α2, α3, β1, β2, β3) = (−1, 1, 1, 1, 1, 1). The inset

shows the all-flat dispersions when
k1 = k2 = k3 = k4 = k in Eq. (24).

reported in recent references [25–27]. The DOS of tight-
binding models with other flux distributions are shown
in Appendix C.

VI. DISCUSSION AND OUTLOOK

In summary, this work demonstrates that Z2 gauge
extensions of hyperbolic lattices can be systematically
classified and realized through nearest-neighbor tight-
binding models. The resulting lattice models reveal a hi-
erarchy of translation normal subgroups which are associ-
ated with high genus surfaces according to the Riemann-
Hurwitz formula. The emergence of all-flat dispersions
along specific directions in momentum space highlights
the unique property of the hyperbolic lattice with the Z2

gauge structure. Our classification framework and model
construction can be extended to other non-Euclidean lat-
tices and gauge structures such as Zn or U(1) groups.
Overall, our results provide an approach to understand-
ing how gauge fields and hyperbolic geometry intertwine
to yield new classes of lattice models, paving the way for
future studies of geometry-induced fractionalization and
topological order beyond Euclidean space.

Appendix A: Classify projective representations of a

group by the second cohomology group

Here, we want to classify the projective representations
of the group G with coefficients in the Abelian group A
by the second cohomology group H2(G,A). For clarity,

we reproduce here Eq. (3) from the main text:

ρ̃(g1)ρ̃(g2) = ω(g1, g2)ρ̃(g1g2), ∀g1, g2 ∈ G. (A1)

The scalars ω(g1, g2) ∈ A satisfy the 2-cocycle condition
due to the associativity of group multiplication:

ω(g1, g2)ω(g1g2, g3) = ω(g2, g3)ω(g1, g2g3). (A2)

All possible 2-cocycles form a group Z2(G,A) under
pointwise multiplication. A gauge transformation can be
applied to ρ̃ and the transformed projective representa-
tion can be expressed as:

ρ̃′(g) = χ(g)ρ̃(g), (A3)

where gauge χ(g) ∈ A. Combining Eq. (A1) and Eq.
(A3) we can obtain:

ω′(g1, g2) = ω(g1, g2)
χ(g1)χ(g2)

χ(g1g2)
. (A4)

Here ω′ and ω are considered to be equivalent if they

are related by a 2-cocycle χ(g1)χ(g2)
χ(g1g2)

. All the trivial 2-

cocycles generated by the gauges χ(g) form an abelian
group B2(G,A) ⊂ Z2(G,A). The second cohomology
group H2(G,A) can be defined as the quotient group of
B2(G,A) in Z2(G,A):

H2(G,A) = Z2(G,A)/B2(G,A). (A5)

Appendix B: tight-binding model with different

fluxes

When (α1, α2, α3, β1, β2, β3) = (1, 1,−1, 1, 1, 1), the
tight-binding model is shown in Fig. 9.

When (α1, α2, α3, β1, β2, β3) = (1, 1, 1, 1,−1, 1), the
tight-binding model is shown in Fig. 10.

When (α1, α2, α3, β1, β2, β3) = (1, 1, 1, 1, 1,−1), the
tight-binding model is shown in Fig. 11.

When (α1, α2, α3, β1, β2, β3) = (1,−1, 1,−1, 1, 1), the
tight-binding model is shown in Fig. 12.

Appendix C: Density of states of tight-binding

models with different flux distributions

The DOS of tight-binding models with different flux
distributions are shown in Fig. 13 , where 5 of them are
from the 6 classes with only one parameter equals to -1
and the rest is the combination of them corresponding
to Fig. 7. Due to the symmetry between generators ã
and b̃ shown in the relations (see Eq. (5)), the similarity
between the DOS shown in Fig. 13c and Fig. 13d is
expected.
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FIG. 9: Top-down projection schematic of the tight-binding model with flux distribution
(α1, α2, α3, β1, β2, β3) = (1, 1,−1, 1, 1, 1). The black/red lines represent hopping coefficients tij = 1/− 1 for both top
and bottom layers. The blue dots represent the hopping coefficients tij = 1 between the top and bottom layers. The

supercell is shown by blue curved lines.
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view Letters 129, 246402 (2022).

[5] W. Zhang, F. Di, X. Zheng, H. Sun, and X. Zhang, Na-
ture Communications 14, 1083 (2023).

[6] C. Sun, A. Chen, T. Bzdusek, and J. Maciejko, SciPost
Physics 17, 124 (2024).

[7] D.-H. Guan, L. Qi, Y. Zhou, A.-L. He, and Y.-F. Wang,
Physical Review B 111, 165144 (2025).

[8] H. Yuan, W. Zhang, Q. Pei, and X. Zhang, Physical Re-
view B 109, L041109 (2024).

[9] P. M. Lenggenhager, J. Maciejko, and T. Bzdušek, Phys-
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FIG. 12: The blue curved lines represent the supercell when (α1, α2, α3, β1, β2, β3) = (1,−1, 1,−1, 1, 1) while the red
curved lines represent the primitive cell. 17 pairs of periodic boundaries ī and i are related by the translation

operators γ̃i, where 10 of them are independent.
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(a) (b)

(c) (d)

(e) (f)

FIG. 13: Density of states ρ(E) of the tight-binding
models on the hyperbolic lattices with flux distributions

(a) (α1, α2, α3, β1, β2, β3) = (1,−1, 1, 1, 1, 1), (b)
(α1, α2, α3, β1, β2, β3) = (1, 1,−1, 1, 1, 1), (c)
(α1, α2, α3, β1, β2, β3) = (1, 1, 1,−1, 1, 1), (d)
(α1, α2, α3, β1, β2, β3) = (1, 1, 1, 1,−1, 1), (e)
(α1, α2, α3, β1, β2, β3) = (1, 1, 1, 1, 1,−1), (f)
(α1, α2, α3, β1, β2, β3) = (−1,−1, 1, 1, 1, 1).


