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Abstract

Graph rigidity theory answers the question of whether a set of local constraints can uniquely
determine the shape of a graph embedded in a Euclidean space, and has been recognized as a
useful tool of examining solvability of sensor network localization (SNL) problems. In recent years,
constraints involving signed angle (SA) and ratio of distance (RoD) have been adopted in SNL
due to their ease of measurements and independence of the global coordinate. However, most
prior works consider homogeneous nodes, i.e., all the sensors have the same perceptual abilities.
Although mixed constraints have been considered recently, little is known about how the bipartition
of nodes based on perceptual abilities affects the rigidity property of the network.

In this paper, we propose a novel SA-RoD rigidity theory for graphs with heterogeneous vertices,
where each vertex corresponds to a sensor node capturing either SA or RoD measurements. Unlike
existing rigidity theory, the SA-RoD rigidity is shown to be strongly dependent on bipartitions
of nodes, and exhibits a duality. Moreover, the shape of an SA-RoD constrained network can be
uniquely determined up to uniform rotations, translations, and scalings (global SA-RoD rigidity)
even if it is neither globally RoD rigid nor globally SA rigid. A scalable approach to construction of
globally SA-RoD rigid frameworks is proposed. Localizability analysis and localization algorithm
synthesis are both conducted based on weaker network topology conditions, compared with SA-

or RoD-based SNL. Numerical simulations are worked out to validate the theoretical results.

1 Introduction

Multiagent systems have been extensively investigated in various cooperative settings, such as con-
sensus [I, 2, B, [4], flocking [5] [6], swarm control [7], formation control [8, 9], network localization
[10], and distributed optimization [11]. It is well-known that cooperative behaviors are fundamentally
shaped by the topology of interaction networks. To model the interaction topology, graph theory
is commonly employed as a powerful tool. As an important branch of graph theory, graph rigidity
theory investigates whether the shape of a framework can be uniquely determined by certain geomet-
rical constraints. In the presence of diverse geometric constraints, traditional distance rigidity theory
has been extended to bearing rigidity [12], angle rigidity [13], signed angle (SA) rigidity [14][15],
and ratio-of-distance (RoD) rigidity [16]. Furthermore, these theories have been extensively applied



to sensor network localization (SNL), which aims to localize a network when the positions of some
nodes (anchors) and relative measurements are provided. According to the sensing capabilities of sen-
sors, SNL can be roughly classified depending on the type of measurements: relative position[I7, 18],
distance [19, 20], bearing [21] 22], angle [23], signed angle [24].

To deal with more general constraints in practice, various rigidity theories mixing different types of
constraints have been developed in recent years. [25] mixes constraints of distances and bearings, and
establishes a combinatorial characterization of rigidity. [26] mixes constraints of bearings and RoDs
to propose a bearing-ratio-of-distance (B-RoD) rigidity theory, and shows the equivalence among
(infinitesimal /global) B-RoD rigidity and graph connectivity. [27] mainly mixes distances (or angles)
and signed normalized areas (or volumes) to address the flip and flex ambiguity. In [28,29], the authors
mix angles and displacements to study the shape uniqueness problem. [30] performs an abstract
analysis on the role of symmetry induced by general Lie-group actions in rigidity for heterogeneous
and non-Euclidean state spaces. In summary, geometric constraints (distance, bearing, angle, SA,
RoD, displacement) in most existing works are defined through edges, with little consideration given
to node-based attributes. However, different types of edge constraints often stem from different
attributes of nodes, a situation frequently seen in reality.

Building on aforementioned developments, rigidity theories based on mixing different types of
measurement have been utilized in SNL problems to examine network localizability [31) 21| 24].
In [32], the author provides graphical criteria for localizability and design SNL algorithms under
hybrid distance-bearing information. In [33] 28] 29], the authors study SNL by constructing linear
displacement constraints for locations of nodes using mixed types of local relative measurements.
Despite these interesting works on SNL with mixed measurements, the advantages of heterogeneous
nodes have yet to be explored. More specifically, how to assign the sensing capabilities to the nodes
to ensure network localizability has rarely been discussed.

In this paper, we consider SNL with heterogeneous sensors, where each node can only sense one
type of measurements (SA or RoD). Accordingly, an SA-RoD rigidity theory based on heterogeneous
nodes is developed. The reason of mixing SA and RoD constraints lies in the following three aspects.
1) There exist similar algebraic properties between SA and RoD. That is, two SAs (or RoDs) sharing
a common edge can be algebraically combined through addition or subtraction (multiplication or
division) to derive a third SA (or RoD). Furthermore, for any polygon in R?, the sum of all SAs
under a consistent orientation is congruent to 0 modulo 7. Similarly, the ordered product of all
RoDs must equal 1. 2) SA and RoD constraints share the same trivial infinitesimal motions, namely,
uniform rotations, translations, and scalings. 3) SAs and RoDs are practically measurable by a
Bluetooth 5.1 module [34] and a monocular camera [16], respectively. Moreover, both measurements
are independent of the global coordinate. Since only one type of measurements can be accessed by
each node, the geometric constraints of a sensor network are naturally linked to the bipartition of
heterogeneous nodes. The bipartition plays a key role in the rigidity of the underlying framework.
Compared with traditional rigidity theory, the number of edges required to guarantee the rigidity
property of frameworks can be further reduced. This is the most distinctive feature of our developed

theory.



The main contributions of this work can be summarized as follows.

1) The SA-RoD rigidity theory in R? is established. It is shown that the shape of a framework can
be uniquely determined by SA-RoD constraints up to uniform rotations, translations, and scalings
if it is globally SA-RoD rigid. Surprisingly, we discover that whether global SA-RoD rigidity is a
generic property of the underlying graph strongly depends on bipartitions of the vertex set, while
infinitesimal SA-RoD rigidity and SA-RoD rigidity are generic properties (Theorem .

2) To discuss the effects of bipartitions on the SA-RoD rigidity property of frameworks, we in-
troduce the connectivity of SA or RoD constraints (see Definition . It is proved that an SA-RoD
constrained framework can inherit the global rigidity property of the pure SA or RoD constrained
framework when SA or RoD constraints are connected (Theorem (3] Theorem . In addition, a novel
duality is shown to hold for infinitesimal SA-RoD rigidity of frameworks associated with bipartitions
(Theorem [6).

3) Based on the SA-RoD rigidity theory, vertex additions and merging operations are proposed to
construct globally SA-RoD rigid frameworks. In contrast to that three edges are required to be added
for merging bearing rigid frameworks in R? [35], adding two edges appropriately when merging two
globally SA-RoD rigid frameworks is sufficient to preserve global rigidity (Theorem . We show that

frameworks generated by SA-RoD orderings are globally SA-RoD rigid (Theorem E[) Furthermore,

3n—3
2

edges (n is odd). The number of edges required to guarantee rigidity of frameworks is fewer than

we construct minimal SA-RoD rigid frameworks with n vertices and 3% edges (n is even) or

those in pure SA/RoD rigidity theory [16, [14] and angle-displacement rigidity theory [29].

4) Necessary and sufficient conditions for network localizability are established. SA-RoD-based
SNL is transformed into an edge-based problem, where distances and lengths of all edges are variables
to be localized. Under the assumption of connected SA/RoD constraints, it can be reduced to two sub-
problems of finding distances and bearings, respectively (Algorithm (3| Algorithm . In particular, if
the SA index set is connected over the underlying graph, the problem corresponds to solving a linear
equation (Theorem . If both the SA index set and the RoD index set are disconnected, it can
be transformed into a polynomial equation on a space whose dimension depends on the number of
connected components (Algorithm [5, Theorem .

The remainder of this paper is organized as follows. Section 2 introduces SA-RoD rigidity theory,
including the effects of bipartitions, shape uniqueness, generic property and construction of globally
SA-RoD rigid frameworks. Section 3 formulates the SA-RoD-based SNL problem. An edge-based
analysis via graph cycle basis is performed. Furthermore, localization algorithms are discussed ac-
cording to the connectivity of constraints. Section 4 provides some simulating examples. Section 5
ends this article with conclusions and some suggestions on future work.

Notations: In this paper, R represents the set of real numbers; C is the set of complex numbers;

Iy € RY*N is the unit matrix; RY denotes the vector space of dimension N; For a set T, |T| denotes

the number of elements in T; The norm of = (1, ...,2,)" € R™ is denoted by ||z|| £ [ :c%]%, for a
k=1
matrix X € RM*N  the null space and rank of X are denoted by null(X) and rank(X), respectively;

XT denotes its transpose; 1, = (1,---,1)T € R"; For a square matrix X € RV*¥ its determinant
is denoted by det(X); ® is the Kroneck product; ® is the Khatri-Rao product; R(#) € R?*? is the



rotation matrix associated with € € [0, 27). We assume that G = (V, £) is an undirected graph, where
V ={1,2,--- ,n} is the vertex set, € C V x V is the edge set with m edges. For vertex i € V, deg(7)
is the degree of vertex 4, and N; £ {j € V: (j,i) € £} is the set of neighbors of vertex i in graph G.
A complete graph with n vertices is denoted by IC,,. If the number of vertices is irrelevant, we simply
denote it by K. Aijk denotes the triangle with vertices i, j, k, while {ijkl denotes the quadrilateral
with vertices 4,7, k,l. For a given graph G with an orientation, H = [h;j] € R™*" represents the

incidence matrix with rows and columns indexed by edges and vertices of G.

2 SA-RoD rigidity theory

In this section, we will define some concepts concerning SA-RoD rigidity. Based on these definitions,
the effects of bipartitions of the vertex set, the shape uniqueness problem and generic properties of the
defined rigidity concepts will be studied. Furthermore, construction approaches of globally SA-RoD
rigid frameworks will be proposed.

Rigidity theories based on pure constraints such as distances, bearings, RoDs, and SAs are briefly
introduced in Appendix Throughout the paper, (G(A,D),p) is used to represent the hybrid
framework, where G(A, D) = (V4 UVp, &) is the underlying graph with a bipartition V = V4 U Vp,
V| =n >3, and || = m, p = [plT,p;—,---pZ]T € R?" is a configuration. Then, the triplet sets
Ta,Tp, T, and Tx are denoted by Ta = {(u,v,w) € V3 : u € Va, (u,v), (u,w) € E,v < w}, Tp =
{(u,v,w) € V3 :u € Vp, (u,v), (u,w) € E,v <w}, Tg = TaUTp, and T = {(u,v,w) € V3 : v < w}.
For (r,s,t) € Ty and (i,5,k) € Tp, s is the SA defined by , and Ky = lPe=pill 45 the RoD

llpj—pll
defined by (with = 1). Before introducing related notions, the following assumptions are given.

Assumption 1: Different nodes in the framework are not collocated.

Assumption 2: VAN Vp =0,V4 #0,Vp # 0.

Assumption 1 is commonly used in literature concerning rigidity theory and localization problems.
From Assumption 2, we know that Vp and V4 are non-empty and constitute a non-trivial partition of
the vertex set V. Furthermore, T4 # 0, Tp # 0, and T4 N Tp = 0. All the results in this work will be
established under Assumption 1 and Assumption 2. For clarity, two vertices are said to have the same
attributes if they belong to the same part of the bipartition (V4 or Vp). To reveal the differences
with pure SA or RoD rigidity, we start with a motivating example.

A motivating example: Consider non-degenerate quadrilateral frameworks as shown in Figure
Observe that the quadrilateral framework is neither RoD rigid nor SA rigid since there exist
nontrivial deformations preserving RoD or SA constraints as plotted in Figures[a) and [[b). When
V4 = {1} as shown in Figure (c), there exists a flipping ambiguity for node 3. Similar results hold
for frameworks in Figures[I[d) and[Ife). However, the shape of a quadrilateral framework constrained
by SAs and RoDs as illustrated in Figure ( f) can be uniquely determined up to uniform rotations,
translations, and scalings as long as three nodes in V4 are non-collinear. This simple example indicates
that mixing SA and RoD perceptions appropriately can guarantee the shape uniqueness even if it is
neither RoD rigid nor SA rigid.

We will introduce definitions in SA-RoD rigidity theory that are analogous to those in distance



(d) (€) (f)

Fig. 1. Examples of quadrilateral frameworks. The dots in red represent nodes in V4, while hollow dots
represent nodes in Vp. (a) A pure RoD constrained framework that is not infinitesimally RoD rigid. (b) A
pure SA constrained framework that is not infinitesimally SA rigid. (c) A framework with V4 = {1} whose
shape can not be uniquely determined under the given bipartition. (d) A framework with V4 = {1,2} whose
shape can not be uniquely determined under the given bipartition. The coordinates of nodes 1,2,3,4,2’ 3’
are (0,0),(4,0),(3,1),(2,1),(2,0), (1,1), respectively. (e) A framework with with V4 = {1,3} whose shape
can not be uniquely determined under the given bipartition. The coordinates of nodes 1,2,3,4,3',4 are
(1,4/3),(0,0), (4,0), (2,v/3), (2, —2v/3), (3,1/3), respectively. (f) A framework with V4 = {1,2,3} whose shape

can be uniquely determined under the given bipartition.



rigidity theory. The SA-RoD rigidity function is defined as

fg(A,D)(p) = [ Tty Qrsty Rk, e ']T S Rl,ﬁﬂa (T’,S,t) € 7:47 (iaj7 k) € Tp. (1)

Definition 2.1. A framework (G(A, D), p) is said to be SA-RoD rigid if there exists an open neigh-
borhood U, of p such that

fg_({ax,D)(fg(A,D) (p)N Up = f;E(lA’D)(fIC(A,D) (p) N Up.

Otherwise, it is said to be flexible. (G(A, D), p) is called globally SA-RoD rigid if

f(;(%A,D)(fQ(A,D) (p)) = f;g(lA,D)(fK(A,D) (p))-
The SA-RoD rigidity matrix is defined as

dfg(a,n)(p) n
Rg(ap)(p) £ =525 e RITo P (2)

The infinitesimal SA-RoD motion refers to the motion ép maintaining the rigidity function fg(4,p)(p),

ie.,

: dfg(a.p

faa,p)(p) = %510 = Rg(a,.p)(p)op =0, (3)
where p = [6p1r, 5p;, e ,5p;|;]—r, dp; = p; is the velocity of node p;. Note that uniform rotations,

translations, and scalings always preserve the SA-RoD constraints of a framework. Therefore, an
infinitesimal SA-RoD motion is said to be trivial if it corresponds to a combination of uniform trans-
lations, rotations and scalings of the framework. According to Lemma 3.1 in [I3], the dimension of

the trivial SA-RoD infinitesimal motion space in R? is 4.

Definition 2.2. A framework (G(A, D), p) is said to be infinitesimally SA-RoD rigid if all infinitesimal

SA-RoD motions of the framework are trivial.

To obtain a concise form of the rigidity matrix, let e;; = p; — p;, bij = ﬁ For derivatives of
ij
SA, we have [15]

brs brt T . b;rs . bth .
- ' R(7/2)pr + (m/2)ps — R(7/2)p, (r,5,t) € Ta. (4)
llersll lerd| [lexs| [lert|]

drst — _[

A direct calculation on derivatives of RoD provides that

.
bij bik 7y bij . 2

Riik = Kijk — P — pi+ ik i}, (4,7, k) € Tp. 5
ik = Rl 1 el 2 Teg? T g P (69:K) (5)

We can derive the following proposition by a similar proof of Lemma 1 in [15].

Proposition 1. The SA-RoD rigidity matriz Rga p) (p) can be expressed as

Rg(a,0)(p) = [RA(p), Rp(»)] " H, (6)

6



where H = H @ I, Ra(p) € RITAX2El and Rp(p) € RITPIX2EL can be written as

bys ... byt
bLR(T) b, R(%)
arse | 0 T 00 T 0 ")
bl'j cee bik
0 bl 0 b 0 8
Kijk ~Rijk e, T ik Tea ]l ' (®)

All triplets corresponding to node ¢ are subject to constraints induced by the sets 74 or Tp .
Nevertheless, we stress that a considerable degree of redundancy is present in these quantities. This
is owing to a fundamental observation: for any j, k,l € N satisfying j < k < [, it always holds that

Qijk + Q4kl = Qjl, KijkRikl = Kijl-
Lemma 1. rank(Rg(4,py(p)) < 2m —n.

The proof is presented in Appendix [B] The following equivalent characterizations of infinitesimal
SA-RoD rigidity can be established.

Theorem 1. Given a framework (G(A, D),p), then the following statements are equivalent:
1) (G(A, D),p) is infinitesimally SA-RoD rigid;

2) rank(Rg(A,D) (p)) =2n—4;

8) null(Rga,py(p)) = span{l, ® Iz, (In @ R(7/2))p,p}-

The proof is similar to that in [36] 14, [I3]. Here we revisit frameworks in Figure |1 Frameworks
in Figures [I|c), [[fd), and [I{e) are (infinitesimally) SA-RoD rigid but not globally SA-RoD rigid. In
Figure [[|(d), quadrilaterals (¢1234 and (12'3'4 are (infinitesimally) SA-RoD rigid but not globally
SA-RoD rigid. In Figure [[|€), quadrilaterals ($1234 and (123’4’ are (infinitesimally) SA-RoD rigid
but not globally SA-RoD rigid. The framework in Figure ( f) is both (infinitesimally) SA-RoD rigid
and globally SA-RoD rigid.

Figure [2] also presents some SA-RoD constrained frameworks. We can see that even a degenerate
triangle can become globally SA-RoD rigid. A quadrilateral is also globally SA-RoD rigid if [Vp| =1
and three nodes in V4 are non-collinear. Figure (c) provides a quadrilateral with collinear four
nodes. Due to the collinearity, global rigidity can be derived from RoD constraints xo13, kK324, K413
and SA constraint a124. The framework in Figure (d) is infinitesimally SA-RoD rigid but not globally
SA-RoD rigid. There exists a reflection of node 5 with respect to the line connecting nodes 1 and 4,
which can preserve the SA-RoD constraints.

To investigate the relationships among infinitesimal SA-RoD rigidity, SA-RoD rigidity, and global
SA-RoD rigidity for general frameworks, our analysis starts with (K(A, D), p). For a given configu-

ration p € R?" satisfying Assumption 1, the set S) of configurations with the same shape as p up to
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Fig. 2. (a) A globally and infinitesimally SA-RoD rigid framework corresponding to a degenerate triangle with
Va = {2}. (b) A globally and infinitesimally SA-RoD rigid framework corresponding to a quadrilateral with
Va =1{1,3,4}. (c) A globally SA-RoD rigid framework that is not infinitesimally SA-RoD rigid corresponding
to a degenerate quadrilateral with V4 = {1}. (d) An infinitesimally SA-RoD rigid framework that is not
globally SA-RoD rigid on a Laman graph with V4 = {2}. The dots in red represent nodes in V4.

uniform rotations, translations, and scalings is defined as
Sp2{geR™:q=1, @&+ c(l, ®R())p,{ €R?,0 €[0,2m),c € RT}. (9)

It is noteworthy that an equivalent definition of S, permits ¢ € R — {0}. The restriction of ¢ to
positive values is imposed to ensure the uniqueness of parameters ¢, 0. Specifically, given any ¢ € S,
parameters ¢ > 0 and 0 € [0, 27) satisfying ¢ = 1,, ® £ + ¢(I,, ® R(f))p are unique.

Lemma 2. For a complete graph K(A, D) with a bipartition and a configuration p € R?*™, it holds
that fE(lA,D)(fIC(A,D) (p)) = Sp.

The proof of Lemma [2|is presented in Appendix If p € R?" is non-degenerate, it is well known
that S, is a smooth manifold with dimension 4. Here we show that under Assumption 1, this property

still holds even if p is degenerate. We provide the detailed proof in Appendix [D}
Lemma 3. S, is a 4-dimensional smooth manifold and is diffeomorphic to S! x R? x RY.

With the aid of Lemma [2] and Lemma [3) we can derive the following relationship between in-
finitesimal SA-RoD rigidity and SA-RoD rigidity.

Theorem 2. If a framework (G(A, D), p) is infinitesimally SA-RoD rigid, it is SA-RoD rigid.

Proof. Based on the infinitesimal SA-RoD rigidity of (G(A, D), p), it holds that rank(Rg4 p)(p))) =
2n—4. According to Proposition 2 in [30], there exists a neighborhood U of p such that fg& D) (fg(a,p)(P))N
U is a 4-dimensional manifold. Combining Lemmaand Lemma f,g(lA D)( fra,p)(p)NU = S,NU
is alu 4-dimensional manifold. 1Since f/E(lA’D)(fIC(A,D) (p)) C fg_({a;,p)(fg(A,D) (p)), we can conclude that
f]E(A}D)(fIC(A,D)(p)) NnU = fg_(A,D)(fg(A,D) (p)) NU. Therefore, (G(A, D), p) is SA-RoD rigid.

O

Note that the converse of this theorem is not true. Figure [2|c) presents a framework that is
globally SA-RoD rigid, but not infinitesimally SA-RoD rigid. By definition, global SA-RoD rigidity
of a framework implies SA-RoD rigidity. Furthermore, the example in Figure (d) indicates that there
exist frameworks that are SA-RoD rigid, but not globally SA-RoD rigid.



2.1 Bipartition of the vertex set

As shown in the motivating example, bipartitions of the vertex set have significant effects on the
rigidity property of corresponding frameworks. Given the underlying graph G = (V, £) and a config-
uration p € R?", there are some natural questions related to possible bipartitions: 1) Are there any
non-trivial bipartitions of the vertex set such that the associated framework (G(A, D), p) is infinites-
imally /globally SA-RoD rigid? If a framework is globally SA rigid or RoD rigid, how to construct
suitable bipartitions to guarantee global SA-RoD rigidity? 2) Are there any intrinsic relationships
among (global) SA-RoD rigidities under different bipartitions of the vertex set?

2.1.1 Inherent properties under connectivity constraints

In this subsection, we will introduce the defintions of the SA (RoD) index graph and the connectivity
analogously to those in [I5]. Based on these definitions, we can answer question 1) by showing that
framework (G(A, D),p) can inherit the SA or RoD rigidity property of framework (G, p) under the
assumption of connectivity.

We first introduce the following definition of the triple index graph.

Definition 2.3 (Triple index graph). For a graph G and a triple index set 7g C Tg, the undirected
triple index graph is denoted by Gr(7g) = (Vr(G), Er(75)), where the vertex set is Vp(G) = {aij =
H(i,7,|V|) : G,5) € £}, H(i,4,V) = (min{i, j} — 1) x |V| 4+ max({i, j}), and the edge set is Er(Tg) =

{(aji, azk) : aji,ajx € Vr(G), (i, 5, k) € Tg}.

The expression of H in above definition indicates that a;; = aj;, (4,5) € €. Thus, we know that
a;j € Vr(G) if and only if aj; € Vr(G). Based on Definition we introduce the definition of the SA

or RoD connectivity as follows.

Definition 2.4 (SA or RoD connectivity). For a graph G and a triple SA (RoD) index set 74 C Tg
(Tp € 7Tg), Ta (Tp) is said to be connected over G if the corresponding undirected triple index graph
Gr(Ta) (Gr(Tp)) is connected. Moreover, T4 (7p) is said to have ¢ connected components over G if
Gr(Ta) (Gr(Tp)) has ¢ connected components.

Figure [3| presents a graph with a given bipartition, the SA index graph, and the RoD index graph.

According to two definitions above, T4 has five connected components, and 7Tp is connected over G.

Definition 2.5 (Global index set). For a given framework G(A, D), p), the triple SA (RoD) index set
Ta C Tg (Tp C Tg) is called a global SA (RoD) index set if for any configuration ¢ € R?" satisfying
aijk(q) = aik(p), (i,5.k) € Ta (kijr(a) = wije(p), (i,5,k) € Tp), it holds that aiji(q) = aijr(p)
(Kijk(@) = kije(p)) for all (4, j,k) € Tg.

Following the same routine to prove Lemma 6 in [15], we can show that the connectivity of a RoD

index set also implies it is a global RoD index set. These results can be summarized as follows.

Lemma 4. For a framework (G(A, D),p) in R?, the SA (RoD) index set Ta (Tp) is a global SA
(RoD) index set if it is connected over G.
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Fig. 3. An example of a graph associated with a given bipartition, the SA index graph, and the RoD index
graph. There exist five connected components in the SA index graph, while the RoD index graph is connected.
The dots in red represent nodes in V4. The vertices in SA/RoD index graphs satisfy 2 = a12,4 = a14,9 =

ass, 11 = ass, 12 = a6, 16 = asq, 23 = a45,30 = a56-

If the SA index set associated with a bipartition of the vertex set is global, we present the following

theorem.

Theorem 3. For an infinitesimally SA rigid framework (G,p) in R?, and a given partition V =
VA UVp, if the SA index set Ta is connected over G, then (G(A, D), p) is globally SA-RoD rigid.

Proof. Suppose q € fg_({ax,D)(fg(A,D) (p)), then ;i (q) = auji(p) for (4,4, k) € Ta. According to Lemma
T4 is a global SA index set. By Definition it holds that ayjr(q) = cuk(p) for (4,4, k) € Tg.
Based on Lemma infinitesimal SA rigidity of (G,p) implies that SA constraints induced by Tg
are sufficient to guarantee the shape uniqueness. Thus, the shape of (G(A, D),p) can be uniquely
determined by SA constraints in 74. From Theorem [7] (its proof is self-contained), (G(A, D),p) is
globally SA-RoD rigid. O

Remark 1. Based on Lemmal[l3], we know that the result in Theorem[3|is also valid for non-degenerate

and globally SA rigid frameworks.

Similarly, if (G,p) is globally RoD rigid, we can show that (G(A, D),p) can inherit the rigidity
property when the RoD index set Tp is connected over G.

Theorem 4. For a globally RoD rigid framework (G,p) in R?, and a given partition V = VAU Vp, if
the RoD index set Tp 1is connected over G, then (G(A, D), p) is globally SA-RoD rigid as well.

Remark 2. According to Lemma we know the conlusion is still valid for globally distance rigid
frameworks in R?. In distance rigidity theory, it has been shown that G is globally rigid in R? if and
only if either G is a complete graph on at most three vertices or G is 3-connected and redundantly
rigid [37].

2.1.2 Duality

Concerning question 2), we present a novel duality of infinitesimal SA-RoD rigidity with respect to

two bipartitions.
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Theorem 5 (Dual rank property). Given two frameworks (G(A, D),p) = (VaUVp,E,p) and (G'(A, D), p) =
(VaUVp,E.p). If Vi =Va,V)y =Vp, and &' = &£, then rank(Rg(a,py(p)) = rank(Rg: (4 p)(p))-

The proof can be found in Appendix [E] According to the defintion of infinitesimal SA-RoD

rigidity, we can derive the following duality theorem.

Theorem 6 (Duality of infinitesimal SA-RoD rigidity). Given two frameworks (G(A, D),p) = (Va4 U
Vp,E,p) and (G'(A,D),p) = V4 UV}, €, p). If Vi, =Va, Vy =Vp, and & = &, then (G(A, D),p)
is infinitesimally SA-RoD rigid if and only if (G'(A, D),p) is infinitesimally SA-RoD rigid.

Remark 3. In fact, our proof still holds for V4 =0 or Vp = (. As a byproduct, we can show that
the SA rigidity matriz and RoD rigidity matriz of a given framework have the same rank. Therefore,
in R?, infinitesimal SA rigidity is equivalent to infinitesimal RoD rigidity. This can also be obtained
by the results in [15, [16]. However, as illustrated in Figure (a), infinitesimal SA-RoD rigidity of a

framework is not equivalent to infinitesimal SA rigidity or infinitesimal RoD rigidity.

It is worth noting that this duality is lacking for SA-RoD rigidity and global SA-RoD rigidity.
A typical example is provided by the degenerate quadrilateral in Figure 2(c). If V4 = {1} and
Vp = {2,3,4}, then (G(A, D),p) is globally SA-RoD rigid. If V4 and Vp are swapped, then the
induced framework (G(A, D), p) is not SA-RoD rigid. The reason is that node 3 can move freely on
the segment connecting node 2 and node 4. However, we can show that for a generic configuration p
(see the definition in Appendix [A.2), this duality holds for SA-RoD rigidity as a direct consequence
of Lemma A detailed discussion of generic properties will be given in Subsection

Corollary 1 (Duality of SA-RoD rigidity). For frameworks (G(A,D),p) = (Va4 U Vp,&,p) and
(G'(A,D),p) = VUV, &,p). If the configuration p is generic in R*, Vi, = V4, V) = Vp,
and &' = &, then (G(A, D),p) is SA-RoD rigid if and only if (G'(A,D),p) is SA-RoD rigid.

2.2 Shape determination
In this subsection, we investigate under what conditions the shape of a framework can be uniquely
determined by SA and RoD constraints.

2.2.1 Characterizations of shape uniqueness

For a fixed configuration p € R?", the set S, characterizes all configurations owning the same shape
as p. Given a framework (G(A, D),p), the configuration set of frameworks satisfying the same SA
and RoD constraints as (G(A4, D),p) is fg_&’D)(fQ(A,D) (p)). Therefore, we can naturally derive the

following lemma.

Lemma 5. The shape of a framework (G(A, D), p) in R? can be uniquely determined by SA and RoD
constraints up to uniform rotations, translations, and scalings if and only if fg_(lA D)(fQ(AD) (p)) = Sp.

Based on Lemma [5] we present the following theorem to characterize the shape uniqueness of

frameworks under SA and RoD constraints.
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Theorem 7. For a given framework (G(A, D), p) in R?, the following statements are equivalent:

1) (G(A, D), p) is globally SA-RoD rigid.

2) The shape of (G(A, D), p) can be uniquely determined by {cji = (i,4,k) € Ta} and {rji = (1,4, k) €
Tp} up to uniform rotations, translations, and scalings.

3) All SAs in {oyjk : (1,7,k) € Tg} and RoDs in {riji, : (i,7,k) € Tg} can be uniquely determined by
{oiji = (i,4,k) € Ta} and {kiji : (3,5, k) € Tp}.

4) All SAs in {oujk : (3,7, k) € T} and RoDs in {kyji : (1,7, k) € Tk} can be uniquely determined by
{oiji = (i,4,k) € Ta} and {kiji : (3,4, k) € Tp}..

Proof. Equivalence of 1) and 2): From Lemma f,g(lAjD)(f}C(A,D) (p)) = Sp. Utilizing Lemma the
shape of a framework (G(A, D), p) can be uniquely determined by SA and RoD constraints up to
trivial infinitesimal motions if and only if fg(%A,D)(fg(A,D) (p)) = Sp = f,E(Q,D)(f/C(A,D) (p)). This is
equivalent to global SA-RoD rigidity.

Equivalence of 2) and 3): The argument is similar to that of Lemma

Equivalence of 2) and 4): Observe that 2) implies 4), and 4) implies 3). Since 2) and 3) are equivalent,

we obtain the desired equivalence of 2) and 4). O

Theorem [7] indicates the equivalence between global SA-RoD rigidity and shape uniqueness under
SA and RoD constraints. In addition, it also provides an important perspective on global SA-RoD

rigidity, analogous to the matrix completion in distance rigidity theory.

2.2.2 Shape uniqueness of quadrilaterals

Building on the aforementioned results, we deal with the shape determination problem of quadrilateral
frameworks in this subsection. We mainly discuss whether all the SAs and RoDs of a quadrilateral
can be uniquely determined by SA and RoD constraints under different bipartitions.
Given a quadrilateral framework (G(A, D),p) with V = {1,2,3,4} and £ = {(1, 2), (2,3),(3,4), (4,1)},
we have
di2b12 + d23bas + d3abss + da1bs1 = 0, (10)

where d;; = [|p; — pj|| > 0, bij = HZ:]IZH € R2. Denote b;; = [cos 0;;,sin0;;] T, where 0;; € [0,27), 1 <

1 < j < 4. Then, can be rewritten as:

0 0 0
d12 [ COS U712 ] +d23[COS 23 ] —|—d34 [ COS U34

sin 912 sin 923 sin 34 sin (941

dn [ cosfu ] 0, (11)

According to bipartitions of the vertex set, global SA-RoD rigidity of a quadrilateral framework
can be categorized into six cases as illustrated in Figure Since purely SA or RoD constrained
quadrilateral frameworks are well understood, the solutions to in the remaining four cases are
analyzed in Appendix [F] In summary, we obtain the following criterion of global SA-RoD rigidity for

quadrilateral frameworks.

Proposition 2. A quadrilateral framework (G(A, D),p) withV ={1,2,3,4} and € = {(1,2),(2,3),(3,4),(4,1)}
is globally SA-RoD rigid if and only if it satisfies one of the following conditions:
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1) [Va| =3,|Vp| =1, and nodes in V4 are non-collinear.

2) [Va| = 1,|Vp| = 3, and either nodes 2,3, and 4 are collinear or diy = d34,d12 = d3a, where without
loss of generality, assume that Va4 = {1},Vp = {2,3,4}.

3) Val =2,|Vp| =2, nodes in V4 are adjacent and it holds that

d12 + 2d34 cos(f34 — 012) <0, (12)

where without loss of generality, assume that V4 = {1,2},Vp = {3,4}.
4) [Va|l = 2,|Vp| = 2, nodes in V4 are not adjacent and it holds that

d%2d§4 + d%4d%3 — d%4d%1 sin2 9124 - d§4d%3 SiIl2 9324 - 2d12d23d34d14 COS 9324 COSs 9124 = 0, (13)

or
(do3 — di2)(d3a — d1a) <0, (14)

where without loss of generality, assume that V4 = {1,3},Vp = {2,4}, O304 = 034 — 032, and 0124 =
tha — b2

This proposition provides useful criteria to check whether an SA-RoD constrained quadrilateral
framework is globally rigid. It can serve as an essential unit to construct globally rigid frameworks

and discuss generic properties of underlying graphs.

2.3 Generic property

This subsection focuses on the generic property of (infinitesimal/global) SA-RoD rigidity. We will
prove that (infinitesimal) SA-RoD rigidity is a generic property of the underlying graph of a framework
with a given bipartition of the vertex sets. Significantly different from bearing (or distance) rigidity
theory, bipartitions can be critical to the generic property of global SA-RoD rigidity. To state these
results, we first give a definition of generic SA-RoD rigidity for graphs.

Definition 2.6. A graph G(A, D) with a specific bipartition of the vertex set is called generically
(infinitesimally) SA-RoD rigid in R? if for any generic configuration p € R?", (G(A, D), p) is (infinites-
imally) SA-RoD rigid.

Similar to the discussions of generic distance rigidity for graphs in [38], the following theorem
shows that (infinitesimally) SA-RoD rigidity is a generic property of the underlying graph. The proof
is provided in Appendix [G]

Theorem 8. Suppose for a given generic configuration p € R?", (G(A, D),p) is an (infinitesimally)
SA-RoD rigid framework, then graph G = (V4 UVp,E) is generically (infinitesimally) SA-RoD rigid.

Next, we give a counterexample to show that bipartitions of the underlying graph can have a
fundamental effect on the generic property of global SA-RoD rigidity.

A counterexample: For graph G(A, D) with a specific bipartition V4 = {1,2}, Vp = {3,4},
and € = {(1,2),(2,3),(3,4), (4,1)}, let (G(A, D), p) be a quadrilateral framework as plotted in Figure
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(d). According to , the configuration set of globally SA-RoD rigid frameworks occupies a positive
measure in R®. In addition, the complement set of globally SA-RoD rigid frameworks is characterized
by di2 + 2d34 cos(f34 — 612) > 0, which also occupies a positive measure in R8. However, if global SA-
RoD rigidity was a generic property of the underlying graph, either the configuration set of globally
SA-RoD rigid frameworks or the complement set must have a zero measure. Therefore, under this
setting, global SA-RoD rigidity is not a generic property for the underlying graph G(A, D) with the
given bipartition.

However, if the bipartition is defined by V4 = {1,2,3} and Vp = {4}, Proposition [2]indicates that
global SA-RoD rigidity is a generic property for the underlying graph G(A, D) with this bipartition.

This counterexample reveals an important aspect that distinguishes the SA-RoD rigidity theory
from existing pure rigidity theories. As a consequence, besides underlying graphs, the effects of con-

figurations and bipartitions can not be neglected when constructing global SA-RoD rigid frameworks.

2.4 Combinatorial construction of globally SA-RoD rigid frameworks

In this section, we present some important operations to construct globally SA-RoD rigid frameworks.
Since global SA-RoD rigidity may not be a generic property of a graph, our construction of globally
SA-RoD rigid frameworks is based on frameworks, not graphs.

We first establish a lower bound on the number of edges required to guarantee SA-RoD rigidity.

Lemma 6. Given a framework (G(A, D),p) in R2, if (G(A, D),p) is infinitesimally SA-RoD rigid,
then m > #.

Proof. Suppose m < 3”{ 4 By Lemma [I| the number of total independent constraints is upper-

bounded by 2m — n < 2n — 4. Therefore, rank(%) < 2n —4. So (G(A, D), p) is not infinitesimally
SA-RoD rigid. This leads to a contradiction. O

According to Lemma [16] we know that the conclusion is also valid for an SA-RoD rigid framework

with a generic configuration. In fact, the lower bound in Lemma [6] is tight. We will construct some

—3"2_ 4 when n is even or m = % when 7 is odd.

Combining with Lemma [0 these frameworks are shown to be minimal. That is, after deleting any
one edge, the (global) SA-RoD rigidity will be broken.

(globally) SA-RoD rigid frameworks satisfying m =

2.4.1 Vertex addition

To introduce the construction approach, classical vertex additions in Henneberg construction are
modified here to maintain global SA-RoD rigidity. According to the constraints induced by newly

added nodes, we give four types of 1-vertex additions as follows.

Definition 2.7. Given a framework (G(A, D),p) with |V| = n, add a vertex n + 1 and two edges
connecting vertex n + 1 with two existing vertices ¢,j. Let p,41 be the coordinate of vertex n + 1
and denote V' = VU {n+ 1}. Consider a bipartition V' = V', UV}, such that V4 C V), and Vp C V),
then the operation is called

1) a Type A; 1-vertex addition if n+1 € V', and i € Vp or j € Vp.

14



2) a Type Dy l-vertex addition if n +1 € V), and i € V4 or j € V4.

3) a Type Ay 1-vertex addition if n + 1 € V!, i,5 € V4, and p;, pj, pn+1 are non-collinear.

4) a Type Dy 1-vertex addition if n +1 € V), i,j € Vp, and for a third existing vertex k € Vp such
that p;, pj, and py are non-collinear, the third edge (n + 1, k) is added.

The four types of 1-vertex additions defined above are illustrated in Figure |4l After performing a
Type A; 1-vertex addition, we obtain an induced framework (G'(A, D),p’) defined by

Vi 2VaU{n+1},Vp 2 Vp, & 2 6U{(n+1,4),(n+1,5)}hp 2 [pT,phy]T € RAOHD,

Similarly, frameworks induced by other types of 1-vertex additions can also be defined. Now we show

~ ~ -~
_____________________

Fig. 4. Various types of 1-vertex additions. (a)(b) Type A; 1l-vertex addition. (c)(d) Type Dy l-vertex
addition. (e)Type As 1-vertex addition. (f) Type Dy 1-vertex addition. The dots in red represent nodes in V4.

that all types of 1-vertex additions can preserve the global SA-RoD rigidity if the original framework
is globally SA-RoD rigid. The proof is provided in Appendix [H]

Lemma 7. Given a globally SA-RoD rigid framework (G(A, D), p) in R?, after performing a 1-vertex
addition (including Type Ay, Type Aa, Type D1, and Type Ds), the induced framework (G'(A, D), p’)
1s globally SA-RoD rigid as well.

To reduce the number of edges added during the construction, we can also employ 2-vertex addi-

tions to preserve global rigidity.

Definition 2.8. Given a framework (G(A,D),p) with |V| = n, add two vertices n + 1,n + 2 and
three edges (j,n + 1),(n + 1,n + 2), (n + 2,7) connecting with two existing nodes i, j, denote V' =
YV U{n+1,n+2}. Consider a bipartition V' = V', UV}, such that V4 C V', and Vp C V}), then the
operation is called a 2-vertex addition if exactly three vertices among 4, j,n + 1,n + 2 belong to V'

and are non-collinear, and the fourth vertex belongs to V7,.

Fig. 5. 2-vertex additions. (a) The newly added two nodes belong to V4. (b) The newly added two nodes

belong to Vp. The dots in red represent nodes in Vy4.
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Similarly, after performing a 2-vertex addition with vertices n + 1,n + 2 € V), the induced
framework (G'(A, D),p’) is defined by

VAéVAU{n—i-l,n—‘rQ},V,DéVD,

g, 2 Eu {(],Tl + 1)a (’I’L + 17” + 2)a (n + 2,i)},p, =S [pTap;lb—-&-lvp'r—[—l-Q]T € R2(n+2).

Lemma 8. Given a globally SA-RoD rigid framework (G(A, D), p) in R?, after performing a 2-vertex
addition, the induced framework (G'(A, D),p’) is globally SA-RoD rigid.

Proof. Similar to the argument in Lemma [/, we only need to show the shape uniqueness of the
quadrilateral ¢ij,n + 1,n 4+ 2 under SA-RoD constraints provided in this lemma. One can also easily
verify that Qij,n + 1,n + 2 is constrained by three SAs and one RoD. As long as three nodes in V4
are non-collinear, Proposition |2 indicates that the shape of the quadrilateral ¢ij,n + 1,n + 2 can be
uniquely determined by SA-RoD constraints. O

2.4.2 Construction of globally SA-RoD rigid frameworks

Based on vertex additions, we will construct some globally SA-RoD rigid frameworks in this subsec-
tion.

We begin by introducing a construction methodology, referred to as SA-RoD ordering, which is
formally described in Algorithm [I] It can be observed that either a 1-vertex addition or a 2-vertex
addition is performed at each step in Algorithm

Algorithm 1 SA-RoD ordering for constructing (Gi (A, D), p(k))

Start with V = {1,2}, p(2) = [p{ ,p9]", and & = {(1,2)}.

while |V| < k do
Perform a 1-vertex addition (including Type Ay, Type Ag, Type Dy, Type D3)
Or
Perform a 2-vertex addition

end while

Next, we show how to construct minimally SA-RoD rigid frameworks. If a framework is con-
structed by an SA-RoD ordering consisting of k steps of 2-vertex additions, there exist 2k + 2 vertices
and 3k + 1 edges. Additionally, if it can be constructed by k steps of 2-vertex additions and 1 step
of 1-vertex addition, there exist 2k + 1 vertices and 3k edges. Thus, the lower bound in Lemma [6] is
tight and frameworks constructed above are minimally SA-RoD rigid. Figure [6] shows an example of
constructing minimally SA-RoD rigid frameworks.

Based on Lemma [7] and Lemma [8] the following theorem concerning global SA-RoD rigidity can

be presented.

Theorem 9. If a framework (G(A, D),p) is constructed by an SA-RoD ordering in R?, then it is
globally SA-RoD rigid.
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Step 1: 2-vertex addltlon

% \Y 7

Step 3: 1-vertex addmon

5
O
Step 2: 2-vertex addition Step 4: 2-vertex addition

Fig. 6. Construction of minimally global SA-RoD rigid frameworks through vertex additions. The dots in red

represent nodes in Vy.

Now we introduce some special global SA-RoD rigid frameworks constructed by SA-RoD order-
ing. If a framework is purely constructed by 1-vertex additions in Algorithm [I} it is said to have
a bilateration ordering [39]. Furthermore, if a bilateration ordering is generated by Type A; and
Type D; 1-vertex additions in turn, we call it a Type (Aj, Dp) bilateration ordering. Similarly, bi-
lateration orderings of Type (D1, A1), Type (A1, D3), Type (Aa, D1), Type (Ag, D3), Type (D2, A1),
Type (D1, A2), and Type (D3, A2) can be defined. If a framework is purely constructed by 2-vertex
additions in Algorithm [1| and every edge lies in a quadrilateral, it is said to be a quadrilateralized
framework.

Note that frameworks constructed by different SA-RoD orderings can exhibit different SA or RoD
connectivity properties, which can affect localization algorithm synthesis to be discussed in Subsection
Specifically, in Algorithm [T} if 2-vertex additions and Type Dy 1-vertex additions occur in turn,
we will obtain a framework, which is neither SA connected nor RoD connected. Such a framework is
said to be generated by a Type (2, D;) SA-RoD ordering. For convenience, the detailed construction
of a Type (2, D1) SA-RoD ordering is presented in Algorithm [2| Figure [7| presents three frameworks
generated with a Type (D1, A1) bilateration ordering, 2-vertex additions and a Type (2, D7) SA-
RoD ordering, respectively. Note that connectivity properties for these frameworks are completely
different.

Algorithm 2 Type (2, D;) SA-RoD ordering for constructing (Gx(A, D), p(k))

Start with V = {1,2}, p(2) = [p{ ,pa]", and € = {(1,2)}. VN V4 # 0, VN Vp # 0.
while |V| <k —1do
Perform a 2-vertex addition
if |V| < k then
Perform a Type D; 1-vertex addition
end if

end while
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(b)

Fig. 7. (a) A framework with a Type (D1, A1) bilateration ordering. It is RoD connected over the underlying
graph. (b) A quadrilateralized framework constructed by 2-vertex additions. It is SA connected over the
underlying graph.(c) A framework with a Type (2, D1) SA-RoD ordering. It is neither RoD connected nor SA

connected over the underlying graph. The dots in red represent nodes in V4.

2.4.3 Merging globally SA-RoD rigid frameworks

Merging is an important operation to maintain rigidity in formation control and network localization,
which results in changes in the node set or interconnection structure of sensing and communication
links. In this subsection, we study merging by two types of operations. The first type is connecting
two globally SA-RoD rigid frameworks by adding edges. The second type is contracting vertices of
two globally SA-RoD rigid frameworks. Existing works on merging distance or bearing rigid graphs
can be found in [40] and [35].

Generally speaking, to ensure global bearing rigidity, three edges are required to be added in
merging two existing smaller globally bearing rigid graphs in R? [35]. We will show that under the
setting of merging globally SA-RoD rigid frameworks, adding two edges suitably is sufficient to ensure
global rigidity. The reason lies in the SA-RoD rigidity results of quadrilaterals in Proposition 2] We
now state the following theorem. There might be a slight conceptual overlap (A;, D;,i = 1,2) in

terms, but it will not cause any ambiguity.

Theorem 10 (Adding edges). Given two globally SA-RoD rigid frameworks (Gi(A1,D1),p) and
(Go(Az, D3),q) in R2, choose two vertices i,m € Vi and j,k € Vo and the merged framework
(G(A,D),r) is denoted by V4 = Va, UVa,,Vp = Vp, U Vp,,T [pT,qT]T, and &€ = & U E U
{(m,k),(i,7)}. If [Van{i,m,j,k} = 3 and corresponding three points are non-collinear, then
(G(A,D),r) is globally SA-RoD rigid.

The proof is presented in Appendix [I] In fact, if the chosen four vertices i,m, j, k belong to V4
and corresponding four points are non-collinear, the newly merged framework by adding three edges
is also globally SA-RoD rigid. The proof can be finished by a discussion of the shape uniqueness
(combining Lemma [13| and Theorem [7)).

So far, merging frameworks by adding edges has been considered. Analogously to Theorem 3.6
n [35], we present the second type of merging by contracting vertices of globally SA-RoD rigid

frameworks in the following theorem. It is important to note that this type of operation is allowed
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only among vertices of the same attributes. The proof is similar to that of Theorem [10| and will be
omitted.

Theorem 11 (Contracting vertices). Given two globally SA-RoD rigid frameworks (Gi1(A1, D1),Dp)
and (G2(Az, D2),q) in R%, suppose there exist two vertex pairs (i,3) and (m,k) with i,m € V; and
Jk € Vo, such that p; = qj,pm = qi, and vertices in each pair share the same attributes. Let
Va=Va, UVa,,Vp =Vp, UVp,, and € = & U&E,. If the merged framework (G(A, D),r) is obtained
from Va4, Vp, & and [p",q"]" by contracting vertex pairs (i,5) and (m, k), then (G(A, D),r) is globally
SA-RoD rigid.

Fig. 8. Different merging approaches for two globally SA-RoD rigid frameworks. (a) Adding two edges (6, 7)
and (3,10). (b) Adding three edges (2,7),(2,10) and (3,10). (c¢) Contracting vertices 7 and 2, vertices 10 and

3. The dots in red represent nodes in V4.

In Figure [8] two frameworks with vertices {1,2,3,4,5,6} and {7,8,9,10} are globally SA-RoD
rigid. Three different merging approaches are presented by adding two edges, three edges and con-
tracting vertices, respectively. If the four chosen vertices in Theorem all belong to V4, adding
three edges, such as (2,7),(2,10) and (3, 10) in Figure [§|(b), can preserve the global SA-RoD rigidity
when rg, 77,713,710 are non-collinear. Similarly, contracting two pairs of vertices (2,7) and (3,10) as

in Figure [§{c) can also ensure global SA-RoD rigidity.

3 SA-RoD-Based SNL

In this section, we will provide a mathematical formulation of the SA-RoD-based SNL problem.
Then, we will discuss the localizability of sensor networks based on the developed rigidity theory.
Furthermore, an edge-based localization approach will be proposed to determine the bearings and
distances of edges in the underlying framework. After that, we will analyze the effects of SA/RoD

connectivity on SNL and design localization algorithms.

3.1 Problem Formulation

Given a static sensor network in R? composed of n, anchors whose locations are known and n 7 free
nodes whose locations are to be determined. The sensor network is indexed by V =V, UV, where
V=A{12,--- ,n}, Vo ={1,2,--- ,ng} is the set of anchors, Vy = {nq +1,nq+2,--- ,n, + ny} is the
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set of free nodes. Consider a connected undirected graph G(A, D) = (V4 U Vp, E) associated with a
given bipartition of the vertex set representing the sensing graph among all nodes. Each sensor in
V4 has the capability of measuring bearings of neighbor nodes in its local coordinate frame. That is,
each sensor in V4 can sense SAs subtended at itself. Each sensor in Vp is capable of measuring RoDs
with respect to any two neighbor nodes.

SNL in R? aims at finding the locations of free nodes in V; when locations of anchors in V,,
SAs measured by sensors in V4, and RoDs measured by sensors Vp are provided. Figure [9] presents
two sensor networks to illustrate SA-RoD-based SNL. Note that the only difference of two sensor
networks lies in the type of measurements for sensor 6. In Figure @(a), the position of sensors 3,
4, 5, 6 can be uniquely determined by the locations of anchors, measured SAs and RoDs. However,
in Figure |§|(b), the location of sensor 6 can not be uniquely determined due to a possible flipping
ambiguity. This indicates the effects of bipartitions on SA-RoD-based SNL. Furthermore, note that
the positions of sensors 4,5,6 can not be uniquely determined if the sensor network is purely constrained
by SAs, while the positions of sensors 3,4,5,6 can not be uniquely determined if the sensor network is
purely constrained by RoDs. This implies that neither the SA-based nor the RoD-based approach is
applicable here.

4

Anchor 2 Anchor 1 Anchor 2 Anchor 1

~
by

(a)

Fig. 9. (a) A sensor network where the locations of unknown sensors can be uniquely determined by positions
of anchors, measured SAs and RoDs. (b) A sensor network where the locations of unknown sensors 3,4,5 can
be uniquely determined, but the location of sensor 6 can not be uniquely determined by positions of anchors,

measured SAs and RoDs. Another possible location corresponds to 6’. The dots in red represent nodes in V4.

Denote the location of sensor i as z; € R?, z = [xlT, e ,x;]T € R?". The true locations of sensors
are represented by p = [p{,---,p,]T € R?". An important observation is that the bearing Hiz:gll

and distance ||z; — z;|| can be obtained for any pair of anchors 7,5 € V, even if (i,7) ¢ £. Employing
the handling in [I3][21], the augmented framework (G(A, D), z) is defined by G = (V4 U Vp, &) with
£ =EU{(i,j) € V2 :i,j € V,}. Namely, £ is obtained by adding edges to & which connect
every pair of anchors to each other. In this paper, (Q (A, D), x,V,) represents a sensor network to be
located and (G(A, D), z) is called the underlying framework. Based on the aforementioned notions,
the SA-RoD-based SNL problem can be formulated as follows.

Problem 1:

find z,
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LTk — Ty Tj — T ..
st. —————— =RO;)——, (1,4, k) € T;
Tox =]~ i) = 03P €T
lle: — @
S = Ky, (1, 8,1) € Th,
lzs =z e 5D €Tp
x; = pi,i & Va, (15)

|lpt—pr||
[[ps—prl]

by i € Va, T; = {(u,v,w) € V3w € Va, (u,v), (u,w) € Ev< w} is the SA index set determining
all the SAs subtended in the framework, T = {(u,v,w) € V3 : u € Vp, (u,v), (u,w) € E,v < w}is

where K, = is the RoD information measured by € Vp, 6;i, is the SA information measured

the RoD index set determining all the RoDs subtended in the framework.

To ensure that Problem 1 is meaningful, Assumption 3 is made in the following sections.

Assumption 3: Problem 1 is feasible, V, N V4 # 0, and V, N Vp # 0.

Note that the feasibility in Assumption 3 can always be satisfied for any sensor network if the
measured SAs and RoDs are exact. The existence of both SA and RoD sensors in anchors can be
guaranteed by manual settings in practice. All the results in the rest of the paper will be established

under Assumption 3.

3.2 SA-RoD localizability

In this subsection, we will investigate whether the unknown nodes in a sensor network can be uniquely
localized by locations of anchors, measured SAs and RoDs. First, we introduce the notion of SA-RoD

localizability.

Definition 3.1. A sensor network is called SA-RoD localizable if there exists a unique feasible solution
to .

If ng = 1 and ¢ € R?" is a solution to , an arbitraty rotation of ¢ with anchor p; also gives
a solution. Therefore, n, > 2 for any SA-RoD localizable sensor network. Figures [10[a) and [10[b)
present two sensor networks that are not SA-RoD localizable. One can also verify that the underlying
frameworks are not globally SA-RoD rigid. The sensor network in Figure [10|(c) is SA-RoD localizable
and the underlying framework is globally SA-RoD rigid. We propose the following theorem to reveal

the connection between SA-RoD localizability and global rigidity.

A~

Theorem 12. Under Assumption 3, a sensor network (G(A, D), x,V,) is SA-RoD localizable if and

only if the framework (G(A, D), x) is globally SA-RoD rigid.

The proof is presented in Appendix[J] From the argument in the sufficient part, it can be observed
that if (G(A, D), z) is globally SA-RoD rigid, (G(A, D), z,V,) will be SA-RoD localizable as long as
ng > 2. This holds even when all anchors have the same sensing capabilities, thus relaxing the

requirement of Assumption 3.

Corollary 2. Suppose (G(A,D),z) is a globally SA-RoD rigid framework, if ng, > 2, then sensor

network (G(A, D), x,V,) is SA-RoD localizable.

This corollary illustrates that for a globally SA-RoD rigid framework, an arbitrary choice of two

anchors can ensure the localizability of the induced SN.
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Fig. 10. (a) A sensor network that is not SA-RoD localizable. Node 3 may be incorrectly localized as 3.
However, if nodes 1 and 3 are anchors, this network becomes SA-RoD localizable. (b) A sensor network that is
not SA-RoD localizable. Node 4 can move freely on the segment connecting nodes 1 and 3. (c) A sensor network
that is SA-RoD localizable. The key point is that vertex 5 has degree 3 which avoids possible reflections. The

dots in red represent nodes in V4.

3.3 An edge-based analysis

Based on the previous discussion, how to check the localizability of a sensor network (global SA-
RoD rigidity of the corresponding framework) remains a difficult problem. In [41], a unified view on
bearing-based localizability is proposed. The edge-based formulation of parallel rigidity was shown
to be equivalent to the usual node-based formulation. In what follows, we also provide an edge-based

approach in this subsection.

Definition 3.2. Let a graph cycle basis matrix of a graph G be expressed as C' = [¢;;] € R(m—n+1)xm
where ¢;; € {£1,0}. Let B = [--+ ,b;j, -] € R?*™ be the bearing matrix of a framework (G,p),

where b;; = %, (i,7) € €. The cycle bearing matrix C} for (G, p) is defined by C, = C ©® B €
R2(m—n+1)xm !

Denote the distances of all edges by d = [dy, -+ ,dpn]" € R’!. Note that on each cycle Cy, we have
the following compatibility condition [41]:

Z Ck7ijbijdij:0, k=1,2--- . m—n+1, (16)
(i.9)€€

where ¢ ;; = &1. Using the cycle bearing matrix, it can be written as:

Chyd = 0. (17)

To solve SNL, we consider the following Problem 2 (an edge-based formulation).
Problem 2:

find dij, bij, (Z,j) S é
s.t. bik — R(Hmk)b” = 0, (i,j, k) c 7}1
dyi — Krstdrs = 0, (T, S, t) € Tﬁa
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Z Ck,ijdijbijzo, k;:172’37... 7m_n_|_1’

(l,])ECk
de = d:p bl] = b;kjv Zv] € Va7
dij >0, ||byl| =1, (i,5) € €. (18)

Our next result reveals the intrinsic connection between Problem 1 and Problem 2. The proof is
provided in Appendix

Theorem 13. Under Assumption 3, Problem 1 is equivalent to Problem 2 given a fized anchor
position, in the sense that an explicit bijection can be built between the solution sets of these two

problems.

Without loss of generality, let [ € V, be the base vertex of a path matrix P (see Definition |K.1J).
According to Lemma the explicit mapping to recover the solution of Problem 1 from that of
Problem 2 is

r=1,®x + P, © Bd. (19)

Comparing Problem 2 with Problem 1, we can find that the possible nonlinear constraints are caused
by the compatibility constraint and the unit norm of bearings ||b;;|| = 1 for (¢,j) € £. All the
other constraints in Problem 2 occur in linear forms, which will be very helpful for solving SNL in

next section. Via Theorem the following corollary about localizability can be derived.

Corollary 3. Under Assumption 3, sensor network (,C’;(A, D), x,V,) is SA-RoD localizable if and only

if there exists a unique solution to Problem 2.

3.4 Solving SNL: the effects of SA/RoD connectivity

In this subsection, we aim to solve Problem 2. The analysis on structures of 7; and 75 will play a
significant role. Interestingly, we will show that under some connectivity assumptions of 7; and 7p,

Problem 2 can be decoupled into two sub-problems of finding bearings and distances, respectively.

3.4.1 SNL with connected 7; over G

As a consequence of Lemma [4], all the SAs corresponding to the total triple set Tg can be uniquely
determined when the SA set T; is connected over G. By solving Sub-problem 1, all bearings of edges
can be derived.
Sub-problem 1:
{bikz — R(Oijr)bij =0, (1,5,k) € T (20)

bij = b}

ij7 7’7.7 S Va-

Then, we propose Sub-problem 2 to find distances of all edges in the original framework.
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Sub-problem 2:
dir, — kijrdi; = 0, (4,7,k) € Tp,
Z Ck7ijbijdij =0,k=1,23,--- . m—n+1, (21)

dij = d

ij7 27.7 S Va-

na(na—1)

Denote s = |Tp| + %‘1_1) +2(m —n +1). In addition, Dy € RITPIF=5—1x™ i5 defined as

edge (i,7) --- edge (i,k) --- edge (s,t)

Iiz‘jk 0 _ﬂijk 0 1 0 0 0

where the rows are indexed by triplets in 7, and distances among anchors. If we denote Cp =
[CbT, DJ]T e R*™ y=0,--- ,0, dij, 1T € R?, where Cj is the cycle bearing matrix, then Equation

(21]) can be compactly written as
Cpd=1y. (23)

Now we can state the following theorem.

Theorem 14. Under Assumption 3, if T, is connected over G, then sensor network (_C’;(A, D),z,V,)
is localizable if and only if rank(Cp) = m.

Proof. Since T is connected over G , all bearings of edges can be uniquely determined by . From
Corollary 3l (G(A, D), x,V,) is localizable if and only if there exists a unique solution to Problem 2.
Equivalently, there exists a unique solution to . Based on Assumption 3, there exists a feasible
solution to (23). Therefore, the uniqueness of the solution to is equivalent to rank(Cp) =m. O

For Problem 2, bearings and distances can be determined by solving and , respectively.
In addition to a concise criterion of the SA-RoD localizability, this theorem also provides a practical

localization approach by solving linear equations. More precisely, we summarize this approach in
Algorithm

Algorithm 3 SNL with connected 7;1 over Q

Find bearings of all edges by solving
Find distances of all edges by solving

Reconstruct locations of unknown sensors based on (19))

3.4.2 SNL with connected 7; over G

Similarly, if 75 is connected over ﬁ, distances of all edges can be uniquely determined by solving
Sub-problem 3.
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Sub-problem 3:

di — Kji dl :0, i, .,k S 717
k jhQij (4,4, k) D (24)
dij = df, i.j € Va.
Then, finding bearings of all edges can be achieved by solving Sub-problem 4.
Sub-problem 4:
Z Crijbijdij =0, k=1,2,3,--- ,m—n+1,
(iuj)eck

bZ_] = b;kja Za] S Vav

lbijll =1, (i,5) € &.

Denote Cp1 = (CO[- -+ ,dyj, -+ ]) @12, t = 2(m—n+1)+2[T;|+n4(na—1), Cp = [Cg,p C’;Q]T €

R>2m = ... ,biTj,w-]T ER?™, z=10,---,0,--- ,b;ij,-'-]T € R!, where Cp o is defined by
edge (i,7) ~--- edge (i,k) --- edge (s,t)
Gijk 0 —R(Gijk) 0 I 0 O2x2 0
: (26)
bst | O O2x2 0 O2x2 0 I 0

where the rows are indexed by triplets in 7; and bearings among anchors. Thus, a compact form of

s
Cgb =z,
{ mres (27)

162k —1:2K)|| =1, k=1,2,--- ,m.

From Assumption 3, we know that there exists at least one solution to (25)). First, using Penrose-

Moore inverse, all solutions of C'gb = z can be represented as

L
b:CTBz—i— [i)l,--' ,BL]UJ: C};z—i—ZwiI;i, (28)
i=1
where L = dim(null(Cp)), null(Cg) = span{b;}L,, and w = [wy,wy,--- ,wr]" € RY is the variable

to be solved. Let Ng = [51, e ,BL] e R™*L then can be rewritten as
b= C’Lz + Npw. (29)

Denote Ej, = diag(0,1,1,0) € R?*2m_where 1 occurs at the 2k — 1-th and 2k-th locations. So the

norm constraints ||b(2k — 1 : 2k)|| = 1 can be expressed as

(CLz+ Npw) " Ep(Chz + Npw) =1, k=1,2,--- ,m. (30)
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m
Denote H(w) = > [(C};}z + NBw)TEk(ng + Npw) —1]?, can be equivalently transformed into:
k=1

H(w) =0, we RE. (31)

Despite the difficulty caused by the non-convexity of H(-), this problem has been greatly simplified
to an equation on the null space. Such optimization problems have been extensively investigated by
various approaches, such as interior point methods, sequential quadratic methods, etc. Analogously

to the argument in Theorem we present the following theorem. The proof is omitted here.

Theorem 15. Under Assumption 3, if Ty is connected over G, then sensor network (C;(A, D),z,V,)
1s localizable if and only if has a unique solution.

This theorem illustrates the equivalence between localizability and the uniqueness of global min-
imizers of H(-) on RY when 7Tp is connected over G. For Problem 2, bearings and distances are
determined by solving and . More precisely, we summarize this localization approach into
Algorithm

Algorithm 4 SNL with connected 75 over G

Find distances of all edges by solving
Find bearings of all edges by solving and
Reconstruct locations of unknown sensors based on

We note that solving or verifying the uniqueness of global minimizers of H(-) remains a time-
consuming task. Fortunately, for some special frameworks such as frameworks constructed by Type
(D1, Ay) bilaterion orderings (see Figure [7(a)), a concise description of null(Cp) can be derived to
remove the quadratic constraints ||b(2k — 1 : 2k)|| = 1 in (27). We will show that under this setting,

the matrix Cp € R*#=6) ig of full column rank.

Proposition 3. Under Assumption 3, suppose that (Q(A, D), z) is generated by a Type (D1, Aq)
bilateration ordering and V, = {1,2}, then rank(Cp) = 4n — 6 for sensor network (G(A, D), z,V,).
The proof of Proposition is given in Appendix As a consequence, we have null(Cg) = 0. Now

we present the following theorem without proof.

Theorem 16. Under Assumption 3, suppose that (G(A, D), x) is generated by a Type (D1, A1) bi-

lateration ordering and V, = {1,2}, then the bearing vector satisfies b = C]gz for sensor network

~

(G(A,D),x,V,).

3.4.3 SNL with disconnected 7; and 7 over G

In this part, we discuss SNL in the setting that neither 7z nor 7 is connected over G. Suppose
that the triple index graphs of T; and Tp have c4,cp connected components, respectively. It can be
shown that the localization problem can be reduced to solving a polynomial equation with 2c4+cp—3

variables. To state related results, the following lemma is essential.
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Lemma 9. The solution spaces V4 and Vp of and are affine with dimensions 2(c4 —1) and

cp — 1, respectively.

The proof is presented in Appendix Based on this lemma, solution spaces V4 and Vp can be

parameterized as follows.

2cp—2
Va={b=bo+ Y wibj:w €Ri=12" 242},
=1
cp—1
Vp={d=do+ > wjdj:y; €R,j=1,2,--+ ,cp—1}. (32)
=1

Denote V4 = span{b; : i = 1,2,--- ,2c4 — 2}, Vp =span{d; : i = 1,2,--- ,¢p — 1}. In order to solve
the localization problem, we need to investigate the remained constraints of the cycle condition and

unit norm of bearing vectors:

Cpab =0,
{ B (33)

b2k —1:2k)|| =1, k=1,2,- ,m.

It should be noted that under previous parameterizations, the first constraint is generally nonlin-
ear with quadratic terms since Cp; also contains undetermined variables. Similarly, let G(w,y) =
|Cp1b]|? + S [T Eb — 1)%, where b, d are parameterized by w € R**472 y € R?~! as in (32).

Therefore, can be equivalently expressed in a concise form as

G(w,y) =0, (34)
along with the following constraint
CD—l
do + Z yid; >0 (35)
i=1

on R?¢4=2 x R°»~1  Similarly, we can present the following algebraic characterization of localizable

sensor networks when both SA constraints and RoD constraints are disconnected.

Theorem 17. Under Assumption 3, sensor network (G(A, D), z,V,) is localizable if and only if there
exists a unique solution to and .

For the edge-based localization problem, bearing vectors and distances are determined by solving
two sub-problems , and . The theorem above actually provides a solution method based
on dimension reduction. Solving satisfying can be achieved through classical optimization
methods, which have been discussed in textbooks such as [42]. Similarly, the localization approach is
presented in Algorithm
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Algorithm 5 SNL with disconnected 73 and 75 over G

Find w, y by solving and
Find bearings and distances of all edges by
Reconstruct locations of unknown sensors based on

4 Numerical simulations

In this section, we provide some numerical examples to validate the efficacy of the proposed SNL
method. The nodes of sensor networks in all examples are supposed to lie in the unit box [0, 1]
randomly. Furthermore, the number of nodes is 70 and there exist 2 anchors in each network. All
simulations are executed using Matlab R2024b with an Intel® Core™ i9-13900 CPU and 33.6 GB
RAM.

Ezample 1: Figure (a) shows a quadrilateralized sensor network generated via 2-vertex addi-
tions, which has 103 edges and is SA connected over the underlying graph. Computational results
indicate that rank(Cp) = 103. Based on Algorithm (3| the estimated positions of all nodes can be
recovered as illustrated in Figure [L1}(b). It is obvious that these estimated locations match the true
locations of nodes closely. Here the mean squared error between the estimated locations and true
locations can be calculated to be 8.1398e—15. In addition, the computation time is 0.0845s.

In contrast, Figure (c) presents a quadrilateralized sensor network that is SA connected, but
not constructed by 2-vertex additions. Although this network also has 103 edges, the rank of Cp in
this case is 101, which is less than the total number of edges. According to Theorem this sensor
network is not localizable. In Figure (d), we can find some incorrectly localized nodes (marked with
red asterisks). This is consistent with the conclusion in Theorem

Ezample 2: The sensor network in Figure [12|(a) is generated by a Type (Di, A1) bilateration
ordering, which is RoD connected over the underlying graph. Based on the fact that the underlying
graph is a Laman graph, the number of edges is m = 2n — 3 = 137. First, after a computation, we
find that rank(Cp) = 4n — 6 = 274 and derive a unique solution to (24), which is consistent with
Proposition Then we recover the locations of unknown sensors using Algorithm [4 This process
only involves linear equation solvers. As shown in Figure b), the estimated locations also match
the true locations of nodes closely. In this case, the computation time is 0.1373s and the mean squared
error is 7.2709e — 14.

Ezxample 3: Figure (c) presents a sensor network which has 169 edges and is RoD connected
over the underlying graph. The underlying framework is built iteratively from an initial quadrilateral
through a sequence of Type Dy and Type A; 1-vertex additions. Similarly, one can solve and
verify that rank(Cp) = 334 and the codimension of Cp is 2m — rank(Cp) = 4. Hence, is a
nonlinear polynomial equation with 4 variables. Based on Algorithm [ the locations of unknown
sensors can be estimated as shown in Figure d). We can observe that the estimated locations also
match the true locations of nodes closely. In this case, the computation time is 0.7323s and the mean
squared error is 4.6063e — 04.

Ezample 4: The sensor network in Figure (e) is generated by a Type (2, D1) SA-RoD ordering,
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which has 114 edges. According to the construction, there exist 23 connected components in 7; and
47 connected components in 7. A numerical calculation provides dim(Va) = 44 and dim(Vp) = 46.
This is consistent with Lemma, @ Hence, is a nonlinear polynomial equation with 90 variables.
As shown in Figure [12](f), we can also obtain the estimated locations close to the true locations of
nodes by Algorithm [5} In this example, the computation time is 1.7187s and the mean squared error
is 6.8477e — 06.

5 Conclusions and future directions

This work established the SA-RoD rigidity theory for frameworks with bipartitions on the vertex
sets. It has been shown that a duality theorem holds for infinitesimally SA-RoD rigid frameworks
with respect to bipartitions. Furthermore, if 74 or 7p is connected over the underlying graph G,
the framework (G(A, D),p) can inherit the SA or RoD rigidity property of (G, p). Additionally, the
shapes of frameworks constructed by SA-RoD orderings can be uniquely determined by SA and RoD
constraints. The SA-RoD rigidity theory was employed in the SNL problem with heterogeneous nodes.
The SA-RoD-based SNL was investigated from the perspective of an edge-based approach. Our results
indicated that the connectivity of T; or T over G can help to decouple the SNL problem into two
sub-problems of solving distances and bearings successively. When both T; and T, are disconnected,
a parameterization method was proposed to effectively reduce the dimension of the solution space.
Meaningful future work may include: 1) searching a partition for the vertex set of a graph to
minimize the number of edges associated with a configuration such that the framework is (globally)
rigid, 2) extending the proposed rigidity theory to frameworks in R® (the SA constraints may be
replaced with unsigned angle constraints), 3) investigating SNL by optimization methods under noisy

measurements, 4) developing distributed localization protocols for SNL.

6 Appendix

A Preliminaries

In this section, we will briefly review some mathematical tools in algebraic graph theory and important

results in distance/RoD and bearing/SA rigidity theory.

A.1 Algebraic graph theory

Given a graph G = (V, £), a path of length [ from vertices i to j is a sequence of [+ 1 distinct adjacent
vertices starting with ¢ and ending with j. A cycle C represents a path with the same starting and
ending vertices. In other words, a cycle is a connected subgraph, where each vertex has exactly two
neighbor vertices. A graph with no cycles is called acyclic. A tree refers to a connected acyclic graph.

A spanning tree is an acyclic spanning subgraph.

Definition A.1 (Oriented graph[43]). An orientation of a graph G is the assignment of a direction to

each edge. Equivalently, it is a function o of all arcs such that if (7, j) is an arc, then o (i, 7) = —0o(j,1).
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And a graph together with a specific orientation is called an oriented graph.

Definition A.2 (Cut space and flow space[43]). For an oriented graph G, the cut space is a subspace
of R™ corresponding the column space of the incidence matrix H. And the flow space is the orthogonal

complement of the cut space.

For a cycle C; of length [ in the oriented graph G, one can define the oriented cycle with a signed

characteristic vector z € R as

1 e is consistent with the orientation,
Ze 2 { —1 e is opposite to the orientation, (36)

0 e is not in the cycle C.

Lemma 10 (Dimension and Base of flow space[43]). Given a connected graph G with n vertices and
m edges, its flow space has dimension m —n + 1. Furthermore, this space is spanned by the signed

characteristic vectors of its cycles.

It should be noted that the flow space is also called the cycle space and these independent cycles
can be obtained by adding chords to a maximal spanning tree of G. A matrix with rows corresponding

to m —n + 1 independent signed characteristic vectors of cycles is called a cycle basis matrix.

A.2  Graph rigidity theory

For a graph G, if every vertex i is assigned with a coordinate p; € R, then p = [plT, pQT, N pz ]T e R
is called a configuration of graph G, and (G, p) is called a framework. A configuration p € R is said
to be non-degenerate if p1, p2,--- ,pn do not lie on a common hyperplane of R?, and (G,p) is called
a non-degenerate framework.

In different types of rigidity theory, the rigidity function fg : R™® — RY is first defined. For

example, the distance rigidity function is

fo@) &1l —pil2 1T, (6,g) € & (37)

We say a framework (G,p) is rigid if fgl(fg(p)) NnU, = f,El(f;c(p)) N U, for some neighborhood
Up CR™ of p. If f5'(fg(p)) = f' (fc(p)), (G,p) is said to be globally rigid. (G,p) is minimally rigid
in R? if and only if there does not exist any subgraph H with n vertices and less than m edges such
that (H,p) is rigid in RY. Due to the nonlinear behaviors of rigidity functions, we usually expand
them to the first order near a specific framework to define infinitesimal rigidity. The Jacobi matrix
Rg(p) = % is called the rigidity matrix. Vectors in the kernel of Rg(p) are called infinitesimal
motions, which ensure the invariance of the rigidity function fg. If the rigidity function is defined
by RoDs (bearings, SAs), similar notions can also be proposed in RoD (bearing, SA) rigidity theory.

Here we briefly review some results useful for later discussion.
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A.2.1 Distance rigidity theory versus RoD rigidity theory

In RoD rigidity theory, the rigidity function can be defined as
lpi—pill' '
i — Dk .
fg(p)é[7 - l’“.] ) (Z,j,k)GE,ZEZ+, (38)
[lpi — p;]

where Tg = {(4,4,k) : (i,7),(i,k) € E,5 < k}.

Lemma 11 (Relations between RoD rigidity and distance rigidity theory[16]). (Infinitesimal/Global)
RoD rigidity of a framework is equivalent to its (infinitesimal/global) distance rigidity.

A.2.2 Bearing rigidity theory versus SA rigidity theory

In bearing rigidity theory, the rigidity function is defined as

fg(p)é["'vb;;v"']—rv (iaj)€87 (39)

Pj—Pi
llp;—pill”
Bearing rigidity of a framework is equivalent to its global bearing rigidity[12].

In SA rigidity theory[14] [15], the rigidity function is defined as

where b;;(p) = The infinitesimal bearing rigidity of a framework implies its bearing rigidity.

fQ(P)é[ 7aijka"']—ra (ivjvk)GE’ (40)
where ;i € [0,27) can be uniquely determined by

acos(b;;bik), b R(m/2)bi; > 0,

(41)
27r—acos(b2;b,~k), b;;R(W/Q)bij <0.

Qijk =

Lemma 12 (Relations between SA rigidity and bearing rigidity theory[15]). (Infinitesimal/Global)
SA rigidity of a framework in R? is equivalent to its (infinitesimal/global) bearing rigidity.

Lemma 13 (Shape determination by SAs[I5]). Given a framework (G,p) in R?, the following state-
ments are equivalent:

(i) (G,p) is infinitesimally SA rigid;

(ii) (G,p) is non-degenerate and globally SA rigid;

(7ii) The shape of (G,p) can be uniquely determined by SAs up to uniform rotations, translations, and

scalings.

A.2.3 Generic property

A configuration p is said to be generic if the coordinates of p do not satisfy any non-zero polyno-
mial equations with integer coefficients, and (G, p) is called a generic framework. It is well-known
that generic configurations are dense in the space of all configurations. The set of all non-generic
frameworks is of measure zero[44]. In distance rigidity theory, Laman graphs are perhaps the most

well-known due to their beautiful properties and simple construction process.
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Definition A.3. Graph G = (V, &) is called a Laman graph if m = 2n — 3 and there exist less than
2k — 3 edges for every subgraph of G with k > 2 vertices.

An equivalent characterization is that a Laman graph can always be obtained by the Henneberg
constructions[44]. Henneberg constructions include two types of operations: vertex addition and edge
splitting.

For distance/bearing/SA constrained frameworks, underlying graphs are discovered to play a key
role in constructing (global) rigid frameworks. Specifically, infinitesimal distance/bearing/SA rigidity
is a generic property of the underlying graph. In other words, for a given graph G, suppose that
there exists one generic configuration p € R" such that (G, p) is infinitesimally distance/bearing/SA
rigid. Then for any generic configuration ¢ € R™, (G, q) is infinitesimally distance/bearing/SA rigid
[44, 12, 15]. In distance rigidity theory, the following Laman’s Theorem is well-known.

Lemma 14 (Laman’s theorem[d4]). In R?, a graph is generically minimally distance rigid if and only

if it is a Laman graph.

In [45], the authors show that Laman graphs are generically bearing rigid. More interestingly,
in R?, the generic bearing rigidity of a graph is equivalent to the existence of a Laman spanning

subgraph.

B Proof of Lemma [I]

Proof. Denote

bij _ big B

y Dig = ——, Dijr, = Djj — Dy,
[lei; | ||

Aij = R(m/2)Dij, Aix = R(7/2)Diy Aiji = Aij — Aig.

Di]’ =

Therefore, the SA-RoD rigidity matrix Rg, ,,(p) can be expressed in the following form:
vertex ¢ vertex r vertex j vertex s vertex k vertex t
arst | 0 O1x2 Al O1x2 —-Al, O1x2 Al 0
Kijk | O f%’jkDiTjk 012 —/fz'jk;Dl-Tj O1x2 kijeD). O1x2 0
where the rows are indexed by the triplet sets 7p and T4, the columns are indexed by the vertices.
We consider the linear dependence relations of the row vectors in Rg4 py. If i € Vp, let jo =
argmin ey, j. After fixing the edge (i,j0) € &, consider the triplets at node i formed by this edge

with all other deg(i) — 1 edges. It holds that k;jyj, Kij j» = Kijojo» Whenever jo < ji < ja € N;. The

partial diffrential regarding p can be obtained as

OKijijas 1 [5’%3‘2 affz'joﬁ]

ap il gy — Kijijo ap
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OKijqj . . . OKijqj Ok,
So the vector g[}” can be expressed as a linear combination of vectors gg” L and ”072 . Similarly,

Hz]k

all the vectors in the set {=52* : j < k € N;} can be written as linear combinations of vectors in the

set {—2= 1 k € Ny, k # jo}- Note that the cardinality of the latter set is deg(i) — 1. Then,

8”11016

dlm(span{ p cj<keN;}) <deg(i)—1.

A more direct argument shows that this conclusion also holds if ¢ € V4. In other words, the rank of

sub-matrix corresponding to constraints at node ¢ in is less than deg(i) — 1. Using
rank[X ", Y T]T < rank(X) + rank(Y)
(X,Y are two matrices of suitable size) inductively, we can derive that

rank(Rg, ,(p <Zdeg ) — 1] =2/&| — |V| =2m —n.
eV

Thus, the proof is finished. O

C Proof of Lemma 2

Whenever it does not cause ambiguity, the bipartition in this proof is omitted in writting graph G or
K instead of G(A, D) or K(A, D) for the sake of brevity.

llgi— ‘ZJH

Proof. Suppose that fic(¢) = fic(p) for some ¢ € R**. Assume i € V4,5 € Vp, let ¢ = o] and
pPj

6 € [0,27) be the signed angle rotating from the direction of p; — p; to that of ¢; — ¢;. Thus,

¢ — qj = cR(0)(pi — pj)- (43)
Let £ = q¢; — ¢R(0)p;, it can be easily verified that

qr =&+ cR(O)pr, k =1, 7. (44)
Our goal is to show that

ak =&+ R(O)pr, k # i, J. (45)

Case 1: k € V4. Consider the triangle Aijk (may be degenerate), two signed angles spanned at node
Qijjk, Qi are known, then the third signed angle can also be determined by ajx = 7 + ayji + ogj
mod 27. If the triangle Aijk is non-degenerate, then RoDs can be uniquely determined by the
standard sine law. If the triangle Aijk is degenerate, that is i, j, k are collinear. Without loss of
generality, assume o, = agj = 0, aj, = , utilizing the RoD ki, = ||pr — pjll/|lpi — pjl|, we can
obtain that r;jx = 1+ Kjik, krij = Kjik/(1 + Kjir). Therefore, all the RoDs and SAs in the triangle
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Aijk are determined. Thus, using , it follows that

g — x| g — axl|
G — q = o Rlijn) (@ — qj) = e R(ijn) R(0) (i — pj)
g — g;l| ! ’ llg: — g;ll ! ’
_ pi =pell oy Voo o
i — Dj

Using , one can directly derive (45)).

Case 2: k € Vp. There are two nodes measuring RoDs in the triangle Ap;p;p;. Similarly, all the
RoDs and SA «;j;, are determined. One can show that all the SAs can be determined no matter
whether the triangle is degenerate or not. Following a similar routine in case 1, one can finish the

proof. O

D Proof of Lemma 3

Proof. According to the definition of ), we construct a mapping as follows:
F:[0,21) x RZ x RT — §, C R*",

F(0,¢6,¢) 21, ® &+ (I, @ R(0))p.

Step 1: We will show that I is a bijective mapping. The definition of S, indicates that F' is surjective.
To show its injectivity, suppose F(6,&,¢) = F(0',¢,¢), that is,

1, @&+ c(In @ R(0)p = 1, @ &' + ' (In @ R(0))p.
In component form, this is equivalent to
E+cRO)pi =& + RO )piyi=1,2,- ,n. (47)

For i # j, we obtain
cR(0)(pi — pj) = R(O')(pi — ;). (48)

Since p; # pj when ¢ # j, analyzing the norms on both hand sides of provides that ¢ = ¢ > 0
and @ = ¢ € [0, 27). Substituting these into (47)), we can conclude that £ = ¢'.
Step 2: We will show that S), is a 4-dimensional smooth manifold. First, we show that for each ¢ € 5,
there exists a neighborhood U, C S}, that is homeomorphic to an open set U C R*. If g € Sp, there
exist prameters 0y € [0,27), & € R?, ¢y > 0 such that ¢ = F(6p, &, co) = 1, @ & + co(In @ R(00))p-
If 6y # 0, let & = min{|0y|, |00 — 27|}, Uy ={¢d =1, @&+ (I, @R(0))p: 0 € (6o — 0,60+ 0),& €
R?, ¢ € (0,+00)}. One can observe that (9y—d,0p+8) C [0,27) and U, C S, is a neighborhood near q.
Based on results in step 1, F' : (6p—0d,0p+38) x RZx R+ — U, is bijective. One can also verify its inverse
mapping is also continuous. So U, is homeomorphic to the open set (6y — d, 60y + d) x R? x Rt C R%.
If g = 0, we take U, = {¢/ = 1, @&+ (I, @R(0))p: 0 € (—m,7),& € R% ¢ € (0,+00)}. Although

(—m, ) is not included in [0, 27), using the periodicity of the rotation matrix R(#) and arguments in
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step 1 also shows that F': (=, 7) x R? x Rt — U, is a homeomorphism.

Therefore, S, is a 4-dimensional topological manifold. The transition map in different charts can
be verified to be smooth. Therefore, S, is a 4-dimensional smooth manifold.
Step 3: We will show that F is a smooth immersion into R??. The smoothness of mapping F is
obvious. To verify the immersion, we calculate the rank of its Jacobi map. The i-th block of the
Jacobi matrix DF € R*4 is [I5, cER(0)p;, R(0)pi] = [I2,cR(0 + F)pi, R(0)p;], where we have
applied the identity -ZR(#) = R(6 + 5). Denote the four columns as

U1 = [1707170"" ,1,O]T,U2 = [O>170717"' 7071]T7

vs = c[(R(O+7/2)p1) -, (R(O+7/2)pn) 1T va = [(R(O)p1) -+ (R(O)pa) ']

Assume there exist some coefficients ¢; € R,7 = 1,2,3,4 such that civ1 + covg + cgvg + cqvg = 0.

Denote e; = [1,0]7,e2 = [0,1]". In component form, we have
cre1 + caea + c3c¢R(0 + 7/2)p; + caR(O)p; =0,i =1,2--- n. (49)
Similarly as in we have
c3¢R(O+ 7/2)(pi — p;) + caR(0)(pi — pj) = 0,1 # j. (50)

Since R(0 + 7/2)(p; — p;) is orthogonal to R(6)(p; — p;), it is natural that ¢3 = c4 = 0. Combining
with (49), ¢1 = ¢ = 0. Thus, rank(DF},) = 4. Therefore, F' is a smooth immersion.

Consider the well-known parameterization of the unit circle S' by an exponential mapping E :
0,27) — S' (E(t) = exp(v/—1t)). Define F : S! x R? x Rt — §, C R?",

F(z,6,¢) = F(E™}(2),£,0) = 1, @ € + (I, @ R(E™H(2)))p.

Combining step 1 and step 2, F is bijective and of rank 4. Based on the global constant rank theorem

(Theorem 4.14 in reference [46]), F is a diffeomorphism. O

E Proof of Theorem [G
Proof. We only need to show that
dim(null(Rg(a,p)(p))) = dim(null(Rg:(a p)(p)))-
Based on the expression (42), suppose z = [z, 20" € null(Rg(a,p)(p)). Then,
Dl wai — Djaj + Dy = 0, (i,5,k) € Tp,

Al o, — Al xg+ Al =0, (r,5,t) € Ta.

S
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Using the orthogonal relations between D. and A., we have
AL R(m/2)m; — AR (m/2)x; + A R(m/2)ar =0, (i,4,k) € Tp = Ta,

DT R(?T/Q)er - DISR(T(/2)$S + D;R(Tr/2)xt = Oa (7", S, t) € TA = T[/)

rst

That is (I, ® R(7/2))z € null(Rg/(ap)(p)). Therefore, we can construct a linear mapping F :
null(Rga,p)(p)) — null(Rg/(a,p)(p)) as follows: F(z) = (I, ® R(w/2))z. Furthermore, it is easy to
verify that F' is injective. Thus,

dim(null(Rg(4,p)(p))) < dim(null(Rg(a,p)(p)))-

Similarly, dim(null(Rg(4,p)(p))) < dim(null(Rg(4,py(p))). Thus, we have finished the proof. O

F Proof of Proposition

Proof. Case 1: V4 = {1}, Vp = {2,3,4}. The shape of triangle A124 can be uniquely determined
by aj24 and /123&324/@113 = %. Furthermore, the shape of triangle A234 can also be uniquely
determined by RoDs in this triangle. To ensure the shape uniqueness of (1234, the possible reflection
of node 3 with respect to the line connecting nodes 2 and 4 should be avoided. This is equivalent to
that nodes 2, 3,4 are collinear or the reflection of node 3 with respect to the line connecting nodes 2

and 4 leads to the same location as node 1, i.e., di4 = d34,d12 = d3o.
Case 2: V4 = {1,2}, Vp = {3,4}. Equation can be rewritten as

di2
d d d
cosbio 3% 0 14 cos a3 cosfOy =
[ g 64 das cosfzg | =—| | o g 14 . (51)
s oi2 dia sin 934 Sin Uo3 SInbg41

Denote

Ml_[cosﬂm % 0 ]731__[008923 608941] [Zﬁ].

sin 912 0 % sin 923 sin 941

We investigate solutions of the following equation:

Mz =y (52)
Since p always corresponds to a feasible solution, [g—i,cos 034,5in034] " is a solution of . Fur-
thermore, we have null(M) = span{] ,—g—;;‘ cos 012, —g—;;‘ sinf12]"}. Thus, the solution set of
is
d d d d
{[ﬂ,cos 034, sinc934}T + t[1, M s 012, _tu sin@lg]T 2 s 0,t € R}.
di4 d34 d34 di4

Considering the unit norm constraints of bearing vectors, we have

d d
||[cos O34 — t-14 g 012, sin O34 — t- 14 gin 012]|] = 1.
d34 d34
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Solving this equation gives t = 0 or t = 2% cos(f34 — 012). If g—ﬁ + 2% cos(f34 — 012) > 0, there exist
two feasible RoDs subtended at node 1. From Theorem [7}, (G(A, D), p) is not globally SA-RoD rigid.
If g—ﬁ + 2% cos(f34 — 012) < 0, there exists a unique feasible RoD subtended at node 1. Utilizing
geometrical constraints in triangles A124 and A234, all RoDs and SAs can be uniquely determined.

Therefore, it is globally SA-RoD rigid if and only if
d1o + 2d3y COS(934 — 912) <0. (53)

An example which is not globally SA-RoD rigid and violates is presented in Figure [I}(d).
Case 3: Va = {1,3}, Vp = {2,4}. Invoking the cosine law in triangles A234 and A124, one has

d%5 + d§4 — 2d93dz4 cos 0394 = d%z + dil — 2d19d14 cos 0124.
Combining with RoD constraints, we can conclude that the variable z = % > () satisfies
(1 — /@2113)372 — 2(COS 0124 — K413K213 COS 0324)33 +1-— li%lg =0.

Then a direct geometrical observation provides that the shape of a quadrilateral is uniquely determined
if and only if this equation has a unique positive solution. Note that for a given framework, this
equation always has a feasible positive solution. If k413 = 1, i.e., d14 = d34, this equation degenerates
into a linear equation. Consequently, the uniqueness of positive solutions is guaranteed. Otherwise,
d14 # d34. Under this setting, to ensure a unique positive solution, there exist two possibilities:

(a) There exist two equal positive roots. Consequently, the discriminant of this quadratic equation is
0, i.e.,

2 2 2 2 2 2
K413 + K913 — Sl 9124 — KRy13KR913 511 9324 — 2/41413/1'213 COS 9324 COS 9124 =0.

Thus, we have
d3od2, + d2,d3s — d3,d3, sin? 0124 — d3,d3 sin? O304 — 2d19dozdsadyg cos O304 cos 124 = 0. (54)

(b) There exist two distinct roots. Furthermore, one root is positive while the other is non-positive.
We have

1— 2
T1T2 = # <0.
— Ri13
Equivalently, it can be derived that
(do3 — di12)(d3s — d14) < 0. (55)

Note that the possibility of ds4 = d14 is also included in this inequality. Figure (e) shows a framework
that is not globally SA-RoD rigid and violates , .
Case 4: Three nodes measure SAs and the fourth one measures RoDs, i.e., V4 = {1,2,3}, Vp = {4}.
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All SAs and g—ﬁ can be obtained. Equation can be equivalently written as

cos 1o cos b % cos b3y cosfOy %
| = . (56)

sin 012 sin 923 dia sin 934 sin 941

Denote

cos iy cosbos cosf34 cosOy Cdli
My = . . )y &= T . . Mol
S 912 S1n (923 S11 934 S1n 041

We investigate solutions of the following equation:
Moz = z. (57)

Similarly, [Z—i, Z—fi]T is always a feasible solution to 1) Note that det(Mz) = sin(fag — 012). So
there exists a unique solution to if and only if sin(fy3 — 612) # 0, i.e.,, nodes 1, 2 and 3 are
non-collinear. From Theorem (7} (G(A, D), p) is globally SA-RoD rigid if and only if nodes 1, 2 and 3

are non-collinear. O

G Proof of Theorem

Before presenting the proof, we recall that for ¢ is said to be a regular point of a smooth mapping

h:RF — R if rank(g—g(q)) = max,cgk rank(g—z(p)). Then, we provide the following Lemma.

Lemma 15. Given a graph G(A, D) with an arbitrary bipartition, if p € R®" is generic, then p is a
reqular point of fg(a,p)-

Proof. Assume k = max,cg2n rank(af%;’m(p)) = max,cr2n rank(Rg4,py(p)), then there exists a
square k-by-m minor of Rg(4 p)(p) whose rank is k. We denote the determinant of this minor as h(p),
which is a non-zero function. Suppose that ¢ is not a regular point of fg(4 p), i-e., rank(Rg(4,p)(q)) <
k. Thus, we have h(q) = 0. We denote the set of edges involved in this particular minor as &;.
Recalling the expression of the rigidity matrix Rg(4 p) in , the elements are in the form of
i—Pi

b . X X . b s
el = H;;?_ZZZHQ (a rational function of the coordinates), RijkTer = || Pk _piHI\IZJ—W = ||px —pil|llp; —
7

piﬂﬁ(a product of a rational function and square root functions). Following the routine in
5 i

section IV of reference [20], the space L(€;) can be defined as

]L’(gl) - Z PF(ZL':[,SUQ,"‘ ,l‘n) H dxi,xj :PFeQ($15$27"' 73377/) ) (58)
Fe2é1 (i,7)EF
where 281 is the power set of &, Q(z1, 29, ,xp) is the field of rational functions with rational

coefficients, dy; o, = ||z; —x;[|. Let |€1] = m1. According to Lemma 3 in [20], L(&1)/Q(z1, 2, -+ , Zn)
is a field extension of degree 2™!. Furthermore, h € LL.(£1). Since ¢ € R?" is generic satisfying h(q) = 0,
Lemma 4 in [20] illustrates that h = 0. Thus, we have obtained a contradiction to the fact that h is

a non-zero function. O
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Then, we will show that for generic frameworks, SA-RoD rigidity and infinitesimal SA-RoD rigidity

are equivalent.

Lemma 16. Given a graph G(A, D) with an arbitrary bipartition and a generic configuration p € R?",
then framework (G(A, D), p) is SA-RoD rigid if and only if it is infinitesimally SA-RoD rigid.

Proof. Necessarity: Since (G(A, D),p) is SA-RoD rigid with a generic configuration p. Based on
Lemma p is a regular point of fg(4 py. Let rank(Rg(4 p)(p)) = k. According to Proposition 2 in
[36] , there exists a neighborhood U of p such that fg({47D)(fg(A,D) (p)) N U is a 2n — k dimensional
manifold. Based on Lemma 2] and Lemma[3| SA-RoD rigidity of (G(A, D), p) implies that 2n —k = 4.
Thus, k = 2n — 4, i.e., (G(A4, D), p) is infinitesimally SA-RoD rigid.

Sufficiency: It is a consequence of Theorem O

Proof of Theorem[8l Based on Lemma we only need to show the result for infinitesimal SA-
RoD rigidity. Suppose that p* € R?" is generic, (G(A, D), p*) is infinitesimally SA-RoD rigid. So
rank(Rg(4,p)(p*)) = max,cg2n rank(Rg (4 p)(p)) = 2n — 4. Let ¢ € R*™ be a generic point distinct to
p*. Based on Lemma we have rank(Rg(4,p)(q)) = max,cgan rank(Rg(4,py(p)) = 2n—4. Therefore,
(G(A, D), q) is infinitesimally SA-RoD rigid. O

H Proof of Lemma [7

Proof. For a Type A; 1l-vertex addition, without loss of generality, assume i,n + 1 € V/,j € V).
From the global SA-RoD rigidity of the framework (G(A, D), p), there exist at least two neighbors of
node ¢ and node j. Assume (m,i) € £, (I,j) € £, m # j, | # i. Based on Theorem |7, the SA ajy;
and RoD o,; can be uniquely determined by SA and RoD constraints no matter whether (7,5) € €.
Since ¢ € V), j € V), the SA aji,+1 and RoD Kjpm i1 are constrained. By algebraic properties of
SAs and RoDs, we have

Rijmn+1 = /iz'm,nﬂ//%mj, Ajin+1 = Qjint+1 — Qji-

In addition, the SA ;41 is constrained. In consequence, there exist constraints of two SAs and
one RoD in the triangle Aij,n + 1(may be degenerate). Thus, the shape of the triangle Aij,n + 1 is
uniquely determined and no reflection of node n + 1 can occur. So (G'(A, D),p’) is globally SA-RoD
rigid.

Then, we briefly sketch the proof for other types. For a Type As 1-vertex addition, we have
i,j,n +1 € V. If these three points are non-collinear, the shape uniqueness of Aij,n + 1 under
SA constraints can be guaranteed. A similar argument can provide global SA-RoD rigidity of the
induced framework. For a Type D; 1-vertex addition, the proof can be conducted similarly. For a
Type Dy 1-vertex addition, we have ¢, j,k,n+1 € V},. Similarly, we know Kk n+1, Kijnt1, Kkjn+1 Can
be uniquely determined by SA and RoD constraints. Combining with RoDs k1% and k,41, j, the
shapes of triangle Aik,n + 1 and triangle Ajk,n + 1 can be uniquely determined. Since points i, j, k
are non-collinear, the flipping ambiguity of point n + 1 is circumvented. So the induced framework is
globally SA-RoD rigid. O
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I Proof of Theorem [10

Proof. Without loss of generality, assume ¢ € Vp, m, j, k € V4. For simplicity, we use fg to represent
the rigidity function fg(4 py. To show fg_l(fg(p)) = S,, it is sufficient to prove fg_l(fg(r)) C S
Let ' = [pT, ¢ € fg'(fg(r)), then we have fg,(p') = fg,(p) and fg,(¢') = fg,(q). Utilizing the
global SA-RoD rigidity of (Gi(A1, D1),p) and (G2(Asz, Do), q), there exist ¢; > 0,60; € [0,27),&; € R?
for i = 1,2 such that

P =cilp, @ R(01)p + 1ny, @ &1,q" = calny, @ R(01)q + 1n, ® o, (59)
where n; = |V;|,7 = 1,2. In particular, it holds that

Py = R (01)ps + &1, ¢ = caR(01) g + &2, (60)

where s = m,i and t = j,k. Similar to the proof in Lemma [7, we know that in the quadrilateral
Omijk, SAs at vertices m, k, j and the RoD at vertice ¢ can be completely determined from the rigidity
function. Since m, j, k are non-collinear, the shape can be uniquely determined. This indicates that
c1=c9,01 =05,§ =& in . Therefore, we have 1’ = ¢11, @ R(61)r + 1, ® &, i.e., r € Sy. So the
proof is finished. O

J Proof of Theorem [12

Proof. Necessarity: Suppose a configuration y = [y ,--- ,y,]" € R?" satisfies fe(x) = fg(y), where
the subscript A, D is omitted in the expression Q(A,D). Based on Assumption 3 and Lemma
the subgraph spanned by )V, and related edges is complete and globally SA-RoD rigid. Denote
To = [x],- - ,:EL]T,@/CL = [yf,- ,y;a]T. Then y, € S,,. So there exist ¢ > 0,6 € [0,27),£ € R?
such that y; = ¢R(0)x; + & for i = 1,2,--- ,ny. This implies cI,, ® R(0)q + 1,, ® £ is a solution to
problem . By the localizability, the solution must be unique, i.e., y = ¢, ® R(f)z + 1, ® {&. So
(G(A, D), x) is globally SA-RoD rigid.
Sufficiency: Suppose y = [y{, -,y ]" € R?" is a solution to 1) Then y € fgfl(fg(az)) Due
to the global SA-RoD rigidity of (G(A, D), z), ngl(fg(x)) = S;. Therefore, there exist ¢ > 0,60 €
[0,27),& € R? such that y; = ¢R(0)z; + & for i = 1,2,--- ,n. In particular, it holds that y; — y; =
cR(0)(x; — xj),i € Vq. From Assumption 3, we have n, > 2. Since x; = y; for i € V,, we have
lvizvill — 1 9 =0, ¢ = 0. Thus, y = 2 and (G(4, D), z,V,) is SA-RoD localizable. 0

CcC = =
[l =2l

K Proof of Theorem [13

To facilitate the recovery of locations from bearings and distances, we define a path matrix with

respect to a base vertex.

Definition K.1. Given a graph G = (V,€) and any base vertex [ € V. After fixing a spanning tree

Trg, for any vertex i # [, there exists a path ji, jo,--- , j; connecting vertex ¢ with [. A path matrix
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P, € R™™ with base vertex [ is defined as

1 ej is consistent with the orientation,
P24 -1 e; is opposite to the orientation, (61)
0 e; is not in the chosen path.

Here it is noteworthy that the definition of P, depends on the choice of the spanning tree and
elements in the [-th row are always zero. However, we can show the following relations on different

choices of path matrices.

Lemma 17. Given a graph G, for any two path matrices P;, P with the same base vertex 1 € V, there

exists a matrix ®; € Rx(m=n+1) cych that
P, — P =9, (62)

where C' is the graph cycle basis matrix of G.

Proof. For any two path matrices P, P/, every nonzero row of P, — P/ represents a cycle. Utilizing
the cycle basis matrix C, every row in matrix P, — P/ can be obtained by a linear combination of rows

in C. Thus, P, — P/ can be derived by multiplying C' with a suitably sized matrix ®;. O

Lemma 18. Given a framework (G,x), suppose that P, is a path matriz with base vertex I, B =
[+ bij, -+ -] € R2X™ s the bearing matriz, and d = [- -+ ,d;j, - 1T € R™ is the distance vector of all
edges, then it holds that

=1, + P ® Bd.

Proof. Denote y = 1,, ® ; + P, ® Bd. First, we will show that y is well defined, i.e., different choices
of path matrices P;, P/ will not affect the definition of y. Let ¥/ = 1, ® 2; + P/ ©® Bd. From equation
, there exists a matrix ®; € R"*(m=7+1) guch that

y—1y = (P —P))® Bd=[®C]® Bd=&Cyd = 0. (63)

Then, we can calculate each component of y to conclude that y = x. O
Proof of Theorem [13] Denote the solution set of and as 81 and Sy, respectively. We construct
amapT: & — S as

xT —x]

N

T(x)=1[--,llzj — xill, -7, (6,4) € €.

It is direct to show that T is well defined. In the following, we will verify its bijectivity.
Step 1: we will prove that T is injective. Suppose T'(x) = T'(y) for z,y € S;. By the definition,

Tj—T;

l|lz; — x|l = [ly; — will, e sz:zzH for (i,5) € £&. So zj —x; = y; —y; for (i,5) € €. It

means that the relative displacements of any corresponding edges in two frameworks are equal. By

41



the connectivity of graph G, x; —x1 = y; — y; for any j € V. Since sensor 1 is an anchor, 21 = y1. It
can be concluded that x = y.

Step 2: To show T is surjective, suppose [--- ,d;j, biTj, ...]T € Sy, we need to find a x € S; such
that T'(x) = [--- ,dyj, biTj, ---]T. First, without loss of generality, let 27 = p;. Based on Lemma
x=1,®x1 + P, ® Bd. If (i,j) € £, without loss of generality, assume that the shortest path
t1,t2,- -+ ,t; connecting vertex ¢ with base vertex 1 does not pass vertex j, otherwise we can exchange
the order of i,j. And the path consisting of t1,ts,--- ,¢; and edge (i,j) ends with vertex j. By
previous arguments, we can modify path matrix P; by changing the i-th and j-th rows using these
constructed paths without affecting x. Thus, the i-th and j-th rows only differ in the edge (i, j) € £.
Thus, it follows that x; — x; = d;;b;;. Since di; > 0 and ||b;;]] = 1 hold for (i, j) € £, we obtain that
l|z; — x;]| = dsj, ﬁ = b;j. On the other hand, the first two equations in constraints of can

transformed into those of . So the proof is finished. O

L Proof of Proposition

Proof. We will prove the statement by induction on n. In particular, Cg can be chosen as a square
matrix. If n = 3, the framework is a triangle with anchors 1 € Vp,2 € V4 and the free node 3 € Vp.
One can verify that rank(Cp) = 6. Then we suppose that for a framework (G(A, D), z) constructed
by a Type (D1, A1) bilateration ordering, rank(Cp,) = 4n — 6. Here a subscript n is added in the
expression Cp, to indicate the number of vertices. The goal is to show after adding the n + 1-th
vertice, rank(Cp n41) = rank(Cp ) +4 = 4n — 2. According to the parity nature of n+ 1, we discuss
as follows:

Case 1: If n+ 1 is even, node n + 1 € V4. Assume two edges (n + 1,7),(n + 1,5) € £ are added
satisfying ¢,7 € Vp,i < j < n+ 1. One can find a path connecting nodes ¢ and j in original graph.
Note that the path (i,n + 1,j) also connects nodes ¢ and j. These two paths are distinct due to
the existence of node n + 1. Thus, a new cycle can be obtained. This corresponds to adding a
sub-matrix [, *dop—2ls, £dap—112] € R2%(4n=2)  Op the other hand, the SA On+1,4,; between edges
(n + 1,4), (n + 1,7) corresponds to a sub-matrix [0, R(6ni1.;), —I2] € RZXUn=2) So the matrix
CBny1 € R(#7=2)x(4n=2) hag the following blocked structure:

CBn 0 0
CBnt1 = * dop—2lo  *dop—112
0  R(Ontiiy) —1I

Since rank(Cp,) = 4n—6, Cp,, € R(#7=6)x(4n—=6) i5 nonsingular. The non-zero subblock CBn+1(4n—
5:4n—4,1:4n—6) can be tranformed to 0 by Gaussian elimination method without affecting other
subblocks. So it follows that

+dop_oly  Fdoy 11
rank(CB,n+1) = rank(CB’n) —+ rank 2n—212 2 149
R(On+1i,5) Iy
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If 0,415 # 0 mod 7, the rank for the last term on the RHS is 4. Otherwise, points n + 1,4, j are
collinear. We consider the case that point n + 1 lies on the segment connecting point ¢ and point j

(other cases can be handled similarly, here we omit the details). Then, the 4-by-4 sub-matrix at the

dopn—ols  dop_11
bottom-right block of the matrix Cp 41 is 2n] 272 Tan Il 2 ] , whose rank is 4. We can conclude
2 —12

that rank(Cp +1) = rank(Cpp) +4 = 4n — 2.

Case 2: If n+ 1 is odd, we have n+ 1 € Vp. Without loss of generality, assume that two edges (n +
1,7),(n+1,7) € £ are added satisfying i € V4,7 € Vp,i < j < n + 1. Similarly, the newly generated
cycle corresponds to a sub-matrix [*, £lo,—ol2, £lo,—112] € R2x(47=2) * Op the other hand, the SA
0 ion+1 between edge (i,n+1) and edge (4,49) corresponds to a sub-matrix [0, R(6; ion+1),0, —12,0] €

R2*(4n=2) " For convenience, we represent this submatrix as [*,—I2,0]. So the matrix Cp i1 €

RAn=2)x(4n=2) cap he written as:

CB,n 0 0
CBnt1 = x  FElop_oly Elop_11>
* —12 0
Similarly, rank(Cp ;1) = 4n — 2. Thus, we finished the proof. O

M Proof of Lemma [9

Proof. The affine structure of the solution spaces for linear equations is a standard result in linear
algebra. To consider dimensions of the solution spaces, we take V4 for example. Denote Vj as the

solution space of the following homogeneous equation

bij =0, 7,7 € V,.

Then, V4 is a linear space, and V4 can be viewed as a translation of Vy. Moreover, dim(VA) =
dim(V4). Since T; has c4 connected components, the edge set can be divided into ca subsets, i.e.,
& = U2, &;. Denote

WZ' = {m: [331,.%‘2,-" ,.’I/'Qm}—r ERQm:th_l =$2t=0f0rt¢gi},i= 1,2,~-- ,CA.

Then, there exists a direct sum decomposition R?™ = EBZ.C:“‘1 W;. It follows that Vy = EBiC:‘41(XN/A nw,),
which means that we only need to solve on each component. without loss of generality, assume
the edges among anchors belong to £;. Based on the connectivity of the component &1, VanWw; = 0.
For each component &;(i # 1), choose one edge (u,v) € &. There exists a rotation angle 6y, s such
that bs; = R(Oyp,st)buy for every edge (s,t) € &. In addition, we have

VA NW; = {ac € RQm : [Jjgt_l,ﬂjgt]T = R(eio’t)[l'gio_l,JJQio]T fort € 51‘;

xor—1 = x9r = 0 for t ¢ &},
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= span{[0,1,0,[1,0/R" (Bigi,)s- - » [1, O]RT(QiOimi), 0",
[0,0,1,[0, IR T (Bigi,), -+, [0, IR T (Bigi,,, ), 0] T}, (64)

where 6;,;, is SA between from the direction of edge 4o to that of i; and can be uniquely determined

. . ca -
from . Consequently, dim(Vy N W;) = 2 for ¢« # 1. Therefore, dim(Vy) = > dim(VaNW;) =

=1

2cq — 2. ]
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Fig. 11. (a) A quadrilateralized network that is SA connected and constructed by 2-vertex additions and

satisfies rank(Cp) = 103.

(b) Estimated locations match the real locations well.

(¢) A quadrilateralized

network that is SA connected and satisfies rank(Cp) = 101. (d) Some nodes (marked with red asterisks) are

incorrectly localized since the whole network is unlocalizable.
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(a) A RoD connected sensor network constructed by a Type (D1,

Fig. 12.

A sensor network constructed

()

by a Type (2, D1) SA-RoD ordering. The SA and RoD constraints are disconnected. (f) Localization results.

sequence of Type Do and Type A; 1-vertex additions. (d) Localization results.
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