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Abstract

Given an undirected graph G, a Gomory-Hu tree is a tree over the vertex set of G that
preserves all pairwise mincuts in G. After various breakthroughs, the recent algorithm from
[KPYY25] gives a simple reduction to the maxflow problem. For unweighted m-edge graphs,
the reduction requires O(m) randomized time and reduces to maxflow instances of total size
O(m) This is the first reduction that is tight up to polylogarithmic factors.

We de-randomize the above state-of-the-art result by presenting a simple deterministic re-
duction from Gomory-Hu tree to maxflow and expander decomposition. Our reduction again

requires only O(m) time and reduces to maxflow and expander decomposition on instances of
size O(m).

Our result implies that deterministic maxflow and expander decomposition with O(m) time
directly yield an O(m) time deterministic algorithm for Gomory-Hu trees in unweighted graphs.
Using state-of-the-art randomized expander decomposition algorithms, our reduction retains the
guarantees of the reduction in [KPYY25] up to polylogarithmic factors.

1 Introduction

In 1961, Gomory and Hu proposed a pioneering result [GH61] that all pairwise mincuts of an
undirected weighted graph G = (V, E, w) can be preserved by a tree on V' (later named the Gomory-
Hu tree'). In the same paper, they proposed an algorithm that computes a Gomory-Hu tree via
only n — 1 maxflow calls, remarkably improving over the trivial all-pairs maxflow algorithm that
takes (5) = ©(n?) maxflow calls.

Fast Algorithms for Gomory-Hu trees. Since their seminal work, a large effort has been put
into finding a better Gomory-Hu tree algorithm, yielding faster algorithms for various restricted
graph classes. However, for general weighted graphs, Gomory and Hu’s result remained state-of-
the-art except for the improvements caused by better maxflow algorithms, until the remarkable and
extensive progress made by the recent line of works [AKT21b, AKT21a, LPS21, Zha21, AKT22,
AKLT22, ALPS23, AKL"25], which improve both randomized and deterministic Gomory-Hu tree
algorithm to almost-linear time.” In particular, the randomized algorithm in [ALPS23] reduces
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LA formal definition of a Gomory-Hu tree is given in Definition 4.1.

2By convention, we say near-linear time for a time cost of O(m - polylog(m)) and denote it by O(m); and we say
almost-linear time for O(m**°")) and denote it by O(m).



Gomory-Hu tree to maxflow calls on instances with O(n) vertices and O(m) edges in total, plus an
additional n'*toM) time. [AKL"25] then de-randomizes [ALPS23], yielding a deterministic algorithm
with a m+°() total instance size and an additional m!*°() time. By plugging in the state-of-the-art
almost-linear deterministic maxflow algorithm [VDBCP 23], both algorithms have an almost-linear
runtime.

Despite these promising breakthroughs, all the above-mentioned almost-linear Gomory-Hu tree
algorithms are still far from being practical. They critically rely on a highly complicated subroutine
named Single Source Mincuts (SSMC), which computes the edge connectivities of all vertices w.r.t.
a given vertex. For both deterministic and randomized settings, solving SSMC requires sophisti-
cated data structure designs, which usually takes up to 20 pages to define and analyze, making the
algorithms harder to implement and to adapt to other computational models and settings.

Towards Simple and Practical Algorithms. Very recently, [KPYY25] bypasses SSMC and
proposes a simple and likely practical Gomory-Hu tree algorithm for unweighted graphs. Their
reduction is also the first to be tight up to polylogarithmic factors: the maxflow calls are on
instances of total size O(m), and it only requires O(m) additional time.

However, the state-of-the-art deterministic Gomory-Hu tree algorithm proposed by [AKL™25]
is still based on the complicated SSMC and involves various complicated ingredients, with a running
time equivalent to maxflow calls on instances with total size m!T°() plus an additional m!+o()
time.

It is thus natural to ask if we can obtain a faster deterministic reduction — ideally also one
that is simpler and practical. We ask the following natural question:

Is there a deterministic reduction from Gomory-Hu tree to maxflow calls on O(m) total instance
size with an additional time O(m)?

In this work, we make significant progress towards answering the question above: for unweighted
graphs, if there is a near-linear time deterministic algorithm to compute expander decompositions,
then the answer is yes. In particular, we present a deterministic simple reduction from Gomory-
Hu tree to maxflow and expander decomposition calls on instances with total size O(m) with an
additional O(m) overhead. Both max-flow and expander decomposition are fundamental graph
primitives that have undergone rapid progress in recent years; notably, it is widely conjectured
that deterministic expander decomposition can be achieved in near-linear time. We give a brief
introduction to maxflow and expander decompositions below.

Maxflow. The maxflow problem is one of the most central problems in graph algorithms. By the
classical mincut-maxflow duality, any maxflow algorithm also gives a mincut. In a recent break-
through, the first almost-linear-time algorithm for maxflow was given in [CKL"22], and since deter-
ministic almost-linear time maxflow algorithms were given in [VDBCP 23, CKL 24, vdBCK ™" 24].
All state-of-the-art algorithms for Gomory-Hu trees use these fast maxflow algorithms as an essen-
tial primitive.

Expander Decomposition. An expander decomposition algorithm decomposes a graph into
well-connected vertex clusters such that inter-cluster edges only consist of a small fraction of all
edges. We first give a formal definition of expander decomposition below.



Definition 1.1 (Expander Decomposition). A weighted graph G = (V, E,w) a ¢-expander if ev-
ery cut 0 C S C V expands, i.e. w(E(S,V\S)) > ¢ - min{vol(S),vol(V \ S)}. A ¢-expander
decomposition of graph G is a partition X1, Xs,..., Xy of the vertex set V such that:

1. for every 1 <i <k, cluster G[X;] is a ¢-ezpander, and

2. the total number of inter-cluster edges, i.e. edges in G that are not contained in any cluster

G[Xi], is O(¢p Y e w(e))

For parameter ¢ > 0, the current state-of-the art algorithm to compute a ¢-expander decom-
positions requires O(m) randomized time [LNPS23]. A deterministic algorithm to compute
¢-expander decompositions with m!+°() runtime can be obtained by using the recent deterministic
algorithm for computing such a decomposition for simple, unweighted graphs with ¢ = O(1) in
[Chu23], as a cut player in the cut-matching game [KRV09, OSVV08, CGL"20], using determin-
istic exact maxflow [VDBCP 23, CKL"24] for the matching player implementation and expander
pruning as suggested in [SW19] and various standard techniques. We describe in detail how to
combine these methods to obtain the claimed guarantee in Section A. Despite the current time gap
between the randomized and deterministic expander decomposition algorithms, we note that the
expander decomposition problem remains an active area of research, and it is widely conjectured
that a near-linear deterministic expander decomposition algorithm is achievable.

The standard expander decomposition defined in Definition 1.1 is not sufficient for our Gomory-
Hu tree algorithm. In Section 3, we generalize the definition of expander decomposition (Defini-
tion 3.1) and present a simple reduction to standard expander decomposition calls on instances
with total size O(m). Our reduction might be of general interest.

Remark. Very recently, in independent work (see [ADK25]), an alternative O(m) randomized
generalized expander decomposition algorithm was proposed. While we show that a simple reduc-
tion to standard expander decompositions suffices, [ADK25] carefully generalizes the components
of the standard algorithms to compute expander decompositions directly. While our result is much
simpler, they achieve smaller polylogarithmic losses in the expansion vs. intercluster edges trade-off
and in the runtime.

1.1 Our Contribution

We formally state our main result.

Theorem 1.2 (Deterministic GH tree). Given an m-edge, undirected, unweighted graph G =
(V, E), there is a deterministic algorithm that reduces Gomory-Hu tree to mazflow and expander
decomposition calls on instances with total size O(m) edges, with additional time O(m).?

Our reduction is optimal up to polylogarithmic factors, reducing to two of the most-used primi-
tives in modern graph algorithms: maxflow and expander decomposition. It thereby vastly improves
over the current state-of-the-art deterministic reduction in [AKL"25] both in overhead complexity
and in algorithmic complexity! That is, even given essentially optimal primitives, the reduction
[AKL"25] incurs subpolynomial loss while ours is tight up to polylogarithmic factors. Further, the

3All maxflow and expander decomposition calls are on undirected weighted graphs with nonnegative integer
polynomially bounded weights.



algorithm is much simpler than the reduction in [AKL"25], as we bypass the single-source mincut
subroutine, which requires a complicated dynamic data structure.

Combined with state-of-the-art randomized expander decomposition algorithms (for exam-
ple [SW19]), our reduction recovers the guarantees obtained by the state-of-the-art randomized
Gomory-Hu tree reduction from [KPYY25] up to polylogarithmic factors.

We also obtain a variant of the algorithm in Theorem 1.2 by incorporating techniques from
[LP21], leading to a deterministic reduction from approximate Gomory-Hu tree to maxflow and
expander decomposition for general weighted graphs.

Theorem 1.3 (Approximate GH Tree). Given an m-edge, undirected, weighted graph G = (V, E, w),
there is a deterministic algorithm that reduces an (1 + €)-approximate Gomory-Hu tree of G to
mazflow and expander decomposition calls on instances with total size O(m/e3) edges, with addi-
tional time O(m/e?).

Again, our deterministic reduction matches the current best randomized approximate Gomory-
Hu tree reduction proposed in Section 7 of [LNPS23] up to polylogarithmic factors (and slightly
worse dependency in €). We point out that [LNPS23] reduces to (1 — €)-approximate maxflow for
which a randomized O(m/e) algorithm is known [Shel7], thus their reduction can be turned into
an O(m) time algorithm.

We organize the rest of the paper as follows. Section 2 lists necessary definitions and technical
lemmas. In Section 3, we give a reduction from a generalized version of expander decomposition to
the standard decomposition algorithm. The (approximate) Gomory-Hu tree algorithms and their
analysis are presented in Section 4.

2 Preliminaries

Let G = (V,E,w) be a weighted graph. We always assume weights are polynomially bounded
positive integers. For vertex demand function d : V. — N and S C V, let d(S) = >, cgd(v).
For § C V, we write 9S := E(S,\V'\ §) and vol(S) = > cqw(d{v}). The conductance of S is

w(0S . w(0S
Oi(S) = min{vol(&g),vgl(V\S)}; the conductance of S w.r.t. dis ®gq(S) = m We define

the conductance of G (w.r.t. d) as ®g := mingcy ®¢(5) (Pg,q := mingcy Pg.a(5)), where the
minimum is taken over vertex sets S such that vol(S) > 0 and vol(V \ S) > 0 (d(S) > 0 and

d(V'\S)>0).
For two vertices s,t € G, we denote the edge connectivity between s,t by Ag(s,t), where the
subscript is often omitted. For a vertex set U C V, we write A(U) := ming ey A(s,t). For a

positive integer 7, we call a set C' C V' is 7-connected if for any s,t € C, \(s,t) > 7. A 7-connected
component is a maximal 7-connected set in V, and a 7-connected component w.r.t. U is the
intersection of some 7-connected component and U.

Let Thnaz fiow(m) and Tgp(m) denote the time cost of maxflow and expander decomposition on
a graph with m edges, respectively.

Isolating Cuts Lemma. The following Lemma is stated as given in [AKL"22] but was first
introduced by [LP20] (an alternative proof is given in [AKT21b]). While all of these articles state
the Lemma as a reduction to maximum flow on graphs of total size O(m), we directly state the
implied bound when using the deterministic near-linear time maximum flow algorithm given in
[VDBCP+23).



Lemma 2.1 (Isolating Cuts Lemma). There is an algorithm COMPUTEISOLATINGCUTS that takes
as input a graph G = (V, E,w) and a collection U of disjoint terminal sets Uy,Us, ..., Uy C V. The
algorithm then computes a collection of disjoint cuts Sy, So,...,Sy where for each 1 <i < h, S; is
a vertez-minimal (U, Uz U;)-mincut. The algorithm is deterministic and runs in time mite(),

Hit-And-Miss Theorems. We use the following hit-and-miss theorem that is a special case of
a theorem from [CSP24].

Theorem 2.2 (see Definition 4 and Theorem 3.1 in [CSP24)). For any positive integers N,a,b
with a > b and b = O(1), there is an algorithm CONSTRUCTHITANDMISSFAMILY([N],a,b) that
constructs a family H of hit-and-miss hash functions such that for any A C [N] with |A| < a and
B C [N]\ A with |B| < b, there is some function h € H such that h(x) = 0 for all x € A and
h(y) = 1 for all y € B. The algorithm constructs H to be of size (a - log N)O®) in deterministic
time N - (a -log N)°®) . Moreover, when a = O(1), the size of H is O(log N).

3 Expander Decomposition for General Demands: A Blackbox
Reduction

In this section, we present a simple black-box reduction from more general expander decomposition
with arbitrary demands to a standard expander decomposition as defined in Definition 1.1. Below
we formally define the generalized expander decomposition.

Definition 3.1 (General Expander Decomposition). We say that a weighted graph G = (V, E, w)
is a ¢-expander with respect to vertex demand vector d € NV if every cut ) C S C V expands,
i.e. w(E(S,V\595)) > ¢ -min{d(5),d(V \ 95)}.

A (¢, q)-expander decomposition of G w.r.t. vertex demand vector d € NV is a partition
X1,Xo,..., Xk of the vertex set V' such that:

1. for every 1 <i <k, cluster G[X;] is a ¢-ezpander w.r.t. d, and

2. the total number of intercluster edges, i.e. edges in G that are not contained in any cluster
G[Xi], is upper bounded by O(¢ >, d(v)).

3. the flow problem, where each vertez v € X; has w(E(v, V\X;)) units of source mass, O(¢d(v))
units of sink mass, and each edge has capacity O(w(e)), is feasible.

We give the following simple reduction.

Lemma 3.2. Given an m-edge, n-vertex weighted graph G = (V, E,w) with vertex demand d :
V — N bounded by poly(n) and a parameter ¢ > 0, computing a ¢-expander decomposition defined
by Definition 3.1 w.r.t. d can be deterministically reduced to expander decomposition (defined in
Definition 1.1) and mazflow calls on instances with total size O(m) with an O(m) overhead.

Proof. We first show a polylog reduction from the first two properties in Definition 3.1 to standard
expander decompositions. Let D =3 i, d(v) and W = 3" __pw(e). Let G’ be the graph obtained
by adding a self-loop with weight Wd(v)/D to each vertex v in graph G, then volg (v) = volg(v) +
[Wd(v)/D]. Let g denote the polylog factor in the second point of Definition 1.1. Applying
the standard expander decomposition to G’ with parameter ¢/ = D¢/W, we obtain a partition



Vi,..., Vi of V such that G'[V;] is a ¢’-expander w.r.t. volgs and the number of intercluster edges
is no more than

¢’ Y vola(v) < g+ (Dp/W) - (3W + n) < 4¢¢D.
veV

By definition, for i = 1,...,k and any S C V; with d(S5),d(V; \ S) # 0, we have

:D7¢ - w(E(S, Vi \9))
W~ min{volg (S), volg:(V; \ S)}
g w(E(S,Vi\ 9))
= min{Wd(S)/D,Wd(V; \ S)/D}
_ WoealS)
- .

¢/

It then follows @gy; q > ¢ and the total number of inter-cluster edges is upper bounded by 4g¢D.

So V1,...,Vj satisfies the first two properties in Definition 1.1 for G,d and ¢’ = 4¢ = O(1).

For the reduction of the last property in Definition 3.1, we refer the readers to Appendix A
of [AKL"25]. The idea is to start from standard expander decomposition from [LS21] and then
recursively trim vertices based on a flow problem similar to the one in [SW19]. O

Combined with state-of-the-art expander decomposition algorithms, our reduction yields the
following results.

Corollary 3.3. For a weighted undirected graph G = (V, E,w) with vertex capacitiesd : V — N
bounded by poly(n) and any parameter ¢ > 0, there exists:
(1) a deterministic algorithm that computes a ¢-expander decomposition of G w.r.t. d in time
1+o(1)
m

(2) a randomized algorithm that computes a ¢-expander decomposition of G w.r.t. d in time

O(m).

)

In the rest of the article, we denote the expander decomposition algorithms as
EXPANDERDECOMP(G, d, ¢) without explicitly mentioning which algorithm we adopt. We usually
set d = 1y for some U C V. In such case, we denote the algorithm by EXPANDERDECOMP(G, U, ¢).
For notational convenience, we denote by ¢ the largest polylog factor hidden behind O() in Defi-
nition 3.1.

4 Gomory-Hu tree

In this section, we give a simple and deterministic reduction of (approximate) Gomory-Hu tree to
expander decomposition and maxflow. For unweighted graphs, we match the rates of state-of-the-
art Gomory-Hu tree algorithms for both deterministic and randomized cases, i.e., O(l) maxflow
calls if we adopt a O(m) randomized expander decomposition algorithm, and m!t°®) maxflow calls
if we use a deterministic expander decomposition algorithm. For weighted graphs, one variant of
our algorithm gives a deterministic reduction of (1 + €)-approximate Gomory-Hu tree to expander
decomposition and maxflow, leading to a near-linear time reduction to polylog maxflows if we
adopt the near-linear time expander decomposition algorithm. We start by give a formal definition
of U-Steiner Gomory-Hu tree for some terminal set U C V.



Definition 4.1. Given a graph G = (V,E,w) and a set of terminals U C V, the Gomory-Hu
U -Steiner tree is a weighted tree T' on the vertices U, together with a function f : V +— U such that:

e for all s,t € U, consider any minimum-weight edge (u,v) on the unique st-path in T. Let U’
be the vertices of the connected component of T \ (u,v) containing s. Then, f~Y(U'") CV is
an (s,t)-mincut, and its value is wp(u,v).

In the above property, if f~H(U") is only an (1 + €)-approzimate (s,t)-mincut for some ¢ > 0,
we call (T, f) an (1 + €)-approximate U-Steiner Gomory-Hu tree.

Our approach generally follows from the deterministic algorithm in [AKL"25], but we bypass
the SSMC subroutine by a simple recursion at the price of only working for unweighted graphs. As
some technical subroutines remain the same as [AKLT25], we refer interested readers to [AKL"25]
for the correctness analysis of the subroutines and will not go into details here.

Following the standard approach, we aim to find a decomposition of (G, U) such that:

1. Gomoru-Hu trees on sub-instances can be correctly pieced together into a large GH tree;
2. the decomposition is somewhat balanced, so that the recursion depth is m°W.

The first step is the same as [AKL"25]: we start by finding a threshold value 7* such that the largest
T*-connected component w.r.t. U contains at least 2|U| terminals while all (7* + 1)-connected com-
ponent contains fewer than %|U| vertices. Let C* denote the corresponding 7*-connected component
and let C7; :=C*NU.

Our major modification of [AKL"25]’s algorithm is based on the following observation (Claim 4.5):
When |C}| is large enough (e.g. larger than 12|U|, we can find a balanced decomposition of (G, U)
into a collection of (v, r)-mincuts for an arbitrary r € Cf;. More importantly, we only need to look
at (v, r)-mincuts with cut value exactly 7, hence avoiding SSMC. We note that such a decompo-
sition into (v, 7)-mincuts is standard ([AKLT22], [ALPS23],[AKL"25]) and we can easily combine
the GH trees on sub-instances.

On the other hand, when |C};| < 12|U|, U = C}; U (U \ C}y) is simply a balanced decomposition
of U. However, C* and V \ C* are apparently not a pairwise mincuts in G, so we cannot directly
combine Gomory-Hu trees on them. To find a valid way to recursion, we first contract C* into one
terminal ¢ and recurse on the contracted graph. By observing that all subtrees of ¢ (in the returned
GH tree) is naturally a collection of disjoint (v, r)-mincuts for any r € Cj;, we can thus perform a
standard recursion on the rest of the graph by contracting all such subtrees.

All our subroutines (e.g., finding 7* and C*) are only direct applications of hit-and-miss family
(Theorem 2.2), isolating cuts (Lemma 2.1), and expander decomposition (Lemma 3.2), leading to
an implementable algorithm and simple time analysis. We note that all results in this section,
except for Claim 4.9 work for weighted graphs.

4.1 7-Connectivity and Large Component

We start with the following key subroutine, which constructs a hit and miss family on A C V and
applies isolating cuts to each set in the family. It captures all (v, r)-mincuts such that the v-side is



Algorithm 1: REMOVELEAFSTEP(G, A, L)

1S+ 0.

2 H < CONSTRUCTHITANDMISSFAMILY(A, L, 2)./* See Theorem 2.2. */
3 foreach h € H do

4 | Ap<+{acAlh(a)=1}.

5

6

7

small.

{Sv}vea, < ISOLATINGCUTS(G, Ap). /* See Lemma 2.1. */
S+ SU{(Sy,v) }vea,-

return S

Lemma 4.2. For a weighted undirected graph G, vertex set A C V, and parameter 7 > 0,
REMOVELEAFSTEP(G, A, L) returns a collection S in time O(LY - Ty,,00 f1ow(m)) such that

e for any v,r € A such that mg avr < L, we have (Mg, ,,v) € S.

Proof. |Mg .y, NA| =mgawp, < L implies that there exists some h € H such that h(v) = h(r) =1
and h(v) = 0 for any v € Mg, »NA\{v}. It then follows ISOLATINGCUTS(G, A},) returns (Mg y ., v)
by minimality of isolating cuts algorithm.

For time bound, note that calling CONSTRUCTHITANDMISSFAMILY takes time LO(M) and the
size of H is also LOW . It then follows from the time bound of isolating cuts algorithm. O

Given a pivot » € V and 7 > 0, the following algorithm finds all vertices in G whose connectivity
w.r.t. r is at least 7.

Algorithm 2: CUTTHRESHOLD(G, 1, T)
Y < 1/(q-20logy(n)); L < 1000logi(nW) /1.
AV
fori=1,2,...,0(log’n) do
A — A; S 0.
for k=1,...,logan do
S + SU{S € REMOVELEAFSTEP(G, A’, L) : r ¢ S,w(dS) < 7}.
X <+ EXPANDERDEcCOMP(G, A ¢ - 7).
foreach X € X do
| Remove [|A’ N X|/2] vertices from A’ N X from the set A’.
10 A+ A \ UgsesS
11 return A

© W N O Gk W N

Note that we can find A\(U) := ming sy A(s, t) for U C V by a binary search with CUTTHRESHOLD,
since A(U) = mingep A(r, t) for any r € U.

Claim 4.3. For a weighted undirected graph G, vertexr € V', and parameter T > 0, CUTTHRESHOLD(G, r, T)
returns the set {v € V : Ag(r,v) < 7} in time O(Tep(m) + Tmaz flow(m)).

Proof. The correctness follows from Claim 6.22 and Theorem 6.10 in [AKL"25]. The time bound
follows from the fact that we call EXPANDERDECOMP and REMOVELEAFSTEP for O(log® n) times.

O]

It then follows that Cq 7 -(r) = U\ CUTTHRESHOLD(G, 7, 7). The following algorithm is similar
to Algorithm 9 in [AKL"25], which finds a small set of vertices that contains at least one vertex from



the large 7-connected component. We note that in [AKL"25], we apply SSMC to each vertex in the
small set to find the large 7-connected component, which is replaced by simpler CUTTHRESHOLD
in this paper.

Algorithm 3: DETECTLARGECC(G, U, 1)

1 A U; < 1/(g- 100logy(n)); L + 1201022,
2 while |A| > 1/¢ do

3 S < REMOVELEAFSTEP(G, A, L).
4 A+ 0.
5 foreach S € S where w(9S) < 7 and |SNU| < 3|U| do
6 ‘ A~ AU(ANS).
/* If few leaves were identified, it is safe to do a halving step */
7 | i A < oy - Al then
X < EXpPANDERDECOMP(G, A, - 7).
foreach X € X do
10 | Remove [|AN X|/2] vertices in AN X from the set A.
11 else
12 | A« A\A
13 if 3r € A, |Cqu,-(r)| > 2|U| then
14 ‘ return Cq (7).

15 return (.

Theorem 4.4. For a weighted undirected graph G and parameter = > 0, DETECTCC returns
empty set if |Cau-(r)| < 2|U| for any r € U; otherwise it returns the only Cqu,-(r) such that
ICc.u+(r)| > 2|U|. The algorithm takes time O(Tgp(m) + Timaz fiow(m))-

Proof. The algorithm is the same as Algorithm 9 in [AKL"25] except for the way we verify whether
a vertex is in a large 7-connected component. The correctness follows from Claim 6.16 in [AKL25].

By Claim 6.17 in [AKL725], the while loop in Algorithm 3 only has O(1/t) = O(1) iterations
and each iteration call EXPANDERDECOMP and REMOVELEAFSTEP at most once. After the while
loop. there are at most 1/1) = O(1) vertices in A and we call CUTTHRESHOLD logn times for
each vertex in A. The time bound then follows from the time bound of CUTTHRESHOLD and
REMOVELEAFSTEP. O

4.2 Gomory-Hu Tree Step

By a binary search with DETECTLARGECC, we can find the threshold value 7* w.h.p. such that
7* is the largest positive number satisfying Cq () > %|U|. Let Cf; be the largest 7*-connected
component w.r.t. U.

As mentioned in the overview, either we can balancedly decompose U into (v, r)-mincuts with
cut value 7, or U = C; U (U \ CY;) is a balanced decomposition. We formalize the observation in
the following claim.

Claim 4.5. Let r € C}; be an arbitrary vertez and B = {v € C}; \ Cq,u,r4+1(r) : ma,u,, < 12|U]}-
We have either |B| > 1|U| or |Cf| < 2|U|.



Proof of Claim J.5. Suppose |Cj;| > 22|U|, we will show |B| > 1|U|. Denote the complement of B
in Cf \ Cq,ur4+1(r) by D. If D = (), we have

15
>
— 16
We may then assume D # (). By submodularity and vertex-minimality of the cuts, for any two
vertices z,y € D, we have either Mg o, C Mg yr, Mgzr € Mayr, of Mgazr N Mgy, = 0.
However, the last case can never happen since |Mguar|, | Mauyr|l > %—2|U!. So the collection
{Mg s, : © € D} is nesting. Let Mg ,, be a minimal set in the collection and let v = ¢q v, (v),
then Mgy, = fé,lU,T(TG,U,r [v']). We claim Mg, N C \ Cqur+1(v") C B, hence

Bl = [Cu \ Caur1(7)] Ul =101 = lUl-

Bl 2 [Mgwr NCE\ Cour1(v)] 2 (Mg, VU= U\ Cp| = [Cour(0)]

Y

15 1 3 1
U] - 2 [U] - $101 = 5l

It remains to prove Mq,, N CH\ Caur+1(v") € B. Let © € Mg NCH \ Caur41(V'). Tt follows
from the minimality of M¢ ,, that x € Mg, ,NU C Mg, ,NU =Ty, [v']. Since z ¢ Ca,ur+1(v'),
we have Ag(z,v) = 7, so there exists an edge e with weight 7 on the path connecting z, v" in T¢ v,
Cutting this edge and taking the z-side yields a subtree of T 7, [v], whose preimage under fg i,
is a (x,v')-mincut with weight 7. Let W denote the a-side of this cut. Since v’ is the root of the
tree T ur[v], the edge e cannot be on the path T 7, [v, 7], so r € V' \ W is on the same side as
V. Since z € Cf \ Cqu.++1(r), we have Ag(z,r) = 7. Therefore, W is also an (x,r)-mincut. By
minimality of Mg ; ., we have

Mg oy NUCWNU S Mgy, NU.

Recall that Mg, , is the minimal set in {Mg,, : y € D}, we consequently have z ¢ D, i.e.,
T € B. O

The following algorithm repeats Algorithm 11 in [AKL"25] for O(log? n) times and decomposes
U into balanced mincuts when Cj; > 12|U]|.

Algorithm 4: DEcoMP(G, C, 1, T)

1 1)+ 1/(q-20logy(n)); L + 1000 logi(nW)/v; S < 0.

2 A+ C.

3 fori=1,2,...,0(log?n) do

4 A+ A.

5 for k=1,...,loggn do

6 S + SU{S € REMOVELEAFSTEP(G, A/, L) : r ¢ S,w(9S) = 7,|SNU| < B|UJ}.
7 X < EXPANDERDECOMP(G, A, - 7).

8 foreach X € X do

9 | Remove [|A’ N X|/2] vertices from A’ N X from the set A’.
10 A+ A\ UgesS

11 return Spax := {(Sy,v) € S : S, is maximal in S}.

Claim 4.6. For a weighted undirected graph G = (V, E,w), DECOMP(G, C,r,T) returns in time

O(Tep(m) + Thmazflow(m)) a collection Smax such that sets in Smax are disjoint and their union
contains B.

10



Proof. The correctness follows from Claim 6.22 and Theorem 6.10 in [AKL725]. The time bound
follows from the fact that we call EXPANDERDECOMP and REMOVELEAFSTEP for O(log® n) times.
O

4.3 Exact Gomory-Hu Tree

Combining algorithms for the two cases in Claim 4.5 yields the final Gomory-Hu tree algorithm.
Algorithm 5: GHTREE(G,U)
1 if |U| =1 then
2 ‘ return (U, f), where f maps each vertex to the unique vertex in U.
3 Let 7 € N be the largest 7 € N such that the largest 7-connected component w.r.t. U
contains more than %\U| vertices. Let C* be the corresponding 7*-connected component
and let C; «+~ C*NU.
if |C}| > 12|U| then
r < an arbitrary vertex in Cf;.
Call DEcomP(G, Cf;, 7, 7*) to obtain Spax.
foreach S, € Si,.x do
Gy +— G/(V\ Sy), U« UnNS,; denote the new vertex by x,.
(T, fv) < GHTREE (G, Uy).
10 Glarge < G/S, U <= U \ (UySy); denote the vertex obtained by contracting S, by .
11 (ﬂarge ) flarge) < GHTREE (Glargey Ularge)-
12 return COMBINETYPEI((Tiarge; flarge) s {(Tvs fo) : v € R}, 7¥)
13 else
14 Gsmanl < G/C*, denote the new vertex by ¢, Usman + (U \ Cf;) U {c}.
15 (Tsmalh fsmall) < GHTREE(GsmaIb Usmall)-
16 Root Tyman at ¢ and let R denote the children of c.
17 | S« {fily(Tumanv]) : v € R}

mall
18 Glarge < G/S, U < CY;; denote the vertex obtained by contracting S, by .
19 (,Tlarge ’ flarge) <+ GHTREE (Glargey Ularge)'

20 return COMBINETYPEII((Tiarge, fiarge)> (Tsmalls fomall)s €)

© o N O ok

Algorithm 6: COMBINETYPEI((Tiarge, fiarge) » {(Tvs fo) 1 v € R}, T)

1 Let T be the disjoint union of Tj,ge and all T,.

2 for v € R do

3 Add an edge between f,(z,) and fiarge(y») With weight 7.
4 | Sy« f, YT

5 for z € S, do
6
7
8
9

‘ f(x) < fu(x).
for x € V\U,cp Sv do
‘ f(.’l?) — flarge(l')-
return (7, f)

11



Algorithm 7: COMBINETYPEII((Tlarge: flarge )a (Tsmalb fsmall)a cc Tsmall)

1 Let T be the disjoint union of Tjage and Tyman \ {c}-
2 Root Tyman at ¢ and let R denote the children of c.
3 for v € R do
Add an edge between v and flarge (yv) With weight wr, (v, c).
Sv < qul(Tsmall [’U])
for z € S, do
‘ f(.il?) A fsmall(x)'
8 for x € V\ U,cp Sv do
o | F@) ¢ furge(@).

Claim 4.7. For a weighted undirected graph G = (V, E,w) GHTREE(G,U) outputs a Gomory-Hu
U-Steiner tree.

- BN

Proof. We will show by induction on the size of U since each recursive step strictly reduces the
size of U. The base case |[U| = 1 is trivial. For the induction step, we start by noting that the
size of |U| always decreases when the recursion depth increases. Let U be the current terminal set
with more than one vertex. When |Cf;| > 12|U]|, we have Uygrge < £|U| and |U,| < |U] for each
Sy € Smax. When |Cf| < %|U!, we have |Uigrge| = [Cf| < %’U| and [Usman| < %|U| +1< %|U‘
It remains to show our two algorithms for combining Gomory-Hu Steiner trees are correct. We
have two kinds of recursions in Algorithm 5. The first kind of recursion and combination is exactly
the same as the algorithm in Appendix A of [AKL"22]. (Note that we only changed the way for
finding the mincuts {S,}.) So we omit it here. For the second kind of recursion, since (Tsmair, f)
is a Ugmay-Steiner Gomory-Hu tree on Gigpnay, we have {Sy}ver = {fo  (Tsmau[v]) }oer are disjoint
(¢, v)-mincuts in Ggpqy. Recall that c is the contraction of the 7-connected component C*, it then
follows that Ag(x,v) < 7 for any « € C; and v € R. So any (z,v)-mincut cannot cross C*, hence
Sy is also a (z,v)-mincut in G. Fix any = € Cj;, we then have that {S,},cr is a collection of
(z,v)-mincuts in G. Therefore, COMBINETYPEII is equivalent to COMBINGTYPEI, except that the
weights in the combined tree may be distinct, which do not affect the correctness of the Gomory-Hu
property. ]

Claim 4.8. The recursion depth of GHTREE(G,U) is O(logn)

Proof. We have proven in the proof of Claim 4.7 that the size of |U| shrinks by a constant factor
when recursing. O

Although the correctness and depth results work for weighted graphs. The number of edges
may blow up when we recurse if the initial graph is weighted. However, we can bound the total
number of edges throughtout the recursions by analyzing the terminals’ degree in the initial graph
G when G is unweighted.

Claim 4.9. For an unweighted undirected graph G = (V, E) and terminals U C V, GHTREE(G, V)
takes time O(Tep(m) + Tmaz flow(m)).

Proof. Tt suffices to bound the total number of vertices and edges across all instances by O(n)
and O(m), respectively. Let Z; denote the set of all instances in recursion level i, where Zy =
{(G,U)}. Let uj,n;,m; denote the total number of terminals (i.e., vertices in U), vertices, and
edges respectively, where ug = |U|, ng = n, and my = m.

12



For analysis, consider an arbitrary non-leaf instance (G’,U’) in the recursion tree.

We start by bounding u;. Let u(G’) denote the number of terminals in G’ and let L(G") denote
the number of terminals across all leaves of the subtree rooted at G’. We then have L(G') =
2 Gmis a enitd of ¢ L(G") and w(G') = 3 qnig o cnita o o W(G”) — I\crnyr< 137> since the number of
terminals increases by 1 by G/, . only when we perform the second type of recursion. Note that
L and u coincide at the leaves; we can then conclude that L(G) < 2u(G) — 1. So u; < 2ug — 1 for
each ¢ by induction.

For n;, we have 2|Smax| and |S| + 1 new vertices in two types of recursions, respectively. Since
each set S, € Spax (or §) correspond to a vertex in U, we have n;11 < n;+2u;, hence n; < ng+2iug
and the total number of vertices is O(n).

To bound m;, we divide the edges into two types. We call the contraction of V'\ S, in the first
recursion and the contraction of C* in the second recursion parent node. For any set containing a
parent node, we also call its contraction a parent node. Therefore, any instance in Z; contains at
most ¢ parent nodes. So the total number of edges incident to some parent node in recursion level
i is bounded by in;. It then follows that the total number of such edges is O(n).

It remains to bound the number of edges not incident to any parent node (we call such edges
bad edges). We denote the number of such edges in recursion level i by m;. We define the following
potential

;= Z degq(U' NU) -logyg15 U7
(G",U")eI;
We will prove that ®;;1 +mj,; < ®; + m;. Note that ®; < 2mlogn, it then follows that m; <
mf+®o = O(m). Consider instance (G', U’) at recursion level i. Let 7/, C’ be the threshold cut value
and corresponding 7/-connected component in the call GHTREE(G',U’). When |C'NU'| > E|U'|,
the number of bad edges does not increase when we recurse on (G’,U’), but the contribution of
(G',U’) to the potential decreases since any sub-instance of (G’,U’) has less terminals. We may
then assume |C' N U'| < 32|U’|. Edges in G, are either incident to the parent node ¢ or edges

s

in G'[V"\ C"]. Edges in G}, are either edges in G'[C’], or incident to some contracted node
{Sy}. Tt then suffices to charge the last type of edges to the potential decrease when recursing on
(G',U’"). Consider v € R that is not a parent node, and let s, denote the contraction of S,. Since
wer (08y) < 7', the number of edges incident to s, in Gj,,,. is less than 7. So the total number

of edges incident to some s, (but not incident to any parent node) in Gj,, ge 18 less than U NU|

(note that any new terminal created by the algorithm is a parent node by definition). On the other
hand, the potential decrease caused by recursion on (G',U’) is

degi(U'NU) -logig 15 U]

- degG(U;mall n U) ’ 1Oglﬁ/lS |Uémall’ - degG(Ul/arge N U) ’ 1Og16/15 ‘Ul,arge|
>deg(U'NU) -logig15 U’ — (dega(Ugpau NU) + dega(Upyrge N U)) - (1081615 [U'| = 1)
=deg,(U' NU) > 7'|U' NU|

where the first inequality follows from U, .uls [Uj, gl < 12|U’| and the last one follows from the
fact that U’ is a 7/-connected component. O
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4.4 Approximate Gomory-Hu Tree

In this section, we give an approximate GH tree algorithm for weighted graphs and prove Theo-

rem 1.3. Let € > 0 be a parameter.

Algorithm 8: APPROXIMATEGHTREE(G, U, ¢)

if |U| =1 then
‘ Return (U, f), where f maps each vertex to the unique vertex in U.

Let 7* € N be the largest 7 € N such that the largest T-connected component w.r.t. U
contains more than %\U | vertices. Let C* be the corresponding 7*-connected component
and let Cf; < C* NU. Let r be an arbitrary vertex in Cf;.

if |C}| > 12|U| then
| 7+« 7%, 8+ DECOMP(G, C};, 7, 7).

else

Find A(U) by binary search with CUTTHRESHOLD.

7 max{7*, (1 4 €)1+ AT 4 1},

Call CUTTHRESHOLD(G, 7, 7) and let S denote the collection
{S € REMOVELEAFSTEP(G, A, L) : r ¢ S,w(9S) < 7} returned by the inner for-loop
with the largest total vertex size.

10 foreach S, € S do

11 Gy, <+ G/(V\Sy), U <~ UnNS,; denote the new vertex by z,.

12 (Ty, fv) + GHTREE (G, Uy).

13 Glarge < G/S, U <= U\ D; denote the vertex obtained by contracting S, by ..

1 (Tlarge aflarge) < GHTREE (Glarge7 Ularge)-

15 return COMBINETYPEI((Tiarge, fiarge) » { (Lo, fo) 1 v € R}, 7).

[SR R

© ® N O o

IS

The correctenss analysis follows from [LP21]’s framework.

Lemma 4.10. For any distinct vertices x,y € Ularge, we have Ag,,, .. (7,y) = Ag(x,y). For any
distinct vertices x,y € U,, we have Ag(z,y) < Ag,(x,y) < (1 + ) \g(z,y).

Proof. When |C};| > 12|U|, each S, € S is exactly a (v,r)-mincut in G. A standard submodularity
arguments give us Ag(z,y) = AGy,,,. (7, Y) for 7,y € Ujarge and Ag(z,y) = Ag, (2, y) for z,y € U,.

When [Cf| > %|U|, we remark that S is returned by applying ISOLATINGCUTS to r and a set
of vertices R C U, and each set S, € S satisfies A\g(U) < wg(9S,) < (14 €)Ag(U), which is the
same case as Algorithm 4 in [LP21]. We then refer to the proof of Lemma 3.1 and Lemma 3.2 in
[LP21]. O

Lemma 4.11 (c.f. Lemma 3.3 in [LP21]). APPROXIMATEGHTREE(G, U, €) outputs a (1+¢)'°816/15 U1
approximate Gomory-Hu U-Steiner tree, where d is the largest recursion depth.

Proof. By Lemma 4.10, recursions from (G,U) to (Giarge; Ularge) do not increase the error. Note
that any recursion from (G,U) to some (G, U,) reduces the size of U by a factor at least 15/16.
The same induction argument as Claim 3.3 in [LLP21] then shows that the accumulative error is at
most (1 4 €)°816/15 U1, O

For time analysis, we first bound the largest depth of Algorithm 8.

Claim 4.12. The recursion depth of APPROXIMATEGHTREE(G, U, €) is O(1/€).

14



Proof. Suppose CUTTHRESHOLD calls ISOLATINGCUTS at most N = O(¢g°™M) times. Let (G',U")
be some instance and let (G”,U"”) be its descendent in the recursion tree with depth(G”,U") =
depth(G’,U’) + Nlogn. We claim that either [log;  Ag(U")] > [logi . Ac(U")] + 1 or |U”| <
(1 — w&)|U’|. Thus, the depth is at most NOO og, , (mW) = O(1/e).

We then prove the above claim. By Claim 4.5, if we execute Line 8 in some recursion between
(G',U") and (G”,U"), we have [U”| < 12|U’|. We may then assume all recursions between (G’,U’)
and (G”,U") execute the ELSE part. Suppose we have 7 = 7* in one such recursion. With a slight
abuse of notation, let U denote the terminal set before this recursion. Then CUTTHRESHOLD cuts
off at least Tlﬁ—fraction of |U| by Claim 4.5 and Claim 4.3. As S is the collection returned by the call
of ISOLATINGCUTS with most total vertex size, we have |Uygrge| < (1 — 1o5)|U| and |Uy| < $|U],
where U is the terminal set before this recursion.

It remains to consider the case 7 < 7* throughout the recursions from (G',U’) to (G”,U"). We
only need to consider the case where each intermediate recursion is from (G, U) to (Giarge; Ularge),
since we always have |U,| < 1|U|. Assume [log; A" (U")] = [logi . Ac'(U’)], we then have
7 = (1 + )81+ A/ (VDT 11 throughout the recursions. Let A’ = {v € U’ : Agr(v,r) < 7} for some
r € C' (note that A’ is independent with the choice of 7 since C is a 7*-connected component).
By Claim 4.3, calling CUTTHRESHOLD cuts off A’ so S covers at least |A’|/N vertices and the
size of A’ decreases by a factor (1 — 1/N) after each recursion. Therefore, N logn recursions
climinate A’ and we have Agn(U") > 7 = (1 4 €)[10814¢ 2/ (U1 1 1 leading to a contradiction with

[log e Ag (U")] = [logy . Aer (U")]. =

Proof of Theorem 1.5. We may assume ¢ < 1. Let ¢ = ¢/(2logyg,15|U]), we then have (1 +
¢')loe16/15 1Vl < 1 4¢. By Lemma 4.11, APPROXIMATEGHTREE(G, U, €') returns an (1+¢)-approximate
U-Steiner GH tree.

For time analysis, it suffices to bound the total number of vertices and edges throughout the
algorithm. Using the notation in the proof of Claim 4.9, we have

w; = |U|,nip1 < ni + 2u; < 3in.

For edge numbers, note that the recursion in APPROXIMATEGHTREE is the same as the first type
recursion in GHTREE, so all edges in a given level can be charged to the original edges in G or
edges incident to some parent node. It then follows that m; < m + in; < m + 3i’n.

As the recursion depth of APPROXIMATEGHTREE is O(1/¢), it then follows that the total
number of vertices and edges are O(n/e?) and O(m/e?) respectively. O
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A Deterministic Expander Decomposition for Weighted Graphs

In [Chu23], Theorem 2.8, a deterministic algorithm was given that, for a simple, unweighted graph
G with m edges, computes a cut (A4, B) in G with |Eg(A, B)| < ¢¥(logn)°W) . deg(G) such that:

o cither degg(A), dega(B) > deg(G)/3, or
o deg(A) > 2deg(G) and G[A] is y-expander.

in time m!*o() /4.

In [vdBCK™24], a sparse cut preserving reduction from weighted graphs to unweighted graphs
was given. While this reduction produces multi-graphs with self-loops, we can remove the former
by taking the subdivision graph, and the latter by replacing a vertex with x self-loops by a sparse
expander over x vertices. Together, this yields that we can extend the algorithm above to weighted
graphs, however, at a loss of polylogarithmic factors in the size of |Eg(A; B)| and a runtime increase
by a factor O(1/4)).

Consider next the cut-matching game for weighted graphs. While previously, the cut-matching
game was mainly presented for unweighted graphs, it extends seamlessly. Extending the statement
of [OSVV08], we obtain an O(a)—approximate balanced ¢-sparsest cut procedure for weighted graph
G = (V,E,w) and ¢ € (0,1) by implementing O(logn) rounds, where in each round, we have to do
implement the following steps:

e Cut Player: In the cut step, our algorithm is given a weighted graph W of size at most
O(m) and has to output an a-approximate balanced 1)-sparsest cut for some ¢ = Q(1/a).

e Flow Player: In the matching step, we are given a demand d over the vertices and have to
either give a flow in G that routes the demands (for weights w), or outputs a violating cut.

We can implement the cut player using our extension of the algorithm by [Chu23], above. We
can implement the matching player via exact deterministic max flow [VDBCP 23], which runs in
deterministic time m!*+°(1). The runtime of this procedure can be bounded by O(1) - (m!+°M) /42 4
mito) = mlte) gince 1 = Q(1/a) and a = O(1).

Finally, we obtain expander decompositions by using the above primitive in the framework
of [SW19] and by using their insight that, besides invocations of the algorithm, only a single
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additional call to exact maxflow yields a (¢, O(1))-expander decomposition. Since we can again use
[VDBCP 23] for the maxflow procedure, this yields a deterministic algorithm that runs in mite(d)
total time.
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