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Unlike classical correlations, entanglement cannot be freely shared among multiple parties. This unique
feature of quantum systems is known as the monogamy of entanglement. While it holds for all multipartite pure
states, its converse — weak entanglement between two parties enforces strong entanglement with a third party
— occurs only under specific conditions. In particular, Hayashi and Chen [Phys. Rev. A 84, 012325 (2011)]
demonstrated a qualitative version of the converse monogamy of entanglement (CMoE) for tripartite pure states
by employing a hierarchy of bipartite entanglement defined through the relations among various separability
criteria, and Singh and Datta [IEEE Trans. Inf. Theory 69, 6564 (2023)] later extended this notion of the CMoE
from the viewpoint of distillability under one-way or two-way classical communication. In this work, we extend
their results to the CMoE with broader conditions, and furthermore show that our extensions are maximal with

respect to the hierarchies they considered.

PACS numbers: 03.67.Mn, 03.65.Ud

I. INTRODUCTION

Quantum entanglement plays a central role in quantum in-
formation theory. It serves as a fundamental resource for
many quantum information processing tasks, including quan-
tum teleportation [[1]], superdense coding [2f], and quantum
cryptography [3]. To utilize these applications effectively,
it is essential to understand how entanglement is distributed
among multiple parties.

The distribution of entanglement among multiple parties is
subject to intrinsic restrictions that have no classical counter-
part. This restriction is known as the monogamy of entangle-
ment [4]15]]. For instance, in a multipartite system, if a pair of
parties is maximally entangled, then neither can share entan-
glement with any part of the remaining system. In particular,
for a tripartite pure state shared by Alice, Bob, and Charlie,
if Alice and Bob are strongly entangled, they must be weakly
entangled with Charlie.

On the other hand, the converse statement — if a bipartite
marginal state of a tripartite pure quantum state is weakly en-
tangled, the other ones must be strongly entangled — does not
generally hold. For example, the GHZ state provides a clear
counterexample, since all of its two-qubit reduced states are
separable. Nevertheless, by imposing suitable conditions on
a reduced bipartite state, one can meaningfully formulate the
converse monogamy of entanglement (CMoE) within tripar-
tite pure states. Hayashi and Chen [6] introduced the CMoE
based on a hierarchy obtained from several separability crite-
ria, and later Singh and Datta [/] proposed a similar formula-
tion from the perspective of distillability. Although these two
studies have approached the CMoE from different viewpoints,
the structural connection between them or the maximal range
in which the CMOoE is valid have not yet been fully clarified.

In this work, we reconstruct the two formulations of the
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CMOoE within extension hierarchical framework. Our results
progressively relax the conditions introduced in the previous
formulations, and provide explicit examples that cannot be
explained by earlier results. Furthermore, by identifying ex-
amples in which the CMoE no longer holds, we clarify the
boundary beyond which the CMoE fails, thereby demonstrat-
ing that the our two formulations presented here constitute the
maximal extensions of the CMoE.

The remainder of this paper is organized as follows. In
Sec. [lll we review the separability criteria we here consider,
two slightly different hierarchies with respect to the crite-
ria, and the previous results on the CMoE. In Sec. [l we
present two forms of generalizations of the CMoE and prove,
through explicit examples, that these generalizations consti-
tute its maximal extensions. Finally, in Sec.[[V] we summa-
rize our conclusions and discuss possible directions for future
work.

II. PRELIMINARIES

To rigorously define the CMoE, one requires a hierarchy
of bipartite entanglement that characterizes what it means for
entanglement between two parties to be weak or strong. In
this section, we introduce several separability criteria that are
necessary for defining the CMoE and summarize their hierar-
chical relationships. This hierarchy serves as basic knowledge
for understanding the two forms of the CMoE, which will be
reviewed in the following subsections.

A. Separability criteria and hierarchies of bipartite
entanglement

The nine classes associated with separability criteria are de-
fined as follows. Let psap be a bipartite quantum state acting
on the Hilbert space Hy ® Hp, and let py = Trp(pap) and
pp = Tra(pap) denote its reduced states.
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FIG. 1: Hierarchy of bipartite states with respect to separability cri-
teria.

(i) SEP: pap € SEP if and only if psp = 3 pr p ® pL.

(i) PPT: pap € PPT if and only if pr > 0, where I" denotes
partial transposition.

(iii) UND: pap € UND if and only if pap is undistillable, i.e.,
there exists no local operations and classical communica-
tion (LOCC) protocol converting p% into |¢p*),p With a
nonvanishing asymptotic yield as n — oo. If pap ¢ UND,
then pap is called distillable.

(iv) UND_,: pap € UND._, if and only if psp is one-way
undistillable with respect to A — B, i.e., no one-way
LOCC protocol can asymptotically produce |¢*) 5.

(v) RED: pap € RED if and only if py ® I > pap and Iy ®
PB 2 PAB-

(vi) MAJ: pap € MAJ if and only if ps > pap and pg > pas,
where > denotes the majorization relation.

(vii)) CEN_: pap € CEN._ if and only if S(posap) > S(0a),
where S is the von Neumann entropy.

(viii)) CEN-,: pap € CEN_, if and only if S (pag) = S (0p).

(ix) CEN: pap € CEN if and only if pap € CEN_ N CEN,.

From these definitions, the following implication chains
hold [8-11]], which is depicted in Fig. [T}

(@) = (@) = i) = (v) = (vi) = (ix), (1)
@) = (@) = (i) = (iv) = (viii). 2)

In particular, the converse of (i) = (iii) remains an open
problem [9,[12]], and the other reverse implications do not gen-
erally hold [12H15].

This hierarchy may reflect the relative strength of entangle-
ment: for two bipartite quantum states p and o, if p is in one
class and o is not, then we can consider p to have weaker en-
tanglement than 0. Therefore, the hierarchy provides a natural
framework for comparing the strength of bipartite entangle-
ment. In the context of the CMoE, it asserts that if one pair of
subsystems in a tripartite quantum system exhibits weak en-
tanglement, the complementary pair must exhibit strong en-
tanglement, as described in the next two subsections.

B. Converse monogamy of entanglement based on qualitative
hierarchy

We begin with the result of Hayashi and Chen [6]], who first
formalized the notion of the CMOoE for tripartite pure states
using the above hierarchy of separability criteria. Their result
shows that a strong form of hierarchical collapse occurs when
one of the reduced states belongs to PPT, as follows.

Proposition 1. Let [y),p5c be a tripartite pure state with the
reduced state pac € PPT. Then, for the reduced state pp, the
following are equivalent:

(i) pas € SEP,
(ii) pap € PPT,
(iii) pag € UND,
(iv) pap € RED,
(v) pap € MAJ,
(vi) PAB € CEN.

This proposition implies that when p4¢ belongs to PPT, if
pag 1s entangled, it must exhibit strong entanglement, that is, it
cannot belong to any class within the hierarchical implication
chain in Eq. (I). This result provides the first formal realiza-
tion of the CMoE principle, namely, if one side is weakly en-
tangled, the other must be strongly entangled. In the next sub-
section, we review an alternative formulation of the CMoE.

C. Converse monogamy of entanglement based on distillability

The study by Singh and Datta [[7] did not explicitly employ
the term, the CMOoE, yet their results can be interpreted as a
distinct form of it. Their approach emphasizes distillability
rather than separability, offering a complementary perspective
to that of Hayashi and Chen, as seen in the following two
propositions.

Proposition 2. Let [y),p5c be a tripartite pure state with the
reduced state pac € UND_,. Then, for the reduced state pap,
the following are equivalent:

(i) pap € SEP,
(ii) pap € PPT.
(iii) pap € UND.

Proposition 3. Let [y),p5c be a tripartite pure state with the
reduced state psc € UND. Then, for the reduced state pap,
the following are equivalent:

(i) pap € SEP,
(ii) pap € PPT,
(iii) pap € UND,
(iv) PAB € UND_,.

Proposition [2] implies that when pac belongs to UND_,, if
pap 1s entangled, it must be distillable. In addition, Propo-
sition E] tells us that under the assumption that psc € UND,
if pap is entangled, it is one-way distillable using only one-
way LOCC. In summary, the hierarchy of p4p with respect to
distillability collapses into a single class if psc is (one-way)
undistillable.



This result does not generalize the CMoE demonstrated by
Hayashi and Chen; instead, it illustrates a partial collapse of
the hierarchy under weaker assumptions. While belonging to
PPT induces a complete collapse of all classes in the implica-
tion chains in Eq. (1)), belonging to UND or UND_, produces
only a restricted, distillability-oriented version of the CMoE.
These observations set the stage for the next section, where
we extend both results to their maximal forms.

III. MAXIMAL EXTENSIONS OF THE CONVERSE
MONOGAMY OF ENTANGLEMENT

In this section, we present two maximal extensions of the
CMOoE for a tripartite pure state [),c. Our results unify and
generalize those previously obtained by Hayashi and Chen [6]
and by Singh and Datta [7]. Before stating the main theo-
rems, we recall several spectral relations that form the techni-
cal foundation of our proofs.

A. Extension of the converse monogamy of entanglement

The CMOoE for a tripartite pure state can generally be un-
derstood through the complementary relations between its
two bipartite reduced states. Let pap = Tre(|Y¥){Ylspc) and
pac = Trp(|Y){Ylspc)- By the Schmidt decomposition, pac
and pp (or pap and pc) share the same nonzero spectrum.
Therefore, comparing psp and psc is equivalent to compar-
ing psp and pp, and this spectral correspondence constitutes
the mathematical backbone of the CMoE structure.

We first recall several useful properties that hold under
these spectral conditions.

Proposition 4 ([16l[17]). Let pap € UND. If

rank(psp) = max{rank(p,), rank(pp)},
then pap € SEP.

Proposition 5 ([6]). Let |y)pc be a pure state and suppose
that its reduced state psc belongs to SEP. Then

PAB € SEP (= S(pAB) = S(pB)

Building on these facts, we now present the extended forms
of the CMoE for tripartite pure states. The following theorems
encompass both the Hayashi—-Chen and Singh—Datta results,
and moreover demonstrate that the CMoE remains valid under
weaker assumptions.

Theorem 6. Let ) pc be a tripartite pure state with pac €
UND. Then, for the reduced state pap, the following state-
ments are equivalent:

(i) pap € SEP,
(ii) pap € PPT,
(iii) pap € UND,
(iv) PAB € UND_,,
(v) pap € RED,
(vi) pap € MAJ,

(vii) pag € CEN,
(viii) pap € CENL,.

Proof. 1t suffices to show that psp € SEP if it be-
longs to CEN,. Thus, let us assume that psp €
CEN.,. Then since pac € UND, we have rank(posc) >
max{rank(p,), rank(oc)} [18]], and since p4c is also contained
in both MAJ and CEN, we obtain pc > pac and S(poc) <
S (pac). In addition, from the definition of pyp € CEN_,, we
get S(oap) = S(pp), which implies S(oc) > S(pac). Hence
S(oc) = S(pac), and by the strict Schur concavity of the von
Neumann entropy [[19], pc and psc are isospectral. Therefore,

rank(pac) = rank(pc) = max{rank(p,), rank(oc)}.

By Proposition 4}, we have psc € SEP, and thus, by Proposi-
tionEl, PAB € SEP. O

Theorem 7. Let ) pc be a tripartite pure state with pac €
CEN.,. Then, for the reduced state pap, the following state-
ments are equivalent:

(i) pap € SEP,
(ii) pap € PPT,
(iii) pag € UND.

Proof. Tt suffices to show that psp € SEP if pap € UND.
Assume that psp € UND. Then since UND c CEN-,, we
have S (pp) < S(pap). Combining this with the definition of
pac € CENS, S(pc) < S(pac), and thus we obtain S (op) =
S(pap), which means that pp and p,p are isospectral since
pap € UND ¢ MAJ and the von Neumann entropy is strictly
Schur concave, as in the proof of Theorem[6] Thus we obtain
rank(pap) = rank(pp). Since ps > pap, rank(o,) < rank(pap)
[20]. By Proposition[d] pp must be separable. O

We now remark that since both CEN and UND_, are in-
cluded in CEN_, and PPT c UND, Theorem [f] and Theo-
rem{[7]can be regarded as generalizations of both Proposition|[T]
and Proposition [3] and Proposition [2] respectively. Thus our
two main theorems together imply that if one reduced bipar-
tite state of a tripartite pure state does not exhibit a hierarchi-
cal collapse within the hierarchy, its complementary bipartite
state must be distillable or one-way distillable due to the hash-
ing bound, which means that the distillable entanglement of a
bipartite state p4p is lower-bounded by max{0, —S (A|B),,,},
where S(A|B) = S(AB) — S(B) is the quantum conditional
entropy.

Furthermore, even though p4¢ does not satisfy the assump-
tion in Proposition [T} Proposition 2] or Proposition [3] that is,
pac has a negative eigenvalue after applying the partial trans-
pose, it is one-way distillable, or it is distillable, our main the-
orems ensure that i), still satisfies the CMoE, under the
weaker assumption in the theorems. The following example
explicitly illustrates this scenario.

Example 8. Consider the one-way distillable state introduced
by Horodecki et al. [21]: let pac be a state given by

Is,c

1 1
PAC = PaiaC = 5 0) Olg, ® ™) Wl c + 3 1) (14, ® R



where A = A1A;, and

1 d-1
= — 3
) W;m 3)

Then from an explicit one-way distillation protocol, we can
see that psc is one-way distillable, i.e., pac ¢ UND_, [21]]. A
direct calculation gives

S(pa) = S(pac) =1 +1logd, S(pc)=logd, 4

since pg = ﬁIA and pc = élc. So, S(pac) = S(pa) and
S(pac) > S(pc), which implies pac € CEN_, \ MAJ from the
fact that py # pac and pc # pac-

Let p4p be the complementary state of ps¢, i.e.,

pa = Trc(W) Wlape)s

where ) spc 18 a purification of psc. Then since rank(pap) =
rank(p¢) = d and rank(pp) = & +1,

rank(pap) < max{rank(p,), rank(pp)},

and hence p,4p is distillable [18]].

This example confirms that even when p4¢ is one-way dis-
tillable, the CMoE remains valid for [) ¢ if it is in CEN_,.
Hence, by exchanging the systems B and C, this state also sat-
isfies the CMOoE as represented by Theorem 6] but it cannot be
explained by the previous results about the CMoE.

We now present two corollaries as direct applications of
Theorem|7]to bound entanglement and quantum capacities for
quantum channels, respectively. The first one related to bound
entanglement is as follows.

Corollary 9. If pap is bound entangled, i.e., pap € UND \
SEP, then its complementary state pac has negative quantum
conditional entropy, i.e., S (A|C),,. < 0.

For a quantum channel & from a quantum system A to a
quantum system B, let the one-shot quantum capacity Q)(E)
and the asymptotic quantum capacity Q(E) be defined by

R max [S(EP)) - S(E ()], ®)
(1) n

where &° is the complementary channel from the quantum
system A to the environment system C of &, i.e., when, for
any state p, E(p) = Tre(UpU™) for some isometry U from A
to BC by Stinespring dilation theorem, & (p) = Trg(UpU™).
Then it follows that for any quantum channel &,

0©&) = 0V(&) = I, (Jap(E)),

where J45(E) denotes the Choi state of &, i.e., J4p(E) =
I®E)(ly*) (W), where [y*) is the maximally entangled state
in Eq. and d = dim(A), and I¢, denotes the coherent infor-
mation, which equals the negation of the quantum conditional
entropy, i.e., IS,(pap) = —S(A|B),,,- Theorem then yields
the following result concerning quantum capacities.

Corollary 10. Let & be a quantum channel whose comple-
mentary channel has zero quantum capacity (or zero one-shot
quantum capacity), that is, Q(&E°) = 0 (or OD(E) =0). Then
& cannot be entanglement-binding; in other words, if & is a
PPT channel, it must be entanglement-breaking. Equivalently,
if the complementary channel of & is entanglement binding,
then & possesses strictly positive quantum and one-shot quan-
tum capacities, that is, Q(&) > 0V(&) > 0.

B. Maximal extension

In the previous subsection, we hierarchically formulated
two generalizations of the CMoE. A natural question may here
arise: how far can such generalizations be extended? We now
show that the proposed extensions are maximal within the hi-
erarchy we consider in this work.

Within this hierarchy, Theorem@would be further extended
if it remained valid when the assumption on p4¢ were replaced
with pac € RED or psc € UND_,. Similarly, Theorem [7]
would extend further if psp € RED or pap € UND_, were
added in the equivalence conditions for psp of Theorem
However, an explicit counterexample shows that such exten-
sions do not hold, as follows.

Consider the following tripartite pure state: let [i/),5- be a
state given by

1
W) ape = %(|012>—|102)—|021>+|201)+|120>—|210>)
1
=5 (100 i) + 11 W) + 2 1051))
where
N U
Wi = 7z Gid) = i)

In this case, pap = pac € UND_, [22]. Moreover, since the
maximal eigenvalue of pp is 1/3,

Pa®Ip —pap =14 ®pB_,0AB=%I9_,0ABZO, (7N
while pg p has a negative eigenvalue —%, implying pap ¢
PPT. Since pap, pa, and pp are isospectral, rank(psp) =
max({rank(p,), rank(pp)}, and Proposition[d hence ensures that
pap is distillable. Therefore, both p4p and pac lie in UND_, \
UND, indicating that Theorems [6] and [7] cannot be extended
further. This is due to the fact that when pac ¢ UND, the to-
tal hierarchical collapse in Theorem [6]does not need to occur,
and although psc € CEN,, the hierarchy combining that in
Theoremwith pag € UND_, or psp € RED does not exhibit
a collapse. We summarize our findings as follows.

Theorem 11 (Maximal extension of CMoE). Let |y)apc be a
pure state such that both pac and ppc are entangled. Then

(1) Ifpap € CEN,, then psc and ppc are distillable.
(1) If pap € UND, then psc and ppc are one—way distillable.

Moreover, within the hierarchy considered here, neither (i)
nor (ii) admits any weaker implications.



Finally, Corollary 2.13 of Ref. [7] implies a similar struc-
tural relation between two bipartite reduced states of a tripar-
tite pure state. By combining Theorems[6]and[7] we obtain the
following maximally extended form that contains their result.

Corollary 12. For a tripartite pure state ) opc, the following
statements are equivalent:

(i) pas pac € SEP,

(ii) pas, pac € PPT,

(iii) pap, pac € UND,

(iv) pap € UND, pac € UND_, (or vice versa),
(v) pap € UND, psc € CENS, (or vice versa).

IV. CONCLUSION

The distribution of quantum entanglement is constrained by
the monogamy of entanglement, whereas its converse relation,
the CMoE, can be understood more precisely through the hi-
erarchy formed by various separability criteria. From this per-
spective, we revisited the two previously known forms of the
CMOE and characterized the maximal extensions attainable
within this hierarchical structure. Consequently, the CMoE
relations are unified within a single coherent framework, and
each extension is shown to be a maximal form that cannot be
further generalized.

This result clarifies that the CMoE is not merely a com-
parison between individual separability conditions, but rather
a mathematical structure that describes how far the collapse
can occur within the hierarchy of bipartite entanglement (from
separability to undistillability). In particular, we confirmed
that when one of the bipartite reduced states is in UND and
another one is in CEN_,, the complementary state necessar-

ily becomes SEP. This observation reveals that the result of
Singh and Datta emerges as a special instance of our maxi-
mal extension. Such a hierarchical interpretation provides a
framework for viewing the CMoE as a manifestation of the
complementarity between strong and weak entanglement.

Meanwhile, the hierarchy of separability criteria underly-
ing the definition of the CMoE bifurcates into two principal
branches, RED and UND_,, when it comes to the classes con-
taining UND. Although these two sets are clearly distinct,
their exact inclusion relation remains unresolved. If it were
proven that RED c UND._,, the entire hierarchical structure of
the CMoE could be formulated in a simpler and more trans-
parent form. Determining this relationship is therefore essen-
tial for a complete understanding of the maximal extensibility
of the CMoE, and it may offer valuable insight into the asym-
metry of entanglement distribution and the origin of informa-
tional complementarity.
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