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Abstract. We prove existence of aCM and Ulrich sheaves respect to ample and globally generated polarisations on
a class of special finite coverings f : X → Pn, which in particular contains cyclic ones. In the case of rank 2 on double
coverings, we have a precise description of the zero loci of such sheaves which allows us to study their geometry
and classify all possible such bundles in the case X is regular. We show that on a general double covering of P3

branched along a divisor of degree 4, 6, 8 all the above sheaves exist and, when stable, we compute the dimension of
their component in the moduli spaces.
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1. Introduction

The aim of this paper is to study a special class of vector bundles, characterised by some cohomological vanishings.
Given a polarised variety (X,H) of dimension n over a field k, we define a coherent sheaf E to be arithmetically
Cohen-Macaulay (aCM) if hj(E(i))) = 0 for all i ∈ Z and 0 < j < n and depth(Ex) = dim(OX,x) for all x ∈ X.
The first fundamental result on aCM vector bundles due to Horrocks, later strengthened by Evans–Griffith, is the
following.

Theorem ([Hor64, Prop. 9.5], [EG81, Thm. 2.4]) A vector bundle E on Pn is aCM if and only if it splits as a
direct sum of line bundles if and only if hj(E(i))) = 0 for all i ∈ Z and 0 < j < min{rk(E), n}.

aCM sheaves have been studied in the eighties first from the point of view of commutative algebra, since they
correspond to maximal Cohen-Macaulay modules. Remarkably, Eisenbud showed that aCM bundles (modules) on
divisors identify matrix factorisations of their equation, see [Eis80], and later this result was extended to sheaves by
Beauville [Bea00]. Matrix factorisations in turn are connected to singularity categories of hypersurfaces and mirror
symmetry by Orlov [Orl04]. In the last decades, the construction and classification of aCM bundles on a variety X
have garnered significant attention, particularly in connection with the study of the bounded derived category of X,
see [Ott24] for a survey. The presence and the structure of the families of aCM bundles can be seen as a measure of
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complexity of our variety X. From this point of view, we can distinguish 3 cases: finite, tame, wild depending on
whether the parameter spaces for such sheaves are made of a finite set of points, a countable union of points and
curves or varieties whose dimension becomes arbitrary high when the rank increases. It has been proven by Faenzi
and Pons-Llopis [FPL21] that a reduced aCM subscheme1 X ⊂ PN is of wild type except for a very specific list of
exceptions which are of finite or tame type.

Further, we can ask for the existence of even more special sheaves: Ulrich sheaves. In this case, to the aCM
condition we also add the vanishing of hn(E(−n)). The corresponding modules are equivalently characterised as
maximal Cohen-Macaulay modules with the maximum possible number of generators, see [BHU87]. The existence
of those sheaves implies that the structure of the cone of cohomology tables of sheaves on X is the same as the one
of Pn, see [BS08] and [ES11], and if H is very ample, they detect the possibility of writing the Chow form of X
as a determinant of a matrix whose entries are linear forms, see [ES03]. The main questions in the field have been
asked by Eisenbud and Schreyer in the just cited work:
Question(Eisenbud–Schreyer). Does any projective variety X ⊂ PN admit an Ulrich sheaf? If yes, what is the
minimal rank of such a sheaf?

There is a great deal of literature on these topics, see, for example, the survey [Bea18], the book [CMRPL21].
The simplest possible case besides projective space are quadrics, on which indecomposable aCM bundles have been
classified in [Kno87]: they are line bundles and spinor bundles; the latter ones are actually Ulrich. Similarly, the
case of complete intersections in projective spaces has been faced using commutative algebra methods, see [BHS88]
and [HUB91]. Moreover, curves always admits Ulrich sheaves [ES03, Cor. 4.5] and smooth complex surfaces always
have rank 2 Ulrich bundles, given that we choose a sufficiently large multiple of our polarisation [CH20, Thm. 4.3].

In this work we consider a variety X with an ample and globally generated polarisation H. Although most of
the previous cited work assumed the polarisation to be very ample, almost all the properties of aCM and Ulrich
sheaves are encoded in cohomology vanishings and work in this slightly broader setting; see [AC23] and [But24].
In this way, in principle we loose the connection to determinantal representations of Chow forms, but note that
we can always get back the very ample case by taking the embedding given by some sufficiently high multiple of
H. In particular, aCM bundles on (X,H) stay aCM even on (X, lH) for any l ∈ N. For Ulrich ones, this is not
the case, but from Ulrich bundles on (X,H) we can still construct Ulrich bundles on (X, lH), which in general will
have higher rank, see [ES03, Prop. 5.4]. From this point of view, it seems more natural to map X to PN with
|H| and then, after performing general projections, we get a finite and surjective ramified covering f : X → Pn,
as granted by Noether’s normalisation theorem, with the property that OX(H) ∼= f∗OPn(1). Therefore, we are led
to study varieties depending on the way they are presented as coverings of Pn, i.e. depending on the structure of
f∗OX . We consider finite maps f : X → Pn such that X embeds as a divisor in |OPm

(d)| for some d > 0 where
Pm := P(OPn ⊕ OPn(m)) and f = π|X where π : Pm → Pn; we call them divisorial. Note that, we will see in
Lemma 3.3 that if f is a divisorial covering then

f∗OX
∼= OPn ⊕OPn(−m)⊕ · · · ⊕ OPn((1− d)m).

Remarkably, all cyclic coverings, the ones which on affine covers are described by the equation td − f(x) in
Spec(k[x1, . . . , xn, t]), are of this form. Our first result is a generalisation of [Bea00, Thm. A], using the same
strategy as in [HK24, Prop. 8.1]:

Theorem 1.1. (Theorem 4.1,Theorem 4.5) Let f : X → Pn be an integral divisorial covering of degree d. The
following data are equivalent:

• an aCM sheaf E of rank r on (X,H) such that f∗E ∼= ⊕rdl=1OPn(αl)
• a square matrix A of order rd whose entries are elements ak,l ∈ H0(OPm

(1) ⊗ π∗OPn(αk − αl)) such that
pr = det(A)

In particular, any such variety admits aCM and Ulrich sheaves (which correspond to the case αl = 0 for all l).

The last claim follows from the first one and the existence of matrix factorisations for arbitrary rings proved in
[HUB91]. Note that, existence of Ulrich bundles on double coverings of P2 have already been shown in [ST22], for
double coverings of Pn in [MKNP25] and on cyclic coverings of Pn in [PP24]. However, in our result we get a better
estimate on the minimal rank of such sheaves. Moreover, notice that our methods work over any field. As a further
extension, we show some result of existence of Ulrich sheaves on some particular divisorial coverings of projectively

1X ⊂ PN is aCM if and only if X is projectively normal and OX is an aCM sheaf
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normal subvarieties of PN in Proposition 7.3 and, as a special example, we treat a class of Horikawa surfaces in
Proposition 7.6.

More generally, given a finite surjective morphism f : X → Pn, by Horrock’s theorem OX has no intermediate
cohomology if and only if f∗OX is split. Therefore, seen also the existence result of aCM sheaves by Faenzi–Pons-
Llopis on aCM subvarieties of PN [FPL21], we can introduce the following modification of Eisenbud–Schreyer’s
conjecture, which seems more tractable at the moment:

Question. Does any finite covering f : X → Pn with f∗OX split admit an Ulrich sheaf with respect to f∗OPn(1)?
If not, what conditions can we ask on f∗OX to grant existence of Ulrich sheaves?

The majority of this paper is devoted to the special situation of rank 2 bundles on double coverings, with the
aim of carefully analysing their geometry. In this case, we can enhance our previous result to:

Theorem 1.2. (Proposition 5.1, Theorem 5.4, Lemma 5.7) Suppose char(k) ̸= 2 and n ≥ 3. Let f : X → Pn be a
regular double covering with branch locus B ⊂ Pn of degree 2m and equation b = 0. If Pic(X) ∼= ZH then for any
1 ≤ α, β ≤ m the following data are equivalent:

(1) non-split rank 2 aCM sheaf E on X with f∗E ∼= OPn ⊕OPn(α−m)⊕OPn(β −m)⊕OPn(α+ β − 2m)
(2) Y ⊂ X mapped by f isomorphically onto a complete intersection of two hypersurfaces of degrees α, β
(3) b = pαqα + pβqβ + p2m with pl ∈ H0(Pn,OPn(l)) and {pα = 0 = pβ} defines a complete intersection

Moreover, Ulrich sheaves correspond exactly to the case α = β = m.

Note that from the last item we can easily construct a matrix as required in the previous theorem; see Exam-
ple 4.10. Moreover, the complete intersection pα = 0 = pβ will be the image of some Y as in the second item. The
above Y is actually the zero locus of a section of a unique E , fact which translates into the exact sequence à la
Hartshorne–Serre

0 → OX → E → IY (γ) → 0

This link will be our main tool to analyse the existence of the sheaves E and some of their properties. For example,
we prove that the cones of Nef and effective divisors of P(E) coincide and we study their second extremal ray
subsection 5.3 as well as show that E is fixed by the involution of X if and only if Y can be chosen inside the
ramification divisor of f Corollary 5.10.

In case m = 1 then X is a quadric; hence, we will skip it, even though our proofs would work equally well. A
dimensional count on the parameter space of the possible polynomials b shows that for n = 3 and m > 4 or n ≥ 4
and m > 1 the general such X cannot admit the presence of a rank 2 Ulrich sheaf. Since existence of Ulrich bundles
of rank 2 on complex double covering of P2 has already been proved in [ST22], see also [PP24, §5] for other cyclic
covers of P2, we will focus on 3-folds. The cases in which we have hope for existence of rank 2 Ulrich bundles
on a general such X are m = 2, 3, 4, i.e. when X is Fano or Calabi-Yau. Over C, the works [AC00], [Mad02],
[BF11], [CHGS12], [Kuz12], [Fae14], [CFM15], [CFM17],[CFM18] and [Bea18] , studied aCM and Ulrich bundles
on Fano 3-folds, with respect to the primitive submultiple of the anti-canonical bundle, facing the rank 2 case. As
a result, besides existence of such sheaves, we have a classification of the possible Chern classes and information
on the Hilbert schemes of zero loci of sections of those sheaves. Moreover, in [LMS15], [CKL21] and [LP21] moduli
spaces of Ulrich bundles of arbitrary rank ≥ 2 are studied using Bridgeland stability conditions on the Kuznetsov
component of del Pezzo 3-folds of degrees, respectively, 3, 4, 5. In the works [CFK23] and [CFK24], the authors give
a uniform argument for the classification of Ulrich bundles on Fano 3-folds of index iX ≥ 2 or iX = 1 and cyclic
Picard group, under the assumption that the primitive multiple of the anticanonical bundle is very ample. Due
to this last condition, some Fano 3-folds, see [IP99] or [Bel25] for a classification, are not included in the previous
works, e.g. double coverings of P3. Nevertheless, some rank 2 aCM bundles could be constructed from Theorem 1.2
and the present literature: for example, for α = 1 and β = 1, 2 those curves Y are lines or conics whose existence on
Fano 3-folds is already known, see [Isk79, Chap. III] or [KPS18, §2], while, when α = β = m = 2 those are elliptic
curves of degree 4 studied in [Voi88, §4]. Both Gieseker and Bridgeland (on the Kuznetsov component) moduli
space containing rank 2 Ulrich bundles on the quartic double solid has been described in [FLZ23, Appendix].

In our work we give a uniform treatment for all 1 ≤ α, β ≤ m showing, for a general double covering X, not
only the existence of such curves mapping isomorphically to complete intersections on P3 but also compute the
cohomology of their normal bundles. From that we can also study the regularity and dimension of the moduli
spaces of the corresponding aCM sheaves.

Theorem 1.3. (Corollary 6.2, Corollary 6.8) Suppose char(k) ̸= 2. Let f : X → P3 be a general double covering
with branch locus B ⊂ P3 of degree 2m = 4, 6, 8. Then, for all 1 ≤ α, β ≤ m we can find the corresponding rank 2
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aCM and Ulrich sheaves E. Moreover, when they are stable (and k = k in case m = 4), they belong to a generically
regular component of their moduli spaces which has the expected dimension.

We can actually remove the assumption "X general" in case α ̸= β or α = 1 = β, see Corollary 6.2. Remark-
ably, for m = 4, i.e. the Calabi–Yau case, anytime the bundles we found are simple they are also spherical, see
Corollary 6.9. Such objects are central in the study of the derived category of X, see [Huy06, §8].

To conclude, putting together the literature and the results of this work, in case k = C the only smooth Fano
3-folds of index 2 where no Ulrich bundles are known, at least to us, is the case [Bel25, 1-11], where the primitive
submultiple of the anticanonical bundle has a base point. On the other hand, among the ones with index 1 and
cyclic Picard group the minimum rank of an Ulrich bundle is always 22 except (possibly) for [Bel25, 1-2 b), 1-5 b)],
where by Corollary 7.5 the minimum can be shown to be at most 4.

Structure of the paper. In Section 2 we review some material on aCM and Ulrich sheaves while in Section 3 we
introduce the finite morphism, divisorial coverings, we will be interested in. The proof of Theorem 1.1 is in Section
4, where also a new bound on the minimal rank of Ulrich sheaves on cyclic covers is given. Section 5.1 contains the
proof of Theorem 1.2. The rest of section 5 is devoted to studying the action of the covering involution on rank 2
aCM bundles and some properties of Ulrich ones, like syzygy bundles and cones of divisors of their projectification.
In Section 6 we focus on 3-folds and prove Theorem 1.3 relying on Macaulay2 codes in the appendix. Finally, in
Section 7 we turn on some general application of our results to the existence of Ulrich bundles on varieties which
can be constructed by pullback along divisorial coverings of Pn.
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see [Vac25]. I thank my supervisor Ciro Ciliberto for his guidance and all the observation which improved the
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conversations. This work was supported by the MIUR Excellence Department Project MatMod@TOV awarded to
the Department of Mathematics of the University of Rome Tor Vergata. The author was also partially supported
by GNSAGA of the Istituto Nazionale di Alta Matematica “F. Severi”.

Notation. Fix a field k, which for simplicity will be infinite. If not otherwise stated, (X,H) will always be a
polarised n-dimensional variety over k, that is a proper, integral scheme of dimension n over k with an ample and
base-point free Cartier divisor H. We denote OX(iH) simply by OX(i) and tensorisation by OX(i) simply by (i).
As usual, exti(−,−) := dimkExt

i(−,−) and hi(X,−) := exti(OX ,−). We denote by ωX the dualising sheaf of X.
The symbol ∼ stands for linear equivalence.

2. Ulrich and aCM sheaves

In this section we recall definitions and basic properties of aCM and Ulrich sheaves.

Definition 2.1. A coherent sheaf E on a polarised variety (X,H) of dimension n is said:
• initialised if

h0(X, E(−1)) = 0 but h0(X, E) ̸= 0;

• has no intermediate cohomology if

hj(X, E(i)) = 0 for all i ∈ Z, 1 ≤ j ≤ n− 1;

• aCM if it has no intermediate cohomology and for all x ∈ X we have depth(Ex) = dim(OX,x);
• Ulrich if

hj(X, E(i)) = 0 for 0 ≤ j ≤ n, −n ≤ i ≤ −1.

We can rephrase the aCM condition in purely cohomological terms. We start with a lemma.

Lemma 2.2. Let F be a coherent sheaf on a polarised variety (X,H) such that hi(X,F(−k)) = 0 for all i < n =
dim(X) and k big enough, then depthX(Fx) = dim(OX,x). If, moreover, X is regular, then F is locally free.

2To be precise, Theorem 1.3 only takes into account general sextic double solids, but we believe it is an artefact of our proof

https://www.fanography.info/1-11
https://www.fanography.info/1-2
https://www.fanography.info/1-5
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Proof. Let us embed X in PN using some multiple of H and set c := N − n as the co-dimension of X. We claim
Supp(F) = X. Otherwise, if the support would have dimension s < n then by our assumption and Serre duality,
see [AK70, Chap. 1 (1.3)], for k ≫ 0 we would have

0 = hs(X,F(−k)) = hom(F(−k), ωX) = h0(H om(F(−k), ωX)) = h0(H om(F , ωX)(k)).

But this contradicts the fact that H om(F , ωX)(k) is globally generated, being H ample and k ≫ 0. Therefore, for
all x ∈ X we have Fx ̸= 0 hence dim(OX,x) ≥ depthX(Fx).

For the converse inequality it is enough to verify that E xti(F , ωPN ) = 0 for i > c: in such a case by [HL10, Prop.
1.1.6 ii)] F would satisfy condition SN−c,c hence for any x ∈ X

depthPN (Fx) ≥ min{N − c, dim(OPN ,x)− c} = dim(OPN ,x)− c = dim(OX,x)

and to conclude we note that depthPN (Fx) = depthX(Fx) by [GD67, Rmk. 5.7.3 vi)]. For k ≫ 0 the sheaf
E xti(F , ωPN )(k) is globally generated, being H ample. However, by [Har77, Prop. III 6.9], for k ≫ 0 we have

h0(PN ,E xti(F , ωPN )(k)) = h0(PN ,E xti(F(−k), ωPN )) = exti(F(−k), ωPN ) = hN−i(F(−k))

by Serre duality. Finally, for i > c we get N − i < N − c = n, so this last dimension is 0 by assumption and we
must have E xti(F , ωPN ) = 0 as desired.

If X is regular, then we can apply the Auslander-Buchsbaum formula, see [Eis95, Thm. 19.9], and deduce
pd(Fx) = 0, hence F is locally free. ■

As a corollary we deduce the well-known fact that aCM sheaves, and in particular Ulrich ones, are locally free
when X is regular. The following is an extension of [AO91, Prop. 1.6] to the non-regular case.

Proposition 2.3. If (X,H) is a polarised variety, any sheaf without intermediate cohomology E is an extension of
a 0-dimensional sheaf and an aCM sheaf. If X is regular then the extension is a direct sum.

Proof. We have the exact sequence
0 → T → E → F → 0 (1)

where T is the 0-dimensional torsion subsheaf, see [HL10, Def. 1.1.4], in particular F will have no 0-dimensional
torsion. From (1) we see that F has no intermediate cohomology, since T has no cohomology in degree higher than
0. To conclude, we want to apply Lemma 2.2 to F , so we need to verify that h0(F(−i)) = 0 for i big enough.
Indeed, consider s ∈ H0(F) and set S := Supp(s), then we have dim(S) ≥ 1 since F has no 0-dimensional torsion.
Being |H| globally generated, we can choose some effective D ∈ |H| such that s|D ̸= 0 and, by [HL10, Lem. 1.1.12],
such that the sequence

0 → F(−H) → F → F|D → 0

is exact. Since the morphism H0(F) → H0(F|D) is not the zero map, being s|D in its image, we get h0(F(−H)) <
h0(F). If h0(F(−H)) ̸= 0 we repeat the same operation, until h0(F(−lH)) = 0. At this point, we can apply
Lemma 2.2, which implies F is aCM. If X is regular then F is locally free by Lemma 2.2 so that, by dimensional
reasons, we have ext1(F , T ) = ext1(OX ,F∨ ⊗ T ) = h1(F∨ ⊗ T ) = 0. ■

Corollary 2.4. A sheaf E without intermediate cohomology is aCM if and only if h0(E(−l)) = 0 for l ≫ 0.

Proof. If E is aCM then depth(Ex) = dim(OX,x) hence E cannot have torsion subsheaves. But then Proposition 2.3
gives T = 0 and E ∼= F is aCM. For the converse, taking cohomology in (1), due to the fact that dim(T ) = 0 we
get h0(T ) = h0(T (−l)) ≤ h0(E(−l)) = 0, hence T must be the zero sheaf. ■

Clearly, any extension of aCM (Ulrich) sheaves is aCM (Ulrich). The notion of being aCM (Ulrich) has a
nice functorial behaviour under pushforward for finite morphisms of polarised pairs, since those maps preserve
cohomology. Having an ample and globally generated line bundle OX(H) is equivalent to the existence of some
finite surjective map f : X → Pn such that f∗OPn(1) ∼= OX(H), see Noether’s normalisation theorem [GW06, Thm.
13.89]. In practice, the complete linear system |OX(1)| gives a finite morphism to some PN and by composing with
projections away from general points we get the above f . Therefore, we will simply call f -aCM (Ulrich) an aCM
(Ulrich) sheaf on (X, f∗OPn(1)).

Lemma 2.5. Let (X,H), (X ′, H ′) be two polarised varieties of dimension n. Suppose that g : X ′ → X is a finite
morphism such that g∗H ∼ H ′ and that E is a coherent sheaf on X ′. Then, E is H ′-aCM (Ulrich) if and only if
g∗E is H-aCM (Ulrich).
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Proof. Since the map g is finite it preserves cohomology, see [GW23, Cor. 22.6 1)] hence, using projection formula
[GW23, Thm. 22.81], we have

hj(X ′, E(iH ′)) = hj(X ′, E ⊗ g∗OX(iH)) = hj(X, g∗(E ⊗ g∗OX(iH))) = hj(X, g∗(E)⊗OX(iH)).

■

It is a classical result of Horrocks, see [Hor64], that aCM sheaves on (Pn,OPn(1)) are all direct sums of line
bundles, moreover, it is easily shown that all Ulrich bundles on such varieties are direct sums of OPn . Therefore,
applying Lemma 2.5 we conclude the following.

Corollary 2.6. A coherent sheaf E on (X,OX(1)) is aCM (Ulrich) if and only if f∗E is split (trivial) for some,
equivalently any, finite morphism f : X → Pn such that f∗OPn(1) ∼= OX(1).

We immediately recover the known fact that Ulrich sheaves are initialised aCM sheaves with the maximum
possible number of global sections, see [ES03, Prop. 2.1].

Ulrich sheaves have many remarkable properties. First, we state some equivalent definitions that can be found
in the literature. A proof when OX(1) is very ample can be found in [ES03, Thm. 2.1], [Bea18, Thm. 2.3], while
for the general case we refer to [AC23, Thm. 1.4], see also [Vac25, §1.1].

Theorem 2.7. Let (X,H) be a polarised, n-dimensional variety over k = k and E a coherent sheaf on X. The
following are equivalent:

i) E is an Ulrich sheaf for (X,OX(H))
ii) hj(X, E(−j)) = 0 for 1 ≤ j ≤ n and hj(X, E(−j − 1)) = 0 for 0 ≤ j ≤ n− 1
iii) Denote ϕ : X → PN the finite morphism given by the complete linear system |H| and define c := N − n, then

we have a linear resolution

0 → OPN (−c)rc → · · · → OPN (−1)r1 → Or0
PN → ϕ∗E → 0

iv) E is aCM, initialised and hn(X, E(−n)) = 0, equivalently its cohomology table reads:

hj(X, E(i)) = 0 if


j = 0, i < 0

1 ≤ j ≤ n− 1, i ∈ Z
j = n, i ≥ −n.

Here we list some interesting properties of Ulrich sheaves. Again, the proofs are similar to the very ample case
in [CHGS12] and can be found in [Vac25, §1].

Theorem 2.8. If E is a rank r Ulrich sheaf on an n-dimensional polarised variety (X,H) with d := Hn, then
• E is globally generated
• the Hilbert polynomial of E is P (E) = rd

(
t+n
n

)
and h0(X, E) = rd

• E is Gieseker-semistable, all its Jordan-Holder factors are Ulrich sheaves and if E is Gieseker-stable then
it is also slope-stable

• if X is regular then c1(E) ·Hn−1 = r((n+1)H+KX)Hn−1

2 .

3. Divisorial and cyclic coverings

In this work, we prefer to consider our projective variety X as a surjective finite ramified covering of Pn and we are
interested in a particular class, which more resemble divisors in Pn and contains al the cyclic ones. In this section,
we introduce these finite morphism and fix the notation used from this point onwards. Set Pm := P(OPn ⊕OPn(m)),
where P(−) := Proj(Sym(−)) stands for the projectivisation parametrising 1-dimensional quotients. We denote
π : Pm → Pn the standard projection and OPm

(1) the relative hyperplane bundle. Finally, H0 := P(OPn) ⊂ Pm is
a copy of Pn.

Definition 3.1. Take a finite surjective map f : X → Pn of degree d. We will call f (and by extension X)
divisorial if there is some m > 0 such that f = π ◦ i where i : X ↪→ Pm is the embedding of a divisor in |OPm(d)|
not intersecting H0. We define OX(1) := f∗OPn(1).

Note that, by the definition of H0, we have OPm
(1)|H0

∼= OH0
, hence any divisor ∆ ∈ |OPm

(1)| intersecting
H0 must contain it. The same applies to ∆ ∈ |OPm

(d)| for any d > 0 hence, any integral X ∈ |OPm
(d)| gives a

divisorial covering, since the condition of not intersecting H0 is automatic and implies π|∆ is finite.
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Remark 3.2. Removing H0 from Pm we obtain the total space of the line bundle OPn(m), see [Gro61, Chapter 8
Section 4]. Therefore, asking X to embed in this total space would result in a definition equivalent to the one given.
Yet in another way, the morphism given by |OPm

(1)| contracts H0 and maps Pm to the cone over the m-th Veronese
variety of Pn, which is nothing else than the weighted projective space P(1n+1,m). Hence, divisorial coverings are
divisors in P(1n+1,m) that do not pass through the unique singular point of this space, the vertex.

For future use, we state some properties of the varieties we are considering. By [GW23, Prop. 22.86] and derived
projection formula [GW23, Porp. 22.84], for any G vector bundle on Pn we have

Riπ∗(OPm
(l)⊗ π∗G) ∼= Riπ∗(OPm

(l))⊗ G =


Syml(OPn ⊕OPn(m))⊗ G i = 0, l ≥ 0(
Sym−2−l(OPn ⊕OPn(m))

)∨ ⊗ G(−m) i = 1, l ≤ −2

0 otherwise
(2)

Those help us to study divisorial coverings.

Lemma 3.3. Let f : X → Pn be a divisorial covering of degree d ≥ 1 inside Pm = P(OPn ⊕OPn(m)) then
1) X is Gorenstein, OPm(d)|X ∼= OX(dm) and ωX ∼= OX(m(d− 1)− n− 1))

2) f is flat and f∗OX
∼=
⊕d−1

i=0 OPn(−im)
3) h0(OX) = 1, in particular X is connected, and OX is aCM on (X,OX(1)).

Proof. 1) Since X is a Cartier divisor in Pm, which is regular, it must be Gorenstein. By definition, we have
H0 ∩X = ∅ hence OPm

(H0)|X ∼= OX . We know that OPm
(H0) ∼= OPm

(1) ⊗ π∗OPn(−m), see for example [Ser06,
Prop. 4.6.2], therefore OPm

(1)|X ∼= f∗OPn(m) and the first claim follows for any d taking tensor products.
From [GW23, Thm. 22.86 4)] we know ωPm/Pn ∼= OPm(−2)⊗ π∗(OPn(m)). Since P is smooth then the sequence

of relative differentials for the map π is exact and taking determinants gives

ωPm
∼= ωPm/Pn ⊗ π∗ωPn ∼= OPm(−2)⊗ π∗(OPn(m− n− 1)).

By the adjunction formula, [GW23, Cor. 25.130 2)], we have

ωX ∼= ωPm(d)|X ∼= OPm(d− 2)⊗ π∗(OPn(m− n− 1))|X ∼= OX(m(d− 1)− n− 1)

where we also used 1).
2) By definition, the sequence defining X in P is

0 → OPm
(−d) → OPm

→ OX → 0

If we apply π∗ to it, using (2) we obtain

0 → OPn → f∗OX →
d−1⊕
i=1

OPn(−im) → 0 (3)

Note that f is affine and f∗OX is locally free so f must also be flat, see [GW06, Prop. 12.19]. Moreover, (3) splits
being Ext1

(⊕d−1
i=1 OPn(−im),OPn

)
∼= H1

(⊕d−1
i=1 OPn(im)

)
= 0.

3) The map f is finite hence preserves cohomology then, by 2) we get h0(X,OX) = h0(Pn,OPn) = 1 hence X is
connected. OX is aCM by 2) and Corollary 2.6. ■

Conversely, we can identify a divisorial covering just by looking at f∗OX .

Lemma 3.4. A finite morphism of degree d is divisorial if and only if f∗OX
∼=
⊕d−1

i=0 OPn(−im) for some m > 0.

Proof. For the first claim, by the universal property of the symmetric algebra, the morphism OPn(−m) → f∗OX

gives us a surjection Sym(OPn(−m)) ↠ f∗OX of OPn -algebras, which results in a closed embedding

X ⊂ Spec(Sym(OPn(−m))) ⊂ P(OPn ⊕OPn(m))

avoiding H0 = P(OPn). ■

We can parametrise divisorial coverings by polynomials as follows. Call t the section of H0(Pm,OPm(1)) ∼=
H0(Pn,OPn ⊕OPn(m)) corresponding to H0(Pn,OPn). We have

H0(Pm,OPm
(d)) ∼= H0(Pn, π∗OPm

(d)) = H0

Pn,
d⊕
j=0

tj ⊗OPn ((d− j)m)

 =

d⊕
j=0

tjH0(Pn,OPn((d− j)m))
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Therefore, if x1, . . . , xn are coordinates on Pn, we get that H0(Pm,OPm(d)) is identified with the homogeneous
polynomials of degree dm in the ring k[x0, . . . , xn, t], where xi have degree 1 and t has degree m. Hence, to any
divisorial covering X we can associate some polynomial, which we call an equation for X (clearly well defined only
up to a constant). Among such coverings, there is a special class.

Definition 3.5. A degree d divisorial covering f : X → Pn is cyclic if X has equation in Pm of the form td − b,
with b ∈ H0(Pn,OPn(dm)).

These equations give us a parameter space for divisorial coverings, through them we can define a notion of
"generality".

Definition 3.6. Fixed n, d,m, we say that some property P holds for the general divisorial covering if: the
set {p ∈ H0(Pm,OPm

(d)) | P holds on the divisorial covering determined by p} contains an open subset for the
Zariski topology. Fixed n, d,m, we say that some property holds for the general cyclic covering if: the set
{b ∈ H0(Pn,OPn(md)) | P holds on the cyclic covering determined by b} contains an open subset for the Zariski
topology.

Let us show some well-known features of cyclic covers. The ramification divisor R of a cyclic covering
f : X → Pn is the divisor given by {t = 0}, where t is seen as a section of OPm

(1). The divisor B := f(R) ∼= R is
called branch locus and b is an equation for it in Pn. Note that f∗B = dR as divisors. A local computation shows
that R is exactly the locus on which the morphism f is ramified, if char(k) is coprime with the degree d of f .

A finite morphism f : X → Pn of degree 2 will be called double covering.

Lemma 3.7. Any flat double covering f : X → Pn with h0(OX) = 1 is divisorial. Moreover, if char(k) ̸= 2 any
divisorial double covering is cyclic.

Proof. By assumption we have f∗OX locally free of rank 2 and an exact sequence

0 → OPn → f∗OX → F → 0

Since the left morphism never drops rank, we have F ∼= OPn(−m) for some m ∈ Z and hence the sequence splits.
Being 1 = h0(OX) = h0(f∗OX) then m > 0, hence we can apply Lemma 3.4.

For the second part, just complete the square in its equation, which is allowed since 2 in invertible. ■

On a cyclic double covering, there is an action of Z/2, which can be explicitly constructed as follows. On the
weighted projective space P(1n+1,m) we can define an automorphism by sending xi 7→ xi and t 7→ −t and the form
of the equation of X ⊂ P(1n+1,m) implies that X is mapped to itself.

Finally, let us recall that often the Picard group of those divisorial coverings is cyclic and generated by OX(1).

Lemma 3.8. Suppose f : X → Pn is a regular divisorial covering of degree d. Pic(X) is generated by OX(1) if at
least one of the following holds:

• f is cyclic, char(k) is coprime with d and n ≥ 4
• k = C and n > d.

Proof. In the first case, it follows from [Gro05, XII Corollaire 3.7] that Pic(B) ∼= Pic(Pn), where B is the branch
divisor of f . From the sequence

0 → OX(−R) → OX → OR → 0

together with the fact that (X,OX(1)) is aCM, see Lemma 3.3, and n ≥ 4 we conclude that Hj(R,OR(−i)) = 0
for j = 1, 2 and i > 0. Together with the fact that B is ample on X and B ∼= R, this implies that we can apply
[Gro05, XII Corollaire 3.6] and get Pic(R) ∼= Pic(X) hence the claim. In the second case, we are in a position to
apply [Laz80, Prop. 3.1]. ■

4. aCM and Ulrich sheaves on divisorial coverings

For divisors in Pn we have a dictionary between aCM and Ulrich sheaves and determinantal presentations of
their equations. We extend those result to divisorial coverings exploiting their similarity to divisors in Pn. As a
result we get Theorem 1.1. Moreover, for cyclic coverings we can also improve the current estimate for the minimal
rank of Ulrich sheaves.
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4.1. Matrix representation. Suppose f : X → Pn is the embedding of a divisor. We know that a sheaf E on X
is aCM if and only if we have a linear resolution

0 →
l⊕
i

OPn(αi) →
l⊕
i

OPn(βi) → E → 0

see [Bea00, Thm. A]. Moreover, E is Ulrich if and only if we can choose αi = −1 and βi = 0 for all i, see [ES03,
Prop. 2.1]. Here we want to derive a similar result in the case where f realises X as a divisorial covering of Pn.
Since X is a divisor in Pm, the aCM sheaf E has a locally free resolution of length 1 on Pm, our goal is to give a
precise description of it in terms of the splitting type of E , that is, of f∗E .

Historically, the link between aCM modules over hypersurface local rings and determinantal representations of
their equations has already been pointed out in [Eis80, §6]. The next result for Ulrich sheaves on cyclic coverings
of Pn is essentially contained in [HK24, Prop. 8.1, Remark 8.2]. Here we generalise this result to aCM sheaves on
divisorial coverings.

Theorem 4.1. Let f : X → Pn be an integral divisorial covering of degree d such that i : X ↪→ Pm has equation
p = 0. If there are αl ∈ Z for l = 1, . . . , rd and a matrix A of order rd whose (k, l)-entry is ak,l ∈ H0(OPm

(1) ⊗
π∗OPn(αk−αl)) such that pr = det(A), then on X there is an f-aCM sheaf E of rank r such that f∗E ∼=

⊕rd
l=1 OPn(αl)

and fits in

0 →

(
rd⊕
l=1

π∗OPn(αl)

)
⊗OPm(−1)

A·−→
rd⊕
l=1

π∗OPn(αl) → i∗E → 0. (4)

Conversely, if E is an f-aCM sheaf of rank r on X such that f∗E ∼=
⊕rd

l=1 OPn(αl), then we can find a matrix A as
above and a resolution as in (4).

Proof. For the first claim, a matrix A as described gives a morphism of sheaves as in (4), which is injective and has
cokernel supported on X since det(A) = pr is not identically zero. By Corollary 2.6, to verify that E is f -aCM it is
enough to show that f∗E = π∗i∗E is split, which follows by applying π∗ to (4) and recalling (2). Being X integral,
we have c1(E) ∼ rk(E)[X] ∼ d · c1(OPm(1))rk(E) but then, we get rk(E) = r from

drk(E) · c1(OPm
(1)) ∼ c1(E) ∼ c1(Ord

Pm
)− c1(OPm

(−1)rd) ∼ rd · c1(OPm
(1)).

For the converse, suppose f∗E ∼= ⊕rdl=1OPn(αl). By adjunction between π∗ ad π∗, to the identity morphism of

f∗E ∼= π∗i∗E there corresponds a morphism π∗ ⊕rdl=1 OPn(αl) ∼= π∗π∗i∗E
ϕ−→ i∗E . First, we will show that it is

surjective. To this end, it is enough to show that ϕ is surjective when restricted to each fiber of π. Let y ∈ Pn be
a closed point, πy := π−1(y) the fiber above y and j : πy ↪→ Pm its inclusion. Note that, being f finite of degree d
and E of rank r, for any y ∈ Pn the sheaf j∗i∗E is supported on a finite length scheme and is actually a module of
length rd over k, in particular the dimension of its global sections is constantly equal to rd. Moreover, E is flat over
Pn: this is a local property and f is affine, then the claim follows from the fact that f∗E is locally free. Therefore,
by Grauert’s theorem [GW23, Thm. 23.140], π∗i∗E ⊗ k(y) ∼= H0(j∗i∗E). By commutativity of

πy
j //

��

Pm

π

��
y // Pn

we have j∗π∗π∗i∗E ∼= (π∗i∗E ⊗ k(y)) ⊗ Oπy
hence, the morphism ϕ once restricted to πy is the evaluation map of

the global sections of j∗i∗E , which is surjective being this last sheaf supported on 0-dimensional schemes.
We can now form the short exact sequence

0 → K →
rd⊕
l=1

π∗OPn(αl) ∼= π∗f∗E
ϕ−→ i∗E → 0 (5)

and we are left to show that K ⊗ OPm
(1) ∼= π∗f∗E ∼= π∗ ⊕rdl=1 OPn(αl), so that the left morphism in (5) would be

given by a matrix of the desired form. Apply π∗ to (5). Using (2) and π∗i∗E = f∗E we get

0 → π∗K → π∗

(
rd⊕
l=1

π∗OPn(αl)

)
π∗ϕ−−→ f∗E → R1π∗K → 0 (6)
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We will show that π∗(ϕ) is an isomorphism. Again by adjunction of π∗ and π∗, we have a composition

π∗(i∗E) → π∗π
∗π∗(i∗E)

π∗ϕ−−→ π∗(i∗E)

which is the identity, in particular the second map is surjective. Being π∗OPm
∼= OPn , by projection formula we have

π∗π
∗π∗i∗E ∼= π∗i∗E hence the above maps have to be all isomorphisms, as desired. We deduce by (6) that Riπ∗K = 0

for all i = 0, 1. Combining [GW23, Cor. 23.114] and [GW23, Thm. 23.140 1)], the restrictions of K to the fibers of
π have no cohomology hence have to be OP1(−1)rd, being such fibers P1-s. Therefore, the restrictions of K⊗OPm

(1)
to these fibers are trivial. But then, [Vak24, Prop. 25.1.11]3 implies that K ⊗ OPm(1) ∼= π∗π∗(K ⊗ OPm(1)). To
compute K, let us apply π∗ to (5) twisted by OPm(−1). Observe that OPm(−1)|X ∼= OX(−m) by Lemma 3.3 1).
Moreover, Riπ∗(π∗f∗E ⊗ OPm

(−1)) ∼= Riπ∗(OPm
(−1))⊗ f∗E = 0 for all i by (2). Therefore, we conclude

f∗(E)(−m) ∼= R1π∗(K ⊗OPm(−1)) ∼= R1π∗(OPm(−2)⊗ (K ⊗OPm(1))) ∼=
∼= R1π∗(OPm

(−2)⊗ π∗π∗(K ⊗OPm
(1))) ∼= π∗(K ⊗OPm

(1))(−m)

where in the last step we used again (2). We conclude π∗K ⊗OPm
(1) ∼= f∗E whence K ∼= π∗(f∗E)⊗OPm

(−1). ■

As a corollary, we can prove that the locus parametrising divisorial coverings is constructible.

Corollary 4.2. Fixed n,m, d, r, the locus in H0(OPm
(d)) corresponding to divisorial coverings having a rank r

aCM sheaf is constructible; if r = 1 it is also irreducible.

Proof. Consider U :=
⊕

l,kH
0(OPm

(1)⊗π∗OPn(αk−αl)), the space parametrising square matrices of order rd whose
entry ak,l is in H0(OPm(1)⊗ π∗OPn(αk − αl)). Taking the determinant gives an algebraic map U → H0(OPm(rd))
whose image, call it T , is clearly irreducible, and is constructible by Chevalley’s theorem [GW06, Thm. 10.20].
If r = 1 by Theorem 4.1 we are done, since the intersection of T and the open set of divisorial coverings is
still constructible and irreducible. Otherwise, we take the intersection of T with the subvariety of H0(OPm

(rd))
parametrising r-th powers of polynomials in H0(OPm

(d)), which is again constructible. ■

4.2. Matrix factorizations and Ulrich sheaves on divisorial coverings. We want to focus our attention on
the matrix A and on its relation to the polynomial p. This will allow us to prove existence of aCM and Ulrich
sheaves using the existence results on matrix factorisations. We start by recalling an important definition. In the
following, Il is the identity matrix of order l.

Definition 4.3. Let R be a commutative unital ring and S ⊂ R any subset. A matrix factorisation of an
element p ∈ R with coefficients in S is the datum of A1, . . . , Al matrices with entries in S such that

∏l
i=1Ai = pIn

for some n ∈ N. If all Ai are square matrices of the same order then this order will be the size of the factorization.

Note that if Ai are square matrices then∏
i

det(Ai) = det

(∏
i

Ai

)
= det(pIn) = pn

then, when p is indecomposable, any matrix in a matrix factorisation for p produces a determinantal representation
for some power of p. From [Eis80, §6], the existence of maximally Cohen-Macaulay modules on the quotient of a
regular local ring by the ideal generated by a single element p is equivalent to the existence of a matrix factorizations
of p. Moreover, the matrices appearing in the factorization of x give a resolution of the above module. We start by
restating our previous results using the language of matrix factorizations; this is the analogous of [Eis80, Cor. 6.3].

Corollary 4.4. Consider an integral divisorial covering f : X → Pn of degree d and with equation p = 0 in Pm.
There is a matrix factorisation of size rd of the polynomial p such that at least one of the matrices has coefficients
ak,l ∈ H0(π∗OPn(αk − αl)⊗OP (1)) if and only if there is an aCM sheaf E on X.

Proof. If there is a matrix factorization of p as above, call A the special matrix whose existence is granted by
hypothesis. Being X integral, p is indecomposable and det(A) = pr, so we conclude by Theorem 4.1.

Conversely, if there is an aCM sheaf E then we have the resolution (4). Since OPm
(−X) ∼= OPm

(−d), the
matrix pIrd induces a morphism OPm

(−d)⊗ π∗f∗E → π∗f∗E , whose image goes to 0 when composed with the map
π∗f∗E → i∗E . Therefore, we have a commutative diagram as in

3this is stated only for line bundles but the same proof works for locally free sheaves of any rank.
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0 OPm
(−d)⊗ π∗f∗E OPm

(−d)⊗ π∗f∗E

0 OPm(−1)⊗ π∗f∗E π∗f∗E i∗E 0.

id

pIrd

A

We conclude that there is a matrix A′, determined by the just constructed left vertical map, of size rd such that
AA′ = pIrd, hence we have the desired matrix factorization. ■

Now we prove that any divisorial covering admits not only aCM but even Ulrich sheaves. Under stronger
assumptions, the case of double covering has been proved in [MKNP25] and the cyclic case in [PP24].

Theorem 4.5. Any integral divisorial covering f : X → Pn admits an f -Ulrich sheaf, in particular this holds if X
is a cyclic cover. More precisely, if d = deg(f) and for some s ≥ 24 we have

p =

s∑
i=1

d∏
j=1

pi,j , pi,j ∈ H0(OPm(1))

then there are Ulrich sheaves of rank ds−2 · φ(d), where φ is Euler’s totient function. If k contains d-th roots of
unity then the rank can be taken to be just ds−2.

Proof. Call p ∈ H0(OP (d)) the equation of X. From Corollary 4.4, to get an Ulrich sheaf of rank r it is enough
to construct a matrix factorisation of p of order rd and with coefficients in H0(OP (1)). Note that H0(OPn(m))
generates

⊕
i∈NH

0(OPn(im)) as a k-algebra hence H0(OP (1)) generates
⊕

i∈NH
0(OP (i)) as a k-algebra by (2).

Therefore, we can always write p in the above form for some s and pi,j ∈ H0(OP (1)). But then we just apply
[HUB91, Lem. 1.6], or [HUB91, Lem. 1.5] in the case where k contains d-th roots of unity, and we get the existence
and the claimed ranks. ■

Corollary 4.6. If k is algebraically closed then any flat double covering f : X → Pn always has f -Ulrich sheaves.

Proof. Being k algebraically closed we have h0(OX) = 1 hence such covering is divisorial by Lemma 3.7, then we
apply the previous theorem. ■

Corollary 4.7. For n ≥ 4 and k = C, every finite morphism f : X → Pn of degree 3 with X smooth has an
f -Ulrich bundle.

Proof. This X can always be embedded as a divisor in the total space of a line bundle over Pn by [Laz80, Prop.
3.2] and hence is a divisorial covering by definition. ■

We cannot hope for similar results for higher degree coverings because Lazarsfeld gave examples of degree 5
covering of Pn for arbitrary high n which are not divisorial, see [Laz80, Remark 3.5]. Still, the question of lower-
dimensional triple coverings remains open.

Question 4.8. Does every flat triple covering of P2 or P3 carry an Ulrich sheaf?

4.3. Finer rank estimate for cyclic coverings. Next, we will specialise in the case of cyclic coverings. If we
are interested in the minimal rank of an Ulrich sheaf on a divisorial covering f : X → Pn then, from the previous
results, we need to search for matrix factorisation of minimal size for its equation p. This minimal rank highly
depends on the specific form of p, indeed, in the proof of Theorem 4.5 we exploited the fact that p can be written
as a sum of s products of forms in H0(P,OP (1)). For cyclic coverings the equation of X is of the form p = td − b
with b ∈ H0(Pn,OPn(dm)), so we can find a more suitable way to express p. Our point is that, since one of the
summands in the equation for p in Theorem 4.5 is equal to td, we can further subtract a term pd0 without increasing
the rank of the matrix needed.

Proposition 4.9. Let f : X → Pn be an integral cyclic covering of degree d over a field containing a d-th root
of unity. If there is some s ≥ 2 such that the equation b of the branch locus of f can be written as b = pd0 +∑s−1
i=1

∏d
j=1 pi,j, where pi,j ∈ H0(Pn,OPn(m)), then there exists an f -Ulrich sheaf of rank ds−2.

4when s = 1 we must have X reducible, actually a union of copies of Pn
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Proof. Take a d-th root of unity ζd. Then td − pd0 =
∏d
j=1(t− ζjdp0) therefore p = td − b can be written as a sum of

s, instead of s+1, products of forms in H0(Pm,OPm
(1)). By Theorem 4.5 there is an Ulrich sheaf of rank ds−2. ■

As an example we consider the lowest possible values for s.

Example 4.10. For s = 2 then we have p = td − b = td − pd0 −
∏d
j=1 pj and there is a rank 1 Ulrich sheaf on

such on X. For d = 2, 3, following the construction in [HUB91] we get that p can be expressed, respectively, as the
determinant of the following matrices

t− p0 p1

p2 t+ p0



t− p0 p1 0

0 t− ζ3p0 p2

p3 0 t− ζ23p0

 . (7)

In general, we take a matrix having t− ζidp0 on the diagonal and the polynomials pi on the above-diagonal and left
down corner.

For s = 3 and d = 2 we have b = pd0+
∑2
i=1

∏d
j=1 pi,j and there is a rank 2 Ulrich sheaf on X. Therefore, we can

write (td − b)2 as a determinant but even more, as in [Bea18, Cor. 2.4], this polynomial can be seen as a Pfaffian
of some skew-symmetric matrix. Let us illustrate this in case d = 2. We have t2 − b = t2 − p20 − p1p2 − p3p4 hence
from the construction in [HUB91] we get (t2 − b)2 equal to

det


t− p0 0 p1 p3

0 t− p0 −p4 p2

p2 −p3 t+ p0 0

p4 p1 0 t+ p0

 = det


0 t− p0 −p4 p2

−(t− p0) 0 −p1 −p3
p4 p1 0 t+ p0

−p2 p3 −(t+ p0) 0


where the second matrix is obtained simply by exchanging first with second and third with fourth row, then multiplying
by −1 the second and fourth.

Let us recall the state of the art for double coverings.

Remark 4.11. Suppose d = 2. The best upper bound for the minimal rank of an Ulrich bundle on a regular double
covering of Pn was the one given in [MKNP25, Lem. 6.2], their result reads as follows. If the equation of the branch
locus is b =

∑s−1
i=1 pi,1pi,2 then there is an Ulrich sheaf of rank 2s−1 or 2s−2. Our proof implies that, to have an

Ulrich sheaf of rank 2s−2 is sufficient that b = p20 +
∑s−1
i=1 pi,1pi,2. Although it is only a slight improvement, it will

be optimal in the cases n = 3 and m = 2, 3, 4, see Proposition 6.1.

5. Characterising rank 2 aCM bundles

Fix a double covering f : X → Pn with n ≥ 3, which is naturally polarised by OX(1) := f∗OPn(1). Our goal is to
characterise rank 2 aCM bundles, in particular Ulrich ones, on such varieties using Hartshorne–Serre correspondence,
i.e. studying the zero loci of their sections, and describe their geometry. This will prove Theorem 1.2. Moreover,
for cyclic double coverings, we describe when such sheaves are fixed by the involution. Finally, we investigate the
positivity of the Ulrich ones.

The zero loci of sections of E will be denote Y , with the convention that OY (l) = OX(l)|Y . However, if
f∗OX

∼= OPn ⊕ OPn(−m), then we can think X ⊂ Pm and we have OPm(1)|X ∼= OX(m) by Lemma 3.3, so that
OPm

(1)|Y ∼= OY (m).

5.1. Rank 2 aCM bundle through Hartshorn-Serre correspondence. As usual, for α, β ∈ Z>0 we call
Z ⊂ Pn a complete intersection of type (α, β) if we have a short exact sequence of the form

0 → OPn(−α− β) → OPn(−α)⊕OPn(−β) → IZ → 0 (8)

First, we characterise aCM bundles for smooth cyclic double coverings with cyclic Picard group. Note that OX(i)
are always aCM line bundles on any divisorial covering, hence also their direct sums are, but we are interested in
indecomposable, possibly stable, ones. Moreover, it is easily verified that OX(i), are never Ulrich.
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Proposition 5.1. Over a field k, let f : X → Pn be a regular, integral, divisorial double covering factoring
through Pm such that Pic(X) ∼= Zf∗OPn(1) and let E be a rank 2, f -aCM initialised vector bundle. Then, either
E ∼= OX ⊕OX(γ)with γ ≤ 0 or any global section of E gives an extension as in

0 → OX → E → IY (γ) → 0 (9)

for some Y ⊂ X defined over k such that f |Y an isomorphism onto a complete intersection Z of type (α, β) for
some integers α, β, γ such that 1 ≤ α, β ≤ m and γ = α+ β −m.

Remark 5.2. The hypothesis on the Picard group is automatic if n ≥ 4 and X cyclic or n ≥ 3 and k = C by
Lemma 3.8. Moreover, if n = 2 and k = C it holds for a general X whenever m ≥ 3. When Pic(X) is not cyclic
or when X is not regular, we expect more aCM sheaves to appear in addition to the above ones. For example, as
shown in [Orl04], the corresponding matrix factorisations determine the singularity category of X.

Proof. Consider some section of E , which exists since this sheaf is initialised. Being X regular, Pic(X) ∼= Zf∗OPn(1)
and h0(E(−1)) = 0, the vanishing locus of any section cannot be a divisor in X and hence is empty or of codimension
2. In the first case, the cokernel is another line bundle, call it OX(γ). Being E initialised we have γ ≤ 0. Then
ext1(OX(γ),OX)) = h1(OX(−γ)) = 0 hence the extension is split.

In the second case, we must have n ≥ 2. Call Y the codimension 2 zero locus of some section of E , so that we
have the sequence (9) with OX(γ) ∼= det(E). Draw the first two rows of the diagram

0 IZ OPn OZ 0

0 f∗IY OPn ⊕OPn(−m) f∗OY 0

F OPn(−m) G

(10)

where Z is defined to be the schematic image of Y , hence IZ = ker(OPn → f∗OY ). Everything commutes and we
define F to be the cokernel of the induced map IZ → f∗IY and G the cokernel of OZ → f∗OY . From snake lemma
it follows that the bottom sequence is exact, in particular G ∼= OZ′(−m) and F ∼= IZ′(−m) for some subscheme Z ′

of Pn. Applying f∗ to (9), recalling Lemma 3.3 and Corollary 2.6, we get

0 → OPn ⊕OPn(−m) →
3⊕
i=0

OPn(αi) → f∗IY (γ) → 0 (11)

which is short and exact being f finite. Assume α0 ≥ · · · ≥ α3. Being E initialised we must have α0 = 0 hence,
being any non-zero endomorphism of OPn an automorphism, we can cancel out this term and get another short
exact sequence

0 → OPn(−m) →
3⊕
i=1

OPn(αi) → f∗IY (γ) → 0 (12)

Moreover, the last part of [HL10, Lem. 3.2.1] implies µ(E) = 2(µ(f∗E)−µ(f∗OX)) which gives
∑3
i=1 αi = 2γ− 2m.

Composing the right morphism in (12) with the left column in (10) twisted by OPn(γ), we get a surjection
ϕ :

⊕3
i=1 OPn(αi) ↠ IZ′(γ − m) hence α3 ≤ γ − m. We will prove that it is always an equality and Z ′ = ∅.

Indeed, if α2 > γ −m then α1 > γ −m hence hom(OPn(αi), IZ′(γ −m)) = 0 for i = 1, 2. A surjective morphism
OPn(α3) → IZ′(γ −m) must be an isomorphism hence Z ′ = ∅ and α3 = γ −m. In case α2 ≤ γ −m we have

2γ − 2m =

3∑
i=1

αi ≤ α1 − 2γ − 2m ≤ 2γ − 2m. (13)

hence α1 = 0 and α2 = γ−m = α3. But then Z ′ = ∅ since otherwise hom(OPn(γ−m), IZ′(γ−m)) = 0. Therefore,
OZ

∼= f∗OY and F ∼= OPn(−m). In particular, being f |Y finite, since f such, we deduce that f |Y is an isomorphism
on the image, which is exactly Z. Thus, we showed that ϕ is split hence also the left column of (10) is split, giving
f∗IY (γ) ∼= IZ(γ)⊕OPn(α3). Simplifying (12) we deduce a short exact sequence

0 → OPn(−m) → OPn(α1)⊕OPn(α2) → IZ(γ) → 0
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Define α := γ − α1 and β := γ − α2. Then the above sequence twisted by OPn(−γ) gives

0 → OPn(−m− γ) → OPn(−α)⊕OPn(−β) → IZ → 0

in particular α+ β = m+ γ. Therefore, Z is an (α, β) complete intersection and αi ≥ γ −m imply α, β ≤ m. ■

In particular, in the non-split case, those bundles cannot be pullbacks of bundles on P3. What we really seek is
the converse to the above result, i.e. a way to construct those sheaves starting from special subvarieties. We begin
with some standard computations that will be useful later.

Lemma 5.3. Let Z ⊂ Pn with n ≥ 2 be an (α, β) complete intersection, then
• ωZ ∼= OZ(α+ β − n− 1)
• h0(IZ(i)) = h0(OPn(i− α)) + h0(OPn(i− β))− h0(OPn(i− α− β))
• hj(IZ(i)) = 0, i ∈ Z, 1 ≤ j ≤ n− 2
• hn−1(IZ(i+α+β−m))−hn(IZ(i+α+β−m)) = hn(OPn(i−m))−hn(OPn(i+α−m))−hn(OPn(i+β−m))

• h0(OZ(i)) =
(
i+3
3

)
− h0(IZ(i)) for i ≥ 0.

Proof. The first claim follows by adjunction formula and the fact that ωPn ∼= OPn(−n− 1). By assumptions on Z
we have an exact sequence (8). We have hj(Pn,OPn(i)) = 0 for i ∈ Z, 1 ≤ j ≤ n− 1 hence, from the above sequence
it immediately follows that hj(Pn, IZ(i)) = 0 for all i ∈ Z and 1 ≤ j ≤ n − 2 and the formula in case j > n − 2.
Similarly, we can easily compute h0(IZ(i)) for all i ∈ Z. The last claim follows using the previous results and the
cohomology of the adequate twists of

0 → IZ → OPn → OZ → 0

■

We are ready to prove that any Y as the ones constructed in Proposition 5.1 actually gives us an aCM sheaf of
rank 2, even without regularity assumptions.

Theorem 5.4. Suppose n ≥ 3 and fix a field k. Let f : X → Pn be an integral, divisorial double covering factoring
through Pm. Consider Y ⊂ X closed of codimension 2 and defined over k such that f |Y is an isomorphism on the
image and Z := f(Y ) is an (α, β) complete intersection, with 1 ≤ α, β ≤ m. Any such Y is the zero locus of a
unique (up to scalar) section of a rank 2, initialised, f -aCM sheaf E sitting in

0 → OX → E → IY (α+ β −m) → 0 (14)

Moreover, E is reflexive, E ∼= E∨ ⊗ det(E) and (2m− α− β)− n is the minimum i ∈ Z such that hn(E(i)) = 0.

Proof. We set γ := α+ β −m, in particular γ ≤ m. By Lemma 5.3, Lemma 3.3 and Z ∼= Y we have that

ωY (−γ)⊗ ω∨
X

∼= ωY (−α− β +m)⊗ ω∨
X

∼= OY (m− n− 1)⊗ ω∨
X

∼= OY .

Being n ≥ 3 we have dim(Z) ≥ 1 and by Lemma 5.3 h0(Y,OY ) = h0(Z,OZ) = 1, since Z is connected. By
Lemma 3.3 3) we know that (X,OX(1)) has no intermediate cohomology, in particular hi(X,OX(−γ)) = 0 for
i = 1, 2 since n ≥ 3. Therefore, applying Hom(−,OX) to

0 → IY (γ) → OX(γ) → OZ(γ) → 0

and using Serre duality twice we get

ext1(IY (γ),OX) ∼= ext2(OY (γ),OX) ∼= Hn−2(OY (γ)⊗ ωX)) ∼= h0(ωY (−γ)⊗ ωX)) ∼= h0(OY ) = 1,

that is, we have a unique (up to isomorphism) non-split extension like (14). Being f∗OX
∼= OPn ⊕ OPn(−m),

applying f∗ to (14) we get
0 → OPn ⊕OPn(−m) → f∗E → f∗IY (γ) → 0 (15)

We can draw the diagram (10) and now, being Y ∼= Z we have G = 0 hence F = OPn(−m), the left column reads

0 → IZ(γ) → f∗IY (γ) → OPn(γ −m) → 0 (16)

By (16) and Lemma 5.3 we have hj(f∗IY (i)) = 0 for i ∈ Z if 1 ≤ j ≤ n− 2 and h0(f∗IY (γ − 1)) = 0 hence, due to
the fact that f is finite and hence preserves cohomology, from (15) we get hj(X, E(i)) = 0 for i ∈ Z if 1 ≤ j ≤ n− 2
and E initialised. To prove that E is aCM we are left to show hn−1(X, E(i)) = hn−1(f∗E(i)) = 0 for all i ∈ Z. By
(15), (16) and Lemma 5.3 we have

hn−1(E(i)) = hn−1(IZ(γ + i)− hn(OPn(i))− hn(OPn(i−m)) + hn(E(i))− hn(IZ(γ + i))− hn(OPn(i+ γ −m)).
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Note that hn−1(IZ(i + γ)) − hn(IZ(i + γ)) has already been computed in Lemma 5.3 while to compute hn(E(i))
will require more work. Apply H om(−,OX) to (14): we get an exact sequence which can be split into

0 → OX(−γ) → H om(E ,OX) → K → 0 0 → K → OX → E xt1(IY (γ),OX) → 0

which are everywhere exact except, possibly, for the right side of the second. Since the extension class of (14) is
non-zero by definition, it follows that the aforementioned map is non-zero and hence surjective, being

E xt1(IY (γ),OX) ∼= E xt2(OY (γ),OX) ∼= ωY (−γ)⊗ ω∨
X

∼= OY

and Y connected. It follows that actually K ∼= IY and hence the first sequence is a non-split extension of IY and
OX(−γ), i.e. E∨ ∼= E(−γ) by the unicity proved before. We deduce immediately that E∨∨ ∼= (E(−γ))∨ ∼= E , hence
E is reflexive. Moreover, by Serre duality we have

hn(E(i)) = hom(E(i), ωX) = h0(E∨(m− n− 1− i)) = h0(E(m− n− 1− i− γ))

which, being E initialised, vanishes if and only if i ≥ m− n− γ = 2m−α− β − n. Recalling h0(E(i)) = h0(f∗E(i)),
by (15) and Serre duality the last equality becomes

hn(E(i)) = hn(OPn(γ + i−m)) + hn(OPn(γ + i)) + hn(OPn(i)) + h0(IZ(m− n− 1− i)).

Finally, Lemma 5.3 and Serre duality imply

h0(IZ(m− n− 1− i)) = hn(OPn(i+ α−m)) + hn(OPn(i+ β −m))− hn(OPn(i+ γ))

therefore, putting everything together in the formula for hn−1(E(i)) we conclude that E is aCM. ■

As a consequence, we obtain a general description of the splitting type of E only depending on α, β, in particular
this allows us to distinguish Ulrich bundles among other aCM-s.

Corollary 5.5. We have f∗E ∼= OPn ⊕OPn(α−m)⊕OPn(β −m)⊕OPn(α+ β − 2m), in particular E is Ulrich if
and only if α = β = m. Moreover, we have

h0(E) =


1 α ≤ β < m

2 α < β = m

4 α = β = m

Proof. We know that f∗E is split by Corollary 2.6. All the summands are of the form OPn(αi) and, being E initialised,
we have αi ≤ 0 and there is at least one i such that αi = 0. The other ones can be detected understanding when
the function h0(E(i)) jumps. From (15) we have

h0(E(i)) = h0(OPn(i)) + h0(OPn(i−m)) + h0(OPn(i+ γ −m)) + h0(IZ(i+ γ)) =

= h0(OPn(i)) + h0(OPn(i+ α+ β − 2m)) + h0(OPn(i+ β −m)) + h0(OPn(i+ α−m))

where in the last step we used Lemma 5.3. From Corollary 2.6 E is Ulrich if and only if all the summands of f∗E
are trivial, hence α = β = m. Finally, putting i = 0 we get the last claim. ■

Corollary 5.6. Suppose X is regular and Pic(X) ∼= ZH. Then the vector bundles constructed in Theorem 5.4 are
• slope-(semi)stable if and only if α+ β > (≥)m
• not Gieseker-semistable if α+ β = m
• not simple if α+ β ≤ m.

.

Proof. If E is slope-(semi)stable then by (14) we immediately get
α+ β −m

2
= µ(E) > (≥)µ(OX) = 0.

For the converse, note that E as in (14) is locally free, being X regular. Assume by contradiction that there is
a slope-destabilising subsheaf F ⊂ E . Then F must be torsion-free and of rank 1 but, being E locally free, we
can assume, up to taking its double dual, that F is reflexive and hence a line bundle, since X is regular. Now,
our assumption on Pic(X) implies F ∼= OX(i), so that 0 ̸= hom(OX(i), E) ∼= h0(E(−i)) and then i ≤ 0, being
E initialised, which contradicts α + β > (≥)m by the above slope computation. Note that for α + β = m the
sequence (14) is Gieseker-destabilising since the Hilbert polynomial of OX is bigger then the one of IY . Finally, if
α + β ≤ m we get a non-trivial endomorphism of E as follows: compose the surjection E ↠ IY (γ) given by (14)
with the inclusion IY (γ) ↪→ OX(γ) ↪→ E . ■
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We now put together the material of this section. Note that, the claim (1) ⇒ (2) in Theorem 1.2 is a consequence
of Proposition 5.1 while (2) ⇒ (1) follows from Theorem 5.4. The fact that the case α = m = β corresponds to
Ulrich bundles follows from Corollary 5.5. The next lemma proves (2) ⇔ (3). Actually, the same ideas can be used
quite generally to characterise subvarieties Y ⊂ X of double coverings f : X → Pn mapped isomorphically by f ,
see [Vac25, §3.1.5]

Lemma 5.7. Supposing char(k) ̸= 2 and n ≥ 3, the implications (2) ⇔ (3) in Theorem 1.2 hold for any integral,
cyclic double covering.

Proof. Let us start with (2) ⇒ (3). We need to prove that, if there is some Y ⊂ X mapped isomorphically by f to
a complete intersection Z of type (α, β) then we can write b = pαqα + pβqβ + p2m for pl ∈ H0(Pn,OPn(l)), where
b = 0 defines the branch locus B ⊂ Pn of X. Call pα, pβ the two polynomials of degree α, β defining Z. If Z ⊂ B
then we can write b = pαqα+pβqβ for some homogeneous polynomials qα, qβ of degrees 2m−α, 2m−β respectively
and we are done. Otherwise, call iZ : Z ↪→ Pn and iY : Y ↪→ Y , so that f ◦ iY = iZ identifying Z and Y . Call R
the ramification locus of f , so that f∗B = 2R. Functoriality of pullback implies that

B|Z = i∗ZB = i∗Y (f
∗B) = i∗Y (2R) = 2i∗YR.

Finally, notice that

OZ(i
∗
YR)

∼= i∗YOX(m) ∼= i∗Y f
∗OPn(m) ∼= OZ(m)

hence B|Z is twice a divisor in the linear system |OZ(m)| which, since complete intersections are projectively normal,
is cut by an hypersurface of degree m in Pn. In other words, there exists some homogeneous polynomial pm of
degree m such that b|Z = p2m|Z . Therefore, b = pαqα + pβqβ + p2m for some homogeneous polynomials qα, qβ of
degrees 2m− α, 2m− β respectively.

We are left to prove the converse. Recall that X sits inside Pm = P(OPn ⊕OPn(−m)) with equation t2 − b = 0
and suppose that b = pαqα+pβqβ−p2m. Define Z = {pα = 0 = pβ}. If we call Pm×Pn Z = P(OZ⊕OZ(−m)) =: PZ
then the scheme f−1(Z) has equation t2 − b = t2 − p2m = (t − pm)(t + pm) in PZ . It follows that f−1(Z) has two
components corresponding to t ± pm = 0; we work out the case t + pm and call Y the corresponding component.
This polynomial defines a morphism

0 → OPZ

t+pm−−−→ OPZ
(1) → OPZ

(1)⊗OY → 0

whose pushforward, using [GW23, Prop. 22.86], is

0 → OZ
(1,pm)−−−−→ OZ ⊕OZ(m) → OZ(m) → 0

and Y is the section of π|PZ
over Z corresponding to the surjection on the right. It follows that π|Y = f |Y : Y → Z

is an isomorphism. ■

For future use, we will show that Y mapped isomorphically by f to Z comes exactly from the construction
described in the second part of the above proof.

Lemma 5.8. Let f : X → Pn be an integral, cyclic double covering and char(k) ̸= 2. Suppose Y ⊂ X ⊂ Pm is
mapped isomorphically by f to a complete intersection Z of type α, β, then Y is a complete intersection in Pm and
NY/Pm

∼= OY (α)⊕OY (β)⊕OY (m).

Proof. Suppose that Z ⊂ P3 is the complete intersection of two divisors Dα, Dβ . We can view Y as a section of
πZ : PZ → Z, where PZ := P(OZ ⊕ OZ(m)) is naturally viewed as a subscheme of Pm. If we call ι the covering
involution of X, then also the variety ι(Y ) must be a section of πZ and X ∩ PZ = Y ∪ ι(Y ) since deg(f) = 2.
Moreover, if the branch locus of f has equation b = 0, then the equation of X in Pm is t2 − b = 0, with t the
tautological section of OPm(1). Thus, the only possibility of X|PZ

being reducible is that t2 − b factors when
restricted to PZ . It follows that Y and ι(Y ) have equation t ± b, where b2 = b|PZ

, in particular both are divisors
in |OPZ

(1)| mapping isomorphically to Z. Note that the surjection ψ : OPm
(1) → OPZ

(1) induces a surjective map
H0(OPm

(1)) → H0(OPZ
(1)): indeed, applying π∗ to ψ we get the standard projection OP3⊕OP3(m) → OZ⊕OZ(m)

which is surjective on global section being Z a complete intersection, see Lemma 5.3. We deduce that Y is a complete
intersection in Pm of π∗Dα, π

∗Dβ and some divisor in |OPm
(1)|. By Lemma 3.3, we get OPm

(1)|Y ∼= OY (m). ■
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5.2. Relation with involution. Since a cyclic double covering has an involution ι, we want to investigate its
behaviour on aCM sheaves. Note that, if E is a direct sum of line bundles of the form OX(γ), then it is fixed by ι
since we have ι∗OX(1) ∼= OX(1) being OX(1) = f∗OPn(1).

Proposition 5.9. Suppose char(k) ̸= 2 and let f : X → Pn be an integral, cyclic double covering in Pm with n ≥ 3.
Let E be a rank 2, non-split initialised f -aCM bundle on X and ι the covering involution. Consider the statements:

i) we have an exact sequence
0 → OX → E → IY (γ) → 0 (17)

with Y = ι∗Y mapping isomorphically to a complete intersection of type α, β in Pn where γ = α+ β −m
ii) E ∼= ι∗E

We have i) ⇒ ii) and, if we also assume X regular and Pic(X) ∼= ZOX(1), then ii) ⇒ i).

Proof. i) ⇒ ii) Y = ι∗Y implies ι∗IY ∼= Iι∗Y ∼= IY hence applying ι∗ to (17) we get

0 → OX → ι∗E → IY (γ) → 0 (18)

Being E and ι∗E aCM, the sequences (17) and (18) are non-split but, as shown in Theorem 5.4, we have ext1(IY (γ),OX) =
1 hence the desired isomorphism follows.

ii) ⇒ i) If E ∼= ι∗E , the automorphism ι acts linearly on H0(X, E). Recall that, being ι an involution and
char(k) ̸= 2, the eigenvalues can only be ±1 and it is diagonalisable. Therefore, at least one of the eigenspaces is
non-empty. Let us choose an eigensection OX → E . Due to our enhanced assumptions, we can apply Proposition 5.1
and get the sequence (17). Moreover, by construction, ι∗ preserves the left morphism in this sequence, hence also its
cokernel. We just proved that ι∗ induces an isomorphism IY (γ) ∼= ι∗IY (γ) ∼= Iι∗Y (γ) which implies ι∗Y = Y . ■

Corollary 5.10. With the above notation, suppose X regular, Pic(X) is generated by OX(1), char(k) ̸= 2 and k
algebraically closed. Then, there exists an f -aCM, non-split, initialised bundle E of rank 2 such that E ∼= ι∗E if and
only if there is some Y contained in the ramification divisor of f such that (17) holds.

Proof. We can apply both conclusions in Proposition 5.9 hence, E ∼= ι∗E if and only if there exists Y ⊂ X of
codimension 2 such that Y = ι∗Y is the zero locus of a section of E , as in (17). But from Proposition 5.1 f |Y is
injective hence Y must be pointwise fixed by ι, that is Y ⊂ R. Conversely, if Y ⊂ R then clearly Y = ι∗Y . ■

Actually, Ulrich sheaf are globally generated, Theorem 2.8, and their involutes naturally appear as syzygy sheaves,
up to twist.

Proposition 5.11. Suppose char(k) ̸= 2. Let f : X → Pn be an integral, cyclic double covering with branch locus
of degree 2m and call ι the involution of this covering. If E is an f-Ulrich sheaf of rank r then, taking the evaluation
morphism of global sections of E we get

0 → F(−m) → O2r
X → E → 0 (19)

where F ∼= ι∗E.

Proof. Recall that X can be seen as a divisor of equation p = t2 − b inside Pm for some b ∈ H0(Pn,OPn(2m)), in
particular X ∈ |OPm(2)|. In this case, the matrix A appearing in Corollary 4.4 has coefficients in H0(Pm,OPm(1))
hence, up to changing of bases we can assume it is of the form tI + A′ where the coefficients of A′ are all in
H0(Pn,OPn(m)). Adding (19) we can form the commutative diagram below

0 OPm
(−2)2r OPm

(−2)2r

0 OPm
(−1)2r O2r

Pm
E 0

0 F(−m) O2r
X E 0

id

M pI2r

A=tI2r+A
′

id
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where M is defined to be the matrix with coefficients in H0(P,OPm(1)) resulting from the diagram. Twisting the
left column by OPm(1), and recalling that OPm(1)|X ∼= OX(m) by Lemma 3.3, we get immediately that F is Ulrich
by Theorem 4.1. We can write M = tM1 +M2 where Mi have coefficients in H0(Pn,OPn(m)), in particular do not
contain t. Commutativity of the higher square implies that

(t2 − b)I2r = pI2r ◦ idOP (−2)2r = (tI2r +A′)(tM1 +M2) = t2M1 + t(M2 +A′M1) +A′M2

therefore we get M1 = I2r and M2 = −A′ hence M = tM1 −M2. Recall that, ι is exactly the restriction to X of
the automorphism ιP of P given by sending t 7→ −t. But then

ιP (A) = ιP (tI2r +A′) = −tI2r +A′ = −M.

and since M and −M differ for just a sign, the corresponding cokernels are isomorphic hence F ∼= ι∗E . ■

5.3. Positivity properties. For simplicity, in this subsection we assume k = C. Here we want to understand
the positivity properties of a special f -Ulrich bundle E of rank 2 on a smooth double covering f : X → Pn with
n ≥ 3 and Pic(X) ∼= ZH, where H = c1(OX(1)). We already know that E is globally generated by Theorem 2.8.
Moreover, notice that by the computation of h0(E) given in Corollary 5.5, among the aCM bundles described in
Theorem 5.4 only the Ulrich ones are globally generated. We will show that the codimension 2 subschemes in X
on which E restricts to a non-ample bundle are exactly the zero loci of sections of ι∗E , where ι is the involution on
X associated to f .

Consider the projective bundle q : P(E) → X. Define ξ := c1(OP(E)(1)) and L := c1(q
∗OX(1)). Being Pic(X) ∼=

ZH, we have Pic(P(E)) =< ξ,L > by [GW23, Prop. 24.69], moreover linear and numerical equivalence coincide
on those varieties. Recall that a divisor D is Nef if D · C = deg(D|C) ≥ 0 for all curves C ⊂ X; they form a
convex cone in Pic(X) ⊗ Q. Also effective divisors on X form a cone and its closure in Pic(X) ⊗ Q is called the
Pseudo-effective cone. Divisors which are in the interior of this cone are called big. We can easily describe both
cones for P(E).

Lemma 5.12. In the above setting, for any rank 2 Ulrich bundle E on X we have ξ4 = 0, in particular E is not
big5. Both Nef and pseudo-effective cone of divisors of P(E) are spanned by L, ξ.

Proof. Since OX(1), E are globally generated, the divisors L, ξ are basepoint-free. It follows that they are both Nef.
By [Laz04, Thm. 2.2.16], they are not big if we verify that their top self-intersection is 0. Clearly

Ln+1 ∼ (q∗H)n+1 ∼ q∗(Hn+1) ∼ 0.

Since ξ is globally generated and h0(P(E),OP(E)(1)) = h0(X, E) = 4 by Corollary 5.5, its linear system induces a
morphism ϕ : P(E) → P3 such that ϕ∗OP3(1) ∼= OP(E)(1). It follows that ξ4 ∼ 0. This implies that both L, ξ are
Nef not big hence are extremal in both the Nef and the pseudo-effective cone of X. ■

As promised at the beginning, we come back to non-ample loci for the restriction of E . We show that those
subvarieties lift to P(E) and are contained in the fibers of the morphism determined by OP(E)(1). In order to do so,
we will need to understand the restriction of E to the zero loci of ι∗E . We start with the following lemma.

Lemma 5.13. Let f : X → Pn be a double covering with ramification divisor R. If Z ⊂ Pn is a variety such that
f−1(Z) has two components Zi mapped isomorphically on Z by f then

Z1 ∩R = Z1 ∩ Z2 = Z2 ∩R.

Proof. Suppose X has equation t2 − b = 0 in Pm and call π : Pm → Pn the standard projection. By assumption
π−1(Z) cuts on X exactly Z1 ∪ Z2, which means Zi have equations t ± b = 0 in π−1(Z), for some b2 = b. But
cutting X with the hyperplane given by t = 0 we obtain exactly the ramification divisor R. In particular, the ideal
in X defining Z1 ∩ Z2 is the same as the one defining Z1 ∩R, hence the conclusion follows. ■

Lemma 5.14. Suppose E is a rank 2 Ulrich bundle on a smooth double covering of Pn. If Y is a zero locus of some
section of E then E|ι∗Y ∼= Oι∗Y ⊕Oι∗Y (m).

Proof. By Proposition 5.1, the zero locus of a section of E is a codimension 2 subscheme Y . By Corollary 5.10 a
general Y is distinct from ι∗Y , which is the zero locus of a section of ι∗E . By assumption we have

0 → OX → E → IY (m) → 0 (20)

5Recall that a vector bundle E is called big if OP(E)(1) is a big line bundle
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Restricting
0 → IY (m) → OX(m) → OY (m) → 0

to ι∗Y we get the right exact sequence

0 → IY (m)|ι∗Y → Oι∗Y (m) → OY ∩ι∗Y (m) → 0

hence we have a surjection from IY (m)|ι∗Y to

Ker (Oι∗Y (m) ↠ OY ∩ι∗Y (m)) = IY ∩ι∗Y/ι∗Y (m) ∼= Oι∗Y (−R)(m) ∼= Oι∗Y

since we have Y ∩ ι∗Y = R ∩ ι∗Y , by Lemma 5.13, and OX(R) ∼= OX(m). We derive a surjection

E ↠ E|ι∗Y ↠ IY (m)|ι∗Y ↠ Oι∗Y .

The kernel of the morphism E|ι∗Y ↠ Oι∗Y has to be locally free of rank 1 hence isomorphic to det(E|ι∗Y ) ∼= Oι∗Y (m),
so we deduce the sequence

0 → Oι∗Y (m) → E|ι∗Y → Oι∗Y → 0 (21)
Since E is globally generated also E|ι∗Y must be such hence this sequence splits. ■

Finally, we are ready for our result.

Proposition 5.15. For n ≥ 3, let f : X → Pn be a smooth, complex double covering, E a f -Ulrich bundle of rank
2 such that ι∗E ̸= E. Call q : P(E) → X the standard projection and ϕ : P(E) → P3 the morphism determined by
|OP(E)(1)|. Then ϕ is surjective and the family ϕ : P(E) → P3 is isomorphic to the family ψ : U → P(H0(X, ι∗E)∨) ∼=
P3 of zero loci of sections of ι∗E, in particular ϕ is flat.

Proof. Part 1 : Surjectivity of ϕ
Before continuing, we will need some more notation. Remember that by Theorem 5.4 we have c1(E) ∼ mH

hence q∗c1(E) ∼ mL. Call C = q∗Y and ι∗C := q∗ι∗Y . Let us recall that the Chow ring A•(P(E)) is isomorphic to
Z[ξ, L]/(ξ2 −mL · ξ + γ) by [Ful98, Example 8.3.4]6. Identifying a 0-cycle with its degree we have

Hn−2 · Y = m2 Hn = 2,

the first by Proposition 5.1, and the second since |H| induces the double covering f . From those we also deduce

ξ · Ln = ξ · q∗(Hn) = 2 ξ · C · Ln−2 = ξ · q∗(c2(E) ·Hn−2) = m2.

We have
ξ3 ∼ ξ · ξ2 = ξ(mL · ξ − C) = mL(mLξ − C)− ξ · C = ξ(m2L2 − C)−mLC ̸= 0 (22)

by the structure of A•(P(E)) or, for example, because we can compute

ξ3 · Ln−2 = (ξ(m2L2 − C)−mLC) · Ln−2 = m2ξ · Ln − ξ · C · Ln−2 −mLn−1 · C =

= 2m2 −m2 −m · q∗(Hn−1 · Y ) = m2. (23)
Then ϕ is surjective, since otherwise its image would have dimension at most 2 and hence ξ3 = ϕ∗c1(OP3(1))3 = 0.

Part 2 : ϕ = ψ
The proof is quite technical but the idea is simple: since E|ι∗Y has a trivial quotient, by Lemma 5.14 then we

have a lift ι∗Y ∼= P(Oι∗Y ) ⊂ P(E) which is contained in some fiber of ϕ. Now, we repeat the previous construction
in families, in order to get a morphism U → P(E) which we prove is actually an isomorphism.

Consider the flat family ψ : U → P3 ∼= P(H0(X, ι∗E)∨) whose fibers are the zero loci ψt := ι∗Yt of sections of
ι∗E , where t ∈ P3. Note that U is irreducible of dimension n+1 since ι∗Yt have codimension 2 in X and the general
one is irreducible being connected, since isomorphic to a complete intersection in Pn, and smooth, being E globally
generated. Call e : U → X the evaluation morphism sending each curve to its realisation in X.

P(E) U

P3 X P3

q

ϕ

ψ

e

g

6our P(E) is actually P (E∨) with Fulton’s notation
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Then, ψ∗e
∗(E(−m)) ∼= L is a line bundle by Grauert’s theorem, see [GW23, Thm. 23.140], since h0(ψt, (e∗E(−m))t) =

h0(ι∗Yt, E|ι∗Yt(−m)) = 1 for all t ∈ P3. By projection formula we have

ψ∗(e
∗E(−m)⊗ ψ∗L∨) ∼= L ⊗ L∨ ∼= OP3

hence h0(U , e∗E(−m)⊗ψ∗L∨) = 1. In other words, we have a morphism e∗OX(m)⊗ψ∗L → e∗E whose cokernel is
a line bundle since restricted to all the fibers of ψ coincides with Oψt by (21). A determinant computation implies
we have an exact sequence

0 → e∗OX(m)⊗ ψ∗L → e∗E → ψ∗L∨ → 0 (24)
By universal property of P(E) → X, this gives us a morphism g : U → P(E) over X such that g∗OP(E)(1) ∼= ψ∗L∨.

Our next goal is to show that g is birational. Since g∗ϕ∗OP3(1) ∼= g∗OP(E)(1) ∼= ψ∗L∨, then the only curves that
the morphism ψ ◦ g could contract are fibers of ψ. But g|ψt is an isomorphism on the image, since e = q ◦ g and e|ψt

is an isomorphism on the image, by definition of e. Therefore, g is finite and the fibers of ϕ ◦ g are finite unions of
ψti-s. To show that it is generically injective it is enough to show that the general fiber of ϕ contains just one g(ψt).
But, if s ̸= t then we have e(ψs) ̸= e(ψt) hence g(ψs) ̸= g(ψt). Suppose, by contradiction, that the general fiber of
ϕ contains both g(ψt), g(ψs) with g(ψt) ̸= g(ψs). Being ϕ surjective, its general fiber has dimension n − 2 and as
a cycle is rationally equivalent to ξ3. By dimensional reasons, g(ψt) and g(ψs) are both irreducible components of
this fiber therefore, we have ξ3 ∼ g(ψt) + g(ψs) + η for some effective cycle η. But then by (23)

m2 = ξ3 · Ln−2 = (g(ψt) + g(ψs) + η) · Ln−2 ≥ (g(ψt) + g(ψs)) · Ln−2 =

so by projection formula it becomes

= g∗(ψt + ψs) · Ln−2 = (ι∗Yt + ι∗Ys) ·Hn−2 = 2m2,

a contradiction. Therefore, g is a generically injective morphism between two varieties, which is birational, since
we are over C. Being P(E) smooth, g must be an isomorphism by Zariski’s main theorem, [GW06, Cor. 12.88]. ■

Remark 5.16. In the quadric case, i.e. m = 1 and n = 3, 4, we have already seen that E is a spinor bundle and
the Y -s are isomorphic to Pn−2. For n = 3, this second contraction ϕ is again a projective bundle and in [SW90,
(3.4)], using different methods, it has been shown that it is the projectivization of a null-correlation bundle.

We end by an unrelated remark.

Remark 5.17. By the universal property of Grassmannians, see [GW06, Chapter 8 §4], any rank 2 Ulrich bundle
on a double covering f : X → Pn gives us a morphism ΦE : X → Gr(2, 4) such that Φ∗

EQ ∼= E, where Q is the
universal quotient bundle on it. Note that Gr(2, 4) is actually the smooth quadric in P5 and Q is a spinor bundle,
see [Ott88, Def. 1.3], which is Ulrich respect to the restriction of OP5(1). The map ΦE cannot be an embedding
for n ≥ 3 and m ̸= 1. This is clear for n ≥ 4, while for n = 3 follows from the fact that, by Lefschetz hyperplane
theorem, see [Gro05, XII Cor. 3.7], any divisor in this quadric has the Picard group generated by the restriction of
OP5(1), which is very ample, while Pic(X) contains an ample but not very ample divisor. Furthermore, for n = 3
we have det(E) ∼= OX(m) very ample. This implies that the claims in the second part of [LS23, Thm. 1] are not
equivalent if we only assume the polarisation to be ample and globally generated instead of very ample.

6. Existence of rank 2 aCM bundles on some double coverings of P3

In the previous section, through Hartshorne–Serre correspondence, we reduced the existence of aCM bundles on
double coverings to the existence of subvarieties mapping isomorphically to complete intersections on projective
space. In this subsection, we show the existence of such subvarieties for a general double covering of P3 with branch
locus of degree 2m = 4, 6, 8, thus proving the existence of the corresponding aCM bundles. Note that the case
m = 1 corresponds to quadric hypersurfaces, on which aCM bundles are understood due to [Kno87], hence, even
though our methods are able to recover the cited results, we will always ignore it. A dimensional computation shows
that for n = 3 and m ≥ 5 or n ≥ 4 and m ≥ 2 the general double coverage of Pn does not admit such bundles,
demonstrating that our result is somehow sharp.

6.1. Existence of rank 2 aCM sheaves. This is the main result of this section.

Proposition 6.1. Suppose char(k) ̸= 2 and k infinite. Fix n = 3 and m = 2, 3, 4. For any 1 ≤ α, β ≤ m
the general element b ∈ H0(P3,OP3(2m)) can be written as b = pαqα + pβqβ + p2m with pl ∈ H0(P3,OP3(l)) and
ql ∈ H0(P3,OP3(2m− l)) for l = α, β,m.
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Proof. Set Vl := H0(P3,OPn(l)) and Vα,β := Vα × V2m−α × Vβ × V2m−β × Vm Consider the algebraic map

ϕ : Vα,β → V2m (pα, qα, pβ , qβ , pm) 7→ pαqα + pβqβ + p2m,

we want to show that this is dominant. Its differential, seen as a linear map Vα,β → V2m, in the point (pα, qα, pβ , qβ , pm)
can be written as

d(pα,...,pm)ϕ : (p′α, q
′
α, p

′
β , q

′
β , p

′
m) 7→ pαq

′
α + pβq

′
β + p′αqα + p′βqβ + 2pmp

′
m. (25)

If we show that such linear morphism is surjective for some choice of pα, qα, pβ , qβ , pm, then ϕ would be smooth in that
point, by [GW23][Thm. 18.74], and hence dominant. Note that, since char(k) ̸= 2, then we can ignore the coefficient
2 appearing in the differential. Therefore, its enough to find 5 polynomials of degrees α, 2m− α, β, 2m− β,m such
that the ideal they generate contains all V2m. This can be done with the help of Macaulay2, see Appendix A. ■

Corollary 6.2. Suppose char(k) ̸= 2, k is an infinite field and f : X → P3 is an integral, cyclic double covering
branched along a surface of degree 2m = 4, 6, 8. If X is general enough then, for any 1 ≤ α, β ≤ 4 it admits curves
Y ⊂ X mapping isomorphically to complete intersections of type α, β and hence the corresponding non-split rank 2
aCM sheaves.

Proof. Given Proposition 6.1, the first claim follows from Lemma 5.7 while the second from Proposition 4.9. ■

In most cases, we can refine this result by removing the "general" assumption.

Proposition 6.3. If α ̸= β or α = 1 = β then the conclusion of Corollary 6.2 is true for any integral X as above.

Proof. Consider the Hilbert scheme containing complete intersections Z of type α, β in P3 and define HZ to be
the locus whose points actually correspond to complete intersections. Let us recall the explicit construction of
this scheme given in [Ben12, § 2.2.2], which in particular shows that HZ is a regular and, under our assumptions,
projective variety. Indeed, if α < β, then HZ is isomorphic to a projective bundle with base |OP3(α)| and fiber
|OW (β)| over the point [W ] ∈ |OP3(α)|. Otherwise, if α = 1 = β then we have HZ = Gr(2, H0(OP3(1))). On
the ruled surface π−1(Z) we have the linear system |OPm

(1)|π−1(Z)|, which contains an open subset parametrising
curves Y mapping isomorphically to Z. We consider the projective bundle W → HZ having such linear systems as
fibers. We define I as the projective bundle over W having |IY/Pm

(2)| as fiber over the point Y . In particular, I
is a regular and projective variety. Recall that X can be seen as a divisor in |OPm

(2)| and we call π the projection
Pm → P3. The variety I parametrises pairs (Y,X) such that π(Y ) ∈ HZ , X ∈ |OPm

(2)| and Y ⊂ X, in particular
we get the diagram

I

π1}}

π2

$$
HZ |OPm(2)|

But now π2 is dominant by Corollary 6.2 and I is proper, so that π2 is surjective. Pick some integral X ∈ |OX(2)|
and some Y ⊂ X such that (Y,X) ∈ I . Being X integral, the map π|X : X → P3 is finite, then a fortiori
π|Y : Y → Z is finite. Being Y ∈ |OPm(1)|π−1(Z)|, we conclude that π|Y must be an isomorphism on the image.

■

Remark 6.4. As a consequence of the above proof, we have seen that I is regular. If char(k) = 0 then the general
fiber of π2 would be smooth. If π2 were smooth outside a codimension 2 locus, then we could prove that this general
fiber is also connected and hence irreducible. Indeed, considering its Stein factorisation

I
g−→ S

h−→ |OPm(2)|.

If we show that h is an isomorphism then π2 = g has connected fibers. The morphism h is finite but, being PN
simply connected, if it is not an isomorphism, then it has to ramify. By purity of branch locus, [Sta25, Tag 0BMB],
the ramification locus must have codimension 1, contradicting the smoothness of π2 in codimension 2.

https://stacks.math.columbia.edu/tag/0BMB
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6.2. Hilbert schemes and moduli spaces. Our previous argument allows us to identify the component in the
Hilbert scheme on X that contains the curves Y as the fibre of the morphism π2 on [X]. We will study its properties
through the normal sheaf of Y in X, using deformation theory.

Lemma 6.5. Suppose that char(k) ̸= 2 and k infinite. Let f : X → P3 be an integral, regular, cyclic double covering
sending Y ⊂ X isomorphically to some complete intersection Z of type α, β. Then we have an exact sequence

0 → NY/X → OY (m)⊕OY (α)⊕OY (β) → OY (2m) → 0 (26)

Moreover, if Y and X are sufficiently general, 1 ≤ α ≤ β ≤ m and m = 2, 3, 4 then

h0(NY/X) = h0(OZ(α)) + h0(OZ(β)) + h0(OZ(m))− h0(OZ(2m)) = α · β · (4−m) + h1(NY/X)

h1(NY/X) =


0 α ≤ β < 4

1 α < β = m = 4

3 α = β = m = 4

Proof. Step 1: Setup
Recall that X can be seen as the zero locus of a section p ∈ H0(OPm

(2)) of the p = t2 − b, where Pm :=
P(OP3 ⊕ OP3(m)). Call Dα, Dβ the two surfaces, given by polynomials pα, pβ , whose complete intersection is Z.
By Lemma 5.7 we have b = pαqα + pβqβ − p2m, in particular we can write p = (t + pm)(t + pm) − pαqα − pβqβ .
By Lemma 5.8 Y is a c.i. in Pm of divisors defined by pα, pβ , t + pm. In particular, the conormal sheaf CY/Pm

∼=
N∨
Y/Pm

∼= OY (−m)⊕OY (−α)⊕OY (−β) is locally free. The embeddings Y ⊂ X ⊂ Pm give the conormal sequence

0 → CX/Pm
|Y → CY/Pm

→ CY/X → 0 (27)

which is exact by [Sta25, Tag 06BA] being Y ⊂ X l.c.i. by [Sta25, Tag 0FJ2]. Being all the sheaves in (27) locally
free, we deduce that its dual sequence is still short exact and coincides with (26). Taking cohomology we deduce
H0(NY/X) = Ker(H0(NY/Pm

)
ρ−→ H0(OY (2m)), where we define ρ to be the induced map on global sections.

Step 2: ρ is surjective
We can define a morphism OPm

(−2) → OPm
(−1) ⊕ π∗ (OP3(−α)⊕OP3(−β)) by the vector (t − pm, qα, qβ) and

a morphism OPm(−1) ⊕ π∗ (OP3(−α)⊕OP3(−β)) → OPm by scalar product with (t + pm,−pα,−pβ). Since the
multiplication by p gives OPm(−2) ∼= IX/Pm

⊂ OPm , those maps fits in the diagram

OPm
(−2) IX/Pm

OPm
(−1)⊕ π∗ (OP3(−α)⊕OP3(−β)) IY/Pm

·p

(t−pm,qα,qβ)

·(t+pm,−pα,−pβ)

which, once we apply Hom(−,OY ), becomes

OY (2m) NX/Pm
|Y

OY (m)⊕OY (α)⊕OY (β) NY/Pm

∼=

·(t−pm,qα,qβ)

∼=

Being t + pm = 0 on Y we have t − pm = −2pm on Y . Since char(k) ̸= 2, for our aims we can replace 2pm by
pm, hence the vertical maps are scalar product with (−pm, qα, qβ). Now, recall that Y is mapped isomorphically to
Z ⊂ P3. We obtain

H0(NX/Pm
|Y ) H0(OZ(2m)) H0(OP3(2m)) H0(IZ(2m))

H0(NY/Pm
) H0(OZ(m)⊕OZ(α)⊕OZ(β)) H0(OP3(m)⊕OP3(α)⊕OP3(β))

∼=

ρ

∼=

ρ′

https://stacks.math.columbia.edu/tag/06BA
https://stacks.math.columbia.edu/tag/0FJ2
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where we used that the restriction maps from line bundles on P3 to Z are surjective on global sections, see Lemma 5.3.
By commutativity, to prove that ρ is surjective it is enough to show that ρ′ is such. By our construction, the ideal
of Z is generated by the two polynomials pα, pβ ; the image of the rightmost horizontal map is exactly the degree
2m part of this ideal. Since π is identified to the scalar product with (−pm, qα, qβ) we deduce that ρ′ is surjective
if and only if the polynomials pα, pβ ,−pm, qα, qβ generate all the homogeneous polynomials of degree 2m. But we
have seen in Proposition 6.1 that this holds if those five polynomials are general, equivalently if (Y,X) is general in
the variety I considered in Proposition 6.3.

Step 3: Conclusion
The first formula for h0(NY/X) follows immediately from the surjectivity of ρ and (26). For the second one, we first
use h0(NY/X) = χ(NY/X) + h1(NY/X) and then by Riemann-Roch we have

χ(NY/X) = deg(NY/X) + 2(1− pa(Y )) = deg(ωZ ⊗ ω∨
X)− deg(ωZ) = deg(OZ(4−m)) = α · β · (4−m)

by Lemma 3.3 and the usual Y ∼= Z. For the computation of h1(NY/X), by Lemma 5.3 we have ωY ∼= OY (α+β−4).
It follows by Serre duality that h1(OY (2m)) = h0(ωY (−2m)) = 0 being α, β ≤ m; together with the surjectivity of
ρ, it implies that h1(NY/X) = h1(NY/Pm

). In a similar manner, noting that Y ∼= Z is connected, we have

h1(OY (α)) =

{
0 otherwise
1 β = m = 4

h1(OY (β)) = h1(OY (m)) =

{
0 otherwise
1 α = β = m = 4

and the claim follows. ■

Corollary 6.6. For X,Y general, the point [Y ] is regular in the Hilbert scheme on X if α ≤ β < 4.

Proof. From Lemma 6.5 we know that α ≤ β < 4 implies h1(NY/X) = 0 for general Y ⊂ X. Since we have seen
that Y ⊂ X is l.c.i. then, by [FGI+05, Prop. 6.5.2] we conclude. ■

Lemma 6.7. Let (X,H) be a regular, n-dimensional polarised variety and E a rank 2, initialised aCM bundle fitting

0 → OX → E → IY (γ) → 0 (28)

If n ≥ 3 then
• hom(E , E) = h0(X, E ⊗ IY ) + h0(E(−γ))
• ext1(E , E) = h0(X,NY )− h0(X, E) + h0(X, E ⊗ IY )
• extj(E , E) = hj−1(X,NY ) for all 1 < j < n− 1.

Moreover, if KX ∼ kH with k < 0, then extn−1(E , E) = hn−2(X,NY ) and extn(E , E) = hn(E).

Proof. Recall that E|Y ∼= NY hence, tensoring by E the standard sequence associated to Y we get

0 → E ⊗ IY → E → NY/X → 0

Being n ≥ 2 and E aCM we can compute

hj(X, E ⊗ IY ) =


h0(NY )− h0(E) + h0(E ⊗ IY ) j = 1

hj−1(NY/X) 1 < j < n

hn(E) j = n.

Tensoring (28) by E∨ ∼= E(−γ) it reads

0 → E(−γ) → E ⊗ E∨ → E ⊗ IY → 0 (29)

Then, being E aCM we have hom(E , E) = h0(E ⊗ IY ) + h0(E(−γ)) and being E locally free we get

extj(E , E) = hj(E ⊗ E∨) = hj(X, E ⊗ IY )

for 0 < j < n − 1. In particular, since n ≥ 3 we obtain the formula for ext1(E , E). Moreover, if KX ∼ kH with
k < 0 then, by Serre duality we have

hn(E(−γ)) = hn(E∨) = h0(E(KX)) = 0

being E initialised, hence the above claim also holds for j = n− 1, n. ■
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Corollary 6.8. Suppose that char(k) ̸= 2 and k infinite. If X is a general double covering of P3 ramified over a
surface of degree 2m = 4, 6, 8. Then, for any 1 ≤ α, β ≤ m there are rank 2 aCM bundles E with ext2(E , E) = 0.
Moreover, assuming α+ β > m, they are stable and give regular points in a component of the expected dimension,
equal to ext1(E , E), of their moduli spaces.

Proof. Recall that such E fits in the sequence (28) where Y is a curve as in Lemma 6.5. Moreover, from the
uniqueness in Theorem 5.4 we deduce h0(E ⊗ IY ) = 1. For 2m = 4, 6 the variety X is Fano by Lemma 3.3 so the
vanishing of ext2(E , E) for a general such bundle follows directly from Lemma 6.7 and Lemma 6.5. If 2m = 8 then
ωX ∼= OX by Lemma 3.3. Using Serre duality and Lemma 6.7 we get

ext2(E , E) = ext1(E , E) = h0(X,NY )− h0(X, E) + h0(E ⊗ IY ) = h0(X,NY )− h0(X, E) + 1.

Recalling Lemma 6.5 we have h0(X,NY ) = h1(X,NY ) since m = 4. Finally, using Lemma 6.5 and Corollary 5.5
we conclude that ext2(E , E) = 0.

The remaining part of the proof is uniform in m. Being α + β > m then Corollary 5.6 implies that E is slope
stable, in particular those moduli spaces are well defined. Finally, [FGI+05, Prop. 6.5.1] tells us that sheaves with
ext2(E , E) = 0 give us regular points of their moduli spaces whose tangent space is Ext1(E , E). ■

Note that for α = β = m = 2 there is a description of all the non-Ulrich sheaves appearing in this moduli space
in [FLZ23, Prop. A.1]. The case m = 4 is particularly interesting.

Corollary 6.9. Suppose that char(k) ̸= 2, k infinite and pick any 1 ≤ α ≤ β ≤ 4 such that α + β > 4. For any
such choice of α, β, on a general octic double solid X have a spherical aCM bundle of rank 2. Moreover, if k = C
then there are at least two non-isomorphic such bundles.

Proof. From the above proof ext1(E , E) = 0 = ext2(E , E) and h0(E ⊗ IY ) = 1. Moreover, γ = α+ β − 4 > 0 and E
initialised, so that h0(E(−γ)) = 0. Thus, by Lemma 6.7 E is simple and by Serre duality we have 1 = hom(E , E) =
ext3(E , E), hence E is spherical. Moreover, if k = C we have Pic(X) ∼= Z by Lemma 3.8 and for a general X the
Picard group of the ramification locus R is cyclic hence R cannot contain curves as the Y above. Therefore, by
Corollary 5.10, E and ι∗E are not isomorphic. ■

Note that the Hilbert schemes of curves Y and bundles E are linked by an actual morphism.

Remark 6.10. The sequence (28) is an instance of the Hartshorne–Serre correspondence between locally complete
intersection codimension 2 subschemes and rank 2 vector bundles. In case the resulting sheaves are semistable, in
[Vac25, Cor. 2.12, 2.14] it is shown that this correspondence glues to a morphism between the locus in the Hilbert
scheme containing the curves Y and the moduli space of sheaves containing E. Moreover, the fibre of this map over
the point [E ] parametrising a stable bundle is identified with P(H0(E)), so this morphism is smooth on the stable
locus. In particular, for α ≤ β < 4 we could have computed the dimension of the moduli spaces containing E and
deduce smoothness directly from Corollary 6.6, using [Sta25, Tag 02K5]. On the other hand, suppose β = 4 = m.
Using the fact that composition of smooth morphism is smooth, we can deduce the smoothness of the Hilbert scheme
of the curves Y from smoothness of the moduli space of E. In particular, Corollary 6.6 holds even if β = 4.

7. Applications to divisorial coverings of arbitrary varieties

In this section, we first prove a variation of [Cas20, Thm. 1.3], see also [ES03, Thm. 2.6] for the analogous
statement regarding the (non fiber) product, which, together with the results of the previous part, allows us to
construct Ulrich bundles on new classes of varieties.

Proposition 7.1. Suppose we have two equidimensional schemes X1, X2 and maps as in

X := X1 ×Pn X2 X2

X1 Pn

p2

p1 f2

f1
(30)

with f1, f2 finite and such that f2 is also surjective. If Ei is an Ulrich (aCM) sheaf on (Xi, f
∗
i OPn(1)) then p∗1E1⊗p∗2E2

is Ulrich (aCM) on (X, p∗1f
∗
1OPn(1)).

https://stacks.math.columbia.edu/tag/02K5
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Proof. We treat the Ulrich case, the aCM one is analogous. First of all, p1, p2 are pullbacks of finite morphisms and
hence finite, so that p1 ◦ f1 = p2 ◦ f2 is finite and (X, p∗1f

∗
1OPn(1)) is a polarised variety. Moreover, p1 is surjective

being f2 such. By projection formula we have (p1)∗(p
∗
1E1⊗p∗2E2) ∼= E1⊗ (p1)∗p

∗
2(E2). Being f2 finite, by base change

[GW06, Thm. 12.6], we have
(p1)∗p

∗
2(E2) ∼= f∗1 (f2)∗E2 ∼= f∗1ON

Pn
∼= ON

X1

where we used Corollary 2.6. We conclude that (p1)∗(p
∗
1E1 ⊗ p∗2E2) ∼= EN1 is Ulrich on (X1, f

∗
1OPn(1)) hence by

Lemma 2.5 we proved that p∗1E1 ⊗ p∗2E2 is Ulrich. ■

As an immediate corollary we have an easy proof of the following well-known fact.

Corollary 7.2. Let E be an Ulrich (aCM) sheaf on an n-dimensional polarised scheme (X2, H2) over an infinite
field k. Suppose n ≥ 1. For any D ∈ |OX2

(1)| define ED := E ⊗ OD and OD(1) := OX2
(1)|D, then ED is Ulrich

(aCM) on (D,OD(1)). The same holds for any complete intersection of divisors in |OX2
(1)|.

Proof. In Proposition 7.1, we can choose X1
∼= Pn−1 ⊂ Pn with the Ulrich sheaf OPn−1 such that D = X :=

X1 ×Pn X2. By arguing inductively, we conclude the second assertion. ■

Furthermore, in the aCM case, the same argument allows us to consider complete intersection of divisors in
different |OX2

(i)| but we need to ask that they lie in f∗|OPn(i)| ⊆ |OX2
(i)|.

A more interesting application is the following. Consider X1 ⊂ Pn and set OX1
(1) := OPn(1)|X1

. In analogy
with the case of Pn, we define a finite covering f : X → X1 to be divisorial if f factors through a closed embedding
X ⊂ P(OX1 ⊕OX1(m)), for some m > 0, followed by the standard projection.

Proposition 7.3. Let (X1,OX1
(1)) be a polarised variety with an Ulrich sheaf E. Let p1 : X → X1 be a divisorial

covering of degree d and equation
∑d
j=0 pd−jt

j and define OX(1) := p∗1OX1
(1). If there is some finite morphism

f1 : X1 → Pn such that f∗1OPn(1) ∼= OX1
(1) and for all j = 0, . . . d we have pj ∈ f∗1H

0(OPn(jm)) ⊆ H0(OX1
(jm))

then (X,OX(1)) admits an Ulrich sheaf.

Proof. Choose polynomials pj ∈ H0(OPn(jm)) such that pj = f∗1 pj . Call f2 : X2 → Pn the divisorial cover of Pn

defined by the polynomial
∑d
j=0 pd−jt

j . Then, the morphism p1 : X → X1 is the base change of f2 along f1 hence
we can apply Proposition 7.1 and conclude. ■

Corollary 7.4. Any divisorial covering of a projectively normal variety admits Ulrich sheaves

We conclude by applying this result to some special varieties. First, some Fano 3-folds where existence of Ulrich
bundles is not yet covered by the existing theory.

Corollary 7.5. The smooth Fano 3-folds in the families 1-2 b) and 1-5 b) in [Bel25] admit Ulrich bundles.

Proof. The first family parametrises double covering of the smooth quadric Q ⊂ P4 branched along a divisor cut
by a quartic hypersurface. Since Q is projectively normal, we just apply Corollary 7.4.

The second family parametrises varieties constructed as follows. Call G := Gr(2, 5). The linear system associated
to the ample generator OG(1) of Pic(G) gives a projectively normal embedding in P9, called Plücker embedding,
and ωG ∼= OG(−5). If we call W a smooth intersection with a codimension 3 subspace then W is still projectively
normal and OP9(−2)|W ∼= ωW . The family we search for is made of double coverings of such W -s branched along a
divisor in |ω∨

X |, in particular we can again apply Corollary 7.4. ■

Finally, we look at some Horikawa surfaces. With the notations of Proposition 7.1, let f1 : X1 ↪→ P3 to be a
regular quadric, X2 → P3 to be a regular double covering branched along a degree 6 surface B. Then, p1 : X → X1

is a double covering branched along f∗1B and X is as in [Hor76, Thm. 1.6 iii); case d = 0, n = 3].

Proposition 7.6. Suppose k infinite and char(k) ̸= 2. Let (X1,OX1
(1)) be a regular quadric surface with the

standard polarisation and D ⊂ X1 a general divisor in |OX1
(6)|. If p1 : X → X1 is the degree 2 covering branched

along D then (X, p∗1OX1
(1)) admits rank 2 Ulrich sheaves.

Proof. We know Pic(X1) ∼= Z2 and it is generated by the classes of two intersecting lines; it is easily verified that
they give Ulrich line bundles on (X1,OX1

(1)). Note that a general D as in the statement is cut on X1 by a general
divisor D′ ∈ |OP3(6)|, since X1 is projectively normal. If X2 is the double covering of P3 branched along D′, then it
admits Ulrich sheaves of rank 2 by Corollary 6.2. We are in the setting of Proposition 7.1, hence we conclude. ■

https://www.fanography.info/1-2
https://www.fanography.info/1-5
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Appendix A.

We work with polynomials in 4 variable. In the following, we choose five homogeneous polynomials of degrees
α, 2m− α, β, 2m− β,m and let Macaulay2 check that the ideal they generate contains all degree 2m polynomials.
I thank Fulvio Gesmundo for suggesting me this strategy.

If char(k) = 0 then we first check the same statement for the ring R := Q[x, y, z, w], then, since it is a surjectivity
claim, it is enough to tensor with our field k to get the thesis. We will describe explicitly the steps for the case of
Ulrich bundles on the octic double solid.

--Define our polynomial ring
R=QQ[x,y,z,w]
--Consider the special ideal
I=ideal{x^4,y^4,z^4,w^4,(x+y+z+w)^4}
--We can compute a basis for the degree 8 part of the quotient ring R/I and check that
--it is just the 0 vector
basis(8,R/I)

To get the curves Y for all the values of α, β,m we consider the ideal

I = I(α, β,m) := (xα, yβ , z2m−α, w2m−β , (x+ y + z + w)m)

and search for a basis of the degree 2m part of R/I.
Now lets suppose that char(k) is arbitrary, but not 2. This time we should work with polynomials in Z[x, y, z, w]

so that, if our claim is true then we can tensor by our favorite field and get the thesis. It is enough to run the same
procedure but with the term (x+ y + z + w)m replaced by the following polynomial: expand (x+ y + z + w)m as
we were in characteristic 0 and replace all its coefficients with a 1, i.e. we get the sum of all degree m monomials.
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