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Abstract

In sequence modeling, the parametric memory of atomic facts has been predomi-
nantly abstracted as a brute-force lookup of co-occurrences between entities. We
contrast this associative view against a geometric view of how memory is stored.
We begin by isolating a clean and analyzable instance of Transformer reasoning
that is incompatible with memory as strictly a storage of the local co-occurrences
specified during training. Instead, the model must have somehow synthesized its
own geometry of atomic facts, encoding global relationships between all entities,
including non-co-occurring ones. This in turn has simplified a hard reasoning task
involving an ℓ-fold composition into an easy-to-learn 1-step geometric task.
From this phenomenon, we extract fundamental aspects of neural embedding
geometries that are hard to explain. We argue that the rise of such a geometry,
despite optimizing over mere local associations, cannot be straightforwardly
attributed to typical architectural or optimizational pressures. Counterintuitively,
an elegant geometry is learned even when it is not more succinct than a brute-force
lookup of associations.
Then, by analyzing a connection to Node2Vec, we demonstrate how the geometry
stems from a spectral bias that—in contrast to prevailing theories—indeed arises
naturally despite the lack of various pressures. This analysis also points to
practitioners a visible headroom to make Transformer memory more strongly
geometric. We hope the geometric view of parametric memory encourages
revisiting the default intuitions that guide researchers in areas like knowledge
acquisition, capacity, discovery and unlearning.

1 Introduction

Neat representations materialize when a deep network needs to compress redundancies in data.
On the other extreme, if the data is a set of atomic facts (like the birth date of a celebrity), the
network would simply memorize these incompressible associations as a lookup table [126, 17]. These
two narratives have so far roughly guided our understanding of how neural networks fit sequential
data. This paper fleshes out a third phenomenon in sequence modeling—glimpses of which were
observed recently in Khona et al. [76], Ye et al. [172]—where a neat representation materializes from
memorizing incompressible atomic facts. We argue that this phenomenon implies a geometric form
of parametric memory, one that encodes global relationships between non-co-occurring entities. We
point out that this is dramatically different from the common associative view of parametric memory
as storing mere local atomic co-occurrences. From this geometry of atomic facts, we extract aspects
of neural geometries that are hard to explain, posing fundamental questions about memorization in
deep sequence models. To these questions, we offer some preliminary answers.
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Figure 1: Associative vs. geometric memory of models trained on various graphs. Parametric
memory in deep sequence models is often abstracted as if co-occurrences from atomic facts are
stored in a weight matrix, while the co-occurring entities themselves are embedded arbitrarily
[161, 46, 70, 183, 23, 111, 22, 17, 160]. (left). This associative view is hard to reconcile with
our observation that the Transformer learns implicit reasoning on an in-weights path-star graph.
In practice, the learned embeddings (middle) reflect global structure inferred from the local co-
occurrences, implying a geometric view of memory. Both these views are valid ways to fit the training
data, but it is not straightforward why the latter prevails during Transformer optimization. When
associative memory is explicitly prohibited, as in a Node2Vec model (right), a more elegant geometry
materializes. This points to a clear headroom to improve the geometric nature of a Transformer’s
memory. Details of the Transformer architecture used for this visualization are provided in §B.2.2.
Similar geometries for Mamba and neural networks are presented in §C.3.

Our discussion starts at a seemingly tangential point. We begin by consolidating a fragmented set
of recent demonstrations [76, 43, 172, 158] that the Transformer exhibits some level of implicit
in-weights reasoning, i.e., reasoning over knowledge from the weights without emitting an explicit
chain of thought. We sharpen these results by crafting a scenario where this ability is less expected,
plays out vividly, and can be cleanly isolated and analyzed. Specifically, we study path-finding on
path-star graphs, a (symbolic) implicit reasoning task. The task was adversarially designed [12] to
cause failure of next-token trained deep sequence models—both the Transformer [156] and Mamba
[54] alike. Whereas in the original task, the model is given the graph in-context, here we make
the model memorize the graph’s edges in its weights. Whereas in the original task, the models
spectacularly fail to learn path-finding even on small graphs, in our in-weights task, our models (both
the Transformer and Mamba) succeed even on massive graphs.
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The success in the in-weights path-star task, we argue, is hard to reconcile within the associative
view of parametric memory, a convenient and highly effective abstraction of neural network memory,
popular in literature [17, 22, 70, 161, 46, 183, 23, 111, 160]. In this abstraction, knowledge is
stored in a matrix, say Wassoc such that if u and v co-occur in the same context during training, the
quantity Φ(v)TWassocΦ(u) is large, for some arbitrary embedding Φ. With such a data structure,
the path-star task requires composing the aforementioned matrix operation ℓ times (for path length ℓ).
Unless there is step-wise supervision for each composition, learning the ℓ-fold composition should
intuitively be a daunting needle-in-the-haystack task demanding exp(ℓ) time. By the specific design
of our task, every possible form of step-wise guidance is eliminated. Yet our model appears to find
the needle.

This apparent paradox begins to be resolved due to salient observations in Khona et al. [76], Ye et al.
[172] that the Transformer represents the nodes of their graphs with some notion of distance. We
generalize this observation, pointing out that this has profound implications and is in fact non-trivial
to explain. First, the existence of such node embeddings implies that atomic facts can be stored
in an altogether distinct paradigm of parametric memory, a geometric one, which is in dramatic
contrast to the associative one. In the simplest form of this view, co-occurrences are not simply stored
in a matrix W, but rather neatly encoded within the embeddings, say Φgeom (see Fig. 1). In fact,
these embeddings are so carefully arranged that they encode global relationships without explicit
supervision to do so: even if entities u and v never appeared in the same context, the dot-product
Φgeom(u)

TΦgeom(v) captures the model’s own notion of multi-hop distance between the two. This
has implications on reasoning since what seemed to be a hard-to-learn ℓ-fold composition of local
associations, now becomes an easy-to-learn 1-step geometric task for the model.

While helping make sense of our paradox, the observed geometry raises fundamental questions.
First, there must be competition between the two parametric memories, both equally valid solutions
to the training objective; why does the geometric prevail over the associative? To some readers,
a geometric bias may seem familiar and intuitive at first sight; but we isolate aspects that cannot
be easily explained. Counterintuitively, we argue that an elegant geometry is not necessarily more
succinct than a lookup of local associations. Thus, typical capacity pressures from the architecture
or optimization do not explain why a highly non-trivial geometry is synthesized—that too from
optimizing only over local associations. Towards understanding this, we draw connections to the
simpler Node2Vec architecture, where we find that global geometries emerge from well-known
spectral biases in such architectures. But, in contrast to prevailing theories (e.g., Levy and Goldberg
[84]; see §5.6), we identify how the spectral bias arises naturally, independent of typically-assumed
architectural or optimizational pressures. This gives us a preliminary insight into the natural rise of a
geometric memory, albeit in a much simpler model, leaving open a foundational question for deep
sequence models.

1.1 Implications.

Although the evidence of implicit reasoning is so far limited to symbolic tasks, we believe that
the geometry we isolate is a clean nucleus of geometries known to arise in language modeling
e.g., [36, 102, 58]. The insights from this nucleus helps conceive broader directions, practical and
theoretical. First, we find that the embeddings learned by the more naive Node2Vec models are more
strongly geometric than that of Transformers; in hindsight, this points to a well-specified headroom
for making Transformer memory more geometric and less associative in practice. If the geometric
bias can be improved in natural language tasks, it would also benefit natural implicit reasoning tasks
where results have so far been mixed [122, 18, 169, 170, 14]. Since geometric memory encodes
global relationships, it could pave the way to combinational creativity [19, 40, 108]: discovering
novel connections between information scattered in a large pretraining set. On the flip side, the
interdependencies in geometric storage may impose limits on knowledge editing, unlearning and
accurate retrieval. Another implication of our study is a support for why parametric memory may
be superior to in-context memory, echoing Wang et al. [158], Geerts et al. [43]. Finally, the gap
between the Transformer and Node2Vec geometries may also be of interest to practitioners in retrieval
systems, when choosing between modern generative retrieval models [150, 163, 128] and traditional
dual-encoder models [47, 66].

Many foundational directions also follow. Foremost are the questions of how associative and
geometric memory compete under gradient descent and what optimization settings are ideal for
the geometry to arise. The examples and analyses in this work may act as sandboxes to study
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a variety of geometric empirical phenomena: the emergence of “world models” [39, 58, 138],
linear representations and superposition in interpretability [102, 117, 36] and why different models
share similar representations, i.e., the Platonic representation hypothesis [83, 67]—and what these
representations are. Finally, we speculate that the associative view forms the default unstated set of
intuitions that guide research in numerous areas such as knowledge acquisition, discovery, unlearning,
reasoning and storage capacity; the geometric view may inspire researchers to revisit, spell out and
widen these latent intuitions.

1.2 Summary of contributions
1. We isolate a clean, analyzable instance of implicit in-weights reasoning, and contrast the pre-

dominant local associative memory against a global geometric view of memory in deep sequence
models (simple neural networks, Transformers and Mamba).

2. We show why this observation is surprising, arguing that the emergence of the geometric memory
over the associative memory cannot be attributed to obvious architectural, optimizational or
supervisory pressures.

3. We connect the global geometry to the spectral bias of Node2Vec dynamics and empirically
intuit how it emerges without typically assumed pressures. This makes progress towards an open
question in Node2Vec and highlights significant headroom in the embedding geometry of the
current architectures.
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2 Experiments: Implicit in-weights reasoning is learned
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Figure 2: Overview of in-context path-star task of B&N’24. Each training and test example
corresponds to a fresh, randomly-labeled path-star graph (a tree graph where only the root node
branches into d paths of length ℓ). For each example, the prefix specifies a randomized adjacency list
(of edge bigrams) of the corresponding graph, followed by (vroot, vgoal). The target is the full path
(vroot → vgoal) in that graph.

We investigate planning on a path-star graph, a task designed to be adversarial towards next-token
learning [12]. The task has a clear notion of a chain-of-thought, and a well-understood mechanism of
failure for learning in-context reasoning; our hope is to repurpose this to cleanly analyze in-weights
reasoning in a way that was not possible in earlier studies.

Background. The path-star topology (Fig. 2) consists of a root node with multiple disjoint (uniform-
length) paths branching outwards. In the version of B&N’24, a model is given in context the adjacency
list (with randomized node labeling and edges ordering, but fixed topology) and a goal leaf node; the
task is to predict the unique path from the root to a specified goal node, without explicitly producing a
chain-of-thought. To succeed, one merely needs to notice a simple right-to-left structure: the solution
is the unique path back from the leaf node, reversed. Indeed, this is the implicit chain-of-thought
required before emitting the first token.

Yet, on this simple task, left-to-right next-token learners are known to fail in-distribution. This failure
unfolds in two stages during training: (1) On all but the first token, the model learns a trivial solution
(termed a Clever Hans cheat) that is much simpler than planning: simply predict the token as the
unique child of the previous ground-truth token that is revealed in the context. This crucially starves
the first, key decision-making step of gradients from the rest of the path. (2) Consequently, the first
token must be learned in isolation, which becomes a computationally hard learning ℓ-hop composition
problem (as detailed later). At test-time, this model defaults to guessing a random first token and
continuing along that wrong path. More details of this failure are in §A.
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Figure 3: Overview of our in-weights path-star task. All examples are derived from a fixed path-star
graph. Training involves two types of examples: (i) edge memorization examples (ii) path-finding
examples, where the prefix is some leaf, and the target is the full path. Test examples are path
examples corresponding to a held-out set of leaves.

2.1 In-weights path-star task.

We define an in-weights version of the above task (Fig. 3), where all examples are generated from a
fixed graph G (of degree d and path length ℓ), rather than a fresh graph per example. Here, the model
is made to memorize the full graph in its weights through edge-memorization examples, where the
input is some node v, and the next-token target is an adjacent node v′. Next, path-finding examples
are generated from the same graph by picking as input a random leaf node vleaf (a single token)
and as target, the unique root-goal path (a sequence from vroot to vleaf). The model is trained for
path-finding on a subset of such leaves from our fixed graph, and is tested on the remaining leaves.
(We defer results on some harder variants of this topology to §C.2.)

Prior positive results of implicit in-weights reasoning are on small scales of 200 or fewer entities
[76, 43] or on 2-hop tasks [158, 172]. Our first result below sharpens this finding: in a much larger-
scale, much larger-hop path-star task that is adversarially constructed, the model learns implicit
reasoning successfully.

Setup. We use a from-scratch, decoder-only Transformer (GPT-mid) [125]; we corroborate all our
findings on Mamba in §C.1. For the most stable results, we interleave the edge-memorization and
path-finding examples during training as in Fig. 3 and also use pause tokens [52]. We found it is
important to provide both forward and reverse edges for edge-memorization in order to dodge the
reversal curse [123, 9], but this may not be necessary for smaller graphs; see §D.1. Note that this
reverse augmentation is not given for the path-finding examples. All details about the formatting and
the hyperparameters are in §B, followed by additional analyses in §D.

Observation 1a. (Success of implicit in-weights reasoning) On in-weights path-star graphs of as
many as 5× 104 nodes, trained on 75% of the total 104 paths, both the Transformer and Mamba are
able to predict unseen paths when conditioned on held-out leaves with as much as 100% accuracy
(see left plots of Figs. 4 and 8). Similar positive results for some harder graph topologies are in §C.2.
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Figure 4: Success of Transformer in in-weights path-star task. (left) A next-token-trained Trans-
former achieves perfect or highly non-trivial accuracy on large path-star graphs Gd,ℓ (Observation 1a).
(middle) Learning order of tokens. The tokens of a path are not learned in the reverse order i.e., the
model does not learn the right-to-left solution. Thus, gradients from the future tokens are not critical
for success (Observation 1b). (right) Success of hardest-token-only task. In fact, the hardest token
(the first) given the leaf is learned in isolation to non-trivial accuracy (Observation 1c). Success of
this ℓ-fold composition task is hard to explain within the associative memory view (§2.2). Analogous
plots for Mamba are in Fig. 8. We invite the reader to contrast these in-weights task results with the
in-context task ones in Fig. 5.
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Figure 5: Failure of Transformer in in-context path-star task. We report the failure of next-token
Transformers in the in-context version of the path-star task, reproducing results from B&N’24. (left)
Full path accuracy remains at chance level across different small graph sizes. (Middle) Learning
order of tokens with teacherless (multi-token-trained) objective shows a clear right-to-left learning
cascade. (right) The hardest (first) token given the leaf fails to be learned in isolation, contrasting
sharply with in-weights success shown in Fig. 4.

Shortly, we will isolate an even stronger instance of implicit reasoning from this task for analysis.
To get there, let us scrutinize where the argument of B&N’24 may go differently in the in-weights
setting for the model to succeed in Observation 1a.

2.1.1 Where does the path-star-failure argument go wrong in-weights?

Recall that the path-star failure unfolds in two stages. Perhaps one of these stages does not play out
in the in-weights setting. A first possibility could be that the Clever Hans cheat is not picked up here.
The cheat was a simple, left-to-right pattern that fits all but the first token as the unique neighbor
of the preceding ground-truth token that was present as input. Such left-to-right cheats are simpler
than the true right-to-left solution, and thus quickly learned. However, perhaps when the target we
train on is an in-weights path, the cheat is not easy to learn—say, due to the nature of recalling
from parametric memory. A complex cheat may not be learned quickly, allowing gradients from
future tokens to reach the first token representation, in turn allowing the correct, right-to-left solution
to compete and emerge. Indeed, such gradients, termed as pre-caching gradients [167] have been
identified in a line of empirical works in natural language [114, 69, 132, 167, 99]. We summarize
this hypothesis out below:

Hypothesis 1a. (Model may experience future-token gradients) The in-weights path-star task is
solved (Observation 1a) because Clever Hans cheats are not learned quickly enough, allowing
future-token gradients to persist, teaching the model to find the right-to-left solution.
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We can indirectly test for this hypothesis as follows. If the model learned the right-to-left dependencies,
it must also learn the tokens in the reverse order: the unique predecessor of the goal node is the
easiest to identify (under the right-to-left dependencies) and will thus be learned first; the next-easiest
is the next predecessor and so on, until the first node (which depends on all that has been learned so
far). Indeed, in the in-context setting of B&N’24 where they explicitly switch off the Clever Hans
cheat (under teacherless training), such a reverse-learning cascade is observed (Fig. 5). However, we
do not see this in the in-weights setting.

Observation 1b. (No reverse-learning cascade) The target tokens in the in-weights path-star task
are learned in no particular order by the Transformer and Mamba models (see middle plots of Figs. 4
and 8 in contrast with Fig. 5; or see Fig. 24 for side-by-side comparison).

The above observation weakens Hypothesis 1a, encouraging us to search for another one. A second
possibility is that the second stage of the failure of B&N’24 does not trouble us in the in-weights task.
Recall that in this stage, the first token is to be learned in isolation without future-token gradients.
But this is an ℓ-fold composition task, that is theoretically well-understood to be computationally
hard (as we elaborate later). Perhaps, that is not the case for our in-weights task:

Hypothesis 1b. (First-token may be easy to learn) Learning the key decision-making token (the
first token) in the in-weights path-star task is not computationally hard.

Testing Hypothesis 1b is easy: we train the model simply on the first token loss, instead of the
loss over the full path sequence. We find that this task is trivial here, affirming Hypothesis 1b, and
isolating a much stronger and cleaner instance of implicit in-weights reasoning, one that shortly leads
us to our main insight.

Observation 1c. (Hardest, first token is learned in isolation) In the in-weights path-star task with
edge-memorization and only first-token-training examples, both the Transformer and Mamba models
learn the first token in isolation—without any intermediate supervision from other nodes in the path
(Figs. 4 and 8 (right)).

2.2 The contradiction behind learning the hardest token

The fact that the hardest (first) token is learned (as in Observation 1c), we argue, is difficult to square
with the abstraction that parametric memory strictly stores local associations. Concretely, in this
abstraction, the first node requires composing a local associative recall function ℓ-many times: recall
the predecessor of vleaf from the weights, namely vℓ−1, then the predecessor of that, vℓ−2, and so
on. In short, one can write v1 = Predecℓ(vleaf). This recall function takes the shape of a matrix
operation as described below:

Hypothesis 2a. (Local associative parametric memory) The model has memorized the edges of G
such that for an edge (u, v), u ∈ argmaxw(Φ(w)WassocΦ(v)) where intuitively Wassoc encodes
the associations, whereas the embedding Φ is arbitrary and by itself encodes no associations in
graph G. For convenience, Φ may be abstracted as orthogonal embeddings [161, 46, 70, 183, 23] or
random embeddings [111, 22, 17, 160].

With this structure however, the first-token ℓ-fold composition task should intuitively require
Ω(exp(ℓ)) compute to learn—just like the first token was demonstrably hard-to-learn in the in-
context path-star task [B&N’24]. Specifically, learning compositions with gradient-based meth-
ods is known to be empirically hard [141, 2, 55, 49, 1, 2] and proven to be theoretically hard
[97, 28, 119, 141, 164, 144] (in a certain sense1). One way to intuit this is to notice that the opti-
mization task is a search for a needle in the haystack: there is an exp(ℓ) space of possible discrete

1Such hardness results typically only show that some worst-case function in a class of compositional functions
is hard-to-learn; no proclamations are made about how hard it is to learn a fixed function we care about. Indeed,
with contrived initial conditions, a singleton function class can be provably learned [4, 3, 107]. Yet, in practice,
learning a fixed function is hard, proving which has been an open question—until the recent negative results of
Abbe et al. [6], Shoshani and Shamir [144]. These show how the (fixed) full parity function is hard to learn with
gradient descent which, through a reduction, proves that in-context composition tasks are hard to learn [65]. We
leave it as an open question to link our in-weights composition task to one of these hardness results.
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Figure 6: Evidence of global geometry of Transformer in path-star task. (a) In the heatmap, entry
(i, j) is the cosine distance between the leaf embedding of path i (row) and the first-hop embedding
of path j (col). The clear diagonal line implies that embeddings within each path are more aligned,
reflecting global structure. (b) UMAP projection of token embeddings where each point is a node
embedding; color indicates path identity. Different paths form separated clusters (see Fig. 18 for
clearer image). (c) Heatmap for a model trained only on edge-memorization still reveals a level of
geometry, although weaker than in (a). Analogous plots for Mamba are in Fig. 9

compositions, and all but the correct one have an equally miserable loss value; with the loss terrain
rendered flat and the gradients uninformative, the learner is forced to sift through the vast hypothesis
space to find a needle. As a preliminary corroboration, in §E.1, we empirically find that models fail
at this task when the embeddings are frozen.

This barrier could be surmounted if, rather than providing supervision from only the end output of
the composition, there was supervision from each hop, which would cast a graceful loss landscape.
This could mean providing a data curriculum [136, 164, 171, 5, 32] or providing chain-of-thought
supervision [165, 112] or reducing compositionality through various means. Indeed, prior positive
results on implicit in-weights reasoning involve one such aid or the other. First, Khona et al. [76] have
paths of varying lengths (see their Fig 11), which provides an implicit curriculum; they also provide
full path supervision. Furthermore, their test and train paths overlap, reducing compositionality,
potentially allowing the model to stitch substrings it has seen (an ability demonstrated as possible
[161]). Other results [158, 172] are on 2-hop tasks, implying a friendly exponent. Our setting, by
design, offers none of these aids. Our paths have fixed lengths (hence, no implicit curriculum), are
disjoint (so, no test-train overlaps), and require as much as a 10-fold composition (so, a daunting
exponent). What we isolate, therefore, is a stronger and more sterile instance of implicit in-weights
reasoning, one that is cleanly inconsistent within the associative view of parametric memory.

2.3 Two competing data structures for parametric memory

The paradox begins to resolve with observations in Khona et al. [76], Ye et al. [172] that we will
flesh out in our setting. Both find that the nodes of their (smaller) graphs are embedded in a way
that reflects a notion of distance, aiding their respective implicit reasoning tasks. Before extending
this to our much larger graphs, we point out that this observation has profound implications. First,
this presents an altogether different view of parametric memory itself: a memory of atomic facts
that does not take shape as an associative lookup (over arbitrary embeddings) but as a geometry of
highly-organized embeddings. Next, importantly, whereas an associative memory only makes local
information accessible, a geometric memory readily betrays global multi-hop relationships—even
when trained only on local associations, as we establish shortly.

Hypothesis 2b. (Global geometric parametric memory) The model has memorized the edges of
G with embeddings Φgeom such that for an edge (u, v), u ∈ argmaxw(Φgeom(w) · Φgeom(v)) but
furthermore, for any non-adjacent (u, v), Φgeom(u) ·Φgeom(v) reflects some (model’s own) notion of
global closeness in the graph.

The resolution. One can view the two parametric memories of Hypotheses 2a and 2b as two
competing data structures, both representable by a deep sequence model, each yielding its own
learning complexity of the hardest token (much like how a heap or an array would yield different
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search complexities). The local associative memory is analogous to a linked list: for the first token,
this would incur a (benign) ℓ-hop lookahead step but learning this incurs an exponential cost. The
geometric memory is powerful in that it reduces this learning complexity all the way to Θ(1). For
instance, we may expect that the embeddings of all nodes in path i are clustered tightly around a
unique path vector zi. In this data structure, learning the first token given the leaf node is a one-hop
task: simply find a one-hop neighbor of the central node that is best-aligned with Φgeom(v

(i)
leaf). Such

a structure indeed materializes in our massive graphs:

Observation 2. (Evidence of global geometry) For our large path-star graphs, the (token) embed-
dings of the leaf and first node of a path are clustered closer to each other than those of other paths
in both the Transformer and Mamba (Fig. 6 and Fig. 9).

We corroborate similar geometries in a variety of small graphs in Fig. 1 and Section C.3 through more
direct visualizations. While these geometries help make sense of why implicit reasoning succeeds, it
also leaves us with foundational questions, which we lay out in the next section.
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3 The emergence of global geometric memory is not easy to explain

During training, the two types of parametric memory—two equally valid ways to fit the training
data—must compete with each other. Depending on the reader’s prior, the rise of the geometric
memory may seem familiar especially in light of well-known geometries of high-level concepts and
features [36, 117, 102]. While this impression is valid in part, this section carefully isolates aspects
that are unexpected. The nuance is that, unlike known phenomena, what is observed here is in a
memorization task that lacks statistical redundancies. This yields the insight that the geometry cannot
be easily explained by well-understood learning pressures, be it from the architecture, the optimizer,
or the supervision.

3.1 Capacity pressures do not explain geometric memory.

In theories of generalization [110, 177], representations arise from pressures to represent the data as
succinctly as possible, precluding a brute-force lookup. These capacity pressures are either explicit
(e.g., the architecture or the regularizers) or implicit (e.g., biases of the gradient descent optimizer).
For instance, a word may co-occur with thousands of similar contexts in training. A lookup of those
specific contexts is too cumbersome. But fortunately, much redundancy exists in the data. Such
redundancies are compressed away by the learner. From this arises a succinct, elegant geometry
of high-level embeddings—such as the ones witnessed in neural word embedding models [101].
Perhaps, a parallel logic explains our observations.

Hypothesis 3a. (Explicit or implicit capacity pressure) Associative memory is either explicitly
impossible to represent—due to the parameter count or the design of the architecture, especially the
embedding bottleneck—or is implicitly less preferred by gradient descent. This is because geometric
storage is a more succinct representation of the data than associative storage.

Indeed, at first glance, associative storage seems too verbose. All vertices need to be embedded near-
orthogonally—demanding a massive embedding dimension that scales with vertex count n ≈ 104 in
our path-star graphs—followed by a massive n× n associative matrix Wassoc (representing the full
graph adjacency matrix). In contrast, a geometric embedding seems succinct. Each of the d paths can
be arranged along a unique dimension (e.g., Fig. 1 top right), requiring only d-many dimensions in
total (where d ≪ n), supporting the logic of Hypothesis 3a.

This logic can be dismantled as follows. First, we demonstrate that the learner can learn the associative
model, thus questioning the role of explicit pressures. Positive theoretical results in Nichani et al.
[111] (see their Theorem 2) roughly prove that, with m embedding dimensions (all frozen), the
m2 parameters in Wassoc can store m2 many associations. Our models have m ≈ 400 which then
appears reasonable to represent our large graphs associatively. However, this expressivity result
is not a proper refutation: the results of Nichani et al. [111] cannot be rigorously imported to us2,
and besides, there may be yet other explicit pressures that discourage associative memory during
optimization (e.g., normalizations, weight decay). As a definitive refutation, we make an empirical
demonstration: there are optimization settings where geometric memory naturally arises, but in
those very settings, an associative memory can be learned with the embeddings frozen and all else
unchanged. Thus, an associative memory is artificially possible where a geometric memory naturally
arose.

Observation 3a. (Associative memory can be artificially learned with our architectures) On various
tiny graphs and various sequence models (Transformers, Mamba, neural networks) (Fig. 1 and §C.3),
a geometric memory arises naturally even though the same setup learns to represent the data with
the embeddings frozen. This representation is purely associative since only one trainable layer exists
(see §B.2.2).

Thus explicit capacity pressures do not force a geometric memory in place. But perhaps, a geometry
still arises due to implicit pressures from gradient descent to represent succinctly. To refute this, we
refute the underlying premise itself: contrary to intuition, a geometric storage is not necessarily more
succinct than an associative storage. To see why, we first clarify that unlike a typical natural language

2Nichani et al. [111] assume one-to-one associations, but our graphs involve many-to-many associations
which are intuitively harder to represent.
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task, our setting must be recognized as a memorization task (in the sense of Feldman [38]): the
existence of an edge cannot be statistically surmised from the rest of the training set. In other words,
while typical word embedding tasks contain statistical redundancies—which when compressed give
way to simple patterns—no such redundancies exist in our task. Thus, we will show, for certain
graphs, straightforward notions of succinctness does not break the tie between the two ways of
representing the data. Concretely, in generalization theories, the (bit or norm) complexity of a lookup
table is larger than the succinct one by a factor that scales polynomially with the size of the training
set. In contrast, in the path-star or cycle memorization task, this gap reduces to a constant (that can
lie in [1, 2] independent of graph size), implying a weak to no implicit capacity pressure:
Proposition 1. (Geometric and associative memory are roughly equally succinct) For certain
graphs, the complexity of the local associative memory both in terms of bits and ℓ2 norms is either
equal to or at most twice that of the global geometric memory (where equality is achieved if there is
no weight-tying or if only forward edges are stored3). (Proof and more explanations in §E.2)

3.2 Supervisory pressure does not explain geometric memory

Orthogonally, one could attempt to attribute the global geometry to the “global” supervision itself:

Hypothesis 3b. (Global supervision may explain global memory) A global geometry arises over
local associations since the training involves a (global) path-finding objective.

This hypothesis however is already weakened by design in the path-star task. First, path-finding
supervision is not provided for unseen paths, paths which nevertheless exhibit a global geometry.
Next, in the hardest-token-only task, path-finding supervision is applied only on the end-points of
the path; yet a geometry materializes on intermediate nodes (see Fig. 16b). In fact, we give an even
cleaner refutation of this hypothesis by analyzing models trained purely on local supervision (i.e., on
edge memorization):

Observation 3b. A global geometry emerges even in locally-supervised models as seen in the
embeddings of tiny graphs of various architectures in Fig. 1 and §C.3 and in the heatmaps for
the large path-star graph (Figs. 6c and 9c). Additionally, such a locally-supervised model can be
subsequently finetuned purely on the hardest-token task and achieve high test accuracy on path-finding
(§D.3).

To summarize this section, what we demonstrate is a geometric representation that arises in a
memorization task. This geometry can be thought of as the crux of broader geometric phenomena in
language modeling, here emerging without any of the typical statistical redundancies and learning
pressures. This in turn isolates a fundamental aspect of neural geometries that cannot be easily
explained. A more nuanced argument is necessary, perhaps by relying on other notions of complexity
(e.g., flatness or spectral norms) or by directly analyzing the dynamics.

3Note that a geometry appears even when storing only one direction of the edges in the smaller graphs where
both forms of storage must be equally succinct; see §D.1.2.
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4 Geometry arises from naturally-occurring spectral bias, without pressures

Setting aside the competition between the two parametric memories, we can still extract a non-trivial
question: how does gradient descent synthesize global information from mere local supervision,
without various pressures, and what geometry does it produce? To isolate this, we turn to sim-
pler, 1-layer, 1-hop Node2Vec models. These are equivalent to a Transformer, trained only on
edge-memorization, with only an embedding and unembedding layer—thus, associative memory is
architecturally prohibited.4

A precise characterization of what embeddings are learned even in such simple models is an open
question, but a rich line of work (albeit with key assumptions about various pressures outlined
shortly) points to a spectral bias: the learned embeddings often align with the top (non-degenerate)
eigenvectors of the negative graph Laplacian. This indeed holds: the Node2Vec embeddings in
Fig. 1 right column matches the top eigenvectors—called the Fiedler vector(s)—in Fig. 7 left column.
This leads us to a few key insights. First, these eigenvectors happen to be the very source of global
geometries. But secondly, these Node2Vec geometries turn out to be more well-organized than
what the Transformer exhibited (in Fig. 1 middle column). Thus, we conjecture a similar but—in
hindsight—somewhat “adulterated” spectral geometry in Transformers:

Hypothesis 4. (Spectral bias) A Transformer memorizes with a global geometry due to spectral
biases; but there is significant headroom in the quality of geometry, likely because the representation
is adulterated with local associative memory.

A natural next question is to wonder where the spectral bias stems from. Going back to Node2Vec
theories (see §5.6), the literature suggests that similar models rely on the top eigenvectors due to
the explicit pressure of a bottleneck [84, 59, 149, 68] or explicit regularization [75] or an explicitly
multi-hop supervision [124]. Our setting defies all these assumptions.

A further discrepancy in existing analyses is that they are in non-cross-entropy-loss settings with
simpler losses. In these systems, the dynamics simplify nicely yielding a closed-form solution for
the inner products of the embeddings. However, we use the cross-entropy loss (to be faithful to
how sequence models are trained), under which an expression for the inner product is evasive. The
dynamics here may behave in one of many complex ways: it may simply diverge, or it may converge
in direction (like in logistic regression [146]); the converged direction in turn, may be degenerate or
not. Our empirical analysis points to a special dynamic: the system does converge to a meaningful
zero-gradient solution, working its way towards a neat two-fold property, while exhibiting a spectral
bias naturally:

Observation 4. (How spectral bias emerges without typical pressures) In a 1-layer, 1-hop
Node2Vec model with the embedding V ∈ Rn×m of n nodes, with the dynamics denoted as
V̇(t) = ηC(t)V(t) (where C(t) ∈ Rn×n is a time-dependent co-efficient matrix), the converged
solution for our small graphs is such that (a) the columns of embedding matrix V span the graph’s
Fiedler-like vectors, and (b) the co-efficient matrix C has those same vectors in its null space (Fig. 7).
Crucially, this dynamic does not need a low rank constraint; the embedding size m can be larger
than the graph.

We provide in §F an empirically-informed intuition for a “self-stabilizing” dynamic that gradually
filters out lower eigenvectors; we leave open a formal analysis. Admittedly, neither is this analysis
on a deep sequence model, nor does it divulge anything about the competition between associative
and geometric memories. What it does is make progress on an open question for a simpler model. It
also gives us an idea of how and what global information can arise naturally out of local supervision,
devoid of any supervisory, bottleneck-driven, or regularizing pressure.

4Node2Vec cannot implement associative memory at least in the form we care about. A more contrived form
is possible; see §E.3.
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(b) Eigenspace projection of Node2Vec dynamics

Figure 7: Spectral geometry arises in Node2Vec without low-rank pressure (Observation 4) for
tiny Path-Star, Grid, Cycle, and Irregular Graphs (top to bottom). (a) The Fiedler-like vectors
of the graphs encode global structure; this structure mirrors the Node2Vec embeddings shown in
Fig. 1. (b; left) The evolution of eigenvector projections during training. (middle) The embedding
matrix V contracts into space spanned by the Fiedler-like eigenvectors, evidenced by the projection
norm ||VTei||2 converging to a stable, non-zero value; projections of other eigenvectors diminish
towards zero. (b; right) Concurrently, the null space of the co-efficient matrix C subsumes the the
Fiedler-like eigenvectors, in that the norm ||Cei||2 converges to 0. This spectral bias arises without a
low dimensional constraint assumed in literature (embedding size m = 100, much larger than nodes
in graph).

15



5 Related work

Our work consolidates fragments of a nascent phenomenon and weaves together distinct lines of
theoretical and empirical work on memorization, learning compositional functions, and interpreting
model representations. We elaborate on each of these threads below.

5.1 In-weights reasoning tasks

Synthetic graph tasks. Our work consolidates positive results of in-weights reasoning in literature,
and presents a stronger instance of it, removing various confounders that make composition-learning
easy. Khona et al. [76] report successful path-finding on 200 nodes-large in-weights graphs, with
varying path lengths and test-train overlap. Ye et al. [172], Wang et al. [158] report positive results on
much shorter 2-hop tasks over 1000 entities. Geerts et al. [43] look at in-weights transitive inference,
a special type of ℓ-fold composition query where the model is trained on local comparisons and
is queried on more distant comparisons. On settings with 7 objects, Geerts et al. [43] find a clear
difference between an in-context version of this task (where the model struggles) and an in-weights
version (where the model succeeds). Such relational queries are equivalent to giving two nodes along
a path and querying which node is closer to the center of the graph. Our task of finding the first node
is a much harder search task, where one finds the smallest node in an ordered relationship. Nagarajan
et al. [108] discuss the limitations of next-token prediction, including on open-ended in-weights tasks,
in lower data regimes. The fact that their next-token predictor achieves non-trivial performance on
their in-weights task could be attributed to the effects of a geometric memory. Tangentially related is
the positive finding in Yin and Wang [173] that the Transformer can compose in-weights knowledge
given in-context demonstrations. It is worth noting that the (theoretical) arguments in both these
works [108, 173] rest on the associative memory view.

As a negative result, Wang et al. [161] report that, on in-weights graphs of less than 500 nodes,
models are only able to infer already-seen paths or sub-paths, but not beyond them. We suspect this
may stem from the fact that their model is only trained on the paths themselves (while our work and
Khona et al. [76] make the model memorize edge bigrams).

Multi-hop question-answering. A line of work has looked at natural language based two-hop
questions on pretrained models e.g., “What is the calling code of the birthplace of Frida Kahlo?”
(example from Press et al. [122]). Results here have been limited [122, 18] or mixed [169, 170, 14].
Yao et al. [171], Wang et al. [158] study multi-hop queries on synthetic knowledge (with the former on
2-hop queries while the latter explore upto 4 hops) and find that these queries can be learned provided
there is exponential amounts of data, or a curriculum, or very long amounts of training. Balesni
et al. [14] report that models are unable to compose synthetic facts, but can succeed in composing
a synthetic fact with a natural one. Orthogonally, Wang et al. [162] identify that such in-weights
implicit reasoning can be hurt by scaling up the parameters. Perhaps some of these negative results
may be attributed to the reversal curse [15, 9], or the lack of extended computation e.g., we use
pause tokens [52]. A dedicated study of this gap between our synthetic settings and these settings is
important and left for future work.

Reversal curse and (a)symmetric knowledge. The reversal curse [15, 9] is a well-known out-of-
distribution, in-weights failure mode of next-token-trained Transformers. Such models are unable
to recall u given v, when trained to recall v given u, suggesting asymmetric storage in parametric
memory. Fixes for the reversal curse have involved reversed or permuted data augmentation [57,
91, 79, 50]. In our settings, we find that reverse edges are critical to elicit implicit reasoning in our
path-star tasks (see §D.1), but is not necessary to elicit a geometry in the smaller graphs.5 Various
theories have been proposed to understand this failure [87, 183, 157], which may be worth revisiting
under a geometric view. One may also view our contrast between associative and geometric memory
(of a generic graph data) as a generalization of the aforementioned contrast between the asymmetric
and symmetric knowledge storage (of a more specific, disjoint set of associations). We leave it for
future work to discover a nuanced connection between our work and the reversal curse.

5It appears that the observations on small graphs in Khona et al. [76] do not require memorizing the reverse
edges, which aligns with our findings on small graphs.
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5.2 Failure of end-to-end composition learning

While ℓ-fold composition functions are surprisingly easy to express in transformers [136], empirical
results have time and again demonstrated that they are hard to learn through gradient-based methods,
both in traditional deep network settings [141, 2, 55, 49, 1, 2] and more recently in language models
too [112, 88, 30, 121, 176, 130, 30, 64, 145]. Others [12, 65, 142] demonstrate how next-token
learning can trap training at a stage where composition learning becomes a problem. Theoretical
works have attempted to formalize these failures by demonstrating limits due to to expressivity
[97, 28, 119] or sample complexity [141] or computational complexity [165, 65] or in terms of
statistical queries [164]. These results do not prove that a fixed composition function cannot be
learned—only that a worst-case function exists for the given learning algorithm. Proving hardness
for a fixed, singleton function class requires proving hardness of the full parity, a result that has only
been recently proven [6, 144]. Finally, we note that all these results are concerned with composing
in-context information; extending the negative results to composing in-weights information (within
the associative view) likely requires non-trivial extensions, which we point out as an open theoretical
question.

5.3 In-context graph tasks

Graph tasks have been studied extensively in the setting where each context corresponds to a unique
graph. We emphasize that this is a very different setting. Indeed, a takeaway from our work is to be
deliberate not to conflate insights from the in-context setting with that of the in-weights setting (a
distinction that is rarely made explicit in literature).

While Bachmann and Nagarajan [12] identify the path-star topology as a failure case for next-token
learning, Frydenlund [41, 42] demarcate the extent of this failure in the same in-context setting,
whereas Brinkmann et al. [20] report positive path-finding results in other graph topologies. Others
[137, 135] study other in-context graph search and counting tasks. Connections between in-context
graph tasks and spectral biases exist [31, 116] but should not be confused with the spectral bias in
in-weights tasks. While all these works study symbolic graph tasks, other works have empirically
identified the limitations on graphs described in natural language [56, 159, 33]. Kim et al. [77], Ying
et al. [175] propose algorithmic ideas for encoding graphs as inputs to Transformers. Finally, various
failures [104, 35, 152, 153, 154, 143] have been reported on in-context tasks, including planning
tasks, framed as word problems.

5.4 Analysis of Transformer memory

Associative memory. The concept of associative memory dates back to theories of how information
is stored in the brain [90, 166]. These ideas have since been explicitly modeled through various
architectures such as Hopfield networks [63, 129], energy-based models [80], and other modern
Transformer-style inventions [82, 62]. Closest to us are work that analyze how architectures implicitly
behave as associative memory storage, such as in autoencoders [126] or Transformers [17, 22, 111,
44, 139, 148]. We emphasize that this view is sufficient to understand Transformer behavior on
disjoint facts, evidenced by the rich empirical literature built on this view. The geometric view only
seems necessary when the facts become interdependent.

Expressive capacity. Theoretical works have quantified bounds on the expressive capacity of models
when it comes to memorizing sequences [95, 73, 94, 72, 78] as opposed to associations between pairs
of bigrams. These do not comment on the learning dynamics. These works typically assume that the
token embeddings are all well-separated from each other (an assumption that empirically breaks in
our setting). In light of the geometric view, it is necessary to restate expressive capacity bounds in
terms of geometric capacity of a network and the “geometric complexity” of the dataset.

Empirical analyses. Other works [10, 105, 131, 115] have performed careful empirical analyses of
scaling laws for memorization, and quantified memorization in terms of “bits per parameter count”,
known as bit complexity [155], which is related to our notion of bit count in Lemma 1. Zucchet
et al. [184] empirically analyze the dynamics behind how facts are memorized in a model. Others
[89, 178] have proposed methodological improvements to acquiring knowledge in a Transformer; of
relevance to us is the finding in Zhang et al. [178] that training a model simultaneously on both facts
and question-answering is a better way to integrate knowledge into the parameters.
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Mechanistic interpretability. There have been mechanistic investigations into how Transformers
perform fact recall [93, 45] and where facts are stored in a transformer [44] and how it can be edited
[182, 100]. Similar attempts have been made in traditional classifier networks [13, 96, 147]. Directly
related to us are the works of Khona et al. [76] and Yao et al. [171], Biran et al. [18] who perform a
mechanistic interpretability analysis of how multi-hop recall works.

5.4.1 In-context vs. in-weights learning

The dichotomy between drawing information from context vs. drawing information from the weights
has been studied in various angles. Some have looked at this from the aspect of two competing
circuits relying on one source vs. the other [25, 24, 109, 29]. Others have looked at it in the context
of the learning paradigms of in-context learning and finetuning the weights [106, 81]. Closer to us,
the stark in-context vs. in-weights disparity when it comes to handling global relationships has been
emphasized in Wang et al. [158], Geerts et al. [43], for which our results provide further evidence.

5.5 Other foundational works on generalization memorization

Spectral and simplicity bias. The type of spectral bias we study in memorization and sequence
modeling must be distinguished from the one studied in generalization and traditional classification
and regression settings [127, 168, 74, 11, 133, 16]. In these earlier studies, the spectrum is that of
a continuous function or a decision boundary (e.g., say, the Fourier components of a polynomial),
whereas the spectrum we are concerned with is of a discrete, combinatorial object, namely the graph
adjacency matrix. Furthermore, the core idea of these earlier studies is that the topmost eigenvectors
(the lowermost frequencies) are learned first and the rest picked up later, suggesting the need to
early-stop to preserve the top eigenvectors; whereas in our setting, longer training is required to filter
out the bottom eigenvectors.

Memorization. Our work is also orthogonal to the seminal works of Zhang et al. [177], Neyshabur
et al. [110] who were concerned with classical generalization tasks that possess statistical redun-
dancies. Their argument is that explicit pressures cannot explain why representations arise in such
tasks, but implicit pressures may. Our memorization task on the other hand is in sequence modeling,
and lacks statistical redundancies; both explicit and implicit pressures do not suffice to explain the
geometric representations. Our work is also orthogonal to the foundational work of Feldman [38]
who argue that memorizing the quirks of a training set can be necessary for generalization in long tail
datasets.

5.6 Analyses of graph and word embedding methods

Much attention has been given to characterizing what embeddings are learned by various contrastive
losses such as Node2Vec. Most of these are on losses simpler than the softmax loss. However,
a recent line of work on next-token prediction with the softmax loss [180, 179, 151] studies the
geometry of Word2Vec models. The approach here is orthogonal to ours as they make connections
to a support vector machine rather than the graph spectrum. The setting also has certain technical
differences under which the training dynamics turn out to be very different e.g., the model converges
in direction. The difference here likely stems from the fact that in these studies the embedding and
unembedding matrices are not weight-tied and correspond to different spaces (words vs. contexts).

The connection to a graph spectrum has been made in many other analyses. These analyses focus on
simpler loss called the negative sampling loss where the closed form expression for the inner products
is straightforward (namely, the so-called pointwise mutual information (PMI) matrix, as discovered
in Levy and Goldberg [84]). This analysis does not however tell us what exactly the embeddings are.
The connection between these embeddings and the graph spectrum has been established in adjacent
settings, like with DeepWalk [124] (where the objective is explicitly multi-hop), in low-rank settings
like SimCLR [59, 149] or with quadratic losses with early stopping [75] or the softmax loss with
rank 1 [68]. Other analyses of Node2Vec focus on specific types of graphs such as stochastic block
models [34, 60]. We refer the reader to Goyal and Ferrara [51] for a survey of graph embedding
methods. Finally, we clarify that these methods and our insights must not be confused with graph
neural networks [174, 181], where the graphs are not stored in parametric memory, but presented as
input.
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Linear representation hypothesis. A long-studied geometric concept in language models is the
concept of linear representations in analogies [117, 118, 36, 102]. The introduction of certain
concepts often takes a linear direction, surprisingly, independent of context i.e., going from cow to
calf takes the same direction as cat to kitten, independent of the source in the context, (cow, cat).
This linear structure, is related, but neither reducible to nor reducible from geometric memorization.
Many theories have been proposed to model the linear geometry and semantics of these embeddings
[48, 7, 37, 8, 61, 71]. These studies are orthogonal since their contribution lies in identifying what
structures exist in word-context relationships for such geometries to arise in the embeddings. This
is akin to identifying structures in the adjacency matrix, while our analysis is agnostic to such
structures. There are many other complementary analyses of these embeddings, both theoretical [53]
and empirical [103, 27, 26, 85].
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6 Limitations

1. Our positive result of implicit in-weights reasoning is on a purely symbolic task, and on
a specific graph topology (path-star, and tree-star in §C.2). It is unclear how well this
generalizes to other topologies, and to graphs of other sizes.

2. Whether our insights extend to natural language is highly non-trivial, since the way the
entities are tokenized and the way relationships are presented are much more unstructured.

3. We use small to mid-sized Transformers trained from scratch (GPT-mid). We have not
explored the effect of large model sizes or of large-scale pretraining.

4. We emphasize that all our arguments (e.g., about the lack of pressure) are empirical and
informal. Perhaps, a slightly more nuanced form of architectural or statistical pressure
(e.g., more nuanced norm complexity such as flatness of the loss) may indeed explain why
associative memory is less preferred by the model. Conversely, perhaps the lack of pressures
in the learning setup is indeed why the Transformer learns a sub-optimal kind of geometric
memory compared to Node2Vec.

5. Although we illustrate a clear contrast between associative and geometric memory in their
caricatured forms (i.e., as Φ(u)TWassocΦ(v) vs. Φgeom(u) ·Φgeom(v)), it is unclear how to
conceptually disentangle these two modes of storage in a given multi-layered deep network.

7 Conclusion

While the associative view of parametric memory is a simple and highly effective view of neural
networks, we isolate an instance of implicit in-weights reasoning that necessitates a geometric view.
The emergence of this geometry is not easily explained by various pressures in the learning setup,
raising fundamental questions about neural network training. Making some progress into this, we
attribute this to a spectral bias that arises even with local supervision and even independent of the
embedding dimensionality.

Various practical questions arise out of these findings. The elegant geometries of Node2Vec models
indicate that Transformer memory can be made much more geometric. It is also unclear whether
Transformers exhibit such desirable behaviors in more complex graph topologies. Importantly,
empirical works on implicit reasoning in natural language have so far been mixed [122, 18, 169, 170,
14]. More careful empirical research and ideation may be needed to make the geometric view more
broadly applicable. Orthogonally, our findings are of relevance to making choices between parametric
vs. contextual memory, and also between generative retrieval vs. dual encoder retrieval models.

Our work raises the foundational question of when and how associative and geometric memory
compete with each other during optimization, and what factors—such as training time, learning rate,
weight decay—can foster one over the other. To answer these, our insights into the spectral bias need
to be extended from Node2Vec-style architectures (where associative memory is prohibited) to deep
sequence models (where associative memory becomes a competitor). We also hope that our simple
examples can be useful for orthogonal conceptual studies on interpretability, world models, and in
characterizing convergent representations across model families. Broadly, we expect these findings to
inspire revisiting unstated associative assumptions underlying research on knowledge and memory in
language models.
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Appendix

A Detailed background on the path-star task

A path-star graph G = (V,E) is a special tree graph from Bachmann and Nagarajan [12] that has a
central node named vroot with multiple paths emanating from it. One of the leaf nodes is specified as
vgoal. The task is to find the unique path from vroot to vgoal. To solve this task, one may either plan—
by searching over the paths and backtracking—or execute a much simpler solution by following the
unique path back from vgoal, and then outputting the reverse of this path. Although this solution is
algorithmically straightforward, and although a Transformer can even be shown to learn this solution
under a simple multi-token modification to the objective, the next-token objective itself fails to learn
this task even with sufficient amounts of data. Thus, the failure comes from optimization under the
next-token objective. In this sense, the path-star task is known to be a minimal textbook adversarial
example to next-token learning.

In-context path-star task. In the in-context version of the task, the model is given the prefix
p = (adj(G), vroot, vgoal) that provides a randomized adjacency list, and indicates the start and
goal nodes, in the model’s context. The model must then produce the true path as response, r =
(vroot, . . . , vgoal). To cast this as a learning task, we define a distribution Dd,l corresponding to
graphs of the same topology, degree d and path length l. To sample p ∼ Dd,l, we uniformly sample
node values from a vocabulary V to create the graph G; given this, we can randomize the adjacency
list adj(G). Figures 2 and 3 contrast the two evaluation regimes we use throughout: in-weights (edge
memorization & path finetuning) versus in-context (graph in the prompt).

A.1 Failure of next-token learning in the in-context path-star task

Next-token learners trained on samples from the above task are known to fail in-distribution i.e., even
on unseen graphs of the same topology (with only variations in the node identities and adjacency
list randomization), the model uniformly at random picks a path to follow from the center. The
mechanism of failure plays out in two stages during training.

The Clever Hans Cheat. Early on during training, the model fits the later tokens in the target —
concretely nodes v2, . . . , vgoal — as the unique child of the previous token provided in the input
during next-token training. This is known as a Clever Hans cheat: the model uses a local rule that
relies on witnessing part of the ground truth prefix (p, r<i) to predict the next token ri — as against
only using the prefix p to predict the answer tokens. Arguably, this happens because the cheat is
much simpler to learn — as an induction head [113] — than the more complex solutions that rely
only on p (which involves search-and-backtracking or the simpler lookahead-and-reverse). Simpler
predictive features are prioritized early in training [11, 140, 134], which starves gradient signals from
more complex features [120].

The Indecipherable Token. Therefore, in the second stage towards failure, the model attempts
to learn the first token ri—the key decision-making token—purely based on information about the
graph in the prefix p, and without any gradient signal about the later tokens. This is however a
computationally hard “needle-in-the-haystack problem” [165]: the model needs to find a complex end-
to-end algorithm with ℓ subroutines in it, without any intermediate supervision for those subroutines.
The first token thus becomes “indecipherable” and the model simply memorizes it on the training
data; during test-time the model subsequently predicts the first token as a random neighbor, and then
continues following down the path by applying the local follow-the-child rule it learned through the
Clever Hans cheat.

Fig. 5 demonstrates these failure modes empirically, showing that next-token prediction achieves
only chance-level performance on path-star graphs of varying sizes, with the first token remaining
particularly difficult to learn in isolation.
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B Experimental setup

B.1 Graphs, tokens, and data construction

Path-star graphs. We denote by Gd,ℓ a path-star graph with central node vroot, degree d
(number of arms), and path length ℓ per arm. The i-th arm consists of the node sequence
(vroot = v

(i)
0 , v

(i)
1 , . . . , v

(i)
ℓ−1) where the last node in the sequence is v(i)ℓ−1 = v

(i)
leaf.

Vocabulary. Each node is represented by a unique numerical token. We reserve several special tokens:
[PAUSE] (a compute/pause token), [PAD] (a padding token), optional directional tokens (>, <), and
task-specific prefix tokens ([EDGE], [PATH]). The effective vocabulary size is |V| = |nodes|+ 9.

Edge-memorization datasets for local supervision. We form directed bigrams (u, v) when v is a
child of u to define a distribution D→edge. Conversely, we use examples of the form (v, u) where u
is the parent of v to define D←edge; and Dedge is their union. Training sequences of edge bigrams are
simple two-token sequences “u v” sampled uniformly. All these examples, be it forward or backward,
provide only local supervision.

Path-finding datasets. We define a path distribution D→path, where an example is the pair (p, r)

with p = (v
(i)
leaf,

P tokens︷ ︸︸ ︷
[PAUSE], . . . , [PAUSE]) and r = (vroot, v

(i)
1 , . . . , v

(i)
ℓ−1). The leaf node is sampled

uniformly. We finetune on a subset of leaves and evaluate on held-out leaves. Unless stated otherwise,
decoding is greedy (top-1). The arrow in D→path denotes that this is the forward path; we also
experiment with predicting the reverse goal-to-start path, denoted by the distribution D←path.

In-context datasets. Adapted from Bachmann and Nagarajan [12], the prefix contains a randomized
adjacency serialization and (vroot, vgoal); the target is the full path. Where NTP fails in-context, we
use the teacherless objective of Bachmann and Nagarajan [12] for comparison plots (details in §B.3).

B.2 Model architecture

B.2.1 In-weights path-star task experiments

Backbone. The main experiments appearing in §2 use a decoder-only Transformer (GPT-mid) with a
causal mask, pre-norm LayerNorm, sinusoidal positional embeddings [156], GELU MLPs, and tied
input/output token embeddings. Additionally, experiments in §C.1 employ a Mamba sequence model
[54] of comparable scale.

Default Transformer configuration.

• Layers Nlayer = 12, model width mwidth = 384, heads mhead = 8.

• Dropout 0 on attention and MLP blocks (synthetic setting), label smoothing 0.

• Context length set to accommodate the longest training sequence (edges: 2; paths:
ℓ+1+Npause) with margin.

Mamba configuration. The Mamba models in §C.1 use an equivalent depth and hidden dimension
to the Transformer baseline. The sequence model parameters include the state dimension dstate = 16,
convolution kernel size dconv = 4, and expansion factor expand = 2, which follow the standard
values from the original Mamba implementation.

Embedding layer. Token embeddings are stored in V ∈ R|V|×mwidth , with output projection weights
tied to V.

Variants. For larger graphs G104,10, we scaled mwidth proportionally to 784 in our hyperparameter
grid search. For the Mamba architecture, we also varied the expansion factor to 4 and the state
dimension to 32.

B.2.2 Tiny model architectures

For quicker toy experiments on small-scale graphs (§C.3, §D.1.2), including the Tiny Path–Star, Tiny
Grid, Tiny Cycle, and Tiny Irregular graphs, we used reduced-size architectures.
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Models. We evaluated three model types: (1) a Transformer (TinyGPT), (2) a feed-forward neural
network with the same configuration but without attention, and (3) a Mamba model of comparable
scale to (1).

Configuration. For the Tiny Path–Star, Tiny Grid, and Tiny Cycle graphs, all models used a single
layer (Nlayer = 1), embedding dimension mwidth = 32, and mhead = 8. The Mamba variant further
included dstate = 8, dconv = 4, and expand = 2.

For the Tiny Irregular graphs, for all models, we used Nlayer = 3, mwidth = 256, and the Mamba
parameters dstate = 8, dconv = 4, expand = 4. We use a larger number of layers since we found that
otherwise the model does not achieve perfect edge-memorization with frozen embeddings.

Additional details. In associative-memory settings (e.g., left-column visualizations in Figure 1),
token embeddings were frozen. All models employed weight tying between input and output
embeddings.

B.3 Training and optimization

Objective. We use next-token cross-entropy over the causal prefix. For first-token-only experiments,
the loss is restricted to the first target position. Although we train all our models to 50, 000 epochs, we
only need about a couple of thousand epochs to see accuracy gains (e.g., see the per-token accuracy
plots in Fig. 4).

Optimizer and schedule. We use the AdamW optimizer with a weight decay of 0.01. The learning
rate follows a cosine decay schedule with a linear warm-up. In the two-phased edge-memorization
ablation experiment of §D.3, the peak learning rate for edge memorization (Phase 1) is 1× 10−2 and
for path finetuning (Phase 2) is 5× 10−5.

Batching. We used a range of different batch sizes of {64, 128, 256, 512, 1024}.

PAUSE tokens. We append Npause ∈ {0, 2, 4, 6, 10} pauses in D→path to provide compute budget (no
labels on pause positions). The chosen Npause for each Gd,ℓ is given in Table 1.

Table 1: Default hyperparameters by graph size. Values denote the settings used.

Graph Gd,ℓ Nlayer mwidth mhead Npause Peak LR

G5×103,5 (In-Weights) 12 384 8 5 5× 10−5

G104,6 (In-Weights) 12 384 8 6 5× 10−5

G104,10 (In-Weights) 12 784 8 10 5× 10−5

G2,5 (In-Context) 12 384 8 n/a 1×10−4

G10,5 (In-Context) 12 384 8 n/a 1×10−4

G20,5 (In-Context) 12 784 8 n/a 1×10−4

B.4 Evaluation protocols and metrics

Forward vs. reverse. We evaluate forward generation (vroot → vleaf) and reverse generation
(vleaf → vroot). Reverse is algorithmically trivial after edge memorization; forward is the non-trivial
case we care about.

Metrics.

• Exact-match path accuracy / Full path accuracy: fraction of held-out leaves whose entire
path is generated correctly.

• First-token accuracy / Hardest token accuracy: accuracy of the first hop (hardest token)
given the leaf.

• Per-token accuracy over epochs / Token accuracy: accuracy at each target position, tracked
through training (used in Fig. 24).

Baselines. Random choice among d branches gives 1/d first-token accuracy and near-zero exact-
match.
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B.5 Implementation and compute

Code is implemented in PyTorch with standard Transformer components. All runs fit on a single
modern GPU (e.g., A100-40GB); per-figure training time depends on (d, ℓ) and batch size.
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C Experiments on broader settings

In this section, we demonstrate that our findings generalize to various other deep sequence architec-
tures and various other large and smaller graphs.

C.1 Path-star task on Mamba SSM

This section demonstrates that the implicit reasoning on path-star graphs observed for Transformers in
§2.1, generalizes to the Mamba SSM architecture [54] too. Fig. 8 is the counterpart of the Transformer
accuracy plots in Fig. 4; Fig. 9 the counterpart to Transformer heatmaps in Fig. 16; Fig. 10 the
counterpart to the UMAP topology of Transformers in Fig. 18. A notable difference here is that the
Mamba model presents a strong geometry even when trained only on the edges (as seen in Fig. 9c).
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Figure 8: (left) Success of in-weights path-star task for Mamba. This figure is a counterpart
to Fig. 4. A next-token-trained Mamba achieves perfect or highly non-trivial accuracy on large
path-star graphs Gd,ℓ (Observation 1a). (middle) Learning order of tokens. The tokens of a path
are not learned in the reverse order i.e., the model does not learn the right-to-left solution. Thus,
gradients from the future tokens are not critical for success (Observation 1b). (right) Success of
hardest-token-only task. In fact, the hardest token (the first token) given the leaf is learned in
isolation to non-trivial accuracy (Observation 1c). Success of this ℓ-fold composition task is hard to
explain within the associative memory (§2.2).
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Figure 9: Evidence of global geometry in path-star task for Mamba. This figure is a counterpart to
Figs. 6 and 16 for the Mamba SSM architecture. Recall that entry (i, j) is the mean cosine distance
between the leaf token in (an unseen) path i (row) and first/hardest token on (an unseen) path j (col).
Each heatmap corresponds to a different training objective: Left: trained on edges and path-finding
task (Dedge ∪ D→path); Middle: trained on edges and hardest-token-finding task (not presented in
the main paper); Right: edges only (Dedge). We find that even on these unseen paths, the leaf
and first token embeddings cluster together, regardless of whether path-finding supervision exists.
Interestingly, compared to the Transformer in Fig. 16, the Mamba trained only on local supervision
(right) exhibits a much stronger geometry.
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Figure 10: UMAP projection of token embeddings of Mamba exhibits path-star topology. We
corroborate the UMAP [98] observations from the Transformer (Fig. 18) in Mamba SSM here. Each
point is a node embedding; color indicates path identity. Different paths form separated clusters
(although this clustering is weaker than for a Transformer); the central node vroot is excluded since it
is shared across all paths. The graph has degree 104 and path length 6 (including the root). Axes are
UMAP components (arbitrary units). Note that we have re-used each color for multiple paths.
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C.2 Other large, harder path-finding graphs

Next, we consider variants of the path-finding graph. While the path-star graph is adversarially
constructed in certain ways, there is only one decision-making step, which makes planning simpler
in a certain way. To make the task harder, we introduce a branching at every node along each path.
(Similar tree variants have been considered in [42] for the in-context task, but we are interested in
in-weights tasks.)

In the tree-star graph, Td,ℓ, there is a central node with degree d and each child node except the leaf
has a fixed degree of 2, as visualized in Fig. 11a. The path-length from the root to any leaf is ℓ. In this
graph, two types of learning tasks can be considered, depending on how we split the test and training
paths. For a no-overlap setting, we could sample all training paths from one subset of trees, and the
test paths from the remaining trees; we call this the split at first token setting, since the test/train split
is determined by the first token. A second setting—-with some test-train overlap—is one where we
reserve some leaves as training goals, and the rest as test-goals. Here, on any test path, a prefix may
have participated in a training path. We call this the split at leaf setting. Note that in both variants, all
nodes will be sampled as part of the edge-memorization task.

In Fig. 11b, we find that on both variants the Transformer achieves non-trivial path-finding accuracy,
generalizing our results beyond the path-star task. However, we note that the test-train split at the
first token is much harder to succeed at, likely due to no overlaps.
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Figure 11: Transformer achieves non-trivial accuracy on the harder in-weights tree-star task.
The tree-star task of §C.2 introduces decision-making at every step of the path, not just the first token.
There are two variants of this task based on the test-train split. In the split on first token variant
(top-left), we reserve some of the trees for generating training paths, and the rest for test paths. In the
split on leaf token variant (top-right), we reserve some leaves for training and the rest for testing;
some nodes may be sampled for path-finding during both test and train time. In both tasks, we have
visualized a single target path. In the bottom figure, we report non-trivial path-finding accuracies on
both tasks, above random chance defined as 1/num_leaves.
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C.3 Tiny graphs

Besides the large path-star graph (of §2) and tree-star graphs (of C.2), we also report the embeddings
learned on four tinier graphs for various architectures (details in B.2.2); the figures here are an
extension of the Transformer embeddings in Fig. 1. In these experiments, we train the models
purely on local supervision (the edges, presented in both directions) to 100% edge-memorization
accuracy—for each vertex, we ensure that its d neighbors appear in the top d softmax probabilities.
The graphs include (a) a tiny path-star graph with four paths of length 4, (b) a 4× 4 grid graph, (c) a
15-node cycle graph and (d) an irregular graph with two asymmetryic components. Each visualization
includes the embeddings from: an associative memory model (implemented with a neural network
with only one trainable matrix sandwiched between (un)embedding layers), a Node2Vec model, the
eigenvectors of the graph Laplacian, a Transformer’s token embeddings, a neural network’s first layer,
and a Mamba SSM’s token embeddings. For the Node2Vec model we use the top eigenvectors, and
for the rest we use UMAP [98] to choose the top directions.

We consolidate the various observations from these figures (Figs. 12 to 15) here:

Observation 5. In the tiny graphs of Figs. 12 to 15, on various architectures (Node2Vec, graph
spectrum, Transformer, neural network, Mamba SSM), we find that:

1. A geometry arises in all these architectures even without global supervision from a path-
finding task (Observation 3b).

2. The global information in these geometries can be traced back to the eigenvectors of the
graph spectrum (§4).

3. The geometry arises in all three deep sequence models (Transformer, Mamba SSM, neural
network) even though these models can learn the data associatively using the same learning
setup, with just the (un)embedding matrices frozen (Observation 3a).

4. The geometry of the Node2Vec model (which precludes associative memory), is much
stronger than the deep sequence models, suggesting that the deep sequence models may be
adulterated with associative memory (Hypothesis 4).

5. We note that similar geometries arise even with only one direction presented; see §D.1.2.
This is the scenario where both types of storage have the same bit and ℓ2 norm complexity;
thus, there are no straightforward implicit pressures that encourage the geometry (Lemma 1).
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Associative Node2Vec Eigenvectors

Transformer Neural Network Mamba SSM

(Transformer with Frozen Embeddings)

Figure 12: Tiny path-star: Geometries of various architectures on a smaller version of the path-star
graph. See Observation 5.

Associative Node2Vec Eigenvectors

Transformer Neural Network Mamba SSM

(Transformer with Frozen Embeddings)

Figure 13: Tiny grid: Geometries of various architectures on a small 4 × 4 grid graph. See
Observation 5.
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Associative Node2Vec Eigenvectors

Transformer Neural Network Mamba SSM
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Figure 14: Tiny cycle: Geometries of various architectures on a small cycle graph. See Observation 5.

Associative Node2Vec Eigenvectors

Transformer Neural Network Mamba SSM

(Transformer with Frozen Embeddings)

Figure 15: Tiny irregular graph: Geometries of various architectures on a small irregular graph
of two connected components, both asymmetric. See Observation 5. Note that unlike in the other
graphs, we do not use a 1-layer model here, but a 3-layered one.
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C.4 Additional experiments on path-star geometry

In the main paper, we present heatmaps showcasing the distance between the leaf nodes and the first
node in every path. We consolidate these below and also provide an additional path-to-path distance
heatmap.

Leaf–first-hop distance (Fig. 16). In Fig. 16 (an extended version of the heatmaps in Fig. 6), entry
(i, j) is the cosine distance between the leaf embedding of path i and the first-hop (indecipherable
token) embedding of path j. Diagonal entries are low (a leaf lies close to its correct first hop),
while off-diagonals are higher. This structure explains why the first-token-only objective succeeds
in-weights (Fig. 4-(Right)): the k-fold composition map reduces to a local geometric step in the
learned representation.

Path–by–path distance (Fig. 17). Instead of only analyzing the distance between the leaf and first
nodes, we analyze the distance across all pairs of nodes in a path. For each pair of paths (i, j), we
compute the mean distance between all node embeddings on path i and all node embeddings on path
j.

• Diagonal — Intra-Path Distance (i = j): This value is the average distance between all
unique pairs of distinct nodes within a single path. It measures how tightly clustered the
path’s nodes are. A smaller value indicates higher cohesion.

Di,i =
1(
ℓ
2

) ∑
1≤k<m<ℓ

d(v
(i)
k , v(i)m )

• Off-diagonal — Inter-Path Distance (i ̸= j): This value is the average distance between
all nodes of one path and all nodes of another. It measures how separated two distinct paths
are. A larger value indicates greater separation.

Di,j =
1

ℓ2

ℓ−1∑
k=1

ℓ−1∑
m=1

d(v
(i)
k , v(j)m )

We find a similar clustering of nodes within paths here, although the diagonal is generally less vivid.
For the model trained only on edge-memorization, we do not see the diagonal at all.
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Figure 16: Evidence of global geometry in path-star task: Leaf-first-token cosine distance
between node embeddings. We present again the heatmaps from Fig. 6 with an additional heatmap
in the middle. Entry (i, j) is the mean cosine distance between the leaf token in (an unseen) path i
(row) and first/hardest token on (an unseen) path j (col). Each heatmap corresponds to a different
training objective: Left: trained on edges and path-finding task (Dedge ∪ D→path); Middle: trained on
edges and hardest-token-finding task (not presented in the main paper); Right: edges only (Dedge). We
find that even on these unseen paths, the leaf and first token embeddings cluster together, regardless of
whether path-finding supervision exists; however, the geometry is strongest with global supervision
(however, in Mamba SSM, even the locally supervised model shows strong geometry; see Fig. 9).

UMAP projection (Fig. 18, zoomed in version of Fig. 6, middle). A different way to establish
geometry is to directly visualize the paths. As done in Fig. 6, we do this by projecting the token
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Figure 17: Evidence of global geometry in path-star task: Pathwise average cosine distance be-
tween node embeddings. While in Fig. 16, we reported the cosine distance between the embeddings
of the terminal nodes of a pair of (unseen) paths, here we consider an average over all nodes in those
(unseen) paths. In particular, entry (i, j) is the mean cosine distance between nodes on path i (row)
and nodes on path j (col). On the first two settings, as before, we find that the diagonal cells are low,
implying closer embeddings. Thus, a geometry has emerged on unseen paths. However, unlike in
Fig. 6, we do not see any such signal when trained only on the edge memorization task.

embeddings of all nodes with default UMAP settings (neighbors=15, min_dist=0.1). A zoomed
in version of this is presented in Fig. 18. We exclude the root token embedding in these projections
since that is common to all paths. We find that different paths form well-separated clusters, and
within each path cluster, nodes tend to arrange from leaf toward vroot.
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Figure 18: Zoomed in version of Fig. 6: UMAP projection of token embeddings exhibits path-star
topology. Each point is a node embedding; color indicates path identity. Different paths form
separated clusters; the central node vroot is excluded since it is shared across all paths. The graph has
degree 104 and path length 6 (which includes the root). Axes are UMAP components (arbitrary units).
Note that we have re-used the same color for multiple paths.
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D Edge supervision and training dynamics

There are tangential aspects of our training that are worth elaborating on: the role of reverse edges
(§D.1), the role of pause tokens (§D.2), and the role of interleaving edge-memorization (§D.3).

D.1 The role of reverse edges

Reverse edges seem to play a nuanced role in our observations. On the large path-star task in §2, we
find it necessary to augment training on the reverse edges; on the other hand, for the tiny graphs, a
geometry arises even without these reverse edges. Perhaps, reverse edges are needed for larger tasks;
or perhaps, they are necessary to perform implicit reasoning and retrieval. We leave it for future work
to gain greater clarity on this effect, which is tied to the reversal curse [15, 9].

D.1.1 The critical role of reverse edges in the large path-star task

Edge supervision regimes. We evaluate three edge supervision regimes for the fixed in-weights
graph: (i) forward-only edges D→edge, (ii) backward-only edges D←edge, and (iii) their mixture Dedge =
D→edge ∪ D←edge, each combined with path supervision.

We consider two types of path-finding tasks. The first, as discussed in Section 2.1, is a forward
generation (vroot → vleaf) task defined by D→path. Another task is reverse generation (vleaf → vroot),
denoted by D←path. Forward path generation is non-trivial to learn as it involves planning or look-ahead,
and is adversarial towards next-token learning; the reverse path however is trivial to learn on path-star
graphs because each node has a unique predecessor along the target path. We must also clarify that
the presence of reverse edges in itself does not trivialize the forward path-finding task—these edges
provide only local information; thus, the success of the global path-finding task is still non-trivial.

We enumerate our observations from these various edge-supervision regimes below:

Observation 6. (Role of reverse edges) We find in Fig. 19 that:

1. A Transformer trained on only the forward edges, struggles on both forward and reverse
path-finding tasks (see the middle color in Fig. 19).

2. A Transformer trained on only the reverse edges, achieves non-trivial accuracy on the
reverse path-finding task; however, it fails on the forward path-finding task (see the third
color in Fig. 19).

We suspect that the lack of reverse edges either hurts the geometry or hurts the retrieval ability of
the model. On the other hand, the success of the reverse path-finding task with reverse-only edge
memorization could be explained by the fact that the task requires no planning, as discussed in the
remark below.
Remark 1. We note that the asymmetry between forward and reversed path-generation tasks stems
from their algorithmic complexity. The reversed path generation is algorithmically trivial on path-star
graphs because each node has a unique predecessor along any target path—the model simply needs
to follow the unique backward edges. Forward generation, however, requires planning (examine each
outgoing path) or lookahead (track the reverse path without explicit chain-of-thought and reverse it).
Indeed, for the in-context task of B&N’24, the model fails on the forward task, but strikingly succeeds
on the reverse task, as corroborated in Fig. 20 (right). Even in the in-weights setting Fig. 20 (left),
the reverse path is generally quicker to learn and yields higher accuracy.
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Figure 19: Mixed edge supervision enables forward path generation while forward-only fails due
to reversal curse. Exact-match accuracy on held-out leaves for multiple path-star graphs (varying
degree d and path length ℓ). As established, training on mixed edges Dedge yields high non-trivial
forward accuracy across graphs. But training on forward-only D→edge fails on both the forward and
reverse tasks. This is indicative of the reversal curse. With backward-only edges (D←edge) the model
attains high accuracy primarily on reverse path generation for smaller graphs, This can be reconciled
by noting that generating the reverse path is an easier retrieval task. Random forward path accuracy
is 1/d.
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Figure 20: Forward vs. reverse path generation: The figure contrasts the model’s performance
on forward (start→leaf) and reverse (leaf→start) path generation tasks for path-star graphs learned
either in-weights (left) or in-context (right). While both methods achieve perfect accuracy on the
algorithmically simple reverse path task, their performance on the forward task differs dramatically.
(left) The in-weights model succeeds at the forward task, which requires planning and look-ahead,
demonstrating high accuracy even on large graphs with thousands of nodes. (right) In contrast, the
in-context model completely fails at forward path generation. This stark difference highlights the
superior capability of in-weights learning to internalize and utilize complex graph structures.
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D.1.2 Tiny graphs with uni-directional edge-memorization

In Fig. 21, we revisit our tiny graphs in §C.3, and examine the embeddings of a Transformer when it
memorizes only one direction of the edges. We find that a geometry still arises, although a bit weaker.

Geometric Memory
Transformer

Learned Embeddings
(Forward-Only Edges)

Transformer
Learned Embeddings

(Bi-directional Edges)

Grid Graph

Path-Star 

Irregular Graph

Cycle Graph

Figure 21: Embeddings of a Transformer with bi-directional vs. uni-direction edge memoriza-
tion. With our smaller graphs, we find a geometry arise regardless of whether the model is made to
memorize both or only one direction of each edge. However, the geometry is weaker (e.g., for the
grid graph) under uni-directional memorization.
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D.2 Pause tokens for computational slack

In the same in-weights path-finding task of §2, we find that it is helpful to insert pause tokens [21, 52]
to achieve quicker accuracy gains during training. Pause tokens are added by appending dummy
tokens to the prefix of the path-finding task both during training and inference.

Fig. 22 shows that adding a short sequence of pause tokens after the prompt reliably boosts exact-
match accuracy across graphs, for a given amount of training time. Increasing the number of pause
tokens increases speed of convergence.
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Figure 22: Pause tokens boost convergence speed of in-weights path-star path-finding task of §2.

D.3 (Not) Interleaving edge-memorization

In all our experiments, we have interleaved edge-memorization examples with path-finding examples.
An alternative training method would be a two-phased approach, where we first enforce edge-
memorization, and then follow up by finetuning on the path-finding task. We found this to be less
stable, e.g., the model achieves a peak accuracy momentarily, only to deteriorate dramatically right
after. This is a manifestation of the well-known effect that finetuning has on parametric memory
[86, 92]. Since this is a confounding effect, we do not choose this regime for our experiments.

However, we confirm that even in this regime, our models do achieve a high peak accuracy (see
Fig. 23). The fact that the composition task is learnable in this regime implies that the edge-pretrained
model must have come with an adequate global geometry despite being trained only on local
supervision (Observation 3b).
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Figure 23: Locally supervised model succeeds at path-finding task. We report the peak accuracy
under finetuning an edge-memorizing model on our path-finding task of §2. We emphasize that
this accuracy value is only reached momentarily, and typically deteriorates quickly during further
finetuning. Nevertheless, this suggests that local supervision alone was adequate to synthesize a
global geometry (Observation 3b). Learning rates of the two phases are given in §B.3.
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D.4 Learning order of tokens

For clarity, in Fig. 24, we provide a side-by-side contrast between the order in which tokens are
learned in the in-weights setup (with next-token prediction) and the in-context setup (with multi-token
prediction).
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Figure 24: Learning dynamics per token. (a) In the in-context setting of G2,5 (trained with a
multi-token, teacherless objective since standard next-token prediction fails), later tokens are learned
first indicating strong reliance on future-token signals. (b) In the in-weights setting of G104,6 with
next-token prediction, token accuracies rise largely in tandem (or in a somewhat confusing order);
the first token is not selectively driven by future targets.
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E Proofs about representational complexity

E.1 Empirical failure of composition learning under associative memory

As discussed in §2.2, it is well-known that certain compositional tasks are hard to learn empirically;
theoretically, this has been proven in a certain sense. However, these prior discussions involve
composing information available in the context, rather than in the weights. To test this intuition in
our in-weights composition task, we design an experiment where we freeze the embeddings of a
Transformer and train it on our path-star task. If the model succeeded in this task, it may mean one of
two things: either the model develops a geometric memory in a subsequent layer, or the model does
in fact efficiently learn how to compose associative matrix operations—going against our intuition
derived from prior limits on composition learning. However, we find that even after 50, 000 training
epochs (using the same GPT-mid architecture described in Table 1 and §B.2.1, except with frozen
token embeddings; and the optimization hyperparameter grid search reported in §B.3), the model
fails to learn the in-weights path-star task. We believe, this is preliminary evidence that associative
memory indeed struggles to learn compositional in-weights tasks. A fleshed-out proof of this negative
result is left for future work.

E.2 Succinctness does not break the tie: Proof of Proposition 1

In datasets where redundancies exist, the complexity of a lookup table scales quickly with the training
set size (say n), whereas the more succinct solution does not (or at worst, grows polynomially slower).
For example, if the data is linearly separable in some constant dimensionality, the linear classifier
can be described in a constant number of bits, whereas a lookup table (such as a nearest neighbor
model) would require n bits. However, this wide disparity in complexity does not necessarily surface
in our setting, which is a memorization task without redundancies. Concretely, at least in terms of bits
and ℓ2 norms, there are simple graphs where both the geometric and associative views are equally
complex—there is no factor of n, which in our case should be the edge count or the vertex count of
our graph. We informally prove this below.

We first roughly derive the bit and norm complexity for a general graph, showing how an associative
memory scales with the edge count, whereas a geometric memory scales with the vertex count. Then,
we argue how this resolves to similar values for graphs like the path-star or a cycle, where the edge
count and the vertex count are the same (almost).

Notation. We let |V | be the number of entities and |E| the number of associations.

Proposition 2. (Bit complexity) Storing a graph G = (V,E)

• with associative memory requires |E| log |V | many bits (with a multiplicative factor of 2 if
both direction of the edges must be stored).

• with geometric memory requires |V |m log∆ many bits where m is the embedding dimen-
sionality, and ∆ is the number of cells along each dimension required to avoid collision.
This is doubled if (un)embedding weights are not tied.

Proof. In the local associative view, given as input any vertex u, we must be able to lookup the vertex
IDs of its neighbors. Thus, at the position of this vertex, we need a total of d(u) log |V | many bits
(where d(u) is the degree, and log |V | is the bit length of each ID). Summing this over all vertices
gives us |E| log |V | many bits (since the sum of all degrees must equal the edge count). Note that an
extra factor of 2 appears if both the direction of the edges must be stored.

In the geometric embedding, each vertex is stored as a vector in m dimensions. Each dimension must
store one of ∆ values, which requires log∆ bits. Summing this up across all dimensions and vertices
gives us the result. This is doubled if the unembedding matrix is not weight-tied.

Proposition 3. (ℓ2 norm complexity) Given a graph G = (V,E), and without loss of generality,
given the margin constraint that if u is a neighbor of v, then f(u)[v]− argmaxw/∈nbr(u) f(u)[w] ≥ 1
(f(u)[v] denotes the logit of predicting v given u; and w is a non-neighbor), then
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1. associative memory requires ℓ2 norm of at most
√

|E| with an extra factor of
√
2 if both

directions must be stored.

2. geometric memory requires an ℓ2 norm of at least
√

|V | with an extra factor of
√
2 if

(un)embedding weights are not tied.

Proof. Recall that associative memory takes the form f(u)[v] = Φ(v)TWassocΦ(u). Without loss
of generality, if we assume that the embeddings are one-hot vectors in R|V |, we can set Wassoc to be
the adjacency matrix to satisfy our margin constraint. The ℓ2 norm (of the free parameters in Wassoc)
is
√
|E|.

In the geometric view, recall that f(u)[v] = Φgeom(v)
TΦgeom(u). To have Φgeom(v)

TΦgeom(u) > 1,
we need ∥Φgeom(v)∥2 + ∥Φgeom(u)∥2 > 2. Thus, roughly, all embedding norms must be at least 1,
implying that

∑
u ∥Φgeom(u)∥2 ≥ |V |.

Proof of Main Lemma 1

Proof. Our proof follows from the fact that for graphs like the path-star graph and the cycle graph,
the edge count and vertex count are nearly equal. Thus, both notions of complexity—the associative
scaling with the edge count and the geometric with vertex count—can be shown to reduce to similar
values here from the above propositions.

This is straightforward to see for ℓ2 norm based complexity based on Lemma 3. For the bit complexity
estimates, from Lemma 2, we know that associative memory costs |V | log |E| many bits; for the
geometry, we need to pin down the values of the embedding dimension m and the cell count ∆.

The path-star graph can be embedded such that each path is stored along a unique dimension (thus
totally m = d dimensions), and each dimension can be gridded into ℓ many cells. This requires a
bit complexity of |V |d log ℓ. For a more ambitious geometry, we could be further squeeze this into
log d dimensions while still keeping the paths well-separated (by the Johnson–Lindenstrauss lemma),
resulting in |V | log d log ℓ bits. This is still greater than the cost of associative memory which is
approximately |V |(log dℓ) = |V |(log d+ log ℓ).

A similar argument works for a cycle graph. Here, we can embed in m = 2 dimensions, with a
cell count of |V |/2, thus totaling 2|V | log(|V |/2) bits for geometric memory, again greater than
|V | log |E| when |V | = |E|.

E.3 Node2Vec can represent a form of associative memory

In the standard associative memory view that we have discussed, associations are represented through
the function Φ(v)TWassocΦ(u). However, dual encoder models like Node2Vec can only represent
functions of the form Φ(v)TΦ(u). While this precludes the form of associative memory we care
about, it still allows a contrived form of associative memory when there is a sufficiently large
embedding dimensionality. Below we show that given a set of edges E, and a dimensionality of
|E|, we can construct embeddings such that the dot product of two adjacent vertices are high, but
any non-adjacent vertices have zero dot product.6 In this sense, only local information is captured,
whereas no global geometry is.
Proposition 4. Dual encoder models like Node2Vec can represent memory associatively with an
embedding dimensionality of |E| where E is the set of pairwise associations.

Proof. Assume that each node is embedded in an |E|-dimensional space, where the ith dimension
corresponds to the ith edge. Then, for edge (u, v) we assume that the embedding of u and v both
are set to 1 along the dimension corresponding to (u, v). Notationally, if the edges are indexed
as 1, 2, . . ., then Φ(u)i = 1[u ∈ ei], where 1 is the indicator function. Then, we have that
Φ(u) · Φ(v) = 1[(u, v) ∈ E]. Thus, the dot products capture only local information. Any two
non-adjacent vertices have a zero dot-product. No worthwhile geometry exists.

6We suspect this should also be a lower bound i.e., such a large dimensionality must be needed to represent
associatively in Node2Vec.
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F Detailed analysis of spectral bias in Node2Vec

Let G be a graph of n nodes {1, 2, . . . , n}. Let A ∈ Rn×n be the adjacency matrix, D ∈ Rn×n the
diagonal degree matrix, and let the embedding of the nodes be denoted by V ∈ Rn×m, where m is
the embedding dimensionality. Let L = (I−D−1A) + (I−D−1A)T denote the asymmetrically
normalized random walk graph Laplacian. The second topmost eigenvectors of −L are called the
Fiedler vectors; we refer to them and the next few eigenvectors as Fiedler-like eigenvectors. The
topmost eigenvector of −L is a degenerate eigenvector of (approximately) all 1s.

Node2Vec setup. We consider the simplest Node2Vec model, where the embeddings are directly
parameterized by V. We consider a 1-hop objective (where the neighborhood is defined by the
immediate neighbors rather than by more distant ones discovered by a random walk). Note that our
objective uses the full softmax loss:

JNode2Vec(V) = max
V

∑
i

1

|nbr(·)|
∑

j∈nbr(i)

log
exp(vT

i vj)∑
k exp(v

T
i vk)︸ ︷︷ ︸

p(i,j)

, (1)

where nbr(·) denotes the neighboring vertices in graph G. The above (degree-normalized) objective
resembles optimizing over a sequence dataset where we sample the first vertex uniformly, and the
second vertex uniformly from its neighborhood.

Let P ∈ Rn×n be the matrix of probabilities p(i, j), where:

P = row_softmax(VVT). (2)

The dynamics of the Node2Vec algorithm can be expressed as below:
Lemma 5. The update on the representations under gradient maximization of the Node2Vec objective
in Eq 1 can be written as:

∆V(t) = ηC(t)V(t) where, C(t) = (D−1A−P(t)) + (D−1A−P(t))T︸ ︷︷ ︸
co-efficient matrix

(3)

We prove this in §F.4.

F.1 Challenges of analyzing the dynamics

Unlike previously-studied dynamics which simplify nicely, this system may behave in one of many
ways. For one, it may simply diverge, but if we are a bit lucky, it may at least converge in direction
(like in logistic regression [146]); but then, this direction then may be degenerate—an all-one
representation could potentially be a stable direction—and perhaps nice directions are visible only if
we analyze with early-stopping. One way to get a handle of this would have been to show that in the
limit, we have C(t) → 0; solving this could then spell out the (limit) probability matrix P, if not
the inner products VVT themselves. However, we find that C cannot be zero as that would require
the self-probability term p(i, i) = 0, which is infeasible. This closes all obvious analytical routes to
understanding this system, so we turn to an empirical study.

F.2 Empirical intuition of the dynamics

Empirically, we find that the model tends towards a gradient-zero state by working its way toward
satisfying a two-fold constraint in Observation 7. First, the column space of V(t) converges to the
top eigenvectors of C(0)—which is approximately the negative of the Laplacian L. Concurrently,
C(t) itself converges such that its null space matches these eigenvectors. Together then, the update
∆V(t) in Lemma 5 must become zero.

Observation 7. We find that ∆V(t) → 0 through the following concurrent behaviors:

• The null space of C(t) spans the top eigenvectors of −L.
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• The column space of V(t) converges to the top eigenvectors of −L.

Crucially, we find that this can happen (a) even without a constraint on the dimensionality m and (b)
this requires no early-stopping (see Remark 2 for a more nuanced discussion of this).

We lay out our empirical intuition below, deferring a more mathematical description of the same to
the following section. First, we postulate a key invariant during training: the eigenvectors of the co-
efficient matrix C(t), the probability matrix P(t) and the embeddings V(t) all remain (inexplicably)
stable during training. In particular, since the system begins with P(0) ≈ I, and so C(0) ≈ −L all
these eigenvectors are then fixed as the eigenvectors of the normalized random walk graph Laplacian .

Next, we find that the eigenvalues of the co-efficient matrix C(t) begin negative, gradually approach-
ing zero. The top eigenvectors reach zero first, achieving the second condition in Observation 7. That
the values begin negative follows from the fact that the co-efficient matrix begins as the negative
graph Laplacian. That these values approach zero follows from the fact that embedding vectors
become less orthogonal over time; this in turn reduces the eigenvalues of P(t), which increases the
eigenvalues of C(t).

Next, due to the negative eigenvalues of C(t), the embeddings V along the lowermost eigendirections
quickly diminish, achieving our first condition. Note that this means we do not want early-stopping;
unlike in the quadratic loss formulation of Karkada et al. [75], it is longer training that filters out
the lower eigenvectors. (Although, the existence of a degenerate eigenvector complicates this; see
Remark 2). This achieves the first condition in Observation 7.

Observe that this argument does not require any upper bound on the size of the embedding space.
It is unclear if a more succinct, margin-maximizing or norm-minimizing view of these dynamics is
expressible.
Remark 2. (The degenerate vector and early-stopping) When the graph Laplacian is symmetrically
normalized (e.g., D−1/2AD−1/2−I), the top-most eigenvector of the graph Laplacian is a degenerate
vector that assigns a constant value to all nodes, and provably corresponds to a zero eigenvalue.
However, in our setting, this eigenvalue is slightly above zero, likely due to the asymmetric nature of
our Laplacian. Therefore, as we train for longer, the model would become degenerate thus requiring
early-stopping. However, this is a conceptually different reason to early-stop than the one in Karkada
et al. [75]. Here we may need to early-stop to prevent collapse to the top eigenvector, whereas in
Karkada et al. [75], it is to prevent expansion to bottom eigenvectors.

F.3 Mathematical description

Below, we provide a more mathematical description of the above summary by dividing it up into
various propositions. Our proofs for these propositions are highly informal. However, our propositions
hold in practice without our simplifying assumptions (at least in the graphs we study). We leave it for
future work to deliver a rigorous proof and a more clearly characterized theorem statement.

First, we note that the co-efficient matrix approximately begins as the negative graph Laplacian for
an appropriately large initialization. (Without this assumption, we may still make a connection to a
graph Laplacian-like object).
Assumption 1. We assume a sufficiently large magnitude or embedding dimensionality of random
initialization such that the initial embeddings are nearly orthogonal as V(0)V(0)T ≈ cI.
Fact 1. Under Assumption 1,

C(0) ≈ −L = (D−1A+ (D−1A)T − 2I). (4)

Proof. At time t = 0, the embeddings V(0) are all random, and hence nearly orthogonal to each other
i.e., V(0)V(0)T ≈ cI, where c is some constant that depends upon the magnitude of the random
initialization. Since P = row_softmax(VV(t)), for a sufficiently large c, P(0) ≈ I, proving our
claim.

Next, we make the empirical observation that the eigenvectors of P+PT match the eigenvectors
of the embedding inner products VVT . Note that P is related to the inner product via a non-linear
row softmax operation, rendering a proof of this observation highly non-trivial. We assume this
observation (without even an intuitive proof) for the rest of our discussion.
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Observation 8. (Eigenvectors remain unchanged under a row-softmax transform) The eigenvectors
of P(t)+P(t)T at any time t, are also approximately the eigenvectors of the embeddings V(t)V(t)T ,
appearing in the same order.

From the above observation, we can conclude that the eigenvectors of the system match the Laplacian
throughout training. This follows by how the updates reduce to muplications between matrices
sharing the same eigenspaces.
Proposition 6. (Time-invariant eigenvectors match that of the Laplacian) With Assumption 1
and by assuming Observation 8 as a given, we have that for all t, the quantities C(t),P(t) +
P(t)T ,V(t)V(t)T have the same eigenvectors as that of the negative Laplacian −L.

Proof. At any time t, we can write the embedding vectors as

V(T ) =

T−1∏
t=0

(1 + ηC(t))V(0), (5)

and so the inner product as

V(T )V(T )T =

T−1∏
t=0

(1 + ηC(t)) V(0)V(0)T︸ ︷︷ ︸
≈cI by Assumption 1

T−1∏
t=0

(1 + ηC(t))T (6)

≈ c

T−1∏
t=0

(1 + ηC(t))(1 + ηC(t))T . (7)

From here, we inductively prove our claim. At t = 0, it is indeed the case that C(t),P(t),V(t)V(t)T

all have the same eigenvectors as L either by Fact 1 for C(0), or trivially since P(t) and V(t) are
orthogonal matrices. We assume this is true for all t until T − 1. Then, by the above equation, it is
also true that the inner product VVT shares these eigenvectors. By invoking Observation 8, we can
say that the same is true of the probability matrix P+PT . Subsequently, this is true of C(t), which
equals D−1A+ (D−1A)T + (P+PT ). (Note that the first term here has the same eigenvectors as
−L as it is off only by the identity matrix.) This proves our inductive assumption.

Next, we begin to bound the eigenvalues of the system. For the sake of our informal proofs we make
some simplifying assumptions that make our matrices approximately symmetric; however, we do not
need these assumptions in practice.
Assumption 2. For theoretical convenience, we assume that:

• P ≈ PT .

• the embeddings (i.e., the rows of V) are of equal ℓ2 norms.

• the degrees of all nodes are roughly equal.

Now, we can observe a bound on the eigenvalues of the probability matrix.
Proposition 7. (Eigenvalues of the probability matrix) Under Assumption 2, the eigenvalues of
P(t) +P(t)T are such that:

1. their sum is upper bounded by 2n (where n is the number of nodes).

2. they are each approximately bounded in [0, 2]

Proof. For the first result, recall the fact the sum of eigenvalues is the trace of the matrix. Since each
diagonal term is at most 2 (it is 2p(i, i)), the trace is atmost 2n. This requires no special assumptions.

For the bounds on each eigenvalue, we can rely on the Gershgorin Circle theorem, which states that
the eigenvalues lie in the union of discs centered at the diagonals p(i, i), each with radius equal to the
sum of the absolute off-diagonal terms,

∑
j ̸=i p(i, j). The upper bound is then equal to the sum of the
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rows. For P(t), this sum is equal to 1 due to the row-softmax operation. Assuming PT ≈ P—which
is approximately true in practice, especially if the node degrees are uniform (but not always)—, we
can conclude that the upper bound is approximately 2.

For the lower bound, if we have that the self-probabilities p(i, i) are the largest in any row, then the
lower bound p(i, i)−

∑
j ̸=i p(i, j) is at least zero. This is indeed the case if the embeddings of all

nodes are of approximately equal norms, in which case the inner product VVT is highest along the
diagonal.

Proposition 8. The eigenvalues of D−1A+ (D−1A)T approximately lie in [−2, 2] assuming that
the nodes have approximately uniform degree as in Assumption 2.

Proof. The diagonal of D−1A is 0 (assuming no self-loops in the graph), while the off-diagonal
values are all positive and sum up to 1 in each row. When the node degrees are approximately uniform,
D−1A ≈ (D−1A)T . From the Gergshgorin circle theorem, the eigenvalues lie in the union of discs
centered at the diagonal (from the above, 0) with radii equal to the sum of the absolute off-diagonal
terms (from the above, 2), thus proving our claim.

Now, we can establish the conditions in Observation 7, namely, the convergence of the null space of
the co-efficient matrix from Observation 1c, and then the convergence of the embedding vectors.
Proposition 9. Under Assumption 2 and Assumption 1, at any time instant t, the eigenvalues of C(t)
are all strictly negative (except for the topmost eigenvalue, which is of a degenerate all-1 eigenvector,
and is approximately zero), and this is so until when the top eigenvectors of the Laplacian converge
into the null space of C(t) (i.e., their eigenvalues become zero).

Intuition. Recall that C(t) = D−1A+ (D−1A)T − (P+PT ). The eigenvalues of the first term
lie approximately in [−2, 2] from Lemma 8, while that of the probability term lie in [0, 2], from
Lemma 7. Note that eigenvalues of the probability matrix all begin uniformly at 2 in the beginning
(as P(0) = I, by Fact 1 under Assumption 1), as a result of which the initial eigenvalues of C(t)
start at or below 0.

While the embeddings are initialized orthogonally under Assumption 1, they become less orthogonal
during training, leading to a gradual decrease of the diagonal self-probability terms in P + PT .
Intuitively, this also means that the eigenvalues of P+PT must themselves all decrease from the
initial value of 2 (based on Lemma 7). In turn, the eigenvalues of C(t), which begin negative must
gradually inch toward zero. The topmost eigenvalues—which are closest to zero—are the first to
reach zero.7

Proposition 10. (Embeddings converge to top eigenvectors) Assuming Observation 8 as a given, for a
sufficiently small learning rate η, with increasing timestep t, the column space of V(t) converges to the
top eigenvectors of the negative graph Laplacian −L, independent of the embedding dimensionality.

Proof. We can examine the dynamics of each embedding dimension separately.8 For the embedding
dimension j = 1, 2, . . . ,m, let rj ∈ Rn denote the jth column of the embedding matrix V. The
dynamics of this column (we drop the index j for the moment) at any timestep t can be isolated as:

r(t) =

T∏
t=0

(1 + ηC(t))r(0). (8)

Given that C(t) have time-invariant eigenvectors (by Lemma 6), this can be further simplified as

r(t) = E

(
T∏

t=0

(1 + ηΛ(t))

)
ET r(0). (9)

7Note that this is not straightforward to show. It is possible that the even if the initial eigenvalues are very
close to zero, they approach 0 slower than farther off values.

8This is possible only in a dual-encoder, Node2Vec style architecture. In a Transformer for example, there
are cross-dimensional interactions, due to the associative weight matrix Wassoc that interfaces between the
embedding and unembedding layers.
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Given that the eigenvalues in Λ are all less than or equal to zero (by Lemma 9), the term (1 + ηΛ(t))
must consist of a diagonal of values in [0, 1] for an appropriately small learning rate. Furthermore, as
T becomes large, the values of the top eigenvectors (which have the least eigenvalues, and therefore,
the largest value of 1 + ηλi(t)) must come to dominate. Then, as t increases, we can express the
embedding dimension as an affine combination of some top K eigenvectors (where the coefficients
depend on how the embedding dimension was initialized):

r(t) ≈
K∑

k=1

(∏
t

(1 + ηλk(t))r(0) · ek

)
ek. (10)

F.4 Deriving the dynamics

We provide proof of Lemma 5 which expresses the dynamical system of our Node2Vec objective in
Eq 1.

Proof. For a pair of nodes with embeddings u ∈ Rm,v ∈ Rm, the probability value of the edge
(u,v) can be written as:

p(u,v) =
exp(u · v)∑
v′ exp(u,v′)

. (11)

Let N(u) denote the neighborhood of the node u, and Nu, its degree. Let Ju denote the summand in
the objective function specific to that node:

Ju(V) =
1

|N(u)|
∑

v∈N(u)

log p(u,v) (12)

We now compute the derivative of Ju with respect to itself u:

∂Ju(V)

∂u
=

1

Nu

∑
v∈N(u)

 v︸︷︷︸
numerator

−
∑
v′ ̸=u

p(u,v′)v′ − 2p(u,u)u︸ ︷︷ ︸
denominator

 (13)

=
1

Nu

∑
v∈N(u)

v −
∑
v′ ̸=u

p(u,v′)v′ − 2p(u,u)u (14)

Next, we compute the derivative of Jw with respect to u for nodes w ̸= u :

∂Jw(V)

∂u
=

1

Nw

∑
v∈N(w)

1[u = v]w︸ ︷︷ ︸
numerator

− p(w,u)w︸ ︷︷ ︸
denominator

 (15)

=
1

Nw

∑
v∈N(w)

1[u = v]w − p(w,u)w (16)

(17)

By writing the above expressions as a matrix formula, we get the dynamical system claimed in
Lemma 5.
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