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We present a practical design framework for high-fidelity quantum control in coupled Kerr-
nonlinear oscillators, directly addressing the challenge of spectral crowding. We show that systematic
spectral degeneracies, which hinder selective addressing, are a direct consequence of rational Kerr-
nonlinearity ratios (K1/K2). Our solution is a universal architectural principle: engineer this ratio
to be a complex rational value, approximating an incommensurate number to systematically elimi-
nate parasitic resonances. Using a Magnus expansion, we derive a complete effective Hamiltonian,
including all Stark-shift corrections, to accurately target transitions. We numerically validate this
framework by demonstrating protocols for the deterministic synthesis of NOON states, and high-
photon-number Fock states, achieving ideal fidelities exceeding F > 99.9%. The protocols are shown
to be robust against environmental decay and thermal effects. This work provides an architectural
blueprint for bosonic processors in circuit QED and establishes foundational principles that could
inform future designs of multi-mode quantum systems.

I. INTRODUCTION

The precise control of interacting quantum systems
represents a central challenge in modern quantum sci-
ence, with critical applications in quantum computa-
tion, simulation, and metrology [1–12]. Networks of cou-
pled bosonic modes have emerged as particularly promis-
ing platforms, experimentally realized in superconduct-
ing circuits [13–16], trapped ions [17, 18], and optome-
chanical systems [19]. The infinite-dimensional Hilbert
space of bosonic modes provides a powerful resource
for hardware-efficient quantum error correction through
bosonic codes [20–23], enabling demonstrations of fault-
tolerant quantum operations [22, 24, 25].

A fundamental requirement for harnessing these ca-
pabilities is the ability to selectively address individual
quantum transitions. In single-mode light-matter sys-
tems governed by the Jaynes-Cummings model [26, 27],
the quantum Rabi model [28], and the Dicke model [29],
such selectivity is well established. Through the strategic
application of Stark-shifting fields, the resonance condi-
tions for Rabi oscillations can be precisely tailored to spe-
cific Jaynes-Cummings doublets while keeping all other
transitions in a dispersive regime. This principle un-
derpins protocols for state preparation and tomography
in cavity quantum electrodynamics (QED) [30–32] and
trapped ions [33–36].

Extending this selective control to multimode systems
presents substantially greater challenges. As the num-
ber of modes increases, the growing density of transi-
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tion frequencies leads to spectral crowding, where control
fields inevitably excite off-resonant transitions. Recent
mitigation efforts have focused on sophisticated control
techniques at the pulse and ancilla level. As reviewed
in Ref. [37], a common strategy involves coupling the
bosonic modes to a transmon ancilla and using it as a
nonlinear resource. Quantum optimal control methods,
for instance, can design pulses that are robust against
ancilla-mediated crosstalk, where the state of a spectator
mode degrades operations on a target mode [38]. Sim-
ilarly, driven ancillas can be used to engineer arbitrary
photon-number-dependent Hamiltonians for tasks such
as Kerr cancellation and noise-resilient gates [39, 40].

While these methods provide valuable control-layer
tools, they are designed to work around a given system
Hamiltonian and do not address a more fundamental lim-
itation: systematic spectral degeneracies inherent to the
coupled oscillator dynamics [41]. These intrinsic degen-
eracies create unavoidable resonances for parasitic tran-
sitions, a problem fundamentally insoluble through pulse
shaping alone. To our knowledge, a systematic frame-
work for achieving high-fidelity selective control between
coupled bosonic modes through architectural design has
remained an unmet critical need.

In this work, we address this gap by developing a
comprehensive framework for selective quantum control
in coupled Kerr-nonlinear resonators, grounded in the
Floquet-Magnus expansion. Our approach yields a time-
independent effective Hamiltonian that systematically in-
corporates higher-order coherent errors, providing closed-
form analytic expressions for Stark shifts and effective
drive strengths across all parameter regimes. A central
insight emerging from our analysis is a universal design
principle for spectral crowding mitigation: engineering
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an irrational ratio of Kerr nonlinearities between cou-
pled modes. This strategy systematically eliminates acci-
dental degeneracies that obstruct selective addressability,
providing a scalable approach for bosonic architectures
[41].

We validate this framework through numerical simu-
lations of beam-splitter and two-mode squeezing gates
implemented in Kerr-nonlinear resonators. Using ex-
perimentally accessible parameters from state-of-the-art
circuit QED devices [42–45], we demonstrate that the
proposed design principle enables high-fidelity selective
transitions while suppressing off-resonant leakage and
Stark-induced phase errors. Beyond coherent control, the
same principles can be extended to dissipative stabiliza-
tion of entangled states via engineered reservoirs [46, 47],
highlighting the generality of the approach. The Flo-
quet–Magnus expansion further provides a systematic
means to identify and compensate coherent error sources
beyond the rotating-wave approximation, establishing a
direct connection between the system’s nonlinear archi-
tecture and its controllability.

This article is structured as follows: Section II presents
our theoretical framework for selective control in cou-
pled Kerr-nonlinear oscillators. Section III demon-
strates quantum state engineering applications, including
NOON states and high-photon-number Fock states. In
Section IV, we discuss experimental considerations and
fidelity analysis in superconducting circuit platforms, val-
idating the practical feasibility of our framework. Ap-
pendices provide technical details of error analysis and
numerical methods.

II. THEORETICAL FRAMEWORK FOR
SELECTIVE CONTROL

This section establishes the theoretical basis for selec-
tive control in coupled Kerr-nonlinear oscillators. Start-
ing from the fundamental Hamiltonian, we systematically
analyze the transition spectrum, derive the conditions
for high-fidelity operations, and develop a comprehen-
sive framework for overcoming spectral crowding through
careful parameter engineering.

A. System Hamiltonian and Spectral Structure

We consider a system of two coupled Kerr-nonlinear os-
cillators, Fig. 1 (a), a paradigmatic model that describes
numerous quantum platforms, including superconduct-
ing circuits, trapped ions, and optomechanical systems.
The system’s dynamics is governed by the Hamiltonian
ĤKerr, expressed in natural units (ℏ = 1) as:

ĤKerr = Ĥ0 + ĤI , (1)

where the free Hamiltonian Ĥ0 and interaction Hamilto-
nian ĤI are given by:

Ĥ0 =

2∑
j=1

[
ωj n̂j +

Kj

2
n̂j(n̂j − 1)

]
, (2)

ĤI = J(â†1â2 + â1â
†
2) +G(â†1â

†
2 + â1â2). (3)

For the j-th mode (j = 1, 2), âj (â†j) denotes the bosonic

annihilation (creation) operator, n̂j = â†j âj is the number
operator, ωj represents the fundamental frequency, and
Kj is the self-Kerr coefficient. The interaction Hamilto-
nian contains two fundamental processes: a beam-splitter
(BS) interaction of strength J that conserves total pho-
ton number, and a two-mode squeezing (TMS) interac-
tion of strength G that creates or destroys photon pairs.
On the other hand, in the free Hamiltonian, the Kerr

term
Kj

2 n̂j(n̂j − 1) is mathematically equivalent to the

normally ordered form
Kj

2 â†2j â2j , up to a constant fre-

quency shift of Kj/2 in ωj , both yielding identical eigen-
values Kjnj(nj − 1)/2 in the Fock basis. We employ the
n̂j(n̂j − 1) form for its transparent diagonal structure.
In circuit QED implementations, which serve as our

primary experimental motivation, the Kerr nonlinearity
Kj arises from the intrinsic anharmonicity of transmon
qubits due to the cosine potential of Josephson junc-
tions [48]. The BS interaction can be realized through ca-
pacitive coupling or tunable couplers [49], while the TMS
interaction is typically activated by parametric driving of
coupling elements at sum-frequency conditions [50].
To analyze the spectral structure and identify condi-

tions for selective control, we transform to the interaction
picture with respect to Ĥ0. The resulting time-dependent
interaction Hamiltonian, expressed in the two-mode Fock
basis {|n1, n2⟩}, reveals the fundamental transition struc-
ture:

H̃I(t) =
∑
n1,n2

Ω(−)
n1,n2

×(
eiδ

(−)
n1,n2

t|n1 + 1, n2 − 1⟩⟨n1, n2|+H.c.
)

+
∑
n1,n2

Ω(+)
n1,n2

×(
eiδ

(+)
n1,n2

t|n1 + 1, n2 + 1⟩⟨n1, n2|+H.c.
)
.

(4)

where the detunings depend linearly on the Kerr nonlin-
earities,

δ(−)
n1,n2

= [ω1 +K1n1]− [ω2 +K2(n2 − 1)], (5)

δ(+)
n1,n2

= [ω1 +K1n1] + [ω2 +K2n2]. (6)

Each term in Eq. (4) corresponds to a specific quantum
transition characterized by the number-dependent Rabi
frequencies,

Ω(−)
n1,n2

= J
√

(n1 + 1)n2, (7)

Ω(+)
n1,n2

= G
√
(n1 + 1)(n2 + 1). (8)
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Fig. 1: Selective quantum control of individual fock-state transitions. (a) Pictographic representation of the model
described by Eq. (1). In this example, the resonance is between the state |1, 0⟩ and |2, 1⟩ (dashed purple lines), with

detuning transition δ
(+)
n1,n2 given by Eq. (6). (b) Population dynamics under a resonant drive on the BS transition

|10, 12⟩ ↔ |11, 11⟩. The upper plot shows Rabi oscillations between the target states, while the lower plot shows
the leakage population into the off-resonant neighboring states |9, 13⟩ and |12, 10⟩. (c) Dynamics under a resonant
drive on the TMS transition |10, 12⟩ ↔ |11, 13⟩. The lower plot shows the leakage into the neighboring states |9, 11⟩
and |12, 14⟩. In both cases, the strong suppression of off-resonant transitions demonstrates the high fidelity of state-
selective addressing.

This spectral structure forms the foundation for se-
lective control. This number-dependency, however, is a
double-edged sword: while it provides the potential for
unique spectral addresses, it also creates the fundamen-
tal challenge of spectral crowding. Even with only two
modes, the infinite Fock-space ladders contain an infinite
number of potential transitions. If system parameters
(e.g., K1,K2) are not chosen carefully, distinct transi-
tions, even those far apart in photon number, can pos-
sess nearly identical frequencies (δ ≈ δ′). This accidental
degeneracy is the core problem that must be solved.

To achieve the ultra-high fidelities required for quan-
tum computation, one must therefore not only drive
resonantly but also rigorously account for coherent er-
rors arising from these off-resonant (or accidentally near-
resonant) terms. We accomplish this by deriving a
time-independent effective Hamiltonian via the Floquet-
Magnus expansion (see Appendix A for the full deriva-
tion, which systematically quantifies effects such as AC
Stark shifts and state leakage). To validate this ap-
proach, we perform numerical simulations of the full sys-
tem dynamics under ĤKerr to demonstrate that high-
fidelity selective control is achievable with a careful choice
of parameters. Figure 1 shows two such examples for
high photon numbers, one for a BS transition (b) and
one for a TMS transition (c). In both cases, the popula-
tion remains confined to the target states, with leakage
to neighboring states suppressed below 0.5%, confirming
that precise spectral addressing is within reach.

B. Engineering Selectivity: Avoiding Accidental
Degeneracies

A fundamental challenge in multi-mode quantum con-
trol is spectral crowding, the phenomenon where multiple

distinct quantum transitions become accidentally degen-
erate, causing catastrophic failure of selectivity when a
drive simultaneously excites multiple transitions. As in-
troduced above, this problem persists even in two-mode
systems due to the infinite size of the Fock space.
The conditions for such degeneracies emerge directly

from the detuning structure. For a BS drive resonant
with the |n0,m0⟩ ↔ |n0 + 1,m0 − 1⟩ transition, the rel-
ative detuning for any parasitic BS transition |n′,m′⟩ ↔
|n′ + 1,m′ − 1⟩ is:

δ′rel = K1(n
′ − n0)−K2(m

′ −m0). (9)

An accidental degeneracy occurs when δ′rel ≈ 0 for
(n′,m′) ̸= (n0,m0), which implies:

K1

K2
≈ m′ −m0

n′ − n0
=

∆m

∆n
. (10)

The critical insight from Eq. (10) is that if K1/K2 is a
rational number p/q, then systematic degeneracies occur
for the infinite family of transitions where (∆n,∆m) =
(kq, kp) for any integer k. This creates a dense network
of unresolvable transitions throughout the Fock space.
This analysis yields a crucial design principle: to elim-

inate systematic degeneracies and ensure unique spectral
addresses, the ratio of Kerr coefficients K1/K2 should
ideally be an incommensurate number. With incommen-
surate Kerr coefficients, no exact degeneracies exist be-
tween distinct transitions, though near-degeneracies may
still occur and must be analyzed case by case.
However, any experimental implementation will neces-

sarily be limited to a rational approximation of this ideal.
This leads us to the practical design principle: one must
engineer a rational ratio K1/K2 = p/q where p and q are
coprime and sufficiently large integers. By doing so, the
first family of systematic degeneracies (as per Eq. 10,
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Fig. 2: Impact of kerr coefficient ratio on spectral addressability. The plots illustrate the detuning of parasitic
transitions relative to a target state (yellow square) within a two-mode Fock space, defined by photon numbers in
mode 1 (n1) and mode 2 (n2). The color indicates the detuning of each state’s transition frequency from the target,
with darker regions signifying near-degeneracy or spectral crowding. (a) With a integer ratio Kerr ratio, K1/K2 = 2,
systematic degeneracies emerge, creating dense clusters of near-resonant transitions that hinder unique addressability.
(b) For a rational ratio, K1/K2 = 7/5, the degeneracy pattern is more intricate but remains highly structured. (c)

When the ratio is incommensurate, K1/K2 =
√
3, systematic degeneracies are eliminated. This results in a uniform

distribution of transition frequencies, allowing the target state to be addressed with high fidelity and minimal off-
resonant excitation of neighboring states.

occurring at ∆n = q,∆m = p) is pushed far from the
low-photon-number regime, effectively creating a large,
degeneracy-free manifold for computation.

The visual evidence in Fig. 2 strongly supports this
principle, showing how rational ratios create systematic
patterns of spectral crowding while incommensurate ra-
tios break these systematic patterns, resulting in a far
more sparse distribution of resonances.

The overarching condition for high-fidelity selectivity
requires that the detuning of any parasitic transition sub-
stantially exceeds its coupling strength:

|δ′rel| ≫ Ω
(−)
n′,m′ = J

√
(n′ + 1)m′. (11)

This ensures that when a specific transition is brought
into resonance, all other transitions remain strongly sup-
pressed. The uniform distribution achieved with incom-
mensurate Kerr ratios makes this condition easier to sat-
isfy across the entire Fock space, as it prevents the for-
mation of dense clusters of near-degenerate transitions
that would otherwise require impractically narrow band-
widths for selective addressing.

The efficacy of incommensurate ratios depends on their
approximability by rationals. Poorly approximable ratios
(e.g., the golden ratio ϕ) provide superior performance by
maximizing the minimum detuning δ′rel in Eq. (9) across
the Fock space. In contrast, simple rational ratios cre-
ate systematic degeneracies, degrading fidelity through
resonant leakage. This analysis provides a theoretical
foundation for selecting ratios that maximize spectral ad-
dressability in practical implementations.

C. Generalized Framework: Incorporating
Cross-Kerr Coupling

A more comprehensive physical model for coupled an-
harmonic oscillators includes the cross-Kerr interaction
ĤCK = K12n̂1n̂2, which is added to the free Hamil-
tonian Ĥ0. This term describes the mutual frequency
shift between modes dependent on their respective pho-
ton numbers. This term naturally arises in circuit QED
from Josephson junction nonlinearities and becomes par-
ticularly significant in strongly coupled regimes [32, 38].
The cross-Kerr interaction modifies the eigenenergy

structure and consequently alters the detuning conditions
for quantum transitions. For a BS transition, the gener-
alized relative detuning, including cross-Kerr effects, be-
comes:

δ′rel = K1∆n−K2∆m+K12(∆m−∆n), (12)

where ∆n = n′ − n0 and ∆m = m′ − m0 represent the
differences in photon numbers from the target state.
The degeneracy condition δ′rel ≈ 0 now involves three

parameters:

K1∆n−K2∆m+K12(∆m−∆n) ≈ 0. (13)

This leads to a more sophisticated design principle for
robust quantum control: to eliminate all systematic de-
generacies, the set of Kerr coefficients K1,K2,K12 must
be linearly independent over the rational numbers. That
is, there should exist no nonzero integers c1, c2, c3 satis-
fying:

c1K1 + c2K2 + c3K12 = 0. (14)
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The inclusion of cross-Kerr coupling presents both
challenges and opportunities for quantum control. While
it introduces additional complexity to the spectral struc-
ture and potential new pathways for spectral crowding,
it also provides an extra engineering degree of freedom
that can be exploited to lift degeneracies that would
otherwise be unavoidable with only self-Kerr nonlineari-
ties. In practical implementations, careful characteriza-
tion and compensation of cross-Kerr effects are essential
for achieving the highest fidelity operations.

This comprehensive theoretical framework establishes
the fundamental principles for selective control in coupled
Kerr-nonlinear systems, providing the foundation for the
experimental implementations discussed in Section IV.

III. APPLICATIONS IN QUANTUM STATE
ENGINEERING

Quantum state engineering leverages tailored interac-
tions to synthesize nonclassical states for quantum tech-
nologies [51]. The framework presented in this work pro-
vides a platform for such control, enabling deterministic
Fock-state manipulation in both closed and open quan-
tum systems. The versatility of this approach allows for
a wide range of protocols, from simple state transfers to
the dissipative stabilization of bosonic codes, with key
examples discussed below and summarized in Table I.
These applications have direct relevance in metrology,
error correction, and simulation [1].

A. Unitary State Preparation in Closed Systems

In the closed-system limit, the effective Hamiltoni-
ans generate coherent, unitary dynamics within a well-
defined two-level subspace. The interaction time t serves
as a control parameter for rotations on the Bloch sphere
of the effective qubit.

1. Applications of the Selective Beam-Splitter

The Hamiltonian Heff
BS = ΩBS(|n0+1,m0−1⟩⟨n0,m0|+

H.c.) governs transitions within the number-conserving
subspace {|n0,m0⟩, |n0 + 1,m0 − 1⟩}.

• Deterministic Photon Transfer: Complete
control over single-photon number states is realized
via resonant π-pulses. For example, the transfor-
mation |n0,m0⟩ → |n0 + 1,m0 − 1⟩ is achieved by
evolving for a time t = π/ΩBS, where the Rabi fre-

quency is ΩBS = J
√
(n0 + 1)m0.

• Generation of Fock-State Superpositions:
Identifying the states {|n0⟩, |n0 + 1⟩} with logi-
cal qubit states {|0⟩L, |1⟩L}, arbitrary single-qubit
rotations can be implemented using an ancilla

mode [52]. An rotating gate Rx(θ) gate corre-
sponds to an interaction time t = θ/(2ΩBS). In
particular, a π/2-pulse prepares an equal superpo-
sition, such as transforming |n0, 1⟩ into the state
1√
2
(|n0, 1⟩ − i|n0 + 1, 0⟩).

• Synthesis of Arbitrary Superpositions: Con-
trolled sequences of partial SWAP operations al-
low the construction of arbitrary superpositions
of Fock states within a number-conserving mani-
fold. For instance, the (normalized) binomial state
1
2 (
√
3|1, 2⟩+ |3, 0⟩) can be synthesized from an ini-

tial state |0, 3⟩ via a sequence of appropriately
timed swaps.

2. Applications of Selective Two-Mode Squeezing

The interaction Heff
TMS = ΩTMS(|n0 + 1,m0 +

1⟩⟨n0,m0| + H.c.) selectively couples |n0,m0⟩ and |n0 +
1,m0+1⟩, allowing the creation and annihilation of con-
trolled pairs.

• Deterministic Generation of Two-Mode
Fock States: Starting from the vacuum state
|0, 0⟩, a resonant π-pulse on the |0, 0⟩ ↔ |1, 1⟩ tran-
sition deterministically prepares the product state
|1, 1⟩. By iteratively applying this process and tun-
ing the drive frequency at each step, one can de-
terministically climb the two-mode Fock ladder to
prepare any state of the form |n, n⟩.

• Generation of Entangled Superpositions:
Partial pulses generate entangled superpositions.
For example, a π/2-pulse applied to |0, 0⟩ yields
the state 1√

2
(|0, 0⟩ − i|1, 1⟩). This protocol can be

extended to prepare states of the form 1√
2
(|0, 0⟩ +

eiϕ|n, n⟩), which are a valuable resource for quan-
tum metrology aiming to surpass the standard
quantum limit [53].

In summary, the selective interactions provide a com-
plete set of tools for deterministic, unitary control over
the quantum state in the Fock basis.

B. Autonomous State Preparation in Open
Systems

In the presence of dissipation, selective interactions can
be exploited to engineer system–environment couplings
such that the target state emerges as the unique steady
state of the dynamics. This dissipative approach provides
robustness against control imperfections and enables au-
tonomous error correction via reservoir engineering [54].
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Table I: Summary of State Preparation Protocols. (Typical parameters: J/2π ≈ 10 MHz, κ2/2π ≈ 1 MHz,
κ1/2π ≈ 10 kHz)

Protocol Initial State Target State Operation(s) Ancilla Req.

Photon Transfer |n0,m0⟩ |n0 + 1,m0 − 1⟩ BS π-pulse Initialized
Superposition |n0,m0⟩ c1|n0,m0⟩+ c2|n0 + 1,m0 − 1⟩ BS partial pulse Initialized
Entangled Pair |n0,m0⟩ |n0 + 1,m0 + 1⟩ TMS π-pulse -
Entangled Superposition |0, 0⟩ 1√

2
(|0, 0⟩ − i|1, 1⟩) TMS π/2-pulse -

Two-Photon NOON |0, 0⟩ 1√
2
(|2, 0⟩+ eiϕ|0, 2⟩) 4-pulse seq. -

Fock State (N = 4) |0, 0⟩ |4, 0⟩ Double TMS-BS -
Fock Stabilization |0, 0⟩ |n0, 0⟩ Dissipative Pumping Strongly damped

1. Dissipative Fock-State Stabilization

A pure Fock state |n0⟩ of a high-quality mode (mode 1,
decay rate κ1) can be stabilized via coupling to a strongly
damped ancilla mode (mode 2, decay rate κ2). The re-
quired rate hierarchy is κ2 ≫ J ≫ κ1, which ensures
the ancilla acts as an effective reservoir. A classical drive
on the ancilla, together with a selective BS interaction
resonant with |n0 − 1, 1⟩ ↔ |n0, 0⟩, pumps excitations
into the target mode. Excess photons in mode 1 are
removed by an additional selective interaction resonant
with |n0 + 1, 0⟩ ↔ |n0, 1⟩, which transfers them into
the lossy ancilla where they rapidly decay. The com-
bination of these engineered pumping and cooling chan-
nels yields |n0⟩1 as the unique, dynamically-maintained
steady state [55].

2. Stabilization of Entangled States

Combining the selective TMS interaction with local
dissipation provides a mechanism for stabilizing entan-
gled steady states. The interplay between coherent pair
creation driven by Heff

TMS and incoherent single-photon
loss events can be engineered to produce a two-mode
squeezed vacuum as the unique steady state. The in-
clusion of the Kerr nonlinearities is crucial for two rea-
sons: they provide the spectral addressability to isolate
the desired TMS interaction, and they prevent runaway
parametric amplification that would otherwise occur in
a linear system. This approach enables the stabiliza-
tion of more exotic nonclassical states such as entangled
Schrödinger cat states, e.g., 1√

2
(|α, α⟩+ | − α,−α⟩) [50].

The engineered dissipation continuously corrects for er-
rors such as photon loss, thereby protecting the delicate
quantum coherence of these otherwise fragile states.

Thus, by harnessing dissipation, these selective interac-
tions enable the autonomous preparation and protection
of valuable nonclassical states.

C. Advanced Applications in Quantum
Information and Simulation

The effective BS and TMS Hamiltonians provide a set
of primitive operations for a broad range of applications
beyond basic state preparation.

• Quantum Walks in Fock Space: Sequences of
selective π-pulse BS operations can simulate the
hopping of an excitation along a Fock-state lat-
tice, enabling the study of transport phenomena
and search algorithms in a synthetic dimension [56].

• Heralded Non-Gaussian State Engineering:
Weak BS coupling between a target mode and
a measured ancilla heralds photon subtraction or
addition, providing a probabilistic route to non-
Gaussian states from arbitrary initial states [57].

• Deterministic Synthesis of Bosonic Quan-
tum Codes: Precise sequences of selective inter-
actions can deterministically prepare bosonic error-
correcting code states, such as binomial, cat, or
Gottesman-Kitaev-Preskill (GKP) codes, which are
central to fault-tolerant quantum computing [20,
21].

• Analog Quantum Simulation of Spin Models:
By mapping Fock-state subspaces to effective spin
degrees of freedom, the BS and TMS interactions
realize effective XX and XX+YY spin couplings,
respectively, enabling the simulation of lattice spin
models [58].

These advanced applications highlight the role of se-
lective interactions as fundamental building blocks for
scalable quantum technologies.

D. Expanded Protocol: Deterministic NOON-State
Preparation

An especially relevant application is the deterministic
synthesis of NOON (N00N) states,

|NOON⟩N =
1√
2

(
|N, 0⟩+ eiϕ|0, N⟩

)
, (15)
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Fig. 3: Direct synthesis and robustness of a two-photon NOON state protocol. (a) Population dynamics of the

sequential operations, demonstrating the generation of the path-entangled state (|2, 0⟩+ |0, 2⟩)/
√
2 from the vacuum

|0, 0⟩. A peak fidelity of 0.998 with the target state is achieved in the ideal case, i.e., without dissipation or temperature.

(b) Wigner function of the first mode after tracing over the second mode of the NOON state (|2, 0⟩+|0, 2⟩)/
√
2, showing

the phase-space distribution of the reduced state ρ1 = 1
2 (|0⟩⟨0|+ |2⟩⟨2|). (c) Protocol robustness against decoherence,

mapped as the peak fidelity versus decay rate κ and thermal occupation nth. The high-fidelity operating regime is
highlighted; fidelities below 0.80 are shown in black. Key parameters: G/2π = J/2π = 20 MHz, K1/2π = 300 MHz,
and K2/2π ≈ 212 MHz.

which are a key resource for quantum-enhanced metrol-
ogy, enabling phase measurements with sensitivity at the
Heisenberg limit [59].

Protocol. We demonstrate deterministic preparation
of the two-photon NOON state 1√

2
(|2, 0⟩+ |0, 2⟩) through

the following pulse sequence:

1. Initial Entanglement: A resonant π/2-pulse
with the TMS interaction applied to |0, 0⟩ generates
the entangled superposition (|0, 0⟩ − i|1, 1⟩)/

√
2.

2. Photon Consolidation: A selective BS π-pulse,
resonant with the |1, 1⟩ ↔ |2, 0⟩ transition, trans-

forms |1, 1⟩ to |2, 0⟩, yielding (|0, 0⟩ − i|2, 0⟩)/
√
2.

3. Ancilla Re-initialization: The ancilla mode is
reset to vacuum while preserving the target mode
state, converting the system to 1√

2
(|0, 0⟩ − i|2, 0⟩).

4. Mode Symmetrization: A second TMS π/2-
pulse generates entanglement between the |0, 0⟩ and
|1, 1⟩ components, followed by a BS π-pulse on
|1, 1⟩ ↔ |0, 2⟩ to produce the final NOON state
1√
2
(|2, 0⟩+ eiϕ|0, 2⟩).

The performance of this protocol is illustrated in Fig. 3.
Panel (a) shows the population dynamics under the op-
timized pulse sequence, confirming high-fidelity prepara-
tion of the two-photon NOON state with peak fidelity
of 0.998. Panel (b) displays the Wigner function of the
reduced state of the first mode, showing the character-
istic phase-space distribution of the statistical mixture
1
2 (|0⟩⟨0|+ |2⟩⟨2|) that results from tracing over one mode
of the entangled state. Panel (c) quantifies the protocol’s

robustness to dissipation and thermal noise, demonstrat-
ing fidelities above 0.95 for decay rates up to κ/2π ∼ 100
kHz and thermal occupations nth < 0.08.

Remarks. This construction provides a deterministic
and scalable route to high-N path-entangled states, cir-
cumventing the probabilistic limitations of conventional
linear-optical schemes. The ability to control the phase ϕ
through the relative phase of the drive fields further en-
hances the metrological versatility of the generated state.

E. Expanded Protocol: Deterministic Fock State
Synthesis

A fundamental application of Heff
BS is the determinis-

tic generation of high-photon-number Fock states. We
demonstrate the synthesis of a |4⟩ Fock state through a
sequence of selective beam-splitter and two-mode squeez-
ing operations, establishing the building blocks for more
complex state engineering including binomial quantum
error correction codes [21].

Protocol. The deterministic preparation proceeds via
the following resonant pulse sequence:

1. Initial Pair Creation: A TMS π-pulse resonant
with |0, 0⟩ ↔ |1, 1⟩ generates |1, 1⟩ from vacuum.

2. First Photon Transfer: A BS π-pulse resonant
with |1, 1⟩ ↔ |2, 0⟩ transfers population to |2, 0⟩.

3. Second Pair Creation: A TMS π-pulse resonant
with |2, 0⟩ ↔ |3, 1⟩ generates an additional photon
pair.
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Fig. 4: Synthesis and robustness of a |4⟩ Fock state. (a) Population dynamics of the sequential protocol, demonstrating
the state transfer from vacuum |0, 0⟩ to the target |4, 0⟩ with a peak fidelity of 0.997 in the ideal case. (b) Wigner
function of the first mode, showing the characteristic phase-space distribution of the |4⟩ Fock state. The central
positive peak and concentric rings confirm the high-quality preparation of the state. (c) Protocol robustness against
decoherence, mapped as the peak fidelity versus decay rate κ and thermal occupation nth. The high-fidelity operating
regime is highlighted; fidelities below 0.8 are shown in black. Key parameters: G/2π = J/2π = 20 MHz, K1/2π = 300
MHz, and K2/2π ≈ 212 MHz.

4. Final Photon Transfer: A BS π-pulse resonant
with |3, 1⟩ ↔ |4, 0⟩ completes the transfer to the
target state |4, 0⟩.

The performance of this protocol is quantified in Fig. 4.
Panel (a) shows the population dynamics during the
four-pulse sequence, achieving coherent transfer to |4, 0⟩
with peak fidelity F = 0.997. The Wigner function in
panel (b) exhibits the characteristic signature of a pure
Fock state, with concentric rings of alternating positiv-
ity and negativity. Panel (c) demonstrates robustness
against experimental imperfections, maintaining high fi-
delity across practical parameter ranges.

Remarks. This modular approach to Fock state syn-
thesis provides a transparent and scalable alternative to
numerically-optimized control pulses. The sequential ap-
plication of selective interactions naturally extends to
higher-photon-number states and forms the basis for syn-
thesizing complex quantum codes and non-classical su-
perpositions.

Effective Hamiltonians enable precise quantum state
engineering across diverse settings. Unitary control via
selective BS and TMS interactions facilitates the deter-
ministic preparation of Fock states, superpositions, and
entangled resources. Combined with dissipation, they
autonomously stabilize nonclassical states against deco-
herence. These protocols underpin advanced applications
in error correction, metrology, and simulation, establish-
ing a foundation for scalable quantum technologies.

IV. EXPERIMENTAL REALIZATIONS AND
FIDELITY CONSIDERATIONS

The selective control of individual quantum transitions
is a cornerstone for high-fidelity quantum information

processing. However, in multi-mode systems, this selec-
tivity is challenged by spectral crowding and parasitic
couplings. Our theoretical framework provides a direct
solution by establishing the precise Hamiltonian condi-
tions for engineering frequency-selective operations. In
this section, we contextualize our findings by reviewing
the experimental platforms where this framework is most
applicable, focusing on how the requisite conditions for
selectivity, primarily a hierarchy of energy scales, are re-
alized in state-of-the-art systems, with particular empha-
sis on QED.
The influence of the Kerr nonlinearities on fidelity

and operation time, summarized in Fig. 5, directly il-
lustrates the practical trade-offs encountered in experi-
ments. Panel (a) shows that high fidelities (F > 0.98)
are maintained for relative Kerr scale factors above 0.5,
confirming that moderate nonlinearities are sufficient for
spectral selectivity. Panel (b) demonstrates that the opti-
mal preparation time scales linearly with the target pho-
ton number and remains largely insensitive to the pre-
cise Kerr strength. These trends highlight the balance
between nonlinearity, speed, and coherence that governs
experimental feasibility, motivating the comparative dis-
cussion that follows.

A. Platform Comparison and Engineering
Trade-offs

The two-mode Kerr Hamiltonian is a generic model re-
alized in several physical platforms. The key parameter
for selective control is the strength of the Kerr nonlinear-
ity K, which varies significantly across systems, leading
to a direct trade-off between gate speed and coherence.

• Circuit QED: Superconducting circuits, particu-
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larly transmon qubits, provide a native and high-
fidelity realization of Kerr oscillators. The Kerr co-
efficient K is the transmon’s intrinsic anharmonic-
ity, with typical values of K/2π ≈ 200 − 400 MHz
[60, 61]. This large nonlinearity enables fast, selec-
tive gates and is the primary reason circuit QED is
the leading platform for demonstrating the proto-
cols in this work.

• Trapped Ions: In these systems, the motional
modes are harmonic, and effective Kerr nonlinear-
ities must be engineered using state-dependent op-
tical forces. These induced nonlinearities are typi-
cally weaker, in the range of K/2π ∼ 1 − 100 kHz
[17]. While trapped ions offer exceptional coher-
ence, the slower gate speeds imposed by weaker
nonlinearities make high-speed selective control
more challenging.

• Optomechanical Systems: Radiation pressure
coupling in optomechanical systems can yield effec-
tive Kerr nonlinearities under strong driving, typi-
cally in the kHz to MHz range [19, 62]. The feasi-
bility of selective control in these systems is highly
dependent on achieving a sufficiently large K/κ ra-
tio.

Given its strong intrinsic nonlinearities and mature en-
gineering toolkit, the circuit QED platform is the most
direct and promising setting for implementing our frame-
work. The following discussion will therefore focus on its
implementation details.
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Fig. 5: Impact of Kerr nonlinearity on the synthesis of
Fock states |m, 0⟩. (a) Maximum state preparation fi-
delity as a function of target photon number m and a
relative Kerr scale factor. High fidelities (> 0.95) are
achieved for scale factors ≥ 0.50. (b) Optimal prepara-
tion time in dimensionless units of Gt/π. The time scales
linearly with the target number m and is largely inde-
pendent of the Kerr scale factor. Key parameters for the
sequential protocol: G/2π = J/2π = 20 MHz, with base
Kerr nonlinearities (scale=1.0) of K1/2π = 500 MHz and
K2/2π ≈ 354 MHz.

B. Implementation in Circuit QED

In a circuit QED architecture, the two Kerr oscillators
are realized as frequency-tunable transmon qubits. High-
fidelity operation requires engineering the Hamiltonian
parameters and verifying a specific hierarchy of energy
scales, as summarized in Table II.

Table II: Typical experimental parameters for
high-fidelity operations in circuit QED systems

implementing the two-mode Kerr model.

Parameter Typical Value Unit

Mode frequency, ωj/2π 5–10 GHz
Kerr coefficient, Kj/2π 200–400 MHz
Beam-splitter rate, J/2π 1–20 MHz
Squeezing rate, G/2π 1–20 MHz
Photon loss rate, κ/2π 1–100 kHz
Dephasing rate, γϕ/2π 1–100 kHz

1. Engineering the Hamiltonian

• Kerr Nonlinearity (K1,K2): The anharmonicity
Kj is an intrinsic property of the transmon. Fab-
ricating transmons with deliberately different fre-
quencies and anharmonicities (K1 ̸= K2) is stan-
dard practice, which is crucial for breaking degen-
eracies and enabling selective addressing [60].

• Linear and Nonlinear Couplings (J,G): The
beam-splitter interaction (J) is implemented via
a capacitive coupling or a tunable coupler circuit
[49]. The two-mode squeezing interaction (G) is
activated by parametrically driving a coupler ele-
ment at a frequency near the sum of the two mode
frequencies [50].

2. Verifying the Hierarchy for Selectivity

The theoretical framework demands a specific energy
scale hierarchy for selective control:

1. Selectivity Condition (|Kj | ≫ J,G): Kerr non-
linearity must be the dominant energy scale to
spectrally resolve transitions. This is confirmed
via two-tone spectroscopy, which measures the an-
harmonicity [65]. With |Kj |/2π ∼ 300 MHz and
J,G ∼ 20 MHz, this condition is comfortably sat-
isfied.

2. Coherence Condition (J,G ≫ κj , γϕ,j): Gate
rates must far exceed decoherence rates to ensure
coherent operations. Gate speeds of 10-50 MHz [42]
are achievable, while state-of-the-art decoherence
rates are κ, γϕ ≲ 50 kHz [66].
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Table III: Key experimental demonstrations of two-mode control in circuit QED.

Reference Platform Engineered Term Demonstrated Protocol Relevance to Selectivity

Wang et al. (2016) [43] Circuit QED Parametric Drive (G) Two-mode Cat State Generation Required precise
frequency control to
selectively address

pair-creation
transitions while

suppressing spurious
interactions.

Roushan et al. (2017) [63] Circuit QED Beam-Splitter (J) Quantum Simulation Demonstrated precise,
site-selective control
of photon hopping in
a multi-transmon
array, minimizing

crosstalk.
Ye et al. (2020) [42] Circuit QED Tunable J and G Programmable Gate Set Directly engineered a

universal gate set by
dynamically
activating and

suppressing J and G
interactions between

two transmons.
Sivak et al. (2023) [64] Circuit QED Dissipative BS Autonomous Stabilization Used a

frequency-selective
beam-splitter

interaction to couple a
data mode to a lossy

ancilla, a key
application of
engineered
dissipation.

This results in the experimentally achievable hierarchy:

|Kj | (∼ 300 MHz) ≫ {J,G} (∼ 20 MHz)

≫ {κj , γϕ,j} (∼ 50 kHz),
(16)

which is the foundation for high-fidelity (> 99.9%) selec-
tive operations. Advanced pulse shaping techniques, such
as Derivative Removal by Adiabatic Gate (DRAG)[67],
are further employed to minimize spectral leakage and
compensate for ac Stark shifts.

C. Experimental Demonstrations of Selective
Control

The principles underlying our framework have been
validated in several landmark circuit QED experiments
that demonstrate control beyond single-mode effects, as
summarized in Table III.

For instance, the generation of entangled “cat states”
across two microwave cavities relied on a parametrically
activated G term, requiring careful frequency manage-
ment to ensure selectivity [43]. Similarly, quantum simu-
lation experiments with transmon arrays used the J term
to control photon hopping with minimal crosstalk [63].
Recent advances have culminated in programmable pro-
cessors that use tunable couplers to implement a univer-
sal gate set based on the two-mode Kerr Hamiltonian

[42], while other works have used selective dissipative
couplings for bosonic qubit stabilization [64].
In summary, circuit QED provides the most mature

testbed for our framework, combining strong nonlin-
earities, highly developed control, and long coherence
times. The experimental demonstrations to date vali-
date the core principles of frequency-selective control in
two-mode Kerr systems. The primary challenge moving
forward is to extend these principles of selective control
to multi-mode networks. In this context, the analytical
framework and design principles established in this work
provide a predictive roadmap for engineering the com-
plex, crosstalk-resilient Hamiltonians required for next-
generation, fault-tolerant bosonic processors.

V. CONCLUSION

We have presented a framework for achieving high-
fidelity, selective quantum operations in a system of
two coupled Kerr-nonlinear oscillators. The essential re-
source for selectivity is the anharmonicity provided by
the Kerr effect, which renders individual Fock-state tran-
sitions spectrally addressable. High fidelity is achieved
not merely by tuning the resonance condition of a target
transition, but by ensuring that all parasitic transitions
remain strongly off-resonant, with detunings much larger
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than their respective coupling strengths.

We identified a critical limitation for spectral selectiv-
ity arising from accidental degeneracies, which system-
atically occur when the ratio of Kerr coefficients K1/K2

is rational. This insight leads to a universal design prin-
ciple of engineering a sufficiently complex rational ratio
of Kerr nonlinearities to eliminate unwanted resonances
across the Hilbert space, thus allowing the preparation
of large Fock states, for instance. Numerical simulations
confirm that this approach enables deterministic control
of Fock states up to n = 20 with high fidelity (> 99%),
demonstrating that the principal challenge at large pho-
ton numbers is the progressively longer interaction time
required, rather than a breakdown of selectivity or co-
herence.

Finally, we discussed the relevance of these principles
for realistic circuit-QED architectures, emphasizing the
required hierarchy of energy scales and the need for com-
pensating higher-order effects, such as AC Stark shifts,
to reach fault-tolerant gate fidelities [25]. The framework
introduced here provides a scalable toolkit for the de-
terministic engineering of complex entangled states and
nonclassical resources. These capabilities are a prereq-
uisite for advancing applications in quantum metrology
[68], quantum error correction [64], and the autonomous
protection of quantum states.

Crucially, the design principle of using incommensu-
rate nonlinearities generalizes directly to multi-mode sys-
tems. In a network of N coupled Kerr oscillators, ac-
cidental degeneracies arise when the nonlinear coeffi-
cients Kj are rationally related. Ensuring these coef-
ficients are rationally independent guarantees a sparse,
non-degenerate transition spectrum, providing a clear ar-
chitectural blueprint for scalable spectral addressability
in large bosonic processors.

This work thus provides a clear roadmap for devel-
oping next-generation fault-tolerant quantum computing
processors, while also inviting natural extensions to net-
works of N coupled nonlinear oscillators, where selective
multi-mode control and collective dissipation will be ex-
plored in future work.
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Appendix A: High-Fidelity Control and Error
Analysis via Magnus Expansion

To analyze and systematically suppress coherent errors
that limit gate fidelity, we employ the Floquet-Magnus
expansion [69, 70]. This provides a rigorous method for
constructing a time-independent effective Hamiltonian,
Ĥeff, that describes the stroboscopic evolution under pe-
riodic driving. The expansion generates the effective
Hamiltonian as a series:

Ĥeff =

∞∑
k=1

Ω̂k, (A1)

where each term Ω̂k involves k-nested commutators of the
Hamiltonian, systematically incorporating higher-order
effects.
To analyze the dynamics, we move into a frame ro-

tating at the drive frequency, ωd, which is chosen to
be resonant with a target BS transition, |n0,m0⟩ ↔
|n0+1,m0−1⟩. In this frame, the Hamiltonian Ĥ ′(t) nat-
urally separates into a time-independent resonant com-
ponent, V̂res, and a time-dependent part, V̂off(t), which
contains all off-resonant terms:

Ĥ ′(t) = V̂res + V̂off(t). (A2)

The resonant term, V̂res, describes the desired coherent
coupling within the targeted two-level subspace and is

characterized by the Rabi frequency Ω
(−)
n0,m0 :

V̂res = Ω(−)
n0,m0

(|n0 + 1,m0 − 1⟩⟨n0,m0|+H.c.) . (A3)

In contrast, the off-resonant term V̂off(t) includes all
other transitions. These terms oscillate rapidly at their
respective detunings δk:

V̂off(t) =
∑
k ̸=res

(
V̂ke

iδkt + V̂ †
k e

−iδkt
)
. (A4)

This separation is fundamental; under the rotating
wave approximation (RWA), the terms in V̂off(t) can
be neglected if their detunings δk are sufficiently large,
thereby isolating the desired beam-splitter dynamics.

a. Systematic Error Analysis

First Order (Ω̂1): Ideal Gate Operation. The
first-order term is the time-averaged Hamiltonian, equiv-
alent to the rotating wave approximation, which de-
scribes the ideal Rabi oscillations of the gate:

Ω̂1 = V̂res. (A5)

Second Order (Ω̂2): AC Stark Shifts. This term
introduces the dominant coherent error source: the AC
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Table IV: Systematic error budget for a selective BS gate via Magnus expansion.

Effect Scaling Magnus Order Typical Magnitude Compensation Method

Ideal Rabi oscillation Ω Ω̂1 ∼20 MHz Primary gate operation

AC Stark shift |Ω|2/∆ Ω̂2 100–500 kHz Frequency calibration

Rabi freq. correction Ω|Ω|2/∆2 Ω̂3 10–50 kHz Amplitude calibration

Nonlinear Stark shift |Ω|4/∆3 Ω̂4 1–5 kHz Higher-order correction

Coherent leakage ∼ |Ω|3/∆2 Ω̂3 < 0.01% Pulse shaping

Stark shift. It is a diagonal energy correction arising from
virtual transitions to off-resonant states:

Ω̂2 = Ĥ
(2)
Stark =

∑
k ̸=res

[V̂k, V̂
†
k ]

∆k
. (A6)

These shifts, scaling as O(|Ωk|2/∆k), must be compen-
sated via frequency calibration to prevent gate phase er-
rors.

Third Order (Ω̂3): Drive Renormalization. This
term captures off-diagonal corrections, whose primary ef-
fects are a renormalization of the Rabi frequency (scal-
ing as Ωres|Ωk|2/∆2

k) and the introduction of higher-order
leakage channels.

Fourth Order (Ω̂4): Nonlinear Stark Shifts.
For fidelities exceeding 99.99%, fourth-order correc-
tions to the energy levels become essential, scaling as
O(|Ωk|4/∆3

k).
The hierarchy of coherent effects captured by the Flo-
quet–Magnus expansion is summarized in Table IV. Each
term corresponds to a distinct physical mechanism that
contributes to deviations from the ideal beam-splitter dy-
namics.

b. Error Budget and Compensation Strategies

The Magnus expansion provides a complete inventory
of coherent errors and the strategies for their compensa-
tion.

Coherent Phase Errors. The primary phase error
arises from the AC Stark shift, which must be compen-
sated by adjusting the drive frequency. The total shift is
the sum of all even-order diagonal corrections:

∆Etotal
Stark = ∆E

(2)
Stark +∆E

(4)
Stark +O(Ω6/∆5), (A7)

where ∆E
(n)
Stark = ⟨f |Ω̂n|f⟩−⟨i|Ω̂n|i⟩ for the gate’s initial

and final states.
Population Leakage. Leakage to off-resonant

states is suppressed under the perturbative condition
|Ωk/∆k| ≪ 1. To make this explicit, we define the detun-
ings ∆k from the target BS transition. For a parasitic BS
transition, the detuning is determined by the Kerr coef-
ficients:

∆BS
k = K1(n

′ − n0)−K2(m
′ −m0). (A8)

For a parasitic TMS transition, the detuning is typically
much larger and dominated by the mode frequencies:

∆TMS
k ≈ 2ω2 +K1(n

′ − n0) +K2(m
′ +m0 − 1). (A9)

The leading-order leakage probability can then be ex-
pressed in terms of fundamental parameters, explicitly
showing the required hierarchy of energy scales:

P
(2)
leakage =

∑
(n′,m′)̸=(n0,m0)

∣∣∣∣∣J
√
(n′ + 1)m′

∆BS
k

∣∣∣∣∣
2

+
∑
n′,m′

∣∣∣∣∣G
√
(n′ + 1)(m′ + 1)

∆TMS
k

∣∣∣∣∣
2

. (A10)

Eq. (A10) makes the core requirement for high-fidelity
control clear: the system must be in the strong disper-
sive regime where the Kerr coefficients are much larger
than the coupling strengths, i.e., |Kj | ≫ J,G. This en-
sures the detunings in the denominators are large, thus
suppressing leakage.

Appendix B: Numerical Simulation Details

Numerical computations throughout this work were
carried out using the QuTiP (Quantum Toolbox in
Python) library [71]. In all simulations, including
the population dynamics and robustness plots, the full
Hamiltonian ĤKerr from Eq. (1) was considered without
resorting to the effective models, which were used only
for analytical insight.
To ensure accurate results without expending unneces-

sary computational labor, we used a variable Fock basis
size for each mode, Nmax. The precision of the truncated
basis was checked in each case by verifying the conver-
gence of the results for all quantities studied. As a further
check, we confirmed that the error in the bosonic com-

mutator, ⟨[âj , â†j ]⟩ − 1, was smaller than 10−4 within the
populated subspace.
To investigate the effects of environmental decoherence

and thermal noise, we solved the Lindblad master equa-
tion [72] for the system density matrix ρ̂:

˙̂ρ = −i[ĤKerr, ρ̂] +

2∑
j=1

Lj(ρ̂). (A11)
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The dynamics are governed by the full Hamiltonian ĤKerr

and a sum of local dissipators Lj for each mode j = 1, 2.
Each dissipator describes photon loss (at rate κj) and
coupling to a thermal bath (with mean occupation nth,j):

Lj(ρ̂) = κj(nth,j + 1)D[âj ](ρ̂)

+ κjnth,jD[â†j ](ρ̂), (A12)

where D[L̂](ρ̂) = 1
2 (2L̂ρ̂L̂

†−L̂†L̂ρ̂−ρ̂L̂†L̂) is the standard
Lindblad superoperator.

The use of this standard, local master equation is justi-
fied by the clear separation of energy scales in the system,
as discussed in Sec. IV. The internal mode frequencies

(ωj) and Kerr nonlinearities (Kj) are the largest energy
scales, establishing the bare energy eigenstates (the Fock
states). The inter-mode couplings (J,G) are significantly
smaller, J,G ≪ ωj , |Kj |. Most importantly, the dissipa-
tion rates are by far the smallest scale: κj ≪ J,G.
Because the dissipation is much weaker than all co-

herent dynamics, the standard Born-Markov approxima-
tions hold. Furthermore, since the system-environment
coupling timescale (∼ 1/κj) is much slower than the
inter-mode coupling timescale (∼ 1/J,∼ 1/G), it is not
necessary to use a global or dressed-state master equa-
tion [72]. The environment effectively couples to the in-
dividual, bare modes, and the standard form with local
dissipators âj provides an accurate description of the sys-
tem’s open-quantum-system dynamics.
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