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Abstract

For a set £ C F¢, the distance set is defined as A(E) := {||x — y|| : x,y € E}, where
| - || denotes the standard quadratic form. We investigate the Erdds—Falconer distance
problem within the flexible class of (u, s)—Salem sets introduced by Jonathan M. Fraser,
with emphasis on the even case u = 4. By exploiting the exact identity between HE||4
and the fourth additive energy A4(F), we prove that quantitative gains in A4(E) force

the existence of many distances. In particular, for a (4, s)-Salem set E C Fg with d > 2,
if

|B| > gmintde S

then F determines a positive proportion of all distances. This strictly improves Fraser’s
threshold of ﬁ and the losevich-Rudnev bound of q% in certain parameter ranges. As
applications, we obtain improved thresholds for multiplicative subgroups and sets on arbi-
trary varieties, and establish a sharp incidence bound for Salem sets that is of independent
interest in incidence geometry. Moreover, our methods give sharp lower bounds for the
number of distinct distances determined by two different sets. We also propose a unified
conjecture for (4, s)-Salem sets that reconciles known bounds and pinpoints the odd-
dimensional sphere regime: in odd dimensions d > 3, the often-cited % threshold does
not follow without additional structures. This provides a clear picture of the spherical
distance conjecture.
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1 Introduction

Let I, be a finite field with ¢ elements and write Iﬁ‘g for the d—dimensional vector space
equipped with the quadratic form

2

x| := 2% + - + 22
d

For £ C Fg, the distance set of E' is defined by

AE) :={lx-vyll : x,y € E} C F,.

The following conjecture is known as the Erdés—Falconer distance conjecture in the finite field
setting. This conjecture represents the discrete version of the celebrated Falconer distance
conjecture [7] in geometric measure theory. Recent progress and applications concerning
entropy inequalities and discretized sum-product estimates can be found in [5] 6] 13, 25].

Conjecture 1 (Erdés—Falconer distance conjecture). Let o(d) be the smallest exponent such
that whenever E C Fg satisfies |E| > ¢*@, one has |A(E)| > q. If d > 2 is even, then

a(d) = 4.

Here, and throughout the paper, A < B (or equivalently A = O(B)) means there exists an

absolute constant C' > 0 such that A < CB, A ~ B means ¢1 B < A < ¢y B for some absolute
constants 0 < ¢; < co.

Iosevich and Rudnev [21] initiated the study of this problem via Fourier analysis and proved
a(d) < 4L, Hart, losevich, Koh, and Rudnev [I6] later showed that a(d) = 45 for odd
d > 3. In the plane d = 2, the threshold was improved through a sequence of works [2, [3] to
%, and more recently to % over prime fields by Murphy, Petridis, Pham, Rudnev, and Stevens
in [30]. However, the conjectured threshold of % for all even dimensions d > 2 remains a
challenging problem.

In a recent paper, Pham and Yoo [31] confirmed the rotational analog of the conjecture in the
plane over prime fields by showing that for any E, F C Fg with ¢ an odd prime, if |E|, |F| > ¢,
then for almost every rotation g, one has |A(E, gF')| > q. Several applications of the distance
problem on intersection patterns and expanding functions can also be found in [31].

In [21], Tosevich and Rudnev also verified the % threshold for Salem sets, i.e., sets E whose
Fourier transform admits the optimal L> bound at all non-zero frequencies: maxpo |£(m)| <
q_d\E|%. Fraser [8] recently introduced a flexible notion of (u, s)-Salem sets. In particular,



for u € [1,00] and s € [0,1], we say F is a (u, s)-Salem set if
1B < g~ |B"*, (1)

where
| (# z iEer) weloo)
1Bl = | \" i)
sup |E(x)], u = 00.
x€Fd\ {0}

(2)

This class is quite general: for every u > 2, any set is automatically (u, %)fSalem. Fraser
[8] initiated the systematic study of several problems in this setting, including sumset-type
problems, the finite field distance problem, and the problem of counting k-simplices. More
recently, in his joint work with Rakhmonov, this framework has been extended to exceptional
projection problems and to Stein—Tomas type restriction theorems in finite fields [10] [I1]. We
refer to the recent survey [12] for a detailed account of these developments. In this paper, we
investigate the distance set, its size and structure, within (u, s)-Salem sets for even u. The
case of odd wu is of independent interest and will be treated in a sequel.

1.1 Main question and conjectures

For s € [0,1] and even u = 2k with k£ € N, we begin with (u, s)-Salem sets, which possess
robust additive structures. As can be seen from Corollary [I5]in Section[2] the Salem condition

1Ell2x < ¢ B
is (up to absolute constants) equivalent to the 2k-fold additive energy bound

Aop(E) < |EM0=9 4 g7 | B+,

We focus on u = 4; for even u > 6, the same approach yields analogous statements. In
particular, E C Fg is (4, s)-Salem if and only if

A(E) < ¢ B + |BI (3)

The parameter restrictions for meaningful Salem sets emerge naturally from this observation.
Since A4(E) > |E|? trivially, the upper bound |E[*~%% is only nontrivial when s < 1. Similarly,
since A4(E) < |E|3, the bound |E|*~%* provides meaningful control only when s > 1. Thus,
throughout our analysis, we focus on the parameter range s € [%, %] , which captures the most
interesting and nontrivial behavior of (4, s)-Salem sets. Therefore, unless otherwise specified,
we will always assume % <s< % throughout this paper.

Building upon the characterization established in equation (3]), which provides a precise equiv-
alence between the (4, s)-Salem condition and bounds on the fourth additive energy A4(FE),
Fraser employed the Fourier analytic framework originally developed by losevich and Rud-
nev in [2I] to establish the following result on the distance problem specifically designed for
the class of (4, s)-Salem sets. The continuous counterpart of this result can be found in [9,
Theorem 7.3].



d
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Theorem 2 (Fraser, [8], Theorem 9.3). If E C FY is (4, s)-Salem with |E| > q2, then

|A(E)| > min{q, ¢ |E|* }.

This clearly implies that if |E| > qﬁ, then |A(E)| > q.
For the reader’s convenience, we now present a short and direct alternative proof of this

|E EI and

theorem. Suppose that £ C Fd is (4, s)-Salem. Combining the inequality A4(E) >

the inequality ., we have
[E—E| > min{q’, |BI*}.

Since each sphere in Fg has O(¢?~!) points, it is clear that |A(E)| > |E — E|/q%"'. Hence,
the first part of Theorem [2|is derived without the condition |E| > q%, and this implies that

. d
|E - E| q, if |[E] > g3,
¢4 E[*, otherwise.

In this setting, the main question is:

Problem 3. Determine the smallest exponent o = a(d, 4, s) such that for every (4, s)-Salem
set ' C F4 with |E| > q%, one has |A(E)| > q.

Because of this generality, the problem is harder than the classical Erdos—Falconer problem,
and even formulating a conjecture is subtle: any threshold must be compatible with the known
results for arbitrary sets and for those with controlled additive energy. Some representative
examples appear in Propositions in Section

Formulation of the conjecture

To formulate the conjecture, in Section 3| we construct several (4,s)-Salem sets with few
distances:

1. If dis even and s € [%, dj—dg), there exists a (4, s)-Salem set E C IFZ with |E| ~ q% and
|A(E)| = o(q).

2. If d is even and s € [def, 3], there exists a (4, s)-Salem set E C Fg with |E| ~ q%
and |A(E)| = olg).

3. If dis odd and s € [%, 1], there exists a (4, s)-Salem set E C Fg with |E| ~ q% and
|A(E)] = o(q)-
Hence, it is plausible to make the following conjecture.

Conjecture 4. Let a(d, 4, s) denote the smallest number defined in Problem @ Then we have

1, d=2, 36[4,2],

d 1 d+2
=Nl oo ve by

8s d 2]

dézl, d >3 odd, SE[% %]



Justification of Conjecture For j € Fy, we write
d .
Sji=Ax e Fy: |zl = j}
for the sphere of radius j.

We now explain why this conjecture is natural by showing that it agrees with all known
results.

e Case d = 2: The conjecture matches the Erdés—Falconer distance conjecture. If F lies
on a circle of non-zero radius, then Ay(E) < |E|?, so E is (4,s)-Salem for all s < 1.
By Lemma [30| in Section [3| there are such sets E with |A(E)| ~ |E|, pointing to the
threshold exponent 1.

e Case d > 4 even: Hart, lIosevich, Koh, and Rudnev [I6] showed that for subsets
E C S}, j #0, the condition |E| > C’q% is both necessary and sufficient for |A(FE)| > q.
Proposition [22]in Section [2] further shows that whenever

d
2

d—2
q4(1—23) < ‘E‘ < q2,
the set F is (4, s)-Salem for all s < %. At s = %, Conjecture |4| reproduces the q%
threshold, which matches Hart, Iosevich, Koh, and Rudnev’s theorem.

e Case d > 3 odd: Hart, Iosevich, Koh, and Rudnev [16] also proved the sharp threshold

d
|E| > Qq# for general £ C Fg. Since every set is (4, i)—Salem and dg;l = % at s = i,
the identity a(d, 4, s) = % is consistent with both known results and our constructions.

Next, we introduce the relationship between Conjecture [4 and the Erdés-Falconer distance
problem for sets contained in the sphere S;.

It is conjectured in [I6] that if £ C S; C Fg with d odd and j # 0, then the weaker size
condition |E| > q% should already force |A(E)| > q.

Proposition 24] in Section [2] shows that if
A=l dt1l
q4(1—2$) < ‘E‘ < qz,

then E is (4, s)-Salem for all s < 1 + m. Taking s = § + 75, we have

d—1 d+1 d
41—-2s) 8 2

Thus, Conjecture implies that the proposed % threshold may fail in general.

If one further assumes that the sphere has primitive radius, Proposition 22]in Section [2]implies

that whenever .
2

d—2
q4(1—23) < ’E‘ < q2,



the set E is (4, s)-Salem for all s < %. Taking s = % + &1%47 we have

d-2  d+1 d

1
41-2s) 8 2 4

Hence, Conjecture 4| implies the exponent % — i for this case.

If the energy estimate
B =3 012
A(E) < R + q 7 |E]%, (4)
holds, then combining Proposition [25] in Section [2] and Conjecture [d we would get the best

threshold of this problem: %.

The preceding analysis leads to a conditional result derived from Conjecture [4] for spheres
with primitive radius. Specifically, we establish the following result.

Theorem 5. Suppose Conjecture || holds. Let g be a primitive element of F,. Furthermore,
assume that either (d = 4k — 1, k € N, and ¢ = 1 (mod 4)) or (d = 4k + 1, k € N). Let
EC S, CFL

(i) If |B| > ¢2~1, then |A(E)| > q.

d
2

(i1) If the energy estimate holds and |E| > q =3, then IA(E)| > q.

1.2 Main results

Our main contribution is a two-pronged improvement for (4, s)-Salem sets, with further re-
finements on spheres and applications to multiplicative subgroups and sets on an arbitrary
variety. The first theorem reads as follows.

Theorem 6. Let d > 2 and s € 5, 3]. Then

a(d,4,s) < min{d+2 ﬁ}

4s+1" 8s
In particular,

(i) if s < 3+ 3, then a(d,4,s) < gfl.

(i) if s >+ % then a(d, 4,s) < %.

The proof of Theorem [6] relies on two complementary point—hyperplane incidence inequalities
with multiplicities. The exponent % is obtained from an incidence bound whose hypotheses
require the point set to be (4, s)—Salem and in which the associated hyperplane multiset has
L2-norm controlled by A4(E); in this part, the Salem assumption is used twice. The exponent
d+2 :omes from a companion incidence inequality that holds for arbitrary point sets, where

4s+1
the only structural input is the L? control of the hyperplane multiset through A4(FE).
Theorem |§| improves Fraser’s exponent of 4% for all d > 4 and s € [%, %] It also improves the

Iosevich-Rudnev threshold of q% for s € [i + o0 d1+1) ; %]




The proof of Theorem [6] will be completed in Section [dl From that proof, we can easily see
that, for a (4, s)— Salem set E in Fg, the number of distinct distances satisfies

) E 2s E %—&—25
|A(E)| > min< ¢, max | L , |E] ,
q4 q

2
which improves the lower bound min {q, %} due to losevich and Rudnev in the above range
of s. Moreover, with appropriate energy estimates input, the exponent of % can be recovered

easily, see Subsection 4.3 for a discussion.

[SI[oH

It follows from the inequality that any set B C F? with A4(E) < |E|? is a (4, s)-Salem
set with s = % Hence, Theorem |§| implies the following corollary.
Corollary 7. Let E C F4, d > 4, with A4(E) < |E|%. If |E| > Cqitl, then IA(E)| > q.

The next corollary follows immediately from Theorem |§| together with Proposition in
Section 21

Corollary 8. Let A be a multiplicative subgroup of ¥y where q is an odd prime. If |A| >

9d+4-36

q ¢, then |A(AY)] > q.

In [28], Koh, Pham, Shen, and Vinh proved that when d = 4, the condition |A| > q%(log q)%
suffices to guarantee that |A(A*)| > ¢. For d > 5, their method yields the same threshold
|A| > q%(log q)% By contrast, Corollary E implies, for d > 8, the improved requirement
|A] > qggﬁ(j, since
9d+36 1
< =
28d 2
wlhich hollds for all integers d > 8. Thus, for fixed d > 8 and large ¢, we have qugg(a <
q2(log q)®, giving a strictly better asymptotic threshold.

Let V C qu be a variety in Fg. Its dimension is defined by
n:=dim(V) =max{m: V2O X,, 2 X;,—1 22 Xy # I},

where each X is an irreducible subvariety of V. If V is irreducible with dim(V') = n, its
degree is

deg(V) := sup{|[LNV|<oo: LC Fg is a (d — n)-dimensional affine subspace}.
We also define the coset content of V'

t(V) = ma T'l: z4+T C VY.
V) = e I cv)

For all sufficiently large ¢ and every E C V with |E| = ¢%, t = ¢, and o > ¢, Proposition
tells us that a set E, with |E| = ¢“, is a (4, s)-Salem set with

<s < L+y(n) () £

- 4 4

1=



= m Hence, the next corollary follows directly from Theorem @

where v(n) :

Corollary 9. Let V be a variety in FS with n = dim(V), D = deg(V), and t = t(V) = ¢".
For all sufficiently large q and every E C V with |E| = q%,

d+2+~(n)¢ d+4—|—27(n)€}

a > min{ ,
- 2+7(n) 2+ 27(n)

— 1
we have |A(E)| > q, where ¥(n) := g5

This result is nontrivial when

W (1-5) = A (5)

In general, establishing the optimal threshold «(d, 4, s) from additive energy alone is difficult,
and even the way one deploys energy estimates is subtle. Conjecture [ in even dimensions
further indicates that any sharp result must treat the relevant ranges of s separately.

Beyond the energy estimate, additional structural information about E can lower the thresh-
old. The following theorem improves the threshold when F is contained in a sphere.

Theorem 10. Let d > 3 and suppose that E C S; C Fg with j # 0 is a (4, s)-Salem set. If
i1
|E| > g1,
then |A(E)| > q.

At s = %, the exponent f;’_ll = % = dg‘j, which matches Conjecture 4l So, the theorem is

sharp at this particular value of s. The proof of Theorem [10] will be given in Section

For E, F C Fg, d > 2, we denote
AE F)={llx-yl:x€ E, y € F}.

One can note that the proof of Theorem [f] can be extended to the case of two different sets
FE and F with different structures or sizes. More precisely, we can obtain the following two
theorems. In Section [3| (Proposition , we construct an example showing that these two
results are generally sharp in even dimensions.

Theorem 11. Let E,F C F¢ with d > 2. If E is a (4, sp)~Salem set and F is a (4, sp)-Salem
set, then
E SE F SF
|A(E, F)| > min {q, HL’} :

qZ
Theorem 12. Let E,F C ]Fg with d > 2. If E is a (4,s)-Salem set and F is an arbitrary
set, then

E 2s F %

|A(E, F')| > min {q, |E|, H(L’} .
q2

Organization of the paper. The rest of this paper is organized as follows. In Section
we collect preliminary results on (4, s)—Salem sets and their relation to additive energy,



and we present a collection of geometric examples, including subsets of paraboloids, spheres,
multiplicative subgroups, and algebraic varieties, together with their corresponding energy
estimates. Section [3| provides explicit constructions of (4, s)-Salem sets with few distances,
supporting Conjecture 4] and demonstrating the sharpness of our main theorems in various
parameter regimes. Section |§| contains the proof of our main result, Theorem @ which we
obtain via two complementary approaches that yield the exponents déz 4 and 4‘1—121. In Section
we prove Theorem which provides improved thresholds for sets contained in spheres by
exploiting their additional geometric structure. Section[6]establishes a sharp point—hyperplane
incidence bound for (4, s)—Salem sets. Finally, Section |7| discusses several open problems and
directions for future research, including extensions to odd values of u, the solvability of systems

of equations, packing set problems, and higher—dimensional generalizations.

2 Preliminaries

In this section, we fix notation, collect some basic definitions, and present examples of (4, s)—
Salem sets. We begin by introducing the key concepts related to (4, s)-Salem sets and their
connection to additive energy, followed by comprehensive examples that illustrate the rich
geometric structures underlying these sets.

2.1 (4,s)-Salem sets and additive energy

The notion of Salem sets provides a crucial bridge between Fourier analysis and combina-
torial properties in finite field geometry. These sets are characterized by controlled Fourier
decay, which translates directly into constraints on their additive energy. We start with the
fundamental definition of the Fourier transform in our setting.

Definition 13. Let E C ]Fg. We define its Fourier transform by
E(x) = ¢ %Y x(-x-y), x€eF{,
yeE
where x(-) is a nontrivial additive character on Fy.
Here, and throughout the paper, we identify the set £ C Fg with the indicator function 1g.

The connection between the L?*-norm of the Fourier transform and additive energy is made
precise through the following exact identity, which forms the cornerstone of our approach.

Lemma 14. For any positive integer k € N, we have

B3k = a~ "M Agi(B) — g~ "*FD B, (6)

This identity reveals that the Salem condition on Fourier decay is essentially equivalent to
controlling the additive energy of the set. The proof relies on orthogonality properties of
additive characters and provides a direct computational tool for analyzing Salem sets.

Proof. We write S(x) = > x(—x-y) so that E(x) = ¢~%S(x). By the orthogonality relations
yeE



for additive characters, we obtain:

Y ISE)PF = ¢ Aai(E).

x€Fd

Since S(0) = |E|, separating the zero-frequency term yields:

oIS = ¢t Aoy () — |E[*".
x7#0

Substituting S(x) = ¢?E(x) and dividing by ¢? completes the proof. O
The immediate consequence of this identity is the equivalence between Salem conditions and
additive energy bounds.

Corollary 15. For any s € [0, 1], the (2k, s)-Salem condition
1Ellor < g~ |E]'*

1s equivalent to the additive energy bound
|EJ*F 2k(1—s)
Aop(E) < e + | E| .
When specialized to the case 2k = 4, this equivalence takes the particularly useful form
E:4
M(E) < ]

v + BT (7)

This characterization allows us to work interchangeably between Fourier analytic conditions
and combinatorial energy estimates, providing flexibility in our arguments.

Remark 16. If |F| < qis, then the condition is equivalent to Ay(E) < |E[*=%5. Hence,
E CF¢ with |E| < q% is a (4,s)-Salem set if and only if

Ay(E) < |B[*%.

2.2 Geometric examples and energy estimates

This subsection provides a comprehensive catalog of (4, s)-Salem sets arising from natural
geometric configurations in finite fields. These examples not only illustrate the theoretical
framework but also demonstrate that our main theorems apply to concrete and well-studied
objects in finite field geometry.

We recall several fundamental energy estimates for sets lying on classical varieties such as
paraboloids and spheres. Throughout this discussion, we use the notation

o Sj:={xe€F¢: x| =} for the sphere of radius j,

e P={xc¢€ IFZ 2 + -+ 2% | = x4} for the paraboloid.

10



The following lemmas collect energy bounds from the literature, each capturing the geometric
constraints imposed by the underlying variety.

Lemma 17 (Lemma 2.2, [23]). Let P C F? be the paraboloid with d > 4 being even. For

E C P, we have
B

M(E) < EL 4 %% B)~

Lemma 18 (Theorem 3.1, [29]). Let P C Ff]l be the paraboloid with d = 4k — 1, k € N and
q =3 (mod 4). For E C P, we have

E|3 -
Ay(E) < q' +qT|EP

Lemma 19 (Lemma 3.1, [24]). Let S; be the sphere with non-zero radius j # 0 in FE with
d > 4 even. For E C S;, we have

E? -
A(E) < q' +q 7| B~

Definition 20. Let F, be a finite field of order q such that q is an odd prime power. An
element g € Fy is called a primitive element if g is a generator of the group Fy.

Lemma 21 (Theorem 3.5, [29]). Let g be a primitive element in Fy, and S, be the sphere
of radius g centered at the origin in Fg where either (d =4k — 1,k € N, ¢ =1 (mod 4)) or
(d=4k+ 1,k e N). For EC S,, we have

E|3 -
A(E) < q‘ ¢ |BR ®)

Sharpness: Lemmas and are optimal. Extremal examples arise by taking E to be a
maximal affine subspace contained in the variety, see [29, Lemma 1.13] and [26, Lemma 2.1].
We have no evidence that Lemma [21| and Lemma (18| are sharp. However, it follows from [29]
Lemma 1.13] that it cannot surpass

E3 -
niE) < EE 4 g ep, Q
which may be the correct bound in this setting.
In the following proposition, we consider the following geometric hypotheses. Let £ C Fg.
(A) E C P, where either (d >4 is even) or (d =4k — 1,k € N, ¢ =3 (mod 4)),
(B) E C Sj, where j # 0 and d > 4 is even,

(C) E C Sy, where g is primitive and either (d = 4k — 1,k € N, ¢ = 1 (mod 4)) or
(d=4k+ 1,k € N).

11



In each of the cases (A), (B), and (C), we have
| Pl ~ 85| ~[8g| ~ "7, (10)

and from Lemmas the additive energy estimate
E3 _
M(E) < L4 2 (1)
is satisfied.

Proposition 22. Let E C Ff]l,d > 3. Assume one of the geometric hypotheses (A), (B), and
(C) holds. Suppose moreover that E satisfies one of the size conditions below

(Z')qﬁ<<\E|<<q% logely L.
? 4 =2 =4 2d
yod 3
(i) qF < Bl <", §<s<it oy
da 1
(ii1) q* < |BE| < q%-1, It <s<itam

(iv) |E| ~ ¢ 1, %Ssﬁ%.
Then E is a (4,s)-Salem set.

To illustrate how these ranges determine the Salem parameter, we detail case (i); cases (ii)-(iv)
follow analogously. Given E with |E| = ¢”, if there exists s, < } + 55 such that

d
2

d—2
q4(1—25*) < qﬁ < q2,

then E is (4, s.)-Salem. Moreover, by monotonicity, if E is (4, s)-Salem, then it is (4,s")—
Salem for all s’ < s.

Proof. Recall from Corollary [15| that E is a (4, s)-Salem set if and only if

M(E) < 1Bl + |E*4s
4 P .

Hence, to complete the proof, it suffices from the estimate to prove that for each of our

assumptions, (7), (i), (¢i7), (iv), we have

B B!
q

_ E
L= 1 ¢ |ER < Tt |E|*% = R. (12)

—92 d
2

Case 1. Assume that @ < da\E|2( — |E| < q
the statement is equivalent to

). In this case, since L ~ Q%IEP,

||

- E
¢ B < AR (13)

We will show that assumption (7) is a sufficient condition for this inequality to hold. Notice

12



that such a sufficient condition is given by

d—2 E* d—2
q 2 |[E*< |qd or ¢z |E)? < |E|*%,
which is the same as the condition

3d—2

d—2
¢ T <|E| or ¢ <|E|

d—
Since d > 3, from our initial assumption |F| < qg, we can ignore the condition q¥ < |E|
because this condition does not occur. Therefore, as a sufficient condition for the inequality
to hold, we obtain the following condition

d
2

d—2
q4(1—25) < |E| < qz.

[VlisH

For this inequality to be valid, the following condition must be satisfied: —9=2 ) <

I(1=25 , which
is the same as the condition

o< 1 + 1

=7= T

where we also used the assumption that i <s< % We conclude that if assumption (i) holds,
then F is a (4,s)-Salem set. Hence, under assumption (7), the proof of Proposition [22| is

complete.

]

d
2

Case 2. Assume that @ > qu;z]E\Q( <~ |E|>q¢q

).
In this case, L ~ |Eq|

—3. Hence, the statement is equivalent to the statement
E? El*
’q < ’qd + |E[* . (14)

To complete the proof of Proposition 22| we will show that each of assumptions (i7), (iii), and
(iv) is a sufficient condition for the above inequality to hold.

If |E| ~ ¢%! (assumption (iv)), then the inequality clearly holds, because in this case
P 1Bt
qd

7 . Hence, the proof for the case of assumption (iv) is completed.

To show that each of assumptions (i7), (7i7) is a sufficient condition for the inequality (14]) to
be satisfied, first observe that such a sufficient condition is given as follows

E 3
| q| < |E|4_4S,

which is equivalent to
1
’ E’ K qas-T1,

d
2

Combining this with the original assumption on |E|, |E| > ¢
follows

, the sufficient condition is as

d _1
g2 < |E| K g1,

13



Since |E| < ¢! by (10), the sufficient condition becomes
d _1
¢2 < |E| € min{q%-1, ¢4},

Observing that

d—1 1

e 1 1
_1 q ) 1f7§5§7+ 1)
min {g%, qd-l}:{ <0< 5 aa

— o1 1 1 1
gt 1fz+m§8§1+@a

we see that the condition (ii) or (iii) is a sufficient condition for the inequality as

required. O

The method in [29] also implies the following optimal energy for all non-zero radii in Fg with
d odd.

Lemma 23. Suppose d > 3 is odd. For E C S; with j # 0, we have

The proof of the proposition below follows the same structure as that of Proposition
comparing the additive energy estimate in Lemma 23| with the (4, s)-Salem set condition for
the additive energy estimate.

Proposition 24. Assume that E C S;, j # 0, with d > 3 odd, and that one of the following
conditions holds

= d+1
(i) ¢*0-2) < |E| < q 2z , % <s< i_|_ 2(d1+1)"
d+1 1 1 1

i) ¢ 2 < |E -1 S<s< =

(i) ¢ = < |E|<q, 4_5_4+4(d—1)’
d+1 _1
(i) ¢ < |Bl <=, it o Ss< ity
(iv) |E| ~ %1, l<s<l

Then E is a (4, s)-Salem set.

Proof. By Corollary E satisfies the (4, s)—Salem property precisely when
E 4
A(E) < ‘qcl + |B|4s,
Therefore, using Lemma , our task reduces to verifying that under each of the assumptions
(1), (i), (i1), (iv), the following holds

L2l

E? - E
_ 11 +qT|ER < v |E[*™ =: R. (15)

L

3 _
Case 1. Suppose % < q%|E|2( — |E| K q%). Under this assumption, we see that

14



L~ q%]EP. Hence, becomes

_ E4
¢T|EP < |qu + |E[* (16)

We establish that assumption (i) guarantees this inequality. Notice that a sufficient condition
for is given by
a1 Bl L) 2 4—4s
q 2 |E| <<? or ¢z |El"<|ET,
which is equivalent to the condition

3d—1

d—1
g T < |E|] or ¢%-2 < |E|.

d d—
Using our initial assumption |E| < ¢"s and disregarding the condition T < |E|, we take
a sufficient condition for the inequality to hold as follows

—a=1 dt1
g =29 < ‘E‘ <q 2.

For this inequality to hold, we also need the condition 4(?35) < %, which becomes the
condition

1 o< 1 n 1

—<s< -+ —.

4= 4 2d+1)

In conclusion, assumption (7) implies the (4, s)-Salem set property. Hence, under assumption
(i), the proof of Proposition [24]is complete.

—1

Case 2. Assume that @ > da]E\Q( — |E| > q%).

3
In this case, L ~ %. Hence, the statement is equivalent to the statement

E|3 E|*
[E[® q’ < ’q!, + |EB[*. (17)

To complete the proof of Proposition it will be enough to show that each of assumptions
(14), (#i7), and (iv) is a sufficient condition for the above inequality to hold.

If |E| ~ ¢?~! (assumption (iv)), then the inequality obviously holds, because in this case
EF 1Bt
d

7 . Hence, the proof for the case of assumption (iv) is completed.

To show that each of assumptions (i¢), (i7i) is a sufficient condition for the inequality to
hold, we need to check the condition

E 3
‘ q’ < |E|4_4S,

which is the same as .
|E| < ¢%-T1.

15



From the original assumption on |E|, |E| > ¢ 2", the sufficient condition takes
dt1 1
g2 < |E| KL q%T1,
Since |E| < ¢! by (L0), the sufficient condition can be taken as

d 1
q# < |F| < min{g®-T, qdil}.

Observing that

d—1 if

1 q )
min {q4s—1, qdil} = 1
q%-1, if

we see that the condition (ii) or (iii) is a sufficient condition for the inequality as
required. O

<s
+

| /\

Tt 1@
@D <5

N

1)’
1 1
1t 3@

S
|/\\

If the energy bound is improved by a factor of ¢~ %, the same argument as in the previous
proof yields the following ranges for s. We therefore omit the proof.

Proposition 25. Let E C Fg. Assume E C Sy, where g is primitive and either (d =
4k — 1,k €N, ¢g=1 (mod 4)) or (d =4k + 1,k € N), and

E3 —e
M(E) < 'q’ ¢S B,

for some € > 0 small. Then E is a (4,s)-Salem set in the following ranges:

) qit5 A 1,1 .
() q <|El<gz,  jSssytagg
d—e
(i) = < |Bl < g*, 1<s< 1+ gy
de 1
(iii) ¢ < |E| < ¢%1, bt S5 h
(iv) |E| ~ ¢, log<l,

The next example of (4, s)—Salem sets is based on multiplicative subgroups of Fg-

Lemma 26 (Theorem 34, [33]). Let A be a multiplicative subgroup of Iy, where q is an odd
prime. If |A] < ps, then Ai(A) < ]A|% log | Al.

Pr0p0s1t10n 27. Let A be a multzplzcatzve subgroup of ¥y, where q is an odd prime, with
|A| < ps. Set E = A?. Then Ay(E) < \E| (log\E|) and E is (4,s)-Salem for all s < %

Proof. From Lemma we have

d
Aa(E) = (As(4))" < (|Aﬁf log rA|) < |B|% (log|B])"

16



Hence, FE is a (4, s)-Salem if

E* 22 7
|E\%(log |E|)d < ‘qd‘ + B o BT (log |E|)d < |EYY o 9 < 4—4s & s< =
This completes the proof. O

The next example of (4, s)-Salem sets is based on sets on arbitrary varieties in Fg.

Lemma 28 (Corollary 9, [34]). Let V' be a variety in Fg with n = dim(V') and D = deg(V),
and let t = t(V'). For all sufficiently large q and every E C V., one has

st T B[
A(E) <np |E| 3] for n>2, A(FE) <pp - for n=1.

Proposition 29. Let V be a variety in IE"Z with n = dim(V') > 2 and D = deg(V), and let
= t(V) = ¢*. For all sufficiently large q¢ and every E C V with |E| > t, one has E is a
(4, s)—=Salem set with

%SS < 1+Z(n) B 7(411):;’
where |E| = ¢* and y(n) := m
Proof. From Lemma |28 we have that E is a (4, s)-Salem if
t \e#oz  |E
\E|3<|E’) <t B[,

As |E| =¢*, |E| > t = ¢" and y(n) := 571, the above inequality becomes

3a—y(n)({—a) da—d 4—4s)

q < glo—d 4 g(d-ts)a,

The dominant term on the right is ¢*~*9)* whenever (4 — 4s)a > 4a — d, which holds in the
range of s in the statement. Thus, we require

3a+y(n)(l —a) < (4—4s)a,

and hence,

dsa < a(l+v(n)) —y(n)t <+ s< ! +Z(n) - ’Y(4n) é.

Together with the trivial lower bound s > i, this yields

L) A L
- = 4 4 «

)

N

which completes the proof. d
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3 Constructions of (4, s)—Salem sets with few distances

In this section, we construct (4, s)-Salem sets with o(q) distances that support the sharpness
of the exponents in Conjecture [l We also construct Salem sets for the sharpness of Theorem
and Theorem which are results on the distance problem concerning two different sets.
These constructions demonstrate the sharpness (or near-sharpness) of the proposed thresholds
in various parameter regimes.

Lemma 30. Let p be an odd prime and ¢ = p". Then there exists a set £ C Fg with
|E| ~ p"~1 such that Ay(E) = |E|? and |A(E)| ~ p" 1.

Proof. Suppose first that ¢ = 3 (mod 4). In this case, there are ¢ + 1 rotations in IFE, which
form a cyclic group of order ¢ + 1. Each such rotation can be written in the form

a —b

b a )’
with a? 4+ b? = 1. Let 0 be a rotation of order Z% ~ p"~1. Choose a point = on the circle of
radius 1 centered at the origin, and define

E={0'z:0<i<ord(h)}.
Then |E| = Zi—}, and one can verify that |[A(E)| ~ %.
In the case where ¢ = 1 (mod 4), the group of rotations has order ¢ — 1, and we can apply
the same argument. O

Lemma 31. If either (d = 4k, k € N) or (d =4k+2, k € N, ¢ =1 (mod 4)), then there
exists a set B C Fg with |E| = q% such that Ay(E) = |E]3 and A(E) = {0}.

Proof. By [16, Lemma 5.1], there exist % mutually orthogonal null vectors vi,...,vg4 in IFg.
2

d
2
Since all vectors in E are null and mutually orthogonal, we have A(E) = {0}. Finally, because
E is a vector space, it follows that A4(E) = |EJ3. O

Define E' = Spang, (v1,...,va). Then E is a subspace of Fg with dimension §, so |E| = q%.
2

We begin with the case where d is even and s € [%, %].

Proposition 32. Let g = p" with r sufficiently large. Assume either (d = 4k for some k € N)
or (d =4k +2 for some k € N and ¢ =1 (mod 4)). Then, for any s € [%, ‘%f), there exists

a (4,s)-Salem set E C Fg of size ~ q% such that |A(E)| = o(q) as ¢ — oo.

Proof. By Lemma (30} there exists a set A C F2 with [A] ~ p"1, A4(A) = |A]?, and |A(A)] ~
—2

p"~!. By Lemma there exists a set B C Fg_Q with |B| = da, Ay(B) = |BJ?, and
A(B) = {0}. Now define

_ d _ 2 d—2
E—AxBCIE‘q—IE‘qxIE‘q .

18



We have |A| ~ ¢, and hence |E| ~ g2~ +. Moreover, IA(E)| = |A(A)| ~ ¢ = o(q) as
r — oo. For the additive energy, we compute

+3(d2—2)

A4(E) = A4(A)A4(B) = |A‘2‘B|3 N q2(17%)

On the other hand,
(‘A| . ‘BD 4—4s q4(1—s)(1_%+%).

One has A4(E) < (JA| - |B|)*~** when

2(1—i)+?’(612_2)§4(1—s)<1—1+H>,

which simplifies to

d+2 d—2 N d+2
s — :
~ 4d 2d(dr — 2) 4d
As r — oo, this approaches %. For r sufficiently large and s < %, by Corollary Fisa

(4, s)-Salem set, as required.

Now we turn to the case where d is even and s € [d%dz, %]

Proposition 33. Let g = p" with r sufficiently large. Assume either (d = 4k for some k € N)
or (d =4k + 2 for some k € N and ¢ =1 (mod 4)). Then, for any s € [C%f, 3], there exists

a (4,s)-Salem set E C Fg such that |E| ~ q% and |A(E)| = o(q) when q is large enough.

Proof. By Lemma there exists a set A C Fg with |A| ~ p"~! =: ¢® (where a = 1 — %) such
that Ay(A) = |AJ? and |A(A)] ~ p"~! = 0o(q).

By Lemma , we can also construct a set X C Fg*Q with | X| = qdzi, A(X) = | X3,
and A(X) = {0}. From X, define a random subset B by including each element of X

2(1-2s)(a+952)+(1-§)
independently with probability 6 = ¢ s , which is smaller than 1 when s >
%. Now define
E = AxB C F! = F2 xFI 2
Then |E| ~ qa+d2;2+2(1728>(a+4ds52)+(17%> = qd+§?_2. Since A(B) = {0}, we obtain |A(E)| =
[A(A)] = o(g)-

For the additive energy, we have

o 2(1-28)(a+ 952 ) 4+ (1-4
Ay(E) = Ay(A) Ay(B) = |A]? | X [P0 = g2ot395°F ( T) (-4)

On the other hand
’E‘4—4s _ q(4—45).%‘
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For aa <1 and s € E,%], we have

d—2 2(1-2s)(a+%2)+(1-4¢ d-+ 4o — 2
20+ 3 - LA ot ) + 2)§(4—43) +da

2 s 8s
Together with the condition s > %, we obtain

d+4a —2
A4(E) S |E’4_4S whenever S Z 4(d—:—26;—2)

Note that the condition s > % becomes s > d4id2 as a — 1, (i.e., as r — o0). By
Corollary E is a (4, s)-Salem set, as required. O

Finally, we consider the case where d is odd.

Proposition 34. Let d > 3 be an odd integer and q = p" with r sufficiently large. Assume
either (d = 4k + 1,k € N) or (d =4k + 3, k € Nyg =1 (mod 4)). Then for any s € [%, %],
there exists a (4,s)-Salem set E C F¢ such that |E| ~ q% and |A(E)| = o(q) as ¢ — oo.

Note that by applying Proposition to the subspace Fg_l x {0}, we achieve the same
d+1 1

conclusion with a smaller range of s, namely, s € [, 7].

Proof. Let A C F, with |A| ~ ¢%, where a < 1 is chosen sufficiently close to 1. In this case
we know that A4(A) < |A|? and |A(A)| ~ ¢%.

By Lemma E we can construct a set X C Fg_l such that |X| = q%, Ay(X) = |X|?, and
A(X) = {0}. From X, define a random subset B by retaining each element independently

(d+1)(1—4s)

with probability ¢ ss . Since s > i, this exponent is nonpositive, so the choice of
probability is valid.
By setting
d d—1
E = AxB CF, = F;xF; .
we have (D (1ts) | a1 "
|E| ~ ¢*" 8 T2 =g ta—1

Moreover, since A(B) = {0}, we obtain |A(E)| = |A(A)| ~ ¢“.
Next, we estimate the additive energy. Using the product structure of £, we have

(d+1)(1—4s) d_ 7

Ai(B) = Ai(A)Aa(B) < [AP|XPq = ~ gPot5 i,

On the other hand,
4—4s (4—4s)a+ A=) 44y,
(1AllB]) ~q 25 :

For a < 1 and s > %,we have

d+1 d 7 @+11-9) .,
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This implies that A4(E) < (JA||B[)*~** for all s € [1, 3]. Therefore, by Corollary [L5| the set
E is a (4, s)-Salem set. Taking ae — 1, the proof is complete. O

We now introduce a proposition showing that Theorems [11]| and which are results on the
distance problem between two sets where at least one is a Salem set, cannot be improved in
general even dimensions.

Proposition 35. Assume either (d=4k+2, k€ N) or (d=4k, k€N, ¢=1 (mod 4)).

o There exist a (4, % + %i)fSalem set B C Fg and a set F' C ]Fg such that

2s 1
A(E, F)| = B
q?
e There erist a (4, sg)-Salem set E C IFZ and a (4, sp)—-Salem set F' C Fg with sgp = %4—%
and sp = L such that A(E, F)| = EEEIFEE.
qZ

Proof. By Lemma there exist %52 vectors vi,...,va 2 in FZ=2 x {0} x {0} such that
2

vi-v;=0forall 1 <i,j< d%g. Let C1 be the circle centered at the origin of radius 1 in IFg.
Set E = Spang, (v1,...,Va-2) X C1 C Fg and F' = Spang,_(v1,... ,v%) C Fg_Q x {0} x {0}.

3(d—2) 3(d—2)

2
We have Ay(E) ~q 2z -q>and Ay(F) =¢ 2 . By adirect computation, we can check that
Eisa (4,1 + 55)-Salem set and F is a (4, 1)-Salem set. On the other hand, A(E, F) = {1},
and

B[P _ Bl

d d ;
q2 qt
which completes the proof. O

4 Proof of main theorem (Theorem [6])

We know from Fraser’s theorem (Theorem that |A(FE)| ~ g when |E| > q%. Hence, for the

proof of Theorem |6, we may assume that a (4, s)-Salem set E satisfies |E| < q4%. Therefore,
the equivalent condition for a (4,s)-Salem set £ C IF Z can be written as

A(E) < |BI"", (18)
which we assume throughout the proof of Theorem [6] below.
4.1 Proof of Theorem @the exponent %

For t € Fy, let v(t) be the number of pairs (x,y) € E x E such that ||x —y| =t.

Notice that Theorem |§| with the exponent % follows from the following proposition, the
Cauchy-Schwarz inequality, and the assumption that Ay(F) < |EB[*~%.
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Proposition 36. We have the estimate
E 4
S we? < L g 4 gt mpa et
telF q
q

Thus, it suffices to prove Proposition Before proving this, we establish the following key
incidence inequality for (4, s)-Salem sets.

Lemma 37. Let P C F4 be a (4,5)-Salem set and let P’ be a set of points (a,b) € (FZ\
{0}) x Fy, and let N(P,P’) be the number of pairs (x,(a,b)) € P x P’ such that a-x = b.
Then PP
wee. Py < UL pigt pps
q
Proof. For each pair (a,b) € P’, define N(a,) as the number of points x € P such that a-x = b.
We write

P P
NP P)= > Nan= ) <N<a,b>—||+‘)
(

ab)epr’ (a,b)eP’ q q
P||P’ P
e S (YR}
q (a,b)eP’ q
By Holder’s inequality, we have
PP o ( |P|)4 '
NP,P’<‘7+P’4 Ny — — ) 19
(P, P) < . Pl > @b = (19)

(a,b)eP’

4
In the rest of the proof, we focus on bounding the sum Z(a,b)eP’ (N(&b) — “;') from above.

We first write

Nan= > 1=¢ 3 3 Pixx(-ta-x-b).

x€P:a-x=b telFy xE]Fg

Separating the sum over ¢ into the cases t = 0 and t # 0, we obtain that

P - .
Nap) — q’ = ¢! Zx(tb)P(ta)~
20
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4

4
> (N(a,m—@) =¢" 3" D x(th)P(ta)

(a,b)e P’ (a,b)eP’ | t#0
< gl > > Xt +tr—ts— t4))P(t1a) P(tya) P(tsa) P(t4a)
a€cFa\{0}, beF, t1,t2,t3,t47#0
<¢"? ) > P(tya)P(t2a) P(tsa) P((t + ta — t3)a)

acFd\{0} t1,t2,t370,t1+t2—1370

<@g [ DD [Pm)! ] < gfPt
m#0

where we used the estimate that

Z |P(m)|4 < q73d|P‘4f4s'

m#0
Plugging this bound into , we obtain the desired bound. O

Note that if P’ is a multiset, the same argument implies the following generalization.

Lemma 38. Let P C F? be a (4,s)-Salem set and let P' be a multiset of points (a,b) €

(FI\{0}) xFy, and let N(P, P'") be the number of pairs (x, (a,b)) € P x P’ such thata-x = b.
Then

4
P||P’
NP P <! ’J] [ m@ni | gfippe,
(a,b)eP’

where P’ denotes the set of distinct elements in P', m(a,b) is the multiplicity of (a,b) in P,
and [P'| =3, 5 m(a,b).

We are now ready to prove Proposition
Proof of Proposition[36. By the Cauchy-Schwarz inequality, we have

Y v <IBl- {(xy,2) € B |lx — 2| = |x —y|}I.

For each t € F,, define
Xi:={(y.z) e ExE:|ly| - [lz]| =t},
Ny = {(x,y,2) € Ex Xy :x-(y —z) =t}
Up={u=y—-z:(y,2) € Xs}, mu(u):={(y,2) € Xy:y—z=u}|

Then

Ny= Y mu) {x€E:x-u=t}|,
uelU;

23



and

S 2 < Bl- S N

teF, teF,

> Xl =P,
t

We have following observations:

and

szt <A4 )

t uel;

with the equality when E is a set on a sphere.

Let
P :={(wt):uel, teF,}\{0,0)}.

Note that the case of u =0 and ¢ = 0 contributes at most |E|*> to 3, N;.

Applying Lemma for P:= F and P', we have _,cp Ny = N(P, P') + |E|? and is bounded
from above by

3
1
ZNt +!E\2+q4\El”<Zth )

t uel;
Note that
(X mwt) < (T mw) (T3 mwr) <o agmt
t uelU t uelU; t uelU;

This implies that

»Js\»—A

|E‘3 2 2— SA
ZNt +|E[? + g1 B A(B),
which completes the proof. O

This approach can also be extended to the distance set of two sets F and F', where E is a
(4, sp)-Salem set and F'is a (4, sp)-Salem. For any t € [, let vg (t) be the number of pairs
(x,y) € E x F such that ||x — y|| = ¢t. Then, we have

F]?|E|? . d _ 1
S v p () s”q" Cmin{|ER|F|, [FRIE] + of |FP*F |E| A(E)d
teF,

PP E]

< + | FPoF | B2,

As a consequence, we obtain

E|*E|F|*F
|A(E, F)| > mln{ HH}
q4

So, |A(E, F)| > q under |E|*E|F|*F > q%. This completes the proof of Theorem
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4.2 Proof of Theorem @»the exponent f%ﬁl

Theorem@with the exponent fs—‘fl follows from the following proposition, the Cauchy-Schwarz

inequality, and the assumption that A4(E) < |B|415.

Proposition 39. We have the estimate

4
> ()< |E;| + g2 |E| Ay(B)2.

teF,

[N

The proof of Theorem |§| with the exponent fs—ﬁ is identical to that of the exponent dg; 4

except that we use the following lemma in place of Lemma A proof can be found in [].

Lemma 40. Let P C IFZ be an arbitrary set and let P’ be a multiset of points (a,b) € Fg xFy,
and let N(P, P") be the number of pairs (x,(a,b)) € P x P’ such that a-x =b. Then

2
PP’
NP, P < | ’; L[ man?| ofip,
(a,b)eﬁ

where P denotes the set of distinct elements in P', m(a,b) is the multiplicity of (a,b) in P/,
and |P'| =37, m(a,b).

This approach can be extended to the distance set of two sets E' and F', where E is a (4, s)—
Salem set and F' is an arbitrary set. For any ¢t € [y, let vg p(t) be the number of pairs
(x,y) € E x F such that ||x — y|| = ¢t. Then, we have

F]?|E]? d 3 1
S upr(t? < EEED L ppim) 4+ gfjp i eyt
teF, q

As a consequence, we obtain

1
: |E*| F|2
IA(E,F)|>>mm{q, Bl = (-
q

So, |A(E, F)| > q under |E\28|F|% > q%. This completes the proof of Theorem

4.3 Discussion

Given F C IFf]l, define
E ={(x|x]):xe€ E} C Fg“.

We denote the additive energy of E' by A4(FE’).

If E is fully contained in a sphere, then A4(FE) = A4(E’). Otherwise, we would expect that
A4(E") < A4(E). The proofs of Propositions [36| and |39| imply stronger upper bounds

E 4
S wi? < B 4P 1 f Bt
telF, q
q
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and | ’4

E
N u()? < 5 4 g3 B2 A (E)?. (20)
tel q
q

Since E’ is a subset on a paraboloid in Fg“, we know from Lemma 17| (with d + 1 even) and
Lemma [18| with (d = 4k — 2 and ¢ = 3 (mod 4)) that

|EJ°

F _
M(E) < 22 45 B

Plugging this bound into , we recover the losevich-Rudnev exponent of % on the distance
set.

5 Proof of Theorem [10l

To prove Theorem we follow the same strategy as in the previous sections. Therefore, we
omit the detailed proof. When a set E lies on a sphere, we can use extra structure: every
line through the origin contains at most two (antipodal) points of E, and ||x|| is constant for
all x € E. These properties yield a better exponent. As in the previous sections, we consider

[x-yl=lx-2z| = =x-(y—2)=0,

using that = ||z|| on the sphere. e then a emma wit

ing that [|y[| = ||z| on the sphere. We then apply L ith
P={\a: a€FE, \e€F*}, P'={(a—b,0): a,be E}.

If we denote the multiplicity of (u,t) € P’ by m(u,t), then
> mut)’ = A(E).
(ut)eP’

From here, Lemma [40] completes the proof.

6 A sharp point-hyperplane incidence bound for Salem sets

In this section, we establish a sharp point—hyperplane incidence bound for point sets that
are (4, s)-Salem, which is a direct consequence of Lemma The result is of independent
interest with potential applications in incidence geometry.

Theorem 41. Let P C IFg be a (4,s)-Salem set and let H be a set of hyperplanes in Fg
defined by a-x =b witha # 0 and b # 0. Then

P||H -
1(P,H) < “q‘ | ¢ P

Remark 42. If H contains hyperplanes with b = 0, then the proof of Theorem[{1] implies a

weaker result, namely,
P||H
1p.iy < PV gt s,
q
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Proof. The proof makes use of Lemma [37] with the following crucial geometric observation:
a-x=b <= (la)-x=(\D),

for all A # 0. We identify each hyperplane defined by a - x = b with (a,b) € Fg“. Set
P'={(Aa,\b): (a,b) € H,\ € F;}. A direct computation shows that

I(P,H) = %N(P, P.

Applying Lemma we obtain
P||H 3 d—
1(pom) < Py g pp .
q

This completes the proof. O

|1—s

This incidence theorem is sharp in the sense that the term |H |%q% | P|*~#% cannot be improved

d—1l—¢

to |H\%q i |P|'=* for any € > 0. To see this, let Hy be a hyperplane in Fg, and H = {Hp},
P = Hy. So |H| =1, and

I(PH)=|P|=q"".
Note that P is (4, 1)-Salem. Theorem 41| tells us that

P||H -
1p, ) < P g2t oy,
q
which is at most P
d—
q‘ g TP = T2 g

This matches the lower bound of ¢~! up to a negligible term, confirming sharpness.

7 Open problems

Given the generality of the (4, s)-Salem framework, it is natural to study other topics in this
setting. We propose the following directions for future research.

7.1 0Odd values of u

In the present paper, we focused on even values of u (specifically u = 4) because the Salem
condition || El, < ¢~ ¢|E|'~* translates cleanly into additive energy bounds. For odd values
of u, this connection is less direct, and new techniques may be required.

Problem 43. Study the distance problem for (3,s)-Salem sets.

7.2 Solvability of systems of equations

The solvability of systems of polynomial equations over finite fields is a classical problem with
connections to number theory and algebraic geometry. Some references include [4, 14}, 17, 32,
35l 136, 37, 38].
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Problem 44. Investigate the solvability of systems of bilinear and quadratic equations within
(4, s)-Salem sets. Can the additional structures provided by the Salem condition yield im-
proved bounds on the number of solutions?

7.3 Packing set problems

Let T be a set of transformations from F? to F4. Define T(E) = {f(E): f € T}. The packing
set problem asks for bounds on the size of T'(E) in terms of the size of E. Some references
include [19] 20].

Problem 45. Study the packing set problem when E is a (4,s)-Salem set.

7.4 Sharpness of energy estimates

In the present paper, we relied on energy estimates from [23], 24} 29]. For spheres of primitive
radius in odd dimensions, the sharpness of these bounds remains open.

Problem 46. Determine whether the energy bound @ holds for primitive-radius spheres in
odd dimensions. If true, this would yield the % threshold mentioned in Theorem @

7.5 Higher-dimensional generalizations

Our results focused on distance sets defined by the quadratic form ||x|| = 2% + -+ + 22, It
would be interesting to extend these results to other norms or distance functions. A reference
can be found in [22] 27].

Problem 47. For E C Fg and an integer k > 3, define

Ap(E) :={llx—ylr: x,y € E}, |Ix|ls = af +--- +zh.

Determine the smallest exponent oo = «(d,4,s) such that for every (4,s)-Salem set E C Fg
with |E| > q%, one has |Ag(E)| > q.
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