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Abstract

Bell inequality violation is the phenomenon where multiple non-communicating parties can
exhibit correlations using quantum resources that are impossible if they can only use classical
resources. One way to enforce non-communication is to apply a latency constraint: the parties
must all produce outputs after they receive their inputs within a time window shorter than the
speed of light delay between any pair of parties. If this latency constraint is relaxed so that a
subset of the parties can communicate, we can obtain a new set of inequalities on correlations that
extends Bell inequalities in a very natural way. Moreover, with this relaxed latency constraint, we
can also have quantum communication between a subset of parties and thereby achieve possible
quantum violations of these new inequalities. We ultimately wish to answer the fundamental
question: “What are the physically realizable correlations between multiple parties under varying
latency constraints?” To answer this question, we introduce latency-constrained games, a
mathematical framework that extends nonlocal games to the setting where a subset of parties
can communicate. The notion of latency-constrained games can have real-world applications,
including high frequency trading, distributed computing, computer architecture, and distributed
control systems.
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1 Introduction

One of the most famous and counterintuitive phenomena in quantum mechanics is the violation
of Bell inequalities [1]. This phenomenon involves multiple parties that are not in communication
but can exhibit correlations' that cannot be achieved using classical resources. One method to
enforce non-communication between parties is to impose a latency constraint: the parties must
complete the entire inequality-violating process from receiving their inputs to producing their
outputs within a time window shorter than the speed of light delay between any pair of parties,
making communication impossible. That is, because of the finite speed of light, by the theory of
relativity latency constraints translate into non-communication constraints. This is also referred
to as closing the locality loophole in experimental literature and has been demonstrated in early
experiments [2]. Therefore, one interpretation of Bell inequalities is that they represent fundamental
bounds on correlations between classical parties under very low latency constraints.

One natural follow-up question is the following: what if the latency constraint is relaxed? In
the two-party case, if the latency constraint is loose enough to allow communication, the parties
can exhibit any correlation by simply exchanging their inputs and choosing outputs accordingly.
This entire process is classical, and so the latency constraint does not lead to any bounds on the
correlations that classical parties can achieve. However, the situation becomes nontrivial when we
go beyond two parties. For example, consider three parties A, B, C' arranged collinearly such that
A and B are close together, while C' is farther away, as shown in Figure 1. For simplicity we will

!This is also known as a behavior, a conditional probability distribution of the parties’ outputs conditioned on
their inputs.



assume all three parties receive their inputs simultaneously and must all produce their outputs by
time ¢, the latency constraint.

Fully communicating scenario

Partially communicating scenario 2

Partially communicating scenario 1

Bell scenario

Figure 1: An illustration of the three parties A, B, C' in the LC game that are collinear on the z-axis
and their respective light cones. We assume the three parties receive their inputs simultaneously
at time 0. They must produce their outputs within time ¢. Different latency constraints lead to
inequivalent non-communication constraints.

Under the strictest latency constraints, all three parties cannot communicate and this becomes a
regular Bell scenario with three parties. This is denoted by the lowest line in Figure 1. Now, consider
slightly relaxing the latency constraint such that A and B can communicate with each other, but
neither can communicate with C. This corresponds to the “Partially communicating scenario 1”
in Figure 1. This is now a scenario that is neither a Bell scenario where no parties can communicate
nor the trivial, fully communicating scenario (no bounds on correlations). However, due to the
latency constraint, there can still be bounds on the correlations exhibited by classical parties. For
example, the CHSH inequalities between B and C and between A and C' still need to be satisfied.
However, bounds that holds in the no-communication Bell scenario, such as the CHSH inequality
between A and B, can now be violated. By relaxing the latency constraint further, we can have the
situation where A, B can communicate with each other and B, C can communicate with each other,
but A, C cannot communicate. This is again an in-between scenario, corresponding to “Partially
communicating scenario 2” in Figure 1. In this case, the CHSH inequality between B and C' can
now be violated, but the CHSH inequality between A and C' still needs to be satisfied. Relaxing the
latency constraint still further as in Figure 1 ends up with the trivial, fully communicating scenario.
This simple example reveals a new, natural area of research:

“What are the fundamental bounds on correlations between classical parties
under varying latency constraints?”

In essence, we are completing the story of Bell inequalities if we are to interpret them as fundamental
bounds on correlations under very low latency constraints. Furthermore, we ask:

“What is the maximum quantum violation of these bounds?”

As of this writing, the theory of quantum mechanics is the most general theory in describing
physically realizable correlations between different parties. Hence, we are actually asking



“What are the physically realizable correlations between multiple parties
under varying latency constraints?”

This one question underlies the central idea of our paper. That is, giving the parties all possible
physical resources, what are the correlations they can exhibit under different latency constraints?
This is a question of fundamental physical limits. Now, looser latency constraints imply that we
can have strategies making use of quantum resources that are more powerful than those of Bell
scenarios. Just as classical parties can send each other classical information and thereby violate
Bell inequalities, quantum parties can send each other quantum information and possibly achieve
stronger violations. We do not bound the amount of information exchanged during communication,
but only impose latency constraints which dictate whether communication is possible or not. This
necessitates a new mathematical framework that goes beyond that of the current theory of Bell
nonlocality.

In this paper, we formulate an extension of the existing mathematical framework of nonlocal
games from computer science that can be used to answer these questions. As our extension
centers around the concept of latency constraints, we will use the name latency-constrained (LC)
games. Our definition will mathematically formalize the concept of a latency constraint and the
communication latency between different parties. We will define classical and quantum strategies as
the most general operations that the parties can perform using classical and quantum resources,
respectively, within the latency constraint. A crucial assumption we make throughout is that the
parties’ local operations consume zero time. In general, the local operation time is constrained
by energy. By providing the parties with sufficient energy, the local operation time can be made
arbitrarily short. This is analogous to the constraint that energy imposes on clock speed in digital
computers. We will also consider the possibility of multiple rounds of communication and multiple
inputs and outputs over time. We call the mathematical framework we introduce for this case
multi-step LC games. This framework is more general and can be used to answer the question

“Given multiple parties with communication latency, what are the possible distributions over
time-series of outputs they can produce, given a time-series of inputs?”

This is essentially an extension of the previous question to the multi-round, time-dependent setting.
Furthermore, this framework uncovers a finer structure than what is drawn in Figure 1. That is,
there is actually a regime that lies between the “Partially communicating scenario 1” and “Partially
communicating scenario 2” where A, B can transmit to each other, receive that transmission, and
then transmit to each other again. This we will call back-and-forth communication, as shown
in Figure 2 for the same setup as Figure 1. This allows for quantum strategies where the two parties
A, B can exchange inputs, perform a quantum measurement, and then exchange measurement
results.

The concept of LC games also has real-world applications. As established in previous work [3, 4, 5],
there exist real-world scenarios where we do wish to exhibit correlations between parties at timescales
shorter than the speed of light delay. This equates to finding “real-world Bell scenarios”. One
notable example is in high frequency trading (HFT), where trading servers issue or cancel orders on
timescales of microseconds and in the future even nanoseconds [6]. For stock exchanges separated
by kilometers or more, this is already shorter than the speed of light delay [5]. Now, from the
perspective of real-world scenarios, the concept of LC games is even more natural than Bell scenarios.
For example, in HF'T, the bound on correlations under a certain latency constraint can be identified
as a bound on a figure of merit for an HFT strategy such as low risk or overall payoffs [3, 5] that



Fully communicating scenario

Partially communicating scenario 2
Back-and-forth communicating scenario

Partially communicating scenario 1

Bell scenario

Figure 2: Parties A and B can have back-and-forth communication for a latency constraint that lies
between those of the two partially communicating scenarios. Note that this is not an exhaustive list
of all possible scenarios.

can be achieved within a certain period of time. Hence, our framework of LC games is, in this case,
can be used to answer the question

“What is the lowest risk or highest payoff we can achieve within a certain latency constraint?”

Such a question is extremely relevant for HFT, where time is literally money. But in general,
a separation between the answer to this question using classical or quantum resources can be
interpreted as a mathematically provable time advantage that can be achieved by using quantum
resources. That is, we can ask what is the minimum time needed to achieve a certain figure of merit,
or utility [5], using classical or quantum resources. If the minimum time is shorter for quantum
resources, this constitutes a provable quantum advantage in the time required. This applies to other
real-world scenarios that can also be latency-sensitive to the point where speed of light delay is a
concern, including (classical) distributed computing and computer architecture [5, 7]. Furthermore,
as mentioned in [8, 4, 5], non-communication between parties can arise in real-world scenarios for
reasons other than latency, such as a lack of a centralized control or the existence of privacy concerns,
characteristics prevalent in distributed control systems [9, 10]. Our LC game framework naturally
applies to these scenarios where there is centralized control or there are no privacy concerns for
a subset of the parties. Lastly, our notion of multi-step LC games is very natural to real-world
scenarios where parties are receiving a series of inputs and producing a series of outputs in real time.

Our paper is structured as follows. In Section 2 we first introduce the simplest type of LC game
that is not just a conventional nonlocal game, where a subset of the parties can undergo a single
round of communication. In Section 3 we give the definition of multi-step LC games, the most
general latency-constrained game where parties can communicate, receive inputs, and give outputs
over multiple rounds. In Section 4 we introduce numerical techniques that can be used to bound
the maximum winning probability that a quantum strategy can achieve for this simplest type of LC
game. This culminates in Figure 13 where we plot the classical and quantum values for an LC game
as a function of time. We end in Section 5 with a discussion. In Section A, to be self-contained we
give a short introduction to nonlocal games. In Section B, we conjecture a way to upper bound the
quantum value for LC games. In Section C and Section D, we give numerical and analytic results
on the quantum values of specific LC games.



Related work Overall, related works in the literature typically focus on generalizing local hidden-
variable (LHV) models by allowing limited communication and seeing if quantum strategies (with
no communication) can still rule out these stronger models. In particular, unlike our paper, latency
constraints is not a central concept in previous works. Furthermore, we are not aware of any work
that generalizes quantum strategies by allowing partial communication. There is a body of work
concerning causal relationships and the types of quantum operations that can be performed [11, 12].
These works concentrate on what types of unitaries can be implemented, while our paper concerns
what types of correlations can be exhibited.

Early work by Toner and Bacon [13] investigated the protocols which permit communication after
the parties have chosen their measurements. This scenario was further investigated in Ref. [14]. Both
works focused on the bipartite case with limits on the number of communicated bits. Subsequently,
this scenario was extended to multipartite case and rigorously formalized using directed acyclic
graphs (DAG) [15]. Refs. [16, 17, 18] analyzed one-way communication of inputs, outputs, or other
classical messages in the bipartite setting using DAGs. It was shown that with three inputs and
two outputs per party, one-way output communication alone is insufficient to reproduce nonlocal
correlations. As for the multipartite case, the multistage game where the outcomes are announced
one by one was discussed in Ref. [19].

Additionally, there are many works on Bell nonlocality in networks [20]. In these works, research
typically focuses on setups with multiple independent quantum sources distributing entanglement
across network nodes. Source-independence and no-signaling assumptions leads to constraints on
classical and quantum strategies, which are used to derive network Bell inequalities [21] and certify
full network nonlocality [22]. That is, this area of research is concerned with weaker classical
and quantum strategies. In contrast, our work concerns stronger classical and quantum strategies
justified by relaxing the latency constraint.

Communication between nodes is also allowed in genuine multipartite nonlocality (GMNL) [23]
and the associated Svetlichny inequalities [24]. GMNL is defined as the set of correlations that cannot
be expressed as a convex combination of correlations that are local with respect to any bipartition of
the parties. For each bipartition, parties can communicate within their side of the partition but not
with parties on the other side. However, these scenarios are very specific (communication allowed
only within a group and everyone can communicate within the group) and are only analyzed up
to deriving an inequality (a Svetlichny inequality) that cannot be violated with classical resources
even if communication is allowed within the group. Quantum violations of this inequality are then
analyzed with conventional quantum strategies for nonlocal games. In contrast, we consider dynamic
quantum strategies involving quantum measurements and quantum communication between parties
that naturally arises from the concept of a relaxed latency constraint. Such dynamic strategies
do appear in [25]. However, our work makes different definitions and performs a comprehensive
analysis based on our definitions:

o Latency constraints is main motivation for our new definitions, and so there is a clear physical
interpretation of our mathematical framework. In particular, we allow for simultaneous
two-way communication between a pair of parties.

o We consider the most general n-party scenario and mathematically formulate the concept of a
latency constraint using a directed graph and an integer-valued latency function.

e We consider specific LC games and explicitly construct optimal quantum strategies.



e We introduce new numerical optimization algorithms for bounding winning probabilities
achievable by quantum strategies and conduct numerical experiments on random games.

2 Latency-Constrained (LC) Games

We begin by introducing the simplest form of an LC game that extends beyond a conventional
nonlocal game. This scenario corresponds to a physical setting in which the latency constraint
permits a single round of communication among a subset of the parties. The pattern of allowed
communication between parties can be represented by a directed graph G, where an edge (i, j)
indicates that party ¢ can send information to party j. For generality, we do not assume symmetry
in communication—that is, if ¢ can communicate with j, it does not imply that j can communicate
with 4. This is why we use directed graphs. We now formally define this generalization of a nonlocal
game. For succinctness, we refer to this as a latency-constrained game, and use the term
multi-step latency-constrained game to denote more complex settings where communication
can go back and forth over multiple rounds. See Section 3 for more information.
We use n and [n] to denote the number of parties and the set {1,2,...,n} respectively.

Definition 1. Let n > 2 be an integer, and let S; and A; be finite sets for each i € [n]. An n-party
latency-constrained (LC) game with input sets S; and output sets A; is defined by the tuple
(V, 7, G), where the probabilistic predicate V is a map

n n
V][] 4= [[S —[0.1],
i=1 i=1
m is the input distribution over [[i; Si, and G is a directed graph with n vertices, referred to as the

connectivity graph of the game.

Note that a conventional nonlocal game is simply an LC game with G being the empty graph (no
edges). Like nonlocal games, we can define behavior as a conditional probability distribution

plai,ag, -+ ,an|s1,s2, -, sn)
with corresponding winning probability

Pwin = > w(s1,82,+ sp) - plar,az, -+ an|s1, 82, ,sp)V(a1, a2 - anls1, sz, - sn).
aiGAi,siESi

We will also use the term maximum algebraic value w, to mean the largest possible winning
probability a behavior can attain:

Wy = Z (81,82, Sp) - max V(ai,ag - - ay|si, s2,- - Sp).
SiESi a,‘EAi

We now proceed to define strategies for LC games.



2.1 Classical strategies

We want to understand what is the most general strategy using classical resources in the LC game
setting. We first make some preliminary definitions. For a directed graph G = (V, E), given i € V,
define

Nowt (i) ={j €V :(i,j) € E}

as the out-neighborhood of i and
Nin(i) ={j eV :(j,i) € E}
as the in-neighborhood of . We also define
Nout[1] := Nout (1) U{i}, Nin[i] := Nin(2) U {i}

as the closed out-neighborhood and closed in-neighborhood, respectively.

Following the same logic as nonlocal games, we will define classical strategies by first considering
the deterministic setting. When everything is deterministic, since classical information can be
copied, the only nontrivial information the parties can communicate are their inputs. We thus define
deterministic strategies as each party taking their local information and producing an output.
But unlike nonlocal games, for LC games each party also has access to the inputs of his in-neighbors.
We therefore have the following definition.

Definition 2. Let (V,7,G) be an LC game with input and output sets S; and A;. Define the H;,
past light cone of party i, as
Hi = H Sj.
JENinli]
A deterministic strategy of the game is given by functions { fi}1—,, where f; : H; — A;.

The behavior realized by a deterministic strategy is simply the vector whose entry is indexed by a
and s is

p(als) =[] 0as.fi(h)-
=1

where a € [ A;,s € [[I, Si, and h; is the element of H; built from the corresponding elements
in s. We can compute the number of possible deterministic behaviors:

Proposition 3. Given an LC game (V,7,G), the number of possible deterministic behaviors is
n
T 1A (2.1)
i=1

Proof. Party i has |H;| possible input values, and for each input value, he can choose from |A4;]
possible output values, so the total number of possible deterministic behaviors is upper bounded
by Equation (2.1). On the other hand, if the output differs for a certain input of a certain party,
the resulting two behaviors will be different. Therefore, the number is exactly Equation (2.1). [



This result can be somewhat counter-intuitive since the parties can have overlapping inputs. However,
what we are counting is the number of different possible deterministic strategies, not the number of
different possible inputs.

Again following the same logic as nonlocal games, in the randomized setting, in addition to
inputs, other nontrivial classical information are sources of randomness. However, this randomness
could be shared with all parties before they start playing the LC game. Since we are assuming
we can use all possible classical resources, we assume all sources of randomness are shared with
all parties beforehand as an initial shared resource.? We thus define a classical strategy as a
probabilistic mixture of deterministic strategies. That is, the set of all classical behaviors is by
definition the convex hull of the set of deterministic behaviors. It is therefore a polytope with the
number of vertices given in Equation (2.1). The set of hyperplanes that defines this polytope via
the Weyl-Minkowski theorem are then the generalization of Bell inequalities for varying latency
constraints, in the case where a subset of parties can undergo a single round of communication. This
answers the first question posed in Section 1. We define the largest winning probability attainable
by a classical strategy for an LC game as w,., which we call the classical value.

Also mentioned in Section 1 is that if every pair of parties can communicate with each other, then
a classical strategy can realize any possible correlation. This is the “Fully communicating scenario’
in Figure 1, which is defined by an LC game with connectivity graph being the complete directed
graph (every pair of vertices are connected in both directions). We state this result explicitly in the
general case:

9

Proposition 4. Let (V,7,G) be an LC game where the connectivity graph G is a complete directed
graph. Then, a classical strategy can realize all possible behaviors. In particular, it can achieve the
mazimum algebraic value wy.

Proof. Let p(a|s) be a behavior. For every s € [[iL; S;, the n parties have a corresponding shared
randomness resource distributed according to the probability distribution p(a|s). Party i owns the
a; part of the shared randomness resource. Since G is a complete directed graph, every party has
access to all of s. Each party ¢ then outputs a; from their shared randomness resource corresponding
to s. The resulting behavior is exactly p(als).

In particular, the classical strategy can realize the behavior given by

Pbo (a\s) = 5a,ao (s)»

where
ap(s) € argmax, V(als).

This clearly achieves wy. O

We observe that the core mathematical object used to describe classical strategies for LC games
1s exactly the same as that of conventional nonlocal games. Both are simply a set of local discrete
functions f;. The only difference is that in LC games, the input distribution has some constraints,
namely that overlapping inputs between different parties must be the same.

2This is the hidden variable X in local hidden variable theories.



2.2 Quantum strategies

Quantum strategies for LC games, on the other hand, do not have the same core mathematical
object as a quantum strategy for a nonlocal game. Like classical strategies, each party can transmit
information to their out-neighbors with respect to the connectivity graph G. Unlike classical
strategies, the parties can send quantum information to each other. We can describe such a strategy
with the following definition.

Definition 5. Let (V,m,G) be an LC game of n parties. Let B;, B;_,; be Hilbert spaces for i, j € [n].
A quantum strategy is a tuple

(1) {Wilsi) Yiepnsie s {Miiza),

where |¢) € Qi1 B; is a quantum state,

WZ(SZ) : Bi — szut = ® Biﬁj.
jENout[i]

is an isometry for all s; € S;, and M; = {11; o, }q,c4, i @ projective measurement on

B;n = ® Bj*)l
JENini]

In words, in a quantum strategy, the parties share a quantum state |¢)). Party i uses the isometry
W;(s;) which is dependent on his input s;. The isometry maps his share of the quantum state
in the Hilbert space B; to a tensor product Hilbert space B = Qe Nowsli] Bi=i> where tensor
factor B;_,; is the quantum system transmitted to party j. B;_; is the quantum system that is left
behind.? Hence, after the transmission, party i has an overall Hilbert space Bzin = ®j€ Ninli) Bi—i»
on which he performs the measurement M;. We can write the behavior realized by a quantum
strategy for an LC game as

pals) = (¢ | @ Wilsi) - QD Mia; - @ Wils:)
=1 =1 =1

w>. (2.2)

Note that the notation is somewhat misleading as the tensor product structure of the measurements
is not the same as that of the isometries. This is better explained by a figure: we draw a quantum
strategy in Figure 3 for an LC game where the connectivity graph G is the graph

U1 = V2 = V3.
We denote by w, the largest winning probability attainable by a quantum strategy for an LC game.
We call this the quantum value.

Two remarks are worth making here about the quantum strategy of a graph game. First,
we emphasize that a quantum strategy for an LC game does not necessarily require the physical
transmission of quantum systems in real time. Instead, quantum teleportation—which only requires
pre-established entanglement and real-time classical communication—is sufficient to turn quantum
communications into classical ones.

3In general, the Hilbert spaces B;_,; can be input-dependent as well, but we can always enlarge the Hilbert space
(by taking the direct sum over all inputs for example) so that in the end the isometries map to a fixed Hilbert space.

10
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Figure 3: A quantum strategy for a graph game, where the connectivity graph G is the graph

V1 :Ug S’Ug.

Second, note that even though the measurement appears to occur at the end of the quantum
strategy, this definition does not preclude the possibility that the parties perform a measurement
first and then transmit the outcomes to one another. Moreover, this measurement can be made
input-dependent, thereby recovering quantum strategies for conventional nonlocal games. Suppose
party ¢ wishes to perform a measurement described by the input-dependent projective measurement
{IL;q,(si)},,c 4, on his share of the quantum state |¢)) and transmit the measurement result to party
j. He can use the isometry W;(s;) that satisfies

Wi(s)OiWi(s)T = > [ a,(s:)Oillig, (si) ® las)(aillB,_,, @ las)(ails,.,,- (2.3)
aiEAi

where O; is an arbitrary operator in the Hilbert space B; and |a;) denotes classical information
encoded in a fixed basis. It is easy to see that Wj(s;) is an isometry for all s; € S;. Indeed, for any
quantum states (), |¢) € B;,

(WIWi(s:)TWi(si)|o) = tr[Wi(sq)|d) (1| Wi(si) ]
= Y tr[lig, (s0)]6) (VMg (5:)]

a;€A;

= (¢]9).

After this isometry, party ¢ and j receive system B;_,; and B;_,;, respectively, and perform measure-
ments in the fixed basis. In this way, party ¢ effectively performs an input-dependent measurement
and transmits the result to party j while keeping a copy for himself.

Now, let Q be the set of all quantum behaviors. Note that this set is only dependent on the
input sets {S;}1_;, the output sets {A;}!"_;, as well as the connectivity graph G. We can prove that
this is convex via a proof similar to [26].

Proposition 6. For any connectivity graph G, input sets S;, and output sets A;, the set Q is
CONVEL.

11



Proof. The key idea of the proof is to use the direct sum of Hilbert spaces of the strategies that
realize the original two behaviors. Note that in general, if we put a dimension constraint on the
Hilbert spaces used, the set of quantum behaviors is not always convex [27].

Consider a convex combination of two quantum behaviors in O:

¢(als) = Ap(als) + (1 — A)p/(als),

n n n
p(als) = W Q) Wi(si)! R ia, R Wilsi)|¥),
i=1 i=1 i=1
n n n
P (als) = (' QW (s:)' QI o, Wi (s:)¢).
i=1 i=1 i=1
Denote the Hilbert spaces for p(als),p’(als) as B;, Bi; and B}, B;_, ;, respectively. By replacing
the underlying quantum system with the direct sum of the original two systems:
C; =B;® Bé, Ci—>j = Bi—>j () le—>]

and defining the corresponding C9", CI* systems as in Theorem 5, we can reconstruct £(als) as:

¢(als) = (0| Q Vi(si)T Q) Zia; @ Vilsi)le),
i=1 i=1 i=1

where

|6) = VA[p) & VI = Ay') € @ Ci,

i=1

Vi(si) == Wi(si) & Wi(si) : Ci = CP™,

B, =g, ® 10, : C" — C™.
The conclusion follows. O

We next prove a simple result regarding Q for different connectivity graphs.

Proposition 7. Let {S;}7,, {Ai}l, be input and output sets, respectively, for n parties and
G = (V, E) a directed graph with n vertices. Let Q be the set of all possible quantum behaviors.
Then, if G = (V,E') where E' C E, then the set of possible quantum behaviors Q' where G is
replaced by G’ is a subset of Q.

Proof. Consider a quantum strategy (|1), {W;(si) }icn),s;e5:, 1M, }i=1) where the connectivity graph
is G'. Let p’(als) be the behavior realized. Define additional Hilbert spaces B;_,; where (i, j) € E'\ E’
to be trivial (one-dimensional) and add them to the output spaces of the isometries W/ (s;):

m(81)|¢>Bz = Wz,(sl)|¢>Bz ® ® |£j>Bi—>]'7
j:(4,5)EE\E’

where |{;) B, ,, is a normalized state. We also add them to the input spaces of the measurements

M

i

Mi(lope® Q@ 1&)5,) = (Mlo)s)© @ &),

J:()EE\E J3:(,) EE\E

Hence, (|¢), {Wi(si)}icn),sies; 1Mi}i=1) is a quantum strategy where the connectivity graph is G.
Thus, p'(als) € Q. O

12
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Figure 4: The distributed CHSH game.

This corresponds to the fact that more correlations become possible as the latency constraint is
relaxed. Hence, in particular, for a growing sequence of subgraphs

GiCGyC---

that have the same vertex set, the maximum achievable winning probability by a quantum strategy
wq is monotonically non-decreasing.

2.3 Examples: distributed games

In this section, we present examples of LC games where classical and quantum strategies have
different winning probabilities. The examples we consider are “distributed” variants of well-known
nonlocal games, specifically the CHSH game and the magic square game. While the original versions
involve only two parties, the distributed variants feature three parties, with two of them collectively
playing the role of a single party from the original game. Although this may appear to complicate
the task, we allow communication according to a connectivity graph, enabling these two parties
to communicate via a quantum strategy as defined in Theorem 5. We show that the three parties
can achieve the quantum value of the original games. Our example not only separates classical
and quantum strategies for LC games but also distinguishes quantum strategies with and without
communication.

2.3.1 Distributed CHSH game

We first give a distributed version of the CHSH game. The three parties receive inputs from
S1,52,53 = {0,1} and give outputs in A1, Ay, A3 = {0,1}. The predicate is given by

1 a1 =az and (s1 ® s2) A s3 = a1 ® as,

V(a1,ag,as|s1, s2, s3) =
T Y 0 otherwise.

That is, each of the first two parties is playing the CHSH game with the third party. The first two
parties must produce the same output. Moreover, one input to the CHSH game is distributed in
the sense that it is the parity of the inputs of the first two parties, and neither party knows the
actual input. Lastly, let 7 be the uniform distribution. The setup is shown in Figure 4.

We first claim that the distributed CHSH game has no quantum violation if the first two partiess
cannot communicate with each other. That is, the latency constraint is very low. In this case, the
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connectivity graph is the empty graph and this becomes a conventional nonlocal game of three
parties. We can write the winning probability as

1
Pwin = 3 [p(000[000) + p(111]000) + p(000[010) + p(111]010)
+p(000/100) + p(111/100) + p(000|110) + p(111|110) 2.0
+p(000]001) + p(111/001) + p(110/011) + p(001|011) ’
+p(110]101) + p(001]101) + p(000[111) + p(111[111)].

It will be useful to express this in correlator form [28]. Given the input (s1, s2, s3), the three parties
measure binary observables K7', K32, K3°, respectively, with eigenvalues +1, —1. The measured
eigenvalues +1 and —1 correspond to producing output bit values 0 and 1, respectively. We explicitly
define correlators as

1
(K" = Z 2a; — 1) - p(a;|s;)
a;=0

1
(K'K[) = > (2ai — 1)(2a; — 1) - plai, ajlsi, s5)
ai,a;=0
1
s
<KiSZKjJKz’“> = Z (2a; — 1)(2a; — 1)(2ar — 1) - p(as, a;, aglsi, sj, sk),
ai,aj;,ap=0
where p(a;|si), p(ai, aj|s;, s;) are the marginal behaviors on party 7 and a pair of parties i # j, which
exist due to the no-signaling condition. The equation

1 S a S as S a a S S
p(a1,az, as|si, s2, s3) =3 (14 (—1)" (K1) + (1) (K3?) + (—1)" (K5%) + (1)1 (K] K3?)
+(—1)MEB(KT K®) + (—1)92998 (K32 K3°) + (—1) 190290 (K K3 K35%)

holds for all a;, s; € {0,1}. For the outputs (0,0,0),(1,1,1),(1,1,0),(0,0,1) that appear in pyin, we
have

1

p(0,0,0[s1, 52, 83) + p(1,1,1]s1, 52, 53) = 1[1 + (KT K5?) + (K7 K3%) + (K32 K5?)]
1

p(1,1,0[s1, 52, 83) + p(0,0,1[s1, 52, 53) = 1[1 + (K7 K3?) — (K7 K3°) — (K32 K3%)].

Thus, the winning probability pwin in Equation (2.4) can be expressed in a correlator form as

1
Puin =+ [URVAS) + (KPED) + (KTD) + ()

+ (KVK3) + (K1 K3) + (K3 K3) 4 (K5 K3)]

(2.5)

Therefore, the RHS of Equation (2.5) is at most %. Note that since we used the no-signaling
constraints in deriving Equation (2.5), % is the maximum value for no-signaling behaviors rather
than the maximum algebraic value w,, which is 1. The winning probability of % can be attained for
a classical strategy where all parties have a constant output of 0. Hence, the quantum value, which
has to be between the classical and no-signaling value, also has to be 3 . The claim follows.
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Now, we slightly relax the latency constraint so that the first two parties can communicate with
each other, but no other communication is possible. That is, we have the connectivity graph G
given by

V1 = V2 V3.

This is possible if v3 is slightly farther away, such as the setting of “Partial communicating scenario
1”7 shown in Figure 1. Here, we overload the letters vy, vo, v3 to denote the parties as well as the
vertices in G. We define the LC game, which we will call the distributed CHSH game, by the
tuple (V,7,G). First of all, the classical value of this LC game is still %. This is because letting
v1, v2 communicate effectively makes them one party as they can share inputs and locally compute
outputs using their functions fi, f» on their combined inputs.* This “aggregated” party now has to
play the regular CHSH game with v3. This can only have a winning probability of at most % for a
classical strategy. That is, even with the relaxed latency constraint, this is the maximum winning
probability. This is an example of a fundamental bound on classical parties in this new regime of
relazed latency constraints and is an analogue of Bell inequalities which hold in the regime of very
low latency constraints.”

However, we will find that in this relaxed latency constraint regime, there is a quantum violation.
That is, although there was no quantum violation at first for very low latency constraints, by waiting
a little longer a quantum violation becomes possible! Moreover, the quantum strategy we find
wins the distributed CHSH game with probability cos? %+ This is the highest possible value for
a quantum strategy. To see this, we aggregate v, v2 and consider them as one party with input
(s1,82) and output (aj,ag). This can only increase the winning probability. Then, this aggregated
party is effectively playing the usual CHSH game with v3. The CHSH game has a quantum value
of cos? g as a nonlocal game. Hence, the quantum value of the distributed CHSH game as an LC
game is also cos? 3

At first glance, it is not immediately clear how a quantum strategy for an LC game as defined
in Theorem 5 can achieve this winning probability. In particular, for a quantum strategy, the first
two parties can only communicate with each other once. If they can back-and-forth communicate,
then the solution becomes trivial. In this case, v; and v3 share a maximally entangled state

B*) = (|00) + [11))/v/2.

In the first round of communication, vo sends his input so to v1, who then computes s1 @ so and
applies the corresponding measurement for an optimal quantum strategy of the original CHSH game
on his share of |®1). v3 applies his measurement according to s3. Then, in the second round of
communication, v; sends his output a; to ve, who directly uses it as his own output. This clearly
wins the distributed CHSH game with probability cos? %, the quantum value of the original CHSH
game."

Surprisingly, we will find that a quantum strategy for an LC game, which only involves a
single round of communication, also suffices to achieve this winning probability. From a physical

perspective, this is interesting because it means that we can achieve the same winning probability

4This will be stated more explicitly when we prove Theorem 22.

°It is also an example of a Svetlichny inequality [24]. Now, previous works on violations of a Svetlichny inequality
only consider using a quantum strategy for a conventional nonlocal game. By the above result, no such violation is
possible. However, we will find that a violation is possible if the quantum parties can communicate, which is allowed
by the relaxed latency constraint.

5Indeed, we will find that this is actually a quite general result when we prove Theorem 23.
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while consuming only half the time. We consider a strategy where the first two parties’ initial
quantum system is in a maximally entangled logical qubit state with the third party:

1
V) By BoBs = ﬁ(|OLO>(BlBg)B3 +121)(B,Bs)Bs)-

Here, the logical qubits |iz)p, B, are

1
0L)B, B, = 7 (105D By + 1) B,[0) B, ) 5
1
11L)B,B, = 7

which are two-qubit states residing in the +1 eigenspace of Yp, ® Yp,, with v; and vy each holding
one qubit. We observe

(10)5,10)B, = [1) B, [1)Bs) ,

X, @ XB,|0L)BiBy = 00)B1Bys  XB, @ XBy|11) BBy, = —|11) By By (2.6)

ZB, ® Zp,|01) BB, = —|0L)B1Bsy 2B, @ ZB,|11)B1B. = |11)Bi B, -

That is, both Xp, ® Xp, and —Zp, ® Zp, are logical Z operators on the logical qubits. Similarly, as

XBI ® ZBz|0L>B1Bz = ‘1L>BlBZ (2 7)

Zp, ® XB,|0L)B, B, = [11) By By

both Xp, ® Zp, and Zp, ® Xp, are logical X operators on the logical qubits. Based on the above
observation, the following strategy allows both vy and vy to perform a CHSH game with v3, while
ensuring that v; and vy produce the same output:

e v; measures Xp, on his qubit when s; = 0, and measures Zp, on his qubit when s; = 1. The
measurement result is denoted by my € {1, —1};

e v9 measures Xp, on his qubit when s; = 0, and measures Zp, on his qubit when s9 = 1. The
measurement result is denoted by mg € {1, —1};

e v and vy share the measurement results mi, mo and their inputs s1, s3 using a single-round
of classical communication. They subsequently output

1
a; = ag = 5[1 — (—1)5152m1mg].

Zp,+X . . Zp,—X . .
e V3 measures % on his qubit when s3 = 0, and measures % on his qubit when

s3 = 1. Then v3 uses his measurement result ms € {1, —1} to give output asz = %(1 —m3);

With this strategy, both v; and vg effectively measure the observables Xp, ® Xp,, Xp, ® Zp,,
Zp, ® Xp,, —Zp, ® Zp, after communication for inputs (s1,s2) € {(0,0),(0,1),(1,0),(1,1)}
respectively. These are exactly the logical Z observable for (s1,s2) € {(0,0),(1,1)} and logical
X observable for (s1,s2) € {(0,1),(1,0)} on their logical qubit, as proved in Equations (2.6)
and (2.7) above. Each of the first two parties v; and vy, paired with the third party vs, is therefore
implementing an optimal quantum strategy for the usual CHSH game, and the outputs of the first
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two parties are guaranteed to be the same. According to Equation (2.4), the winning probability of
this strategy in distributed CHSH game is

1
Puwin =3 [p(m1me = m3|000) + p(mims = m3|001) + p(mime = m3|010) + p(mime = —m3|011)

p(mima = mg|100) + p(mimg = —m3|101) + p(—mima = m3|110) + p(—mima = mg|111)]

Here, we have’
p(mlmg = m3]000) —i—p(mlmg = m3|001)
_ 1+ (| X ® X © Z551y) . 1+ (X © X © Z&y)
2 2
(X @ X ZY)

1
2

1+

S-S

and similarly,

1 1
mime = m3|010) + p(mimg = —m3|011) =1+ =xh| X 2 X|Y) =14+ —,
p(mima 3/010) + p(m1ma 3/011) \/5(1/1’ ) /2

1 1
mima = m3|100) + p(mimg = —m3|101) =1+ —=x|Z R X  X|¢Y) =14+ —,
p(mimz = m3[100) + p(mima 3/101) \/§<¢| ) NG

1 1
SWZezez) =1+

Therefore, this quantum strategy can achieve a winning probability of cos? g as claimed.
We summarize our results for the distributed CHSH game with in Table 1.

p(=mimz = m3[110) + p(—=mamy = m3[111) = 1 —

Connectivity graph | w, Wy Quantum violation?
v U2 U3 % % No
v S vy v % cos? g Yes

Table 1: Classical and quantum values for the distributed CHSH game with different connectivity
graphs. The empty graph corresponds to a conventional nonlocal game, while the non-empty graph
corresponds to an LC game.

We state again the miraculous conclusion: while a quantum violation is impossible under very low
latency constraints where no parties can communicate, by slightly relaxing the latency constraint so
that only v1,ve can communicate with each other, a quantum violation becomes possible.
Additionally, the three-party distributed CHSH game can be naturally generalized to an (n+ m)-
party distributed CHSH game in the following way. Each party receives input s; € {0,1}, which is
chosen uniformly at random, and produce outputs a; € {0,1}. The probabilistic predicate is given
by
V(als) = {1 ay = a2' = =G, Opgl = Opg2 = - = Gpgm, (Bioq 8i) A (@?;Tq—l Sj) = a1 D an41,
0 otherwise.

"The subscript Bi, B2, Bs for state and measurements are omitted for simplicity.
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That is, there are two groups of parties, and each group collectively acts as a single party in the
original CHSH game. The two inputs for this CHSH game correspond to the parity of the inputs
from the parties within each group.

For such an (n + m)-party distributed CHSH game, we can consider a strategy where the parties
share the (n 4+ m)-qubit entangled state

_ \}i 1067 (cos S0 + sin T 1§ ) -+ 1157) (sim S0l = cos T126™))]

with each party holding one qubit. Here, ]05—7) ) and \15—?) are the logical |0) and |1) of the code
stabilized by {YiYiH}?:]l with Z1Z5 - -+ Z,, serving as the logical Z operator. Then each party in
the first group measures Z on his qubit when receives input 0 and measures X on his qubit when
he receives input 1. It is straightforward to check that, for a Pauli string consisting of n X and
Z operators, an odd number of X’s corresponds to the logical X (or —X), while an even number

)

corresponds to the logical Z (or —Z). Similarly, for the m parties in the second group, |O§lm)> and

|1(Lm)> are the logical |0) and [1) of the code stabilized by {Y;Y;11} 4™ 1 with Zyi1Zp12 Znim
serving as the logical Z operator. Again, each of the m parties measures Z when receives input 0
and measures X when receives input 1, so as to implement two anticommuting logical operators
+X and +Z depending on the parity ;Li,ﬁl 55.

With the above shared entangled states and measurements, if the parties can have one round of
communication within each group after their measurements in which they share the measurement
results, they can win this (n + m)-party distributed CHSH game with probability cos? 3, similar to

the three-party case.

2.3.2 Distributed magic square game

We next consider a distributed version of the magic square game. In particular, we will use a
variation of the magic square game [29] where one party is given a row or a column to fill in while
the other party fills in a specific entry in the magic square. The first party’s answer must fulfill the
parity requirements of a magic square while the second party’s entry must match the first party’s.
The input distribution is constrained so that the row or column given contains the specified entry.
We draw the setup of the magic square game in Figure 5 and show the optimal quantum strategy.

+1 | 41 | 41 +1 XI | IX | XX
-1 +1 -1 +1 1z ZI 4
-1 +1 ? +1 XZ | ZX |YY
+1 41 -1

Figure 5: The magic square game. An optimal quantum strategy that has unit winning probability
is to measure the observables on the right-side figure.

In the distributed magic square game, v; and vy share the role of the party in the original
game that has to fill in a specific entry. Instead of getting the full coordinates of that entry, the
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z-coordinate is given to v; and the y-coordinate to vy. More explicitly, the LC game is defined as
follows.

1. The connectivity graph G is again given by

V1 = (%] V3.

2. vy receives input s; € [3], and vg receives input so € [3]. They each must output +1.

3. w3 receives either s; or sy +3 as his input s3 with equal probability. If he receives s3 € {1, 2,3},
he must fill in the s3-th row with £1. While if he receives s3 € {4,5,6}, he must fill in the
(s3 — 3)-th column with +1.

4. The winning condition is:

e w3 fills the row or column with correct parity as according to the usual magic square
game. The parity requirements are shown in Figure 5.

e v and vy have the same output, which should also be the same as what v3 filled in for
the entry (sg, s2).

There exists a quantum strategy with unit winning probability. In this strategy, two pairs of
maximally entangled states

%)% = £ (]00) + 11))*

are shared between v and vs. After receiving their inputs, v; perform measurements in the following
bases depending on si:

s1=1: {’++>7 |+_>7 ‘_+>7 ‘__>}
s1 =2 {|00), [10), |01}, |11)}
1 1 1
—=(0+) + [1-), %(!0—> +[1+4), ﬁ(loﬂ - 1)), ﬁ(|0_> — 1)}

The four measurement outcomes, as ordered above, are labeled via two binary digits (mq,m}) €
{+1,—1}2. That is, the ordering is (+1,+1), (+1,—1), (=1, +1), (-1, —1). Meanwhile, the measure-
ment bases of v3 are chosen in the same way as in the magic square game in [29]:

sg=1: {‘++>7 ’+_>7 ’_+>7 |__>}
55— 2: {]00), [10,[01), 1)}

sw=3:{s 500-) + [14), 5(10+) = 1))

s3 =4 :{|+0), [+1),]-0), [-1)}
s3=5:{[0+), [1+4),]0—-),[1-)}

1 1 1 1
33=6;{ﬁ(yoow|11>,\ﬁ(|01>+|10>,ﬁ NG

and the four outcomes are also labeled via two binary digits (ms,mj3) € {+1, —1}*2 ordered as
(+1,41),(+1,-1), (=1,+1), (-1, -1).

(10+4) + [1-), (10-) = 1))}

Sl

(00) — [11)), —=(01) — [10)) }.
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After the measurements, vy sends his measurement outcome (mq,m}) to vy, and ve sends his
input so to v1. Finally, both v1 and vy output the result of the function

ma if S9 = 1,
f(s2,my,my) =< m) if s9 =2,

mim}y  if s = 3.

Meanwhile, v just fills the row or column specified by s3 according to his measurement outcome
exactly as in the quantum strategy for the variation of the magic square game. That is, if
s3 € {1,2,3}, the ss-th row is filled with mg, m%, mam4, respectively. While if s3 € {4,5,6}, the
(s3 — 3)-th column is filled with mg, m%, msmj, respectively.

We now show that this strategy wins the distributed magic square game with unit probability.
We observe that v; and vy are measuring the same “effective observable” M (s, s2) consisting of
v1’s projective measurement followed by classical post-processing f(s2, m,m’). For example, for
s1 = 1, the effective measurements are

M(1L1) = |40+ =) (] = =) (4] = =N = = X B T,
M(1,2) = [+ )] = =)=+ =) =+ = |-} (—=| = T & X,
M(1,3) = |+ )+ = =) (] = =) (—+] + =)= = X & X.

Similarly, one can check that for other possible inputs (s1, s2), the effective measurements M (sq, s2)
are

M2 1) =I®Z%Z M2,2) =21, M(2,3)=2Z,

MB1)=X®Z M3,2)=22X, M(3,3) =Y @Y.

This is exactly the same as the quantum strategy shown on the right side of Figure 5. Therefore, vy
and v9 always produce identical outputs, and each of them can be effectively regarded as playing the
variation of the magic square game [29] with v3 using an optimal quantum strategy. Consequently,
a quantum strategy with a single round of communication is sufficient to win the distributed magic
square game with unit probability.

2.4 Forwarding strategies

We defined a quantum strategy for an LC game in Theorem 5. Ostensibly, the core mathematical
object that describes it is not the same as that of quantum strategies for conventional nonlocal
games. However, it is worthwhile to check this statement more carefully. In particular, we want to
check that if we use the same mathematical object as a quantum strategy for a nonlocal game, but
allow communication of inputs just like a classical strategy for an LC game, whether we obtain the
same set of behaviors.

That is, we define a strategy where parties share inputs according the connectivity graph and
then make a measurement on a shared quantum state given the received information. This strategy
is indeed consistent with Theorem 5: if party ¢ wants to share his input s; to party j, he can simply
use the isometry W;(s;) which acts on an operator O; on B; by

Wi(s:)(0:) 5, Wi(si)' = (0i)B,_,, @ |si)(silB,_;,

where |s;) denotes classical information encoded in a fixed basis. Party j performs a measurement
on his quantum system conditioned on the classical information encoded in the fixed basis. This
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81,82 = = al
M,y
51,852,583 = = a2
) =
82,83 = = as
Ms

Figure 6: A forwarding strategy, where G is the graph v; S v9 S v3.

results in the strategy we described. In fact, we can give a new, simpler definition for this special
class of quantum strategies.

Definition 8. Let (V,7,G) be an LC game. Recall
Hi = H Sj.
jGNin[ﬂ

is the past light cone of party i. Let B; be Hilbert spaces for i € [n]. A forwarding strategy is a
tuple

(|'¢}>a {Mz(hz)}ze[n},hleHz)
where |¢) € Qi B; is a quantum state and for fived i € [n] and h; € H;, M;(h;) = {1 o,(hi) }a;ca,

s a projective measurement on B;.

We choose the word “forwarding” because in such strategies, each party simply “forwards” his input
to adjacent parties. Using the same notation as above, the realized behavior of a forwarding strategy,
which we will call a forwarding behavior, is given by

v),

pals) = (| @ o, ()
=1

where

jGNin[i]

In Figure 6, we show a forwarding strategy for the same graph as Figure 3: v; & v9 & vs.

Now, it is clear that the mathematical object describing a forwarding strategy is exactly that
of a quantum strategy for a conventional nonlocal game. This is exactly analogous to classical
strategies for LC games. We give the following proposition to formalize this connection.
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Proposition 9. Let (V,7,G) be an LC game and let

(|¢>7 {Ml(hl)}ze[n},hzeHz)

be a forwarding strategy. Then, the winning probability realized by this strategy is equal to that of a
quantum strategy described by the same tuple for the nonlocal game (V', '), where

V/:HAi X HHz—> [0,1]
i=1 i=1
V'(alhi, ha, ..., hy) = V(alhi(1), ha(2),..., hn(n)),

hi(j) being the j-th element of
h; € H; = H Sk,
kGNinm

and

7 [[ Hi = [0,1]
i=1
' (hi,ha, ..o he) = w(ha(1),h2(2), - ha(n)) T Oniciyno)-
(3,7)€EE

In words, the equivalent nonlocal game takes as inputs for each party from the set H; and the input
distribution identifies all copies of S; across different H;’s. We can see this pictorially in Figure 6
where we are now considering the multiple inputs for one party as one large input.

Proof. We can see this directly by writing down the two winning probabilities and finding them to
be exactly the same. O

We now ask the question that motivated the definition of forwarding strategies. That is, given
an LC game, let Q be the set of all quantum behaviors and F be the set of all forwarding behaviors.
Is F equal to Q7 It’s obvious that F C Q since forwarding strategies are special cases of quantum
strategies. Furthermore, each of these sets are convex ([26] and Theorem 6) and only depend on the
input sets .S;, output sets A;, and connectivity graph G. We find that these two sets are not always
equal, establishing that quantum strategies for LC games does indeed entail new mathematics.

Consider the case of three parties and consider again the connectivity graph G:

U1 = Vg Us. (28)
At a high level, our counterexample is the following: Let wvi,vs play the CHSH game. Then,
using a quantum strategy, ve can simply output the measurement results of v; using the isometry
in Equation (2.3). A forwarding strategy cannot do this. This is because the behavior of vy, v3
self-tests the quantum state that v1,v3 are using, and therefore by monogamy of entanglement, v
cannot possibly know the measurement result of v;. We state our result as a theorem and give a
formal proof.

Theorem 10. There exist input sets S;, output sets A;, and a connectivity graph G such that

Fco.
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Proof. Let G be the graph in Equation (2.8) with 3 vertices. Let
S1,83 ={0,1}

be the possible inputs of vy, vs respectively, while Sy is a singleton. Since there’s only one possible
input, we will suppress s9 in our notation for conciseness. Also, let

Ay, Ag, A3 = {0,1}
be the possible outputs of vy, ve, v, respectively. Consider the behavior

pCHSH(a1,a3|81,S3) az = a1

ai,as,asl|sy, s3) =
alar, az, as|sy, s3) {0 otherwise '

where ponsm(ai, as|si, s3) is the behavior of vy, v3 implementing an optimal quantum strategy for
the CHSH game.

Then, a quantum strategy for an LC game can achieve this behavior where vy, v3 implement
an optimal quantum strategy for the CHSH game, and v; sends his measurement result a; to vs.
v1, v3 output their measurement results aj, asz, while vo outputs a;. This clearly realizes the desired
behavior.

We next show that no forwarding strategy can realize ¢(a1, a9, as|si,s3). We see that the
marginal distribution (a1, as|s1, s3) is simply pcusm (a1, as|si, s3). Now, this behavior self-tests for
the maximally entangled state of two qubits |®T) := %(|00> + |11)) as well as the corresponding
measurements P in an optimal quantum strategy for the CHSH game. That is, if ¢ is a forwarding
behavior:

q(a1,a2,a3|s1,53) = (V|B,BaBs 11,0, (51) @ 2 g, (51) ® I3.05(53)|%) B, BoBs»
there exists local isometries V; : By — B} ® By , V3 : B3 — B4 ® Bs such that

(‘/1 ® Ip, ® V3)(Hl,a1 (31) ®Ip, ® H3,a3 (83)|¢>B132B3) = (PLCLl (81) ® P3,ll3 (53)|®+>BQB§) ® |£>B132B37
(2.9)

where £ is some state. Hence,

(1,a,(51) @ 20, (51) @ 113,05 (s3) (1))
= WV ® Ip, @ V) (Vi @ I, ® V3) (1,0, (51) © T 05 (51) @ Tz 04 (s3)) |4)
= (‘I’+’B;Bg (€15,B,B, (Pra(51) ® P3,a3(33)!‘1’+>3335) @ 12,45 (51)|€) B, B, B,
= (@7 BBy Proay (51) @ P3.a5(53)|197) 51 31 (€] 5, 3, By 2002 (51)[€) 5, B, By »
where VT is the adjoint of V and the second equality follows from Equation (2.9) and from summing

it over a1, as. This implies that conditioned on s1, s3, the output of vy is independent of the output
of v1, a contradiction. O

In fact, for any connectivity graph G = (V, E') that is not weakly connected and not empty, F C Q
for an appropriate choice of sets A;,S;. This is because we can always find a triple of vertices
v1, V2, v3 such that (v1,v2) € E but vz is not weakly connected to either. We can then define the
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LC game where all parties that are not vy, v3 have singleton input sets, v1,vs have 1-bit inputs,
v1, V2, v3 have 1-bit outputs, and all other parties have singleton output sets. That is, effectively all
the parties other than vy, ve, v3 are irrelevant. By the same argument as above, F C Q.

The gap in realizable behaviors proved in Theorem 10 also translates to a gap in achievable
winning probabilities for the corresponding LC game. We consider the LC game G = (V, 7, G) where

V(a1, a2, as|s1, s3) == Vcusu(ai, azlsi, s3) - [az = a1],

where Vepgsy is the winning condition for the CHSH game, and G is given by Equation (2.8). We
also assume a uniform input distribution (s, s3) == %. We will call this the extended CHSH
game as per [30], but as an LC game with partial communication allowed. We show the extended
CHSH game schematically in Figure 7. We denote the maximum achievable winning probabilities

51 52 53

al az a3

a1 = as and a1 P az = s1 N s3.
Figure 7: The extended CHSH game.

of classical, quantum, and forwarding strategies as w., wy,wy, respectively. Then, it is clear that
Wq > cos?(m/8) by simply letting v1, v3 implement an optimal quantum strategy for the CHSH game
and then vy send his output to v, who simply outputs exactly that. This actually achieves the
quantum value by the same argument as that of the distributed CHSH game. That is,

wy = cos?(m/8).

However, it is easy to see that w; < cos?(m/8) again via self-testing. In fact, we can actually
prove a stronger result:
3
17
the classical value of the CHSH game. To see this, let

plar,az,az|si, s3) = (Y14, (51) ® a4, (51) @ 3,45(53)|¢)

be a forwarding behavior. By Theorem 9,

wr(G) = we(G1),

where G is a nonlocal game, namely the 1-extension [30] of the CHSH game. By Theorem 2.1
in [30], the classical and no-signaling values w.(G1),wns(G1) is equal to the classical value of the
CHSH game, 2. Thus, wq(G1) = 2. We conclude ws(G) = 3 as desired. We can summarize this
result with a proposition.
Proposition 11. Let the LC game G be defined as above. Then,

3

wy(G) = cos?(1/8) > ws(G) = 1

wr =
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3 Multi-Step Latency-Constrained (LC) Games

Latency-constrained games as defined in Theorem 1 is the simplest extension of nonlocal games
that arises from latency constraints. Effectively, it allows for only a single round of communication
between a subset of the parties. To disambiguate, we will refer to this type of LC game as a
simple latency-constrained game. Now, in real-world scenarios, the parties can have multiple
rounds of communication, and may even receive inputs and create outputs over different rounds.
An example is in HFT where different trading servers at different stock exchanges around the globe
are communicating and making trades over an extended period of time. We would therefore like to
define a multi-round extension of LC games. Now, communication between different parties may
incur different latencies, for example due to different geographical distances. Hence, we need to
introduce a notion of time. That is, we want an extension of LC games involving multiple time
steps. We first define for a non-negative integer 7, [0 : 7] := {0} U [7].

Definition 12. Let n > 2, 7 > 0 be integers. Let SZ-(t),AZ(t) be finite sets for i € [n],t € [0: 7], and

We define a probabilistic predicate V which is a map

V:[[AD x []S% — [o,1].
t=0 t=0

Furthermore, we define the input distribution m which is a probability distribution on [[{_, S,
Finally, let

C:[n] x[n] = Z4
be a function such that
Vi € [n], £(i,1) = 1.

This will be called the latency function. Then, a T-step latency-constrained (LC) game is
the tuple (V,m, ).

Here, t € [0 : 7] specifies the time step. Each party is to receive an input and produce an output at
each time step fromt =0to t = 7. Si(t) is the input set for party ¢ at time step ¢t and Al(t) is the
corresponding output set. The probabilistic predicate evaluates the total “score” of the combined
outputs from all time steps of the parties given the combined inputs from all time steps. 7 describes
the probability distribution of the different inputs. Finally, the latency function ¢ encodes the
latency information. That is, £(7, j) is the number of time steps required for party i to transmit
information to party j. We will assume this is always positive.® Moreover, we define for all i € [n]

0(i,i) = 1

81f £(3,7) = £(j,1) = O then party i and j are the same party. If one direction is positive and the other zero, defining
a strategy becomes messy. We can also justify the positivity of the latency by the finite speed of light for parties that
are spatially separated.
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to more conveniently define strategies for 7-step LC games below. For the sake of generality we
make no additional assumptions on the latency function. For example, it could be asymmetric
or violate the triangle inequality and therefore is not a distance function. When ¢ is the speed of
light delay, then the corresponding realizable behaviors reflect fundamental physical limits. Note
here we are assuming that local operations consume zero time. The only operation that consumes
time is communication between the parties, which is given by the latency function ¢. As mentioned
in Section 1, this is justified by giving the parties more energy, thereby allowing them to arbitrarily
shorten their local operation times. Our assumption is also a good approximation to real-world
scenarios where latencies are much longer than local operation times. An example would be where
the parties are physically far from each other. We can define a behavior p(als) and corresponding
winning probability pyi, for a 7-step LC game analogously to the LC game case in Section 2.

In Theorem 12 we seem to be assuming that time is discrete and that receiving inputs, producing
outputs, and communication are done in a synchronous manner. However, the definition is more
general than it may seem. The time values we want to include in our definition are the communication
latencies and the times at which the parties need to receive inputs and produce outputs. Without
loss of generality, we can assume all of these time values are rational numbers since the rationals
are a dense subset of the real numbers and all physical clocks must have a finite precision. Let the
set of all time values be

Vr CQ.

This set is finite. We can then set one time step as a length of time

1
0= lem{q : p/q € Vp,ged(p, q) =1}’

where lcm, ged are short for least common multiple and greatest common denominator, respectively.
It is clear that all time values in Vp are integer multiples of ¢g. For cases where parties are receiving

(3.1)

inputs, producing outputs, and communicating asynchronously, we can simply let Si(t) or Agt) to be
singletons when there is no input or output, respectively, at time step t for party i. The parties
can also choose to communicate nothing at a particular time step. This will depend on the specific
strategy they choose to implement, which is what we will next discuss. Note that a 0-step LC game
is just a nonlocal game. A 1-step LC game where Sz-(l), AEO) are singletons is a simple LC game.
Our 7-step LC games framework can be used in real-world scenarios by specifying the points

of time at which inputs are received and outputs are produced for a set of spatially separated
parties with corresponding communication latencies. This determines the input sets Sl-(t) and
output sets Agt), as well as the latency function ¢. The probabilistic predicate V then specifies
what is the desired time-series of outputs given the time-series of inputs, while the 7 is the prior
on the inputs. By optimizing the winning probability using classical strategies versus quantum
strategies, we can determine whether a quantum advantage is possible. This framework is a lot
more natural than [5] because real-world scenarios often involve a sequence of inputs and outputs
and can involve communication (with latency). Hence, we expect our framework to be useful for
identifying real-world applications.

We also mention that our 7-step LC games framework goes beyond conventional nonlocal games
even in the two-party setting. This is because the two parties receive multiple inputs and produce
multiple outputs, and they can also communicate, albeit with latency. For example, this can be

used to analyze real-world scenarios where outputs in the past can affect the game being played
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in the present. We say such games has memory. This can be applicable to scenarios such as [7],
where previous routing of customer requests can have effects later in time.

For general 7-step LC games we will mostly make definitions and prove some simple properties.
Future work will be to establish a more comprehensive theory of 7-step LC games. Such a theory
could possibly make use of mathematical tools from works such as [25].

3.1 Classical strategies

As we argued in Section 2.1, we can always copy classical information, so in the deterministic setting
the only nontrivial information that the parties can transmit to each other are their inputs. Hence,
we can define a deterministic strategy for a 7-step LC game as follows.

Definition 13. Let (V,m,¢) be a T-step LC game. Let

)

HY =TI s" % I tﬁj s\

t'<t j#i  t'=0
L(i,5)<t

be the past light cone of party i at time step t. A deterministic strategy is given by functions
t
{fz( )}ie[n},tG[O:T}r where

7O HO Ly 40,

That is, in a deterministic strategy, each party produces an output at time step ¢ given all his past
inputs and the inputs of all parties that can be sent to him by time step t¢.
The behavior of a deterministic strategy is simply

T

n
p(als) = [T 11 0,0 (0 (1))

t=01i=1
where hgt) is the element of HZ-(t) made up of corresponding elements in s. Using the same proof
as Theorem 3, we can establish the following.

Proposition 14. Given a T-step LC game (V, 7, 1), the number of possible deterministic behaviors
18

[T TT 1A, (3.2)

t=014=1

A classical strategy is a probabilistic mixture of deterministic strategies where shared randomness
can be used. Since the set of all classical behaviors is by definition the convex hull of the set of
deterministic behaviors, it is a polytope with the number of vertices given in Equation (3.2). Again,
via the Weyl-Minkowski theorem, we can obtain the fundamental bounds on classical correlations on
parties recetving multiple inputs and producing multiple outputs over time and each party having
different communication latencies.
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3.2 Quantum strategies

The core mathematical object describing a quantum strategy for a 7-step LC game involves a
set of interaction tensors W. For a 7-step LC game with n parties, party ¢ at time step t
(®)

uses the interaction tensor W;

which has n 4+ 1 input legs and n + 1 output legs. This is shown
diagrammatically in Figure 8. The first input leg will take in the input from S ®

; , having dimension

)
Wi

Figure 8: The interaction tensor Wi(t) for party ¢ at time step t.

\Si(t)]. The first output leg will yield a probability distribution on the outputs in Al(t), having
dimension ]Az(t) |. These legs correspond to classical systems. The other n output legs are quantum
systems sent to other parties (including party ¢ himself). That is, these connect with input legs of
other interaction tensors in the future (higher ¢). Specifically, the j-th quantum output leg of Wi(t)
will connect with the i-th quantum input leg of W]-(Hm’] D, Also, since we assumed £(i,7) = 1 for all
i € [n], the quantum system that party i sends to himself can just be regarded as a local quantum
register that is left behind and is sent to the interaction tensor for the next time step: VVZ-(HI).

This specifies the connections of all the legs except for interaction tensors near the initial and
final time steps. An “early-time” interaction tensor of party ¢ at time step ¢ may have an input leg
corresponding to party j that does not connect with an interaction tensor where ¢ — £(j,4) < 0. That
is, no quantum system was transmitted to the interaction tensor via that leg because not enough
time elapsed for an initial transmission from j to ¢. We will assume these legs are trivial (dimension
1). Similarly, the “late-time” interaction tensors of party ¢ at time step ¢t may have an output leg
corresponding to party j that does not connect with an interaction tensor where t + £(i,7) > 7.
That is, no interaction tensor receives their transmission because the 7-step LC game already ended
by the time the transmission is completed. We will also assume these legs are trivial.

To keep everything physical, we require that for any interaction tensor VVZ-(t), for a fixed classical
input leg index sz(t), the map from the remaining (quantum) input legs to the remaining output legs
(including the classical leg) is an isometry. With these interaction tensors and the initial shared

quantum state, we can define a quantum strategy:

Definition 15. Let (V,m,{) be a T-step LC game. A quantum strategy is a tuple

(1), AW Yicmaeion)-

Hence, the behavior of a quantum strategy is given by

p(als) = [[[¥(als)) |

where this time

a = (a’z('t))ie[n],té[O:ﬂ? S = (Sz('t))ie[n],té[O:ﬂ
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and

[W(als)) =[] [®<a£“|wi“>|s£”>] ), (3.3)

t=0 Li=1

the matrix product being taken from right to left. The sandwiching of the Wi(t) interaction tensor

in Equation (3.3) sets the classical input leg index to be sl(-t) € SZ-(t) and the classical output leg
index to be agt) € Agt). Note that |¢(als)) is not a normalized vector. A quantum strategy captures
the most general quantum protocol that the parties can implement in T time steps, where £(i,j) is
how long it takes for i to signal to j. In Figure 9, we draw a diagram of a quantum strategy for
three parties where £(i,j) = max{1, |i — j|}. Note again that it is not strictly necessary for the
parties to send quantum systems in a hardware implementation: they could simply perform quantum
teleportation by using shared entanglement and communicating classical information.

—
-
wg/-\
3
-

Figure 9: A quantum strategy for a three-party, 7-step latency-constrained game, where the latency
function is given by £(i, j) = max{1, |i — j|}. The wires represent communication channels, with
time flowing to the right. For instance, the first output wire of Wl(o) corresponds to the local register
of party vy, the second wire takes one time step to reach party vo, and the third wire takes two
time steps to reach v3. Trivial legs are omitted.

Let Q be the set of all quantum behaviors in a 7-step LC game (V,7,¢). Similar to The-
orem 6, we can prove the convexity of this set.

Proposition 16. For any T-step LC game (V,m, (), the set Q is convex.

Proof. Consider a convex combination of two quantum behaviors in O:

{(als) = Ap(als) + (1 — A)p'(als),
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where

plals) = [lo@)I® feals) = [é) <”>] 9),

t=0 Li=1
p(als) = |14/ (als), rz//(a\s»:lj <§_§> O >] ).

By replacing the underlying quantum system with the direct sum of the original two systems, we
can reconstruct £(als):

E(als) = [[le(als)) |,

where

\¢<a|s>>:ﬁ[®< (W o wi®) s >] (VAlR) © VI=Alp')) .

t=0 Li=1

The direct sums can be defined similarly to Theorem 6.

3.3 Single-input single-output (SISO) LC games

Although simple LC games extend Bell inequalities by relaxing the latency constraint, it only
assumes a single round of communication between the parties. To include multiple rounds of
communication, we need to define a special class of T-step LC games:

Definition 17. A 7-step LC game (V,m,{) is single-input single-output (SISO) if Vt > 0, SZ-(t)

(t)

are singletons and ¥Vt < 7, A;" are singletons.

That is, the parties only receive inputs in the very beginning at time step 0, and they only give
outputs at the very end at time step 7. In between they are able to transmit information to
each other, but they do not receive inputs or give outputs. Therefore this is almost equivalent
to conventional nonlocal games, the only difference being the addition of a latency function. For
conciseness, we will define

S; =89 4;=A".

Note that a 1-step SISO game? is a simple LC game. In Figure 10 we show a 2-step SISO game
with 3 parties where ¢(1,2) = £(2,1) =1, £(2,3) = £(3,2) = 2, and £(1,3),4(3,1) > 2

A SISO game is naturally interpreted as multiple parties that receive inputs and need to produce
their outputs within latency constraint T, given their pairwise communication latencies. If T is too
small, no communication is possible, and this becomes a conventional nonlocal game. On the other
hand, if the 7 is sufficiently large for all the parties to receive all the inputs, then the game is trivial.
That is, we can prove:

Proposition 18. Let (V,m,¢) be a SISO, T-step LC game. Suppose T > lpax. Then, a classical
strategy can realize all possible behaviors. In particular, it can achieve the maximum algebraic value
We-

9For conciseness we will sometimes omit “LC”.
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S1 = = a1
(0) (1)
wy Wy My
So = — ao
0 1
|¥) Wi wi M,
s3 = = a3
(0) (1)
Wy Ws M3

Figure 10: A 2-step SISO game with 3 parties where ¢(1,2) = £(2,1) = 1, £(2,3) = £(3,2) = 2,
and ¢(1,3),£(3,1) > 2. For clarity we denote the last isometries as M since they are essentially
measurements.

Proof. Since, 7 > fnax, all parties have access to all inputs. The rest follows the proof of Theorem 4.
O

This is similar to the result in Theorem 4. However, if the time is not sufficiently long, then only
limited communication is possible. In fact, by looking at the classical value w,.(7) or quantum value
wq(7) for the T-step SISO game (V,,¢) for different 7, ceteris paribus, we are actually computing
the highest possible winning probability achievable with classical or quantum resources under varying
latency constraints, thereby answering the questions posed in Section 1. This can also be interpreted
as the achievable winning probability with classical or quantum resources as a function of time.
It is clear that this function is monotonically non-decreasing. We can then take the difference
wq(T) — we(T) to evaluate the quantum advantage as a function of time.

We can also define a quantum advantage from the other direction. We can define 7.(«) for
a € [0,w,] as the a-classical threshold time: the minimum number of time steps for a classical
strategy to achieve a winning probability of o or higher. We can similarly define 7,(a) as the
a-quantum threshold time. If

rala) < 7o(),

for some «, then we have a mathematically provable time advantage using quantum resources as
described in Section 1 for this SISO game and specific a. Note that Theorem 18 implies that for all
a € [0,w,),

Te(@), Tg(@) < lrax.

For a SISO game, we observe that both classical and quantum strategies lead to behaviors which
satisfy a relaxation of the no-signaling condition. Namely, parties that are within each others’ light
cones can communicate, but the behavior of parties outside of each others’ light cones must be
no-signaling with respect to each other. Just like simple LC games, information regarding which
parties are in each others’ light cones can be captured by a directed'? graph:

10This corresponds to the fact that we did not assume £(3,7) is symmetric.
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Definition 19. Let (V,m,¢) be a SISO, T-step LC game. Its connectivity graph G = (V, E) is
defined as:
V = [n]

and
E={(i,§) i,j € Vi # j,((i,§) < T}.

That is, the connectivity graph’s vertices are the n parties, and two vertices are connected if one
can communicate to the other within 7 time steps. Hence, the connectivity graph describes which
parties can communicate with which other parties. We then define the generalization of no-signaling
behaviors as follows:

Definition 20. Let G = (V, E) be a directed graph. We say a behavior p(als), is G-signaling if
for fized i € [n], s1,82, * ,Si—1,Si+1s" " »Sn,

> plar,ag, -+ anlsi,s2,+  Sio1, S0y Sig1s 0 5 Sn)
ajEAj
jENout[i]

1s independent of s; € S;.

In words, this is saying that the marginal distribution of the outputs for parties that are not out-
neighbors of a party is independent of the input of that party. It is clear that quantum and classical
strategies for a SISO game realize behaviors that are G-signaling, where G is the connectivity
graph. Note that (V,())-signaling is equivalent to no-signaling. Furthermore, any marginal of a
G-signaling behavior that only involve parties that are not adjacent (in either direction) of each
other is no-signaling for every possible set of inputs of the parties that were traced out. That is, let
V' C V such that
Vi,j eV’ (i,j) ¢ E.
Then, for fixed {s;}y,gv

Z p((l]_,(IQ,"' y An|S1,82, 75n)
a; €EA;
v €V’

is a no-signaling behavior.
We can prove an upper bound on the dimension of the set of G-signaling behaviors Bg. Based
on the notations introduced in Section 2.1, for any X C V', define

Njn[X] = U Nm[l]
i€X

Proposition 21.

ambe< > (I Isul) (1044 -1),

XeP+(V) “wENi[X] teXx

where P+ (V) is the set of all nonempty subsets of V.
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Proof. For simplicity, in this proof, we assume A4; = {0, 1,...,|4;| — 1}. The upper bound in this
proposition can be proven by an explicit parametrization in [31] from an observation that all
conditional probabilities involving the outcome 0 can be reconstructed using the normalization
conditions and signaling conditions. For example, from the signaling condition

[A;]—1
> plaiyajlhi, hy) = plailhi),
CLj:O
one may express
[Az1—1
p(ai, 0lhi, hy) = p(ailhs) — > plai, ajlhi, hj).
a;=1

In this parametrization scheme, for each subset X C V, there are ], Nin[X] |Sw| input possibilities
and for each input scenario, there are [],c x (]A¢| —1) specifiable output probabilities. The summation
over all the subsets then gives an upper bound on the dimension.

O]

3.3.1 Aggregating parties

In latency-constrained settings, we often encounter situations where a group of parties can commu-
nicate, while different groups cannot communicate with each other. This is similar to the setup
in Svetlichny scenarios [24]. To motivate this from a latency standpoint, we can imagine parties
are located in various cities. Parties in the same city can communicate at low latencies due to
geographical proximity, while parties located in different cities communicate with much higher
latencies. In this scenario, it is natural to ask when it is possible to “aggregate” multiple parties.
This is a concept that appeared in some of our examples above, including the distributed CHSH
game in Section 2.3.1. That is, in what situations can we replace a group of parties by one party
that aggregates their inputs and outputs? We give sufficient conditions for the specific case of SISO
games.

Define a bidirected clique of a directed graph as a subgraph that is itself a complete directed
graph (every pair of vertices is connected in both directions). Now, it is clear that for classical
strategies for a SISO game, the connectivity graph G actually encodes all the information we need,
since the past light cone of a party is fully determined by G. Since SISO games only have a single
input and output set just like conventional nonlocal games, to more succinctly state our results
below, we will sometimes refer to a classical strategy for a SISO game with connectivity graph G as
a G-classical strategy for the corresponding nonlocal game. Then, we can show that parties in an
isolated, bidirected clique of G can be collapsed to one party.

Proposition 22. Let (V,m,¢) be a SISO, T-step LC game and let G = (V, E) be the connectivity
graph. Let C = (Vo, Ec) C G be a bidirected clique that is isolated, that is, vertices in C are not
connected to vertices outside of C. We define G' where we replace C in G by a single isolated vertex

ve. We define

Svc = H Sv/

v eVe
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and

Avc = H Avl.

v'eVe

Then, p(als) is a G-classical behavior for the nonlocal game with the original input and ouput sets
iff it is also a G'-classical behavior for the nonlocal game with the input and output sets aggregated
as above.

Proof. Consider the case of a deterministic strategy. Every party v’ € V¢ receives the inputs of
all the other parties in V. Hence, each output a, is a function of S,,. The collective output
[Iyev, @, is in Ay.. Thus the statement is true for deterministic strategies. We can then take
convex combinations of deterministic strategies to obtain our conclusion. O

For example, we can start with a graph
G=v1S vy w3
and after aggregation we obtain the graph
G =vc s,

where vc has input set S1 x Sy and output set A7 x As.

In the quantum case, a similar statement would need to involve the latency function ¢. Specifically,
if there is a group of parties that cannot communicate with other parties, and there is a party within
the group who has enough time to receive inputs from and send back outputs to all other parties
within the group, then we can aggregate that group into one party. We state this as a proposition.

Proposition 23. Let (V,m,¢) be a SISO, T-step LC game and G = (V, E) its connectivity graph.
Suppose for some Vo CV, for alli € Vo, 5 € V\ Ve,

(4,7), (4, 1) € E.
Further suppose there exists vg € Vo such that for all i € Vg,
e(i,’l)()) +€(U07i) <T (34)

Now, replace all the parties in Vo with one party vo with input and output sets

SUC = H Si

%5

and

Avc = H AZ',

1i€Ve
respectively. We define the latency function

(5, k) = £(4, k)
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Figure 11: A continuous-time LC game with two parties.

for j,k € V\ Vo and
él(vCaj)7£,(javC) >T

for all j # vt Then, p(als) is a quantum behavior for (V,m,{) iff it is also a quantum behavior,
aggregating the inputs and outputs as above, for the T-step LC game (V' ;' 0") where V' and 7’ are
obtained from V,mw by replacing the parties in Vo with one party ve and using the above question
and answer sets.

Proof. The forward direction is trivial because anything the parties in V> can do, since they cannot
transmit anything to other parties, can be captured by an S, ,-dependent measurement on their
overall share of the quantum state with outcomes in A,,,.

As for the backwards direction, we observe that party ve in the aggregated setting is completely
isolated and simply can only do an S, ,-dependent measurement on his share of the quantum state
with results in A4,,. Going to the non-aggregated setting, we can give v9 € V¢ the entire share
of the quantum state owned by ve. At time step 0, each party in Vi sends his input to vg. vy
then performs the S,,-dependent measurement with results in A, that vc uses in the aggregated
setting. The measurement results are then sent to all the parties in V. By Equation (3.4), they all
receive the measurement results before time step 7 and produce their respective outputs at time
step 7. The conclusion follows. O

3.4 Continuous-time LC games

Although our definition of 7-step LC games can approximate physical latency-constrained scenarios
arbitrarily well, it is still worthwhile to consider how an LC game should be formulated in the
continuous-time setting where the parties are continuously receiving inputs and creating outputs.
This would be more natural from a physics perspective. In the same spirit, we will also assume
inputs and outputs are continuous, in particular real-valued [32]. We will describe in words how
continuous-time LC games can be formulated. We leave for future work a more formal mathematical
formulation and subsequent analyses.

For simplicity, we consider the two-party case as drawn in Figure 11. Let 7 > 0 be a real
number and let Si(t),Sa2(t), where ¢t € [0, 7], be continuous-time stochastic processes that take
values in R. We interpret these as inputs to v; and vg, respectively. Likewise, we let A;(t),.A2(t) be
continuous-time stochastic processes that take values in R. These will be the outputs of v1 and wvo,

1 Any values larger than 7 suffices, enforcing the fact that ve cannot communicate with other parties.
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respectively. Let s1(t), s2(t) and a;(t), a2(t) be real-valued functions on [0, 7]. We are interested in
the continuous-time behavior

p(A1(t) = a1(t), Aa(t) = aa(t) for t < 7|S1(t) = s1(t), Sa(t) = sa(t) for t < 7).

That is, we are interested in the probability of a trajectory of the outputs ai(t), az(t) for ¢ € [0, 7]
given the trajectory of the inputs s1(t), s2(¢). Thus, unlike 7-step LC games where the behavior p(als)
is a function whose domain is a Cartesian product of discrete sets 5;, A;, in the continuous-time
setting, the behavior is a function whose domain is a Cartesian product of the space of functions

{f:00,7] = R}.
Then, we can define the latency function ¢ in the continuous-time setting as real-valued:
E(Ul, Ug), g(UQ, Ul) S R+,

where £(v1,v2) is the latency from vy to ve and vice versa.

We can then define strategies as involving continuous-time classical or quantum operations.
Again we will assume local operations consume zero time. This is somewhat extreme in the
continuous-time setting but as we discussed in Section 1, this can be justified by simply increasing
the energy. In the end, we are concerned with fundamental physical limits:

o Given all possible classical physical resources (including arbitrarily large energies), what
correlations can be exhibited?

o Given all possible quantum physical resources (including arbitrarily large energies), what
correlations can be exhibited?

Our assumption therefore is consistent with the premise of these questions.

A classical strategy can include actions such as v; at time ¢ sending classical information to vy,
such as his input s1(¢) or his output ay(t). ve will receive the information at time ¢ + £(v1,v2). vo
can apply a function on this information and other information that he has to produce his output
so(t + £(v1,v2)). Similarly, quantum strategies can include actions such as vy locally preparing
and sending a quantum system |¢)p, at time ¢ to v;. v; would receive this quantum system at
time ¢ + ¢(v2,v1). He can locally perform a measurement {II; ,, }4, on |¢)p, together with some
quantum system on his local quantum register to obtain his output a;(t 4+ ¢(v2,v1)). In essence,
these strategies are the continuous-time versions of classical and quantum strategies for 7-step LC
games.

The above two questions about fundamental physical limits then translate to the mathematical
questions:

“What is the set of continuous-time behaviors realized by classical strategies?”
“What is the set of continuous-time behaviors realized by quantum strategies?”

We leave the rigorous formulation and answering of these mathematical questions to future work.
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4 Numerical Techniques and Examples

We want to answer the second, and equivalently third, question in Section 1 of how much quantum
resources, which are the most general physical resources, can violate the bounds on classical
correlations in the latency-constrained games setting. More generally, such a question naturally
extends to SISO games. That is, we want to numerically compute the quantum value w, for arbitrary
simple LC games and SISO games and compare it to the classical value we.

In general, optimizing conventional nonlocal games is already a computationally hard problem [33,
34, 35]. Hence, we can only hope to provide some heuristic algorithms. Standard methods for non-
local games, like the see-saw algorithm [36] or the Navascues-Pironio-Acin (NPA) algorithm [37, 38],
may also apply to specific LC and SISO games, depending on their graph G. For example, in the
case where G is the empty graph or we can aggregate parties in a SISO game such that it reduces
to a conventional nonlocal game. In general, however, such methods cannot be used directly on
games that cannot be reduced to conventional nonlocal games.

For this reason, we provide in Section 4.1 a generalization of the see-saw algorithm to compute
lower bounds on the quantum values of arbitrary simple LC games. Such a method can naturally
extend to SISO games. Upper bounds on the quantum value of LC games could be obtained by
a generalization of the NPA hierarchy along the lines of [39], for which we conjecture a possible
approach in Section B.

4.1 Lower bounds via a see-saw algorithm

We can compute lower bounds on the quantum value w, of any LC game via a generalization of
the see-saw algorithm [36] used to compute lower bounds for conventional nonlocal games. We first
re-write the behavior Equation (2.2) in the mixed quantum formalism:

p(als) = tr [@ IL; 4, <® Wz‘(&‘)) (P)] ,
i—1 i=1

where, writing L as the space of linear operators on a Hilbert space,

n
i=1
is a quantum state and where, for each party i,
Wi(si) : L(B;) — L(BM)

is a quantum channel parametrized by s;, and II; = {Il; 4, }4,c4, is a projective measurement with
projectors 11, 4, € L (BI").

Together, a parametrized quantum channel and a projective measurement define the “local”
strategy of a party ¢. A key observation is that such a strategy is formally equivalent to a one-slot
quantum comb [40, 41, 25], which are higher-order quantum operations [42] corresponding to the
combination of two quantum operations connected by memory link, which in this case is the space
B;_.;.

To represent the strategy of a party as a single higher-order operation we use the “link prod-
uct” [40, 41] denoted ‘*’, which represents the composition of operators at the level of their Choi
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matrices [43, 44]. It is defined for any matrices X¢op € L(CD) and Ypg € L(DE) by

Xep * Ypp = trp [(XCD ®1p) P . (Ic® YDE)} € L(CE),
where - TP) and trp are respectively the partial transpose and the partial trace on the space D,
and where I is the identity on space E. We start by writing W;(s;) as the non-normalized Choi
operator of Wj(s;) defined as

dim B;

Wilsi) = > 1)kl @ Wilsa)(7)(K]) € L (Bi @ BP™)
j.k=1

The local strategy of party ¢ can then be written as a collection of operators {K; 4, (si)}a,,s; With
Kia,(5:) € L (B ® BY}' @ BJ})) where

é?) = ® Bj i, B?il)lt = ® Bij,
jENin(i) jeNout(i)

effectively removing the memory link B;_,; (see the definitions of Niy(i) and Noyt(7) in Section 2.1).
These operators are defined as

Kia;(si) = Wi(si) * Iliq,,

By construction, because the link product of two positive matrices is positive [40, 41], the K; 4,(s;) are
positive matrices. Furthermore, the property that they can be decomposed in two quantum operations
Wi, (s;) and II; can be characterized by a set of normalization and projective constraints [40, 41, 25, 42].
More precisely, writing K;(s;) = 3,.c 4, Kia; (i), for any s; € S;, the set {K; 4,(5:)}q4; defines a local
strategy for party ¢ if and only if it satisfies

trKi(s;) = dim B; dim B{}} (4.1)
b [Ki(si)] ® I = dim B Ki(si) (4.2)
o pin pone Ki(s:) = dim B, (4.3)
and K; q,(s;) > 0, for all a; € A;. (4.4)

These are all permissible constraints for a semidefinite program (SDP). We can now rewrite
behavior Equation (2.2) in the Choi’s picture as'?

p(als) = Kiq, (s1) %+ x Knay (s3) * p.
The see-saw algorithm is then based on the bound

wg = D m(s) D V(als)(Kia (s1) % % Kivay (s) * ), (4.5)

seS a€A

12Note the link product is associative.
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and the outline of the algorithm is as follows. First, we set the dimensions of all the quantum
systems B;, B;_,;. Then, we generate a random density matrix p by taking a Haar random pure
state of dimension (dim B;)? of which we trace out a dim B;-dimensional system.

We also generate random positive semidefinite matrices {K;q,(S;)}a,,s; for each party i by
generating a random operator with an ancillary system Bj 4, of dimension |A;|, that we trace out to
generate |A;| random elements. This can be thought of as generating operators where each party’s
measurements had been purified. More precisely, we generate Haar random pure states of dimension
(dim B; dim Bj* dim BE}) |A;])? of which we trace out a (dim B; dim By dim Bg‘) | A;|)-dimensional
system, defining operators K;(s;) € L(B; ® Bf’i‘;t ® BE?) ® Bjy4,]). We then normalize these so as to
satisfy Equation (4.1) and project them to obtain operators K;(s;) such that tr By, K;(s;) satisfies
both Equation (4.2) and Equation (4.3) and furthermore such that

~ ~ 1

trB\Ail Ki(s;) = trBi(?)B\AiI [Ki(si)] ® diTBi(?)IBé?)'
This last equation ensures that the system contained in B 4,| has no influence on previous operations,
and correspond to a purification of parties’ ¢ measurement. Finally, if these operators are not
positive semidefinite, we mix them with the identity to obtain positive eigenvalues and satisfy
Equation (4.4):

- —~ 1

K'S' = 1_)\KS+)\7]OH in 5

ifsi) = ( ) - Kilsi) dim By§*| Ay BiBUs B Bia,)

where X is the minimum eigenvalue of IN(,(SZ)
The {Kia,(5:)}a;ea;,s,e5 are then obtained by measuring system By, in the computational
basis, which can be expressed in the Choi picture as:

Kiai (si) = Ki(si) * |ai){ailp (4.6)

Once a random solution is initialized, we iteratively optimize the RHS of Equation (4.5), optimizing
each of p and {K; 4,(5i)}a,e4, 5,5, satisfying the relevant constraints, ceteris paribus. Each iteration
is clearly an SDP. This leads to a monotonically non-decreasing lower bound on w,. We stop the
algorithm when a round of optimization (of the state and each operator K;) does not change the
lower bound more than a given tolerance, typically, 1076.

4.2 LC games

Using this generalized see-saw, as well as more standard tools used for nonlocal games, we can now
look at different LC and SISO games and compare their classical and quantum values for different
latency constraints and connectivity graphs. We consider in this section the case of LC games, while
SISO games will be considered in Section 4.3.

4.2.1 Random XOR games

We apply the generalized see-saw to three-party XOR games. As we discuss below, in this case it
is actually sufficient to use a see-saw algorithm for conventional nonlocal games, but we perform
this calculation to demonstrate the use of the generalized see-saw algorithm and to finally motivate

39



the example in Section 4.3.2. We consider random three-party XOR games defined by a uniform
distribution 7 on their input and with probabilistic predicates of the form

V(G/l? az,as, 51,52, 83) = ﬁ81,82,53 (al &) a o a/3)7
where for all (s1, 52, s3) € {0,1}3 we have
/881,82753 (al Dax @ CL3) = maX[BShS%S?, ’ (_1)a1®a2®a37 O] (4-7)

for some coefficients —1 < 351,52733 <1.
Consider for instance the game defined by the coefficients

Bo,0 = 0.438 B10,0 = 0.580 (4.8)
Boo,1 = 0.610 Bro1 = —0.502 (4.9)
Bo,1,0 = 0.520 Brio = —0.724 (4.10)
Bo,1,1 = —0.466 Bia1 = —0.220, (4.11)

which was randomly generated. We choose to use it because it exhibits some interesting properties
as summarized in Table 2.

Connectivity graph We Lower bound wy Upper bound wy Quantum violation?
(1) v1 vo w3 0.34300 0.37157 0.37157 (NPA) Yes
(2a) v1 S ve vy | 0.34300 0.37440 0.37440 (NPA aggreg) Yes
(2b) v1 vy Swy | 0.34300 0.37219 0.37219 (NPA aggreg) Yes
(2¢) v1 S w3 wve | 0.34300 0.37347 0.37347 (NPA aggreg) Yes
(3) v1 S vy S | 0.50750 0.5075 0.5075 (Algebraic) No

Table 2: Computed classical and quantum values of the game defined by the coefficients given in
Equations (4.8) to (4.11) with respect to different connectivity graphs. For the empty graph (1), the
upper bound on wy is obtained via the NPA hierarchy.!® For the graphs (2a), (2b) and (2c) the upper
bounds on w, are obtained via the NPA hierarchy on the non-local game obtained by aggregating
respectively (vi,v2), (va,v3), and (v1,v3) into a single party, which can only make the strategy more
powerful. Meanwhile the upper bound for the graph (3) is given by w, = > &, ., 351752753. The
classical values are obtained by enumerating all the possible classical strategies as given by Theorem 2.
The lower bounds on w, are obtained by running the generalized see-saw with where the quantum
systems B;, B;_,; are qubits.

We first observe that in Table 2 all connectivity graphs except (3) exhibits a classical-quantum
separation. This shows whether or not the an LC game has a quantum violation can depend on the
connectivity graph, as in the case of the the distributed CHSH game in Section 2.3.1. The absence
of a separation for (3) is something generic to XOR games, as for such games, classical strategies
can always achieve the algebraic bound on the graph (3), by having parties v; and v3 producing a

13We here use the second level of the hierarchy.
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fixed output 0, and vy producing its output depending on the full input (s1, s2, s3) which as been
communicated to him by v; and wvs.

The particularity of XOR games also appears in the results for the graphs (2a), (2b) and (2¢)
where the lower and upper bounds on w, are matching, meaning that the see-saw converged for each
graph to the optimal quantum strategy when the parties are aggregated. This is because v; and v
can communicate their inputs, so their joint behavior can be restricted without loss of generality to
one of them outputting a fixed value 0, and the other one producing its output depending on their
joint input (s1,s2). Hence, for XOR games, it is sufficient to the see-saw algorithm for conventional
nonlocal games.

Finally we observe in Table 2 that the classical values are the same for all connectivity graphs
except (3), where it reaches the algebraic value. This means that for any physical arrangement of
the parties (which of the two parties are physically closer), relaxing the latency constraints such
that two physically close classical parties exchange their inputs does not help for this particular
game. This in contrast to what happens in the quantum case, where the quantum value can be
different depending on the physical arrangement. In fact, we can order the different graphs based
on their quantum values

wi < wP® < W) < W) <wl®.

Here, we stress that because the solutions of the different SDP’s are obtained with a very small
duality gap (typically on the order of 10~8), these results give genuine separations between these
different graphs.

4.2.2 Extended XOR game

We next examine whether the separation of Theorem 10 between forwarding strategies and quantum
strategies obtained for the extended CHSH games can occur for other LC games. In particular, can
we obtain such a separation by extending [30] other nonlocal games other than CHSH game?

For any n,m € N, an extended XOR game is defined by a Boolean function f : Sy x S3 — {0,1}
with So = {0,...,n — 1} and S3 = {0,...,m — 1} and a uniform prior 7 on the inputs. The first
party receives a fixed input s; = 0, while the two others receive an input from S5 and S35 respectively.
They all produce an output in A, Ag, A3 = {0,1}. The probabilistic predicate is given by

1 a1 =az, f(s2,83) = a1 ®as

V(a17a2aa3781782)83) = .
0 otherwise.

We consider such games on the connectivity graph

v1 S v 3, (4.12)

To find a separation between forwarding and quantum strategies, we first compute upper-bounds

on the quantum value obtained via forwarding strategies using Theorem 9. Indeed, for any game

(V,m,G) as we can obtain upper bounds on wy directly via the NPA hierarchy [37, 38], which gives

upper bounds on the quantum value of the nonlocal game (V',7’). The lower bounds on w, are

computed via the generalized see-saw of Section 4.1 where Bi_,5, Bo_,1 are qubits and vo, v3 share a
two-qubit entangled quantum state.

By considering 50 extended XOR games for Boolean functions selected uniformly at random

with n = m = 3 we find a separation for 35 games. This confirms that the separation we observed in
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the extended CHSH game applies naturally to a wide range of games. We also observe that for these
50 random extended XOR, games, the upper-bound on forward strategies obtained via the NPA
are all reached by classical solutions, just as in the case of the extended CHSH game in Section 2.4
(see Appendix C for more details on these simulations'4). This may be because XOR games with a
quantum-classical separation and a unique optimal quantum strategy (up to isometry) [45] may be
sufficient for this to hold via a proof similar to that of Theorem 11.

4.3 SISO games

We now apply our numerical techniques to SISO games. In fact, we now have the numerical tools
necessary to analyze a specific physical layout where three parties vi,ve,vs are arranged in an
isosceles triangle as shown in Figure 12. Parties v; and vy are spatially separated by distance d,

V1
dl
d U3
d/
V2

Figure 12: Three parties arranged in an isosceles triangle where d’ > 2d.

whereas v3 is at a larger distance d’ > 2d from both v; and vo. We wish to derive fundamental
physical limits on their correlations by setting the communication latency to be the distance divided
by the speed of light c. We then map this physical layout to a SISO game via the procedure given
in Section 3:1°

e We assume all parties receive their inputs at time 0 and must produce their outputs at time ¢,
the latency constraint.

o The latency functions take values d/c or d'/c.
o Assume Vp = {t,d/c,d’'/c} C Q. Define ty as in Equation (3.1).

o We will thereby consider a SISO, 7-step LC game where 7 = t/ty and the latency function ¢
takes values in {d/(cty),d'/(cto)}.

Now, we observe that depending on the value of the latency constraint ¢, we end up with different
special cases of SISO games:

1. For t € [0,d/c),'® no parties can communicate and this is a conventional nonlocal game.

2. For t € [d/c,2d/c), v1 and vy can only communicate once and so this is a simple LC game.

1 All the code and numerical solutions are accessible on the online repository https://github.com/pierrepocreau/
Latency-constrained-games.

15Note this would be more natural if we use a continuous-time definition of LC games as in Section 3.4.

18This is an interval of real numbers, not rational numbers, but we will ignore this for now.
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3. For t € [2d/c,d'/c), this is an SISO game where v; and ve can back-and-forth communicate
and thus can be aggregated into one party.

4. For t > d'/e, all parties have access to all inputs and thus can realize all possible correlations.

For simple LC games, we can use the generalized see-saw algorithm in Section 4.1 to compute a
lower bound on the quantum value. When we can aggregate v; and v, this becomes a conventional
two-party nonlocal game, for which the standard numerical methods of nonlocal games can be used.
Hence, we can compute bounds on the classical and quantum values for all these different ranges of
latency constraints. This will culminate in the graph shown in Figure 13 where we plot the classical
and quantum values for a particular LC game with this physical layout as a function of time!

4.3.1 Three-party XOR games

Given the physical layout and the induced 7 and ¢, we need to next choose the probabilistic predicate
Y and input distribution 7. We first consider the three-party XOR games introduced in Section 4.2.1.

Now, consider the case where ¢ < d/c such that no can parties communicate. This is then a
conventional nonlocal game. We can write the winning probability of a three-party XOR game with
uniformly distributed inputs as

1
Pwin(T = 0) = 3 ST Borsass(ar ® az @ as)pla, az, ag|s1, s2, s3).

$1,82,83 a1,a2,a3

The quantum value w, can be upper bounded using the NPA hierarchy [37, 38], which we denote as
w};pper.” And the classical value w. can be obtained via linear programming [46, 47].

When the latency constraint is relaxed to t € [d/c,d’/c), v1 and ve can communicate while vz
cannot communicate with either. In this regime, v; and v2 can be regarded as one aggregated party,
even when t < 2d/c. As mentioned in Section 4.2.1, this is because they can adopt the following
strategy:

1. vy gives a constant output a; = 0, and send his input s; to vs.

2. vy measures binary observables'® K7%°* dependent on the aggregated inputs (s1, s2) to produce

his output as.

The winning probability becomes

1
Pwin(T =4) = ¢ D D Barsass(a2 @ az)p(ag, as(s1, s2), s3).

51,52,83 a2,a3

Thus, the quantum value of the aggregated game w;8® can be computed exactly using an SDP [48],
and the classical value w288 is again obtained via linear programming.

Building on the above observation, we now investigate the behavior of three-party XOR games
before and after aggregation, corresponding to ¢ € [0,d/c) and t € [d/c,d’/c), respectively. For

1"We here use the third level of the NPA hierarchy.
18See Section 2.3.1.

43



simplicity we assume s, s,.s;(a1 @ a2 @ a3) are Boolean functions (takes values in {0,1}). We
investigate the following examples:'?

XORl : 381,82,83 = (-1 8182837
XORg : 381752,83 =
XOR3 : /6)81782753 =
XOR4 : 381752,83 =
The quantum and classical values of these three-party XOR games before and after aggregating
v; and v are listed in Table 3. Note for the quantum value wy, we can give explicit quantum
strategies that match the upper bounds wyPP" from the NPA algorithm within numerical precision.

Furthermore, for these special three-party XOR games, the quantum values w#¢ can be verified
analytically by transforming X OR; into a generalized CHSH game [49]. See Section D for details. As

Game | w, Wy weBs | wets
XORy | T 08750 | I | 410
XOR, | 4 |0.8536 | 1 1

XORs | (08536 | 2 |cos®%
XORy4 | 2 [0.7500 | 2 | cos®Z

Table 3: Quantum and classical values of three-party XOR games XOR,; under different latency
constraints. For w,, we compute an upper bound via the NPA hierarchy and find matching lower
bounds up to numerical precision in Section D.

shown in Table 3, for XOR; and XORy4, a quantum advantage does not exist when ¢ € [0,d/c), but
appears when communication is allowed when ¢ € [d/¢,d’/c) due to the relaxed latency constraint.
Meanwhile for XOR., we see the opposite phenomenon: while where was a quantum advantage for
t € [0,d/c), it disappears for ¢t € [d/c,d’/c). Finally, for XOR3, communication has no effect on the
classical or quantum values. This shows that even for three-party XOR games where 3 is a Boolean
function, the classical and quantum values can exhibit diverse behaviors as a function of time.

4.3.2 Perturbed XOR game

For the three parties XOR games studied in the previous section, one round of communication is
equivalent to back-and-forth communication, for both classical and quantum strategies. While for
classical strategies such an equivalence holds for all games (parties sharing all their input information
in the first round of communication do not gain anything from a second round), we might expect a
separation for the quantum case.

Here we aim to find such separation by considering an XOR game defined in Section 4.2.1, but
with the addition of a random perturbation. This perturbation is introduced to break the structural
properties of XOR games, which prevent all separations between one-round and back-and-forth
communication. Perturbed XOR games are defined with a uniform distribution 7 on their inputs
and with a probabilistic predicate

V(a1,a2,a3,51,52,53) = (1 = X) - Bs; s0,05(a1 B a2 ® az) + X -n(ar, a2, a3, s1, 52, $3),

19Here we use the coefficients 351,52,53 in Equation (4.7) to define the Boolean functions.
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for some coefficient A € [0, 1], and where for all (s1, 2, s3) € {0,1}3 we have
Bs1,52,83 (a1 ® az ® ag) = maX[351752753 ) (_1)(11@&2@&3’ 0]

for some coefficients —1 < 351,32753 <1, and n(a1, az, as, s1, s2, s3) € [0, 1].
The specific example we consider is defined with A = 0.25 and with the same coefficients B, s, s,
as that of Section 4.2.1,

Bo0,0 = 0.438 B1.00 = 0.580 (4.13)
Boo,1 = 0.610 Bro1 = —0.502 (4.14)
Bo,1,0 = 0.520 Brio = —0.724 (4.15)
Bo,1,1 = —0.466 Bia1 = —0.220, (4.16)

while the perturbation 7 is given as a matrix in Table 4.

s\a | 000 001 010 011 100 101 110 111

000 | 0.805 0.808 0.515 0.286 0.054 0.383 0.408 0.045
001 | 0.049 0.999 0.652 0.235 0.435 0.974 0.898 0.844
010 | 0.392 0.493 0.677 0.061 0.556 0.271 0.880 0.064
011 | 0.679 0.870 0.227 0.895 0.872 0.019 0.707 0.001
100 | 0.503 0.437 0.203 0.325 0.806 0.316 0.149 0.699
101 | 0.449 0.799 0.236 0.320 0.800 0.507 0.506 0.236
110 | 0.015 0.933 0.086 0.845 0.368 0.951 0.399 0.936
111 | 0.556 0.240 0.741 0.674 0.684 0.464 0.222 0.641

Table 4: Perturbation values n(a1, as, as, s1, S2, $3) for each output (a1, as, as) and input (s1, s2, s3).

We run numerical simulations in order to compute the classical value of this game, as well as
lower and upper bounds on wy and wy for different latency constraints (note that by definition
wy < wq). We further assume that the parties are arranged in the isosceles triangle of Figure 12.
These numerical results are summarized in Table 5.

The first observation we can make in Table 5 is that, except for the latency constraint ¢ €
[d/c,2d/c), where v; and ve have time for one round of communication, all the lower and upper
bounds on w, match, meaning that the see-saw algorithm converges to the optimal quantum solution.
We also see that there exists a separation between classical and quantum values for all latency
constraints except ¢ > d'/c for which both classical and quantum solutions can reach the maximum
algebraic value since they have sufficient time to share all of the inputs.

By relaxing the latency constraints, we also see an increase in the quantum value of the game, as
shown in Figure 13. Several things can be said here. As mentioned previously, both one-round and
back-and-forth communication are equivalent for classical strategies and lead to the same classical
value. This may not be the case for the quantum value in our perturbed XOR game. Here we observe
a gap between the lower bound obtained on latency constraints ¢ € [d/c, 2d/c) and the quantum
value obtainable for latencies ¢ € [2d/c, d’/c). However, we must stress that this gap is not proof of a
separation, as we lack an upper bound on the quantum value achievable for latencies ¢t € [d/c,2d/c).
In particular, the lower bound obtained numerically on w, for general quantum strategies (0.41770)
is lower than the quantum value for forwarding strategies w; = 0.42419. This implies that our
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Latency constraint | Value Value | Lower bound Upper bound Quantum

t We wy Wy Wy violation?
t€0,d/c) 0.38650 | 0.40052 0.40052 0.40052 (NPA) Yes
teld/c,2d/c) 0.40384 | 0.42419 | 0.41770 (*) | 0.42896 (NPA aggreg) Yes
te[2d/e,d /c) 0.40384 | N/A 0.42896 0.42896 (NPA aggreg) Yes
t>d/c 0.59563 | N/A 0.59563 0.59563 (Algebraic) No

Table 5: Computed classical and quantum values of the perturbed XOR game with coefficients
given in Equations (4.13) to (4.16) and perturbation matrix in Table 4, defined with A = 0.25. For
the latency t € [0,d/c), the upper bound on wy is obtained via the NPA hierarchy. For the latencies
teld/e,2d/c) and t € [2d/c,d’/c), the upper bounds on w, are obtained via the NPA hierarchy on
the nonlocal game obtained by aggregating (v1,v2) into a single party as explained in Section 3.3.1.
Meanwhile classicAal and quantum values for t > d'/c is given by the maximum algebraic value
(1= A) - 2os, 5055 Bsiosaisa T A 2g) 5555 MAXay ap.a5[N(a1, a2, a3, 51, 52, 83)]. The quantum strategies
are optimized with quantum systems B;, B;_,; being qubits. The values for forwarding strategies
are obtained with matching lower and upper bounds obtained respectively via see-saw and the
NPA hierarchy. The lower bound on w, for ¢ € [d/c,2d/c) is obtained with the generalized see-saw
algorithm and correspond to the best results obtained on 1000 random initial solutions. (*) Note
that, surprisingly, the generalized see-saw converges to quantum strategies that achieve lower
winning probabilities than forwarding strategies. The lower bounds on w, for latency t € [0,d/c)
and t € [2d/ec,d’/c) are obtained with a see-saw algorithm on conventional nonlocal games with
parties each holding a qubit. The nonlocal game for ¢ € [2d/c,d’/c) is obtained by aggregating v;
and vp. Note that for t € [0,d/c), wy and wqy coincide by definition.
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see-saw algorithm is not finding the optimal quantum strategy. However, for A = 0, the see-saw does
converge to the optimal quantum solution, as shown in Table 2, which means it is still very capable.
For A = 0.25, even with 1000 random trials, the see-saw converges on local maxima that are far
from the optimal value. That is, there might exist quantum solutions that achieve a quantum value
of 0.42896, which would close the gap between one-round and back-and-forth communication for
this LC game.

0.601 —— Classical value w, .
0.594{|==- Lower bound on wq (see-saw)
0.58 Upper bound on wg, tE[0,%) (NPA)
Upper bound on wg, tE€[Z, <) (NPA) 1
Maximum algebraic value w,
o 0.441
=
©
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€ [ -0
© |
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0 d 2d a
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Latency constraint t

Figure 13: Graphic summarizing the results of Table 5 where we take d’ = 3d for convenience.
Parties arranged in an isosceles triangle as in Figure 12 can achieve progressively higher classical
and quantum values by relaxing the latency constraint.

5 Discussion

Although the violation of Bell inequalities is an extremely well-known phenomenon in physics,
taught in undergraduate physics classes and mentioned in every modern textbook on quantum
mechanics, we provide an interpretation of Bell inequalities that is not as well appreciated in the
literature. The central concept that we introduce is a latency constraint. By setting the latency
constraint lower than the speed of light delay between all pairs of parties, the set of inequalities
that the parties’ correlations must satisfy are exactly Bell inequalities. In the multipartite (more
than 2) setting,2? by setting the latency constraint a bit higher so that a subset of the parties can

2ONote as mentioned in Section 3, we can stay in the two-party setting for multi-step LC games.
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communicate, we obtain a new set of inequalities that generalizes Bell inequalities in a very natural
way. And just like Bell inequalities, these new inequalities are fundamental bounds on local hidden
variable theories. In other words, the correlation of classical parties must satisfy these bounds within
the specific latency constraint. We saw examples of these bounds in Section 2.3 and Section 3.3, as
well as quantum violations of these bounds.

Send classical bits
near speed of light

Fast local
quantum gates

Pre-share
entangled state

Fast gates and
measurement

Figure 14: Experimental operations corresponding to different parts of the quantum strategy
in Figure 3 (connectivity graph v; < ve < wv3). These operations include what is necessary to
implement the quantum teleportation protocol.

Experimental realization The next natural step is to conduct experiments that can achieve
quantum violations in this new, relaxed latency constraint regime. In general, this will require,
in addition to quantum measurements on a shared entangled state for a Bell inequality violation,
real-time quantum communication. The parties will need to perform quantum operations on their
quantum register depending on their received input and send a part of their quantum registers
to each other as specified by the quantum strategy. As we mentioned in Section 2 and Section 3,
quantum teleportation is sufficient for the communication step. The parties can pre-share maximally
entangled states and use them for quantum teleportation in real time. In particular, they only
need to send each other classical bits as specified in the quantum teleportation protocol. This is
summarized in Figure 14, where we label the experimental operations corresponding to different
parts of the quantum strategy drawn in Figure 3.

Now, the main technical challenge?®! is the following: the entire quantum strategy needs to be
completed within the latency constraint. Fast quantum measurements in the computational basis
at or below microsecond timescales are already possible [50, 51, 52]. Quantum gates that the
parties need to perform are usually even faster than the measurements for most physical platforms,
assuming they can be efficiently decomposed into hardware-native gates. For the communication

210ther than the already recognized challenges in quantum network experiments such as achieving long-distance
and long-lasting quantum entanglement.
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step, to save time the transmitted classical bits ideally should be moving near the speed of light
in vacuum. This can be approximately achieved via free-space optical communication, including
radio transmission, microwave towers, or laser links. This is one reason quantum teleportation is
preferred over physically sending quantum systems, as the latter, if we require high probability
of success, usually requires a fiber connection between the parties. Light travels much slower in
fiber than in free space. Finally, we ideally should use quantum memories that can serve as local
quantum registers and can store entanglement, both for measurement and for quantum teleportation
purposes. Current physical platforms such as trapped ions, quantum dots, nitrogen-vacancy (NV)
centers, and possibly neutral atoms used in emerging quantum networks can serve as such quantum
memories [53].

Real-world applications From a fundamental physics perspective, such experiments constitute
a refutation of local hidden variable theory in a new regime. From an applied quantum technolo-
gies perspective, such experiments physically realize the mathematically provable time advantage
achievable by quantum resources as mentioned in Section 1. Again, this is extremely important in
latency-sensitive settings such as high frequency trading. It would be interesting to find specific
examples of this, or at least toy models such as those of [8, 5].

One immediate possibility is to consider the same HFT setting in [5] with instrument X being
traded in NYSE (New York Stock Exchange), but this time the same instrument X is also being
traded in NASDAQ. Meanwhile, instrument Y is traded in CME far away in Chicago. Instruments
X and Y are sometimes positively correlated, sometimes negatively correlated. The trading servers
decide to issue a buy or sell order first in order to minimize the overall risk of their trading strategy.??
If the instruments are positively correlated, the servers trading X first issue the order opposite of
what the server trading Y first issues. If negative, the servers first issue the same order. Now, NYSE
and NASDAQ’s data centers are both in New Jersey, only 56.3 km apart. Meanwhile, the server in
the CME data center in Aurora, IL is about 1100 km away. Thus, for latency constraints between
0.188 and 3.9 ms, the trading servers at NYSE and NASDAQ can communicate with each other
with one round of communication but not with CME. The connectivity graph for the corresponding
LC game is thus

CME NYSE < NASDAQ.

Since the HFT scenario in [5] maps to the CHSH game, assuming we want to exactly copy the
NYSE decision at NASDAQ (otherwise there is no net trade of instrument X), this is exactly the
extended CHSH game with communication between two parties considered in Section 2.4. That is,
the task from the HFT perspective is two-fold:

1. The 3 trading servers at the 3 exchanges make the correct decisions for hedging purposes.
2. The NYSE and NASDAQ servers make the same decision.

By Theorem 11, quantum resources cannot achieve a higher probability of success in this task over

classical resources (wy = % is an upper bound) for latency constraints below 0.188 ms, but can for

latency constraints between 0.188 and 3.9 ms. Apart from HFT, it would also be interesting to

22Note that in HFT the ultra-fast trade decisions are actually order cancellations. We can consider the same scenario
but instead of issuing orders we are canceling orders. A similar logic applies.
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consider other real-world scenarios such as ad hoc network routing [9], rendezvous on graphs [10],
and distributed systems [7] where a subset of the parties can communicate.

With the framework of 7-step LC games, we can also consider real-world scenarios where the
parties are receiving multiple inputs and producing multiple outputs over the course of time. This
should be a common characteristic in many settings. For example, in HF'T, this framework allows
for the exciting possibility to analyze a “full trading scenario” where trading servers are receiving
information from their local exchanges, communicating with each other, and making trades in real
time. We can define the probabilistic predicate V, input distribution 7, and latency function ¢ for a
specific scenario, and then compute the classical and quantum values for the 7-step LC game defined
thereby. A separation between the two would entail a mathematically provable quantum advantage
for this trading scenario. Other latency-sensitive scenarios can be analyzed in a like manner.

Generalizations We can further generalize LC games to more complicated settings. The most
interesting generalization would be to involve parties in motion. In this case, the distance between
parties and therefore the latency function £y, defined as the speed of light delay, itself will be
time-dependent. Taking relativistic effects into account, for parties moving near the speed of light,
£;, will also be dependent on the parties’ velocities. However, in general, we would need to specify
a frame of reference by which we define time. Given this complication, it may be more desirable
to define a coordinate-free notion of communication latency. That is, we define moving parties as
world lines in spacetime. Then, the transmitting parties emit photons, which are light-like curves.
The receiving parties then receive the transmission when the light-like curves intersect their world
lines, as shown in Figure 15 for a particular frame of reference. Going further, we can include

t
A B

X

Figure 15: Spacetime diagram of two moving parties where party A emits a photon to party B.

gravitational effects by considering an LC game with parties in curved spacetime. In particular,
it would be extremely interesting to consider a specific physical scenario that requires a general
relativistic treatment and analyze the fundamental limits on correlations the parties can exhibit
using classical versus quantum resources. One exciting example is to consider two parties, where
one party is orbiting a black hole outside the event horizon while the other is falling into the black
hole. The analysis of this scenario from an LC game perspective could possibly have bearing on the
black hole information paradox [54].
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Other possible generalizations include

o Nonlinear objective functions. Bell inequalities are linear combinations of terms in the behavior.
We can consider nonlinear functions of the behavior [55, 39] and analyze corresponding
fundamental limits for an LC game.

e Non-cooperative games. There is a body of literature on the usage of quantum entanglement
to obtain more and better (in terms of social welfare) Nash equilibria in non-cooperative
games [56, 57, 58, 59, 60]. In the LC games setting, we can analyze what Nash equilibria can
be reached if some parties can communicate.

e Photon loss. In many Bell experiments, entangled photon pairs are used as the shared
quantum system between the different parties. These photons are readily absorbed by physical
media, and the consequent effects on the possible strategies and the behaviors realized can be
described mathematically [61, 5, 62]. Compared to conventional nonlocal games, in the LC
games setting, a new phenomenon appears: parties that can communicate can tell each other
whether or not photon loss has occurred.

Open problems There is a plethora of open problems regarding LC games and their generaliza-
tions. One important open question is whether back-and-forth communication between two parties
can achieve higher winning probabilities compared to a single round of communication. Figure 13
seems to give evidence of this, but is not sufficient. In general, we would need to prove a nontrivial
upper bound on w, for single-round quantum strategies as defined in Theorem 5. One possible
approach is to define an NPA-like hierarchy of upper bounds that converge to the quantum value as
conjectured in Section B. Such a result will also better characterize the set of quantum behaviors Q
for simple LLC games. Another important direction is to mathematically analyze the threshold times
Te(a), 74() defined in Section 3.3. This would shed more light on the time advantage that quantum
resources can achieve in SISO games. Lastly, it will be important to find more efficient numerical
optimization algorithms for LC games. This is especially pressing since the numerical optimizers for
conventional nonlocal games can already face scaling problems (consider state-of-the-art optimizers
such as that of [63]). An efficient optimizer is crucial for designing experiments and for evaluating
real-world applications.
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Nonlocal Games

In this section, we give a brief introduction to nonlocal games. A nonlocal game typically involves
multiple parties that cannot communicate with each other. This is shown schematically in Figure 16.
The formal definition is as follows.

S1 52 Sn

ai a2 Qn

Figure 16: A nonlocal game with n parties. Each party i receives input s; and outputs a;.

Definition 24. Let n > 2 be an integer. Let S;, A; be finite sets for i € [n]. We define a probabilistic
predicate V which is a map

i=1 =1
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Furthermore, we define the input distribution m which is a probability distribution on [[;; S;. A
nonlocal game is described by the tuple (V, 7).

Informally speaking, in a nonlocal game, each party i receives input s; and produces an output a;.
All parties have full knowledge of the input distribution 7 and the winning predicate V. The goal
is to maximize the winning probability. Parties may agree on a joint strategy in advance based
on their knowledge, but once the game starts, communication is forbidden. When playing the
game, implementation of their strategy realizes a behavior, defined as a conditional probability
distribution
plai,ag, -+ an|s1, s2, -, sp).

A behavior is interpreted as the distribution over the different outputs the parties produce, condi-
tioned on their inputs. By plugging the behavior into the predicate, we can compute the winning
probability:

Pwin = > w(s1,82,  sp) - plar,az, -+, an|s1, 82, ,sp)V(a1, a2 - anls1, sz, - Sn).

a;€A;,5;€S;
We proceed to define what strategies the parties can use with classical resources. We first

introduce deterministic strategies.

Definition 25. Let (V,m) be a nonlocal game. A deterministic strategy is given by functions

{fi}i_y, where
fi : Sz — Al

The behavior realized by a deterministic strateqy is simply

p(a|S) = H 5ai,fi(8i)7
=1

where a € [[;L As,s € [[i2 Si-

More generally, for a classical strategy, parties can use shared randomness. In this case, a classical
strategy can be expressed as a probabilistic mixture of deterministic strategies, and the behavior
realized is therefore a convex combination of behaviors realized by deterministic behaviors. A bound
on the largest winning probability attainable by a classical strategy is known as a Bell inequality.

For a quantum strategy, parties can have access to a shared entangled state and perform local
quantum measurements according to the inputs they receive. We therefore have the following
definition.

Definition 26. Let (V,m) be a nonlocal game. Let B; be a Hilbert space for i € [n]. A quantum
strategy is a tuple (|1), {Mi(5:)};cpn s,e5,), where

s a quantum state and

M;(si) = {Ii,a,(8i)} 4. a,
s a projective measurement on B; for each s;. The behavior realized by a quantum strateqy is given
by

plals) = (0] @ i, (500

=1
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Classical behaviors form a subset of quantum behaviors. However, with quantum resources, parties
have the potential to achieve a higher winning probability. This phenomenon is called Bell
inequality violation. Several nonlocal games are known for which this occurs [64, 65, 66|, specific
examples being the CHSH game [1, 67] and the magic square game [29].

B Towards upper bounds via a generalized NPA algorithm

As for upper bounds on w, for LC games, consider again the expression for the behavior of a
quantum strategy for an LC game:

v).

plals) = (¥ | @ Wilsi)| @ i, @ Wils:)
=1 =1

i=1
As in Section 4.1, we can take the Choi state representation:
1 dim B;

|Wi(si)) = J/dm B, Jz::l |7) ® Wi(s4)]4)

which is a state on B; ® BY"*. We can then write the behavior as
p(als) = dim Br [( Q) Wils))(Wi(si)l) - (|0) ([T © @ i, )]
i=1 i=1

With this form, we can use the formalism in [39] to express this in terms of a noncommutative
polynomial optimization with multiple state symbols and a tracial state symbol. First, write the
objective function

Y. wls) D V(als)p(als)

se[ [, S ac[ [, 4
=Y we Y Vs [(@ W) mis)]) - (dim Byl e @) (B1)
SEH?:1 Si aEH?:I A =1 =1

Let z be a noncommutative variable. For each a; € A;,i € [n], let x; 4, also be noncommutative
variables and for each s € [[i; S;, let ¢s be state symbols. Lastly, let Tr be the tracial state symbol
(the normalized trace for finite dimensional Hilbert spaces). We can re-write the optimization of
Equation (B.1) as

Soooas) > Ve@ls)s(z [ zia),
=1

se[li—, s ac[[l, Ai
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where the product is taken from right to left, such that
w?,ai = Tia; Z Lia; = 1,
aiEAi

o /
Ti,a; Tia, = 0, a; # a;,

@iy Tira,] = 0,1 # 4,
z =0,
Tr[z] =1,
[Tia,,2] =0,

Ss(wy -+ wp) = gs(wn) - - - ss(wy) for w; € (i q, = a; € A;)
where i are distinct parties that do not share an edge,
ss(w) = Tr[w] for w € (z).

Note here that we don’t impose the purity of the quantum states corresponding to z,¢s, but this
is not a problem because mixed states will simply lead to a convex combination of the objective
function values corresponding to pure states.

We leave to future to prove that there is an SDP hierarchy that converges to the optimal value.
We would need to prove a series of results similar to that of [39] but where we have both tracial and
state constraints. We also need multiple different state symbols ¢.

C Details on Extended XOR games

In this Appendix are detailed the upper and lower bounds obtained on w, and w; respectively for
fifty random extended XOR games as defined in Section 4.2.2 with the connectivity graph G

v1 S vy 3.

These results are summarized in Table 6, where the ID corresponds to the decimal number
associated to the truth table of a Boolean function f : Sy x S3 — {0, 1} defining an extended XOR
game. More explicitly, writing So = {0,...,n — 1} and S3 = {0,...,m — 1}, a Boolean function is
defined by a length n - m truth table, such that for any (i,5) € Sy x S3, f(i,7) is evaluated to the
bit at position m - ¢ 4+ j. We consider in particular the case n = m = 3, in that case, the truth table
[0,0,0,0,0,0,1,0,0] corresponds for instance to the ID 4.

The upper bounds on w; are obtained using the NPA hierarchy on the transformed nonlocal
game as given in Theorem 9. The lower bounds on w, are obtained for each game with the see-saw
algorithm described in Section 4.1, with a two dimensional quantum channel between v; and v,
and a four dimensional quantum system shared between vy and wvs, while vy initially does not hold
any quantum system. Each value is taken as the best among that obtained for 20 random initial
strategies and the semidefinite programs are solved with MOSEK [68]. We find a separation between
forwarding and quantum strategies for 35 of the 50 random games??. We also include the classical
values w,. and w.(0) of each game, with w.(0) being the classical value obtained on the empty graph

U1 Uy V3.

23The code and numerical quantum strategies are accessible on the online repository https://github.com/
pierrepocreau/Latency-constrained-games
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we, we () are obtained by enumerating all possible classical strategies. We can observe in Table 6
that the best classical strategies on the graph G always match the upper-bound wy, and thus that
the best forwarding strategies for such games are essentially classical. Each semidefinite program
converging with a small duality gap (well below le—6), any separation of the order of 1e—3 translate
to a meaningful separation between the different type of strategies.

Table 6: Classical values w.(()) and w. as well as lower and upper bounds on wy and wy for 50
random XOR games, with n = m = 3. “Gap” refers to the difference between the lower bound on

wq and the upper bound on wy.

1D we(0) We Upper wy | Lower wq Gap

5) 7.778e-01 | 8.889e-01 | 8.889e-01 | 8.928e-01 | 3.948e-03
11 | 7.778e-01 | 7.778e-01 | 7.778e-01 | 8.333e-01 | 5.556e-02
17 | 7.778e-01 7.778e-01 | 7.778e-01 | 7.778e-01 | -9.197e-10
26 | 7.778e-01 | 7.778e-01 | 7.778e-01 | 8.333e-01 | 5.556e-02
37 | 7.778e-01 7.778e-01 | 7.778e-01 | 8.333e-01 | 5.556e-02
69 | 7.778e-01 | 7.778e-01 | 7.778e-01 | 7.778e-01 | -3.765e-10
73 | 1.000e+00 | 1.000e4-00 | 1.000e+00 | 1.000e4+00 | 1.025e-08
85 | 6.667e-01 | 8.889e-01 | 8.889e-01 | 8.928e-01 | 3.948e-03
88 | 7.778e-01 7.778e-01 | 7.778e-01 | 7.778e-01 | -5.602e-10
105 | 8.889e-01 | 8.889e-01 | 8.889e-01 | 8.889e-01 | -1.566e-09
152 | 7.778e-01 7.778e-01 | 7.778e-01 | 8.333e-01 | 5.556e-02
161 | 6.667e-01 7.778e-01 | 7.778e-01 | 8.333e-01 | 5.556e-02
184 | 6.667e-01 | 8.889e-01 | 8.889e-01 | 8.928e-01 | 3.948e-03
205 | 7.778e-01 7.778e-01 | 7.778e-01 | 8.333e-01 | 5.556e-02
206 | 6.667e-01 | 8.889e-01 | 8.889e-01 | 8.889e-01 | -4.864e-09
252 | 6.667e-01 | 8.889e-01 | 8.889e-01 | 8.928e-01 | 3.948e-03
257 | 7.778e-01 | 7.778e-01 | 7.778e-01 | 8.333e-01 | 5.556e-02
259 | 6.667e-01 | 8.889e-01 | 8.889e-01 | 8.928e-01 | 3.948e-03
275 | 6.667e-01 | 8.889e-01 | 8.889e-01 | 8.928e-01 | 3.948e-03
289 | 7.778e-01 | 8.889e-01 | 8.889e-01 | 8.928e-01 | 3.948e-03
289 | 7.778e-01 | 8.889e-01 | 8.889e-01 | 8.889e-01 | -3.510e-09
314 | 6.667e-01 7.778e-01 | 7.778e-01 | 8.333e-01 | 5.556e-02
316 | 7.778e-01 | 8.889e-01 | 8.889e-01 | 8.928e-01 | 3.948e-03
335 | 7.778e-01 | 7.778e-01 | 7.778e-01 | 7.778e-01 | 1.051e-08
363 | 7.778e-01 | 8.889e-01 | 8.889e-01 | 8.928e-01 | 3.948e-03
386 | 7.778e-01 | 7.778e-01 | 7.778e-01 | 8.333e-01 | 5.556e-02
404 | 7.778e-01 7.778e-01 | 7.778e-01 | 8.333e-01 | 5.556e-02
487 | 7.778e-01 | 8.889e-01 | 8.889e-01 | 8.889e-01 | -2.048e-09
488 | 6.667e-01 | 8.889e-01 | 8.889e-01 | 8.928e-01 | 3.948e-03
494 | 7.778e-01 | 7.778e-01 | 7.778e-01 | 8.333e-01 | 5.556e-02
514 | 8.889e-01 | 8.889e-01 | 8.889e-01 | 8.928e-01 | 3.948e-03
952 | 7.778e-01 | 8.889e-01 | 8.889e-01 | 8.889e-01 | -1.754e-08
568 | 6.667e-01 | 1.000e+4-00 | 1.000e+00 | 1.000e4+00 | 3.335e-08
971 | 6.667e-01 | 8.889e-01 | 8.889e-01 | 8.928e-01 | 3.948e-03
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1D we(0) We Upper wy | Lower wq Gap

083 | 6.667e-01 | 8.889e-01 | 8.889e-01 | 8.928e-01 | 3.947e-03
590 | 6.667e-01 | 1.000e+4-00 | 1.000e+00 | 1.000e+00 | -2.155e-10
628 | 6.667e-01 | 8.889e-01 | 8.889e-01 | 8.928e-01 | 3.948e-03
679 | 6.667e-01 | 7.778e-01 | 7.778e-01 | 8.333e-01 | 5.556e-02
681 | 6.667e-01 | 8.889e-01 | 8.889e-01 | 8.928e-01 | 3.948e-03
745 | 7.778e-01 | 7.778e-01 | 7.778e-01 | 8.333e-01 | 5.556e-02
773 | 7.778e-01 7.778e-01 | 7.778e-01 | 8.333e-01 | 5.556e-02
776 | 7.778e-01 7.778e-01 | 7.778e-01 | 8.333e-01 | 5.556e-02
791 | 6.667e-01 7.778e-01 | 7.778e-01 | 8.333e-01 | 5.556e-02
807 | 7.778e-01 | 8.889e-01 | 8.889e-01 | 8.928e-01 | 3.947e-03
809 | 7.778e-01 7.778e-01 | 7.778e-01 | 8.333e-01 | 5.556e-02
824 | 6.667e-01 | 8.889e-01 | 8.889e-01 | 8.928e-01 | 3.948e-03
844 | 7.778e-01 | 7.778e-01 | 7.778e-01 | 8.333e-01 | 5.556e-02
885 | 7.778e-01 | 8.889e-01 | 8.889e-01 | 8.889e-01 | -3.362e-09
935 | 7.778e-01 | 7.778e-01 | 7.778e-01 | 7.778e-01 | 3.024e-10
987 | 8.889e-01 | 8.889e-01 | 8.889e-01 | 8.889e-01 | 7.772e-09

D Three-party XOR games with aggregated parties

For the three-party XOR games {XOR;}%_; in Section 4.3.1, the quantum upper bound wyPPe is
sufficiently tight, in the sense that we can find quantum strategies that achieve a winning probability
that matches this upper bound within numerical precision. For XOR; and XORy, the strategy
is that every party always outputs 0, and the quantum value % and % are trivially achieved. For
XORy, let vs always output 0, then winning probability of XORe becomes

1
Pwin =g > Baisauss(a1 @ az)p(ar, az|st, s2)p(0]ss)

51,582,583 a1,a2

:% SN B (a1 ® az)p(ar, aslsi, s2),
51,52 @1,a2
with
521782(a1 @ ag) — maX[(_1>s152 . (_1)a169a2’ 0]_
This is nothing but the winning probability of a CHSH game between the parties v1 and vo. Hence
there exists quantum strategy achieves the value cos? g for XORg, which matches the upper bound
0.8536 computed via the third-level of the NPA hierarchy. Similarly, for XORs3, let v9 always output
0. The three-party XOR game then reduces to a CHSH game between v; and vs. Then they can
win this game with probability cos? 5
When the latency constraint is relaxed such that ¢ € [d/c,d’/c), we can aggregate v, vy and the
winning probability is given by

agg_l

Pwin =

> Barsass(az @ az)p(az, ag|(s1, s2), s3).

51,852,583 a2,a3

For the game XOR, its probabilistic predicate is

Bs, 59,55 (a2 @ az) = max[(—1)%1%2% . (—1)22%9s 0]
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We can let 59 := s1 - s5 and define a binary-input, binary-output 2-party nonlocal game, whose
probabilistic predicate is

/Bf§2753 (as @ a3) — max[(—1)§253 . (_1)a2€Ba3’ O]
and the four inputs {(0,0), (0, 1), (1,0), (1,1)} are chosen with probability {%, %, %, %}, respectively.
Its winning probability is

1 5 _
Plyin = 3 >N 24 (1)), 4, (a2 ® a3)p(az, as|5s, s3)

52,53 a2,a3

For the game XOR,; after aggregation, the parties can achieve the behavior

p(az, a3|(0,0),s3) = p(as, as|(0,1), s3) = p(az,as|(1,0), s3) = p(az, as|0, s3)

by producing the same output for (si,s2) € {(0,0),(0,1),(1,0)}, so they win with the same
probability as pl,;,. Meanwhile, in the binary-input, binary-output 2-party nonlocal game, the
parties can realize the behavior

~ 1
p(a27a3‘07 83) =3 [p(a27a3’(070)783) +p(a27a3|<07 1)783) +p(a27a3‘(170)783)]
3

to win with the same probability as pwin in XOR;, by randomly choosing a strategy from three
candidates when receives input 39 = 0. That is, the three-party XOR game XOR; is equivalent to
the binary-input, binary-output 2-party nonlocal game above, when v; and vy can communicate.
For the nonlocal game, if we map the outputs {0, 1} respectively to outputs {+1,—1} of some
binary observables K respectively for each party, we can express the winning probability p;, of a
quantum strategy in operator form as

1 _
<Bg’?{?:9H>>

/ —1_1_7
Pwin =5 T 76

where (-) denotes the expectation with some quantum state [¢), with
By = 3KUKY + 3KVK) + KIK) — K1k},
Here, Bg@% 5 1s a generalized CHSH operator
Beysn = a(AB%) + a(A"B') + (A'B%) — (A'BY),

whose quantum value is 2v/1 + o2, derived analytically in [49]. Consequently, the quantum value
wy®® of the aggregated three-party XOR game XOR; is %. ) )
Similarly, for XOR3 and XOR4, we can take the map {(0,0),(0,1)} — 0, {(1,0),(1,1)} — 1 on
(s1, 82), which shows that both XORj3 and XORy is equivalent to the CHSH game when v; and vy
are aggregated. So their quantum value is cos? .
Finally, for XORo, let vg always output 0, then the game reduces to a CHSH game between v;
and vy as discussed in Section 4.3.1. Since v; and vy can win with certainty if they can communicate.

So the quantum value w®® of the aggregated XORgy game is 1.
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