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Abstract

Pick N random points Uy, -+, Uy independently and uniformly in a triangle ABC with area
1, and take the convex hull of the set {A,B,U;,---,Un}. The boundary of this convex hull is a
convex chain Vo = B, Vy, -+, Vo), Vany+1 = A with random size n(V). The first aim of this paper
is to study the asymptotic behavior of this chain, conditional on n(N) = n, when both n and m =
N — n go to +oo. We prove a phase transition: if m = [nA] where A > 0, this chain converges in
probability for the Hausdorff topology to an (explicit) hyperbola #) as n — +oo, while, if m =
o(n), the limit shape is a parabola. We prove that this hyperbola is solution to an optimization
problem: among all concave curves € in ABC (incident with A and B), /) is the unique curve
maximizing the functional ¢ — Area(€) L(€)® where L(€) is the affine perimeter of €. We also
give the logarithm expansion of the probability Qﬁl;l A thatn(N) = nwhen N =n+ |nAij.

Take a compact convex set K with area 1 in the plane, and denote by Q{i m the probability of
the event that the convex hull of 7 + m iid uniform points in K is a polygon with rn vertices. We
provide some results and conjectures regarding the asymptotic logarithm expansion of Ql,g m» s
well as results and conjectures concerning limit shape theorems, conditional on this event.

These results and conjectures generalize Barany’s results, who treated the case A = 0.

1 Introduction

Notation. For a subset S of R?, we denote by CH(S) its convex hull , Int(S) its interior, and S its
boundary. We denote by dy the Hausdorff distance between compact sets of R>. For any n = 1,
the notation Z[n] refers to the n-tuple (Z3,:--, Z,), and by a slight abuse of language, we will write
CH(UINY]) for CH{Uy,---, Un}).

If (a,b,c) and (a/,b’, c’) are two non-flat triangles in the plane, there exists a unique affine map
¥ :R? — R? such that v (a) = a@’,w(b) = b',¢(c) = w(c'). We denote this affine map by

Yabc—a'b'c' (1.1)

Finally, “i.i.d.” means “independent and identically distributed”.

Pick n uniform random points Uj,---, U, in a compact convex set K of area 1 of the plane, and
denote by fo o» the probability that these points are in convex position, that is, form the set of vertices
of a convex polygon. Barany’s [3] proved that
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where L is the functional “affine perimeter”, and C* the convex set included in K whose affine perime-
ter is maximal among all convex subsets of K. The affine length of a curve (see Section[1.5) is an im-
portant invariant in planar geometry: it is invariant by affine maps with determinant 1 ([17]). The
affine perimeter of a convex set C is the affine length of its boundary dC.

Barany also proved that if one conditions the U; to be in convex position, there is a limit shape
theorem for this polygon:

dyt (CHWnD), €*) L22
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Figure 1: Representation of the unitary triangle ABC. On the first picture, 4 points Uj,---,Uy are
represented. Together with A and B, they form a convex chain. On the second picture, 12 =4+8
points Uj,---,Uj, are taken uniformly and independently at random in ABC. The convex hull of
{A,B,Uy,---,Upp} can be identified as a chain going from A to B, passing here through four U;, the
other 8 being strictly below this chain.

We provide an overview of Bardny’s argument in Section[5.2} These results are constructed on various
works, notably a result concerning convex chains in the triangle, results that we will qualify thereafter
as the bi-pointed case, since two vertices of the triangle are distinguished and play a special role.

The bi-pointed case. All along the paper, we will work in the unit triangle ABC represented in Fig.
whose vertices are
A=(0,0, B=(2,0, C=(,1),

and “unit” refers here to the area of ABC. As represented in Fig. |1} when n points are uniformly
drawn in a triangle abc, we may of course wonder what the probability that these points are in convex
position is, as well as question the asymptotic shape of the convex polygon under this condition. But
alternatively, we may wonder about the probability that these points together with the two vertices
a and b form a convex chain, as well as the limit shape of this chain under this condition. It turns
out that this “bi-pointed case” has a tremendous importance because the general case, that is the
computation of Qfl(, o Teduced somehow into “several” bi-pointed triangles (see more explanation in
Section[L.5).

Pick N iid uniform random points in the unit triangle ABC, and denote by n(/N) the random
variable giving the number of U; on the boundary of the polygon CH({A, B, Uy, ---,Un}), and m(N)
the number of those in the interior of this convex hull, so that a.s., n(N) + m(/N) = N. The vertex set of
the polygon CH({A, B, Uy, ---, Un}) has n(N) + 2 = n + 2 vertices, including A and B.

For any (n, m) summing to N, denote by

2% = P(m(N), m(N)) = (n, m)). 1.2)

A result due to Buchta [9] (see Lemmato which we provide a new proof) provides an exact expan-

*m=1) terms. We will prove, and this is one of the main results of

sion of Qy'}; as a sum indexed by (
this paper, that for any A > 0,

IOg(Qﬁ'L;M) +2nlog(n) ~ nfy, as n — +oo

for an explicit function g (this is Lemmal|l.2).
In Lemmawe provide alimit shape theorem for the convex hull of {A, B, Uy, -, Upsnay } under

Qﬁ.L;zAJ » where for a general (r, m),

Soei=LUln+m] |n(n+m)=n). (1.3)
The limit shape is an explicit hyperbola #, continuously depending on A. Lemma{I.4{i) shows that
under Q4** , for m(n) = o(n), the limit shape is a parabola (the same one that Barany & al. [4] ob-

n,m(n)’
tained for m = 0). Hence, these results show that a phase transition occurs when we condition the set



of points Uy, -+, Uy to have a linear fraction of elements below the chain. The internal points produce
pressure that deforms the chain (we can give a formal sense to this statement, see e.g. Lemma/5.1).

The chain is pushed away from the horizontal axis, and an asymptotic stabilization occurs, when
n — +oo and the quotient m/n converges.

We also present a characterization of ., as the solution of an optimization problem: among
all concave curves € in ABC going from A to B, /) is the curve that maximizes A(6)*L(%)3, and
A(%€) being the area below the curve € (this is LemmalL.11).

These results open the way to the characterization of the limit shape in the classical, general (not
bi-pointed) case. For the moment, some of the elements in the proof remain inconclusive, but nev-
ertheless, we present first results in this direction.

Let K be a compact convex set of R? with non-empty interior. Fix some A > 0. Let CCSk be
the set of compact convex sets included in K, and for C € CCSk set CI)f(C) = L(C)3A(C)*. We are
interested in argmax®X, the set of compact convex sets that maximize @f . A continuity argument
will prove that this set is non-empty. If € € argmaxcbf is an optimizing curve, then each part of
% between consecutive contact points 6 N 0K is an hyperbola, and these hyperbolas (for a same
optimizing curve €¥) have same signature (see Lemma , meaning that up to some linear map
respecting some constraints, they can be sent on “portions” of the same hyperbola.

We denote by fo, ., the probability that the number of vertices of CH(U[n + m]) is n (for the U;
iid uniform in K), and denote by QX the conditional law with respect to this event. Lemma m
concerns the asymptotic expansion of erf, A - We also conjecture that under QII; LAl when n — +o0o
and A is fixed, CH(U[n + |nA]]) converges to argmax®X, when this set contains a unique element.
Some elements supporting these conjectures will be presented in Section[5.2]

1.1 Main convergence results in the bi-pointed case

The following section aims at introducing formal elements and at stating the main results in the
triangular, bi-pointed case. Put N iid uniform random points Uj,---, Uy in the unit triangle ABC.
Now, take

€ (N):=CH{A,B,Uy,---,Un}.

The boundary of € (N) can be identified with a convex chairﬂ
B:= V()v Vl)"' ’ Vn; Vn+1 = Ar

including A and B and a random number n := n(N) of U;. For technical reasons, the vertices V;,
whose coordinates are (X;, Y;) are ordered so that their abscissa are decreasinﬂ that is, we have

X;i> Xj_1.
As represented in Fig. |2} each triangle
Aj:=Vie, Vi, Vo)
contains in its interior Int A; a non-negative random number
K; =l{Uy, -+, UnINnInt A

of elements of the set {Uy, -, Uyn}. We will call the array K[n] = (K3,---, Ky) the “contents sequence”.
Almost surely,

n
Y Ki=N-n=:m(N),
i=1

meaning that all the U; that are not vertices of 6 () are in the interior of one of the IntA;. Almost
surely too, the (V;) are vertices, i.e. extremal points, of € (V). We want now to understand the behavior

Ltechnically, it is rather a concave chain in such a triangle,

2This choice simplifies a bit a decomposition formula further in the paper, but of course, the other classical ordering
is also possible. And the reader who prefer the standard order, can apply the symmetry X; = 2 — X; everywhere where X},
appear.
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Figure 2: On this example, N =12, n(N) =6 and m(N) =6, (Kg, K5, Ky, K3, K2, K7) = (3,0,2,1,0,0).

of € (N) conditional on (n(N),m(N)), and for this we will need to understand the law of n(IV).
Recall the definition of Qy;7; and Q4% given in 1i and .We have

n,m
Theorem 1.1. [Buchta [9]] For every n,m such thatn=1 and m =0,

1 m
nin = 2Q5° 1 1.4
" (”+m)(n+m+1)kzzo Q. L mi(k+ D (1.4)

(whereQOA'(;' =1, Qé}' =0ifj=1)sothat

n 2(1+kj)
(1+j+S;klnD)(j+S;j(kln]))

Q= (1.5)

k[nleComp(n,m) j=1

where Comp(n, m) is the set of compositions of m in n non-negative parts (that is the set of n tuples
k(n] summing to m) and

Si(kln]) = ki +---+ k;. (1.6)

Moreover, the support of contents sequence random variable K[n] is Comp(n, m), and for all k[n] €
Comp(n, m),

1 2 21+ k;)
Qpon(K(nl = kln]) = : _ : (1.7)
i Qo ,:Hl (i +Si(k[nD)(i + 1+ S;(k[nD)
We will give a new proof of this result in Section[2.1.1]
Note that if m = 0 in (1.5), we retrieve a formula due to Bardny, Rote, Steiger and Zhang [4]:
2}'1
A
=—. 1.8
Qo nl(n+1)! (1.8)
In order to provide a limit formula for Qﬁ'l;l Al and to express the limit shape theorem under
Qﬁ’t; A We need a last technical expedient: consider the map

¥: [0,+oc0) — [0,+00)
sinh(2r)_ . (1.9)

1
2r
This map is continuous, increasing, and sends bijectively [0, +oo) onto [0, +o0). Hence, for any A = 0,
there exists a unique element r, of [0,00) such that

r — Y(r)=

Yirn=A < rn=v"101), (1.10)

and r is then a short notation for ¥~!.
As we will see, the implicit function r; is indispensable to express our limit theorems.
One of the main results of the paper is the following asymptotic expansion of Q2

() when m(n)
is linear:



Figure 3: Function A— B,. We have By =2 +1og(2).

Theorem 1.2. Let A >0, as n — +oo,

n! (log(Qﬁ‘I;M) +2nlog(n)) — B2 (1.11)
with

Br = log(2¢*rdtanh(ry) 2**V). (1.12)

Because of the relation (1.10) between r; and A, there exists numerous formulas for the same
quantity, using “more or less” the ry parametrization. For example, we also have

sinh(2r))

Br = — log(tanh(r,l))+log(2e2ri) (1.13)
)
_ 2.2 COSh(m)z)
= log(2e r/l)+2(/1+1)log(—m(;t+1) . (1.14)

To state our limit shape theorem under Qﬁ‘t;l A We will work with the interpolated version of the

sequence (V3,0 < i < n+ 1), so that now, (V4,0 < x < n+ 1) is defined for all real number x, as well
as its two coordinates ((Xy, Yy),0 < x < n+ 1). We want to state a global convergence theorem, so we
need a change of time to keep a compact parametrization at the limit, and we choose to encode our
processes on [0, 1]: we define

X" (x) = Xenin), Y(%) = Yegne), for xe(0,1],

or in other words, the time ¢ at which the piece-wise linear map X (n) (resp. Y ) takes the value Xk
(resp. Yy)ist=k/(n+1).

Theorem 1.3. [Limit shape theorem] Let A > 0. As n — +oo, under Qﬁ’L; A

(x0, y () 10, (),

in C([0,1],R)? (equipped with the uniform topology), toward the deterministic pair (X,Y), where for
te[0,1],

sinh(ry (1 —21))

X = sinh(ry) , (1.15)
Y() = Msinh(m(l— 1)) sinh(ry t). (1.16)
sinh(ry)?



Of course, (X, Y) depends on A, and we could have written (X (M, Y @) instead. The next theorem

allows to see that a phase transition occurs under Qﬁ;;l( ) When m(n) has alinear order.

Theorem 1.4 (Phase transition). (i) If m(n) = o(n), then (X", Y™) ( (X,Y) in C([0,1],R)?
where Xy =2 -2t and Yy =2t(1 — t), that is, the limit shape is Bdrdny & al. [4] parabola.

proba.)
n

(ii) Ifm(n)/n— +oo then dy (CHUn + m(n)1), ABC) L2 o,

In particular, (i) holds when m(n) =0, that is A = 0, in which we recover Barany & al. result.

Figure 4: Limiting curves for A going from 0.1 to 5 (by step 0.05) and then from 5 to 100 (step
of 1). The curves become hot when A — 0 and cold when A grows . On the left the parametric
curve {(X(1),Y (1), t€[0,11} (which is thus the hyperbola #)), in the center t— X(f) and at the right
t— Y(r). When A is close to zero, X is essentially linear, meaning that the abscissa of the points V;
are somehow uniform on [0,1], while a deformation arises as A grows. Observe that X(t) goes from 2
to 0 because of our choice of taking the (X;) decreasing.

Consider the curve
SO, ={(X(1),Y (1), t€0,1]}

and its area A(#7)) = Leb (CH(A4))).
Remark 1.5. Theorems[1.3 and[1.4(i) are stronger than a limit shape theorem for the Hausdorff topol-
ogy, since they provide the limiting distribution of the points on the boundary of the convex hull and

inside. Denote by Wy, -+, W) the U; that are not vertices of € (N), that is, those that lie in Int€ (N).
Under Qﬁ;l'/l, if one wants to understand the limit of the pair of probability measures

- 12 1 lnAl
( ) ):: - 5 ) 5 f
Hp Ky i’l; Vi I_nA/J ]; W,

that encodes the exact positions of the points on the boundary of the convex hull of the U;, and those in
the interior of the convex hull, then Lemmal|l.3 implies that

(proba.)

(u, ub) (uB, 1)

n

where g is the deterministic measure on R> which integrates (continuous and bounded) test functions
fiR2 = Ras [ fdug = [, f(Xs,Yo)ds and [ fdur = [ [} fx,y) A]rlef(.y](%) dydx (the convergence of the
first marginal is a consequence of the theorem, and the convergence of the second marginal comes from
the fact that the W; are, conditional on V[n], independent and uniform in the interior of the convex
hull of the U;). The values of the deterministic processes X and Y show that the distribution of the
abscissa of a random point taken among the V; depends (asymptotically) on A (see also Fig.[1.1).

Theorem 1.6. The curve /) is a hyperbolic curve that solves the equation

1—tanh?(ry)

tanh(ry)? +(X() -1 Vrelo1].

tanh(r)2 (Y () — tanh(ry) %) =

6



The map Y can be expressed in terms of X. We have X (t) = x € [0,2] iff

‘e ry —arcsinh (sinh (r3) x — sinh (1))

’

2r,1

and then )

1
sinh (% + 3 arcsinh (sinh () (x — 1))

Y(x)=x-2 , O=x=2. (1.17)

sinh (r,1)2
The area and affine length of /) are given by

cosh(ry) (sinh(2r cosh (r A cosh(ry)*
A(H) = 12— (1)3( ( A)—1)=rﬂt_ ) — (1.18)
sinh (1)) 21 sinh (ry) A+1) i
and
1/3
cosh(ry/2%) 2rycosh(ry)®  2cosh(ry)?’3
Ly:=L2)=2T12 = = . 1.19
A=) ,QO (2(cosh(m/2k)+1)2) sinh(ry) A+1 (119
Forallte0,1],
Y'(0 X't -X"(0Y' (1) =L3. (1.20)

We offered several formulas for L(#)) and A(#)). Passing from one formula to another is a
simple exercise (in general). As we will see, playing with the different representations of these same
quantities will be needed all along the paper.

Remark 1.7 (Identification of the parabola 2 and the “hyperbola” #%). The parabola & is the set of
points {(x, f(x)) : x€[0,2]}, where f(x) = x(2—-x)/2. We have

A(@)=2/3, L(2)=2.

All the formulas we gave concerning A, are valid for the parabola 2P, either by taking A = 0, or by
taking the limit when A — 0. For example, observe (1.18). Since A+ 1 = sinh(2r})/(2r}), for A close to 0,
r), is close to 0 too. And then, in the neighborhood of zero, since sinh(x) = x + x3/6 + o(x*), we get

A+1-(1+2r7/3)=0(r3)

and this gives —2(1 + A)log(tanh(r,)) + 2 log(r;) e 0, so that

2
— (Y] e
n! (log(QﬁLnAJ) +2nlog(n)) o ZL(@)3 =2¢°.

This is consistent with (1.8). Moreover;

h A h A
rpcosh(ry) rycosh(ry) A ko3

sinh(r;) sinh(ry?  sinh(ry) ra

A(AEy) =

and we recover the area A(2P) = limy_o A(HE)).
In the sequel, when we write “for A = 0” in a formula involving /€), we are implicitly identifying 7
with 2.

Remark 1.8. There is a general simple relation between L(H)) and A(F,), valid for A > 0:
AL))® =8 1 A(FEY).

Moreover, each of the quantity L(F6)), A(F)) and L(#))3 1 A(F€)) characterize A (it suffices to prove
the monotonicity of each of these maps in terms on A, which is a simple exercise).
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Figure 5: A(#) as a function of r

cosh(x)!/3
sinh(x)

Remark 1.9. The map x — 2x
but A(F),) < A(F),)

is decreasing, so that for 0 < A1 < A, we have L(H),) > L(F),)

Remark 1.10. The asymptotics given in Lemma and Lemma concerning the exponential ex-
pansion of Qﬁy;;um and the limit shape theorem when m(n) = |nl), are valid if we had only assumed
that m(n)/n — A. As we will see, the proof of Lemmal(l.2 and Lemmal(l.3 are quite long and involved,
and taking m(n) = |nA| simplifies a bit the exposition, but they are no obstruction to modifying each
statement to take the condition m(n)/n— A as longas A > 0. The case A = 0 is simpler, and is treated in
Lemmall.4 (but demands a specific argument).

1.2 Deterministic geometrical results in the triangle

Denote by CCSY the sets of Compact Convex Sets included in ABC which contain A and B. This
is the bi-pointed case, and the two “bullets” of the notation are here for this reason.
Let Conc(ABC) be the set of concave functions F indexed by [0, 2] such that the curve 6F of F,

Gr={(x,F(x) :0<x<2}

isincluded in the unit triangle ABC. This is the set of functions whose graphs are “continuous convex
chain” from A to B, in ABC. It is easy to check that

CCS3 = {CH(%F) : F e Conc(ABC)}.

Notice that in particular, the boundary of each convex set in CCS’{ has no vertical parts.
We will work all along this paper with the functional

Dy : CCSX — R*
€€  — AN

When A =0, it is known from Bardny & al. [4] that argmax® = {22} = {A5}.
For A > 0, the following result shows that the hyperbola too is solution to an optimization prob-
lem:

Theorem 1.11. ForanyA >0,
argmax®, = {A)}.

Remark 1.12 (Value of @) (#,) and link with ;). One has, still using the relation A+1 = sinh(2r,)/(2ry),

L) At =

cosh(r)*@+ g ()L )’1
r2A A+1D3 A+1



Figure 6: Enveloping triangles of closed connected curves: the first two curves admit an enveloping
triangle, while the last two do not.

sinh(ry) _ 2rp sinh@ry)) _ _(A+Dr
cosh(ry) = 2ry 2cosh(ry)? ~ cosh(ry)?’

and then writing tanh(ry) =

2(1+A,) 4(1_'_/1) 2
— 2.2 —2(1+1) cosh(ry)? _cosh(ry) 2e
exp(fa) = 2e°r;(A+1) (T = o PRI
2¢2  (A+D3(A+1)? 2
= L Ayt ):q)jf—'
(A" AA)) A+ D200 8 1 A( /1)4(A+1)/1—1M

Enveloping triangle (see Fig. [1.2). Let C be a simple closed connected curve, meaning that there
exists an injective continuous map y : [0,1] — R?, such that C = {y(#) : t € [0,1]}. The two points y(0)
and y(1) are called extremities of C.

Definition 1.13. We say that a triangle T = abc is the enveloping triangle of a simple closed connected
curve C, if it satisfies the three following conditions:

« {a, b} is the set of extremities of C,

eCisincludedinT,

o T is the intersection of all triangles having these first two properties.

The following proposition, that will be at the core of the notion of “signature”, that we define
below, relies on an important property of hyperbolas: in words, two sections of an hyperbola that
have a common property, for example, enveloping triangle with same area, are in correspondence by
an affine map having determinant 1:

Proposition 1.14. Consider an hyperbola 7, (as defined in Lemmall.6), and let C, and C, be two
curves that are both closed connected subsets of #, for some a = 0. Denote by T\ and T, their respective
enveloping triangles.
(i) IfA(Ty) = A(T3) then L(Cy) = L(C») and A(CH(C1)) = A(CH(Cy)).
(ii) IfL(Cy) = L(Cy) then A(CH(Cy)) = A(CH(Cy)) and A(Ty) = A(T»)
(i) IfA(CH(C))) = A(CH(Cy)) then L(Cy) = L(Cy) and A(Ty) = A(T2).
(iv) Each of the following pairs:
(@) (Leb(T1),Leb(CH(C1))),
(b) (Leb(Ty),L(Cy)),
(¢) (Leb(CH(Cy)),L(Cy))
characterizes .

The proof is postponed to Section[3.3]

Definition 1.15. A connected subset P of an hyperbola € (not reduced to a point) is said to have signa-
ture v if the following condition hold:

If T denotes the enveloping triangle of P, then L(P) coincides with the affine length L(T' N #,) where
T' is any enveloping triangle of any connected subset of #,, such that A(T) = A(T").



1.3 Deterministic geometrical results in a compact convex set K

Let K be a compact convex set of R? with non-empty interior, and let CCSg be the set of compact
convex subsets of K. For A > 0, set

oK. CCSx — RY
c — oK =LECPACH

We are interested in argmaxcbf .

It is easy to see that any element C € argmaxdbff must intersect 0K at least twice, otherwise,
we could design an affine map ¢ : z — w + M.z such that det(M) > 1, such that ¢$(C) = C' c K,
and then, since A(¢(C)* = det MNPA(C)Y, L(@(C))* = det(M)L(C)?, it follows easily that DX (¢(C)) =
det(M)Ml(fo(C) > (Df(C), and then C could not be in argmaxd)ff.

The set of contact points CPg(C) for an element C € CCSg with the boundary of K is

CPx(C)=CnoK.

The set CPg(C) is equal to 0K if and only if C = K, otherwise the connected subsets (C;, i € I) of 3C
“between the contact points” are the connected components of (0C) \ K. The index set I is either
finite, or countable.

Proposition 1.16. Let A > 0.

(a) The set argmax@ff is not empty.
(b) IfC # C' are both in argmax®X, then A(C) # A(C)).
(¢) IfK has an axis of symmetry, then any element in argmax@ff has the same axis of symmetry.

(d) For each element C in argmaxd)ff, C is signature-homogeneous in the sense that the connected
components of (0C) \ K (that is in between contact points), are hyperbolas with same signature.

Proof. (a). It amounts to proving that the supremum s := suppeccs, Cfo (C) is reached. Take a se-
quence S, € CCSg with CD/If(Sn) 2 SUPgeccs, q)f(S). Choose a convergent subsequence S, , for the
Hausdorff topology, and let C be its limit. Since A: CCSg — Ry and L : CCSk — R, are upper-semi-
continuous, so is ®X. This means ®X (C) = maxseccs, PX(S).

(b). Assume that C;,C, are in argmax<I>K, and that A(C;) = A(C,). In this case, we have also,
L(Cy) = L(C,). Now take the Minkowski sum Cy = %(Cl + C»), which is a convex compact subset of K.
Since )

L(Co) = E(L(Cl) +L(Cp) =L(Cy),

and by the Briinn-Minkoswki inequality,
1
A(Co) = E(A(Cl) +A(G) =A(CY).

Note that this latter inequality becomes an equality if and only if C; and C, are equal up to a transla-
tion. So if C; and C, are two distinct convex bodies then <I)ff (Co) > @f (C1), which cannot be.

(c). Let C; € argmax@f , and assume that C; do not show the same axis of symmetry as K. De-
fine C, as C;’s symmetrical convex body with respect to this axis, so that C, € CCSk. Let then Cy =
%(Cl + C»). Once more, Cy € CCSkg. Since L(C;) = L(C»), and A(Cp) > %(A(Cl) +A(Cy)) = A(Cy) (clearly,
C: and C, are not equal up to a translation), then q)f (Co) > (fo (C1) which cannot be.

(d). The proof is postponed to Section 4.1

Corollary 1.17. IfKis a disk with positive radius, for all 1 = 0, argmax(bff: {K}.

Indeed, by Lemma ‘ when K is a disk, argmaxq)f contains only disks.
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Case of the regular x-gone. For x = 3, denote by Reg(x) the regular x-gone with vertices
w;j = pxexp(i2rj/n), for je{0,---,x—1}

1/2
m) , chosen so that Reg(x) has area 1. Denote by m; the middle of the segment

(Wi, Wit+1 mod x)- The area ay of the polygon CH({my,---, my_1}) is

where py = (

_ k.. 2_ 2
ay = ) sin(2m/x)|mg|” = cos(m/x)“.
Each small triangle m;m; . w;+; has area
by := (1 - ay)/x =sin(w/x)?/x. (1.21)

Hence, for each i, ¥ apc—m,; m;,, w;,, (@s defined in ) has determinant b,.. Now, recall the definition
of ¥:r— sinh(2r)/(2r) - 1 (given in (1.9)) and define f : (0, +00) — R* by

f(h) = cosh(h)/sinh(h)>. (1.22)

Proposition 1.18. Let v be the unique solution to

_ax+xry f(ry)W(ry) b
B Krvfwrv)bk

A (1.23)

If K= Reg(x), then the unique element C of argmaxq)f is constituted with x hyperbolas where the i th
hyperbola lies inside the triangle m; m;.1 w;+1 and is the image by the linear map that sends ABC onto
mimi 1 Wiy, Of #y.

K

1.4 Convergence in a compact convex set under Qn L]

Recall that Q{f, m is the probability that the convex hull of n + m iid uniform points in K has n
vertices, and QIn(, . is the law of these n + m points conditional on this event.
A first theorem to state here is the following one: we can deduce the limiting behavior under

K K ; ; .
Qn’ L] from that under Qn,Ln j ina particular case:

Theorem 1.19. Let K be a compact convex set of area 1, and assume that for some A = 0, CH(U[n +

(proba.)

[nAlD) — K under QS,LMJ’ for the Hausdorff topology. In this case, for any A" = A, the analogue

result holds for A instead.

Conjecture 1.20. Let K be a compact convex set of area 1, and let A > 0 such that argmaxtbf is a set
with a single element, C*. In this case

62 (A + 1)/1+l

R ACHMLCM3. (1.24)

n! (log(QI,,f’LnM)) + 2n10g(n)) - log(

Conjecture 1.21. Under the hypothesis of Lemma under Qf LA’

dy (CHU[n+ [nAlD),C*

(proba.)
) Lproba) o
n

We present in Section[5.2]some elements supporting these conjectures.

1.5 Related works

Let U%’) be the law of n i.i.d. points drawn uniformly at random in a convex domain K.

11



Sylvester’s problem. One cannot write a paper about random points in convex domains without
mentioning Sylvester and his four-points problem [30]. This problem, which initially was ill-posed,
was focusing on the convex domain K optimizing the probability that 4 i.i.d. uniform points drawn
in K formed the vertices of a convex quadrilateral. The answer was given by Blaschke in 1917 [7] who
showed that for any K,

Q) = Q= Qf),

where A and O symbolize a triangle and a disk. Recently, Marckert and Rahmani [22] proved that we
have also

A K O
Q5= Q5= Q5.

Expected number of vertices. In 1963, Rényi and Sulanke [25] gave the expected number n(n) of
vertices of the boundary of the convex hull of n points U(I?) -distributed when K is either a polygon or
domain whose frontier is €2 (a disk for example). In the first case we have

2K
Em(n)) = 3 log(n) + Cste + o(1),

where « is the number of sides of K, and in the second one,
E (n(n)) ~ Cste(K)n'’3.
For the first case, Groeneboom [13] later gave a central limit theorem for n(n) :

n(n) — %log(n)
) — 5 o8 ﬂﬂ(o,l)_
10k

57 log(n)

The interlaced quantities Q% and QX , . The particular cases Q55" and Q%" were extensively

studied. In addition to the exact formula of Qﬁ,(')' of Barany et al., [4] also includes results about
the asymptotic behavior of U[n] under the conditional law Qﬁ’(')'. We already mentioned the fact that
under this conditional law, CH(U[n]) converges for the Hausdorff distance towards the parabola 22,
but in [4] is also given a functional central limit theorem for the fluctuation around the limit, at the
scale 1//n.

These theorems are almost the only tools used to evaluate an(, o for a general K, as well as to prove
alimit shape under eri o (see Sectionfor an overview). This is also the case for both results of Valtr

132,[31], who gave in 1995 when K is a parallelogram

2
1 [2n-2
O
Qn'O: ( ),

(mH2|l n-1

and in 1996 when K is a triangle
A 2"(3n-3)!
Qo= S TN
Cnmli((n-1
though Valtr’s proof relies on some slightly different arguments.

Since the late 90s, a substantial body of work has followed. Essential work tackles limit theorems
established around convex polygons formed on lattices. In this model, for a given integer n, a convex
polygon on a lattice is a convex polygon contained in the square [-7, n]?> and whose vertices have
integer coordinates. Vershik then questioned the possibility of identifying the number and typical
shape of such a convex polygon. Three coherent solutions were put forward by Barany [1], Vershik [33]
and Sinai [28] in 1994, and are described below: In the square, the convex polygon can be naturally
decomposed into 4 pieces (delimited by its extremities in the North/East/South/West directions),
which delimit 4 “polygonal convex lines” between them. By studying these objects, which can initially
be considered as convex chains joining (0,0) to (7, n) in the square [-n, n]? (apart from rotations and
translations), it was shown that when n — +o0o,

12



1. the number of such polygonal lines is exp(3({(3)/{ @NB3n?3 + o(n?'3)) where ( is Riemann’s
zeta function,

2. the random number of vertices in such a chain is concentrated around (C (3)%/¢ (2))_1/3 n?'3

3. the limit form of such a chain, normalized in both directions by 5, is an arc of parabola.

In 1997, Barany [2] generalized most of these results to characterize the asymptotics under Qf’ h:
He showed that the convex hull of a tuple U[n] of points under Q{f’ o converges for the Hausdorff dis-
tance to the unique convex domain C* € CCSg maximizing the affine length of the convex domains
contained in K. The boundary of C* is composed of arcs of parabola and pieces of the boundary of K.
As we will be working quite a lot on the affine length, let us precise that the proofs in [2] use properties
of the affine length of curves, and relies on another fundamental work of Blaschke and Reidemeister
about differential geometry [8].

Based on this latter results, Bardny [3] gave in 1999 a logarithmic equivalent of the probability
eri o» valid for any convex domain K of non-empty interior of the plane :

2K /1 8_2 *\3
n°(Que)  — —L(C*)". (1.25)

n—oo 4
This formula is of course quite reminiscent of for the case 1 =0.

Barany’s logarithmic equivalent for Q{f’ o Was refined by Morin [24] into an actual equivalent for
the case where K is a regular polygon, and he generalized it afterwards for any convex polygon [23].
Notice that a part of the proofrelies on Q%'. Furthermore, a characterization of the convex set C* as
a solution of a polynomial system is also proved, as well a central limit theorem.

Things are a bit more complex for the disk. Marckert [20] determined in 2016 a formula which
enables the explicit computations of the first terms of Q%m.

H(i)lhorst, Calka and Schehr [15] gave in 2008 the first terms of the asymptotic development of
logQ,; , i.e.

log (QSO) = —2nlog(n) + nlog@2n?e®) — con'’® + ...,

where ¢j is an explicit constant, which corroborates the logarithmic equivalent of Bardny quoted
above.

Let us introduce a similar object as Qﬁa'. For any non-negative concave function f defined on
[0,2], let Ky be the unique convex domain such that GKf = ([0,2] x {0 U {(¢, f(), £ € [0,2]} : we let

Qfﬁ;‘ be the probability that n points U(I?f)—distributed form a convex chain between A = (0,0) and

B = (2,0). The same authors [21] give a recursive formula of erif)" for all concave functions f. In
the same paper, the authors also investigate a generalization to other dimensions of this matter : in
this model, we impose a concave "shape" over a convex section of an hyperplane (a floor) and draw
points under this shape to ask them to be in convex position together with this floor.

We already mentioned the fact that Buchta [9] was the first to give the probability Qﬁ;,’l. In (101,
Buchta goes further and computes the probability an(' » when K is either a square or a triangle. In
[14], Gusakova and Thile, studied the probability generating function Gy (z) = chvzl Q2%  zk of the

k,N—k
random variable n(N). They proved that Gy(z) =1, G;(z) = z, and
(n-1)(n-2)Gp-2(2)
. .

2z
(n+1)Gyu(2) = (7 +2(n— 1)) Gp-1(2)—

From this second order recursion, they deduce that these polynomials correspond (up to a multiplica-
tive factor) to some orthogonal polynomials (for a certain inner product), and prove again a central
limit theorem for (n(N) — E(n(N)))/+/Var(n(N)) with Berry-Esseen bounds. In a very recent prepubli-
cation, Besau and Théle [5] studied the bi-variate generating function F(u, z) = Y nx¢ Gn(2) ulV; they
proved that it is a Gaussian hypergeometric function (Theo. 2.3). This analytic representation pro-
vides a new tool that allows them to get also a Berry-Esseen theorem (with same speed as in [14]), a
moderate and large deviation principle for n(N)/log(N), and, for k fixed, the asymptotics of Qﬁ;l'_ r
as n — +oo.
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Affinelength The affine length of a curve is an important affine invariant (by the elements of SL(2)),
and it is also defined in higher dimension under the name of affine surface area; this notion goes back
to Blaschke and Reidemeister [8], and is still an important domain of research (see Schiitt and Werner
[27] for a recent survey) with the developments of new concepts as the p-affine surface area, (see
Lutwak [19], Hug [16] and see also Ludwig and Reitzner [17,/18], for the fact that, up to some details,
the p-affine surface areas are somehow, the only upper semicontinuous valuations. A valuation is a
function that satisfies ¥ (P) + ¥(Q) = ¥(Pu Q)+ ¥ (PN Q), on the set of compact convex subsets of R”.

Barany [2, Sec.2] recalls the main properties of the affine length that we will need in this paper: If
% is a compact convex set, then L(¥) = fa%) x1/3(s)ds where «x is the curvature of € at s. fp:=z— v+
M.z is an affine map in R?, then L(¢(%6)) = det(M)'/3L(€). Moreover, the affine length of a polygon is
zero, and more generally, since the affine length is obtained by integration on the boundary, a section
of the boundary which is a segment, does not contributes to the affine length. By Barany [2, (3.3)],
L((S1+82)/2) = %(L(Sl) +L(S»)) where the first addition is the Minkowski sum.

2 Bi-pointed case

2.1 Finite (n, m) considerations

Recall the notation introduced in Section and in particular the unit triangle ABC, the vari-
ables n(N),m(M) and the contents sequence K{[n], the vertices B, V1,---, V;;, A of the convex chain
surrounding the convex hull of U[n + m], and the coordinates of V; being V; = (X;, Y;).

The fact that Qy,7; possesses an explicit formula, and better than that, that the distributions of the
(V;) have an intelligible form is the corner stone of this work. We present the key arguments in this
section. Though some of the ideas leading to the formula of Qﬁ);,‘l are similar to those of Buchta [9],
new points of view arise to describe the law of the (V;).

One of the keys of these close formulas are decomposition formulas, which, in turn, rely on four
interconnected facts (a), (b), (c), (d) that we explicit immediately.

(a). Invariance by affine maps principle. Let us swap triangles for a short moment, and instead
of the unit triangle ABC pick another non-flat triangle abc. Take uy,---,uy iid uniform points in
abc, and once again, consider the convex hull of {a, b, u1, -, un}. Denote by (n'(N),m’(N)) the two
variables equivalent to (n(N), m(N)) in this setting, and K}, -, K] the analogue to K, -, K.

Since (invertible) affine maps preserve convexity and the uniform distribution, it is easy to see

that the tuple of variables (m(N),n(N), K[n(N)]) @ (m'(N),n' (), K'[n'(V)]) and better than that,
if one considers the affine map ¥ 4gc— 4pc that sends (A, B, C) onto (a, b, ¢) (in this order), the map
W ABC—abe Sends (Uy,---,Uy) conditioned by (n(N),m(N)) = (n, m), onto some random variables
(uq,-+-,un), that are distributed as N iid uniform random variables (u'l, ey u;V) in abc, conditioned
by (n'(N),m’'(N)) = (n, m).

(b). The “rewinding” affine map. Fix N =0 and a pair of integers (n, m) with n+ m = N,and n> 1.
The leftmost point of the convex chain V,,, together with the leftmost “content” variable Kj,, will
play an important role: we will decompose the complete chain V,,,---,V; by removing the leftmost
point V,, together with the triangle A, = (V,11, Vi, Vo) (whose interior thus contains K, points), and
working with a smaller set of points reduced to a subtriangle T'(V,;) that we discuss now.
We will need to understand the joint law of (V,, K;;) for this, but assume for a moment that we
know it, and let us discuss the decomposition.
Observe in Fig. 2| a special case in which n = 6 and K, = 3. The line AV}, intersects BC in P(V},)
(P(Vg) on the figure). The knowledge of V}, is sufficient to see that apart from the K, points inside
Ay, all the n—1+ m — K, other U; (their number is 6 — 1 + 6 — 3 on the figure) must be in the triangle
T(Vy) = (Vy, Vo, P(V)). The set of these points has same distribution as U7, ---, U’ K, uniform

n-l1-m-
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independent points in T'(V,) , conditioned as follows: the convex hull of {V},, Vy, U{, RERIN Uilz—l— Kn} has
(n—1) points on its boundary among the U; (besides V;, and Vp), and m — K, points in its interior.

In words, if we take U[n + m] according to ﬁ,;;l, conditional on (V,, K}), the points (Ulf, l1<i=<
n—1+m— K,) that are obtained by keeping only the elements of (U, -+, Upn+m), in their initial order,
that are in T'(V},), forms a n— 1+ m — K,, tuple of iid uniform random variables in T'(V};,) under the
analogous distribution Qﬁ—.i, m-K, in T(V},), instead of ABC.

The affine map

Vi
O =Y ABC—-V,V,P(V,)

which maps our favorite unit triangle to T'(V,) can be computed: Conditional on V}, = (x, y), this
affine map is

et . | ¥ o |*| frwn ¢ (2.1)
y
with
1[2—x —-2+x+2x|T(x, |y
ren = - 2.2
2| -y y+2IT(x,y) (2:2)
where T(x, y) is the triangle of vertices (x, y), B and P(x, y) whose area is given by
T, ) = LEZXEN
Ty

& .
A T B

Figure 7: A list of 14 points, 4 of which being on the boundary of the convex hull of {A, B, Uy, -+, U14}.
In this case (Vy,,Ky) = (Vy, Ky) = ((x,),6). Conditional on (Vy,Ky), the U; that are not in ABVj are in
V4PB. To get a total boundary containing 4 U;, the convex hull of V,,, B, and the U; that are in the
triangle V4PB must form, together with V}, and B, a convex chain of size 5, using 3 U; in the interior
of V4PB, and the 4 remaining U; must be in V4PB below this partial convex chain. The 7 points in the
interior of V4PB, are distributed under the analogue distribution of QsA,;' inside V4, PB instead of ABC.

(c). Decomposition along the leftmost point. Again, by the affine maps invariance principle, a rep-

resentation of the Uj,---, U, _,, K, that will prove to be very rich in the sequel, consists in noticing
that

Lemma 2.1.

Lom (U, Uy i) | Vi Kn)) = Lotme, (07 (U, -+, 0" (Upo14m-k,))  (2.3)

In words, in order to place N points according to Qﬁ,;,'l, it suffices, somehow, to know (V};, K,,).

Once the point V}, is set, we construct the triangle (V,, Vj, A) in which we draw K, points uniformly
and independently. Then, we construct new points (Uy’,---,U},_;_ k,) in our unit triangle ABC under

QA* and map these points with OV into Vi, Vo, P(V)).

n-1,m-K,’
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With this approach, a good understanding of the generic left point random variables (V,, K;;) un-
der Q;;7;, in ABC is sufficient to understand all the chain (V1,--, V3) since this later will be encoded
by successive affine maps. Hence, the construction of the segment [(0,0), V},] is the first step in the
construction, the rest being done in (V},;, Vo, P(V},)), or more exactly, is done under QA in ABC

n-1,m-K,
and sent in (Vy,, Vo, P(Vy,)) by QVr,

Denote by u;m’ k the distribution of V,,, the left most point, under Q n,;?;( K, =k).
(d). Decomposition and rewinding formula. In order to represent (or simulate) the distribution of
(Vi,--+, V1) under Qﬁ;, it suffices to first sample the random variables (K, ---, K7) (using the explicit
formulae given in Lemmal(l.1} or in Lemma2.2} below).

The leftmost points in sub-problems. Then, take the successive independent leftmost points (V].*, 1<
Jj = n), where

* *

LWVii) = By i 24)
which is the law of the leftmost point V;,_; under Qﬁ_‘lf ek ek 41( .| Ku—i = k;—;) (that is, in the
model where there is a total of n — i points on the chain and m - k,, —--- — k;—;+1 below, and k under
the left most triangle). Let us write Qﬁ;,; k for the distribution of the set of points {Uy,---, Up+m}

conditioned by n(M) = nand K, = k.
The affine map ©"« writes
a

@Va* : 2.5
8 (2.5)

]Hv;wrva* g]

for Ve given in Equation (2.1).

Theorem 2.2. [The rewinding/forwarding formula] Conditional on (Ky,---,Ky) = (k1,---, kp), for the
(V,1= j < n) given in

and then (by {2.5))

n
(Vi1<j=n) @(ZrVn(---(rvf*n(v;))--a,lsfs")'
(=]

Proof. This is a consequence of what has already been said, about the first point decomposition.
First, to place V,, one can indeed use the formula V;, = oV (A), since @V sends A onto V,, which
is indeed distributed as V;,. This same map sends ABC inside (V,, Vp, P(V})), and in particular, it
sends Vrf_l onto V,_; (that is more exactly, knowing V},, V,_; is distributed as oV (V,f_l). Using
that V* | = @1 (A), knowing V,, V;,1 is distributed as ®"7 (®"s-1(A)). A simple iteration allows
to conclude. O

The nice part of this construction relies on the fact that the law of (V,;, K;;) can be totally explicited:
the following theorem strengthens Buchta’s result Lemmal|l.1

Theorem 2.3. Forn=1, m=0, and (x,y) € ABC,
(a) Forke{0,---,mj},

(n+m)(" ) YR T (x, y) | Mk Qs dxdy

n-1,m-k

o (Vpedx x dy, K, =k) = (2.6)

Nee
n,m
and A
2(k+1) QA%
e (Kn=k) = L

(n+m+1)(n+m) Q4

16



(b) Conditional on (n(N), m(N),K,;) = (n,m, k),

(d)

(Xn, Yy) = (2 bk+2,n+m—k (1- bn+m,l/2)’ bn+m,1 bk+2,n+m—k) . 2.7)

where bii2,n+m—k is a beta B(k+2,n+ m—k) rv.,, and byym,1 is an independent f(n+ m,1) rv,
and hence,

2= (X + Y)Y 2 (1= bisonim i) =2 bnsmkks2 (2.8)
where by m—i k+2 1S B(n+ m—k, k + 2)-distributed.
(¢) Take k[n] € Comp(n, m). Conditional on (n(N), m(N), K[n]) = (n, m, k[n]),

(@)

2-(X;+Y;) = 2(1_b2+kn,n+sn—k,,)“‘(1_b2+kj,j+sj—kj)
(@)
= 2(1_b2+kn,n+sn_l)"‘(1_b2+kj,j+sj_1)
(@)

- 2bn+sn_1,2+kn e bj+sj_],2+kj

where for all i, s; = k1 + -+ + k;, and the random variables b ; are all independent, and are f-
distributed with parameters s and t.

Let the reader be aware that Formula (2.8) is a key stone for the limit shape theorem.

2.1.1 Proofs of Lemmal(l.lland Lemma[2.3|

2 2—(z+vy)

Figure 8: Observe that for V,, = (x, ), the parallel line to CB passing through V}, intersects the x-axis
at distance 2 — (x + y) of B.

We first state a technical lemma that will be used several times in the sequel.

Lemma 2.4. For all integers a, b, c such thata+1—-c> -1 and b > —1,we have

2 rtiz yap_ b 2b=c*1pl(a—c+1)!
p(a,b,c):zf —_— = .
o Jo t¢ (a+1)(a+b-c+2)!

Moreover forall a,b =0,

f yUT(x, )P dxdy = p(a+b,b,b) =2
T

bla+1)! 2 a+b+1)"
(a+b+1)(a+b+2)! (a+b+1D(a+b+2) b

Proof. The proof is immediate by first integrating according to y. For the second statement, write
Jry4T(x, yIbdxdy = It y“(yz_x_y)bdxdy and then proceed to the change of variables (y,x + y) =

xX+y

(y, 1). O
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For a triangle ¢ = abc, and a, b two chosen vertices, denote by Ch@P(p) the subset of " formed by
the z[n] such that {a, b, z1,- -, z,} are in convex position (this is the bi-pointed case in ?).

Consider the set of points Cfl’ff;lb, subset of " x ", composed of the pairs (z[n], w[m]) such that
z[n] € CH®P () and such that wy, -+, wm, € CH{a, b, 21, , zn}.

If A is the unit triangle ABC we set

n
(,‘nA'm :=Leb (Cg'BmC’A’B) = /,‘43(]" Leb (CH{A, B, 21yt Zn})m ]].Z[n]ECABC,A,B(n) H le‘. (2.9)
i=1
Notice that ¥, ¢4, () = 1 since

QRs =i k(Z) (2.10)

The following Lemma contains the fundamental argument on the fact that the distribution of (V},, K},)
is intelligible: we may disintegrate Leb (Cﬁ% 4,8 ) according to the position dxdy of V;; and the value

k of K, and this produces an integral formula in which the distribution of these quantities appear:

Lemma 2.5. For every pair of integers (n, m) such thatn =1 and m=0, or (n, m) = (0,0), we have

Leb(CﬁlfnCAB) [ nZ( )y Leb(CT(xy) 5y, B) dxdy. (2.11)
ABC =g
Since
T B 1
Leb(Crm OB < | 1T, )"k, (2.12)
Lemmalf2.4]leads to

B et 2.13)

o o\ kJ(n+myn+m+ (T '

with initial condition, for n, m =0,

A 2" A 2

C =l =—-) C =,
PO T in+ ) YT (m+ D (m+2)

Proof of (2.5). The sum over k, is the sum on the number of points among the w; that will be in the
triangle with vertices A, B and (x, y), ( ) accounts for the number of choices of the k element in
the triangle AB(x, y) among the w;,---, wy,, y is the area of the triangle AB(x, y) and then y is the

Lebesgue measure of a k-tuple of elements in this triangle, and then Leb (C,TI(XIJ;)? (x];y )’B) simply comes
from the fact that given V,, and the k points in ABC, the points (z[n], w[n]) is in CAB ©AB if and only
if, all the other points are in T'(x, y), and are in C le21 (xky B, O

Proof of Lemma|2.3|(a)

Using (2.10), the second statement in Lemma 2.3|(a) is equivalent to (2.13). Now, to prove the first
statement, use the fact that Lemma2.5]together with (2.12) and (2.10), show that

. n+m n(’;?)kaA_ ol T(x, y)|rm=1= kdxdy
A m(Vnedxdy, Ky =k) = ( ; ) n-1,m- QA"

Replacing Cﬁ—l,m—k by Qﬁ_’im_k/ ("_lntrf_k) (see (2 ) ends the proof.
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Proof of Lemma|2.3|(b)

The law of Qy,7;(V, € dxdy | K, = k) given in Lemma (a) seems a bit complex, but it is an
illusion: since this density is proportional to y*| T (x, y)|"~1*"~* with full support on ABC, and since

by [@.6), we already know that

yk| T(x, y)ln—1+m—k

v ,Y) = 2.14
nm k(%) pln+m-1L,n+m-1-k,n+m-1-k) @19

is a density on T = ABC, also proportional to y¥| T (x, y)|"~'*"~* then by uniqueness we get
e (Vpedxdy | Kn=k) =¥ m i (x, y)dxdy. (2.15)

Now, with such a simple distribution, we may by simple routine compute the quantities of interest:
Set T}, := X, + Y,,. We have

()] (d)
(Xn» Yn) = (Tn - Yn» Yn) = (Zbk+2,n+m—k(1 - bn+m,1/2), bn+m,1bk+2,n+m—k) . (2.16)

For any test function f : R? — R continuous and bounded, we have

Enm(f(Th, Yn) | Ky =k) = ff(x+y,y)‘1’n,m,k(x,y)dxdy =ff(t,y)\lfn,m,k(t—y, y)]l[)ogtsz drdy

<y<t/2

and then, the density of (T}, Y;;) under Q n,;,'l(-l K,=k)is

1 ost<2 .
0<y=<t/2

yn+m—l (z_t)n+m—1—k

) Ly =
nm,k(t, ) pln+m-1,n+m-1-kn+m-1-k)\ ¢

By integrating y from 0 to ¢/2, one finds that under Q7,3 (. | Ky, = k), T}, is distributed as 2bx42,n+m—k
where bisa ff(k+2,n+m—-k), and conditional on Ty, Y, = by m,1 15 /2, where by 1 isa f(n+m,1)
random variable.

Proof of Lemma(c): This property is a consequence of (b) and Thales theorem. We will explain
how the formula works for 2 — (X, + Y;,—1) which is sufficient, because the complete recursive argu-
ment is needed even in the n — 1 case. Notice that the affine map ®"» that sends ABC onto V,BP(V,)
also sends BC onto PC, that is, it preserves the direction BC. Observe now Fig. @]where Vyand V,,_;
are represented in general position (recall that these points are sorted according to decreasing ab-
scissa order). Conditional on (K}, Kj,—1) = (kn, kn—1), according to Lemma it suffices:

—to place a point V,, according to Qﬁ;?;, K, in ABC,

— then, in a separate copy of ABC, place a point V¥, according to Qﬁ_’im_ Ko on s Then, apply
the affine map ®"» that sends ABC onto V,BP(V},), and take V,_; as the image of the point Vn*_1 by
®"», as shown in Fig. @ It now suffices to check that for g)_;, =2— (X}, + Y, }), gn =2 - (X, + V),
gn-1=2—(X,—1+Y,_1), we have

@ _ 4qn-1
2 qdn
which is immediate by Thales. Indeed, since proportions are preserved by affine maps, we get from
Fig.[9|that

IB=V, Il _aq;_,
1B = Vyll 2
but on the right picture of Fig. [9jwe deduce that

)

IB=V,_,l _IB=pnll _ gn
|B—Vpll B = pnll an
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Therefore

@ Gn-1
2-Xp1+ Y- =2—
(Xn-1 n—1) 2 2
with ¢, = g and by iterating this construction,

*
q; q::—l qn—i
2-Xp-i+ Yy p)=2— .

( n—i n l) 2 2 2

Rewinding map ©V» C

Figure 9: Observe that for V,, = (x, ), the parallel to CB passing at V}, intersect the x-axis at distance
2—(x+y) of B.

2.2 Asymptotics of Qﬁ m: proof of Lemma

To prove that n~! (log (QA" ) + 2nlog(n)) — B, wewill first show in Lemma that the liminf

n, nlj N
of the left hand side is = 8, and then in Lemmgthat the limsup of the left hand side is < §,.

By the leftmost point decomposition of V[n] under Qﬁ;,’l, it appears that a good knowledge of
K[n] is needed to determine the behavior of S[n], where S; = K; +--- + K, this later being involved in
the description of the distribution of V[n].

We will choose m to be equal to [nA], and we are interested in the asymptotic behavior of S[n] as

n — +oo.

2.2.1 Proof of the lower bound in Lemma

The proof of the lower bound is a bit involved, even if it is much simpler than the upper bound.

The main leading idea in this section is that, in the regime m = |n1], K[n] under ﬁln Al behaves

“at the first order” as another sequence K|[n], where the K; are independent, but are globally condi-
tioned to sum to |nA]. The reader could be surprised by some choices taken along the proof: they
may seem arbitrary, but they are not: “lower and upper” bounds coincide, so that these choices are
arguably, optimal.

Presentation of the family of distributions (). Since Y ;>o(1+ k) vk =1/1-wv)?forall ve (0,1), it
appears that

=Y A+ kvka -y, (2.17)
k=0

is a probability distribution on {0, 1,2,...}. If K(v) is a random variable with distribution y,, then

2v

m. (2.18)

E(K(v) = 12TUV Var(K(v)) =
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Lemma 2.6. [Lower bound on Qﬁ[l‘m] Forany A >0,

. . -1 Nee
hn}lmfn (log (Qn,LnAJ) +2nlog(n)) = B,.
Proof. Take some parameters (d;, i = 1) € (0,1). We rewrite (1.5):

ki
e _ g n A +k)d; (- d;)*
n,m

- (2.19)
kin)Comp(n,m) i=1 (i + 8)) (i + 1+ 8))d;" (1 - d;)?

where we have written S; instead of k; +- - - + k; for short. In the denominator the term H?:1 d ff can be
rewritten as dg” H;.l:_ll (djld j+1)51. The numerator in the generic term of the sum (2.19) (the factor 2"

apart) is the probability for an independent sequence of random variables (K;, i = 1) with respective
laws (1(4,), i = 0) to take the value k[n]. Hence, since each k[n] sums to n,

2P (S, = m)
Nee (d)\On
- F, 2.20
P (n+m)(n+m+ DAL (1-dp)? (@, m (2.20)
where
n—1 1 _
Faynm=Ea|[] —= — _ (Snzm @2.21)
LA +S)+1+S)(dj/djs)S

where here, E is the expectation when K; is g, distributed, and S; = K + -+ + K; (we will also
write Py, that is with an index (d), the probability of event relative to the variables (K-) under this
distribution). Since we are completely free to choose the (d;) as we wish, we will pick the (d;) so that
the denominator in the expectation of remains under control.
We focus on Fg) ,,,m. Take some positive non-negative free parameters (D;,1 < i < n—1), and
introduce the two maps:
= D D

L'd,D) := log(i+ D;)+log(i+1+D;)— -
( ) = og(i i) +log(i i) i+D; 1+i+D;

L(d, D)

n-1 _ _ d; 5
log(H(i+Si)(i+1+S,-)( ! ) )—L’(d,D).
j=1 dj+l

Notice that L(d, D) is random while L' (d, D) is deterministic. Since

n-1 -1
( [1T— 1_ — ) =exp(-L(d,D)-L'(d,D)), (2.22)
J=L A +S)+1+8)(dj/dja)S

we will proceed to a choice of (d, D) in order to lower bound this random quantity by the constant
exp(—L'(d,D)). Since

§i—D,‘

i i+D;+1

L=, .= . S;-D;
i+S;=({+D;)|1+ and i+S;+1=(+D;+1) |1+ —|,

this gives

n-1 S —D; S —D: _ d: D; D;
Ld,D)=Y log[1+=2—"]+log|1+ —|+8§;1 ( ! )+ L+ L . (.23
(@ D) Z’ Og( i+D ) og( i+D;+1 Silog dis1) i+D; 1+i+D; (8.23)

i=1 i 1

Assume for a moment that the sequences (d;,1 < i < n) and (D;,1 < i < n—1) are related by the

following relation:

d; 1 1
éizzlog( ! )z—_ _ ,l<i<n-1. (2.24)
dii i+D; i+D;+1
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Then in this case, replacing log(%) by the rhs of (2.24) in (2.23), and then, using the inequality

log(1+ x) — x < 0 (that holds for all x) to bound the two first logarithms in (2.23), we obtain the crucial
bound

L(d,D)<0.

Since L'(d, D) is deterministic, as long as d[n] and D[n — 1] satisfy , we have for all sequences
d(n]:

n-1 -1
(]‘[ — 1_ — ) =exp(-L'(d, D)) (2.25)
=LA +8)+1+8))(dj/dj1)S

and then ~
exp(—L'(d, D)) < Fgy n,m = E(a)(exp(—(L(d, D) + L'(d, D))) | S, = m)
and then we get the following lower-bound LB:
ZnP(d) (gn =m) PV
(n+m?dp I, A—dp? ~ "™

It remains to fix (d[n]) and (D[n - 1]) such that holds and such that LB is computable and as
large as possible. We fix the sequence (D[n —1]) to be

LB:=exp(-L'(d, D)) (2.26)

sinh(2ryi/n

D;=D"=n
! i 2ry

the sequence (D;) is positive, depends on n, aswell as (d;,1 <i < n) = (dE"),l <1i < n) and we fix

dil") = tanh(ry)?.

We rewrite (2.24) so that log (dl@) can be expressed with the d;”) with higher indices j:

1

log (d;'") =log(d"™ ) - - , l<i<sn-1, (2.27)

g(di™) = log(d;’, i+D£.”) i+D§”)+1

and then

( (n)) ) "f ! 1

log|d: = log(d;"”)— + , 1<i<n-1, (2.28)
Sl 81 j:,-j+D§.") j+D§.")+1
d™ = tanh(ry)?exp —f + aj |- (2.29)
l ool e

For ¢ fixed in [0, 1] we have by a simple application of Lebesgue’s dominated convergence theorem
(see Lemmal6.3]for the proof of an even stronger convergence):

4r
L
sinh(2rj u)
Let us come back to (2.26) to handle every term of the expression. By a central local limit Lemma (see
Lemma for a proof), Pz (S, = [nAl) = Cy/+/n. From this point on,

1
) —  tanh(rp)’exp (— ft u) = tanh(r )2, (2.30)

L'd,D) := nillo (i+D;)+log(i+1+D;) -2+ P, i+l
' I & i+108 ! i+D; i+1+D;
ol D; D; 1 1
= z(n—l)—Zlog(i)+log(i+1)+log 1+—,l)+10g(1+ - ! )+ +
i 1 1+1 1.;5% 14_;%%
= on)+2n-2nlog(n)—2n) fnlo 1+DL“)+10 (1+ Dl )+ ! + 1
B & | RN TTIN Rt N TTIY TR Ti
Li] li]+1
1 sinh(2r) 1) 2r)t
= +2n—(2nl —on)-2n| 1 ¥
olm)+2n - (2nlogln) —2n) n[o og( 2rpt ) sinh(2ry )
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where we applied once more the Lebesgue dominated convergence theorem. Now, still for m = [nA],
and still by Lebesgue,

2n
(n+m)?dy [1;Z, (1 - d;)?

exp(n (0(1) +log(2) — 2Alog(tanh(ry)) —2[ log(1 - dm)di))
1
1
= exp(n(o(l)+log(2)—2Alog(tanh(r,1))—2nf log(l—tanh(mu)z)du)).
0

Gathering these three bounds all together, we can finally give the limiting behavior of our lower
bound LB:
LB = exp (—2nlog(n) + n(Ry + o(1)))

where

1 2 inh(2
Ry:= _zfo (sinhg:; " + log(smzi;j u)) +log(1 - tanh(r, u)z)) du +1og(2) — Mog(tanh(ry)?) + 4.
(2.32)

To conclude, we need to prove that Ry = 8;, where 8, was introduced in (I.12). Since for all x > 0,
log(sinh(2x)/2) +log(1 — tanh(x)?) = log(tanh(x)),

1 2
Ry = —2[ (L +log(tanh(ryu)) —log(ryu) | du +1og(2) — Alog(tanh(ry)?) + 4.
0

sinh(2r u)

1

2
Now, —2[ —log(ryu)du = 2log(r,) — 2, and a primitive of u — au
0

——— +log(tanh is u —
Sinh@r.w +log(tanh(ryu)) is u

ulog(tanh(ry u)). Hence we get
Rj =2log(ry) —2—2log(tanh(r,) +log(2) — Mog(tanh(r,l)z) +4
which coincides with ;. This concludes the proof of Lemma 2.6 O

Lemma 2.7. [Upper bound on Qﬁ'u‘m ] Forany A >0,

limnsup n! (log (Qﬁl,’w) +2n10g(n)) < B,.

Remark 2.8. For two positive sequences (ay) and (by,) if there exists a sub-exponential sequence (c;)
(thatis, such thatlog(c,)/n — 0), such that a, = byc; thenlimsup,, n! log(ay) =limsup,, n! log(by).
In particular, limsup,, n~'log(a,) = limsup,, n~log(a,nX). Hence, ifin an inequality we “lose” a poly-

nomial factor in n while handling Qﬁ’t;l A it does not jeopardize our search for the best possible bound

forlimsup, n~! (log (QS,.L;MJ) + 2nlog(n)).

Proof. The proof of this lemma is quite complex. It is divided in 9 sections.

1. Slicing Q;;}; into sub-sums. Forany n>1,m >0,s >0, define

n (1+kp)

Qn,m,s =2"

so that, in particular Q, ;0 = Qﬁ;.

The new array (Qj,,,s) appears when one decomposes Q3

'7n as in the following example:

A m

LX)

n,m — Z in,ml,o Qn—nl,m—ml,n1+m1
m;=0
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where n; is any integer taken in [1,7n — 1], and m; is the partial sum S, = k; +--- + kj, taken by
the composition (kj,---, k,). More generally, for any K-tuple of positive integers (Ani,---,Ang) €
1,2,---,m¥X summing to n, letting nj = Any +---,+An; we get

K

Nee

n,m = Z l_[ QAnj,Amj,nj,ﬁmj,l
J=1

where the sum is taken on all tuples (Amy,---,Amg) € Comp(K, m), the set of K tuples with non-
negative entries, summing to m. We used again the convention m; = Amy; +---+Am;j,1< j<K.

The product Hle Qanj,amj,n;_+m;_, is the "sub-sum" collecting all the contributions to Qﬁ; of
the compositions k[n] € Comp(n, m) such that S,,; = nj+ mj, forall j€{1,---,K}.

2. A sufficient condition in terms of sub-sums. If for some fixed K, some fixed0< n; <---< ng =n,
we are able to compute

K
Q*(m, -+, ni;m) = max{ [ ] Qanyamy,ny om, .+ (Amj,1< j < K) € Comp(K, m)}
j=1

then using that |Comp(K, m)| < mX, we would have an upper bound
ﬁy;r.l = mKQ*(nly c, NKS m)

Since we are interested in the case m = |nA], the factor mX is sub-exponential, so that it suffices to
prove that for any fixed € > 0, there exists K and n, -+, ng such that

limsupn™! (log(Q* (m1,--+, nk; LnA))) +2nlog(n)) < e+ P (2.33)
n

to conclude the proof of the lemma. Our strategy is to prove that (2.33) holds when one takes the limit
over K, for n; = [in/K] for 1 = i < K. We will prove that

limsuplimsup 7" (log(Q* (ny, -+, n; LnAl)) + 2nlog(n)) = B, (2.34)
K n

that is, a limit on # is taken first for a finite fixed K, and then, we take the limit on K.

3. Elements to bound a sub-sum. For each n =1,m,s = 0, since the increments of the list ((s + i +
S;),i=1) are greater or equal to 1, we have fora=1, b =0,
261

Q4 p,s < GraibeiaibiD Vlia,b).Wla, b, s (2.35)

a-1 1 si(s+1)!
where Wla, b, s] = 1:1_[1 (s+i)(s+i+1) (s+a-D!(s+a)!

and for any x € (0, 1),

L0+ k)X (1= Pyy(S.=b)

Via,b] = Y QA+ky= ), = (2.36)
keComp(a,b) l keComp(a,b) 1- x)Zaxb (1- x)Zaxb
b -2a b -b
1- ) 2.
( b+2a (b+2a) 2.37)

This last bound is obtained by bounding P () (S, = b) by 1, and we know that for a and b large, this
bound is not too bad if x is taken such that 12__xx =bla < x= Fbm which is the value for which
E(x)(Sq) = b. So we took this value of x to pass from to (2.37). By a central local limit theorem,
P (Sa = b) can be shown to have order 1/y/a under minimal hypothesis, but we won’t need this
thinner analysis (recall Lemma.
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4. Taking regular (An;) and reparametrization in terms of the slopes (f;). Fix an integer K > 1 and
set for j €{0,---,K},
nj=jn/K|, Anj=nj—-nj_,.

In fact, the n; are “functions of 7 and K", and we could have written instead n;(n, K) to exhibit this
dependence. Further in the proof, we will let K grow, and at this time, we will add this parameter K to
nj, but for the moment, let us drop this extra parameter. In this part, K is fixed. It is useful to notice
the regime at stake when n becomes large:

We will optimize the (m;) progressively to evaluate the maximum sub-sum Q* (ny,---, ng; [nA))
associated with the (n;). However, we won't be working with the current (m;) but with some new
parameters f[K] := (f;,0 < i < K) designed to control the slopes (Am;/An;): the (m;) and f[K] are
related by

m; = \‘%flJ , Amj=m;—m;_.

Hence fx = AK so that mx = m = |An] as expected. Viewing the m; as functions of n and of f[K]
leads then to

Instead of analyzing Q* in terms of (m;, 1 < i < K) we will optimize it in term of f[K].
We will use 1l applied to V(Anj,Am;). When a and ag are both positive integers,

(2 + g) a(2+g)

W = V(a, dg)

Via,ag) <

In our case,
a=Anj,ag=Am;
so that Am;/Anj = Af;+ O(1/n) and we easily see that for this choice

V(Anj,Am;j) < V(Anj,Am;)) < CV(n/K, (n/ K)Af;) (2.38)

with a constant C depending possibly on K and A, but valid for all n large enouglﬁ

5. Finding the regime of a given sub-sum with fixed slopes f[K]. Let us fix some non-decreasing
fIK] with fy =0, fx = AK, and let us bound the sub-sum ]_[5.(:1 Qanjamjn; +m;jy (for (n;, m;) given in
the section 4 of this proof):

K K
[1Qanjamjnjaem; < 2" ] VIAn;, Amjl.WI(Anj,Amj,njy +mj_1]
j=1 j=1
_ 11_<[(2+Af,-)(Aff+2)"’K K (nj_y+mj_)!(1+nj_y +mj_)!
B i (AfpAnEK2nIK J\ G5 (=14 nj+mj_1)i(nj+mj-)!
K (24 AFOF+2NIKN (K ((i—1+ fi 1) 2)12
_ CKz—n(l—[( + f])A J/K ( (G ‘ fi 131(2) ) (2.39)
j=1 (Af7) fin j=1 ((]+fj—1)F)!
= 0(C*nP®)exp (n(-log@) + A(fIK]) + B(fK], n))) (2.40)

3there is an additional constant because /K is may not be an integer: we have dropped the integral parts
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where we went from (2.39) to (2.40) using (2.38), Stirling’s approximation log(n!) = nlog(n) — n, and
where we defined

K (Afj+2)]log2+Afj) - Afjlog(Af))

A(fIK)) > % (2.41)
j=1

M=

B(fIK], n) IE( (j—1+fj_1)(log(%(j—l+fj_1))—1)—(j+fj_1)(log(%(j+fj_1))—1).
1

J
Here, the term n”®) widely gathers the subexponential terms of (2.39) forgotten when we used Stir-
ling’s approximation. Hence, B(f(K), n) is the result of the approximation of the factorial terms.
Since Zﬁl (j —1+fj-1)—(j+fj-1) = =K, by expanding the last two logarithms log(na) = log(n) +log(a)
we get

B(f[K],n) = -2log(n) + C(f[K]) (2.42)

(in which we notice the appearance of the —2logn term) with

K
C(fIK]) =2+2Z e e e (2.43)

j=

-1+ fi- j—1+ fi- j+ fi- i+ fi-
J Kf; llog(] fi 1)_] fi 110g(] fi 1)'
1

Notice that both A(f[K]) and C(f[K]) do not depend on n anymore, but they still depend on K.
Again, there is a polynomial (in 7) number of such (m;, -, mg) so that it suffices to prove that for
any € > 0, there exists K such that

K
n~! (log(Qp,na) +2nlogn) <e+n" (log (I}}il[aK)]( I1 QAnj,Amj,n,-_1+m,-_1) +2nlog n)
j=1

and then by plugging in there (2.40), (2.41),(2.42), (2.43), it suffices to prove that for any € > 0, for some
K,

1}1[%((—105;(2) +2+ A(fIK]) + C(fIKD) < By +€ (2.44)

where the maximum is taken on all non-decreasing sequence f[K] such that f(0) =0, fx = AK.

6. Reduction to convex sequences f[K]. Notice that, though A(f[K]) depends on the multi-set
{{Afj, j = K}}, it does not depend on the order of the increments, while C(f[K]) actually does. We
will need to prove the following claim: the optimizing sequence f[K] is convex, that is, the optimizing
sequence of increments (A f;) is non-decreasing. To prove the claim it suffices to observe the effect
on C(f[K]) when we swap two consecutive increments. If one is given two coinciding lists of pos-
itive increments 6(K] = (§;,1 < i < K) and ¢'[K], if we swap two elements for a given j < K—1 as
6j,6j+1)=(a,b)= (0 ’] e 6’].), then in this case the corresponding lists [K] and ¢'[K] with increments
respectively the (6;) and (6)) coincide except for the single index i = j, so that letting s = j+¢;_1 =1
we have

, 2
CUIK)-CW{'IK]) = E((s+a—1)log(s+ a—-1)—-(s+a)log(s+a)
—(s+b-1log(s+b—-1)—(s+ b)log(s+b))

which is positive if a < b. This argument proves that if one is given a sequence (Af;) in ascending
order, then C(f[K])) is larger than any C(f'[K]) if the multi-set of increments of f'[K] coincides with
that of f[K]: it means that the optimizing sequence f[K] is convex.
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7. Letting K go to +co and working in functional spaces. We have no idea how to compute
max ] A(f[K]) + C(f[K]), but any reader who is able to do this computation can skip the end of
the proof. For those who stay here, our method relies on taking the limit on K.

We need to enrich a bit the notation: we write fl.(K) for the i entry of what we called f[K] so far,
in order to make visible the dependence on K. We only work with convex sequences f K)[K].

We add a bar, that is we write f [K] for a sequence that maximizes A(f[K]) + C(f[K]). We do not
assume uniqueness, but only choose one of the optimizing sequences.

We now embed f (K)[K] in the set of function from [0, K] to R*: we denote by f (&) the function on
the interval [0, K] obtained by linear interpolation of the sequence f, K ..., fIgK). This function ends
at KA. We introduce its normalized version

FOm =k, telo,1]

which ends at A; we should have written F(f &) 1) instead to make the dependence on f (K) apparent.
Instead, we write simply F®X for a generic convex function made out of a generic convex function

. . . .. =K .
fX (still conditioned to end at KA and to be nonnegative), and write F " for the convex function

. . s —(K) . e
associated with the chosen optimizing sequence f . Define also the function ¢ — A () defined
on [0, K] that interpolates A fO(K), -, Af, (K), and its normalized version

DF® @) =af®, telo1l.

Notice that the factor K~! is lacking, but this is the right normalization to have FX (¢ + 1/K) - FO ()
well approximated by (1 /K)DF®) (p).

We do not have exactly F®(z) = [ DF® (u)du, even if ¢ is a multiple of 1/K, because of the
interpolation of the increments, but it is easy to see that if F*X) converges uniformly to some convex
function F, and the DF'X) are computed as the discrete increments of F (that is, for i € {1,---,K},
DF®(i/K) = (F®(i/K) - F® (i — 1/K))/(1/K)), then sup, |[FX () — [/ DF (w)du| = 0.

—+00

Now, consider the sequence of optimizing pairs (f(K), AF(K)) indexed by K. For each K, F(K) is
convex and bounded by A, and AT is non-negative, non-decreasing.

By a standard compactness argument and the Cantor diagonalization procedure it is possible
to find a sub-sequence (ji), such that the extracted sub-sequence (1_3(j k),Al_?(j k)) has the following
properties:

—the sequence FU ¢ converges point-wise on [0, 1], and even uniformly on any compact included
in [0,1). The limit F is p0551bly discontinuous at 1.

—the sequence AF Ui converges point-wise almost everywhere toward an increasing function DF
on [0,1) (as a non-decreasing function, DF may be discontinuous only on a countable set, possibly
infinite at 1).

Since F is convex and non-decreasing, it is also continuous in [0, 1), differentiable almost every-
where, and F(u) = fo F'(v)dv. By the comment above, F’ = DF outside a Lebesgue null set.

8. Passage to the limit on A(fIK]) and C(f[K]) Consider again the formula defining A(f[K]) and
C(f[K] (given in 1| and ). We still write under the extracted sequence (ji) that has the
properties discussed in the previous point. The map

x— (x+2)log(x +2) — xlog(x)
is continuous and bounded on any compact of R. Hence

A
—(jx) (Jx) (jk) (k) (jk)
AP ) = fO (2+Af”];ﬂ)log(2+Af”kﬂ) Afr]’;ﬂl (MU’,‘Cﬂ)d

T f (2+F (0)log(2+F (1) -F (nlog(F (1)dt
—+00  Jo
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The sum in (2.43) involves quantities as 1 (x) = xlog(x), so that the sum is

, . —(jx) . —(jx)
i e [ Tj1+ fi 1 [+ [
cF Py = 2+2f w| L | = T g (2.45)
0 Jk Jk Jk
— —(jx)
1 . . . N
_ 2+2jkf W(U{cﬂ +fr{kﬂ)_w _i+ f]{ct] +f[{kﬂ it (2.46)
0 jx ok jk Jr Jx
1 _ 1 _
— 2+2f (—l—log(t+F(t)))dt:—2f log 1+ F(n)at. (2.47)
k—+00 0 0

Proving this last convergence is an exercise whose main lines are given in footnote’}

9. Final optimization argument. Gathering now the terms of A + C in a functional 8, it suffices to
prove that any convex function M* such that M* =0 and M* (1) = A satisfies 8(M*) < 8,, where 0 is
defined as

1
O(M) := —log(2) + f (M' (1) +2)log(2 + M'(£)) — M'(t)log(M' (1)) — 2log(t + M(1))dt. (2.48)
0

We will use an alternative to the Euler-Lagrange optimization method, and prove a little bit more,
namely, in addition to (M*) < f8,, the uniqueness of argmax#, in the set of functions we study.We
proceed to the change of variable ¢(f) = M(t) + t, so that /(1) =1+ A, £(0) = 1. We need to maximize

1
¢— Op(¥) ::f L(t,0(0), 0 (1)dt
0
with
L(t, 0(0),0'(1) = (¢'(t) + Dlog(1 + €' () — (£’ (t) — 1) log(¢' () — 1) — 21og(£ (1))

(or more formally, L(a, 8,7) = (y + 1)log(y + 1) — (y — ) log(y — 1) — 2log(p)). By Beltrami identity (the
Euler-Lagrange special case 0L/ (0a) = 0), the functions ¢ that maximize ¢ — Op(¥) satisfy, for a con-
stant C,

Z—e’g =C (2.49)
o0 ‘

which is equivalent to
C +2log(¢) =log((¢' +1)(¢' - 1)).

Solving this standard type of ODE leads to

¢(x) = ssinh(e®"?(x - ¢)) exp(—C/2)

4In the footnote, we use K instead of j, for readability sake. Use that 9 (x) —w (x+1/K) ~ %1 (1+log(x)) +0(K~2/x). The
rhs of (2.46) rewrites
—(K) —(K)
1/K* 1 |—Kﬂ+f|'Kt'| 1 th] +f[Kt]
2+2Kf +f Y| ——|-v| =+ —— |dt.
0 1/K® K K K

—(K
So, either f ([K)r] is far from 0 when ¢ is near zero, and (2.47) holds easily, or it is locally Lipschitz and equals 0 at 0.

—(K) —=(K)
K K
In this case, since |xlog(x)| < 1910 in o neighborhood of zero so that |2Kf01/Ka u/(LKf”m) - u/(% + LKf”m)dtl <

C(K/K%)(1/K%)%10 _ 0 if o = 3/5, for example. The second integral

—=(K) —(K) —(K) —(K)
1 [Kt] + [Kt]+ 1 [Kt]+ [Kt]+
oxc [ | KA kn | (L, KA fikn dt=2Kf ERLLI LS i G 1+O(ﬂ)iz dr
1/K@ K K K 1/K@ K K K K

and this converges to the rhs of (2.47) by Lebesgue dominated convergence.
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for a second constant ¢, and a “sign” s € {—1,1}. Since ¢(0) =0, ¢(x) =0, ¢(1) = 1+ A, we must have
¢ =0, s = 1. The only solution is £*(x) = sinh(ax)/a with a such that sinh(a@)/a = 1+ A (so that
exp(C/2) =2r,, i.e. C =2log(2r,)), and we recover a = 2ry, so that
M*(6) = 0% (1) — 1 = — ¢+ S0DCTAD (2.50)
2ry
is the maximizing function, and holds with this function.

There remains to give an argument to prove that the function ¢* we found is indeed a maxi-
mum for Op (it could be a singular point in which we have cancellation of the derivative (2.49) with-
out being a maximum). Here it is: the set of functions we are working in is { f:f0)=0,fQ) =
1+ A, f differentiable, f non-decreasing }. This set of functions is included in E := {¢* + f : f(0) =
f(1) =0, f differentiable }. To prove that Op possesses indeed a local maximum at £*, it suffices to
show that

_ Op(£* +zf)+0p(f* - zf) =0
2

Op(£*) 2.51)
for z sufficiently small, and f # 0 in E. Since (2.49) is satisfied for ¢ = ¢*, it suffices to extract the
second order term in zZ in (2.51) (the first order coefficient in z cancels, which is a consequence of
(2.49)). A few computations out of (2.51) later, it appears that we need to prove that, for f #0in E, we
have

12 — 472 £(1)2
ff() o >0. (2.52)
0

sinh(2r) )2

To prove this point, we adapted a well-known proof of Wirtinger’s inequality (which, in general, states
2
that [y’ y(x)?dx < Z [i'y'(x)?dx).

— An
Since the denominator in (2.52) cancels at ¢ = 0 only, and since f(0) = 0, there are two cases:

(@) the case f'(0) # 0. In this case the lhs of is +o0.
(b) the case f'(0) = 0. In this case, observe that

f'(0? 4r§f(t)2 _ 1 y 2 O 2
sinh(2r) )2 sinh(Zr,lt)Z_sinh(ZrAt)z(f(t) 2rytanh@ra0) f (1)) ot Fo

4ry
sinh(4r) t)

. (2.53)

Observe that on the r.h.s of (2.53), the second term integrates to 0 on [0, 1] since f(0) = f(1) = 0. The
integral of the first term is positive (technically, if f’(¢) = 2r) tanh(2ry ¢) f(¢) for all ¢ € [0, 1], we have
f(t) = ccosh(2r; t) so that this second terms integrates to zero. But since we have already treated the
case f'(0) # 0 in (a), we can rule out this subcase here). Then, by integrating on [0,1],
holds indeed, which concludes the proof that £* maximizes Op.

Now let us rewrite 0(M™) as

1 2+ M*' (1) 1
*)=— + */ - - -
0(M™) =-log(2) fo M (t)log( ) )dt+2f0 log

2+M*’(t))
t+ M*(t)

Using (2.54), we obtain (2+ M*'(£))/M*'(t) = 1/tanh(ry t)* as well as % = 2ry/tanh(ry 1), so

1
0(M™*) = 2log(ry) +log(2) — 2[ log (tanh(ry #)) cosh(2ry r)dt. (2.54)
0
1
A primitive of x — log (tanh(x)) cosh(2x) is x — 3 sinh(2x)log(tanh(x)) — x so that

inh(2
2sm (2ry)

1
—2[ log (tanh(ry #)) cosh(2ryf)dt = - log(tanh(ry)) +2
0

A

and then, 8(M™*) = ;. O
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2.3 Functional convergence of (X", Y ""): proof of Lemma

In order to prove Lemma|I.3] we will use Lemma[2.3|that gives us the distribution of 2 — (X; + ¥;)
when K[n] is known. To use this theorem, we first need a concentration result for the sequence S[n],
where asusual S; = K; +---+ K.

Nee

2.3.1 Alimit shape theorem for S[7n] under Qn LAl

Recall that M* is the function M* (1) = £*(¢) — ¢ = —t + S28€10 appearing in 1| .

2"/1

Theorem 2.9. ForallA>0, alln>0,

Qi SUP]|n_1Snr—M?| >n) ——o. (2.55)

tel0,1 n—+00

that is, n~'S,, converges uniformly to M*, in probability.

In a nutshell, this theorem is a consequence of the proof of Lemma([2.7} the optimization of the
sequence (f[K]) leads us to a unique optimization function M*. The set of paths S “staying far away”
from this optimization sequence have a weight exponentially smaller than Qﬁ[n A

However, this informal argument is not sufficient: even if M* maximizes alone the map 6 defined
in , the set of functions {f : || f — M™ ||, =1} contains an infinite number of functions, so that the

fact that Lemma[2.7|implies Lemma[2.9 needs a proof.

Proof. We will extract a finite number of events Eo, - -, E, all of which with exponentially small prob-
abilities, such that

Nﬂ
sup |n7'Sp —M;|=ny < E:. (2.56)
te[0,1] i=0

The sequence (Sy) is a.s. non-decreasing, and M* is continuous, increasing (from [0, 1] to [0, A]), and

to(a) t1(a) 1

Figure 10:

then invertible.

For a > 0 fixed, denote by t;(a) the abscissa ¢ at which M} = ia. Hence fy(a) =0< t;(a) <--- <
fia/a)(@) = 1. If A/ a is an integer take N(a) = A/ a, otherwise, set N(a) = [A/a] + 1, so that, in all cases
tN() (@) = 1 and also, M} (a) - M} (a) < aforall i.

Consider for 0 = i < N(a) — 1, the vertical segments

Ii(a) = {tj(@} x M}, — a, M}, +al = {tj(@)} x [ia—a,ia+ a]

as drawn on Fig. It is easy to see that any non-decreasing function f whose graph intersect all the
I;(a) must satisfy || f — M|« < 2a. The set {f : | f — M™| = n} is then included in Up<;<n/2) E; Where

Ei={F1ft112) - M ) 2 012}
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Now, assume that we start again the optimization problem 8, with the additional constraint that f is
in E;: the proof of Lemma[2.7|can be done again. Now, we maximize 6 (for 6 defined in (2.48)) on E;.
Since 6 has a unique maximum, we then have

mip :=max0(f) <O(M™). (2.57)
feE;

Now, for a subdivision in K sections (as done in Lemma [2.7), for K large enough, the weight of
the paths n~'S,, in E; (and weighted by [T(2(1 + k;))/((i + S;)(i + 1 + S;)) as usual) is smaller than
exp (—2nlog(n) + nm; , + ox (1) n) while the number of paths considered is at most O((nA)X). Hence,
we see that

QL (0718, € ) < exp (n(0(mi ) —6(M™))+0k (1)n) O(n"), (2.58)

where ox(1) is a sequence indexed by K that converges to zero as K — +oo. By (2.57), the rhs in
(2.58), for a fixed i, goes to zero exponentially fast in n. This allows to take the union bound on all
i € [0, N(n/2)] to complete the proof. O

2.3.2 Proof of Lemmall.3l

There are two main ingredients in the proof: Lemma (c) that tells us the law of “the diagonal”
2—(X;+Y;) given the (S;) is simple, and Lemmathat tells us that asymptotically, n~1(S,,,) is simple,
since it is concentrated around M. By the Skhorokhod representation theorem, there exists a prob-
ability space (Q, «/,P), on which there exists a sequence of random variables SWn] = (SE."), 0<i<n),
for all i, such that for a fixed n, S"” [n] is distributed as S[n] under Qﬁtn 4 and such that s, defined
by

s"(=n"'8" 0<t<1

converges to M* almost surely, for the uniform topology in C[0, 1]. Recall that V.1 = A, Vy,, -+, V1, Vo =
B is the convex chain we are interested in, so that it has length n + 1.

Lemma 2.10. Take A >0. On (Q,/,P), for all t fixed in [0,1],

s sinh?(ry 1)
E(2— (Xi+1)) + V(e ) | S(")[n]) 42 Q) =2%,
sinh“(ry)
a.s.
Var(2 = X+ 1t) + Yimsne) | S(”)[n]) — 0.

(proba.) (proba.)
As a consequence, 2 — (X|(n+1)t) + Y(n+1)1)) — Q(1) and by symmetry, X|(n+1)t) — Y|(n+1)1) —

Q1 —1).

Remark 2.11. As represented on the Fig. below, the symmetry & : [ﬂ — [2 ; o (with respect to the

vertical line passing at C) preserves the distribution of U[n + m] under Qﬁl',,'l. The symmetry of a given

realization of the convex chain (Vy,---, V1) gives a new convex chain (Vy,---,V|) which is defined, to

respect the decreasing abscissa convention by V) _. . =% (V;). We then observe that

(Xpoiv1—Ypis,0=i=n+1) @ (2= (X +¥),0=i<n+1).
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Proof. For t =1, the result is immediate, we can then suppose that ¢ < 1. By Lemma[2.3|c), and using
the fact that for a b ; ~ B(s, t) random variable, its expectation is E(b; ;) = s/(s+ ), we get

n+Su—1 J+Sj1

[E(2—(Xj+Y]-)|S[n]) n+2+S8, j+2+S;

J+Sj-1 =i+ 1+8;

= 2 _H

n+2+8S, iz i+2+S;
J+Sj-1 = ( 1 )
n+2+SneXp(l§j o8 i+2+8S; (259
Then, for ¢ fixed in [0, 1], on (Q, <, P),
EC - (X n+e) + Yim+n ) | Snl)
+ 1Dt/ +S _ n 1
_ ) L(n+ 1)l +S|m+1)r1-1 exp (f log(l - —)di) (2.60)
n+2+S, l(n+1)1] il +2+8;

Lt D +S e

1 1
2—— 1 f log(1- +1)d
14248, eXp( Lnsby og( l(n+ I)SJ+2+SL(n+l)sJ)(n : S)

a.s. sinh(2r) t) ( fl 2r) )
exp|- | ———>=—ds
n—+00 ra(1+A) ¢ sinh(2rys)

.. ba.)
Indeed, this is a consequence of Lemma (that states [|s"Y — M* |00 (proba. 0), and of the approx-
imation (n + l)log(l - l(n+1)5J+12+S[(n+1)sJ) = ——= + () (where the rest rn(s) converging to zero)

uniformly for all s in any compact interval included in (0,1]. It remains to prove that this formula
coincides with Q(#). Using that M f = —t+sinh(2r;1)/(2r)), observe that

o) = smh(th) (_ fl 27y )_sinh(zrm tanh(ry7) __sinh®(r31)
A(1+A) ¢+ sinh(2rys) ry(l1+A) tanh(ry) sinh?(ry) '
sinh(2r;)

this last equality coming from 1+ A = T

Now in order to compute the second moment of 2 — (X; + Y;), we use that [E(b2 D= % =
E(bs )= s+t+1, so that
JH1+8j 1l i+2+8;
E(2—(X;+Y)?ISnl) = E(2-(X;j+Y;)|S[n)) x2 ) 2.61
(- (Xj+Y;)"|S[nl) (2= (Xj+Y)) |S[n)) x T3%S, ll]ji+3+si (2.61)

Using the same method as below (2.60) for this second product, we get,

[E((Z—(XL(n+1)rJ + YL(n+1)tJ) IS[n]) Q ().
O

Denote by Q,(8) =2 - (X(n+1)r + Y(n+1):) and an(l — 1) = X(n+1)t — Yin+1)r» where both X and Y are
defined by linear interpolation between ¢ of the form k/(n + 1) (just like we did for X" and Y").

oba b
Lemma 2.12. On (Q,5/,F), [Qn - Qllos -0, and [Q, - Q| _ L%~ o.
b
Proof. By symmetry first, it suffices to prove that [|Qx - Qll —>(pro %), 0. By Lemma|2.10} we already
(proba.)

know that for a fixed t, |Q, () — Q(t)] ——— 0. Turning this point wise onto an uniform convergence
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is routine, as a well-known consequence of Dini’s theorem valid under regularity and monotonicity
hypothesis. Here 2 — (X(;4+1)r + Y(n+1)1) is the distance from the projection of (X(;,+1)s, Yn+1):) on AB
with respect to the direction BC, so that ¢ — 2 — (X(s+1)r + Y(n+1)s) is non-decreasing (from 0 to 2) and
continuous. Here, the point-wise limit is non-decreasing and continuous. Since it is deterministic,
the argument is even simpler.

The general argument (and proof of the argument) runs as follows: assume that (x,) is a sequence
of processes, where x,, = (x,(1),0 < t < 1) takes its values in CI[0,1], and ¢ — x,(f) is non-decreasing

ba.
(a.s.). If x;, (1) (ana)> x(t) for all t where x = (x(¢),0 < ¢ < 1) is continuous (and then necessarily) non-
decreasing, then (x,) converges to x in C[0, 1] equipped with |.|l.o. When x is deterministic, we then

(proba.) .. ...
have || x;, — x| co P 0. To prove this, it suffices to take a subdivision f{p =0< t; <--- < fp_; < tx =1,
and write
(proba.)
sup |x,(#) —x()] = m]ax{lxn(tj+1) —x(@p)l, 1xn(t)) = x ()} —— rn]aXIx(th) —x(t)l
r€[0,1]

so that it is clear that by choosing a subdivision (#;) thin enough, this can be made arbitrary small
(since x is continuous). O

End of Proof of Lemmall.3l We have

Qn (1) T14 Qn(l-1)
2 2

Qu(D) | Qul-0)
2 2

X+t =-— y Yoyt = —

From (2.12), we get supt|X(n+1)t—(
(1 _ Q(l—t)+Q(t))
2

I—WN — 0 in probability, as well as

n—oo

sup; | Y+ — | = 0 in probability, which is Lemma

2.4 Random generation of V[n] under Qﬁy;;

In theory, by rejection sampling method, it is possible to draw n + m uniform points Uy, -+, Up+m
uniformly and independently in ABC and repeat this operation until exactly n of them are on the
boundary of the convex hull of {A, B, Uy, - - -, Up+ 1} In practice, since Q nm is tiny even for small values
of (n, m), for example,

Aee 4862354860353208414849066648349

= (8.45..)107"

1214 = 57539992862666702350263300179200000000000

this method can be used only for very small values of n and m.

In the rest of this section, we explain how, on a standard personal computer, one can simulate
the convex chain V3,---, V,; under Qﬁ,.t;a Al for n and |nA] going to up to some hundreds (if one has in
hands a random generator of iid uniform random variables on [0, 1]) within minutes/hours of com-
putations, depending on the programming language one uses.

We present here the main ideas of the method used to produce the simulations given in Fig. (11).

A random generation algorithm. First, start by sampling exactly the random vector K[n] under
Qﬁtn 2 To do so, the idea is to pre-compute all the numbers Qﬁ,y’;ﬂ, for0<n'<nand0<m' < mby
doing the following computation:

Nee

1. Precomputation (and storage) of the Q;; 7}

For n' from 0 to n:
5 =2"1(n"\(n' + 1))

for m’ from 1 to m:
for n’ from 0 to n:
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Figure 11:  Simulations: on the first picture, A =1, (n,m) = (50,50) (green), (100,100) (blue),
(150,150) (brown). Mean taken over 50 simulations of trajectories, for each size. The three curves,
violet, blue, brown, are hardly distinguishable. On the second picture, 1 =2, (n, m) = (50,100) (green),
(100,200) (blue), (150,300) (brown), violet, the limiting curve. Still in the second case, with the same
color code, drawings of t+— X(t), and t— Y (), and for the simulation, drawing of ((k/n,Xy),k=1..n)
and ((k/n,Yi), k=1..n)

compute ¢, (using
compute Qﬁ,,';?, (using 1l
To perform these computations for n larger than some dozens, say, it is important to use a pro-
gramming language/library able to work with fractions, whose numerators and denominators are
very large integers (otherwise, exact simulations have to be obtained using another strategy). Since
cﬁy v is @ priori just a sum of m' terms, computing all the cﬁy v demand a cubic number of sums (that
is O(max{n, m}®). However, exact computations with large numbers, computations of the involved
binomial coefficients increase greatly the cost, and depends on the programming language one uses.
A pre-computation (and storage) of the binomial coefficients involved in the computation of the cﬁ m
improves greatly the performance of the algorithm.

2. Simulation of K (7] under Q4. The distribution of K,, under Q% is

Nee (k+ 1)

A" K, = k 2
( )=2Q7,°% e K+ m+Dn+mQay

ke{0,---,mj}.

Since the coefficients QA" have been precomputed, all these probabilities can be quickly computed,
and standard simulations of a discrete distribution can be used. When K;, has been generated and say
K;, = k; is obtained, then simulate K;,_; according to QA by the same procedure, and iterate:

n-1,m-k,
for K;,— j, simulate a random variable with distribution QA* .
n—j,m—kp—==kn_j1

The cost of this simulation is negligible compared to that of point 1.
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3. The rewinding construction. It remains to observe that when K,, = k is known, then V}, can
be simulated. It suffices to construct a random generation for its coordinates (X}, Y},) distributed
as (b(2—g),bg) for b~ f(k+2,n+m—-k) and g ~ f(n+ m,1) (for two independent beta f random
variables).

In fact, to construct the points (V,, -, V1) we will need to build first the (V,,---, V;*), where Vl.* is
taken under the law described in Lemmal[2.2

When the (Vl.*) are known, in order to build the (V;) and complete the construction, we need the
“rewinding” considerations explained in Lemma[2.2and slightly before. There are basically two dif-
ferent ways of proceeding: either place V;, before, compute the coordinates of P as drawn in Fig.
(which is P = 2(X},, Y,)/ (X,, + Hy)) and then work in the new triangle (A’, B, C) = (V,,, B, P) to place
V-1 and proceed inductively, or use directly the formulas of Lemma|2.2]to construct the whole pic-
ture.

3 Deterministic geometric considerations

3.1 About the optimization of @, in the bi-pointed case: Proof of Lemmal|l.11

We divided our proof of Lemmal[l.11]in 6 sections, corresponding to the 6 main ideas of this proof.

The keystone here is probably the introduction of a new notion, that we call “cupola symmetry”,
a sort of super-symmetry, which will play a role also in the optimization of CDf in a general compact
convex K. We will see that the elements of argmax®, are “cupola-symmetric”, from what we deduce
that they must be either a parabola or an hyperbola. Then, a more classical optimization argument
within this family allows to conclude.

(1). The map @, : CCS; — R* reaches its maximum.

The proof is the same as that of Lemma([l.16[@) in CCS} instead of CCSk.

(2). An optimizing concave map ¢ must be smooth.

Let F be a function in Conc(ABC) such that 6F is an element of argmax®,. Assume that F is not
smooth: since it is concave, and since its graph belong to ABC, F is differentiable a.e., and there exists
an abscissa x such that F'(x*) < F'(x™) (somehow, a jump in the derivative). Consider two points
z1 = (x1,y1) and zy = (x2, y2) on 6F, with x; < x», such that there is such a jump for the derivative
either at x; or xp. Take two supporting lines L; and L, at z; and z, (we demand the slopes to be in
[-1,1], which is a restriction only for x; = 0 and x» = 2). Denote by z3 = (x3, y3) the intersection of
these lines. A small picture is sufficient to see that (because of their slopes) z3 is inside ABC. The
triangle z;zpz3 is enveloping if 6F is smooth at z; and at zp, but if it is not the case, then for some
choices of L, and Ly, the triangle z; zp z3 will contain strictly the enveloping triangle, say z; z» zé. Take
such a pair of (non-minimal) supporting lines (L1, Ly).

Now, the affine map ¢, ,, 2—z1202 has determinant > 1 . Let us now perform some curve surgery.
Define the curve €’ as follows:

- outside the triangle z; z,z3, € and €’ coincide.

—inside the triangle z; 2, z3: the restriction of €| ;, , ., is taken to be ¢, ,, 2 —212025 (€| 21 2,2,)-

It is easy to see that € is still in CCS’’, and moreover L(€’) > L(6F) and A(€") > A(6F), so that
@, (€¢") > @, (€F), which is a contradiction. Hence, an element in argmax®, must be smooth.

(3). An element in argmax @, must be cupola-symmetric

We start by proving that any element of argmax®, must be symmetric with respect to x = 1, and
we will progressively deduce that it must be “cupola-symmetric”, a notion we introduce below, which
is a sort of super-symmetry, that, as we will see later on, are only satisfied by conics.
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Lemma 3.1. If 6F is an element of argmax®, for some F € Conc(ABC), then F is symmetric with
respect to x = 1 (or equivalently, €r = ¥ (6F) where ¥ is the symmetry with respect to the line x = 1).

Proof. Let F be the symmetric of F, (that is F(x) = F(2 - x) for x € [0,2]). Define G as the concave
function such that
(gc = ((gF + <€f)/2,

where we equipped CCS’\ with the Minkowski addition (or equivalently, the Blaschke sum). Since
A((6F + %f)/ 212 > INCF 2)12 4 A(‘gf/ 2)1/2 by the Briinn-Minkowski (or Kneser-Siiss) inequality;,
with A(€r/2)1/2 = A(‘gf/2)”2, we have

A((Cr +€p)12) = (AEEI2)? + A(ER12)1%)? = A(€p).

By Lemma 1 and Eq. (3.3) in Barany [2], L is concave in CCS; for the Minkowski sum, that is L((S; +
S5)/2) = %(L(Sl) +L(S2)). Hence the map G satisfies @) (6) = max{®, (€F), Py (€5)}, and this inequal-
ity is strict if €F is not equal to €% up to a translatiorﬂ Hence if F is not symmetric with respect to
x =1, then 6F ¢ argmax®,. O

This argument “if 6 is not symmetric, then @, (% (6€F) + 6F))/2) > ®)(6F)”, or in other words,
a symmetrization increases the value of ®,, can be applied in any enveloping triangle of a portion of
%r (such a triangle is always entirely included in ABC).

Let us state a trivial lemma that will allow us to further define the notion of “cupola-symmetric
curve”

Lemma 3.2. Let abc be a non-flat triangle. The affine map ¢ ,pc—pac that sends (a, b, c) onto (b, a, c)
has determinant 1, so that it preserves area and affine lengths. This map is the symmetry with respect
to the line cm, where m is the middle of ab, according to the direction of ab.

Definition 3.3. A subset D of the plane is said to be abc-symmetric if ¢ gpc— pac (D) = D.

<3

Figure 12: This green curve € is not cupola symmetric, since for this enveloping triangle z;z,z3, the
affine map ¥, z,z;— 2,2, 2, sends the point d on the dotted line (which is the line parallel to z; 2 incident
to d), in the triangle mz,z3. Hence the restriction € |, z,z, is not preserved by ¥z, z,z0— 2,212

Definition 3.4. A curve ¢ € CCSY is said to be cupola symmetric if for all pairs of distinct points z; =
(x1, 1), 22 = (X2, y2) on its upper boundary with0 < x; < x» < 1, y1, ¥2 > 0, any supporting line L, and
Ly at z) and zy with slopes in [-1, 1], the restriction of €| 3, z,z, to the triangle z) zoz3 with zz3 = L1 N Ly,
is z1zp z3 -symmetric (that is invariant by ¢z, z,z,— 2,2, z,)-

It is easy to check that any hyperbola /), for v = 0 is cupola symmetric: indeed, since these curves
are smooth, supporting lines are tangents, and any triangle z;z»z3 mentioned in the definition of
“cupola symmetric” is an enveloping triangle. Now, images of (pieces of) hyperbolas through affine
maps are (pieces of) hyperbolas, and the conclusion follows.

5The case of equality in Brunn Minkowski inequality is the case where € and 6 are equal (since it is the only case for
which the two curves € and €7 are translated of each other)
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Lemma 3.5. If€ is an element of argmax®, then:
(i) € is smooth, (ii) cupola-symmetric, and (iii) its global enveloping triangle is ABC (the smallest
triangle that contains € is ABC).

Proof. (i) is (2). Let us pass to (iii). Take the enveloping triangle of €: this triangle must contain A
and B, and since the slope of the tangent line at A is smaller than 1, and that the one at B is larger
than —1, its third vertex C’ is either C or inside Int(ABC). Let us rule out this last possibility. The affine
map ¢ apc'— apc has determinant strictly greater than 1, and we have ¢ spc'— apc(€) is a convex set in
CCS%, and moreover, @3 (P apc'—aBc(6)) > P (€), so that € ¢ argmaxP,, which is a contradiction.

(ii). Pick € in argmax®,; we know that € is smooth by (2). Assume that € is not cupola symmet-
ric: there exists an enveloping triangle z; z,z3, such that the restriction of C = €| ;,z, ., is not z1zz3
symmetric. In this case, let us perform a small curve surgery to construct €’ out of € such that
D) (€') > D) (6): take C' = ¢z, 2,2,—2,2 2, (C) the image of C by the z; zpz3 symmetry. This symmetry
preserves the area and affine perimeter of the intersection of C with z;zz3 :

(A(CH(C)),L(O) = (A(CH(C/)), L(C/)). 3.1)
Now, replace the piece C in z; zpz3 by
C" =(C+ ¢Z1Z223—>ZZZ1Z3 ()12

which fits in the triangle z; zp z3.

The surgery. Build 6" as follows:

—outside z1 2223, € and €’ coincide

—inside z1 zpz3: remove C from € and replace it by C”.

It remains to compare @3 (¢) and ®;(¥¢”). The common part of € and €’ is Com = €\ (z12223).
The segment z; z, is a boundary of Com, and this part has affine length 0. We have

(A(Com) +A(CH(O)N*. (L(Com) +L(C)* (3.2)
(A(Com) +A(CH(C"))*. (L(Com) + L(C")? (3.3)

D, (6)
@, (€

The same argument as for the proof of Lemma allows to conclude: by hypothesis, C’ is different
from C. Since both of them are drawn in z; z»z3 and are incident to z; and z, they are not equal up
to a translation. Using plus A(CH(C")) > A(CH(C)) as well as the concavity of the affine length
with respect to the Minkowski addition, we deduce that L(C") = L(C). Hence ®,(€') > ®,(€¢) and
this contradicts the fact that € is in argmax®,. We have established that a curve which is not cupola
symmetric is not in argmax®,. O

Remark 3.6. At this point, a geometer may have concluded that cupola symmetric curves € are indeed
conics. Basically, these curves are conics because when one takes an enveloping triangle abc of a part
p of the curve, the abc symmetry implies that one can cut this triangle in half (by taking the “axis cm
of symmetry’, with m the middle of ab). Each part of p obtained, say p1 and p», lies in one “half of the
triangle abc’, on either side of the line cm. They have same affine perimeter and same area, because
the affine map ¢ pc—pac has determinant —1 and sends p, onto p,. One can then iterate, and set an
enveloping triangle ay by c1 and a»byc, on each of these two parts, and proceed as before to produce
thinner parts... All these 4 parts must have the same affine length and area. We produce recursively 2"
parts of p that all have same affine perimeters and enveloping triangles having same area. This implies
that the affine curvature must be constant, which immediately allows to conclude (see Chap. 3 in Su
1291).

However, in the interests of rigor, we provide a more elementary argument in the sequel.
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(4). A binary decomposition of cupola symmetric function in argmax®;,

By Lemma [3.5| we already know some properties of an element € of argmax®,. We add here
a binary decomposition property. Take F € Conc(ABC) such that € = 6. The curve € is cupola
symmetric, and in particular symmetric with respect to the line x = 1. Denote by H := F(1) the central
height. Take the central point p = (1, H) of this curve, and M = (H, H) the point on the segment AC,
at ordinate H.

a T 1 B

Figure 13: Toward the central height decomposition

Lemma 3.7. [f€ = 6F belongs to argmax®,, then the triangle ApM is the enveloping triangle of the
first half of € (more precisely of {(x, F(x)) : x <1}).

Proof. By Lemma ABC is enveloping for €, so that, we already know that F'(0) = 1. Hence, ApM
is either enveloping, or contains strictly the enveloping triangle Ap M’ (this occurs when F'(1-) > 0).
It remains to rule out this possibility. But again, by an argument already used several times, the affine
map ¢ apm—apm has determinant > 1. Then merging C = {(x, F(x)) : x < 1} on the first half of the
upper boundary and C' = ¢ ApM'—ApM (C) provides us with the half of a second curve %' which has
largest area and largest affine perimeter than €. O

This property holds recursively: consider ApM the enveloping triangle of this first half. Since €
is cupola symmetric, we have

A(6) = H+2A(CH(()), L(¥)=2L(OC). (3.4)

Let us rename (¢, H, C, p, M) by (6y, Hy, Co, po, Mp) and let us start a recursion. Examine this
“half curve Cy”. The triangle Apo M, can be sent on ABC by ¢ ap,m,—aBc, and then the image of Cy is
a curve 6 in CCS’{ (a continuous convex chain in the unit triangle ABC). Since the area of Agpo My
is (1 — Hy) Hy/2, we have by updating

(1 - Hop)Hy

A6y = Hy+2 VA, L(6) =2 (m

1/3
) L(61). (3.5)
2
Definition 3.8. We call (Hy, 6)) the decomposition pair of 6.
Lemma 3.9. If%6) € argmax®,, Hy = 1/2.

Proof. If Hy < 1/2, then the curve % obtained by replacing Hy by 1 — Hj (that is, technically, by ap-
plying an affine map ¢ : (x,y) — (x,y(1 - Hp)/Hp) to ABC, and take 6; = ¢(%6o) would provide the
decomposition with (1 - Hy,6) instead of (Hy, 6€1), and we would have

A(6y) > A(6o), L(6p) =L(6o)

so that @, (6;) > @, (%0), a contradiction. O
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Lemma 3.10. If6, is cupola symmetric, has ABC as enveloping triangle, is smooth and has a central
height Hy = 1/2, then so does 6,. Moreover, if Hy > 1/2 then the central height of 6 satisfies
1-v2(0 - Hy)

H=—Y " "0 52
2Hy—1

and if Hy = 1/2, then Hy = 1/2 too.
Remark 3.11. Notice that we do not suppose here that 6 is in argmax®, in Lemma[3.10,

Proof. The central height Hy of 46j is = 1/2 by the previous lemma. Consider Fig. In green a
concave function F is represented, and we suppose that 6y = 6r,, and po = (1, Fy(1)) = (1, Hp), Mp =
(Ho, Hy), M}, = (2= Hy, Hp),. We have placed the two points m; and m, respectively middle points of
[A, pol and [py, B]. Now,

Figure 14: lllustration of the elements of the proof of Lemma

3/2—-H;(Hy—-1/2)
Hy/2+ HyH;/2

g = [V2+ HiH=1/2)
Y7 Hyl/2+ HyHy /2

) 2=

are the two (key) points that appear by taking into account that the central height of 6} is H; (hence,
for example S; is the image of (1, Hy) by ¢ apc— ap,mM,, and Sz obtained by symmetry with respect to
Cm). Let m' = S,/2 be the middle point of [A, Sp]. Then the tangent at S, intersects AC at D (always
in the segment [A, C]).

Since %) is cupola symmetric and smooth (by Lemma , the three triangles ApoMy, BpoM,,
and AS; D are enveloping, and therefore the part of 6 lying in such a triangle abc is abc-symmetric.
Hence, there exists :

—(i) an affine map g; with determinant -1 that sends (A, pg, Mp) onto (pg, A, Mp),

—(ii) an affine map g, with determinant -1 that sends (B, po, M) onto (po, B, My),

—(ii7) an affine map gz with determinant -1 that sends (A4, Sz, D) onto (S2, A, D).

Each of these affine maps has the standard form discussed before, for example g1 = ¢ ap,My— po AM, -

. . a a
We need to compute the matrix and translation vector of the affine map gs : [ﬂ — al az i
3 da
[Z1 (so that (iii) holds).
2
One finds,

3 H Hy (1+ H;
2 2 2
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and for I' = (6 H; Hy +2 Hy — 2 H; — 6) (Hy Hy — Hy — 2) Hy, we have

a = T '((-4Hy*+3Hy—1)H*+(10Hy—6)H; — Hy-9),

a, = T7'((2Hy Hy*-5H; Hy—5Ho+ Hy +3) (2 Hy Hy— Hy - 3)),
as = T7'((1+H) (5H Hy+Hy—3H,—7) Hy),

a = —a

We claim that g3 has the following property
g3(po) = S1 and g3(S1) = po. (3.6)
Indeed, consider the following parts by, by and b3 of the boundary 9%y, :
by:=A— 81, by:=81—py, bs:=85— po.

these three parts are image of each other by affine maps with determinant +1: first g, (b;) = b, and b3
is the image of b, by the symmetry with respect to the axis Cm. Therefore, we must have affine length
equality:

L(b1) = L(b2) = L(b3).

Now, since gz has determinant —1, it preserves the affine length (of any curve). Then we must
have g3(S1) = po. Indeed, first L(A — S1) = L(g3(A) — g3(51)) = L(S2 — g3(S1)) and by symmetry with
respect to the line mC, we have also L(A — S;) = L(S2 — B) and L(S; — po) = L(S2 — po). We deduce
from L(S2 — g3(S1)) = L(S2 — po) that g3(S1) = po.

If Hy € (1/2,1], a short analysis shows that this is possible only if H; = (1 —v/—2Hy +2)/(2Hp — 1).
If Hy=1/2, then H; = 1/2 too. O

(5). Iteration of the binary decomposition, and appearances of conics

In (4), Lemma has been designed to be iterated! Recall Lemma|3.8] If 6, is cupola symmetric,
smooth and has a central height Hy = 1/2, define successively, for i = 0, the decomposition pairs
(H;,€i+1) of 6;.

Proposition 3.12. Assume that 6y has ABC as enveloping triangle, is smooth and cupola symmetric,
and has central height Hy = 1/2. Then for all i = 0, 6€; has also these properties. Moreover, if Hy > 1/2,
then for all i,

Hij1=(0—-+/2-2H;)/(2H; -1) > 1/2.

and if Hy=1/2, then H; =1/2 foralli = 0.

Beyond appearance, this proposition states that the set of functions that satisfies the hypothesis
is a one parameter family of functions (since the H; are all functions of Hp).

Proposition 3.13. Assume that 6y has ABC as enveloping triangle, is smooth and cupola symmetric,
and has central height Hy. Then if Hy = 1/2 then 6, is the parabola & = 7, and if Hy > 1/2, then 6,
is the only hyperbola F, having central point at height Hy. It is characterized through the parameter
ry by
_ 2cosh(ry) sinh(r,/2)? _cosh(ry)
0= sinh(r,)2 "~ 2cosh(r,/2)?

(3.7)

Proof. Since we know that all elements of the set {#,, v = 0} (with &2 = /) satisfy the hypothesis of
the proposition, and 2 is the only element with central height 1/2, and also, by the explicit formula
of Y (recall (1.16)), we know the central height in the hyperbola ., in terms of r,: there is a single
parameter r, for which holds.

It remains then to explain why there is a single element in CCS}; satisfying the hypothesis of the
proposition for a fixed Hy. The reason is that Hy characterizes all the (H;,i = 0). In turn, all convex
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sets 6y (satisfying the hypothesis of the proposition) which have the same first (H;,0 < i < k) (for
some k), coincides at 2% points. Moreover, these 2¥ points are well scattered on each of these curves,
since the affine length between consecutive points are equal. The conclusion follows by taking a limit
over k, using that all the curves are smooth (and then continuous). O

(6). Characterization of the hyperbola that maximizes ©,.

It remains to prove that among all hyperbolas, a unique one maximizes ®,, being .#£). To do so,
for v =0, write

2r1,cosh(rv)”3‘)3”1 cosh (r,) (sinh(ZrV) 1)

) vazLWJfVAJa:( v
() (AVAA) sinh ()3 21y

sinh(r,)
The derivative % falry] cancels only when

sinh(2ry)
2ry

1=A.

Observe that the limit when v — +oo of ®, (/) is zero (because the affine length goes to zero), and
lim,_o®)(A,) = 23/4(2/3). Now, the Taylor expansion of @, for r near zero gives

2
@, [r] =23/’1§ (1+7%/5+0(r9)

so that @) is increasing for r near zero, and now, we can deduce that @, takes its maximum for /7).
This ends the proof of Lemma

3.2 A comment on the binary decomposition of hyperbolas

A consequence of the proof of Lemma (but it is also clear without the proof!) is that each
hyperbola 6, = .#/} has a decomposition pair (H, 61) where Hy is the central height of ./, and where
%) is another hyperbola #,. It is then interesting, as much as it was important in the construction of
the present paper, to express clearly the link between A and v. As usual it is easier to rather formulate
the link between ry and r,.

We have Hj = % Therefore since Hy = (1—+v—2Hy+2)/(2Hy — 1),

: cosh(ry/2)? — cosh(r;/2) \/2cosh(r,1/2)2—cosh(r,1) _cosh(ry/2)
- cosh(ry) — cosh(ry/2)? "~ 2cosh(ry/4)2

1

Hence

Lemma 3.14. If6y is /), with “r-parameter” being ), then 6, has r parameter /2, and if we keep
decomposing, €; has r-parameter ry/2'. As a consequence, €, — & (in the sense that dg(€,,2?) — 0).

Proof. The first statement follows the discussion preceding the Lemma, and the second one can be
proved using the parametrization (X, Y) of the hyperbolas (whose A or r-parameter goes to zero). [

This result allows us to prove the product form of L(#) given in Equation (1.19). Eq.
yields L(€6;) = 2((1 - Hi)Hi/2)1/3L(<€l-+1). Denoting by ¢(R) the affine length of the hyperbola with

r-parameter R, and h(R) = % its central height, we then have ¢(R) — 2 when R — 0, and

((R) = @(R(R)(1 - h(R)/2)®)eR/2) = [] 2(hR)A - h(R)/2)"".
k=0

Since (cosh(x) +1)? = 4cosh(x/2)*, we get

¢R)=2]]2

k=0

cosh(Ri25) " 2cosh(m)!”
2(cosh(R/25)+1)2] [l cosh(R/2K)’
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It remains to prove that [];>; cosh(R/ 2Ky = sinh(R)/R but this follows from the simple following ob-
servation:

K .
sinh(R) = 2sinh(R/2) cosh(R/2) = 4 cosh(R/2) cosh(R/4) sinh(R/4) = 2X sinh (R/ZK) [ cosh (R/Z’) )
j=1

and sinh(x)/x—1as x— 0.

3.3 ProofofLemmall.14

» Proof of (i). Take an hyperbola ., and C; and C, two connected subsets of this curve. Denote
by ¢; (resp. r;) the leftmost (resp. rightmost) point of C;. For a point z = (x, y) in R? denote bymi(z) =x
the x-axis projection. Up to renaming C; and C,, we may assume that ;(¢;) < m(¢2) and since C;
and C; have enveloping triangle T; = ¢1r1¢; and T, = ¢,12¢p (for some points ¢; and ¢;) with same
area, we have also 71 (r1) < w1 (r2).

Now, take the enveloping triangle ¢; > E of the part of ./, between ¢, and r, (which is also the
smallest enveloping triangle containing both C; and C,). Observe the action of the ¢, r» E symmetry
¢b¢,r,E—re,E OVer the pair (Cy, T1). Clearly, it sends C; onto a part C{ of A, with extremities (¢', ry)
that is, with same right extremity as C,, and it sends the enveloping triangle T; of C; onto T} the
enveloping triangle of C]. This implies that A(T}) = A(T}) = A(T>) (this second equality being the
hypothesis). Therefore both C, and C; have same left right extremities, and enveloping triangle with
same area: we deduce Ci = C,. This concludes the proof, since the determinant of (the matrix of)
Gtyrei—n0y¢ is =1, 50 that L(C}) = L(Cy), A(CH(Cy)) = A(CH(C))).

The same argument (relying on the properties of ¢, g—r ¢, t0 transport at the same times a
sub-curves and its enveloping triangle) allows to prove (i), (ii) and (iii).

e Proof of (iv). By (i), (ii) and (iii) if a pair of values of the type of those (a), (b) or (c), the
knowledge of the exact position of (Cy, T1) is irrelevant: we may assume that ¢; = A (the vertex of
ABCQC).

Denote by P; , the part of /7, in between A = (0,0) and (2 - X, Y;) (we take 2 — X, to “have” a
parametrization starting at zero). Denote by T , the enveloping triangle, L(Ps) the affine length of
the part, and A(Ps,,) = A(H#, N Ts). We have, for the function f: h — cosh(h)/sinh(h)? defined in
(1.22)

A(Ts,v) = f(ry)/f(rvs)

Sy —= f(rv) .
A(Ps,) = X, Yydu—-XY/2= 5 (sinh(2r,s) —2rs)
0
L(Ps,) = sL,= Zsrvf(rv)”s
— %
To compute these latter formulas, write V = Yf the tangent vector at z := Ys . Denote by M the
s N

: X :
point on the line y = x and on the line |*_°*| — aV (indexed a). We then compute «a, then M, then the

N
area of the triangle zM A using the standard determinant formula.

Now, it suffices to observe that any pair taken in (A(Ty, ), A(Ps, 1), L(Ps,;,)) allows to recover uniquely
(s, v), and this is a simple exercise.

3.4 Ashortdiscussion about hyperbolas, and proof of Lemma|1.6

The proof of Lemmais mainly and exercise. For example, starting from (X, Y) given in Lemmal(1.3
we can compute the area using the classical formula A(#)) = fol X'(1)Y ()dt, and the affine perime-
ter using the standard formula for the curvature:

x(f) = YO X' (t)-X"(O)Y' (1)
- (X' (1)2 + Y'(1)2)3/2
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~ w4

Figure 15: The function L(R)®

Letting o (¢) the length of the curve between time 0 and ¢, we get

t
o(t) =f VX' (w)?+Y'(w?du=do(t) =V X'(1)2+Y'(1)%dt,
0

so that .
L":f K(t)1/3d0(t):f(Y"(t)X'(t)—X”(t)Y'(t))l/?’dt. 3.8)
0

32r§ cosh(ry)
(sinh(3ry)—3sinh(ry)

Since Y" (1) X'(t) — X" (¢)Y'(t) is constant and equal to
4sinh(ry)3, we get the announced formula.

On the way, observe that we are working with the very special case where Y (1) X' (£)- X" (1) Y' (1) =
L3 is constant under its “natural parametrization” coming from the limit of (X", Y"). For a para-
metric function (x, y), the constancy of y”(£)x'(t) — x”(£)y'(t) implies that x'y"” — x"'y’ = 0 so that
(x",y") = —u(x', y"). With the sign of u one can then identify the curve parameterized by (x, y): ei-
ther u = 0 and this is a parabola, or ¢ > 0, and this is an ellipse, or u < 0 and this is an hyperbole, which

is the case here since we find p = —4ri.

5 and since sinh(373)—3sinh(ry) =

If one applies an invertible affine map to an hyperbole, seen as parametric function, T : [;] —

x(1) x(1)
(1) y(1)
so that under the inherited parametrization we retrieve the special property ?" nx' () -x" (t)?' (») =
y'(0)x'(r) - x"(£)y'(¢) constant.

We send any reader interested by this kind of considerations to Bu Chin [29], Sapiro and Tannen-
baum [26].

In order to get an intrinsic definition of a parametric curve 6 (drawn in the standard coordi-
nate system) one can use the affine length parametrization, which is defined intrinsically up to the
choice of an orientation and an origin: this choice allows to define (x;, y;) such that the affine length
of the part P; between (xo, o) and (x;, y;) is t. Giving the area of the enveloping triangle of the set
{(xs, ¥s), s € [0, £]}, allows to find the signature v (and we must have L(P;) = t = L,(¢/L,) which allows
to reconstitute a parametrization (Xj, Ys) such that ;' X, — Y/ X}’ = L, if needed, using the considera-
tions of the previous section).

M ; +V then for =V+M

ywegety' (DX (1) -X" ()Y (1) = det(M) (y" (1) x' (1) — X" (0)y' (1)),

4 Optimization of @f in a general compact convex set K

4.1 ProofofLemmall.16/(d)

In the bi-pointed case, the notion of cupola symmetry is the main geometrical argument in the
proof that /), maximizes ®,. This argument may actually be reformulated as follows: for a triangle

43



abc enveloping a portion p of the curve €, if ¢ pc—pca(p) # p, then p can be replaced by another
curve p':= (p+ Gape—bea(p))/2, and then L(p’) = L(p) as well as A(p') > A(p).

This argument is valid in the bi-pointed case, that is, in CCS}{, and remains true in CCSg for any
K, with a caution: we need p and ¢,pc—pca(p) to be both included in K, and for this, a sufficient
condition is that the enveloping triangle abc is included in K; indeed, there exists a curve p with
enveloping triangle abc intersecting 0K, and for which ¢ ,pc—pcqa(p) intersects the complement of
K in the plane: the local symmetrization does not conserve the property of being a subset of K in
general.

Hence, if C is in argmax®X, this argument can be applied to any portion ¢ of a connected com-
ponent of (6C) \ K to prove that this connected component is an hyperbola: indeed the restriction of
c inside any enveloping triangle small enough to be included in K must be an hyperbola, otherwise it
can be cupola-symmetrized while increasing (Df .

We present now the final argument for the proof of Lemma|[I.16[d), which allows to symmetrize
simultaneously inside two enveloping triangles -within the same component or not- of (0C)\K. These
two triangles are like a cat’s two ears:

Theorem 4.1 (The cat’s ears theorem). Assume that € is an element of argmaxcbff, and that P, and P,
are two (possibly intersecting) connected subsets of € \ K such that the enveloping triangles T\, and T»
of P, and P, (respectively) exist, have same area, and are both totally included in the interior of K.

In this case, we have (A(CH(P1)),L(P1)) = (A(CH(Py)), L(Py)).

Figure 16: On the first picture a compact convex set of R?, on the second one in blue and green
the boundary of a compact convex subset € of K. The green part is 06 N dK, while the blue part is
0% \ 0K. On the third figure, two enveloping triangles of the curve that do not contain contact points.
Both triangles have same area. These triangles must contain two portions p; and p, of 6 that have
same affine perimeter, and each of these triangles must contain the same area of 6.

Proof. Choose € in argmax CDf . By the discussion above, we know that the curve corresponding to the
connected components of (0C) \ K are hyperbolas. Decompose A(%) as A(CH(Py)) + A(CH(P)) + AO
where AO is the area outside these two regions, and L(¥) = LO + L(P;) + L(P,) where again, LO is
the affine length of ¢ carried by the complementary of P; and P,. One then sees that (A(€),L(¥)) =
(A(€"),L(€¢")) if one obtains €’ by again, some simple curve surgery:

-removing the curve P; and replace it by ¢ 7, 1, (P2),

—remove P, and replace it by ¢ 1,1, (P1).

What has to be noticed here, is that since both affine map have determinant 1, they preserve affine
perimeter and area, in the sense that A(CH(¢1,— 1, (P1))) = A(Py) (the same goes for P3).

It is easy to check that 6’ is a compact convex set. But now, we see that if €’ # €, that is, if the
curve surgery modified the global curve, then the connected component of C\0K that contains P is
no more an hyperbola. This implies that 6" is not optimal, and since def (€©" = q)/lf (%) this prevents
% from being optimal too. A contradiction. O
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The cat’s ears theorem is somehow an infinitesimal property, in the sense that if C is not signature-
homogeneous (and is different from K), for all € > 0, it is possible to find two enveloping triangles T;
and T, with same areas < ¢, included in IntK, of some portions C; and C, of connected components
of (0C) \ K, that are not image of each other by an affine map with determinant 1; as a consequence,
Cisnotin argmaxcbff .

This ends the proof of Lemmal(l.16|d): the connected components of (3C) \ K, when they exist,
are hyperbolas. The proof of the cat’s ears theorem implies that if one takes two enveloping triangles
) and t, of any portion of these connected components small enough to be included in K, and with
same area, then (0C) N f; and (0C) N £, are image of each other by an affine map with determinant 1.
Therefore, these hyperbolas have same signature.

4.2 Optimization of q)f in the regular x-gone: proof of Lemma
Lemma 4.2. Let u> 0 and x = 0 be fixed. The map

B:v— L(A)%x+A(A))
reaches its maximum for a single value v = v*. Moreover % B(v) cancels only at v = v*.

Proof. We let

2rcosh(r)”3)u( cosh (r) (sinh @r) 1))

g = ( sinh(r) rsinh (r)3 2r

so that g(r,) = B(v). We have B'(v) = g'(r,)r}, and r), does not cancel while r — g’(r) cancels once, at
some r*. Observe that lim,_.,., B(v) = 0 (since lim,_. .« L(#,) — 0), and lim,_o B(v) = 2%(x + 2/3).
Now, the Taylor expansion of g(r) for r near zero gives

g(r) =2%(x+2/3)+ 242115+ o(r®),

so that g is increasing for r near zero, and since v — r,, is increasing too, B is also increasing near 0.
We can now deduce that g reaches its maximum at r*, and further that B reaches its maximum at v*
only, where v* solves ry» = r*. O

Proof of Lemma[l1.18|

By Lemma we know thatany C € argmaxq)f (where K = Reg(x)) is invariant by the symmetry
(x,¥) — (—x,y) and invariant by rotation of angle 2r/x. It suffices then to describe C in a triangle
m;_1m;w;. Since between contact points, we must have hyperbola, there are two possibilities: either
the hyperbola in the triangle m;_; m; w; intersects [m;_;, w;] at m;_;, or at a point z; € (m;_1, w;).
The cupola symmetrization argument in the triangle m;_;z; p; where p; is the middle point of the
hyperbola, allows one to rule out this second possibility. The hyperbola in m;_; m; w; is the image by
the affine map ¢ apc—m, , m;w; of an hyperbola of our family (%) ,. This affine map has determinant

by (see (1.21)).

Now take the hyperbola 4, drawn in ABC, we then search for

argmax(v — (ax + kb A(Hy)) (KbilsL(JfV)Sm)

which coincides with argmax (v — F) (r,)) with Fy(v) = (Kugx +A(A,))L(#,)%*. By Lemma the
argmax contains a single element. We guess that v is characterized by the following equation:

A
v="V(r)=Kk—— 41
axlcpx +x
where
Cyx = A(AE)) by = rvf(ry)\y(rv)bk 4.2)
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(where f is given in and ¥ in (1.9)) in other words, after simplifications, we claim that v solves
the equation given in (written in terms of r,). Now, in order to prove the guess, by Lemma/4.2
it suffices to prove that %F (v) cancels exactly when is satisfied. Now, taking into account that
A =1, f(r))W(ry), L(ry) = 21, f(r,)'3, and F(v) = G(r,) with

273

3/1
Gir) = (Kb )

+ rf(r)‘l’(r)) (2rfin'’?

K

it is from here just a simple exercise to prove that G'(r,) = 0 when v solves (1.23). By Lemmal4.2] the
maximum of @If isindeed reached if r = r;.

Remark 4.3 (Where the guess comes from?). The idea is to find an equation which would charac-

terize the limit shape C of CH(U[n + |nA|]) under QIn()LnM, inside one of this small triangle A; :=

m;_1m;w; (with area by). We know that the optimizing curve between contact points are hyperbola,
so we need to find the parameter v of #€,. By symmetry, we know that each A; will receive around n/x
points of the boundary points of CH(U[n + |nAl]), and the nA interior points will be shared between
CH({my,-- -, my_1}) (with area a,) and the k domains below the curve, that is A; N C. If one denotes by
a the surface of one of this domain, we expect that around

anll(ax+xa)=nf 4.3)

interior points be present in A; N C. But our limit shape theorem says that under Qﬁ,’K' nf’ the limit

hyperbola is %”Kf, with area (in ABC) A(%"f), and then in A;, A(Jf,(f)b,(. Finally, at the end we solve

together with
a= A(%Kf) bK}

which is equivalent to our guess.

5 Limitshape in the general case

5.1 Proof of Theorem/[1.19|

Denote by Area,, ,,, a random variable distributed as the area A(CH(U[n + m])) under fo’ me

Lemma5.1. Foralln=1,m=0,
E(Areay,m+1) = E(Arean,n), (5.1)
and moreover, Areay, 41 is larger than Areay, ,, for the stochastic order, which means that for all x,
P(Area,,m+1 = x) = P(Areap, , = X).

Proof. Denote by CK(n) the subset of K" formed by the z[n] that are in a convex position, and define

CIn{m = {(z[n], wim)) : zlnl € C¥n), wy, -+, wp, € CH(z[n])}. We have
P(Areapm€da) = Yn,mf a™ T AcH(zn)edad?r -+ - dzp (5.2)
z[nleCX(n)
a” uy(da) (5.3)
Jo by (db)

where y,, ,, is the only constant such that P(Area,, ,,; € da) is a probability distribution and

Un(da) =f T ACHIn)edad?r -+ - dzp.
z[nleCX(n)
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Hence, there exists a sequence of constants (v ), such that
P(Areay,m+1 € da) =vym aP(Area, , € da). (5.4)

By integrating the function a — 1 on either side of (5.4) we get 1 = v,, ;,E(Area,, ), and next, by inte-
grating a — a, we get

E(Arean,m+1) = Vam [E(Areai_m) >Vum [E(Arean,m)2 =[E(Areay, m),

which ends the proof. The inequality for the stochastic order is implied by the fact that the quotient of
densities a — P(Areay, m+1 € da)/P(Area,, , € da) is a non-decreasing function of a (see e.g. [12] for a
proof of this fact and more). Of course this inequality for the stochastic order implies also (5.I). O

Proof of Lemmal(l.19| For a sequence of (deterministic) compact convex subsets (4},) of K, we have
dy(6,,K) — 0 < A(%¢,) — A(K). It is also simple to see that if the (¥6},) are now random, then

roba.
dpi (6, ) L2 0 = E(AE) — AK).

On the one hand, we have by hypothesis CH(U[n + [nA]]) (proba.) K under QK which is equiv-

n n,lnAl’

alent to E(Area, ;1)) — A(K). On the other hand, since E(Area, 1)) < E(Area, ,1)) < AK) (by

ba.
Lemma , it means that E(Area,, |,1) — A(K) from what we deduce that CH(U[n + [nA']]) iproba),
K under Qn,m vy and ends the proof.
Corollary 5.2. IfK is a disk for ali A = 0, under QX . CH(UIn + nAJ]) L2224 K
orollary 5.2. IfKis adisk forall A =0, un erQn’LnM, (Uln+|n J])T» g
L K (proba.)
Proof. By Barany, under Qn,O’ CHWU[n) — K (see also Lemma|l.17). O

5.2 About the evaluation of an(, » and a potential limit shape theorem

Take a convex compact set of R? with area 1. Denote by Cln( o the subset of K" formed by the z[n]

that are in convex position. For n = 1, m = 0 denote by Cf,m the subset of K" x K™ of pairs (z[n], w[m])
such that z[n] € Cln"’o, and wy, -, W, € CH({z1, -, 2,}). Set

X n=Leb(CK ) :fKn Leb(CH{zy,--+,2,)"dz,---dz,

so that Ql,f’ s the probability that the number of vertices of the convex hull of 7+ m iid uniform points
in K is n, satisfies Qx ,, = (") ¢k - Computing CX / or QX are then equivalent problems.

In this section, we provide some elements about Lemma [I.20]and explain the obstructions that
prevent us from completing the proof; we tried to be specific enough, so that an interested reader
could engage with this problem from this section, without too much effort. To explain a bit this con-
jecture, we will need to discuss the concluding approach of Bardny [3] in the case an(’ o» to make ap-
parent the differences.

We will also need to discuss the link between his limit shape theorem under an(’ o and the compu-
tation of in o Which are deeply interconnected. Even if most of the ideas of the four next pages are
due to Barany, we discute them in a new light.

Let us start by a remark:

Lemma5.3. ForallA =0, the sequence (CH(U[n+ |nA|1) =0 is tight in CS(K), equipped with the Haus-
dorff topology.
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Indeed, the set CCSk (of compact subsets of K) equipped with the Hausdorff distance dy is com-
pact, and seen as a topological space (CCSg,dy) is complete and separable (it is a Polish space).
Hence, as a consequence of Prokhorov theorem, see e.g. Billingsley [6, Theo.5.1], any sequence of
probability measures (uy, n = 0) on (CCSg, dp) is tight, and, further the sequence (u,, n = 0) is rela-
tively compact, meaning that it contains a sub-sequence converging weakly: in our case, it implies
the following general statement:

Lemma 5.4. For any sequence of non-negative integers (a), and CH(U[n+ a(n)]) taken under an(n),

there exists a sub-sequence (ny) such that (U[ng + a(ng)]) converges in distribution for the Hausdorff
topology.

This result is “trivial” in the sense that it is a consequence of compactness and it is then valid for all
sequences (a(n)). It allows us to concentrate on the difficult point: to prove alimit shape theorem, it is
necessary and sufficient to prove the uniqueness of the accumulation point. An accumulation point
is a measure on CCSk that can be a Dirac mass on a single convex domain but could also be a more
general probability distribution on CCSg. Under an(’ o» Bardny states the convergence in distribution
toward a deterministic shape, which is the only element C* of argmax @5 . As usual in probability the-
ory, when the limit law is a Dirac mass, there are additional ways to prove convergence, in particular
concentration arguments. In this case, it amounts to proving that,

foralle >0, QX . (du(CHWUInI),C*) =€) —0.

However, it is hard to precisely compute Q’I; Al (d g(CHU[n),C*) = E) since even the global vol-
ume of points in convex position, that is, the normalizing constant cnKy o» can not be computed exactly.
Barany shows that the exact value is not important because, somehow, all volumes and probability
that we need to evaluate in order to conclude, have the form either exp(nf(g)) or exp(-2nlog(n) +
nf(g)) when n — +oo, where in this formula g represents a geometric property, and f a function of
this geometry. These formulas holds up to a factor exp(o(n)) and in general. Because all quantities
have different exponential order (the coefficients of the linear terms in n in the exponentials are dif-
ferent), at the end, we can only care about the geometry g that maximizes f(g), and don’t care about
sub-linear terms in 7 in the exponential.

The main ideas in Bardny’s proof are the following:
First, the bi-pointed triangular model Qﬁ,(.). is the source of everything, going from the limit shape
theorem, passing through the asymptotic behavior of in o» to the appearance of the affine perimeter
in the formula of an(’ 0

To see this, take some integer d = 3, and consider %, the set of convex equiangular polygon R
with d sides, where the j th side direction is exp(2i7j/d) (in this paragraph j is taken in Z/dZ so that
j=)]+d=71-4d).

Let R(z[n]) be the smallest equiangular polygon R with d sides containing z[n] (it is well defined
as an intersection). Let us call this polygon, the enveloping d-gone of z[n].

Hence for d = 3 fixed and R € %4, let CI,f,O(R) = {z[n] € Cff)o : R(z[n]) = R} be the set of z[n] having
R as enveloping d-gone. Since the Clnf o(R) are disjoints, and since

K= . g K@
€Xkn,d

we may use this decomposition.
Since we want to integrate on the points coordinates, observe that R[z[n]] = R, if and only if,

1. foreachj, the jth side of R contains one point of the set {z;,---, z,} (the so-called “contact point”
)
J )

2. thesetof triangles, corresponding to the (closure of the) connected components of RA\CH ({cy,0 <
k < d —1}) contains all the z;,
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3. the z; that are contained in each of these given triangles form a convex chain in there.

To be a bit more specific, denote by vj; the jth vertex of R, 4, with such a labeling such that ¢; is on
the segment [v;_;, y5]. Denote by # the triangle with vertices ¢jvj¢;,1. Now, let Cy i be the set of possi-
bles values for (cy, - -+, cg-1) that are filtered according to the cardinality k = 3 of the set {cg, -, c4-1}
This number k can be smaller than d, notably when some sides of the enveloping regular d-gones
have zero length, but also when the contact points are vertices of this enveloping d-gone.

The set Cy i has positive Lebesgue measure in (R?)¥, and we won't need to say more on this set.
Further cf; ) can be written as

k
Z > I1 csl, i dey, e deg (5.5)
Cdk(n k) (S1,7,8k) : ZS_I’Z k S], ”!Sk i=1
where
(n k), accounts for the number of possibilities of indices (i, -, i) of the z; that are contact points,

—( SI" k ) accounts for the number of ways to partition the remaining z; in the k triangles,

—and c" 10K s the Lebesgue measure of the set of convex chains formed by s; points in ¢; N K, and

this chaln must be convex with the two contact points, vertices of ¢;.
An upper-bound U B(d) is obtained if one replaces in this formula c""t’mK by c;lf'éti, and a lower

bound LB;? is obtained by integrating only on the subset of contacts points C;l, o such that 7 is
included totally in K (or equivalently, this amounts to measure only the z; that are in convex position
and having an enveloping d-done included in K).

In both cases, the intersection ¢; N K disappears from the considerations, and we can use the

formula Sios
oo ABC _ L7127
si0 sil(s; + DY

o, iNK _

oo =l

c’

where ABC is our favorite unit triangle.
For these bounds, we will then use that the function to be summed and to be integrated in (5.5) is

_ k L1Si
n-k ) @lt;1%) 56

n!
Sfera (slkl) = o k)'( 1 —si!(si e ¥k si=n—k’

s, sk
in which it is implicit that the |¢;| depends on the contact points c; that are here fixed (for the upper
bound the integration is done on Cy . and for the lower bound on C;l' -

Now, we reach the final argument, for both the computation of Cf,o and the proof of the limit
shape theorem. The connection with the limit shape theorem works as follows.

If one takes a set of points U[n] under QK no» then one can still define, for a given d, the enveloping
regular d-gone of U[n], and the contact points (c;,1 < i < d) that are now random variables (and
we will use the font cj,t;,s; to take into account the type of these objects). The joint distribution of
((cj,0 = j <k-1),(s;,0 < j < k—1)) giving the contact points has a simple representation (and is
non-zero for 3 < k < d and n large enough), and the number of elements (z;) in the interior of t; is:

Legiec,, n! n—k &l ;qk
QX (ciedcisi=s;,0<j<k) = ’ T hdc; (5.7)
n0t 7 J ! cnK,O (n_k)! S0y "y Sk—1 ﬂ) %0 a

It turns out that understanding what the order of sz(,o is, or what the contact points c[d] under
Qfﬁ o are more likely to be, or what pairs (c[d], s[d]) are most probable, are three equivalent problems.
As we will see, configurations that are most probable have a much heavier weight compared to the
others (if one works up to a factor exp(o(n))).

For example, when the contact points c[k] are fixed

fery = max{f (slk) : D_si=n—k}=explo(n) Y  f(s[k])
sy si=n—k
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because there is only a polynomial number ok = exp(o(n)) of elements s[k] in the sum. Moreover,

(n%!k)! = exp(o(n)) too, since k < d is bounded when we work with a fixed d. Besides, using that for
n

n n+l . . .
all 7= =n!s=s %, we may replace s;! by exp(s;log(s;) — s;) in f;x), without losing more than an
additional exp(o(n)) factor, so that we can maximize, instead, the simpler function (equal up to a

uniform exp(o(n)) factor),

k
fet(s[kD) =2"e " exp | nlogn + )" 3s;—3s;logs; + s;log(#;])
i=1

and now, proceed to the change of variable s; = na; such that }_ a; = 1 to completely solve the opti-
mization problem in a[k]. We get

fet(slk]) =2"e " exp (3n —2nlog(n) + Y —3najlog(a;) + naloglt;]).

The value of the a[k] maximizing this function, can be computed using Lagrange multiplier tech-
nique: set F((a) j, cld]) = ¥ a;log(|;]) -3a;log(a;) +y(¥ a;—1), cancel 0F/dx;, and 0F/dy, and check
that this is maximal for ay = 2| 1;|'/3/S,4 with S; = S4(c[d]) =2 ¥ |¢j|'"® (where we have decorated this
formula with a 2, because of the affine perimeter formula of a convex set being L(S) = 2lim}_| Till/ 3
for triangles constructed as the t; before). One then gets,

n
msaxfc[k] (S[d]) zneZn—anog(nHo(n) exp (S_ Z —6| tk|1/3 10g(2| tklllg/sd) + 2| tk|1/3(10g|tk|)
d

n
— ZneZn—anog(nHo(n) exp (S_ 26| tkll/?) log(Sd/Z)
d

on eZn—anog(n)+n10g(5f1)—3nlog(2)+o(n) .

It remains to maximize in c[k]: the points (c[k]) that maximizes f;[x; are those maximizing Sy (c[d]).
There is a continuity in the sense that if c[d] maximizes f,), then for ¢[k] close to c[k], the quantity
SZ(E [k]) is close to Sfi(c[k]). This ensures that the complete integral and sum defining c,’f, o has the
same order (up to exp(o(n)) factor), as maxx fe(x]-

To end the optimization problem, it remains to prove that the upper and lower bound UB}?) and
LB;?) coincide, and that

limsup m{g}de(c[d]) =max{L(C):Cc K}. (5.8)
d C

For a given factor f > 0, let Ky be the compact convex set with same center of mass as K, and
obtained by a dilatation of factor 1 — f (so that A(K A=0-f )2A(K). Of course
Ky _ 0 p20+m) K
Cn,m - (1 f) Cn,m) (59)
that we will use shortly, with m = 0. It is easily seen that the lower bound LBk we have (which amounts
to integrating over C/, ,, corresponding to the #;'s that are totally included in K) satisfies
Ky d - K
C,oS LBy <cpp

for d large enough, for n large enough, since all the z[n] is convex position in K¢ will be enveloped by
a d-gone totally included in K for d large enough. By taking f close to 1, it is apparent that the lower
bound and 050 stay within an exp(o(n)) factor, and this is true also for the upper bound, by the same
reasoning.

The justification of can be proved again by a compactness argument: first, by taking the c[d]
close to C*, it appears that limsup,max.q Sq(cld]) = L(C*) = max{L(C) : C c K}. If one finds a sub-
sequence c[d] (indexed by d) such that max.(4; Ss(c[d]) < a+ L(C*) with a > 0, then by taking an
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accumulation point C of CH(cld)]) along this sub-sequence (for the Hausdorff topology), then L({C) =
a+L(C*), a contradiction.
Finally, this gives that the maximum, and then the value of Q o satisfies

—ng2n- —2nlog(n)+3nlog(L(C*))+o(n)
Qn 0~

But this gives also a limit shape theorem: now we know 050 up to a exp(o(n)) factor. Take a convex
domain C’ different from C*, then there exists € > 0 such that di(C’, C*) = 2e. We can now evaluate
the probability fo’ 0([du(CH(UInI),C") <€), by computing again the Lebesgue measure of the corre-
sponding z[n], and by normalizing by CnK,O’ Since max{L(C) : C € By(C,€)} < L(C™), if one maximizes
max f;4) for the c[d] in By (C',¢), using the argument given above, one will find at the end a global

weight
4N g2n=2nlog(n)+nmaXcep (¢’ e L(C)3+o(n)

which is negligible in front of the total mass: it implies that C’ is not in the support of any accumu-
lation point under QK 0' only C* is in the support of the limiting measure, which implies that under
QX no CHU[R]) ——

(proba

Proba) o for the Hausdorft topology on CCSkg.

Construction of the conjectures in the case QX Let us review quickly the difference and com-

n,lnAj
mon points between the computation of cf lna)» OF the limit shape theorem under QX and the

case just treated, when A = 0. We have again the relation

K n+m\ g
Qn,m - Cn,m

n

n,lnA]

and again we can write a sum of “d-contact points” (that are included in the 7 first one) and write

_k ..
Cnm = Z Z n m ICH(c[d])| ™+ H el t’an01-~~dck
Car \N~ k s[kl,m[k+1] Sty Sk )\ My, My j=1

where the t; = ;(c[d]) are defined as before, and what changes is that the m; have to be shared among
the t; and also with CH(c[d]).

Again we can use the upper and lower bound strategy: for the upper bound replace t; N K by ¢;
again, and for the lower bound, integrate on the C; . for which ¢; is entirely inside K. In both cases

C;l,”l;llﬂK |ti|5i+MiQst..
and then we get to the first big difference with Barany’s case. We don’t have no simple formula for
QSAZ,,',;”, only an asymptotic formula for ﬁtn a- Itis not difficult however to prove thatif x(n)/n — A€
[0, +o0) then
Qﬁ;'(n) = QS.L;MJ exp(no(1)) = exp(—2nlog(n) + nf + no(1))

by adapting the proofs we presented for the asymptotics of QA however, we have not found a

complete argument to prove that the optimization of

n n—k m k
Feray = ICH(elanl™ [T 1617 ™Qg
o (n_k) S[k],;:[k+1] (81""’Sk)(m1""’mk+1) ]1:[1 l o

LnAy

is equivalent (up to an exp(o(n)) factor) to that of

_ n—k m k
F,g1= max CH(c[d]) |+ 15 ™M exp(—2s;10g(s;) + S B /s
cld) PP (sl,"')Sk)(ml)"'rmk+])| (cldDl ]1:[1| il p( ilog(s;) l,Bm,/s,)
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even if it is very likely the case (again we have suppressed the factor ( ) foritis exp(o(n))). A sort of
“uniform approximation theorem” could suffice to complete this step, but we face another problem,

which is that m;/s; is not bounded above. It is unlikely that in a given triangle ¢; the ratio m;/n;

becomes very large, but in the end rare events may be those that contribute the most to the weights.

Now, take (z[n], w[m]) under Qn > S0 that z[n] is the set of vertices of CH({zy, -, z, w1, -+, Wi }).
If z[n] is fixed, then the w; are uniform and independent in CH({zy,---,z,}). A small picture al-
lows to see that when d becomes large, the #; become very small, and CH(c[d]) become close to
CH({z1,--+,2,}). Moreover, the sum max,4 Z;’lzl |£;| goes to zero with d, because max,4 Y5118 is
bounded. Therefore, the total number of points w; that are likely to be in the triangles becomes neg-
ligible compared to n, as d — +oo.

We may then conjecture that for any € > 0, if d large enough, for (s[d], m[d]) maximizing f.4,
maxm;/s; <e. Ifall of this is right, and if we can now use a series expansions of 8,5, close to zero to
pursue the optimization scheme, then the conjecture construction goes on as follows.

We need an expansion of . First, from sinh(2ry)/(2ry) = A+ 1, we can prove that near zero,
1 = V31/2+ 0(A%2), from what we see that

B =2+10g(2) + (1+log(2/3) +1og(1/A) A+ o(A),

so that, near zero, the main term is 2 +log(2).

We may then conjecture that replacing f,y,,/5, by 2+log(2), the order of F(4 would be unchanged.
We may then again make a change of variable, replace s; by na; and conjecture, that the optimization
is within a factor exp(o(n)) the same as

= m il ™ _35log(si)+s:3+log2
F d nlogn n|CH(C[d])|I’l/l max | |S,( ) e silog(s;)+s:(3+log(2))
cld = stk mle+1)\ g, -+« , Mp41 11_11 i [CH(cldDI

where we have used the formula b! ~exp bP/e? for n!and s;!, and s; Bm,is; replaced by exp(—2s;log(s;) +
si(2+10g(2))). The sum over (m;) of Xy (1, . ) TIE; Gepidar)™ = (L+ X 14:1/ICH(c[dD])™ and
since we expect that }_|#;| goes to 0 with d, thls term is eventually sub-exponential in m. We then go

on to conjecture that the optimization problem is the same as

? nlogn n+(3+10g(2))n|CH(C d])|n)lrn[2]XH |tz s, exp( 351 log(sl))

$ i=1

where we have used the formula b! ~exp b?/e? for n! and the s;. By Lagrange multiplier method, we

find again that s; = —2"“’ (where again S, = ¥ 2|#;/'/3) maximizes this quantity, which gives finally
= k 1/3 1/3 1/3
F nlt; 2n|t;
FC[d] = enlogn+(2+10g(2))n+0(n)|CH(C[d])|nﬂeXp(Z | l| |tl|) 3 ISll log( n|Sl| ))
i=1 d d

k 1/3
— enlogn+(2+log(2))n+0(n)|CH(C[d])|n/leXp( Z 27’l|fz| (2”))
iz Sa

— enlogn+(2+log(2))n+o(n) |CH(C[d])|nA exp (_3n10g (ZH/Sd))
— e—2nlogn+(2+log(2))n+o(n) exp (_gnlog(z) + Bnlog(s?:il(:H(c[d])l/l)

We can then see that a limit shape around the convex set C* maximizing CDf (9] appearsﬂ and taking
the limit over d to get the asymptotic behavior we get the conjecture

cK |y = €xp (—2nlog(n) + (2 - 210g(2)) n + nlog(@k(C*)) + 0(n))

Bbut to get this conclusion we would need to use also that argmax®X is reduced to a single element, which is clearly
true for some K, but we are not totally convinced that this is true for all K. In any case, the following reasoning applies only
in the case where argmaxq)f is reduced to a single element
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K _ (n+LnM)CK

therefore since Qn A = n A

we get using

(n * ’an/u) =exp(o(n))exp(n(A+1)log(A +1) — nllog(1))

the second conjecture

(K )" — e (A+ntt
n,lnA) n—oo 4 P
Then, using the rest of the reasoning presented in the Qfl( o case, we may expect that under Q

CHWU[n+ [nAlD) (anba')> C* for the Hausdorff topology.

D (CH).

K
n,lnA)’

6 Appendix

6.1 Proof of Lemma

Proof of (i). We will see that we only need to prove the following trivial lemma:

Lemma6.1. I[fm(n) = o(n), foralln >0,

Q4o ( sup n7'80 = n)=0. 6.1)
' t€[0,1]

Proof. supco1; 7 'Snt <Sn/n=m(n)/n— 0. O

Now to prove the theorem, it suffices to adapt the proof of Lemma[1.3]from Lemma|[2.10} which
has to be replaced by

Lemma6.2. On (Q,«/,P), for m(n) = o(n), forallt€[0,1],

a.s.

EQR - (Ximene + Vi) 187 () ——— Q) =2¢*
_ (n) a.s.
Var@2 = (Xim+n o + Yigenn) 1870 ———0.
Proof. The same proof as that of Lemma applies except that the limits have to be changed. Solv-
ingthe system2—-X;—Y; =Q(f) and X; - Y; = Q1 —t) we get X; =2 -2t and Y; = 2¢(1 — ¢), in which
we recognize the parametrization of & in ABC. O

(ii) The proof can be adapted simply from Lemma5.1} which is easily seen to be valid in the bi-
pointed case (that is [E(Areaﬁ’;,'l ) = [E(Areaﬁ;;l))‘ Then, we may deduce from this that for m(n)/n —

+o00, for any fixed A, for n large enough, [E(Areaﬁ)’r;l(m) > [E(Areaﬁ’[;1 AJ) — A(#,). This implies that

liminfE(Areaﬁ;(n)) = sup, A(#)) = 1. The argument given in the proof of Lemma allows to
conclude.

6.2 Proof of a central local limit theorem under 4"

The local limit theorem we state below is needed in the proof of Lemma|2.6] We use the notation
of the proof of this Lemma, in particular we take independent random variables (K;,1 < i < n) where
(n) . .
d;" is defined in 1)
First, let us write as an index d""? the computation related to the independent random variables
Kj,---,K;, and where K; is u qm distributed. We set

_d j
Mj = Egu@)=Y Egn(K)=2) "/ (1-a"),
i=1 i=1

_ J 2
Bj = Vargm@p=2) d"/(1-d"]".
i=1
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Lemma6.3. Let A >0, we have:

sup dfz)”—tanh(r,lt)2 — 0. (6.2)

te(0,1]

The two following convergences hold uniformly on [0,1]:

sinh(2r) 1)
Myn — M;=—t+——— (6.3)
21y
t sinh(4ryt)
By/n — Bj=——+—--= (6.4)
4 1671,

Proof. Take some A € (0,1]. Let us prove the uniform convergence of dﬁl”t) on [A,1]. To prove the

point-wise convergence d;’? — tanh(r, 1), make first the change of variable j = nu, so that
(n) 2 ! 1 1
d,; =tanh(ry)“exp |- o + o dul,
t [nu]/n+DLnuJ/n LnuJ/n+DLnuJ/n+1/n
1 1 4ry

then observe that

+ — = oint-wise, and for the domination,
/n  |lnul/in+tD™® In+l/n smherm P ’

Lnuj

Lnul/n+D"

Lnu]
use that D(LZ)MJ /n =0 to get the bound, valid for all u € [¢,1] (and also for all £ € [A, 1]:
1 1

+
(n) (n)
LnuJ/n+DLnuJ/n [nuJ/n+DLnuJ/n+1/n

<C/(lnul/n)<C'lu

for uelt1].
Now, to get the uniformity, it suffices to observe that

1 1 2
max + — — 0.

uelAll| [nu)/n+ DY In - Lnul/n+D{" In+1/n U+ Dy

It remains to prove the uniform convergence on [0, A] for a A of our choice: take € > 0 small, and take A

such that, SUP e (0, 4] tanh(r 12 <¢/2. Since [nul/n+ DEZ)MJ In=sinh2|nulry/n)/2ry) <sinh2ryu)/(2ry),

from what we see that d;(;? < tanh(ry )2, and the conclusion follows. The two other statements are
2 2

consequences: My, /n — M; =2 [ %du and By, — 2 [y uf?;ﬁg% uniformly on [0,1].

And a simplification of these formulas provide the announced results. O

We are ready to state a local limit theorem for S,, under P ju:

Lemma6.4. Let A > 0. We have

_ 1 (N - Mn)z)
sup|vByP,m|S;;, = N|—- —exp[———— || —0,
Np ndl )( " ) V2 p( 2By,
so that, in particular,
Pam (gn = Mn) ol C,l/\/ﬁ, (6.5)

for a positive finite constant C).

Proof. We will use the central local limit given by Davis & McDonald [11, Theo. 1.2]. Set g;, =
YiPaw(Ki = k) APy (K; = k+1) and Q, = X, gi,n. We will prove that (a), (S, — M,)/vB, %
A(0,1), and (b), limsup B,/ Qp < +oo.

(a) We will use the central limit theorem under the Lindeberg condition. Since B, ~ C-n, it

n—oo

suffices to prove that

n
Gni=—Y Eqm (|Kl- - [E(Kf)lzll@—mlzen) -0

1
n =
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Under the condition m(n) = [nA], the sequence max, maxj<;<, E m (K;) is bounded, so that it suffices
to prove that

G, :—Z[Pdm(K,>£n/2)—>0 G"——Z[Edn)( |K|>£n/2) —0
k=1

We have p, ([£, +00) = (1= 1) ¥ j=r (1+ k) v* = v/ (1+(1-v)¢). Hence, since sup; Idlgn)—tanh(mi/n)2| —
0 and max{dlgn), 1<i<n}<y—tanh(ry)? <1, gives

G, < Y? Y. (+ (1 =d™en) = Ony™) — 0.
i=1

To control G’,;, compute for X, ~ u,, [E(Xﬁ]lxuzg) =Y ise(1— 1)2(1 + k) v*k? so that since for i € [1, n],
d” <y<1

:IH

n
Z Z 1+ = Y A+
i=1k=¢en k=¢en
which goes to 0 as 1 — +00, since ¥ (1 + k)3y* converges.
(b) If we have limsup B, /Q)}, < +oo for a sequence (Q},) such that Q), < Qj, then (b) holds. We can
then lower-bound Q,,. Recall (2.17). The parameter v belongs to [0, 1].

We have u,, (k) Ay (k+1) = 1-v)? v*¥min{l+k, 2+k) v} = (1-v)? v*((1+k) v+min{(1+k) 1-v), v}),
so that

Y o) Appk+1) =) vug(v) = v.
k k
n
i=1
when n is large enough, |Q},— X", tanh (r, ) | = o(n). Since Y- tanh (r, ) o n [y tanh(ry H2dt,
—00

showing limsup B,/ Q), < +o0 is easy and therefore (b) holds. O

. : 12
Hence, Q), = d"™ is then a lower-bound of Q,. By uniform convergence of d™ to tanh(ry 1),
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