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Simulation of the time-dynamics of fermionic many-body systems has long been predicted to be one of the
key applications of quantum computers. Such simulations – for which classical methods are often inaccurate –
are critical to advancing our knowledge and understanding of quantum chemistry and materials, underpinning
a wide range of fields, from biochemistry to clean-energy technologies and chemical synthesis. However, the
performance of all previous digital quantum simulations has been matched by classical methods, and it has thus
far remained unclear whether near-term, intermediate-scale quantum hardware could offer any computational
advantage in this area. Here, we implement an efficient quantum simulation algorithm on Quantinuum’s System
Model H2 trapped-ion quantum computer for the time dynamics of a 56-qubit system that is too complex for
exact classical simulation. We focus on the periodic spinful 2D Fermi-Hubbard model and present evidence of
spin-charge separation, where the elementary electron’s charge and spin decouple. In the limited cases where
ground truth is available through exact classical simulation, we find that it agrees with the results we obtain
from the quantum device. Employing long-range Wilson operators to study deconfinement of the effective
gauge field between spinons and the effective potential between charge carriers, we find behaviour that differs
from predictions made by classical tensor network methods. Our results herald the use of quantum computing
for simulating strongly correlated electronic systems beyond the capacity of classical computing.

The Fermi-Hubbard model exemplifies the key challenge
in many-body physics: accurately modelling systems of in-
teracting particles. Although a highly simplified model of in-
teracting electrons, it contains a rich phase diagram [1], mak-
ing it an ideal laboratory in which to study phenomena such
as spin-charge separation [2–4], the metal-insulator transition
[5], and magnetic ordering [6–8]. However, the straightfor-
ward definition of the model hides an inherent complexity.
The most complex instance of the model whose ground state
has been exactly computed numerically is just 17 electrons
on 22 sites [9]. On the other hand, several state-of-the-art
approximate methods can simulate low-energy states on hun-
dreds of sites at different filling fractions [10], while special-
purpose analogue simulators can address larger instances still
(between hundreds and thousands of sites) [11, 12], serving as
significant tools to probe equilibrium properties of interacting
systems.

Simulating dynamical properties of the Fermi-Hubbard
model appears to be significantly harder than equilibrium
low-energy properties for classical computers. Indeed, the
largest reported instances where exact time-dynamics have
been simulated classically have 14 sites [13]; although ap-
proximate methods reaching 6 × 5 sites have been demon-
strated for certain observables [14], the level of accuracy of
these is unknown. Quantum computers are predicted to be
able to simulate the Fermi-Hubbard model efficiently, yet all
previous digital simulations of the dynamics of the Fermi-
Hubbard model on quantum computing hardware are either
1D instances [3, 15, 16], or relatively small 2D instances [17],
and can be simulated accurately using tensor network meth-
ods. Analogue quantum simulators can simulate dynamical
properties for systems on thousands of sites [12, 18–20], but
face significant limitations on the initial states they can pre-
pare and the quantities that can be measured at the end of the
simulation.

Here we implement an efficient quantum algorithm for sim-
ulating the time-dynamics of the 2D Fermi-Hubbard model
with periodic boundary conditions on the Quantinuum H2-2

trapped-ion quantum computer. Our system is described by
the Hamiltonian

H = −J
∑

⟨i,j⟩∈L,σ
(eiϕijc†i,σcj,σ + h.c.) + U

∑
i∈L

ni,↑ni,↓,

(1)

where c†i,σ , cj,σ are fermionic creation and annihilation opera-
tors at sites i, j, ni,σ = c†i,σci,σ and spin σ = {↑, ↓}. The first
term describes the hopping of electrons in the lattice L, char-
acterised by the hopping integral −J . The pattern of phases
ϕij corresponds to the insertion of magnetic flux in the sys-
tem. We study this model on a doubly-periodic lattice (torus)
with |L| = 7×4 sites and a π phase flux in the short direction
(see Figure 1 top). This is beyond the reach of exact classical
simulation in practice, because the Hilbert space explored by
the system is ≥ 243-dimensional, even taking symmetries into
account.

Periodic boundary conditions reduce spurious boundary ef-
fects that do not contribute in the thermodynamic limit. This
is necessary for approximately capturing translational invari-
ance without using large model sizes, and we anticipate that
this will remain relevant in the quantum simulation of such
systems. Trapped-ion quantum computers are particularly
well-suited to modelling this periodicity because of their con-
nectivity model. The qubits (ions) are freely reconfigurable
with a comparatively low cost in error and runtime compared
to gate operations, yielding an effective all-to-all connectiv-
ity model. This affords the freedom of non-local interactions
with minimal cost overhead, allowing for periodic boundaries.

We choose to start with a dimerised state at half-filling (see
Figure 1 middle). The initial state corresponds to a dimer cov-
ering that is broken at two points, where a holon (i.e., a fully
unoccupied site) and a doublon (a doubly occupied site) are
located. Our experiment begins with this state, time-evolves
for times t ∈ [0.1, 2] in 0.1 increments (all times are in units
of inverse hopping J−1), and measures in the real space occu-
pation basis (computational basis in the qubit representation),
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FIG. 1. Fermi-Hubbard lattice, initial state and map of a spin
sector on the quantum circuit. Top, The Fermi-Hubbard model
instance studied in this work is a double-periodic system of size
|L| = Lx × Ly = 7 × 4 (56 qubits), with Φ = π flux on the
small direction. Around each plaquette ϕ41 = π, with other phases
being zero. Each site (blue circles) can accommodate spin-up and
spin-down electrons. Middle, The initial state is a dimerised config-
uration where we place a maximally entangled state, shown as a blue
link. Each link corresponds to the Stotal

z = 0 triplet state. The empty
and full red circles correspond to a holon and a doublon, respectively.
Bottom, Structure of the quantum circuit for a single Trotter step on
qubits (blue circles) representing a single spin-sector. The grey line
shows the structure of the Jordan-Wigner encoding. “Special hop-
ping” means a hopping term across the vertical boundary. Further
details in Section C.

enabling any property constructed from spin-resolved densi-
ties to be determined.

We consider the non-interacting (U/J = 0) and interacting
(U/J = 4) regimes. We set J = 1 and measure all ener-
gies in units of the hopping strength J . The non-interacting
Fermi-Hubbard model is well-known to generally be exactly

solvable classically, both for simulating time evolution and
for ground-state properties. However, in our case, straight-
forward classical simulability does not apply, even for the
non-interacting model. This is because the initial state we
use is not a fermionic Gaussian state, i.e. it is not a single
Slater determinant in some basis. Instead, it is an example
of a fermionic magic state [21, 22]: that is, one of a family
of states which promote fermionic linear optics to universal
quantum computation. This means that, as one scales up the
family of instances considered in this work, we should not ex-
pect non-interacting time-dynamics starting with these states
to continue to be classically simulable. Nevertheless, for small
operator weights, we are able to show that the U = 0 regime
remains simulable in this setting (Section E).

In this work, we study several signatures of spin-charge
separation, including local and global charge and spin corre-
lations, together with extended correlators (Wilson loops and
open lines) that diagnose the potential between spin carriers
(spinons) and the potential between charge carriers (holons
and doublons).

TECHNIQUES

The first step in representing a fermionic model on a quan-
tum computer is to choose a fermionic encoding, which
maps fermionic modes to qubits while preserving fermionic
anti-symmetry. Here we use the well-known Jordan-Wigner
transform, which represents the Fermi-Hubbard model space-
optimally, using 2 qubits per site and hence 56 qubits to rep-
resent a 7 × 4 system. The price paid is that certain hopping
terms in Equation (1) are mapped to high-weight Pauli strings
of the form (XiXj + YiYj)Zi+1 . . . Zj−1. However, we can
mitigate this cost using fermionic swap networks [23, 24],
which enable sequences of long-range – and hence high-
weight – operations in the Jordan-Wigner transform to be im-
plemented efficiently.

We simulate time-dynamics using a second-order Trotter
formula,

e−iHt ≈
( →∏

h∈H
e−ih

t
2k

∏
o∈O

e−iot/k
←∏

h∈H
e−ih

t
2k

)k

, (2)

where H denotes the set of hopping terms, O denotes the set
of onsite terms, and the ordering of the terms in H is deter-
mined by the swap network. We execute k = 4 Trotter steps
and time-evolve the initial state up to time t = 2. Exact clas-
sical simulation of low-weight observables for U = 0 shows
that, in this instance, Trotterised time-dynamics approximates
the true dynamics up to small errors – far beyond the regime
where theoretical bounds hold (see Section D). As we cannot
exactly simulate the interacting case or high-weight observ-
ables, we resort to smaller-scale experiments to estimate the
level of accuracy of Trotterisation in these cases. Based on
this (see Section C 3 d), and on comparison against ground
truth in the U = 0 setting for low-weight observables, we es-
timate that (noiseless) Trotterised dynamics are accurate up to
time t ≈ 1.5.
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The circuit that we implement for initial state preparation
and for time evolution is illustrated in Figure 1. We obtain
additional gate savings beyond a standard swap network by
observing that there is no need to reorder the qubits at the end
of the swap network to return to the initial ordering, given that
the symmetric structure of a second-order Trotter step natu-
rally undoes any shuffling. In addition, we use the structure of
the second-order Trotter formula to merge each layer’s final
time evolution by hopping terms (which are executed in re-
verse order) with the next layer’s first time evolution by hop-
ping terms in forward order. Further details may be found in
Section C.

Previous uses of fermionic swap networks for the Fermi-
Hubbard model have focused on open boundary condi-
tions [23–25]. Periodic boundary conditions in the short di-
rection of the lattice can be implemented without any increase
in circuit complexity, because all modes pass each other at
some point during the fermionic swap network, and hopping
terms can be merged with fermionic swaps without any ad-
ditional cost. Furthermore, periodic boundary conditions in
the long direction can also be implemented at little additional
cost. This is because for states of fixed parity in each spin
sector, the parity operator Z acts as a constant, implying that
we can replace the long Z strings that would extend between
two distant qubits with Z strings on the complementary set of
qubits. Some remaining parity corrections need to be made,
which can be implemented with a small number of additional
controlled-Z gates.

The quantum circuits we execute contain at most 2,415 two-
qubit gates and 4,627 one-qubit gates. The two-qubit gates are
CPHASE gates with varying angles, which are native gates on
the device, up to one-qubit gates. See Section C for a further
description of gate decomposition, breakdown of gate counts
and details of optimisations applied.

Error mitigation

We implement three main techniques to improve the quality
of our experimental results (see Section D for further details
and validation).

The first of these is an error suppression technique known
as Pauli pseudo-twirling [26, 27]. Pseudo-twirling is a variant
of the well-known twirling technique, which is based on the
idea that the primary source of error on many quantum circuit
platforms – and in particular on ion traps – is two-qubit gates.
Systematic errors on these gates can be reduced and converted
into incoherent errors by conjugating each gate with operators
that commute with them.

The second technique is an error mitigation method known
as Training with Fermionic Linear Optics (TFLO) [28]. This
method uses the fact that quantum circuits consisting solely of
so-called fermionic linear optics (FLO) operations can be ef-
ficiently simulated classically. This allows data sets of noisy
and exact observable values to be prepared, enabling the in-
ference of a map between exact and noisy data, thus allow-
ing the effect of noise on a given observable to be inverted.
This map can then be applied to experimental data, which is

not classically simulable, expecting the error behaviour to be
similar. Time evolution of the Fermi-Hubbard model is par-
ticularly well suited to the TFLO technique, since the quan-
tum circuit for simulating time dynamics is FLO in the case
U = 0. As the initial state we consider is not a Gaussian state,
standard classical simulation techniques [29] do not apply. We
are nevertheless able to develop efficient classical algorithms
for computing low-weight observables for the output of our
experiment (see Section E), allowing these to be computed
exactly in seconds. We expect that high-weight observables
(and also sampling from measurement outcomes) will require
exponential cost, albeit lower than in the U = 4 case. Thus,
to mitigate errors in high-weight observables, we use an alter-
native technique where training data is produced using tensor
network techniques for short times, which are expected to be
accurate in that regime.

The final post-processing technique we use is Gaussian
process regression (GPR) [30, 31]. This technique enables
us to obtain meaningful results from a very small number of
shots per data point computed: only 160 shots per point, made
up of 16 pseudo-twirled instances, with 10 shots for each.
GPR produces estimates based on the assumption that each
experimental value is sampled from a Gaussian distribution,
with means that are correlated and the level of correlation de-
pending on the distance between the parameters. Since the
Gaussian assumption is not strictly satisfied, we cross-validate
the GPR method using a particle filter (see Section D 7).

Classical simulation

Our quantum circuits on 56 qubits are beyond the capac-
ity of direct classical statevector simulation. However, it
is also necessary to consider more advanced classical simu-
lation techniques, as these can sometimes simulate surpris-
ingly large-scale and complex quantum computations. Here
we considered multiple such techniques: direct tensor con-
traction; time-evolving a matrix product state (MPS) via the
time-dependent variational principle (TDVP) method [32];
fermionic matrix product states [33]; and Majorana propaga-
tion [34]. We found that the computational resources required
by direct tensor contraction scale poorly with the lattice size,
with direct contraction already ruled out for a 6×4 lattice (see
Section G 2). We evaluated several approximate tensor net-
work techniques for simulating the Fermi-Hubbard model and
found that using TDVP on an MPS ansatz performed most re-
liably, so we report its results below alongside the experimen-
tal results, together with those of Majorana propagation. See
Section G for a description of our simulations and an overview
of alternative implementations considered.

As an overall test of how well our error-mitigated experi-
ment fared against TDVP, we use cross-entropy benchmarking
to compare the outputs of each of the experiment and TDVP
against the exactly simulable exact distribution for U = 0. We
find (see Section H) that the experiment achieves higher accu-
racy than simulation through TDVP with respect to this met-
ric. More concretely, we observe linear cross-entropy bench-
marking fidelities between one and five percent after error mit-
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FIG. 2. Evolution of local charge, and spin correlations. Local charge density ⟨ni(t)⟩ (squares as sites) and spin (connected) correlation
function Czz

ij (t) between nearest-neighbours (represented by links) as a function of time for a, U = 0.0 and b, U = 4.0 for the error mitigated
(TFLO + GPR) experimental data. In the charge sector, we see diffusion from the initial holon-doublon configuration towards the uniform
state. In the free case (a), the charges develop a charge-density profile oscillating in the y direction, while in the interacting case (b), the
charge profile is more disordered. In the spin sector, the initial triplet configuration takes ∼ t = 0.7 to melt, leaving behind a residual
antiferromagnetic correlation, greater for the interacting case (see also Figure 3).

igation, which includes Trotter errors, as compared with ideal,
continuous FLO.

RESULTS

We begin by using our simulation algorithm to obtain an
overall picture of the time evolution of our Fermi-Hubbard
model instance. Figure 2 shows the evolution of charge den-
sities ⟨ni(t)⟩ = ⟨ni↑(t)⟩ + ⟨ni↓(t)⟩ and neighbouring spin
(connected) correlation

Czz
ij (t) = 4

(
⟨Sz

i (t)S
z
j (t)⟩ − ⟨Sz

i (t)⟩⟨Sz
j (t)⟩

)
, (3)

over time for U = 0 (panel a) and U = 4 (panel b). Here
Sz
i = (ni,↑ − ni,↓)/2. We observe that the initial charge con-

figuration diffuses radially, while the initial spin correlations
vanish. While in both cases the charge tends towards the ho-
mogeneous state, several differences emerge. For U = 0 at
large times (t = 1.9), the charge arranges into charge-density
waves in the short direction of the lattice (see also Section B).
Note as well a slight antiferromagnetic tendency in the y di-
rection, which can be attributed to the initial triplet configu-
ration (see Figure 1), while no such charge-density wave ap-
pears for U = 4. The presence of interactions also slightly
favours overall antiferromagnetic order at late times, in a pat-
tern that is completely disordered with respect to the initial
template of correlations.

At half-filling, the charge carriers are doublons and holons,
which can emerge without constraints when the interaction
vanishes, as the spin sectors are totally decoupled in this
regime. In contrast, for large interactions, the doublons have
to overcome an energy ∼ U to appear. We can directly in-
spect the proliferation of doublons (and holons), captured by

the observable

Ndoublons :=
∑
i∈L

ni,↑ni,↓ (4)

in Figure 3a, which equilibrate to a value that decreases as the
interaction increases. Note that for U = 4, we observe that
the creation of holon-doublon pairs is not accurately modeled
by the t-J model [35], which assumes a constant number of
pairs, in contrast to the proliferation seen in Figure 3. We also
include the results from the Trotterised circuit (for U = 0) to
show the accumulation of Trotter error at large times. Note
that this error is smaller than the statistical uncertainty due to
sampling measurement results.

We capture the magnetic ordering through the nearest-
neighbour triplet density

ntriplets(t) :=
2

LxLy

∑
⟨i,j⟩

Czz
ij (t), (5)

shown in Figure 3b. Initially, the order melts, rapidly ap-
proaching zero. The late-time behaviour of the signal shows
equilibration with slightly stronger antiferromagnetic ten-
dency in the presence of interactions compared with the non-
interacting case. For both the number of doublons and the
triplet density, we note that the experimental results differ
from the tensor network simulations at times t ≳ 0.5 for
U = 4. For the doublon number, we observe that, while
Majorana propagation predicts a smaller number of doublons
than the experiment, the trends match, including the late-
time increase in doublon population. Likewise, the number
of triplets exhibits agreement between Majorana propagation
and the experimental data, within small experimental errors.
For U = 4, it is not possible to exactly determine the effect
of Trotter error, and it is possible that the late time increase in
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FIG. 3. Evolution of global doublon charge and magnetic correlations. a, Total number of doublons and b, triplet density as a function of
time. While the initial state has a fixed energy density, it is not an equilibrium state. In particular, the number of doublons evolves nontrivially
with time (panel a). By mitigating the raw data with TFLO + GPR, we recover a signal that aligns with the ground truth, here represented
by the exact FLO simulation of the Trotterised circuit for U = 0 and by Majorana propagation at U = 4. The TFLO + GPR curve has
been obtained by symmetrising over doublons and holons (since Ndoublons(t) = Nholons(t)) via N sym

doublons = (Ndoublons + Nholons)/2.
Since Ndoublons and Nholons are not independent, in computing the error bars of N sym

doublons, we assumed perfectly correlated errors (i.e.,
σsym
doublon = σdoublon+σholon). Note that for Ndoublons, the results from Majorana propagation are equally distant from the TDVP simulations

as from the experimental data, but the experiment is capturing the late increase in doublon number. From panel b, we can see that while the
initial melting of the antiferromagnetic order is slower for the interacting system, the spin ordering is lost essentially at t ≳ 0.5. In ntriplets,
the agreement between the mitigated experimental signal and the results from Majorana propagation is within the error bars, while the results
from tensor network TDVP simulations converge to a smaller negative value, indicating more antiferromagnetic order in the tensor network
simulations than expected for this state. In both panels, error bars indicate one standard deviation of the mean.

the doublon number is an artifact of Trotter error. However,
small-scale simulations (Section C 3 d) suggest that Trotter er-
ror may be substantially lower than worst-case commutator
bounds would indicate.

Spin-charge separation and deconfinement

The average energy of the initial state is comparable to an
equilibrium state with temperature T ∼ 3J (see Section A).
A Fermi-Hubbard system at half-filling with that tempera-
ture is expected to host fractionalised quasiparticles [36, 37].
We study the fractionalisation of the constituent electron into
a fermionic particle carrying spin 1/2 (spinon) and a boson
carrying the charge (holon/doublon). We investigate this by
expressing the Fermi-Hubbard model in terms of a modified
Kotliar-Ruckenstein representation [38] of the fermion oper-
ator, which ultimately leads to a dual U(1) gauge theory de-
scription of the Fermi-Hubbard Hamiltonian (see Section B 1
for details). In this dual picture, spinons interact with an
emergent gauge field described by the motion of the dou-
blons/holons. Constructing gauge-invariant operators in terms
of this gauge field, we find the following Wilson loop opera-

tors

Wd(C) :=
∏
j∈C

(1− nj,↑nj,↓), (6)

where C is a closed loop of sites in the lattice. The expec-
tation value of these Wilson loops can be used to diagnose
the confinement/deconfinement transition of the gauge field
mediating the interaction between spinons. Usually, the Wil-
son loop that detects confinement/deconfinement is taken in
a space-time loop (see also Figure 4a), which can be directly
understood as the Euclidean action of a potential between two
charges [39]. In our case, we measure the Wilson loop at fixed
space-like regions (i.e., for a fixed time): see, e.g., Figure 4b.
These two descriptions are related, but are not equal. It has
been shown [40] that the fixed time (or horizontal) Wilson
lines are not a faithful descriptor of confinement, as they can
show an area law in the deconfined phase. As discussed in
[40], if the system in spatial dimension d− 1 is confined, then
the horizontal Wilson lines will show an area law, regardless
of the true nature of the system in d dimensions. In our set-
ting, we can still use the horizontal Wilson lines as descriptors
of the confinement/deconfinement transition because in one
dimension, the Fermi-Hubbard model is deconfined for any
interaction parameter, thus avoiding the constraint.

In Figure 5, we plot the behaviour of area vs perimeter in
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FIG. 4. Wilson open lines. a, In (lattice) gauge theory,
the Wilson loops that serve as order parameters of the confine-
ment/deconfinement transition are usually taken in space-time, here
sketched as a green rectangle spanning a region of size ℓ in space and
(Euclidean) time T . b, In our analysis, we fix the time slice and anal-
yse the expectation of Wilson lines as a function of perimeter or area
for different real times. c, Examples of some of the closed Wilson
loops considered in the computation of Wd(C) in Figure 5 below for
area A = 10 and varying perimeters p. d, Different paths in the com-
putation of holon-doublon Wilson lines, located in opposite corners
and represented by a white and red circle, respectively. (Green) This
path has a full Néel order of the spinons in between. (Yellow) where
the Néel order is broken. (Blue) Path where holons are present.

Wilson loops. Here, we fix the area (perimeter) and study
the expectation value of this observable as a function of the
perimeter (area). An illustration of the type of loops chosen
for fixed area and varying perimeter is shown in Figure 4c.

We show both raw data and data mitigated using the short-
time result from the MPS-based TDVP simulation. The lat-
ter is discussed in more detail in Section D 3. The values re-
ported by the error-mitigated experiment diverge from tensor
network results, for the largest available times t. The observ-
ables corresponding to the largest Wilson loops we consider
have over a million terms spanning all Majorana weight sec-
tors up to weight 44. Given the failure of Majorana propa-
gation to accurately simulate the open Wilson lines of Equa-
tion (7) below, which are much easier with respect to the num-
ber of terms involved, we do not expect it to be effective for
the closed Wilson loops of Equation (6). This suggests that the
confinement/deconfinement transition witnessed by Wd can-
not be captured by Majorana propagation.

We observe that Wd scales with the perimeter of the loop
(keeping the area fixed) for both the non-interacting and the
interacting cases. As Wd is a Wilson loop constructed from
link operators mediating the interaction between spinons, this

signals their deconfinement. To probe spin-charge separation,
we need to compare the effective potential between charge
carriers with the potential between spinons. The operator that
measures the potential between charge carriers is an open Wil-
son line motivated by the dual U(1) lattice gauge theory de-
scription of the model (see Section B 1) and takes the form

Vαβ(M) :=
∑

sites i,j:
|i−j|=M

nαi n
β
j

Npairs

∑
paths γ:

from i to j

∑
(m,n)∈γ S

z
mS

z
n

Npaths(i, j)
(7)

where α, β = {h, d} and nd
i := ni↑ni↓, nhi := (1− ni↑)(1−

ni↓). The outermost sum runs over all pairs of sites with dis-
tance M while the innermost sum runs over all pairs of sites
(m,n) along a path γ from i to j. Here Npaths(i, j) is the
number of paths between a given pair (i, j). An illustration of
the type of paths that enter in the computation of the potential
Vαβ is shown in Figure 4d. We extract this from the mea-
sured shots in the computational basis. In Figure 6 we show
the value of this observable as a function of the (Manhattan)
distance between a doublon and a holon, obtained from raw
experimental data and from sampling the tensor network state
at bond dimension χ = 2048. We do not include Majorana
propagation results because our simulations failed to converge
as we decreased the truncation parameters, even for low times,
as detailed in Section F.

In Figure 6 we observe some striking differences between
different simulation methods, as well as between interacting
and noninteracting models. As time progresses, the experi-
mental values show a clear separation between the U = 0
and the U = 4 regimes, where U = 0 shows no signal of a
growing confining potential between a holon and a doublon
with distance, as opposed to the interacting case U = 4. In
contrast, the classical simulation predicts a confining poten-
tial even for zero interaction. The difference between the ex-
perimental signal and the TDVP results could be attributed to
Trotter error, although it appears at times where Trotter error
is expected to be small (see Section C 3 d).

Another plausible source of difference between computa-
tional methods could be the effective energy density of the
states produced by the different methods. The lower produc-
tion of doublons and higher antiferromagnetic order for mid-
to-late times in the classical tensor networks simulations ob-
served in Figure 3 suggest the state produced through TDVP
has a smaller energy density than the corresponding one ex-
plored by the quantum computer. To illuminate this, we also
explore the behaviour of the closed and open Wilson lines
as a function of their size for the ground-state of the system,
obtained through Density Matrix Renormalisation Group (see
Section G 5 for implementation details). This result is shown
in Figure 11 in Section B, for both the closed and open Wil-
son lines. While we observe similar perimeter scaling of Wd

for the ground-state, TDVP and quantum results, the expec-
tation of the open line operators for the Wilson loops in the
ground-state differ from the ones obtained experimentally for
U = 4, while being similar to the results obtained by TDVP.
We take this as another signature of the different energy den-
sity that the states can achieve. Taking the experimental re-
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FIG. 5. Wilson loops as function of area and perimeter. Wilson loops as defined in Equation (6) with: a, fixed area, varying perimeter;
b, fixed perimeter, varying area. The square points (Raw) indicate the raw device signal, triangular points (TMPS) indicate device signal
corrected by the training with MPS (TMPS) procedure described in Section D 3, and the solid lines (TMPS+GPR) are the curves produced by
GPR applied to the triangular points, in both time and perimeter/area directions. The dashed line is produced by sampling 10, 000 shots from
the MPS obtained by TDVP with χ = 2048. TMPS data have been obtained by training with TDVP data up to t = 0.3. Here, we observe the
scaling of space-like Wilson lines with the perimeter. This operator is the order parameter of the U(1) gauge field mediating the interactions
between spinons. The nontrivial scaling with perimeter signals deconfinement.

sults at face value, the closed Wilson lines show deconfine-
ment of the gauge field acting between spinons, while the open
Wilson lines between holons and doublons show a signature
of a growing confining potential between them, which are the
charge carriers. This signals spin-charge separation for the
state at this energy density.

OUTLOOK

We have shown that it is possible to analyse the time-
dynamics of a periodic materials model that is beyond the
capacity of exact classical simulation, using an algorithm run-
ning on a digital quantum computer and executing over 2000
two-qubit quantum gates. In some cases, the results we ob-
tain diverge both quantitatively and qualitatively from those
obtained through all the advanced approximate classical sim-
ulation techniques available to us. In particular, we provide
evidence that – at the energy densities explored – the Fermi-
Hubbard model exhibits spin-charge separation by examin-
ing the deconfinement of the field mediating the spinon in-
teractions and the potential between charge carriers. We have
validated our results by comparing them against exact classi-
cal simulations in the interaction-free case, and approximate
classical simulations in the regimes where they are expected
to be accurate. Beyond the observables we consider, we be-
lieve that many additional physical properties of the Fermi-
Hubbard model can be obtained from the data we collected.

To determine whether a time-dynamics simulation out-
matches the capabilities of classical computers, we require
that the following desiderata are satisfied: (i) the results ob-
tained from the quantum algorithm agree with exact classical
methods (here, FLO) in a classically tractable regime (here,
U = 0); (ii) approximate classical methods (here, MPS-based
TDVP simulations) do not agree with exact classical meth-
ods in a classically tractable regime; (iii) the results from the
quantum algorithm are not reproducible by approximate clas-
sical methods in a regime that is intractable for exact classical
methods (here, U = 4). The Wilson lines/loops discussed
here fulfil these criteria, with further evidence provided by
cross-entropy benchmarking. This heralds the use of quantum
computing for simulating strongly-correlated electronic sys-
tems beyond the capacity of classical computing. The bound-
ary of classical tractability is not final and changes with the
development of more specialised and efficient classical meth-
ods, so we invite the community to attempt to replicate our
findings using classical techniques.

We used a quantum simulation algorithm based on a
second-order Trotter formula, which was found to be effective
in a recent study [41]. Future work could explore more effi-
cient algorithms. Ongoing improvements in quantum gate fi-
delities will enable access to longer evolution times and larger
system sizes, elucidating physics such as the role of charge
fluctuations or external time-dependent pulses in the develop-
ment of superconducting order [42]. We expect that the path
from here to full fault tolerance will be full of discoveries,
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FIG. 6. Wilson lines and their dependence with distance and time. Expectation of the (absolute value of the) open Wilson line Vhd(M) as
a function of time for different Manhattan distances M , as obtained from 10000 samples of the MPS state produced by a TDVP simulation with
χ = 2048 (dashed line) and the experimental data (continuous line). The expectation value of this operator measures the effective interaction
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been smoothed using GPR.

with error correction playing an increasingly fundamental role
as quantum gate fidelities improve and the sizes of simulated
systems expand.
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Appendix A: The Fermi-Hubbard model

The Fermi-Hubbard (FH) model represents a paradigmatic system in the study of strongly correlated materials. It is described
by the single-band Hamiltonian

H = −J
∑

⟨i,j⟩∈L,σ
(eiϕijc†i,σcj,σ + h.c.) + U

∑
i∈L

ni,↑ni,↓, (A1)

where cj,σ (c†j,σ) is a fermionic destruction (creation) operator at site j and spin σ = {↑, ↓} satisfying the canonical anti-
commutation rules {cj,σ, c†k,σ′} = δijδσσ′ . The density operator is given by nj,σ = c†j,σcj,σ . The first term describes the
hopping of electrons in the lattice L, characterized by the hopping integral −J . The pattern of phases ϕij corresponds to the
insertion of magnetic flux in the system. In this model, interactions appear whenever a site is doubly occupied. This is modeled
by the second term in Equation (A1). In our experimental setup, we considered a rectangular Lx × Ly = 7 × 4 lattice with
double periodic boundary conditions and nearest neighbour hopping. As shown schematically in Figure 1 in the main text (top),
we added a small π flux in the smaller direction (shown in light green), corresponding to magnetic field inside the tours. In
bigger systems, the effect of this flux depends strongly on how the system is enlarged. Fixing Ly and increasing Lx → ∞, the
system corresponds to an Ly-legged cylinder with flux. Using DMRG and field theory techniques, the low-energy description
of this model can be understood qualitatively [43–46]. At half filling, Umklapp terms open a charge gap in the presence of
interactions. A spin gap also opens for even Ly , while the spin sector remains gapless for odd Ly . This is a direct manifestation
of the Haldane conjecture [47, 48]. In contrast, extending the system by repeating its unit cell in three dimensions corresponds
to studying a stack of Dirac semimetals, a system that is radically different to the standard Fermi-Hubbard model [49, 50]. In our
particular scenario, adding a π magnetic flux changes the eigenstates and eigenenergies of Equation (A1) compared to the case
of zero flux, without breaking time-reversal symmetry. At zero interaction and half-filling, the ground-state goes from being
unique (Φ = 0) to being 36-fold degenerate (Φ = π). More importantly for the following analysis, the Aharonov-Bohm flux
substantially changes the time-dynamics evolution of the electrons. At π-flux, the paths connecting opposite sites on a plaquette
pierced by the magnetic field interfere destructively, as opposed to constructively in the zero flux case.

While at finite temperatures the Mermin-Wagner theorem [51] prevents the existence of antiferromagnetic long-range order
(AFLRO) in the half-filled FH model, it is widely accepted that at exactly zero temperature and high interaction strengths the
half-filled FH system possesses AFLRO [52–56].

The low-energy description of the half-filled FH model maps to a 2D Heisenberg antiferromagnet, with gapless spin ex-
citations. On the other hand, neutron scattering [57] and ARPES [58] experiments reveal a systematic tendency of spin-gap
formation above the critical superconducting temperature Tc in a wide range of cuprates. The formation of a spin-gap and the
emergence of superconductivity are expected to be related. A spin-gap implies that low-energy spin fluctuations are suppressed,
thus reducing the effect of scattering channels that can break Cooper pairs, strengthening d−wave unconventional superconduc-
tivity [59].

This opens the question of how this physics can appear in the FH model, where the spin excitations are gapless. One possibility
is that the system spontaneously dimerizes. In this scenario, the reduction in magnetic exchange energy is larger than the increase
in energy from an elastic distortion in the lattice.

We study the melting of this dimerized state by performing a quench from the dimerized state Figure 1 (bottom) by time
evolving it with the Hamiltonian defined in Equation (A1). The dimerization pattern that we chose allows us to reduce the circuit
complexity of preparing the initial state, as it follows the Jordan-Wigner line discussed in Section C 1. This dimerization is
broken at two sites to put a holon and a doublon, shown as an open and full circle in Figure 1 (bottom).

The average energy of the initial state is ⟨Ψ|H|Ψ⟩ = U , and its average density n = Nel/LxLy = 1, where Nel is the total
number of electrons. Using the equation of state for the FH model [60], this energy density corresponds to that of a system with
approximate temperature T ∼ 3J . In the phase diagram, a system with this temperature and filling lies above the dome where
antiferromagnetic order is dominant and right in the intersection of the strange metal and pseudogap regions.

At half filling, the charge carriers are doublons and holons, which can emerge without constraints when the interaction
vanishes, as the spin sectors are totally decoupled in this regime. In contrast, for large interactions, the doublons have to
overcome an energy ∼ U to appear. As we will further discuss in the next section, introducing a basis where the doublons,
holons and spinons (the carriers of spin but no charge) are explicit, we map the FH model into an equivalent U(1) lattice gauge
theory.
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Appendix B: Additional results

The initial state and the Hamiltonian are invariant under several symmetries. A particularly important one is spin-reflection
Rci,↑R† = ci,↓. The presence of this symmetry immediately separates the spin and charge responses. The spin operator
Sz
i = 1

2 (ni,↑ − ni,↓) is odd under the symmetry action as RSz
i (t)R

† = −Sz
i (t), while the initial state is even under this

transformation. This implies that the expectation value of any operator consisting of an odd number of spin operators vanishes
identically for all times. We discuss the use of this symmetry for error mitigation of observables in Section D 2. On the other hand
the charge density ni = ni,↑ + ni,↓ evolves non-trivially. As shown in Figure 2, the initial inhomogeneous charge configuration
dilutes towards the uniform density state. To quantitatively capture this melting, and the spatial movement of the charges, in
Figure 7 we include the results of the spatial Fourier transform of the charge density ñ(k) :=

∑
r e

ik·rnr − LxLy at different
time steps, where we have substracted the zero momentum component. Note that initially (up to t ∼ 0.8), the evolution of
the charge in the interacting and non-interacting cases is very similar, while later times show a divergence in the signal, with
late-time dynamics being of charge-density wave type (in the short direction) for U = 0 and disordered for U/J = 4.
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FIG. 7. Normalised space Fourier transform of the mitigated experimental density profiles shown in Figure 2 for a) U = 0 and b) U = 4.
We set the central peak at (kx, ky) = 0. Note that the stripe charge density manifests here as a sharp peak at kx = 0 for long times in the
non-interacting case

The space-time evolution of the charges shows the expected equilibration towards the uniform density state in a way that
resembles a fluid. We can gain insight about the melting of the original order, and the effect of interactions by analysing the pair
correlation function for charges (see Figure 8 (left))

gc(r, t) =
1

LxLyZ(r)

∑
x

⟨nx(t)nx+r(t)⟩, (B1)

and spins (see Figure 8 (right))

gs(r, t) =
1

LxLyZ(r)

∑
x

⟨Sz
x(t)S

z
x+r(t)⟩, (B2)

where Z(r) is the number of sites at a particular (Euclidean) distance r, so in the square lattice Z(r = 1) = 4, Z(
√
2) =

4, Z(2) = 4 and so on. As seen from Figure 8, the system displays a pairs correlations in the spin and charge sector that
resemble a liquid at short times. As time progresses, the gs,c flatten, indicating a gas-like behavior. The peaks appearing at the
largest Euclidean distances are a result of the radius r wrapping around the system.

At zero interaction, the movement of holon-doublons should distort the antiferromagnetic order of the initial state. As the
interaction increases, the exchange interaction between local spin moments penalizes a disruption of the antiferromagnetic order.
We see this effect in Figure 2 (right) where the connected spin-correlation function between nearest neighbor sites i, j Czz

ij (t),
defined in Equation (3) is shown as a function of time. Note that the initial triplet (mtotal

z = 0) state is an eigenstate with
eigenvalue zero of the dimer Hamiltonian for any value of the interaction parameter. Since the total Hamiltonian can be viewed
as the union of dimer Hamiltonians in all possible nearest-neighbour bonds, the initial order takes a considerable amount of time
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t = 0.4J−1 to melt. Once the melting has happened, we observe that higher interaction leads to a higher antiferromagnetic
order at final times. Summing over all possible links between nearest neighbors, we define the (triplet) density ntriplets(t) in
Equation (5). Its behavior as a function of time is shown in Figure 3.

The expectation of a considerably higher antiferromagnetic order in the interacting regime contrasts with the death of triplet
correlations shown in Figure 3 (right). This seemingly puzzling behavior can be understood from a microscopic point of view.
In all the results above, we observe an interplay between the spin and the charge degree of freedom, for non-zero interaction.
In particular, the spin order is dampened by the presence of a non-zero density of mobile charge carriers, which can move and
distort the spin alignment of the background. In order to disentangle the effect of the mobile charges from the spin background,
we study the fractionalisation of the electron into spin and charge quasiparticles.

1. Fractionalisation

In the one-dimensional FH model, it is possible to show [61] that the fundamental electronic degree of freedom fractionalises
into spin and charge modes that propagate independently. The situation in two dimensions is not so sharp. It is believed [36] that
the electron fractionalises into spin and charge degrees of freedom above some temperature, while the ground-state is confining,
but there is no conclusive evidence of this. One manifestation of this physics appears in the behaviour of extended Wilson
operators. In this subsection, we explain this connection and present numerical and experimental results on the expectation values
of these operators, which support the idea that for the state studied, the electronic degrees of freedom are indeed fractionalised.

We study this problem from the point of view of a dual-lattice gauge theory description of the FH model, where the electron
is fractionalised into the (modified) Kotliar-Ruckenstein representation [38]

c†iσ = f†iσhi +
∑
σ′

ϵσσ′fiσ′d†i , (B3)

where ϵσσ′ = −ϵσ′σ and ϵ↑↓ = 1. Here fiσ are fermionic fields satisfying the usual anticommutation relation {fiσ, f†jσ} = 0,
{fiσ, f†jσ} = δijδσ′σ while hi, di are bosonic fields satisfying the sl(2,C) algebra

[hi, h
†
j ] = −δijZh

j , [Zh
j , h

†
i ] = δijh

†
j , (B4)

[di, d
†
j ] = −δijZd

j , [Zd
j , d
†
i ] = δijd

†
j , (B5)

and [di, fjσ] = [hj , fjσ] = 0. The boson operators h†i , d
†
i create a holon and a doublon, respectively. Since we do not want

more than a doublon or a holon per site, we fix the representation of the hj and dj by the constraint d†2j = h†2j = 0. This fixes
the operators hi, di to be in the fundamental representation of sl(2,C) and can be interpreted as the usual σ− = 1

2 (X − iY )

matrices with {hi, h†i} = {di, d†i} = 1. Representing the bosonic degrees of freedom as operators in a finite-dimensional Hilbert
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space is the main difference between that representation [38] and the one that we use in this work. In this new enlarged basis,
the anticommutation relation of the physical fermion operators becomes

{ciσ, c†iσ} = f†iσfiσ + f†iσ̄fiσ̄ + h†ihi + d†idi − 2f†iσfiσh
†
ihi − 2f†iσ̄fiσ̄d

†
idi, (B6)

where ↑̄ =↓ (↓̄ =↑). This means that to recover the physical states, we have to impose a constraint. The simplest one is

Ci =
∑

σ=↑,↓
f†iσfiσ + h†ihi + d†idi = 1, (B7)

such that the physical states |phys⟩ satisfy Cj |phys⟩ = |phys⟩ and in the physical states we have {ciσ, c†iσ} = 1. The operator
Cj has integer eigenvalues λ(Cj) = (0, 1, 2, 3, 4) with multiplicities m(Cj) = (1, 4, 6, 4, 1). The projector onto the physical
states can be written as P :=

∏
jPj with the local projector

Pj =
Cj(2− Cj)(3− Cj)(4− Cj)

6
. (B8)

Lastly, the fermion operator cj,σ = f†iσhi + ϵσσ′fiσ′d†i commutes with the projector as [cjσ, Cj ] = 0 implies [cjσ,Pj ] = 0. As
a consequence, the physical operator does not create transitions between the physical states and the non-physical ones.

The physical Hamiltonian (as the enlarged Hamiltonian acting on the physical states) is given by H = Hn +Hs +Hint with

Hn = −J
∑
σ⟨ij⟩

eiϕij (f†iσ(hih
†
j)fjσ + fiσ(d

†
idj)f

†
jσ) + h.c., (B9)

Hs = −J
∑
⟨ij⟩

eiϕij [(f†i↑f
†
j↓ − f†i↓f

†
j↑)hidj + (fi↓fj↑ − fi↑fj↓)d

†
ih
†
j ] + h.c., (B10)

Hint = U
∑
i

d†idi. (B11)

This Hamiltonian has a local U(1) gauge symmetry generated by the vertex operators F θ
jσ := eiθf

†
jσfjσ , Hθ

j := eiθh
†
jhj and

Dθ
j := eiθd

†
jdj with F θ

jσfjσF
†θ
jσ = eiθf†jσ, (with similar relations for the other operators). The local transformations gθj :=

Hθ
j F

θ
j↑D

θ
jF

θ
j↓ generates a U(1) transformation that leaves the Hamiltonian invariant as

gθj cjσg
†θ
j = f†jσhj + ϵσσ′fjσ′d†j . (B12)

Motivated by the Hamiltonian Hn in Equation (B9), we can define the following gauge field mediating the interaction between
the spinon Gij := (d†idj) which transforms as a gauge link operator gθji g

θi
j Gijg

†θi
j g

†θj
i = e−i(θj−θi)Gij . From this link operator,

we can construct Wilson lines that are gauge invariants. For example, over a plaquette with sites from 1 to 4, we have

Wd(□) := Tr

∏
j∈□

(d†j−1dj)

 = Tr[(d†1d2)(d
†
2d3)(d

†
3d4)(d

†
4d1)] =

∏
j∈□

djd
†
j . (B13)

More generally, for any space-like loop C we define

Wd(C) :=
∏
j∈C

djd
†
j =

∏
j∈C

(1− nj,↑nj,↓), (B14)

where, in the last step, we used the map to the physical degrees of freedom.
In Figures 9 and 10 we observe the behaviour of the expectation of horizontal (doublon) Wilson loops ⟨Wd(t)⟩ for different

times, as we fix the area and vary the perimeter (Figure 9), or for fixed perimeter and varying the area (Figure 10). We observe
that the Wd has a perimeter scaling, for any of the values of interactionU considered. Although these Wilson loops are horizontal
(i.e, taken at a fixed time), they can still serve as order parameters for deconfinement (of spinons). Note that even at U = 0, we
observe a perimeter law, with similar scaling but weaker strength for larger times. This is not surprising. As Wd only probes the
interaction between spinons, we cannot claim spin-charge separation from this signature alone because the charge carriers could
be deconfined in the same way without a clear separation between them, as would happen in the case of normal non-interacting
fermions.
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FIG. 9. Wilson loop with fixed area (A = 10) and varying perimeter. Same as in Figure 5 but all times shown.

To really compare the confinement/deconfinement between charge and spin carriers, we can define, inspired by Hn in Equa-
tion (B9), the complementary link operator between doublons given by

d†i

(∑
σ

fiσf
†
jσ

)
dj = d†i

(
fi↑f

†
j↑ + fi↓f

†
j↓

)
dj = d†i

[
fi↑ fi↓

] [f†j↑
f†j↓

]
dj (B15)
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FIG. 10. Wilson loop with fixed perimeter (p = 16) and varying area. Same as in Figure 5, but all times shown.

The local gauge-invariant operator is then

Wh,j :=

[
f†j↑
f†j↓

] [
fj↑ fj↓

]
=

[
f†j↑fj↑ f†j↑fj↓
f†j↓fj↑ f†j↓fj↓

]
=

[
Qj + S3

j S+
j

S−j Qj − S3
j

]
, (B16)

where we have introduced the spin and charge operators S3
j := 1

2 (f
†
j↑fj↑−f

†
j↓fj↓), S

+
j := f†j↑fj↓ andQj :=

1
2 (f
†
j↑fj↑+f

†
j↓fj↓).

In the subspace of the physical states where the charge operator is fixed to Qj = 1/2, Wh, j corresponds exactly to the Lax
operator associated with the quantum inverse scattering method [62] for the 1D Heisenberg chain.
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FIG. 11. Wilson loop with a) fixed area, varying perimeter; b) fixed perimeter, varying area; c) open Wilson line Vhd(M) computed using
10000 shots from a DMRG simulation that approximates the ground-state of the FH model with U = 4.

The operator that is gauge invariant is given by the open Wilson line between doublons, and it takes the form

d†iSijdj := d†i
[
fi↑ fi↓

] ∏
k∈Cij

Wh,k

[f†j↑
f†j↓

]
dj , (B17)

where Cij is a path connecting the sites i and j. Remarkably, the product of gauge-invariant operators
∏

k∈CWk,h along a closed
path satisfying Qk = 1/2 ∀k ∈ C corresponds to the monodromy matrix of the Heisenberg model [62]. This monodromy matrix
and the intertwining relation of the Lax operator can be used to prove the existence of N conserved quantities on the N -site
Heisenberg model, where one of those is the Heisenberg Hamiltonian. We will discuss this connection in depth in a separate
publication. We use this connection to isolate a meaningful operation associated with the quantum operator

∏
k∈Cij Wh,k that

can be extracted from measurements in the computational basis. The simplest non-trivial operator in the family generated by
the product

∏
k∈Cij Wh,k acting on the paths containing only spinons is the z component of the Heisenberg Hamiltonian. Using

this, we define the line operator Hline =
∑

j∈line S
z
j S

z
j+1, that we measure in a line connecting two doublons or a doublon and

a hole. Then we consider the expectation value of the operator

Vαβ(M) :=
∑

sites i,j:
|i−j|=M

nαi n
β
j

Npairs

∑
paths γ:

from i to j

∑
(m,n)∈γ S

z
mS

z
n

Npaths(i, j)
(B18)

as a measure of the potential between the particles α, β = h, d. Here ndi := ni↑ni↓, nhi := (1 − ni↑)(1 − ni↓). We extract
Vhd(M) from the measured shots in the computational basis using the following algorithm

• Define a Manhattan distance M .

• Loop over the shots to find one doublon and one hole at distance M . This is a configuration, if no shots are found return
zero, otherwise

• For path ∈ the paths with Manhattan distance M that connect the two doublons, compute Rpath =
∑

k∈path S
z
kS

z
k+1.

• Sum Rpath over all paths, return this as S(config).

• Finally, return the sum over configurations and divide by the total number of paths. This is Vhd(M).

In Figure 4 we sketch an example of this procedure for configurations starting with a doublon and ending in a holon.
As discussed in the main text, the growth with distance of the expectation of V hd observed in Figure 6 signals a confining

potential between the doublons and holons. This attraction is apparent from the signal that measures the expected charge
difference between doublons and holons ∆i = ⟨ndi ⟩ − ⟨nhi ⟩. Note that the sum over the lattice

∑
i(⟨nd

i ⟩ − ⟨nhi ⟩) is constant in
time, due to total number conservation. In Figure 12 we observe the real-time dynamics of the signal ⟨nd

i ⟩ − ⟨nhi ⟩ for U/J = 0
(left) and U/J = 4 (right). Note that the expected local charge difference ∆i for U/J = 0 seems to form charge density waves,
the U/J = 4 signal tends faster to the uniform state ∆i = 0
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t ∼ 0.5 and the periodic nature of the system apparent from the wrapping around of the holon density. The total density ∆i decays to zero
faster in the interacting case compared with the non-interacting case.
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FIG. 13. Moments of the operator |L| − Ndoublons that measures the absence of doublons. Each curve has been obtained by averaging over
1000 random subsets using 10000 samples from the TDVP simulation (dashed lines) and all the experimental shots (the continuous line is a
guide for the eye for the mitigated results). Tata data have been produced using the TMPS map obtained from TDVP data up to t = 0.5.

Finally, to highlight the different states that the experiment and the TDVP algorithm produce, we study different moments of
the (normalized) absence of doublons operator X = 1− Ndoublons

|L| given by

⟨Xk(t)⟩ =
∑

{jm}km=1∈L

1

|L|k

〈
k∏

m=1

(1− njm,↑(t)njm,↓(t))

〉
. (B19)

We estimate these moments through a Monte Carlo estimator by sampling random subsets of k sites 1000 times. The results are
shown in Figure 13 for k = 2, 5, 10. We observe divergence between the results of the tensor networks, mitigated experimental
data and the results obtained by sampling the TDVP state after t ∼ 0.7. This divergence is essentially the one observed for the
number of doublons operator Ndoublons, as the moment k of X is very close to the mean µ = ⟨X⟩ to the power k as

⟨Xk⟩ = ⟨[µ+ [X − µ]]k⟩ =
k∑

m=0

(
k

m

)
µm⟨[X − µ]k−m⟩, (B20)
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FIG. 14. Central moments ⟨[X − µ]k⟩ for different values of k.

and the centred moments ⟨[X − µ]k⟩ are very small. In order to distinguish the value of the centred moments from zero and
from the moments produced by sampling the TDVP state, more shots would be required.
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Appendix C: Quantum Circuits

1. Fermion to Qubit Mapping

We use the Jordan-Wigner (JW) mapping to represent the fermionic system on qubits. Every mode is assigned to a qubit and
Fock states are mapped to computational basis states such that a mode is occupied (unoccupied) if its corresponding qubit is in
the |1⟩ (|0⟩) state. An ordering is chosen for the modes (correspondingly for the qubits) and creation/annihilation operators are
mapped as

c†j = σ+
j

∏
i<j

Zi, cj = σ−j
∏
i<j

Zi, nj =
1

2
(1− Zj), (C1)

where σ±j = (X ∓ iY )/2. The σ± parts capture the creation/annihilation properties and the Z strings ensure the correct
anticommutation relations. This work uses the “snake” ordering for modes on a square lattice, where modes are ordered along
rows from left to right and right to left in an alternating manner. Both spin-up and spin-down sectors are snake-ordered, with the
spin-down sector coming after spin-up, as shown in Figure 16.
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FIG. 16. Jordan-Wigner snake ordering on a spin- 1
2

, 4 × 7 grid. The spin-up sector is in the foreground and the spin-down sector is in the
background. In the qubit picture, the support of a hopping term is on the qubits corresponding to the hopping pair and all modes in between
them in the ordering. A horizontal hopping term is only supported on 2 qubits (blue) but a vertical hopping term can be supported on a longer
chain covering the width of the lattice (red).

a. Encoded Interactions

Undressed hopping interactions are represented as

c†i cj + c†jci =
1

2
(XiXj + YiYj)

∏
i<k<j

Zk. (C2)

When a magnetic field is present these are represented as

eiϕijc†i cj + e−iϕijc†jci =
1

2
(cosϕij(XiXj + YiYj) + sinϕij(YiXj −XiYj))

∏
i<k<j

Zk, (C3)

although in our case we only use ϕij ∈ {0, π} where 0 gives the undressed hopping term and π gives the undressed term with a
minus sign.
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The onsite Coulomb terms of the Fermi-Hubbard Hamiltonian are represented on qubits as

ni,↑ni,↓ =
1

4
(1− Zi,↑ − Zi,↓ + Zi,↑Zi,↓). (C4)

The part proportional to 1 may be ignored as it will only contribute an unobservable global phase to the evolution. Furthermore,
since this term appears for every spin pair, the Hamiltonian contains a part proportional to

∑
i(Zi,↑ + Zi,↓) = 1

2

∑
i(2− ni,↑ −

ni,↑) which may also be ignored because it will only contribute a global phase to states of fixed particle number. For our purposes
it then suffices to represent the Coulomb term as

ni,↑ni,↓ ≈
1

4
Zi,↑Zi,↓. (C5)

b. Fixed Parity JW Loop

Since the Fermi-Hubbard model preserves parity in each spin sector, for states of fixed parity in spin sector σ, the parity
operator Pσ =

∏
i Vi,σ acts as a constant. In particular, for even (odd) parity states we have Pσ = +1 (Pσ = −1). This means

that, for fixed parity states, the interactions can be multiplied by the ± parity operator with no effect on the physics. Specifically,
one multiplies by +Pσ when it is positive and −Pσ when it is negative. This can be helpful for JW encoded systems as it allows
the Z string involved in hopping interaction to be “flipped” like so

±P (c†i cj + c†jci) = ∓1

2
(XiXj + YiYj)

∏
0≤k<i
j<k≤N

Zk. (C6)

where N is the number of modes in the sector and we have omitted the spin index. This flexibility of representation means that
hopping terms between modes that are distant with respect to the ordering can be made much lower weight, providing alternative,
more efficient avenues for their implementation. In this work, we only apply this move to undressed hopping terms due to our
choice of magnetic field, but the effect on dressed terms is analogous.

As a result of this, one can consider the mode ordering within a spin-sector to be a loop where the first and final spin-σ are
also adjacent to one another and hopping terms can be represented with a Z string between the modes in either direction (so long
as the appropriate sign is applied). This is particularly useful when simulating lattices with periodic boundary conditions.

2. Fermionic Swap Networks

Encoded hopping terms between horizontal pairs are two-qubit operators as they are adjacent in the ordering, so their evolution
can be implemented with a simple quantum circuit involving two two-qubit gates (see Section C 4). The hopping terms between
vertical pairs are not adjacent in this sense: they involve long strings of Z operators and can be costly to implement (see
Figure 16). An efficient way to implement evolution under these terms is via fermionic swap networks [23].

The fermionic swap gate (FSWAP) acts as

FSWAP =

1 0 0 0
0 0 1 0
0 1 0 0
0 0 0 −1

 = SWAP · CZ, (C7)

and transforms Paulis under conjugation as

XI ↔ ZX, Y I ↔ ZY, ZI ↔ IZ. (C8)

Under the JW encoding, when acting on qubits (j, j+1) adjacent in the ordering, it transforms the encoded fermionic operators
as

cj ↔ cj+1, c†j ↔ c†j+1, nj ↔ nj+1, (C9)

effectively swapping the positions of the encoded modes, hence the name. FSWAP operations can be implemented on the
Quantinuum hardware using only a single two-qubit gate (see Section C 4 for further details).

Networks of these operations can be used to rearrange the modes such that every interacting pair is adjacent at some point
with respect to the ordering, at which time their interaction is implemented via the two-qubit hopping circuit (Section C 4).
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FIG. 17. Illustration of the action of UL and UR on a 4× 7 grid, the blue arrows denote FSWAPs.

3. Second-Order Trotter Circuit

Our second-order Trotter step of time t has the basic structure

S2(t) =

→∏
h∈H

e−ih
t
2

∏
o∈O

e−iot
←∏

h∈H
e−ih

t
2 , (C10)

where H is the set of hopping interactions in the Hamiltonian and O is the set of Coulomb interactions. The arrows indicate
that the second round of hopping interactions is applied in the reverse order to the first, the Coulomb interactions all commute
and are applied in parallel directly via Rzz gates. The hopping parts are implemented via FSWAP networks, which specify the
ordering of the terms. The second hopping part of the circuit is applied with the same gate schedule as the first, only in reverse
order. Below, we present the instructions for applying the hops to a single spin sector, which are also applied to both the spin-up
and spin-down sectors.

a. Swap Network

Let Lx and Ly be the horizontal and vertical lattice dimensions and UL (UR) be the circuit which FSWAPs even (odd) columns
with those to their right, in cases where the leftmost column is even; see Figure 17. For some pairs, FSWAPs will be merged
with a hopping interaction, which can be done with the same circuit cost as an FSWAP; see Section C 4.

The first round of hopping terms is implemented via one of the following swap network schedules. For a step size of t all
hopping terms are applied for time t/2.

For even Lx:

1. Implement all vertical hopping terms between modes adjacent in the ordering.

2. Apply UL, replacing any FSWAP with a merged FSWAP and hopping interaction if the pair of modes being swapped is
involved in an unimplemented hopping term.

3. Implement all vertical hopping terms between modes adjacent in the ordering.
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4. Apply UR,

replacing any FSWAP with a merged FSWAP and hopping interaction if the pair of modes being swapped is involved in
an unimplemented hopping term.

5. Repeat from 2. terminating as soon as all hopping terms have been implemented.

For odd Lx:

1. Implement all hopping terms between pairs on the leftmost column that are adjacent in the ordering.

2. Implement all hopping terms between pairs on the rightmost column that are adjacent in the ordering.

3. Apply UL, replacing any FSWAP with a merged FSWAP and hopping interaction if the pair of modes being swapped is
involved in an unimplemented hopping term.

4. Implement all hopping terms between pairs on the leftmost column that are adjacent in the ordering.

5. Apply UR, replacing any FSWAP with a merged FSWAP and hopping interaction if the pair of modes being swapped is
involved in an unimplemented hopping term.

6. Repeat from 2. terminating as soon as all hopping terms have been implemented.

Note that the resulting swap network is shorter than that required for a first-order Trotter step. This is because for the first order,
we would need to return the modes to their original positions in preparation for the next step, whereas here we are content to
leave them in a jumbled state because the original positioning will be restored after the second swap network.

b. Periodic Boundary Conditions

In either case, the horizontal hops across the periodic boundary are implemented automatically by the swap networks above,
as every pair of modes on a row is adjacent at some point in the schedule.

The vertical hops are only automatically implemented by the above networks in the case of an even vertical dimension Ly .
This is because of how the Jordan-Wigner ordering lines up between the top and bottom rows. In the even case, every vertical

pair is adjacent w.r.t. the JW loop at some point in the swap network, but in the odd case, this never happens for the pairs
connecting the top and bottom rows. These hopping terms are implemented by a bespoke circuit after the main swap network is
completed. This circuit is detailed in Section C 4.

c. Trotter Step Merging

The symmetry of second-order Trotter circuits allows for further gate savings to be made. In cases of even and odd Lx, the
Trotter step begins and ends with the application of all vertical hopping terms available in the initial configuration (step 1. for
even, steps 1. and 2. for odd). This means that the final operation in step j can be merged with the first in step j + 1 with the
exception of the final Trotter step in the circuit. Specifically, for a circuit withN Trotter steps numbered 1 toN with step j being
for time tj , steps j < N have these hopping terms omitted from the end of their circuit and steps k > 1 have the hopping terms
at the start evolve for (tk + tk−1)/2 instead of tk/2. This reduces the number of gates required; the precise saving is discussed
in Section C 5. A complete Trotter step for a 3× 3 lattice is illustrated in Figure 18.

d. Trotter Error

We estimate the accuracy of the Trotterized dynamics using small-scale numerical simulations on the Fermi-Hubbard instance
studied in this work. We simulate the error in the expectation values of all Pauli Z observables up to weight-3, using 4 Trotter
steps and for times up to T = 2. That is, for each observable O and time t we compute all

| ⟨ψ(t)|O |ψ(t)⟩ − ⟨ψ′(t)|O |ψ′(t)⟩ |. (C11)

Where |ψ(t)⟩ = e−itH |ψ0⟩ and |ψ′(t)⟩ =
∏4

j=1 S2(t/4) |ψ0⟩. For |ψ0⟩, we choose the dimerized configuration used in the
experiments. We then examine the average and maximum values of these errors. We also compute infidelity between the exact
time-evolved state |ψ(t)⟩ and Trotterized time-evolved state |ψ′(t)⟩, defined as

2
√
1− |⟨ψ(t)|ψ′(t)⟩|2 (C12)
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FIG. 18. Illustration of the first Trotter step and the start of the second for a 3×3 lattice. Identical operations are made on both spin sectors, so
only spin-up is shown. Blue arrows indicate FSWAPs, red wavy lines indicate hopping interactions and orange wavy lines denote the special
circuit used to implement hopping terms missed by the swap network in the odd Lx case. All hopping terms are for time t1/2 (t2/2) in step
1 (2), except in the case where merging is noted. Blue arrows and red wavy lines superimposed indicate a simultaneous hop and FSWAP and
the magenta circles indicate Coulomb interactions for time t1 (t2) with the corresponding spin-down modes. Parallelizable actions are shown
on the same grid and labels indicate the location of the encoded fermionic modes at each stage. The final round of hops of step 1 and the first
round of step 2 are merged into hops of time (t1 + t2)/2.

in order to upper bound the Trotter error for all observables. The results of the simulation are shown in Figure 19. We observe
that for late times and simulable sizes, although state infidelity increases with system size, the local observable error remains
relatively stable. This error is significantly smaller than infidelity, with the average error being comparable to hardware noise.
For local observables and local Hamiltonians, there are theoretical grounds for assuming that Trotter error can be independent
of system size, especially for fixed times [63].

However, we note that between times 1.5 and 2, Trotter error begins to play a more significant role, and our simulations
begin interpolating between true time dynamics and Floquet dynamics. This is borne out in our comparisons to exact U = 0
simulations, as can be seen in Figure 3.

We also repeat this analysis for observables whose weight scales with system size. Again we look at system sizes Lx ×Ly =
2 × 2, 2 × 3 and 3 × 3 but with observables with weight four, six and eight. The results of these calculations are shown in
Figure 20.
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(a) Mean error over observables. (b) Maximum error over observables.

FIG. 19. Trotter error on the expectation values (Equation (C11), solid lines) of all one, two and three qubit Pauli Z observables for 4
second-order Trotter steps over 15 times between t = 0 and t = 2. As in our experiments, we take U = 4, apply a magnetic flux in the smaller
direction and use a dimerized configuration as input state. We then examine the system sizes Lx × Ly = 2 × 2, 2 × 3 and 3 × 3 subject
to double periodic boundary conditions. We look at the mean error over all observables at each time (a) and the maximum error over these
observables at each time (b). We compute the state infidelity (Equation (C12), dashed lines) between the exact time evolved state at each time
t and the state evolved using 4 Trotter steps for each time t.

(a) Mean error over observables. (b) Maximum error over observables.

FIG. 20. Trotter error on the expectation values (Equation (C11), solid lines) of all weight-four Pauli-Z observables for Lx ×Ly = 2× 2, all
weight-six observables for Lx × Ly = 2 × 3 and weight-eight observables for Lx × Ly = 3 × 3. We use 4 second-order Trotter steps over
15 times between t = 0 and t = 2. As in our experiments, we take U = 4, apply a magnetic flux in the smaller direction and use a dimerized
configuration as the input state. We use double periodic boundary conditions. We look at the mean error over all observables at each time (a)
and the maximum error over these observables at each time (b). We compute the state infidelity (Equation (C12), dashed lines) between the
exact time evolved state at each time t and the state evolved using 4 Trotter steps for each time t.

4. Gate Decompositions

We use the notation for Pauli rotation

Rσ(t) = e−
i
2σt. (C13)

The native two-qubit gate on the device is the arbitrary Rzz . Due to the all-to-all connectivity of the device, SWAP operations
can be applied implicitly by relabeling qubits. With this, one can implement an FSWAP by applying a CZ and an implicit swap
to a pair of qubits (in any order), where the CZ gate can be applied with the gates

CZ = Rzz

(π
2

)
· S ⊗ S. (C14)
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An undressed (ϕij = 0) hopping interaction between modes adjacent in the JW ordering with J = 1 for time t – i.e.
ei(c

†
i cj+c†jci)t = ei

1
2 (XiXj+YiYj)t – is implemented with the circuit:

i H

Rzz(−t)
H S† H

Rzz(−t)
H S

j H H S† H H S

If the pair of modes is adjacent across the loop discussed in Section C 1 b, then the sign of the Rzz rotations changes according
to Equation (C6). In the cases where a hopping interaction is immediately followed by or preceded by an FSWAP, we can apply
both at once using the circuit:

i H

Rzz

(
−t− π

2

) H S† H

Rzz

(
−t− π

2

) H

j H H S† H H

When the ϕij = π replace t with −t.
For a lattice with odd vertical dimension Ly , the vertical terms across the vertical boundary (i.e., hops between pairs {(0, N −

Lx), (1, N − Lx + 1), . . . , (Lx − 1, N − 1)}) are implemented by the following circuitLx−2∏
i=0

Ly−1−i∏
j=1

CZ(i,N − j)

 ·
Lx−1∏
i=0

HOP(i,N − Lx + i, t) ·

Lx−2∏
i=0

Ly−1−i∏
j=1

CZ(i,N − j)

 (C15)

where HOP(i, j, t) denotes the two-qubit hopping interaction circuit between qubits i and j for time t. The case of Lx = 4 is
illustrated below in circuit diagram form.

N − 4

Hops

N − 3 • •

N − 2 • • • •

N − 1 • • • • • •

0 • • • • • •

1 • • • •

2 • •

3

The CZ gates in the circuit serve to cancel out the Z-strings in the encoded hopping terms. Consider the Lx = 4 example. The
hopping terms in question are (up to factors)

h0,N−4 = (X0XN−4 + Y0YN−4)ZN−3ZN−2ZN−1,

h1,N−3 = (X1XN−3 + Y1YN−3)ZN−2ZN−1Z0,

h2,N−2 = (X2XN−2 + Y2YN−2)ZN−1Z0Z1,

h3,N−1 = (X3XN−1 + Y3YN−1)Z0Z1Z2,

(C16)

where we are using the JW loop to get a lower weight representation of the terms as discussed in Section C 1 b and there is no
magnetic field alteration. Defining the “stringless” versions of the hopping terms as

h̃0,N−4 = (X0XN−4 + Y0YN−4),

h̃1,N−3 = (X1XN−3 + Y1YN−3),

h̃2,N−2 = (X2XN−2 + Y2YN−2),

h̃3,N−1 = (X3XN−1 + Y3YN−1),

(C17)
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it is not hard to check that conjugating h̃i,j by the CZ circuit blocks above results in the corresponding hi,j for all pairs in
question. Accordingly, evolution under the stringless hopping terms conjugated by these CZs is equivalent to evolution under
the true, stringed terms.

The reader may recall that, as this is applied after the swap network, the modes will be shuffled from their original ordering.
This does not affect this circuit, as at any point in the swap network (Equation (C16)) holds up to a permutation of the labels
on the LHS of the equations and since the circuit applies an evolution under all the Paulis, this relabelling is irrelevant to the
outcome.

The total two-qubit gate cost of this circuit for the whole system is

Cb = 4
(Lx − 1)Lx

2
+ 4Lx, (C18)

where the first term is from the CZ gates, the second is from the hopping terms. As this circuit is always placed before and after
the Coulomb interaction circuit, the set of CZ gates on either side of the Coulomb circuit can be commuted through to cancel
each other out, making the effective cost of this circuit

C̃b = 2
(Lx − 1)Lx

2
+ 4Lx = L2

x + 3Lx. (C19)

5. Trotter Circuit Gate Costs

The total two-qubit gate cost of a single forward pass of the swap network depends on the number of FSWAPs, vertical
hopping terms and horizontal hopping terms implemented (nf , nv , nh respectively) and is given by

Cnw = nf + 2nv + nh. (C20)

Each vertical hopping term costs two two-qubit gates but horizontal hopping terms effectively cost only 1 because they are
merged with an FSWAP for a total of 2 gates, this is counted as 1 gate due to the FSWAP and 1 due to the hopping. The numbers
of each type of hopping term implemented in the swap network are given by

nh = 2LxLy, nv =

{
2LxLy : Ly even,
2Lx(Ly − 1) : Ly odd.

(C21)

This is due to the fact that the vertical hopping terms across the periodic boundary are not caught by the swap network as
discussed in Section C 3 b.

The total number of swaps can be found by counting how many applications of UL and UR are needed for each mode to
reach both ends of its horizontal row. For even Lx this requires Lx − 1 applications of UL and Lx − 2 of UR, with UL and UR

containing LxLy and (Lx − 2)Ly FSWAPs respectively (counting both spin sectors). For odd Lx this requires Lx−1 of both UL

and UR which both contain (Lx − 1)Ly FSWAPs. The usual swap network that returns the lattice to its original configuration
on completion requires Lx applications of UL and UR in both cases.

The total number of FSWAPs in our swap network is then:

nf =

{
(2L2

x − 5Lx + 4)Ly : Lx even,
(2L2

x − 4Lx + 2)Ly : Lx odd.
(C22)

Combining these, we get

Cnw =


(2L2

x + Lx + 4)Ly : Lx even, Ly even,
(2L2

x + Lx + 4)Ly − 4Lx : Lx even, Ly odd,
(2L2

x + 2Lx + 2)Ly : Lx odd, Ly even,
(2L2

x + 2Lx + 2)Ly − 4Lx : Lx odd, Ly odd.

(C23)

As discussed in Section C 3 c, all but the last Trotter step have their final round of vertical hopping terms omitted as they are
merged into the start of the next step. For each step, this amounts to a two-qubit gate saving of

Cmerge =

{
4Ly : Ly even,
4(Ly − 1) : Ly odd.

(C24)
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Lattice Size 2q gates (our network) 2q gates (standard network)
4× 5 428N + 16 484N + 40
4× 6 486N + 24 552N + 48
5× 5 674N + 16 717N + 48
4× 7 588N + 24 668N + 56

TABLE I. Comparison for various lattice sizes of two-qubit gate cost for an N step second order Trotter circuit using the optimised circuit
described in Section C 3 and the standard swap network used on JW lattices. Note that all lattices have periodic boundary conditions and the
costs for the standard network also include the same circuit for vertical boundary terms and account for merged hops/swaps between Trotter
steps.

The merged hopping terms are all vertical hops adjacent in the ordering in the initial lattice configuration before any FSWAPs,
Ly for even Ly and Ly − 1 for odd, due to the misalignment of the JW ordering. The factor of 4 comes from the 2 spin sectors
and the two-qubit gate cost for a hopping term.

As noted above, the cost of the circuit to implement vertical hops missed by the swap network is

C̃b =

{
0 : Ly even,
L2
x + 3Lx : Ly odd,

(C25)

and the cost of the Coulomb interactions is

Cc = LxLy. (C26)

Putting these together, the total cost of an N step second-order Trotter circuit is

Ctot = N(2Cnw + 2C̃b + Cc − Cmerge) + Cmerge, (C27)

where the final addition of Cmerge is due to the final step not having anything to merge its last hops with. In terms of lattice
dimensions, this is

Ctot =


N(4L2

x + 3Lx + 5)Ly + 4Ly : Lx even, Ly even,
N((4L2

x + 3Lx + 4)Ly + 2L2
x − 2Lx + 4) + 4(Ly − 1) : Lx even, Ly odd,

N(4L2
x + 5Lx)Ly + 4Ly : Lx odd, Ly even,

N((4L2
x + 5Lx)Ly + 2L2

x − Lx + 4) + 4(Ly − 1) : Lx odd, Ly odd.

(C28)

Table I shows a comparison between the gate cost of a second-order Trotter circuit using our optimisations vs a standard swap
network [23].

6. Initial state preparation

We prepare a series of triplets across our lattice. A triplet is prepared over two sites, s1, s2, given by

|ψtriplet⟩ =
1√
2
(c†s1,↑c

†
s2,↓ + c†s1,↓c

†
s2,↑) |Ω⟩ =

1√
2
(|1s1,↑0s2,↑0s1,↓1s2,↓⟩ − |0s1,↑1s2,↑1s1,↓0s2,↓⟩) (C29)

This state is produced using the following circuit, which is a modified Greenberger–Horne–Zeilinger state creation circuit.

s1↑ H

Rzz(
π
2 )

S†

s2↑ H S† H

Rzz(
π
2 )

S† X

s1↓ H S† H

Rzz(
π
2 )

S† Y

s2↓ H S† H

(C30)

This state preparation circuit incurs a cost of three two-qubit gates per triplet pair. In our system of 28 sites, Figure 21, all sites
are involved in a triplet, except for sites 0 and 13, which encode a holon and a doublon, respectively. Therefore, we have 13
triplet pairs, so state preparation accounts for 39 two-qubit gates in Table II.
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FIG. 21. Initial state layout. A holon (green) and a doublon (red) are prepared, with all other sites prepared into triplet pairs (blue), where each
triplet connects sites adjacent in the JW encoding.

7. Compiler optimisations

We construct our circuits as described in Section C 3, and then pass them through the compiler provided by pytket [64].
In particular, we apply optimisation level = 2 of the compiler [65], the main effect of which is captured by a pass of
FullPeepholeOptimise(), which synthesises one-, two- and three-qubit subcircuits. The compiler also recognises and
removes redundant gates and gate sequences, such as self-inverse gates and diagonal gates immediately before measurements,
and performs some optimisations specific to Clifford circuits [66]. The main effect of this compilation on our circuits is to remove
one-qubit gates: as described in Section C 3, we optimise for two-qubit gate count such that there are no superfluous two-qubit
gates, and therefore the compiler cannot find any further gates to remove. However, the subcircuits for each component, i.e.,
hopping, swap, and onsite terms, include numerous one-qubit gates that can be merged in between rounds of two-qubit gates,
and so the compilation meaningfully reduces the one-qubit gate count.

In Table II we report the number of gates included in our circuits before and after compilation. Note that our circuits include
SWAP gates, but on the ion-trap platform, these are performed in software by relabelling qubits, i.e., no quantum operation
occurs, so we omit these from gate counts. Table I states that for N Trotter steps, our swap network construction admits a cost
of 588N + 24; we use N = 4 and Section C 6 shows that the initial state preparation incurs a further 39 two-qubit gates, giving
(588× 4) + 24 + 39 = 2415 two-qubit gates overall.

one-qubit two-qubit
Uncompiled 11605 2415
Compiled 4576 – 4627 2410 – 2415

TABLE II. Number of gates in circuits before and after optimisation through pytket’s compiler. There are minor variations due to the number
of gates which can be compiled together following the pseudo-twirling routine.

Error magnitude
Single-qubit gate error 3E-05
Two-qubit gate error 1E-03
Single-qubit leakage 1E-05
Two-qubit leakage 2E-04
Memory error 2E-04
Measurement crosstalk error 3E-06
SPAM error 1E-03

TABLE III. Hardware specifications of Quantinuum’s H2-2 ion-trap device at the time of simulation.
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8. Hardware specification

We ran our circuits on Quantinuum’s H2-2 ion-trap quantum processor in two batches: first between 19-23 June 2025, and
second between 18-22 July 2025. The specified device performance at the time of running is listed in Table III, taken from [67].
We prepared time evolution circuits in intervals ∆t = 0.1, from T = 0.1 to T = 2.0, i.e., 20 circuits per timeseries. With two
values of onsite term, U = 0, 4, and 8 pseudo-twirling instances per circuit (Section D 1), in total we ran 20×2×8 = 320 distinct
circuits, each for 160 shots. Each pseudo-twirling instance was executed in a random order. The list of pseudo-twirling instances
was split into two halves and each half was executed on a different day. Given the depth of our circuits, and the gatespeed of ion-
trap processors, each shot took ∼ 5 seconds, for a total runtime on the quantum device of 5× 20× 160 = 16000 seconds ≈ 4.5
hours. Additionally, there were queues to access the device, as well as compilation time, so that the experiment took several
days to run in practice.
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Appendix D: Error suppression, error mitigation, and experimental analysis

Error suppression and mitigation are important to improve the accuracy of results obtained from a noisy quantum computer.
The extremely restrictive constraints on the number of shots available in an experiment on ion-trap hardware mean that many
techniques are not available or appropriate. Here we use a technique known as training with fermionic linear optics (TFLO) [28],
implemented using a variant which uses very few additional shots, together with Gaussian process regression (GPR) for further
cleanup of the results. In addition, we implement a technique known as Pauli pseudotwirling to suppress systematic errors and
facilitate error mitigation.

We compare the performance of these methods with raw data in Figure 22, Figure 23 and Figure 24. We see that usually the
combination of TFLO and GPR significantly reduces the error, compared with the unmitigated results. Further, we see that the
error achieved by TDVP increases over time, as expected, and that this error cannot be explained by Trotter error alone. By
contrast, the error achieved by our experimental results does not significantly increase with time, until the latest times (which
we attribute to Trotter error). We expect that a significant portion of the error remaining in our results after error mitigation with
TFLO can be explained by statistical noise, which is mitigated by GPR. Next, we describe these techniques in detail.
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FIG. 22. Error profile for the doublon observable compared with exact dynamics over time, computed through raw hardware data, mitigated
hardware data (FLO, GPR), and TDVP simulation along with extrapolated TDVP results.
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FIG. 23. Dynamics of doublon observable for the raw, mitigated and TDVP-simulated data at U = 0, along with corresponding errors with
respect to exact FLO simulation. The left panel sums the doublon over the entire lattice. The central (right) panel highlights a particular site
where we see the worst (best) performance for TDVP.
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FIG. 24. Median and maximum errors for all times for a range of types of observables.
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1. Pauli pseudo-twirling

Pauli twirling [68] is a well-known and effective method to suppress errors in quantum circuits [69]. The theoretical under-
pinning of this method is that in many realistic quantum hardware platforms, 2-qubit gates are the primary source of error, and
the native 2-qubit gate is a Clifford gate (such as a CNOT or CZ gate). Each 2-qubit gate is sandwiched by a random choice
of Pauli matrices picked from those for which, in principle, the ideal gate would be left unchanged. However, the approximate
gate actually implemented by the hardware will not remain unchanged. Averaged over a number of instantiations, this tends
to suppress systematic errors. Indeed, one can show that this process replaces coherent errors with incoherent errors, which
facilitates certain error-mitigation procedures. Further, this procedure will have a dynamical decoupling effect and reduce other
systematic errors occurring in the circuit.

Here, the native 2-qubit gate we execute is not a Clifford gate, but a Rzz gate. Nevertheless, we can still carry out a more
limited version of this procedure, known as Pauli pseudo-twirling [26]. Instead of wrapping theRzz gate between Pauli matrices
that leave it unchanged, it is conjugated by random two-qubit Paulis and the sign of the rotation angle in Rzz(t) = e−

i
2ZZt is

either left unchanged or flipped, depending on whether the two-qubit Pauli commutes or anti-commutes with ZZ. Again, this
procedure leaves the ideal circuit unchanged but helps shape the noise channel in the presence of noise. Similar procedures have
been found to be effective on superconducting qubit [26] and ion-trap [27] quantum hardware platforms.

To implement this in our experiment, we simply traversed each circuit, for eachRzz(t) gate sampled a random two-qubit Pauli
P , and replaced it with PRzz(t)P (or PRzz(−t)P if ZZ and P anti-commute). We sampled 16 such twirling instances for
each logical circuit (corresponding to different values of t and U ). Note that the introduction of the additional two-qubit Paulis
does not increase the gate count of the final compiled circuits, because runs of subsequent single-qubit gates get compiled into a
single U3 gate.

2. Symmetry averaging

As explained in Section B, the initial state and Hamiltonian are invariant under the spin-reflection symmetry Rci,↑R† = ci,↓.
This symmetry acts analogously on the Z operators, i.e. RZi1,σ1 · · ·Zin,σnR

† = Zi1,σ1 · · ·Zin,σn . This allows us to increase
the effective shot-count for the expectation values of all multi-qubit Z strings and expectation values derived from them by
averaging each multi-qubit Z expectation value with its spin-reflected partner.

This is also the only obvious, simple symmetry of the initial state and Hamiltonian, because the irregular arrangement of
triplets in the initial state breaks the translation and reflection symmetries of the lattice.

3. Training with fermionic linear optics (TFLO)

TFLO [28] is a method which takes advantage of the well-known fact that quantum circuits that contain only fermionic linear
optics (FLO) operations can be efficiently simulated classically [29]. In some quantum algorithms, such as ours, many of the
gates in the quantum circuits to be executed are FLO operations, so it is natural to expect that the behaviour of the “true” circuit in
terms of errors should be similar to the quantum circuit that one would produce by removing all FLO operations from that circuit.
Therefore, for any given observable, one can prepare a set of pairs of noisy and exact expectation values for that observable and
use these to infer a map from noisy to exact expectation values. The hope is that applying this map to the corresponding quantum
circuit, which is not FLO, will achieve similar results in terms of reducing the error in this observable.

Here, there is a particularly direct connection between the circuit that we wish to execute and an exactly simulable model.
Every gate in the quantum circuit for simulating time-dynamics of the Fermi-Hubbard model for U = 0 is FLO, and further, the
structure of the circuit is exactly the same as the structure of the quantum circuit for U ̸= 0, with the only difference being that
for U = 0, there is no time evolution by onsite terms.

This connection has previously been used in the context of VQE with the Hamiltonian variational ansatz to reduce errors
in ground state simulation of the Fermi-Hubbard model [25]. In that work, training data was produced by choosing random
parameters for the variational ansatz for many choices of parameters. Here, we do not have the shot budget to do this. So
instead, we use the time-dynamics experimental results themselves as training data. We produce a set of samples for U = 0 for
the same set of time-points as for U = 4, and aim to use this to infer a function for mapping noisy to exact observables. It is
important that the quantum circuits for these two cases look as alike as possible, so that errors behave as similarly as possible.
We therefore kept the same gate and fermionic swap network structure in the U = 0 circuit as the U = 4 case, by including the
onsite terms with an evolution parameter of 0.

An additional complication we face is that the full quantum circuit we execute for U = 0 is not exactly simulable classically
using standard FLO methods due to the initial spin triplet state preparation step. Thus, we refer to circuits of this form as
“NearFLO” throughout. Nevertheless, we can implement an efficient method for simulating NearFLO circuits classically in the
case where one wishes to compute a low-weight observable (see Section E). To mitigate errors in high-weight observables, we
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FIG. 25. Slope of TMPS fit for S(k).
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FIG. 26. A few examples of the linear fits performed for TFLO error mitigation. The top row shows single- and two-qubit Z expectation values
between qubits that start out at ±1 and are thus easy to fit to, while the bottom row shows examples of single- and two-qubit Z expectation
values that start out at 0 and thus require a regularization before performing a successful fit.

use an alternative technique. Tensor network (TDVP) simulations are expected to achieve a high level of accuracy for short
evolution times, and can be used to produce samples in the computational basis, and hence to estimate arbitrary observables.
Therefore, we can use TDVP at short times to produce training data, on which the same fitting process as standard TFLO can be
used. This is additionally justified by our observation that experimental errors for U = 0 do not get significantly worse for long
times (Figure 22). We called this technique training with MPS (TMPS). For a given observable, we choose the time interval to
be used to produce training data such that a good convergence in the bond dimension is observed. We can use the slope of the
fit to get a sense of the extent to which errors affect high-weight observables. We observe (see Figure 25) that, as expected, the
slope increases exponentially with the weight of the observable, but at a slow exponential rate. Moreover, Figure 27 shows that
mitigating the same observable via TFLO and TMPS produces compatible results.

We find (see Figure 26) that a simple linear fit is often, though not always, a good model for the map between noisy and exact
data. We use ordinary least-squares to perform this linear fit. We experimented with a more complex fitting function, which
included dependence on the evolution time t, but we did not find that this significantly improved the quality of our results, as
measured by the accuracy at U = 0. We attribute this to the hardware error model not significantly depending on t. Given the
risk of overfitting, we chose not to use this model.

Due to the triplets in the initial states, many observables vary little over time. Additionally, due to the relatively low shot count,
the statistical uncertainty on all observables is relatively large (on average ±0.08). This means that for many observables, the
signal-to-noise ratio (SNR) is too small to perform a well-controlled least-squares fit. To still be able to perform TFLO on these
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dotted lines, obtained using TFLO, shows that TMPS produces results compatible with TFLO.

observables, we employed a two-stage fitting procedure. In the first stage, we identified all observables with a sufficiently large
SNR and performed an ordinary least-squares fit to find the best TFLO rescaling parameters. In the second stage, we grouped
all observables by the number of qubits they act on and whether they act on multiple Fermi-Hubbard sites. For each group, we
computed a prior distribution over the optimal fit parameters. This prior distribution was then used (per group) to perform a
linear least squares fit with regularisation to obtain well-behaved fit parameters even when the SNR of the time series was low.

4. Postselection and using other occupation number sectors

Every gate in the quantum circuits that we execute preserves fermionic occupation number within each spin sector, which
implies that we can detect errors which alter these quantities and, if we choose, postselect to only retain samples for which these
quantities are correct [25]. However, in our experiments, the number of shots taken is heavily constrained, so it is not obvious
whether postselection will be advantageous, because restricting the samples to a smaller subset tends to increase statistical error.
Indeed, for U = 0 we observe that postselection on occupation number makes errors worse due to the low number of shots
retained and increases statistical noise (see Figure 28). On the other hand, we see that the Hamming weight in each spin sector
tends to vary very little from the expected values (see Figure 29). This provides a simple metric for the quality of our results,
and suggests that local observables should tend to vary only slightly from their expected values. For example, local densities (Z
operators) would be expected to vary by at most ∼ 1/56 ≈ 0.018 compared with their true values.

5. Gaussian process regression

As a final stage in our postprocessing of experimental data, we implement Gaussian process regression (GPR) smoothing for
all time series. Briefly, a Gaussian process (GP) [30] is a probability distribution over functions. It is formulated as a marginal
distribution over any finite set of function values such that the joint probability distribution for this finite set of function values
is a multivariate Gaussian whose mean and covariance matrix only depend on the evaluation points and some hyperparameters
encoded in what is called the kernel of a GP. This kernel can encode various things about the sampled functions, such as (n-
times) differentiability, periodicity, or the correlation length l on which it varies. A good overview of what can be encoded into
the kernel and how is presented in [30, Chap. 4].

To use this probability distribution over functions for smoothing and fitting, a simple Bayesian procedure can be used. The
kernel of the GP defines a prior distribution over functions, the noisy observations of the time series play the role of new evidence,
and the application of Bayes’ theorem then yields a posterior distribution over functions. The mean of this posterior distribution
is then the (n-times) differentiable / periodic / function with correlation length l that is most likely given the observed data.
And the diagonal of the covariance matrix of the posterior distribution corresponds to the one-sigma confidence interval of the
posterior time series.

We used the Python implementation of GPR regression in scikit-learn [70] with a squared-exponential kernel with
length scale l = 0.6 and variance σ = 1.5. These hyperparameters were determined by maximizing the marginal likelihood of l
and σ given the observed time series for a variety of variables. We then found that the optimal hyperparameters were narrowly
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clustered around l = 0.6 and σ = 1.5 and thus fixed these values throughout all later analyses. Fixing the hyperparameters to the
same values for all observables instead of determining them per observable also helped to avoid outliers due to sampling noise.

The error propagation procedure reported in Section D 6 gives error bars on the input data to the GPR smoothing procedure.
But, by adding a Gaussian white noise kernel to the overall kernel, the average noise strength also becomes a parameter that is
learnable through the hyperparameter optimisation procedure described in the previous paragraph. Fortunately, the error bars
obtained through error propagation broadly agreed with those learned through hyperparameter optimisation in the GPR process.
This gives further confidence that the approximations necessary for the error propagation are valid.
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6. Error bars

The GPR error bars shown in the figures in the main text were all computed using Gaussian error propagation and error bars
of the initial raw values computed from the shots were computed using

σ2
raw =

1

Nt(Nt − 1)

Nt∑
i=1

(µ̂i − µ)2 +
1

N2
t Ns

Nt∑
i=1

σ2
i (D1)

where Nt is the number of twirling instances, Ns the number of shots taken per twirling instance, µi and σ2
i are the per twirling

instance sample mean and sample variance and µ = 1
Nt

∑Nt

i=1 µi is the total mean.

a. Pseudo-twirling and error bars

When computing error bars in conjunction with (pseudo)-twirling, some care must be taken to account for the iterated ex-
pectations correctly. One might be tempted to simply collect all Nt × Ns shots into one set, compute the expectation of the
observable O as

µ̂O =
1

Nt ×Ns

Nt,Ns∑
i,j=1

O(xi,j) (D2)

and the variance of µ̂O in the usual way as

σ̂2
µ̂O

=
1

Nt ×Ns(Nt ×Ns − 1)

Nt,Ns∑
i,j=1

(O(xi,j)− µ̂O)
2. (D3)

But unless Ns = 1 or all twirling instances are actually the same, this will underestimate the error. An easy example to see this
is to assume that we have very few twirling instances Nt from which we take many shots Ns, and that the different twirling
instances produce very different distributions. Then the naive Equation (D3) will be very small, even though we have only seen
the data from very few twirling instances and they all give very different estimates for µO.

To get an accurate estimate σ̂2
µ̂O

for the variance of µ̂O, we have to correctly account for the contribution to the variance
coming from sampling different twirling instances—the first term in Equation (D1)—and the contribution coming from shot
noise for each circuit—the second term in Equation (D1). This can be done by employing the law of total variance. Carefully
going through the derivations then gives Equation (D1).

b. Verification via bootstrapping

For error propagation, we employed the uncertainties Python package [71], which implements automatic Gaussian
error propagation for many basic mathematical functions. However, for Gaussian error propagation to be valid, we have to
assume that (i) the input distributions are all Gaussian; (ii) all data transformation functions are (or at least well-approximated
by) affine linear functions. In addition to these constraints, the uncertainties package only tracks and propagates the
individual uncertainty of each variable, but not correlations. The most straightforward alternative to Gaussian error propagation
is bootstrapping [72, Chap. 8]. Very briefly, bootstrapping is a procedure for estimating the distribution (or properties of the
distribution) of an estimator (here, our mitigated and processed observable values) by replacing the full distribution of the in-
going random variable (that we don’t know) with the empirical distribution that we obtained from the samples we actually
have.

Similar to the discussion in Section D 6 a, one has to be careful when implementing the bootstrap method in conjunction
with pseudo-twirling. The correct scheme is to first sample Nt circuits with replacement from the pool of twirling instances
and then sample Ns shots with replacement from each of the sampled circuits. This dataset can then be piped through the
whole error mitigation and data analysis pipeline. Repeating this procedure sufficiently many times allows us to estimate the
standard deviations of the final mitigated observables. In Figure 30 we show that the error bars obtained via bootstrapping agreed
remarkably well with those obtained via the computationally much cheaper Gaussian error propagation. We thus decided to use
Gaussian error propagation for all error bars reported here.
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7. Crossvalidation via particle filters

In addition to GPR smoothing, we also experimented with a particle filter (PF)-based smoothing method to postprocess all time
series. While GPR assumes Gaussian noise in the observations, the measurement noise in our setting is not strictly Gaussian. To
account for this, we employ particle filtering as an additional validation method, which can accommodate non-Gaussian noise
models. A particle filter [73] is a Bayesian sequential Monte Carlo method that represents probability distributions over hidden
states with a large ensemble of weighted samples, called particles. Each particle evolves forward in time under a stochastic
state–space model and is reweighted by the likelihood of the observed data. Through repeated propagation and resampling,
the PF generates full latent trajectories consistent with all observations, providing a smoothed estimate of the underlying latent
signal. As shown in Figure 31, the smoothed time series obtained using PF are in close agreement with those obtained using
GPR, despite the difference in the underlying noise assumptions. For a more in-depth review on particle filter with backward
smoothing, refer to Sections 4 and 5 of Ref. [74].

We implemented the PF from scratch in Python, using two passes with ancestry-based backward smoothing. At each time
step, the hidden state consists of the signal value and its rate of change (velocity), which evolve under a stochastic update with
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Gaussian noise and exponential velocity decay. Each particle is then reweighted according to the likelihood of the observed data
at that time step, and then the resampling step systematically prunes unlikely particles and replicates likely ones, maintaining a
representative ensemble. After this forward run, we perform backward smoothing using the particle ancestry. Each resampled
particle at a given time step stores the index of its parent from the previous time step, which defines an ancestry tree. By tracing
these links backward from a randomly chosen particle at the final time step, we generate full state trajectories consistent with all
observations. Averaging over many such trajectories yields the smoothed time series, while the standard deviation across them
quantifies the uncertainty.

Similar to GPR, we fixed the particle filter hyperparameters across all observables to maintain consistency and avoid overfit-
ting to sampling noise in individual series. We used 6000 particles, while the remaining parameters (e.g., noise scales, initial
uncertainties, velocity decay) were chosen based on test signals with known values. At the same time, they were kept sufficiently
general to provide reliable smoothing across all observables.
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Appendix E: Classical simulation of non-Gaussian circuits

The initial state considered in this work is a triplet covering alongside two lonely sites (doublon and holon). We therefore
refer to it as a non-Gaussian or magic state [21, 75–80] because it cannot be generated by a FLO unitary (more details in
Section E 1), and thus in general has to be treated as a linear combination of the constituent Fock states, the number of which
grow exponentially with the number of triplets present.

Recall that fermionic Gaussian states are those of non-interacting fermions and hence correspond to the U = 0 regime, which
we will work in for the remainder of this section.

1. Non-Gaussian observables

Recall that the initial state consists of lonely sites, which are either holes or doublons, and physical triplets across pairs of

sites (a, b). The triplet creation operator
c†a,↑c

†
b,↓+c†a,↓c

†
b,↑√

2
is not a fermionic Gaussian state and cannot be generate by a FLO

unitary [29]. Thus, the simulation of observables in theory will scale exponentially with the number of triplets. However, we
note that the initial state can be written as a product state acrossNtriplets triplets andNlonely lonely sites according to Equation (E1)

|ψ⟩init =

Ntriplets⊗
k=1

|triplet⟩sk
Nlonely⊗
l=1

|lonely⟩sl (E1)

where sk denote the pair of sites participating in the kth triplet and sl is a single lonely site index. The observables required for
TFLO are the single and two-point Pauli Z correlators, ⟨Zi⟩ and ⟨ZiZj⟩ ∀i, j fermionic mode indices (i.e,. site and spin indices
are conglomerated). Here we work instead with the number operators ⟨n̂i⟩ and ⟨n̂in̂j⟩ but there is a trivial conversion between
n̂↔ Z via n̂ = 1−Z

2 . This set of densities and correlators is enough to perform TFLO corrections for all observables considered
in the main text except for the Wilson lines. As we will discuss later in this section, arbitrary weight observables in theory would
scale exponentially withNtriplets, leading to an algorithm which is cumbersome and hence not implemented for the Wilson loops.

a. Densities

The observables ⟨n̂i⟩, ∀i where i denotes a fermionic mode can be computed as follows

⟨ψinit(t)| c†i ci |ψinit(t)⟩ = ⟨ψinit| eiHtc†i cie
−iHt |ψinit⟩ (E2)

=
∑
α,β

Rα,iR
∗
β,i ⟨ψinit| c†αcβ |ψinit⟩ (E3)

=
∑
α

|Rα,i|2 (E4)

where H is the single band Hamiltonian defined in Equation (A1) and R = e−iht where h is the adjacency matrix of the lattice
L. Due to the structure of the initial state, the coefficients α and β must be equal for a non-vanishing value of ⟨ψinit| c†αcβ |ψinit⟩,
since flipping two bits within or across sites result in an orthogonal state.

b. Density-Density correlators

The observable of interest is

⟨ψinit(t)| c†i cic†jcj |ψinit(t)⟩ = ⟨ψinit| eiHtc†i cic
†
jcje

−iHt |ψinit⟩ (E5)

=
∑

α,β,γ,η

Rα,iR
∗
β,iRγ,jR

∗
η,j ⟨ψinit| c†αcβc†γcη |ψinit⟩ (E6)

Note that since ψinit is not a fermionic Gaussian state, one cannot simply compute this with a determinant/pfaffian. Hence, we
need to consider the exponential (2L)P mode combinations in the sum. Here, P = 4 is the fermionic operator weight. However,
for the special case of P = 4, the computational complexity can be reduced to scale as O(L2) due to the structure of the initial
state.
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The term c†αcβc
†
γcη flips four qubits, turning |ψinit⟩ → |ψ′init⟩. The structure of a triplet state over sites a and b is given by

1√
2
(|1i,↑0i,↓0j,↑1j,↓⟩ − |0i,↑1i,↓1j,↑0j,↓⟩) (E7)

and the only way to have a non-vanishing overlap with itself is to flip all four qubits. For a lonely site, the only non-vanishing
overlap with itself is to flip nothing. Thus, out of all the possible combinations of 1, 2, 3 and 4 distinct/unique values of α, β, γ
and η, for a non-trivial overlap one only needs to consider the cases where the indices land on a single or a pair of physical sites.

a. Four distinct indices All non-trivial combinations of distinct α, β, γ and η must be within a single triplet. The contribu-
tion to the total correlator becomes

⟨ninj⟩4 distinct(t) =

Ntriplets∑
(i,j)

( ∑
α,β,γ,η∈perm[i↑,i↓,j↑,j↓]

Rα,iR
∗
β,iRγ,jR

∗
η,j

× 1

2
⟨Ω| (c†i,↑c

†
j,↓ + c†i,↓c

†
j,↑)
†c†αcβc

†
γcη(c

†
i,↑c
†
j,↓ + c†i,↓c

†
j,↑) |Ω⟩

)
(E8)

where |Ω⟩ is the vacuum Fock state. Perm denotes the permutations of the list and (i, j) denote the pairs of site indices forming
the triplet covering.

b. Two distinct indices There are two unique cases here, α = β, γ = η or α = η, β = γ, as only number operators are
non-trivial. For both conditions, the two distinct mode indices can be

1. Within the same triplet.
2. Across two triplets.
3. Within a lonely site.
4. Across two lonely sites.
5. Between a triplet and a lonely site.

(E9)

The total correlator becomes

⟨ninj⟩2 distinct(t) =
∑
(i,j)

( ∑
α,γ∈perm[i↑,i↓,j↑,j↓]

|Rα,i|2|Rγ,j |2 ⟨Ω| C†i,jnαnγCi,j |Ω⟩

+
∑

α,β∈perm[i↑,i↓,j↑,j↓]
Rα,iR

∗
β,iRβ,jR

∗
α,j ⟨Ω| C†i,jnα(1− nβ)Ci,j |Ω⟩

)
(E10)

where (i, j) denote the pairs of site indices across all the conditions outlined in Equation (E9). C is the creation operator of the
initial state type across sites i and j.

c. One distinct index This is similar to the case of the number operator discussed in Section E 1 a, i.e.

⟨ninj⟩1 distinct(t) =
∑
α

2L∑
i

|Rα,i|2|Rα,j |2 ⟨ψinit|ni |ψinit⟩ (E11)

where i now runs over all modes.
The case of three distinct indices is trivially zero because in c†αcβc

†
γcη , there is either a double creation or annihilation acting

on the same mode. Finally,

⟨ninj⟩(t) = ⟨ninj⟩1 distinct(t) + ⟨ninj⟩2 distinct(t) + ⟨ninj⟩4 distinct(t) (E12)

which scales as O(L2) from the combination of two sites.

c. Alternative observables not implemented: arbitrary weight Pauli Z observables

The speedups discussed in Section E 1 allow for fast computations of ⟨Z⟩(t) and ⟨ZZ⟩(t) correlators that do not scale expo-
nentially with system size. In general, it will be helpful to compute arbitrary weight P observables of the form

⟨
∏
k

Zk⟩(t) = ⟨ψinit| eiHt

(
P∏
k

Zk

)
e−iHt |ψinit⟩ , (E13)
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should they be needed for more error mitigation, such as with TFLO. Here, we leverage the fact that the Pauli Zk operator on
mode k is a FLO unitary, i.e.

Zk = −ieiπ
2 (1−2c†kck), (E14)

and expand the initial state into its Fock state decomposition,

|ψinit⟩ =
∑
m

αm

(
W∏
i=1

c†mi

)
|Ω⟩ (E15)

where mi runs over the modes making up the Fock state f with complex coefficient αm and |Ω⟩ is the vacuum state. W is the
hamming weight of all the Fock states making up |ψinit⟩

⟨
∏
k

Zk⟩(t) =
∑
m,m′

α∗m′αm ⟨Ω|
( W∏

i=1

c†m′
i

)†
eiHt

( P∏
k

Zk

)
e−iHt

( W∏
i=1

c†mi

)
|Ω⟩ (E16)

=
∑
m,m′

α∗m′αm

( ∑
q1,...,qW

(

1∏
i=W

R∗qi,m′
i
)

)
⟨Ω| cqW . . . cq1c

†
m1

. . . c†mW
|Ω⟩ (E17)

=
∑
m,m′

α∗m′αm

( ∑
q1,...,qW

(

1∏
i=W

R∗qi,m′
i
)

)
sgn
(
σm1,...,mW

q1,...,qW

)
(E18)

=
∑
m,m′

α∗m′αmdet

 (m1) R∗m1,m′
1

R∗m1,m′
2
. . . R∗m1,m′

W

... . . . . . .
...

(mW ) R∗mW ,m′
1

R∗mW ,m′
2
. . . R∗mW ,m′

W

 (E19)

where R = eiht
(∏P

k −ieiπ
2 diag(−1)k

)
e−iht is the 2L × 2L matrix from the combination of the FLO time dynamics unitaries

and Pauli Z tensor products. The values m1 and mW marked in grey denote the row indices; they are relative to each other and
do not participate in the determinant. For example, if m2 −m1 > 1 but m1 + 1 does not exist as an index, then the m2 row is
directly below the m1 row. Therefore, the absolute values of m1, . . . ,mW are not the actual row indices but give their relative
position to each other so as not to wrongfully pick up an additional −1. This factor will not be a problem if the initial state
was FLO, whereby the superposition is no longer necessary. Note that if the fixed values of m1, . . . ,mW are monotonically
increasing, this becomes the conventional definition of a determinant. sgn(σB

A ) is equal to (−1)PAB , where PAB is the number
of swaps to permute the set of indices A to match B.

For the triplet covering considered in the main text, |αm| = ( 1√
2
)Ntriplets . Thus, as equation Equation (E19) suggests, the cost

of simulating any weight P Pauli Z observable is bottlenecked by the summation over (4Ntriplets) combinations of Fock states
from the initial state, and not P . The total cost of performing TFLO corrections for Wilson loops such as that in Figure 10 will
practically scale as O(4Ntriplets)×NT ×Nloops for the NT = 20 time steps taking in the experiment and there are Nloops = 4182
Wilson loops considered with Area = 12. Not only is this numerically demanding, but TFLO is not guaranteed to be successful
since each Wilson loop’s time dynamics signal may vary too little for a good linear map fitting. As a result, we omit attempting
TFLO on the Wilson observables discussed in the main text.

2. Sampling from the triplet Magic state

The ability to sample bitstrings from the triplet state can also be beneficial. For example, one can compare the sampled
distribution against hardware to understand noise. Alternatively, it can be used to compute observables such as those discussed
in Section E 1 c in the non-Gaussian context, to be used as TFLO training data.

Several existing algorithms would be applicable to sample from the magic state. To simulate measurements from a pure FLO
system, one can employ the qubit-by-qubit sampling scheme proposed by Terhal and DiVincenzo [29] with a naive time complex-
ity upper bound of O(N4) for an N -mode measurement. This was subsequently improved upon by Bravyi and König [81, 82]
to an upper bound of O(N3). Since the triplet covering initial state is a linear combination of FLO states but not FLO itself,
naively applying the qubit-by-qubit sampling algorithm requires computations of overlaps of the form

⟨ψFLO(t)| Ô |ϕFLO(t)⟩ (E20)



41

where keeping track of phases is important, as ψFLO(t) and ϕFLO(t) are different FLO states, and O is some FLO operator/linear
combinations of FLO operators. This can be done via the method developed by Bravyi and Gosset [83], which generalizes Wick’s
theorem to compute matrix elements of exactly this type of Gaussian state overlaps. Although the theory exists, sampling from
the magic state was not implemented again due to the exponential cost arising from the number of triplets in the initial state.
Alternatively, a gate-by-gate sampling method proposed by Bravyi et al. [84] or the sampling scheme proposed by Reardon-
Smith et al. [78] are also viable but again hindered by the exponential cost of the triplet initial state. For these reasons, we
omitted the implementation and analysis of magic state sampling.
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Appendix F: Majorana Propagation Simulations
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FIG. 32. Majorana propagation simulations time series for different lengths and coefficient truncation thresholds at U = 4. The left panel
shows the number of doublons shown in Figure 2 of the main text, while the right panel shows the connected spin correlation function also
shown in Figure 2 of the main text.
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FIG. 33. Majorana propagation simulations time series of the open Wilson lines Equation (7) of length 3 and 5. The U = 0 simulation was
run at weight threshold 12 (the maximum weight of that observable) and the U = 4 simulation at weight threshold 16. Even when lowering
the coefficient threshold to 2× 10−5 the results quickly diverge from the physically more sensible results reported in Figure 6.
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FIG. 34. Spreading of the observables over the Majorana weight sectors as they Heisenberg evolve through the circuit for number of doublons
(left) and connected spin correlation function (right) at all simulated times for U = 4. Note that for the MP simulations we wrote the circuit
entirely in the fermionic language, i.e. as a sequence of hopping and onsite evolutions instead of a hardware native sequence of single qubit and
Rzz gates. This means the gate count for MP simulations is much lower than for the hardware circuits, even though they describe equivalent
unitaries.
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Observable Total runtime
ntriplets 152 hours
Ndoublons 22 hours
n1,0,↓ 9 hours
Sz
0,2S

z
1,2 53 hours

Vhd(3) 243 hours
Vhd(5) 29 hours

TABLE IV. Total simulation cost for the Majorana propagation simulations reported. Note that the 29 hours reported for Vhd(5) were stopped
early when it became evident that these simulations would not converge to quantitatively accurate results.

Besides the tensor network simulations discussed in Section G, we also implemented the Majorana Propagation (MP) al-
gorithm first proposed in [34]. It computes expectation values of observables by writing them as polynomials of Majorana
operators, Heisenberg evolving these Majorana polynomials through the circuit and then computing the overlap of the Heisen-
berg evolved observable with the initial state. To keep the simulation feasible, the Majorana monomial is regularly truncated
throughout the simulation by discarding terms whose coefficient is below a given coefficient threshold or whose Majorana weight
is above a given weight threshold. For the latter truncation, it is important to note that the only gates in our circuits that increase
the Majorana weight are evolution with the onsite terms, but that the majority of gates (FSWAP and hopping) leave the Majorana
weight of each term unchanged. Furthermore, many observables of physical interest (in particular the triplet density Equation (5)
and the number of doublons Equation (4)) have only low Majorana weight. This makes the Majorana Propagation algorithm
a natural candidate to simulate the time series shown in Figure 2. Our implementation is largely inspired by the implemen-
tation of the related Pauli Propagation algorithm [85, 86] in Ref. [87] and is built on top of the Yao.jl quantum simulation
framework [88].

One part of the Majorana propagation simulation that is not entirely straightforward is handling the triplets in the initial state.
Naively, we could simply absorb the state preparation circuit Equation (C30) into the Heisenberg evolution and then compute
the overlap with the computational zero state. But this would exponentially increase the number of terms in the Majorana
polynomial (relative to the number of triplets) and would have prohibitive memory requirements. However, because we know
that state preparation circuits are the last (in the Heisenberg picture) gates acting on the four qubits involved, we can discard all
terms that are orthogonal to the zero-state on these four qubits. This implies that the presence of the triplets in the initial state
does not increase the hardness of computing expectation values using MP.

To assess the accuracy of our Majorana propagation simulations we ran each simulation at various coefficient and weight
thresholds up to a length threshold of 10 and a weight threshold of 3 × 10−5. The results of these various simulations are
compared in Figures 32 and 33. For Ndoublons and ntriplets, we observe that decreasing the coefficient threshold has relatively little
effect. Additionally, once we include the Majorana weight 6 sector, the time series changes little. This suggests that the time
series of Ndoublons and ntriplets presented in the main text are quantitatively accurate. On the other hand, for the two open Wilson
lines Vhd(3) and Vhd(5), the time series vary wildly as the truncation parameters are changed, even for U = 0. This suggests
that the MP simulations of Vhd(3) and Vhd(5) are not reflective of the exact values in the absence of truncation.

In Figure 34 we also visualise how the Majorana polynomials spread over the different Majorana weight sectors as they
Heisenberg evolve through the circuit. The connected spin correlation function begins fully supported in the weight 4 sector
and then spreads to the higher weight sectors, while the number of doublons is consistently supported in the weight 2 sector and
spreads much less to the higher weight sectors. This indicates that the number of doublons is easier to simulate for MP than the
connected spin correlation function. Note that for the observables in question, the simulations for U = 0 are essentially exact
because the Majorana weight of each term in the Majorana polynomial is never increased, and the weight 2 and 4 sectors can be
simulated without any need for truncation.
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Appendix G: Tensor Network Simulations

We used a variety of tensor network methods to attempt to simulate the experiments we performed. These included the
time-dependent variational principle (TDVP), direct circuit contraction, and fermionic matrix product states.

1. Time Dependent Variational Principle

A common algorithm for the simulation of the time evolution of quantum systems is the time-dependent variational principle
(TDVP) [32]. We found TDVP to be the most effective tensor network method we used, so the figures throughout this article,
used for comparison against results from hardware, report TDVP outputs. We use the implementation in Tenpy [89], namely the
TwoSiteTDVPEngine. We vary bond dimension as seen in analysis throughout, but fix hyperparameters in all simulations:
we iteratively evolve each system for ∆t = 0.01, and set the threshold for truncation in the Singular Value Decomposition
(SVD) subroutine at 10−10.
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FIG. 35. Infidelity of TDVP for a 3 × 3 FH model with U = 0. (a) Comparison with simulation via quantum circuits. The solid (dashed)
lines show simulation via TDVP (circuit emulation). The blue line shows χ = 2N = 512, while red line shows χ = 2N−3 = 64. The green
(orange) lines simulate the same configuration through an 18-qubit quantum circuit, following the same circuit structure as our experiment,
i.e., four 2nd order Trotter steps (two 1st order steps). (b) Infidelity of TDVP for varying χ and ∆t.

To validate the correctness of our TDVP and experimental implementation, in Figure 35 we compare the state infidelity
achieved by TDVP against that of our circuits, for a 3 × 3 FH model. In all cases, statevector fidelity is with respect to exact
diagonalisation through Quspin [90]. We prepare a state of similar structure to that used in our experiment, i.e., a double-periodic
lattice with two holons, one doublon, and triplet pairs between remaining sites. We set U = 0, ϕ = 0.5 in Equation (1). Our
system thus has 9 sites, with 8 occupied modes. Tensor network representations of quantum systems are characterised by their
number of sites, N , and physical dimension, d, i.e., each site corresponds to a d-dimensional Hilbert space. An MPS simulation
can completely capture the state of a target system given a bond dimension χ = d

N
2 , as stated in Ref. [91, Theorem 1]. For

fermionic systems such as the FH model under study, there are 4 available occupation levels for each site (|⟩ , |↑⟩ , |↓⟩ , |↑↓⟩), so
d = 4 and hence we require χ = 2N to fully represent these systems, while an MPS with χ < 2N provides an approximate
(inexact) model of the system.

We see the difference in accuracy in Figure 35(a): the blue (red) line represents an MPS of χ = 2N = 512 (χ = 2N−3 = 64).
The constant infidelity of the χ = 2N line indicates the error due to the choice of ∆t; decreasing ∆t improves the fidelity at
the cost of a higher run time. The circuit infidelities indicate a decrease in Trotter error as the circuit is given a higher Trotter
order and more Trotter steps. In cases where the bond dimension is insufficient (for TDVP) or the number of Trotter steps is
insufficient (for the quantum circuits), infidelity increases with time.

In Figure 35(b) we examine the effect of bond dimension, χ, and time step, ∆t, on the evolution through TDVP as a function of
time, by computing the state infidelity with respect to evolution of the same model with Quspin [90], which can exactly compute
time evolution for this system size. We study a 3×3 FH model of the same structure as in the main text, i.e. J = 1, U = 4, ϕ = π
in Equation (1) and with periodic boundary conditions on a chain of triplet pairs, with one holon and one doublon. We see that,
where the bond dimension is sufficient to capture the entire state, i.e. χ = 2N = 512, and after a few time steps, at which point
the bond dimension is reached, the error is determined solely by the time step. In the regime χ < 2N , however, the error is
not fixed and grows with time. The choice of time step directly determines the run time of the TDVP instance: we run Tmax

∆t
iterations of the algorithm, which take roughly the same time each (provided the MPS has reached the full bond dimension,
which occurs at early times for large systems). For the largest systems under study, we know that we cannot provide a large
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FIG. 36. Time and memory requirements for the TDVP algorithm to simulate the 4× 7 FH model, as a function of bond dimension χ. These
requirements refer to running on a 2.6 GHz Intel Cascade Lake processor with 8 CPUs. The time reported on the left-hand y-axis is to simulate
the complete timeseries, i.e., up to T = 2 in time steps ∆t = 0.01, with an SVD truncation threshold of 10−10. The right-hand y-axis shows
the RAM requirements for the same instances, which correspond to the green stars.

−0.03

−0.02

−0.01

0.00

〈Z
Z
〉

Time = 0.1

Regression fit

Time = 0.5 Time = 1.0

0
2
−1

1

2
−1

0
2
−9

2
−8

χ−1

−0.03

−0.02

−0.01

0.00

〈Z
Z
〉

Time = 1.3

0
2
−1

1

2
−1

0
2
−9

2
−8

χ−1

Time = 1.5

0
2
−1

1

2
−1

0
2
−9

2
−8

χ−1

Time = 2.0

(a)

0.0 0.5 1.0 1.5 2.0
Time

−0.06

−0.04

−0.02

0.00

〈Z
Z
〉

〈Z(0,1),↑Z(2,2),↑〉

χ = 256
χ = 512
χ = 1024
χ = 2048
χ→∞
FLO

(b)

FIG. 37. (a) Extrapolation of observables to χ = ∞. Blue dots are computed through TDVP with χ, and a linear regression is fit through χ−1.
The intercepts of the regression (red stars) are taken as estimates of the observable at χ−1 = 0, i.e., to estimate the observable at χ → ∞. (b)
Dynamics of ⟨ZZ⟩ on sites (0, 1), (1, 2) for |↑↑⟩. The true dynamics, computed through FLO, are shown in black.

enough bond dimension to capture the state fully; therefore, we opt for a small ∆t to give the TDVP routine a fair opportunity
to match or outperform the experiment. Throughout this work, we have fixed ∆t = 0.01 to achieve a balance between accuracy
and practical runtime. We also fix the truncation threshold at 10−10 within the singular value decomposition subroutine.

A practical consideration for the implementation of TDVP are the runtime requirements, as shown in Figure 36. We performed
our simulations on the Google Cloud Platform with virtual machines of type n2-highmem-32,i.e. on Intel Lake 2.6 GHz
processors with 8 vCPUs and 12 GB RAM per TDVP instance [92]. Evidently, the gains in accuracy from higher bond dimension
incur significant computational time and cost. We deem ∼ 2 weeks for a single TDVP run to be feasible, but any meaningful
boost to χ will yield calculations potentially lasting several months and tens of gigabytes of random access memory (RAM),
without guaranteeing convergence in observables. In comparison, we saw in Section C 7 that the total run time on the quantum
device was 4.5 hours, i.e. 2.25 hours per timeseries, albeit with additional overhead for compilation and queueing for access to
the device.

Following the procedure described in [27], we extrapolate our observables in an attempt to find more accurate approximations.
Given access to observables for ⟨O⟩ ∈ {⟨Z⟩, ⟨ZZ⟩} at all evolution times for χ ∈ {28, 29, 210, 211}, we we wish to estimate the
observable as computed by a tensor network of higher bond dimension. We perform linear regression on the set (χ−1, ⟨Oχ⟩),
and take the intercept of the regression as the estimate of the observable at χ−1 = 0, i.e. χ → ∞. Figure 37 illustrates this
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regression for a single observable, along with the resulting dynamics. We repeat this procedure on all ⟨O⟩ ∈ {⟨Z⟩, ⟨ZZ⟩}, for
each combination of (U, t) and report these results as χ→ ∞ throughout.

2. Direct circuit contraction with quimb

In this section, we quantify the space and time complexity for the exact contraction of the tensor network corresponding to the
experimental quantum circuits. To do this, we use the rehearse feature of the quimb package [93], which allows us to estimate
the complexity of contraction without the need to contract the tensor network explicitly. When contracting a tensor network, one
has to consider both the contraction cost C, which is an estimate of the time complexity of the contraction, and the contraction
widthW , which represents the size of the largest intermediate tensor occurring in the contraction and which is directly connected
to the memory required to store it.
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FIG. 38. Time and space complexity of the contraction of the quantum circuit with U = 4 for different system sizes, Lx and Ly . a) Contraction
cost C and b) contraction width W of the largest intermediate tensor to compute a single amplitude via exact contraction of the tensor network
with quimb. For a complex tensor with single precision, the contraction cost can be converted into FLOPs as FLOPs = 8C , while the
memory required to store a tensor with width W is RAM (GB) = 2W ×8/2030. In a), the horizontal dashed line represents approximately the
number of FLOPs corresponding to 100 days of computation on the supercomputer Summit [94]. All the hyper-optimisers have run on four
threads with the same time cutoff (six hours).

In Figure 38 we show both the contraction cost C and contraction width W associated with the computation of a single
amplitude [95] for different system sizes, Lx and Ly . We used three high-quality cotengra [94] hyper-optimisers with subtree
reorganisation to find the optimal contraction path, namely, an unconstrained one targeting both cost and width, and two hyper-
optimisers with dynamic index slicing with target sizes Wmax = 27 and Wmax = 32, respectively [94, 96, 97]. Recalling that
storing a complex, single-precision tensor with width W requires 2W × 8/2030 GB of memory, the two target widths Wmax

correspond to a memory of 1GB and 32GB, respectively. The latter values have been chosen such that the contraction can be
performed on a commercial GPU (Wmax = 28) or on an HPC GPU cluster (Wmax = 32). Indeed, note that this is the memory
required to store the largest intermediate tensor, so for a whole computation, one usually has to take into account an additional
buffer factor of ≈ 4 [94]. As can be seen in Figure 38, dynamic slicing makes it possible to trade memory for time complexity.
The latter is measured by the contraction cost C, which for a complex tensor with single precision translates to 8 × 10C real
FLOPs. In panel c), we draw a horizontal line that approximately corresponds to a computational time of 100 days on the
Summit supercomputer (281 petaFLOPs [94, 98]). From Figure 38, it is therefore clear that the exact contraction of the tensor
network corresponding to a 6× 4 instance is already unrealistic (note that the memory required by unconstrained contraction is
larger than 107 GB).
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3. Fermionic Matrix Product States

We implement further algorithms for time dynamics simulation of the FH model through the MPS-FQE package [33]. We
solve the time-dependent Schrödinger equation with two methods: time-dependent version of the density matrix renormalisation
group (TD-DMRG) within the MPS/MPO framework and an explicit fourth-order Runge–Kutta (RK4) integrator applied to the
MPS representation with compression at each step. Both of these techniques use the Runge-Kutta formula. TD-DMRG updates
the MPS tensors in time while controlling bond dimensions via truncation of the reduced density matrices to retain the most
relevant Schmidt coefficients in the singular value decomposition. The RK4 method corresponds to a global RK4 propagation
via repeated MPO applications.

For both of these methods, as well as TDVP, we assessed the accuracy, stability and algorithmic cost with respect to exact evo-
lution, computed through Quspin [90]. The truncation error accumulates for long-time dynamics, as expected for the genuinely
two-dimensional system under study, since the entanglement growth shows volume-law behavior. The TD-DMRG method suf-
fers when targeting the basis, due to the level of truncation. On the other hand, the RK4 scheme outperforms TD-DMRG when
small time steps are used, but loses fidelity due to the compression steps, which make the evolution non-unitary. The RDM
used for optimising the basis targets multiple times within each step of time evolution to preserve the evolving subspace, thus
avoiding a Trotter factorisation. We ran TD-DMRG++ ([99]), which improves the accuracy at fixed bond dimension by using
independent MPS to represent states at different times.

In contrast, the TDVP family of approaches offers variationally consistent flows and preserves unitarity better than TD-DMRG
and RK4, which prove crucial when the matrix product operator contains long-range coupling from the 2D-to-1D mapping. This
is achieved by enforcing a variationally consistent, norm-conserving evolution within the MPS manifold, handling the MPO
long-range terms without Trotterization. The TDVP method, therefore, is more suitable for the 2D problem of the main text,
as for higher times, the aggressive truncation needed in the TD-DMRG or RK4 methods is penalised by effective long-range
couplings from the Jordan-Wigner mapping.
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FIG. 39. Error in expectation value of density-density correlation n0n8, i.e. the correlation between the furthest sites of a 3×3 square
Fermi-Hubbard model with open boundary conditions. TDVP (solid), TK4 (dotted) and TD-DMRG (dashed) are shown for two values of
bond dimension, χ = 64 (red) and χ = 128 (blue).

We investigated non-local correlated observables for the 3×3 FH lattice with open boundary conditions. In Figure 39, we see
that, in the non-interacting limit (U = 0), the long-time dynamics computed with restricted bond dimensions exhibit significant
deviations from the exact solution, when we considered the density-density correlations between the first and last sites of the
lattice. Among the methods considered, TDVP provides the best accuracy compared to both TD-DMRG and the RK4 scheme.
We hence conclude that TD-DMRG and RK4 techniques are less suited to the problem under study in our main text, and therefore
include TDVP to represent tensor network simulations throughout.
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4. Compressed MPS

The final technique considered for the simulation of time dynamics is to group several lattice sites together within the MPS.
That is, instead of a lattice of size Lx ×Ly sites, each with d = 4, we group the sites along Lx into a single super site, such that
we build a lattice of size 1× 7 with d = 4Lx .
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FIG. 40. Errors in density observable computed through TDVP using standard MPS structure compared with compressed MPS structure.

We wish to determine whether this technique can outperform TDVP as described in Section G 1. For a fair comparison,
we keep resources constant, i.e. we limit RAM to ∼ 10GiB, which allows χ = 24 = 16 for the compressed method and
χ = 211 = 2048 for the standard MPS. Figure 40 shows how closely each method can recover the exact dynamics of a 4× 7 FH
model with U = 0, for which the ground truth can be computed through FLO. We see that, while the compressed MPS technique
can faithfully match the dynamics at low times, the standard MPS performs more reliably up to T ≈ 0.5, and both methods
struggle similarly at higher times. Ultimately, although the compressed technique is similarly viable for TDVP of this system, it
does not clearly outperform the standard MPS, and we hence opt to use the more widely accepted standard MPS throughout.

5. Density Matrix Renormalization Group

The ground state of the Hubbard model is estimated using the density matrix renormalisation group (DMRG) procedure [100].
We use the DMRG algorithm implemented in the ITensor Julia package [101, 102]. We start the DMRG algorithm with an initial
state in the correct number sector and set the option to preserve quantum numbers during the DMRG procedure. Doing this
reduces the amount of memory required and can speed up the code. For all runs of the algorithm, the cutoff is fixed at 10−7 and
50 sweeps are done, but in Figure 41 we present results where the maximum bond dimension is varied. This figure demonstrates
the convergence of DMRG as the bond dimension is increased and justifies our choice of bond dimension 4096 in Figure 11 as
a reasonable approximation to the actual ground state.

FIG. 41. DMRG ground energies for varying maximum bond dimension, for a 4 × 7 Fermi-Hubbard model at half-filling with periodic
boundary conditions and a flux of π.
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Appendix H: Cross-Entropy Benchmarking with FLO

The method of cross-entropy benchmarking (XEB) [103–107] is by now well-established in the context of random quantum
circuits, as well as limited classes of circuits that allow efficient polynomial time computation of output amplitudes [108, 109]
and also quantum time evolution of physical systems [106, 110]. In this work, we combine the latter two attributes into one
protocol, leveraging the fact that amplitudes of the ideal U = 0 Near FLO time evolution can be exactly computed by practically
efficient determinant methods described in Section E. The cross-entropy estimators we compute are

XE(generator||FLO) = ⟨log2(1/pFLO)⟩generator

for the various choices of sample generators: experiment (exp), MPS, uniform (baseline) (see Figure 42. Here we are using pFLO
as the ideal model and testing the “surprisal” of applying this model to the different sample sets generated by the experiment, the
highest bond dimension MPS (χ = 2048), and a uniform sample generator. Low scores are better in that they correspond to less
surprise at the samples that are seen, but note that just like XEB for random circuits this is not meant to be a strict test of fidelity
(it can be “spoofed” by low Shannon entropy distributions that output strings with a large value of pFLO), rather it is meant to
compare “honest” alternatives to the quantum circuit such as the large bond dimension MPS approximation we consider.

Since the various sample generators occasionally produce bit strings z with extremely small probability pFLO(z), a technical
caveat is that we eliminate divergences in the log function by including some uniform noise in the ideal model

pϵ(z) = (1− ϵ)pFLO(z) + ϵ/D (H1)

where D =
(
28
14

)2
is the dimension of the system and ϵ = 0.1 is chosen in Figure 42.

1. Experimental advantage in sampling.

When the difference in cross entropy XE(generator||FLO) between two sample generators is r = XE(g1||FLO) −
XE(g2||FLO) bits, then the set of M samples from g2 is 2rM times less surprising to see when one is expecting the sam-
ples to come from pFLO. This means that a decrease in the LogXEB value increases the likelihood of the model exponentially in
the number of samples (according to this particular test). At evolution time t = 2, the experimental estimator improves on the
MPS by 1.5 bits in expectation, a difference which is larger than the standard error (the MPS and uniform results are computed
with 1000 samples per time point, and so the standard error is small on this scale).

The results indicate a decisive advantage for the experiment over the χ = 2048 bond dimension MPS as a sample generator.
The experiment achieves this advantage despite the fact that the ideal FLO model and the MPS are untrotterized models of the
continuous time evolution. Suppose one considers constraining to “honest” sample generators that reproduce local expectations
as well as the MPS in Section G. In that case, the results support the conclusion that the experiment is the best sample generator
we know of (since it is practical to compute Near FLO amplitudes, but not to sample from the output distribution).

2. Modeling circuit fidelity with LogXEB

The term “benchmarking” in XEB refers to an estimate of circuit fidelity. Usually, this is done by computing the linear
XEB estimators ⟨pFLO⟩generator for the various sample generators, and then scaling and shifting them to relate to an estimate
of the circuit fidelity F under the global depolarizing model. Instead, we devise an alternate approach to estimate the global
circuit fidelity under the global depolarising model, by minimizing the LogXEB score XE(exp||FLO, ϵ) = ⟨log(1/pFLO,ϵ)⟩exp
for the distribution (H1) as a function of ϵ. This noise estimation is a proper scoring rule with a fixed sample generator and a
parameterized class of models: at each time point, we can apply it to extract the most likely ϵ among this set of models. The
value of the optimised circuit infidelity ϵ∗ is shown as a function of time in Figure 42, and the resulting cross entropy estimators
in Figure 43 indicate an even larger advantage for quantum hardware over the MPS at late times.
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