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Abstract

The circumference denoted by c(G) of a graph G is the length of its longest cycle.

Let δ(G) and ω(G) denote the minimum degree and the clique number of a graph G,

respectively. In [Electron. J. Combin. 31(4)(2024) #P4.65], Yuan proved that if G is a

2-connected graph of order n, then c(G) ≥ min{n, ω(G) + δ(G)} unless G is one of two

specific graphs. In this paper, we prove a stability result for the theorem of Erdős and

Gallai, thereby helping us to characterize all 2-connected non-hamiltonian graphs whose

circumference equals the sum of their clique number and minimum degree. Combining

this with Yuan’s result, one can deduce that if G is a 2-connected graph of order n, then

c(G) ≥ min{n, ω(G) + δ(G) + 1}, unless G belongs to certain specified graph classes.
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1 Introduction

We consider finite simple graphs. For any undefined terminology or notation, we refer the

reader to the books [1, 17]. The order of a graph is its number of vertices, and the circum-

ference denoted by c(G) of a graph G is the length of its longest cycle. The clique number

of a graph G, written ω(G), is the maximum cardinality of a clique in G. Let δ(G) denote

the minimum degree of a graph G.

A k-cycle is a cycle of length k. We denote by Kn and Ks,t the complete graph of order n

and the complete bipartite graph whose partite sets have cardinality s and t, respectively. Let

G denote the complement of a graph G. For graphs we will use equality up to isomorphism,

so G = H means that G and H are isomorphic. For two graphs G and H , H ⊆ G means
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that H is a subgraph of G and G ∨H denotes the join of G and H , which is obtained from

the disjoint union G+H by adding edges joining every vertex of G to every vertex of H.

The study of the longest cycle in graphs has been a central topic in extremal and structural

graph theory. In 1952, a fundamental result of Dirac [5] states that any 2-connected graph

G of order n satisfies c(G) ≥ min{n, 2δ(G)}. Ore [13] proved that for any 2-connected non-

hamiltonian graph G with δ(G) = k, c(G) = 2k holds precisely when Kk∨Ks ⊆ G ⊆ Kk∨Ks

for some s ≥ k + 1. Voss [16] strengthened Dirac’s theorem by raising the lower bound on

c(G) by two, and provided a characterization of all extremal graphs achieving this bound. In

2023, a new proof of Voss’s theorem was presented by Zhu, Győri, He, Lv, Salia, and Xiao

[20], where they further highlighted the theorem’s versatility by applying it to a range of

generalized Turán problems. Bondy [2] proved that for any 2-connected graph G of order n,

if every vertex except for at most one vertex is of degree at least k, then c(G) ≥ min{2k, n}.

In 2025, Ning and Yuan [12] proved a stability result of Bondy’s theorem which also improved

Voss’s theorem. For other relevant work, see [8–10, 15].

For integers n ≥ ω + δ > 2δ, let H(n, ω, δ) = Kδ ∨ (Kω−δ + Kn−ω). For integers n =

ω− 2 + l(δ− 1) + 2 with ω > δ and l ≥ 2, let Z(n, ω, δ) = K2 ∨ (Kω−2 + lKδ−1). Clearly, the

minimum degree, the clique number and the circumference of H(n, ω, δ) and Z(n, ω, δ) are

δ, ω and ω + δ − 1, respectively.

In 2024, Yuan [19] proved the following result on the circumference involving the minimum

degree and the clique number of a graph.

Theorem 1.1 (Yuan [19]). Let G be a 2-connected graph of order n with clique number ω

and minimum degree δ. Then c(G) ≥ min{n, ω + δ} unless G = H(n, ω, δ) or Z(n, ω, δ).

Moreover, Yuan [18] used Theorem 1.1 to prove a longstanding conjecture of Erdős,

Simonovits and Sós [3](determining the maximum number of edge colors in a complete graph

such that there is no rainbow path of given length). In 2024, Ma and Yuan [11] improved

the result of Füredi, Kostochka, Luo and Verstraëte in [6, 7] by combining Theorem 1.1 with

a stability result of the well-known Pósa lemma.

This paper aims to establish a stability version of Theorem 1.1 by characterizing all 2-

connected non-hamiltonian graphs whose circumference equals the sum of their clique number

and minimum degree. Before presenting our main result, we first introduce the following

graph classes.

Notation 1.2. For integers n ≥ ω + δ + 1 ≥ 2δ + 1, let H1(n, ω + 1, δ) = Kδ ∨ (Kω+1−δ +

Kn−ω−1). For integers n ≥ ω+δ+1 ≥ 2δ+3, let H1(n, ω, δ+1) = Kδ+1∨(Kω−1−δ+Kn−ω). For

integers n = ω−1+l(δ−1)+2 with ω ≥ δ and l ≥ 2, let H2(n, ω+1, δ) = K2∨(Kω−1+lKδ−1)

(see Figure 1).

Clearly, the minimum degree, the clique number and the circumference of H1(n, ω+ 1, δ)

and H2(n, ω+1, δ) are δ, ω+1 and ω+ δ, respectively. And the minimum degree, the clique

number and the circumference of H1(n, ω, δ + 1) are δ + 1, ω and ω + δ, respectively.
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Figure 1: The vertices in each gray ellipse induce a complete graph.

Notation 1.3. For integers n = ω+b1+b2 with ω ≥ 4 and min{b1, b2} ≥ 2, let H3(n, ω, 2) be

the graph of order n with a vertex partition A∪B1 ∪B2 with sizes ω, b1 and b2 respectively,

whose edge set consists of all edges in A, all edges between {v1, v2} ⊆ A and B1 and all edges

between {v3, v4} ⊆ A and B2, where {v1, v2} ∩ {v3, v4} = ∅ (see Figure 2).

Note that δ(H3(n, ω, 2)) = 2, ω(H3(n, ω, 2)) = ω and c(H3(n, ω, 2)) = ω + 2.

Notation 1.4. For integers n = ω + l1 + 2l2 with ω > 3 and l1 + l2 ≥ 3, let R1 = C1 ∨

(Kω−3 +K l1) with C1 = K3. Let H4(n, ω, 3) be the graph obtained from R1 by adding l2K2,

each joining the same two common vertices of C1 (see Figure 2).

Note that δ(H4(n, ω, 3)) = 3, ω(H4(n, ω, 3)) = ω and c(H4(n, ω, 3)) = ω + 3.

Figure 2: The vertices in each gray ellipse induce a complete graph.

Notation 1.5. For integers n ≥ ω+ δ+1 > 2δ+1, let G1 = Kδ ∨ (Kω−δ +K2+Kn−ω−2)(see

Figure 3).

Note that δ(G1) = δ, ω(G1) = ω and c(G1) = ω + δ.

For positive integers ni, hi, δ and l with ni = hi(δ − 1) + 1 and hi ≥ 2, let Li(δ) =

K1 ∨ hiKδ−1. Let L(δ) = L1(δ) + L2(δ) + · · ·+ Ll(δ), and let S is the union of stars of order

at least four.
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Notation 1.6. For integers n = ω + (l1 + l3)(δ − 1) + l2δ + |S| + |L(δ)| with l1 + l2 ≥ 1,

|S| ≥ 0, |L(δ)| ≥ 0, l3 ≥ 2 and ω > δ, let T1 = A1 ∨ (Kω−2 + l1Kδ−1 + l2Kδ + S) where

A1 = a1a2 is an edge and let T2 = A2 ∨ l3Kδ−1 with A2 = K2. Let T3 be the graph of order

n from T1 and L(δ) by taking the join of a1 with L(δ) and by adding edges from a2 to the

cut-vertex of each component of L(δ). Let G2 = T3, where T3 satisfies two conditions: T3 is

non-hamiltonian and c(T3) = ω + δ (see Figure 3). Let G3 be the graph obtained from T2

and T3 by identifying a vertex from A1 and a vertex from A2 as a new vertex v and adding

an edge between A1 − v and A2 − v (see Figure 3).

For i ∈ {2, 3}, ω(Gi) = ω, c(Gi) = ω + δ. If S 6= ∅, then δ(Gi) = 3; if S = ∅, then

δ(Gi) = δ.

Notation 1.7. For integers n ≥ ω + 3 and ω ≥ 4, let F1 be the graph with its vertex set

partitioned into sets A, B and C of sizes ω−2, 2 and 3, respectively, such that F1[A∪B] = Kω,

F1[C] = K3 and [B,C] is complete. Let a1, a2 ∈ A, let B = {b1, b2} and let C = {c1, c2, c3}.

Let F2 be the graph obtained from F1 by adding two edges a1c1, a2c2 and deleting two edges

b2c1, b2c2. Let G4 be the graph of order n obtained by adding n− ω − 3 new vertices to F2,

where the neighborhood of each new vertex is exactly equal to that of one of c1, c2, or c3 (see

Figure 3).

Note that δ(G4) = 2, ω(G4) = ω and c(G4) = ω + 2.

Figure 3: The vertices in each gray ellipse induce a complete graph.

Let F = {H1(n, ω + 1, δ), H1(n, ω, δ + 1), H2(n, ω + 1, δ), G1, G2, G3, G4}. Let G be the

family of subgraphs of graphs in F that have order n, minimum degree δ, and clique number
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ω, except for H(n, ω, δ) and Z(n, ω, δ). Graphs satisfying the above conditions can be easily

found among the subgraphs of graphs in F . Now, we establish the following main result.

Theorem 1.8. Let G be a 2-connected graph of order n with clique number ω and minimum

degree δ. Then c(G) ≥ min{n, ω + δ + 1} unless

(i) c(G) = ω + δ − 1 and G ∈ {H(n, ω, δ), Z(n, ω, δ)}; or

(ii) c(G) = ω + δ and G ∈ {H3(n, ω, 2), H4(n, ω, 3)} ∪ G.

The remainder of this paper is organized as follows. In Section 2, we give some necessary

notations and definitions. In Section 3, we present some lemmas for the proof. Section 4 is

devoted to the proof of Theorem 1.8.

2 Notations and definitions

We denote by V (G) the vertex set of a graph G, by E(G) the edge set of G, and denote by

|G| the order of G. Let NG(v) be the neighborhood in G of a vertex v, and let dG(x) be the

size of NG(x), and define NG[x] = NG(x) ∪ {x}. For S ⊆ V (G), let NG(S) = ( ∪
x∈S

NG(x)) \ S

and let NG[S] = NG(S)∪S. Denote by G[S] the subgraph induced by S. Let A and B be any

two subsets of V (G). We write [A,B] to denote the set of edges that have one end in A and

the other end in B. If G[[A,B]] is a complete bipartite graph, then we say [A,B] is complete.

For any pair binary tuple (x, y) and (a, b), we denote x = a and y = b by (x, y) = (a, b).

For two distinct vertices x and y, an (x, y)-path is a path whose endpoints are x and y.

We may extend the notion of an (x, y)-path to paths connecting subsets X and Y of V (G).

An (X, Y )-path is a path which starts at a vertex of X, ends at a vertex of Y , and whose

internal vertices belong to neither X nor Y ; if F1 and F2 are subgraphs of a graph G, we

write (F1, F2)-path instead of (V (F1), V (F2))-path.

Recall that every connected graph G has a block-cutvertex tree ([1], [17]), a leaf of which

is called an end-block. If G has cut-vertices, then an end-block of G contains exactly one

cut-vertex. If B is an end-block and a vertex b is the only cut-vertex of G with b ∈ V (B),

then we say that B is an end-block with cut-vertex b.

Let P = v1v2 · · · vm be a path in a graph G. For vi, vj ∈ V (P ), we use viPvj to denote

the subpath of P between vi and vj. For a vertex v ∈ V (P ), denote v− and v+ to be the

immediate predecessor and successor of v on P , respectively. Let v−1 = v− and v+1 = v+. Let

v−i = (v−(i−1))− and v+i = (v+(i−1))+ for i ≥ 2. For S ⊆ V (P ), let S+ = {v+ : v ∈ S \ {vm}}

and S− = {v− : v ∈ S \ {v1}}. We call (i, j) a crossing pair of P if vi ∈ NP (vm) and

vj ∈ NP (v1) with i < j. A crossing pair (i, j) is minimal in P if vh /∈ NP (v1) ∪ NP (vm) for

each i < h < j. For any minimal crossing pair (i, j), we call (i, j) is a minimum crossing pair

if j − i is minimum. We say a vertex x /∈ Y is connected to a vertex set X ⊆ Y if there is a

path starting from x, ending at x′ ∈ X and without containing any vertices of Y \ {x′}.
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3 Preliminaries and Lemmas

We need the following well-known lemma proved by Pósa [14].

Lemma 3.1 (Pósa [14]). Let G be a 2-connected graph of order n with a path P = x1x2 . . . xk.

Then c(G) ≥ min{n, dP (x1) + dP (xk)}. Furthermore, if P does not contain a crossing pair

and NP (x1) ∩NP (xk) 6= ∅, then c(G) ≥ min{n, dP (x1) + dP (xk) + 1}. If P does not contain

a crossing pair and NP (x1) ∩NP (xk) = ∅, then c(G) ≥ min{n, dP (x1) + dP (xk) + 2}.

Erdős and Gallai [4] proved the following result which has been used in several papers.

Lemma 3.2 (Erdős and Gallai [4]). Let G be a 2-connected graph and x, y be two given

vertices. If every vertex other than x, y has a degree at least k in G, then there is an (x, y)-

path of length at least k.

For two distinct vertices x, y ∈ V (G), we call the triple (G, x, y) is a rooted graph with roots

x and y. The minimum degree of (G, x, y) is defined to be min{dG(v) | v ∈ V (G) \ {x, y}}.

(G, x, y) is said to be 2-connected if G+ xy is 2-connected, where G+ xy = G if xy ∈ E(G)

and G+ xy is the graph obtained from G by adding the edge xy if xy /∈ E(G).

Let T (δ) be the union of components of order δ or δ − 1. A useful generalization of

Lemma 3.2 is the following lemma, which helps characterize the local structure of the extremal

graphs.

Lemma 3.3. For an integer δ ≥ 2, let (G, x, y) be a 2-connected rooted graph with minimum

degree at least δ and order at least δ+3. Then there exists an (x, y)-path of order at least δ+3

in (G, x, y), unless G−{x, y} = L(δ) + T (δ), or δ = 3 and G−{x, y} = S +L(3)+ T (3). In

particular, for each component of L(δ), if x is adjacent to a non-cutvertex in that component,

then y is adjacent only to the cut-vertex of the same component, and vice versa.

Proof. Note that adding the edge xy does not affect the order of a longest (x, y)-path in G.

So we may assume that x and y are adjacent in (G, x, y). Base on the definition of a rooted

graph, G is 2-connceted. Let H = G− {x, y} and then |H| ≥ δ + 1.

Suppose H is connected. We use induction on δ to prove the statement.

The basic step for δ = 2. If H is 2-connected, then H contains a cycle C. Since G

is 2-connected, there exist two vertex-disjoint ({x, y}, V (C))-paths. Then we can find an

(x, y)-path of order at least five in G. If H is not 2-connected, then H has a cut-vertex.

Consider its block-cutvertex tree. Since G is 2-connected, there exists an end-block B1 with

cut-vertex b1 such that one of the vertices x and y has a neighbor in B1 − b1, and the other

has a neighbor in H −V (B1 − b1). Without loss of generality, let u ∈ N(x)∩ V (B1 − b1) and

v ∈ N(y) ∩ V (H − V (B1 − b1)).

Suppose v ∈ N(y) ∩ V (H − V (B1)). Since H contains a (u, v)-path P of order at least

three, xuPvy is an (x, y)-path of order at least five in G. Suppose N(y)∩V (H−V (B1)) = ∅,

that is, v = b1. If H contains another end-block B2 with cut-vertex b2 6= b1, then x has a

neighbor in B2 since G is 2-connected. Hence, we can find an (x, y)-path of order at least
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five in G. Suppose H contains exactly one cut-vertex b1. Now NH(y) = {b1}. If there is an

end-block of order at least three, then we can easily find an (x, y)-path of order at least five.

If each end-block has order two, then H = L(2).

The induction step for δ ≥ 3. Suppose Lemma 3.3 holds for all 2-connected rooted

graphs with minimum degree less than δ. Suppose that H is 2-connected. Let H ′ = G− x.

Since G is 2-connected, there is a vertex u ∈ N(x) ∩ V (H). Now (H ′, u, y) is a 2-connected

rooted graph of order at least δ+2 with minimum degree at least δ−1 ≥ 2. Since H = H ′−y

is 2-connected, H ′ − {u, y} is connected. Note that |H| ≥ δ + 1.

By the induction hypothesis, there exists a (u, y)-path P of order at least δ+2 in H ′ and

hence xuPy is an (x, y)-path of order at least δ + 3 in G, unless H ′ − {u, y} = L(δ − 1) or

δ = 4 and H ′−{u, y} = S. Since H ′−{u, y} is connected, both L(δ− 1) and S have exactly

one component. Suppose H ′ − {u, y} = L(δ − 1). Let vl be the cut-vertex of L(δ − 1). Note

that u or y is only adjacent to vl in L(δ−1). Without loss of generality, let NL(δ−1)(y) = {vl}.

By δ((G, x, y)) ≥ δ, [V (L(δ−1)−vl), {x, u}] is complete. We can find an (x, y)-path of order

at least δ + 3. Suppose H ′ − {u, y} = S = K1,t with t ≥ 3. Let vt be the cut-vertex of K1,t.

By δ((G, x, y)) ≥ δ = 4, [V (S−vt), {x, y, u}] is complete. We can find an (x, y)-path of order

seven. Thus, there always exists an (x, y)-path of order at least δ + 3 in G.

Assume that H has a cut-vertex and consider its block-cutvertex tree. If there exists an

(x, y)-path of order δ + 3 in G, we have done, so assume that G contains no (x, y)-path of

order at least δ + 3. For 1 ≤ i ≤ s, let Bi be an end-block with cut-vertex bi. Since G is

2-connected, without loss of generality, suppose N(x) ∩ V (Bj − bj) 6= ∅ for some 1 ≤ j ≤ s

and let Hj = G[V (Bj) ∪ {x}].

We now distinguish two cases based on the locations of the neighbors of y in H .

Case 1. N(y) ∩ V (Bi − bi) = ∅ for any 1 ≤ i ≤ s.

Since G is 2-connected, we assert that N(x)∩V (Bi−bi) 6= ∅ for any 1 ≤ i ≤ s. Otherwise,

G would have a cut-vertex, a contradiction. By δ((G, x, y)) ≥ δ and N(y) ∩ V (Bi − bi) = ∅,

we have |Bi| ≥ δ, for any 1 ≤ i ≤ s.

Claim 1. Hj contains an (x, bj)-path Pj of order at least δ + 1 for any 1 ≤ j ≤ s.

Proof. Note that (Hj, x, bj) is a 2-connected rooted graph of order at least δ+1 with minimum

degree at least δ. If δ ≥ 4, by the induction hypothesis, there exits an (x, bj)-path Pj of order

at least δ + 1 in Hj, unless Bj − bj = L(δ − 2), or δ = 5 and Bj − bj = S. Since Bj − bj is

connected, both L(δ − 2) and S have exactly one component. Suppose Bj − bj = L(δ − 2).

Let vl be the cut-vertex of L(δ − 2). Note that x or bj is only adjacent to vl in L(δ − 2).

Without loss of generality, let NL(δ−2)(x) = {vl}. Then each vertex of L(δ − 2) \ {vl} has

degree at most δ− 2, a contradiction to δ((Hj, x, bj)) ≥ δ. Suppose Bj − bj = S = K1,t1 with

t1 ≥ 3, a contradiction to δ((Hj, x, bj)) ≥ δ = 5. Thus, there exists an (x, y)-path of order at

least δ + 1.

Suppose δ = 3. Recall that (Hj , x, bj) is a 2-connected rooted graph of order at least four
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with minimum degree at least three. Let u ∈ N(x) ∩ V (Bj − bj). By dHj
(u) ≥ 3, there is a

vertex w ∈ N(u1)∩V (Bj − bj). Since G is 2-connected, there are two internal vertex-disjoint

(w, {u, bj})-paths. Hence, there is an an (x, bj)-path of order at least four in Hj. Thus, Hj

contains an (x, bj)-path of order at least δ + 1. This proves Claim 1.

Since G is 2-connected and N(y)∩V (Bi− bi) = ∅ for any 1 ≤ i ≤ s, we have [{y}, V (H−
s⋃

i=1

V (Bi − bi))] 6= ∅. For u, v ∈ V (G), denote φ(u, v) the length of a longest (u, v)-path. Let

φ(u,A) = max
v∈A

φ(u, v). We choose an end-block Bk with 1 ≤ k ≤ s such that φ(bk, NH(y)) =

max
1≤i≤s

φ(bi, NH(y)). Without loss of generality, let φ(b1, v) = φ(bk, NH(y)) and let Q be a

longest (b1, v)-path. Clearly, V (Q) ∩ V (B1) = {b1}. We choose a longest (x, b1)-path P1. By

Claim 1, |P1| ≥ δ+1. Now, there exists an (x, y)-path P = xP1b1Qvy of order at least δ+2.

By |P | ≤ δ + 2, we have |P1| = δ + 1, b1 = v and |P | = δ + 2. By the maximality of Q,

we have NH(y) ⊆ {b1, b2, · · · , bs}. Hence, H has exactly one cut-vertex. If |Hj| ≥ δ+2, then

(Hj, x, bj) is a 2-connected rooted graph of order at least δ+2 with minimum degree at least

δ, similar to the proof of Claim 1, there exists an (x, bj)-path of order δ + 2, a contradiction

to the maximality of P1. Thus, |Hj| = δ + 1. By δ((G, x, y)) ≥ δ, Hj is a complete graph of

order δ + 1. Thus, G− {x, y} = L(δ), and y is adjacent only to the cut-vertex of L(δ).

Case 2. N(y) ∩ V (Bi − bi) 6= ∅ for some 1 ≤ i ≤ s.

Claim 2. For an end-block Bj , if N(x)∩V (Bj−bj) 6= ∅, then Hj contains an (x, bj)-path

Pj of order at least δ.

Proof. Note that (Hj, x, bj) is a 2-connected rooted graph of order at least δ with minimum

degree at least δ− 1. We provide a brief proof of Claim 2, as it is similar to that of Claim 1.

Suppose δ ≥ 5. Since Bj is a block of order at least δ − 1 and dHj
(u) ≥ δ − 1 for any

u ∈ V (Bj − bj), by the induction hypothesis, there always exists an (x, bj)-path of order at

least δ in G. Suppose δ = 4. Recall that (Hj, x, bj) is a 2-connected rooted graph of order at

least four with minimum degree at least three. Let u1 ∈ N(x)∩V (Bj − bj). By dHj
(u1) ≥ 3,

there is a vertex u2 ∈ N(u1) ∩ V (Bj − bj). Since Bj is 2-connected, there exist two internal

vertex-disjoint paths u1Q1bj and u2Q2bj . Then u1u2Q2bj is a path of order at least three

and hence xu1u2Q2bj is a path of order at least four in Hj. Suppose δ = 3. Then there is an

(x, bj)-path of order at least three in Hj since Bj is a block of order at least two. Thus, Hj

contains an (x, bj)-path Pj of order at least δ. This proves Claim 2.

Without loss of generality, suppose N(x)∩V (B1−b1) 6= ∅ and N(y)∩V (B2−b2) 6= ∅. Note

that (G[V (B2) ∪ {y}], b2, y) is a 2-connceted rooted graph of order at least δ with minimum

degree at least δ − 1. Similar to the proof of Claim 2, there exists a (b2, y)-path of order at

least δ in G[V (B2) ∪ {y}]. Let P1 be a longest (x, b1)-path in H1 and let P2 be a longest

(b2, y)-path in G[V (B2)∪{y}]. Clearly, |P1| ≥ δ and |P2| ≥ δ. There is a (b1, b2)-path P0 such

that V (P0) ∩ (V (B1) ∪ V (B2)) = {b1, b2} in H . Then xP1b1P0b2P2y is an (x, y)-path P of

order at least 2δ − 2 + |P0| in G. Recall that |P | ≤ δ + 2. By δ ≥ 3, we have δ = 3, |P0| = 1
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and |P | = 2δ − 2 + |P0| = 5. Now b1 = b2, |P1| = δ = 3 and |P2| = δ = 3. It is easy to verify

that both B1 and B2 are edges.

If H has at least two cut-vertex, there is an end-block Bf such that bf 6= b1. Let P ′
0 be

a (bf , b1)-path in H . Note that either N(x) ∩ V (Bf − bf ) 6= ∅ or N(y) ∩ V (Bf − bf ) 6= ∅.

If N(x) ∩ V (Bf − bf ) 6= ∅, then there is an (x, y)-path P ′ = xPfbfP
′
0b2P2y of order at least

δ + 3. If N(y) ∩ V (Bf − bf ) 6= ∅, then there is an (x, y)-path P ′′ = xP1b1P
′
0bfPfy of order

at least δ + 3. Both situations contradict |P | ≤ δ + 2. Hence, H has exactly one cut-vertex.

Clearly, each block is an edge. By |G| ≥ δ + 3 = 6, V (G) \ V (P ) 6= ∅. There exist at least

three end-blocks in H . Then H = K1,t where t ≥ 3.

Thus, if H has a cut-vertex, then either there exists an (x, y)-path of order at least δ + 3

in G, unless H = L1(δ), or δ = 3 and H = K1,t, where L1(δ) is the unique component of

L(δ) and t ≥ 3.

Now, we consider that H is disconnected. Let H = T1 ∪ T2 ∪ · · · ∪ Tk where k ≥ 2 and Ti

is a component of H for 1 ≤ i ≤ k. By δ((G, x, y)) ≥ δ, each component of H has order at

least δ − 1. If there exists no component of order at least δ + 1, then we are done, so assume

that H has some components of order at least δ + 1. Select an arbitrary component Ti of H

with |Ti| ≥ δ+1. Similar to the above argument, we can find an (x, y)-path of order at least

δ + 3 in G[V (Ti) ∪ {x, y}], unless Ti = Li(δ), or δ = 3 and Ti = K1,ti , where Li(δ) is the

unique component of L(δ) and ti ≥ 3.

Thus, there exists an (x, y)-path of order at least δ + 3 in (G, x, y), unless G − {x, y} =

L(δ)+T (δ), or δ = 3 and G−{x, y} = S+L(3)+T (3) (see Figure 4). In particular, for each

component of L(δ), if x is adjacent to a non-cutvertex in that component, then y is adjacent

only to the cut-vertex of the same component, and vice versa. This proves Lemma 3.3.

Figure 4: The red dotted line is not necessarily present.

Remark 3.4. By the definition of L(δ) and S, if either exists, then there is an (x, y)-path

of order δ + 2; note that x and y may be adjacent to the center of each star of S.
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4 Proof of Theorem 1.8

Let G be a 2-connected graph. We call graph G edge-maximal if for any edge e ∈ E(G),

G+ e will have a cycle of length at least c(G) + 1. The following lemma will be very helpful

for characterizing all extremal graphs in Theorem 1.8.

Lemma 4.1. For two integers w, δ with ω ≥ δ ≥ 2, let G be a 2-connected edge-maximal

non-hamiltonian graph of order n with δ(G) ≥ δ, ω(G) ≥ ω and c(G) = ω+ δ. Let H ⊆ G be

a complete graph of order ω(G), let T = G[V (G) \V (H)] and let P = v1v2 . . . vm be a longest

(H, T )-path with v1vm /∈ E(G). If (dP (v1), dP (vm)) = (ω − 1, δ + 1) or (ω, δ), then

(i) G ∈ {H1(n, ω, δ + 1), G1, G2} when (dP (v1), dP (vm)) = (ω − 1, δ + 1); or

(ii) G ∈ {H1(n, ω+1, δ), H2(n, ω+1, δ), H3(n, ω, 2), G3, G4} when (dP (v1), dP (vm)) = (ω, δ).

Proof. Let k = ω + δ + 1. By the edge-maximality of G and v1vm /∈ E(G), m ≥ k. By the

maximality of P , NH(v1) ⊆ NP (v1) and NG(vm) = NP (vm). By Lemma 3.1 and c(G) = k−1,

P has a crossing pair. Let s = min{i : vivm ∈ E(G)} and t = max{j : vjv1 ∈ E(G)}. Clearly,

s ≥ 2 and t ≤ m− 1. By c(G) = k − 1,

N−
P (v1) ∩NP [vm] = ∅ and N+

P (vm) ∩NP [v1] = ∅. (1)

Let (p, q) be a minimal crossing pair of P with s ≤ p < q ≤ t and let C = v1PvpvmPvqv1.

Clearly, NP [v1] ∪ NP [vm] ⊆ V (C). Then N−
P (v1) ∪ NP [vm] \ {vq−1} ⊆ V (C) and NP [v1] ∪

N+
P (vm) \ {vp+1} ⊆ V (C). By c(G) = k − 1, we have |V (C)| ≤ k − 1. Since (dP (v1), dP (vm))

is either (ω − 1, δ + 1) or (ω, δ), by (1), we have

k − 1 = |N−
P (v1) ∪NP [vm] \ {vq−1}| = |NP [v1] ∪N+

P (vm) \ {vp+1}| ≤ |V (C)| ≤ k − 1.

Then

V (C) = N−
P (v1) ∪NP [vm] \ {vq−1} = NP [v1] ∪N+

P (vm) \ {vp+1}. (2)

By (2), it is readily seen that every minimal crossing pair is in fact a minimum crossing pair.

Clearly, |C| = k − 1. We now present more structural properties of P in G.

Claim 1. Let (dP (v1), dP (vm)) = (ω − 1, δ + 1). Then NP [v1] = NP [vi] for 1 ≤ i ≤ s − 1;

and for t+ 1 ≤ j ≤ m, NP [vj ] ⊆ NP [vm] and |[{vj}, NP (vm)]| ≥ δ.

Proof. For 1 ≤ i ≤ s − 1, vi /∈ NP (vm). By (2), vi+1 ∈ NP (v1). Then V (v1Pvs) ⊆ NP [v1],

similarly, V (vtPvm) ⊆ NP [vm].

We prove that NP [vi] ⊆ NP [v1] for 1 ≤ i ≤ s − 1. If s = 2, we are done, so assume

that s ≥ 3. To the contrary, suppose there exists a vertex vh ∈ NP [vi] \ NP [v1] for some

2 ≤ i ≤ s − 1. Clearly, h ≥ s + 1. If vh /∈ V (C), then v1PvivhPvmvpPvi+1v1 is a cycle of

length at least k, a contradiction. Hence, vh ∈ V (C). By vh /∈ NP [v1] and (2), vh ∈ N+
P (vm),

that is, vh−1 ∈ NP (vm). But v1PvivhPvmvh−1Pvi+1v1 is an m-cycle, a contradiction. Thus,

NP [vi] ⊆ NP [v1] for 1 ≤ i ≤ s− 1. By NP (v1) = NH(v1), NP [vi] = NP [v1] for 1 ≤ i ≤ s− 1.
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We prove that NP [vj ] ⊆ NP [vm] for t+ 1 ≤ j ≤ m. If t = m− 1, we are done, so assume

that t ≤ m − 2. To the contrary, suppose that there exists a vertex vh ∈ NP [vj ] \ NP [vm]

for some t + 1 ≤ j ≤ m − 1. Clearly, h ≤ t − 1. If vh /∈ V (C), then v1PvhvjPvmvj−1Pvqv1

is a cycle of length at least k, a contradiction. Hence, vh ∈ V (C). By vh /∈ NP [vm] and

(2), vh+1 ∈ NP (v1). But v1PvhvjPvmvj−1Pvh+1v1 is an m-cycle, a contradiction. Thus,

NP [vj ] ⊆ NP [vm] for t + 1 ≤ j ≤ m. Consider the (H, T )-path P ′ = v1Pvj−1vmPvj with

t+ 1 ≤ j ≤ m. We have δ ≤ dG(vj) = dP ′(vj) = dP (vj) ≤ δ + 1. If dP (vj) = dP (vm) = δ + 1,

then NP [vj] = NP [vm]. If dP (vj) = δ, then |[{vj}, NP (vm)]| ≥ δ. This proves Claim 1.

Claim 2. Let (dP (v1), dP (vm)) = (ω, δ). Then NP [vi] ⊆ NP [v1] for 1 ≤ i ≤ s − 1 and

NP [vj ] = NP [vm] for t+ 1 ≤ j ≤ m; moreover, if vi ∈ V (H), then |[{vi}, NP (v1)]| ≥ ω − 1.

Proof. Similar to the proof of Claim 1, NP [vi] ⊆ NP [v1] for 1 ≤ i ≤ s−1 and NP [vj] ⊆ NP [vm]

for t + 1 ≤ j ≤ m. Moreover, for 1 ≤ i ≤ s − 1, if vi ∈ V (H), then dP (vi) ≥ ω − 1 and

|[{vi}, NP (v1)]| ≥ ω − 1. Consider the (H, T )-path P ′′ = v1Pvj−1vmPvj, for t + 1 ≤ j ≤ m.

We have dG(vj) = dP ′′(vj) = dP (vj) = δ. Then NP [vj ] = NP [vm] for t + 1 ≤ j ≤ m. This

proves Claim 2.

By the proof of Claim 1 and Claim 2, NG[vj ] = NP [vj ] for t + 1 ≤ j ≤ m. We need

to define some sets. Let A1 = V (v1Pvs−1), A2 = NP (v1) \ V (v2Pvs−1), A
′
2 = NP (vm) \

V (vt+1Pvm−1), A3 = V (vt+1Pvm) and let X = V (G) \ (A1 ∪A2 ∪A3). Clearly, X 6= ∅.

Claim 3. If v1 and vm are not adjacent to any two consecutive vertices of vsPvt, then

A2 = A′
2 = {vs, vt} when (s, t) is a minimal crossing pair or A2 = A′

2 = {vs, vs+2, . . . , vt−2, vt}

where t ≡ s (mod 2) and m = k when (s, t) is not a minimal crossing pair.

Proof. If (s, t) is a minimal crossing pair, then A2 = A′
2 = {vs, vt} by Claim 1 and Claim 2.

Suppose that (s, t) is not a minimal crossing pair. Let (i, j) be a minimal crossing pair.

Clearly, i > s or j < t. Without loss of generality, let i > s.

Since vm is not adjacent to any two consecutive vertices of vsPvt, we have vi−1vm /∈ E(G).

By (2) and vi /∈ N+
P (vm), viv1 ∈ E(G). Since v1 is not adjacent to any two consecutive vertices

of vsPvt, we have vi−1v1 /∈ E(G). By (2) and vi−2 /∈ N−
P (v1), vi−2vm ∈ E(G). Since (i− 2, i)

is a minimal crossing pair, we have |V (viPvj)| = 3 by the choice of (i, j). Repeating the

above arguments, we have {vs, vs+2, . . . , vi−2, vi} = A2∩V (vsPvi) = A′
2∩V (vsPvi) and i ≡ s

(mod 2).

Similarly, v1vj+1 /∈ E(G). By (2) and vj /∈ N−
P (v1), vjvm ∈ E(G). Hence, vj+1vm /∈

E(G). By (2) and vj+2 /∈ N+
P (vm), v1vj+2 ∈ E(G). Repeating the above arguments, we have

{vj, vj+2, . . . , vt−2, vt} = A2 ∩ V (vjPvt) = A′
2 ∩ V (vjPvt) and t ≡ j (mod 2).

Base on the fact that |V (viPvj)| = 3, A2 = A′
2 = {vs, vs+2, . . . , vt−2, vt} and t ≡ s

(mod 2). Moreover, m = k. This proves Claim 3.

By analyzing the structure of G when (dP (v1), dP (vm)) = (ω − 1, δ + 1), we obtain the

following two claims.
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Claim 4. If (dP (v1), dP (vm)) = (ω − 1, δ + 1), then v1 and vm are not adjacent to any two

consecutive vertices of vsPvt.

Proof. To the contrary, suppose vi, vi+1 ∈ V (vsPvt) and vi, vi+1 ∈ NP (v1). Since c(G) = k−1,

we have i ≥ s + 2. By Claim 1, vi+1vs−1 ∈ E(G). Then v1Pvs−1vi+1PvmvsPviv1 is a cycle of

length m ≥ k, a contradiction.

Suppose vi, vi+1 ∈ NP (vm). Since c(G) = k−1, i+1 ≤ t−2. By Claim 1, vt+1vi ∈ E(G) or

vt+1vi+1 ∈ E(G). If vt+1vi ∈ E(G), then v1Pvivt+1Pvmvi+1Pvtv1 is a cycle of length m ≥ k,

a contradiction. If vt+1vi+1 ∈ E(G), then v1PvivmPvt+1vi+1Pvtv1 is a cycle of length m ≥ k,

a contradiction. This proves Claim 4.

Claim 5. If (dP (v1), dP (vm)) = (ω−1, δ+1), then each vertex of X can only be connected to

A2 ⊆ A1∪A2∪A3; moreover, if (s, t) is not a minimal crossing pair, then X is an independent

set of G.

Proof. By Claim 1, Claim 3 and Claim 4, NP [A1] = A1 ∪A2 and NG[A3] ⊆ A2 ∪A3, that is,

[X ∩ V (P ), A1] = ∅ and [X,A3] = ∅. First, we show that each vertex of X \ V (P ) is only

connected to A2 ⊆ A1 ∪ A2 ∪ A3. To the contrary, suppose z ∈ X \ V (P ) is connected to

A1∪A2 ⊆ A1∪A2∪A3. Since G is 2-connected, there exist two vertex-disjoint (z, P )-paths P1

and P2 with V (P )∩V (Pi) = xi for i = 1, 2. Assume that x1 ∈ V (v1Px2). By the maximality

of P , x1x2 /∈ E(P ).

Suppose x1, x2 ∈ A1. By V (H) = NP [v1], x
−
1 x

−
2 ∈ E(G) or x+

1 x
+
2 ∈ E(G). If x−

1 x
−
2 ∈

E(G), then v1Px−
1 x

−
2 Px1P1zP2x2Pvm is an (H, T )-path longer than P , a contradiction. If

x+
1 x

+
2 ∈ E(G), then v1Px1P1zP2x2Px+

1 x
+
2 Pvm is an (H, T )-path longer than P , a contradic-

tion. Thus, x1 /∈ A1 or x2 /∈ A1. Without loss of generality, let (s, t) be a minimal crossing

pair. Recall that v1PvsvmPvtv1 is a (k− 1)-cycle. Another situation is similar. If x1 ∈ A1 or

x2 ∈ X ∩ V (P ), then v1Px1P1zP2x2PvmvsPx+
1 v1 is a cycle of length at least k, a contradic-

tion. Suppose x1 ∈ A1 and x2 ∈ A2. If x2 = vt, then v1Px1P1zP2x2PvmvsPx+
1 v1 is a cycle

of length at least k, a contradiction. Hence, x2 = vs. By x1x2 /∈ E(P ), x1 6= vs−1 and then

v1Px1P1zP2x2vmPvtvs−1Px+
1 v1 is a cycle of length at least k, a contradiction.

By [X∩V (P ), A1∪A3] = ∅, each vertex of X∩V (P ) is only connected to A2 ⊆ A1∪A2∪A3.

Thus, each vertex of X can only be connected to A2 ⊆ A1 ∪A2 ∪ A3.

Assume that (s, t) is not a minimal crossing pair. We show that X is an independent set

of G. By Claim 3, A2 = A′
2 = {vs, vs+2, . . . , vt−2, vt}. For any two vertices y1, y2 ∈ X ∩V (P ),

there exists a (y1, y2)-path of order k (see Figure 5(a)). Hence, X ∩ V (P ) is an independent

set of G. For any two vertices y1, y2 ∈ A2, there exists a (y1, y2)-path of order k − 2 (see

Figure 5(b)); for any two vertices y1 ∈ A2 and y2 ∈ X ∩ V (P ), there exists a (y1, y2)-path

of order k − 1 (see Figure 5(c)). Since c(G) = k − 1 and G is 2-connected, X \ V (P ) is an

independent set of G and [X ∩ V (P ), X \ V (P )] = ∅. Thus, X is an independent set of G.

This proves Claim 5.

Our analysis of the structure of G under the condition (dP (v1), dP (vm)) = (ω, δ) leads to

the following four claims.
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Figure 5: The red path is a (y1, y2)-path we identified.

Claim 6. If (dP (v1), dP (vm)) = (ω, δ), then vm is not adjacent to any two consecutive vertices

of vsPvt; moreover, if v1 is adjacent to two consecutive vertices of vsPvt, then NP [v1]\V (H) =

{v2} = {vs−1}.

Proof. Let vj , vj+1 ∈ V (vsPvt). Suppose vj, vj+1 ∈ NP (vm). Then j + 1 ≤ t − 2. Similar to

the proof of Claim 4, it is easy to find an m-cycle, a contradiction. Assume that vj, vj+1 ∈

NP (v1) ∩ V (vsPvt). Clearly, j ≥ s+ 2.

Suppose v2 /∈ NP [v1] \ V (H). By Claim 2, v2vj ∈ E(G) or v2vj+1 ∈ E(G). If v2vj ∈

E(G), then v1vs−1Pv2vjPvsvmPvj+1v1 is an m-cycle. If v2vj+1 ∈ E(G), then v1vs−1Pv2vj+1

PvmvsPvjv1 is an m-cycle. Both situations lead to a contradiction.

Suppose v2 ∈ NP [v1] \ V (H) and v2 6= vs−1. By Claim 2, vs−1vj ∈ E(G) or vs−1vj+1 ∈

E(G). If vs−1vj ∈ E(G), then v1Pvs−1vjPvsvmPvj+1v1 is an m-cycle. If vs−1vj+1 ∈ E(G),

then v1Pvs−1vj+1PvmvsPvjv1 is an m-cycle. Both situations lead to a contradiction.

Thus, if v1 is adjacent to two consecutive vertices of vsPvt, then NP [v1] \ V (H) = {v2} =

{vs−1}. This proves Claim 6.

Claim 7. If (dP (v1), dP (vm)) = (ω, δ) and v1 is adjacent to two consecutive vertices of vsPvt,

then G = G4.

Proof. By Claim 6, v2 ∈ NP [v1] \V (H) and s = 3. By dP (v1) = ω, we have |H| = ω(G) = ω.

Suppose that v3Pvt contains h vertex-disjoint segments vi1Pvj1, vi2Pvj2, . . . , vihPvjh with

i1 < i2 < · · · < ih, where each segment is a subpath of order at least two and V (vifPvjf ) ⊆

NP [v1] for 1 ≤ f ≤ h. Without loss of generality, assume that each segment contains as

many vertices as possible. Next, we show that h = 1.

By v3vm, vi1+1v1 ∈ E(G) and c(G) = k − 1, i1 ≥ 5. Note that there exists a minimal

crossing pair (p1, q1) of P with 3 ≤ p1 < q1 ≤ i1. Similar to the proof of Claim 3, we obtain

NP (v1) ∩ V (v3Pvi1) = NP (vm) ∩ V (v3Pvi1) = {v3, v5, . . . , vi1−4, vi1−2}

where i1 ≡ 3 (mod 2). For 1 ≤ f ≤ h, a similar analysis of the subpath vjfPvif+1
(suppose

ih+1 = t) shows that

NP (v1) ∩ V (vjfPvif+1
) = NP (vm) ∩ V (vjfPvif+1

) = {vjf , vjf+2
, . . . , vif+1−4, vif+1−2}
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where if+1 ≡ jf (mod 2). Hence, for any vertex x ∈ V (v3Pvt) \ NP (v1), x
+, x− ∈ NP [v1].

Let W = V (v3Pvt). By c(G) = k − 1, we have

NP (vm) ∩W = (NP (v1) ∩W ) \ (
h
∪
f=1

V (vifPvj−
f
)).

Consider the (H, T )-path v+i1Pvmv3Pvi1v1v2. By the choice of P and Claim 2, NG(v2) =

NP (v2) ⊆ NP [v1].

Clearly, [{v2}, V (vifPvjf )] = ∅ for 1 ≤ f ≤ h. Hence,

NP (v2) ∩W ⊆ (NP (vm) ∩W ) \ {vj1, vj2, . . . , vjh}.

Let NW (v2) = NP (v2) ∩W and NW (vm) = NP (vm) ∩W . Then

δ−1 ≤ |NG(v2)|−1 = |NW (v2)| ≤ |NW (vm)|−h = |NG(vm)|−h−(m−t−1) = δ−h−(m−t−1).

By m ≥ t+ 1 and h ≥ 1, h = 1 and m = t + 1. Each inequality becomes equality. Thus,

NP (v2) ∩W = (NP (vm) ∩W ) \ {vj1}.

By |NW (vm)| = |NW (v2)|+1 = dP (v2) ≥ δ, j1 = t. Recall that vi1 6= v3. Then NP (v1)∩W =

NP (vm) ∩W = {v3, v5, . . . , vi1−4, vi1−2, vt} where i1 ≡ 3 (mod 2). Since v1v2v3vmPv5v1 is an

(m− 1)-cycle, we have m = k.

We show that V (G) \ V (H) is an independent set. Recall that for any vertex x ∈

W \ NP (v1), then x+, x− ∈ NP [v1]. For any two vertices x, y ∈ V (P ) \ NP [v1], there exists

an (x, y)-path of order k. Thus, V (P ) \ NP [v1] is an independent set. For any two vertices

u, v ∈ NP [v1] ∩W , there exists a (u, v)-path of order at least k − 2. Since G is 2-connected,

there exist two vertex-disjoint (z, P )-paths P1 and P2 with V (P ) ∩ V (Pi) = xi for i = 1, 2

and z ∈ V (G) \V (P ). Clearly, x1, x2 ∈ NP [v1]∩W. Hence, Pi is an edge with i = 1, 2. Thus,

V (G) \ V (P ) is an independent set and then V (G) \ V (H) is an independent set.

We assert that i1 = 5. Suppose i1 6= 5. Since V (G)\V (H) is an independent set, we have

NG(x) ⊆ NW (vm) for any vertex x ∈ W \NP (v1). By dP (vi1−3) ≥ δ, vi1−3vj1 ∈ E(G). Then

vi1−2vmvj1vi1−3Pv2v1vj1−1Pvi1vi1−1vi1−2 is a k-cycle, a contradiction.

Now dG(vm) = δ = 2. From the above, we determine the neighborhood of the vertices in

V (P ) \ V (H) within the graph G (see Figure 6).

Figure 6: The neighborhood of the vertices in V (P ) \ V (H) within the graph G.

Let w be any vertex in V (G) \ V (P ). Clearly, N(w) ⊆ {v1, v3, v5, vt}. We assert that

N(w) = {v3, v5}, {v3, vt} or {v1, v3}. Suppose not. Without loss of generality, suppose

{v5, vt} ⊆ N(w). Then v1Pv5wvtPv6Pvt−1v1 is a cycle of length k, a contradiction.

Hence, δ = 2, ω ≥ 4 and G = G4. This proves Claim 7.
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Claim 8. If (dP (v1), dP (vm)) = (ω, 2) and v1 is not adjacent to any two consecutive vertices

of vsPvt, then G ∈ {H1(n, ω + 1, 2), H3(n, ω, 2), G3}.

Proof. By δ = 2, t = m−1 and NP (vm) = {vs, vm−1}. By Claim 3 and c(G) = k−1, t−s = 2

and (s, t) is a minimal crossing pair. Clearly, X ∩ V (P ) = {vt−1}. By Claim 2, NP [A1] ⊆

A1∪A2 and NG(vm) ⊆ A2. Suppose X \V (P ) = ∅, that is, |X| = 1. By the maximality of G,

G = K2 ∨ (Kω−1 + 2K1) = H1(n, ω + 1, 2). Assume that X \ V (P ) 6= ∅. Consider the path

v1Pvsvmvtvt−1. Then [X ∩ V (P ), X \ V (P )] = ∅ and then NG(vt−1) = {vs, vt}.

First, we show that X is an independent set of G. To the contrary, suppose x1, x2 ∈

X \ V (P ) with x1x2 ∈ E(G). Since G is 2-connected, there are two vertex-disjoint paths

x1P1y1 and x2P2y2 where V (Pi) ∩ V (P ) = {yi} for i = 1, 2. Assume that y1 ∈ V (v1Py2).

By the maximality of P , |V (y1Py2)| ≥ 4. Since NP (vm) = {vs, vt} and [X ∩ V (P ), X \

V (P )] = ∅, we have y1, y2 ∈ A1 ∪ {vs}. Without loss of generality, let y1 ∈ A1. Suppose

y2 = vs. If y−2 ∈ V (H), then y−2 Py+1 v1Py1P1x1x2P2vsPvm is an (H, T )-path longer than

P , a contradiction. If y−2 /∈ V (H), then y+1 ∈ V (H) and then y+1 Py−2 v1Py1P1x1x2P2vsPvm

is an (H, T )-path longer than P , a contradiction. Hence, y2 ∈ A1. If y+1 , y
+
2 ∈ V (H),

then v1Py1P1x1x2P2y2Py+1 y
+
2 Pvm is an (H, T )-path longer than P , a contradiction. Hence,

y+1 ∈ NP [v1]\V (H) or y+2 ∈ NP [v1]\V (H). Then y−2 ∈ V (H) and then y−2 Pv1P1x1x2P2y2Pvm

when v1 = y1, or v1Py−1 y
−
2 Py1P1x1x2P2y2Pvm when v1 6= y1 is an (H, T )-path longer than

P , a contradiction. Thus, X is an independent set of G.

If each vertex in X \ V (P ) is only connected to A2 ⊆ A1 ∪A2 ∪A3, by the maximality of

G, then G = H1(n, ω + 1, 2). Suppose there is a vertex x0 ∈ X \ V (P ) that is connected to

A1 ∪ A2 ⊆ A1 ∪A2 ∪ A3. Since G is 2-connected, there are two vertex-disjoint (x0, P )-paths

P1 and P2 with V (Pi) ∩ V (P ) = {zi} for i = 1, 2. Since X is an independent set, Pi is an

edge for i = 1, 2. Assume that z1 ∈ V (v1Pz2) and (z1, z2) 6= (vs, vt). Clearly, |V (z1Pz2)| ≥ 3.

We assert that z1 = v1. Suppose not. Since z−1 Pv1z
−
2 Pz1x0z2Pvm is a path longer than

P , we have NP (v1) \ V (H) = {z−1 }, and hence z+1 ∈ V (H). Now z+1 Pz−2 v1Pz1x0z2Pvm is an

(H, T )-path longer than P, a contradiction.

We assert that |V (z1Pz2)| = 3. Suppose |V (z1Pz2)| ≥ 4. We show that z2 ∈ A1.

Otherwise, supppose z2 /∈ A1. If z2 = vt, then v1x0vtvmvsPz+1 v1 is a cycle of length m, a

contradiction. Thus, z2 = vs. Since z+1 Pz−2 v1x0z2Pvm is a path than P , we have NP (v1) \

V (H) = {z+1 }. By |V (z1Pz2)| ≥ 4, z−2 ∈ V (H). Now z−2 Pv1x0vsPvm is an (H, T )-path longer

than P, a contradiction. Thus, z2 ∈ A1. By c(G) = k−1, z+1 z
+
2 /∈ E(G) and then z−2 ∈ V (H).

Now z−2 Pv1x0z2Pvm is an (H, T )-path longer than P, a contradiction. Thus, |V (z1Pz2)| = 3.

By z1 = v1 and |V (z1Pz2)| = 3, we have z2 ∈ A1 ∪ {vs}. Suppose z2 ∈ A1. Then

NP (v1) \ V (H) = {z+1 } and hence ω(G) = ω. We assert that d(z+1 ) = 2. Suppose d(z+1 ) ≥

3. By Claim 2, N(z+1 ) ⊆ V (H). It is easy to verify that there is a cycle of length m, a

contradiction. By z2 6= vs, ω(G) = ω ≥ 4 and hence G = H3(n, ω, 2). Suppose z2 = vs. Then

ω(G) = ω = 3 and δ = 2. Thus, G = G3 where l1 ≥ 1, l2 = 0, l3 ≥ 2, |S| = 0 and |L(δ)| = 0.

This proves Claim 8.
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By Claim 7 and Claim 8, in the case where (dP (v1), dP (vm)) = (ω, δ), we may assume

δ ≥ 3 and that v1 is not adjacent to any two consecutive vertices of vsPvt in G.

Claim 9. For δ ≥ 3, if (dP (v1), dP (vm)) = (ω, δ) and v1 is not adjacent to any two consecutive

vertices of vsPvt, then each vertex of X can only be connected to A2 ⊆ A1∪A2∪A3; moreover,

X is an independent set of G when (s, t) is not a minimal crossing pair.

Proof. By Claim 2, Claim 3, Claim 6 and Claim 7, we have NP [A1] ⊆ A1∪A2 and NG[A3] ⊆

A2 ∪ A3. First, we show that each vertex of X \ V (P ) can only be connected to A2 ⊆

A1 ∪ A2 ∪A3.

To the contrary, suppose there exists a vertex z ∈ X \V (P ) that is connected to A1∪A2 ⊆

A1 ∪A2 ∪A3. Since G is 2-connected, there exist two vertex-disjoint (z, P )-paths P1 and P2

with V (P ) ∩ V (Pi) = xi for i = 1, 2. Assume that x1 ∈ V (v1Px2). By the maximality of P ,

x1x2 /∈ E(P ). Similar to the proof of Claim 5, if x1 /∈ A1 or x2 /∈ A2, then we can find a

cycle of length at least k; if x−
1 x

−
2 ∈ E(G) or x+

1 x
+
2 ∈ E(G), then there exists an (H, T )-path

longer than P . Both situations lead to a contradiction.

Hence, x1, x2 ∈ A1 and x−
1 x

−
2 , x

+
1 x

+
2 /∈ E(G). Suppose x1 = v1. Now x−

2 Pv1P1zP2x2Pvm

is a path longer than P . By the choice of P , x−
2 ∈ NP [v1] \ V (H). By x+

1 x
+
2 /∈ E(G), we

have x+
1 = x−

2 ∈ NP [v1] \ V (H) and hence x2 = v3. By δ ≥ 3 and Claim 2, there is a

vertex y ∈ NP (v1) \ {v3} such that yx+
1 ∈ E(G). If y ∈ A1, then there is an (H, T )-path

longer than P , a contradiction. If y ∈ A2, then there is a cycle of length at least k, a

contradiction. Hence, x1 6= v1. By x−
1 x

−
2 , x

+
1 x

+
2 /∈ E(G), we have x+

1 = x−
2 ∈ NP [v1] \ V (H).

By Claim 2, v1x
+
1 ∈ E(G) and then x−

1 Pv1x
+
1 x1P1zP2x2Pvm is an (H, T )-path longer than

P , a contradiction.

By [X ∩ V (P ), A1 ∪ A3] = ∅, each vertex of X ∩ V (P ) can only be connected to A2 ⊆

A1 ∪A2 ∪A3. Thus, each vertex of X is only connected to A2 ⊆ A1 ∪A2 ∪A3. An argument

similar to the proof of Claim 5 shows that if (s, t) is not a minimal crossing pair, then X is

an independent set of G. This proves Claim 9.

Next, we consider the following two cases.

Case 1. (dP (v1), dP (vm)) = (ω − 1, δ + 1).

Since NH(v1) ⊆ NP (v1) and NG(vm) = NP (vm), we have ω(G) = ω and δ(G) ≥ δ. Recall

that X 6= ∅.

Subcase 1.1. (s, t) is not a minimal crossing pair.

By Claim 3, A2 = A′
2 = {vs, vs+2, · · · , vt−2, vt}. By Claim 5, X is an independent set of

G. And then |A2| ≥ δ since δ(G) ≥ δ. By |A2 ∪ A3| = δ + 2, (|A2|, |A3|) is either (δ, 2) or

(δ + 1, 1).

Suppose (|A2|, |A3|) = (δ, 2). By A1∪A2 = NP [v1], |A1| = ω−δ. Now G is the graph with

a vertex partition A1 ∪A2 ∪A3 ∪X with sizes ω − δ, δ, 2 and n− ω− 2, respectively, whose

edge set consists of [X,A2], all edges in A1 ∪ A2, and edges in A2 ∪ A3. Note that δ(G) = δ
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and ω(G) ≥ δ + 1. Then ω = ω(G) ≥ δ + 1. Since G is non-hamiltonian, n− ω − 2 + 1 ≥ δ,

i.e., n ≥ ω + δ + 1. By the maximality of G, G = G1.

Suppose (|A2|, |A3|) = (δ+1, 1). Now G is the graph with a vertex partition A1∪A2∪A3∪X

with sizes ω−δ−1, δ+1, 1, and n−ω−1, respectively, whose edge set consists of [X∪A3, A2],

and all edges in A1 ∪ A2. Note that ω = ω(G) ≥ δ + 2. Then ω ≥ δ + 2. Since G is

non-hamiltonian, n − ω − 1 + 1 ≥ δ + 1, i.e., n ≥ ω + δ + 1. By the maximality of G,

G = H1(n, ω, δ + 1).

Subcase 1.2. (s, t) is a minimal crossing pair.

Since G is 2-connected, by Claim 5, G[X ∪ A2] is 2-connected. By Claim 3, A2 = A′
2 =

{vs, vt}, |A1| = ω−2 and |A3| = δ. By the maximality of G and Claim 5, G[A2∪A3] = Kδ+2.

Since c(G) = k−1, G[A2∪X ] contains no (vs, vt)-path of order more than min{|A1|+2, |A3|+

2}. By δ(G) ≥ δ, we have |X| ≥ δ−1. Based on the relationship between the sizes of A1 and

A3, we proceed to consider the following two cases.

• |A1| < |A3|.

Suppose ω = δ. By Claim 5, each vertex of X is only connected to A2 ⊆ A1 ∪ A2 ∪ A3.

Hence, A1 = ∅. Otherwise, each vertex of A1 has degree ω − 1 = δ − 1, a contradiction. By

|A1| = ω − 2, we have ω = δ = 2. Then there exists no (vs, vt)-path of order more than two

in G[A2 ∪X ], contradicting |X| ≥ δ − 1 = 1.

Thus, ω = δ + 1. There exists no (vs, vt)-path of order more than δ + 1 in G[A2 ∪ X ].

Recall that |X| ≥ δ − 1. If |X| = δ − 1, then A2 ∪X is a (δ + 1)-clique since δ(G) ≥ δ. Now

G = G2 where l1 = 1, l2 = 1, |S| = 0 and |L(δ)| = 0. Suppose |X| = δ. Since there exist

no (vs, vt)-path of order more than δ + 1 in G[A2 ∪ X ], by Lemma 3.3, we have δ = 2 and

X = K2. Hence, G = K2∨(K1+K2+K2) = G2 where l1 = 2, l2 = 1, |S| = 0 and |L(δ)| = 0.

Suppose |X| ≥ δ + 1. Now (G[A2 ∪X ], vs, vt) is a 2-connected rooted graph of order at least

δ + 3 with minimum degree at least δ. By Lemma 3.3, G[X ] consists of some components of

order δ − 1. By δ(G) ≥ δ, we have G = G2 where l1 ≥ 2, l2 = 1, |S| = 0 and |L(δ)| = 0.

Thus, G = G2, where l1 ≥ 1, l2 = 1, |S| = 0 and |L(δ)| = 0.

• |A1| ≥ |A3|.

Now ω ≥ δ+2, there exists no (vs, vt)-path of order more than δ+2 in G[A2∪X ]. Recall

that |X| ≥ δ − 1. If |X| = δ − 1, by the maximality of G, A2 ∪ X is a (δ + 1)-clique. Now

G = G2 where where l1 = 1, l2 = 1, |S| = 0 and |L(δ)| = 0. If |X| = δ, by the maximality

of G, G = G2 where l1 = 0, l2 = 2, |S| = 0 and |L(δ)| = 0. Suppose |X| ≥ δ + 1. Now

(G[A2∪X ], vs, vt) is a 2-connected rooted graph of order at least δ+3 with minimum degree

at least δ. By Lemma 3.3, G[X ] = L(δ) ∪ T (δ); or δ = 3 and G[X ] = S ∪ L(3) ∪ T (3). If

the former happens, by the maximality of G, now G = G2 where l1 + |L(δ)| ≥ 1, l2 ≥ 1

and |S| = 0. If the latter happens, δ = 3, G = G2, where l1 + l2 ≥ 1, l2 ≥ 1, |S| > 0 and

|L(δ)| ≥ 0.

Thus, G = G2 where l2 ≥ 1 and X ∪ A3 consists of at least two components.

Case 2. (dP (v1), dP (vm)) = (ω, δ).
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Since NH(v1) ⊆ NP (v1) and NG(vm) = NP (vm), we have ω(G) ≥ ω and δ(G) = δ. By

Claim 6 – Claim 8, it suffices to consider the case where δ ≥ 3 and neither v1 nor vm is

adjacent to any two consecutive vertices of V (vsPvt). Recall that X 6= ∅.

Subcase 2.1. (s, t) is not a minimal crossing pair.

By Claim 9, X is an independent set of G and each vertex of X can only be connected

to A2 ⊆ A1 ∪A2 ∪A3. By Claim 3, A2 = A′
2 = {vs, vs+2, · · · , vt−2, vt}. By δ(G) ≥ δ, we have

|A2| ≥ δ. Hence, |A2| = δ and |A3| = 1 since |A2 ∪A3| = δ + 1.

Now, G is the graph with a vertex partition A1 ∪A2 ∪A3 ∪X with sizes ω − δ + 1, δ, 1,

and n − ω − 2 respectively, whose edge set consists of [X ∪ A3, A2], and edges in A1 ∪ A2.

Since G is non-hamiltonian, we have n−ω−2+1 ≥ δ, i.e., n ≥ ω+ δ+1. By the maximality

of G, G = H1(n, ω + 1, δ).

Subcase 2.2. (s, t) is a minimal crossing pair.

By Claim 3 and Claim 9, NG(A1) ⊆ A1 ∪ A2 and NG(A3) ⊆ A2 ∪ A3. Since G is non-

hamiltonian, we have X 6= ∅. Then dX(z) ≥ δ− 2 for any vertex z ∈ X. Hence, |X| ≥ δ− 1.

Note that |A2| = 2, |A1∪A2| = ω+1 and |A2∪A3| = δ+1. Hence, |A1| = ω−1 ≥ δ−1 = |A3|.

By c(G) = k−1, |V (vs+1Pvt−1)| ≤ min{|A1|, |A3|} = δ−1 and hence there exists no (vs, vt)-

path of order more than δ + 1 in G[A2 ∪X ].

If |X| = δ − 1, by δ(G) ≥ δ, then G[A2 ∪ X ] = Kδ+1 and then G = H2(n, ω + 1, δ)

where l = 2. If |X| = δ, by δ(G) ≥ δ and Lemma 3.3, then δ = 2 and X = K2. Hence,

G = H2(n, ω+1, 2) where l = 3. Suppose |X| ≥ δ+1. We consider a 2-connected rooted graph

(G[A2∪X ], vs, vt) of order at least δ+3 with minimum degree at least δ. By Lemma 3.3, G[X ]

consists of some components of order δ−1. By δ(G) ≥ δ, each component is a (δ−1)-clique.

By the maximality of G, G[A1∪A2] = Kω+1 and G[A2∪A3] = Kδ+1. Then G = H2(n, ω+1, δ)

where l ≥ 3.

Thus, G = H2(n, ω + 1, δ) where l ≥ 2. This proves Lemma 4.1.

We now prove our main result using an approach analogous to that in the proof of the

Lemma 4.1.

Proof of Theorem 1.8. If G is hamiltonian, then c(G) = n and we are done, so assume

that G is non-hamiltonian. To the contrary, suppose c(G) < δ+ω+1. Since G is 2-connected,

by Dirac’s theorem, ω ≥ δ ≥ 2. Let k = δ + ω + 1. If c(G) ≤ k − 2, then G = H1(n, ω, δ) or

G = H2(n, ω, δ) by Theorem 1.1. Hence, assume that c(G) = k − 1.

Suppose that G is an edge-maximal graph, that is, G + xy contains a cycle of length at

least k for any edge xy /∈ E(G). Note that δ(G) ≥ δ and ω(G) ≥ ω. Let ω(G) = ω′ and

δ(G) = δ′. Let H = Kω′ ⊆ G and T = G[V (G) \ V (H)]. Clearly, there exist two vertices

x ∈ V (H) and y ∈ V (T ) such that xy /∈ E(G). Since G + xy contains a cycle of length at

least k, there is an (x, y)-path of length at least k.

Define P as the set of all longest (H, T )-paths with nonadjacent endpoints. By Lemma 3.1,

we need only consider the three types of P: (1) P contains a path such that the degrees of

its two endpoints are ω− 1 and δ+1 in the path; (2) P does not contain any path described
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in (1), but there exists a path in P whose endpoints have degrees ω and δ in the path,

respectively; (3) each path in P has endpoints with degrees ω − 1 and δ in the path.

Note that G is a 2-connected edge-maximal non-hamiltonian graph with δ′ ≥ δ and

ω′ ≥ ω, where ω ≥ δ ≥ 2. Let P = v1v2 . . . vm ∈ P. Now m ≥ k. Since P is a longest

(H, T )-path, we have V (H) ⊆ V (P ). Thus, dP (v1) ≥ ω′ − 1 ≥ ω − 1. If (dP (v1), dP (vm)) =

(ω − 1, δ + 1) or (ω, δ), by Lemma 4.1, then G ∈ {H1(n, ω, δ + 1), H1(n, ω + 1, δ), H2(n, ω +

1, δ), H3(n, ω, 2), G1, G2, G3, G4}. Subsequently, our analysis need only focus on P under the

third type. Since NH(v1) ⊆ NP (v1) and NG(vm) = NP (vm), we have ω′ = ω and δ′ = δ.

We consider the following two cases.

Case 1. Each path in P has no crossing pair.

Now, P has no crossing pair. By Lemma 3.1 and c(G) = k − 1, NP (v1) ∩ NP (vm) 6= ∅

and |NP (v1) ∩NP (vm)| = 1. Let NP (v1) ∩NP (vm) = {vα} for some 2 ≤ α ≤ m− 1. Since G

is 2-connected, there exits a (v1Pvα−1, vα+1Pvm)-path Q such that V (Q) ∩ V (P ) = {va, vb}

with 2 ≤ a < α < b ≤ m− 1. Let s′ = min{h : h > a, vh ∈ NP (v1)} and let t′ = max{h : h <

b, vh ∈ NP (vm)}. Since there is a cycle C0 = v1PvaQvbPvmvt′Pvs′v1, we have

k − 1 = c(G) ≥ |C0| ≥ |NP [v1]|+ |NP [vm]| − 1 + |Q| − 2 ≥ k − 1.

This implies that Q is an edge vavb, |C0| = k − 1 and V (C0) = NP [v1] ∪NP [vm]. Recall that

P has no crossing pair and NP (v1) ∩NP (vm) = {vα}. Then

NP [v1] = V (v1Pva) ∪ V (vs′Pvα) and NP [vm] = V (vαPvt′) ∪ V (vbPvm). (3)

Claim 10. NP [vβ] = NP [v1] for 1 ≤ β ≤ a− 1 and NP [vγ ] = NP [vm] for b+ 1 ≤ γ ≤ m.

Proof. For 1 ≤ β ≤ a− 1, by (3), v1vβ+1 ∈ E(G). Since NP [v1] = V (H), we have vβ ∈ V (H)

and hence NP [v1] ⊆ NP [vβ]. Next, we show that NP [vβ] ⊆ NP [v1]. Suppose y ∈ NP [vβ ] \

NP [v1]. Consider the path Pβ = vβPv1vβ+1Pvm for any β with 1 ≤ β ≤ a−1. Clearly, Pβ ∈ P

and Pβ has no crossing pair. By (3), y ∈ V (va+1Pvs′−1). Then Cβ = vβPβvavbPβvmvt′Pβyvβ

is a cycle such that |Cβ| ≥ |C0| + 1 = k, a contradiction. Thus, NP [vβ ] = NP [v1] for

2 ≤ β ≤ a− 1.

For b + 1 ≤ γ ≤ m, by (3), vγ−1vm ∈ E(G). Consider the path Pγ = v1Pvγ−1vmPvγ.

Clearly, Pγ ∈ P and Pγ has no crossing pair. Then dP (vγ) = dPγ
(vγ) = dG(vγ) = δ. Suppose

z ∈ NP [vγ ] \ NP [vm]. By (3), z ∈ V (vt′+1Pvb−1) and then Cγ = v1PγvavbPγvγzPγv
′
sv1 is a

cycle such that |Cγ| ≥ |C0| + 1 = k, a contradiction. Thus, NP [vγ ] ⊆ NP [vm] and hence

NP [vγ ] = NP [vm] for b+ 1 ≤ γ ≤ m. This proves Claim 10.

By the maximality of P and the proof of Claim 10, we have NP [v1] = V (H) and NG[vγ] =

NP [vγ ] for b+ 1 ≤ γ ≤ m.

Claim 11. a < α− 1 < s′ = t′ = α < α + 1 < b.
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Proof. To the contrary, suppose s′ < α. By (3), vα−1 ∈ NP (v1). By Claim 10, va−1vα ∈ E(G).

There is a path L = vaPvα−1v1Pva−1vαPvm ∈ P. Since vavb, vαvm ∈ E(G), L has a crossing

pair, a contradiction. Thus, s′ = α. Similarly, t′ = α.

To the contrary, suppose a = α − 1, i.e., vavα ∈ E(P ). By vα ∈ V (H), there is a path

M = vaPv1vαPvm ∈ P. Since vavb, vαvm ∈ E(G), M has a crossing pair, a contradiction.

Thus, a < α− 1. Similarly, α + 1 < b. This proves Claim 11.

We define the following sets.

A1 = V (v1Pva−1), B1 = V (vb+1Pvm), C1 = {va, vα, vb},

D1 = V (va+1Pvα−1), D2 = V (vα+1Pvb−1), X = V (G) \ V (P ),

X1 = {x ∈ X | x is only connected to D1 ∪ {va, vα} ⊆ V (P )} and

X2 = {x ∈ X | x is only connected to D2 ∪ {vα, vb} ⊆ V (P )}.

Clearly, X1 6= ∅, X2 6= ∅ and X1 ∩ X2 = ∅. By Claim 11, D1 6= ∅ and D2 6= ∅. Note that

NP [D1] ⊆ D1∪{va, vα} and NP [D2] ⊆ D2∪{vα, vb}. Recall that C0 = v1PvavbPvmvαv1 with

|C0| = k − 1. Since G is 2-connected, if [X1, X2] 6= ∅, then there exists a cycle of length at

least k containing all vertices of C0 and some vertices of X1 ∪ X2, a contradiction. Thus,

[X1, X2] = ∅.

Claim 12. X = X1 ∪X2.

Proof. To the contrary, suppose x ∈ X \ (X1 ∪ X2). Since G is 2-connected, there are

two vertex-disjoint (x, P )-paths P1 and P2 with Pj ∩ V (P ) = {yi} for i = 1, 2. Assume

that y1 ∈ V (v1Py2). By Claim 10, NG(B1) ⊆ B1 ∪ C1 and hence {y1, y2} ∩ B1 = ∅. Since

A1 ∪ {va, vα} is a clique, we have y1 /∈ A1 or y2 /∈ A1. Otherwise, there is an (H, T )-path

longer than P, a contradiction. Suppose y1 ∈ A1 and y2 /∈ A1. Without loss of generality, let

y1 = v1. Other situations are similar. If y2 ∈ D1 ∪ {va}, by Claim 10, then vαva−1 ∈ E(G)

and then v1P1xP2y2PvavbPvmvαva−1Pv1 is a cycle of length at least k. If y2 ∈ D2∪{vb}, then

v1P1xP2y2PvmvαPv1 is a cycle of length at least k. If y2 = vα, then v1PvavbPvmvαP2xP1v1

is a k-cycle. Both situations lead to a contradiction.

Hence, y1, y2 /∈ A1. By x ∈ X \ (X1∪X2) and y1 ∈ V (v1Py2), we have y1 ∈ D1∪{va} and

y2 ∈ D2 ∪ {vb}. Now v1Py1P1xP2y2Pvmvαv1 is a cycle of length at least k, a contradiction.

Thus, X = X1 ∪X2. This proves Claim 12.

By c(G) = k − 1, we have |D1| ≤ min{|A1|, |B1|+ 1} = min{ω − 2, δ}, that is,

there exists no (va, vα)-path of order more thanmin{ω − 2, δ}+ 2. (4)

Similarly, we have |D2| ≤ min{|A1|+ 1, |B1|} = min{ω − 1, δ − 1} = δ − 1, that is,

there exists no (vα, vb)-path of order more than δ + 1. (5)
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Note that both (G[X1 ∪ D1 ∪ {va, vα}], va, vα) and (G[X2 ∪ D2 ∪ {vα, vb}], vα, vb) are 2-

connected rooted graphs with minimum degree at least δ. By δ(G) = δ, |Xi ∪Di| ≥ δ− 1 for

i = 1, 2.

First, we assert that G[X2 ∪ D2] consists of some (δ − 1)-cliques. If |X2 ∪ D2| = δ − 1,

then X2 ∪D2 is a (δ − 1)-clique. Assume that |X2 ∪D2| ≥ δ. If |X2 ∪D2| = δ, it is easy to

verify that there is a (vα, vb)-path of order more than δ + 1, which contradicts (5). Hence,

|X2 ∪D2| ≥ δ+ 1. By Lemma 3.3 and (5), G[X2 ∪D2] consists of some components of order

δ−1, and each component is (δ−1)-clique since δ(G) = δ. Thus, G[X2∪D2] consists of some

(δ − 1)-cliques.

Next, we analyzes the structure of G[X1 ∪D1]. Recall that ω′ = ω and δ′ = δ. We assert

that ω > δ. Otherwise, suppose ω = δ. By Claim 10 and Claim 12, A1 = ∅. Then ω = δ = 2.

Now {va, vα, vb} is a 3-clique, contradicting ω′ = ω = 2. Hence, ω ≥ δ + 1.

Suppose ω = δ+1. If |X1∪D1| = δ−1, then X1∪D1 is a (δ−1)-clique. If |X2∪D2| = δ,

it is easy to verify that there is a (va, vα)-path of order more than δ + 1, which contradicts

(5). If |X1 ∪D1| ≥ δ+1, by Lemma 3.3 and (4), G[X1 ∪D1] consists of some components of

order δ − 1 and each component is (δ − 1)-clique since δ(G) = δ.

Suppose ω ≥ δ + 2. If |X1 ∪D1| ≤ δ, by the maximality of G, then X1 ∪D1 is a (δ − 1)-

clique or δ-clique. If |X1 ∪ D1| ≥ δ + 1, by Lemma 3.3, then G[X1 ∪ D1] = L(δ) ∪ T (δ) or

δ = 3 and G[X1 ∪D1] = S ∪ L(3) ∪ T (3).

By the maximality of G, if ω = δ + 1, then G = G3 where l1 ≥ 1, l3 ≥ 2 and l2 = |S| =

|L(δ)| = 0; and if ω ≥ δ + 2, then G = G3 where l1 + l2 ≥ 1, |S| ≥ 0, |L(δ)| ≥ 0 and l3 ≥ 2.

Case 2. There exists a path in P having a crossing pair.

Let P = v1v2 . . . vm be a path in P that has a crossing pair where m ≥ k. Let s = min{i :

vivm ∈ E(G)} and t = max{j : vjv1 ∈ E(G)}. Clearly, s ≥ 2, t ≤ m − 1 and s ≤ t − 2.

Let (p, q) be a minimum crossing pair. There is a cycle C̃ = v1PvpvmPvqv1. Note that

N−
P (v1) ∩NP [vm] = ∅ and NP [v1] ∩N+

P (vm) = ∅. We have

k − 2 = |(N−
P (v1) ∪NP [vm]) \ {vq−1}| ≤ |C̃| ≤ c(G) = k − 1.

We consider the following subcases.

Subcase 2.1. |C̃| = k − 2.

Since N−
P (v1) ∩NP [vm] = ∅ and NP [v1] ∩N+

P (vm) = ∅, we have

V (C̃) = (N−
P (v1) ∪NP [vm]) \ {vq−1} = (NP [v1] ∪N+

P (vm)) \ {vp+1}. (6)

Similarly, we have

NP [vi] = NP [v1] for 1 ≤ i ≤ s− 1 and NP [vj ] = NP [vm] for t+ 1 ≤ j ≤ m. (7)

Claim 13. (s, t) = (p, q).
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Proof. To the contrary, suppose (s, t) 6= (p, q). Without loss of generality, let q < t.

Then vt−1, vt ∈ V (C̃). We show that vm is not adjacent to any two consecutive vertices

of V (vsPvt). Otherwise, suppose {vf , vf+1} ⊆ NP (vm). By (7), vt+1vf+1 ∈ E(G) and hence

v1PvfvmPvt+1vf+1Pvtv1 is an m-cycle, a contradiction. Similarly, v1 is not adjacent to any

two consecutive vertices of V (vsPvt).

By v1vt, vmvt ∈ E(G), vt−1 /∈ NP (v1) ∪ NP (vm). Hence, q ≤ t − 2, that is, vt−2 ∈ V (C̃).

By (6), vt−1 ∈ N+
P (vm) and hence vt−2 ∈ NP (vm). Now (t − 2, t) is a minimal crossing pair.

v1Pvt−2vmPvtv1 is a cycle of length m−1 > k−2, a contradiction. This proves Claim 13.

We define the following sets.

A1 = V (v1Pvs−1), A2 = {vs, vt}, A3 = V (vt+1Pvm) and X = V (G) \ A1 ∪A2 ∪ A3.

By (7) and Claim 13, G[A1 ∪A2] = Kω, G[A2 ∪A3] = Kδ+1. Similarly, we have

each vertex of X is only connected to A2 ⊆ A1 ∪A2 ∪A3. (8)

By c(G) = k − 1, |X| ≥ δ. If |X| = δ, then G[X ] is a component of order δ. By the

maximality of G, X∪A2 is a (δ+2)-clique. Let u1P1uδ be a Hamilton path in G[X ] such that

u1vs, uδvt ∈ E(G). Now there is a path P ′ = v1PvsvmPvtuδP1u1 ∈ P with dP ′(v1) = ω − 1

and dP ′(u1) = δ + 1 (type (1)), a contradiction.

Hence, |X| ≥ δ + 1. By Claim 13 and (8), (G[{vs, vt} ∪X ], vs, vt) is a 2-connected rooted

graph of order at least δ+3 with minimum degree at least δ. By Lemma 3.3 and c(G) = k−1,

X = L(δ) ∪ T (δ) or δ = 3 and X = S ∪ L(3) ∪ T (3).

If the former case holds, by c(G) = k − 1, either L(δ) 6= ∅ or T (δ) contains a component

of order δ. Similar to the above argument, there is always an (H, T )-path of type (1). Hence,

the latter case holds. Clearly, S contains exactly one star, L(δ) = ∅ and T (δ) consists of

components of δ − 1.

Thus, G = G2 where l1 ≥ 1, l2 = 0, |L(δ)| = 0 and |S| > 0.

Subcase 2.2. |C̃| = k − 1.

Now |V (C̃) \ (N−
P (v1) ∪ NP [vm])| = 1, similarly, |V (C̃) \ (NP [v1] ∪ N+

P (vm))| = 1. Let

vh ∈ V (C̃) \ (N−
P (v1) ∪NP [vm]). Then,

each vertex in V (C̃) \ {vh} belongs to N−
P (v1) or NP [vm]. (9)

Let vh′ ∈ V (C̃) \ (NP [v1] ∪N+
P (vm)). Then,

each vertex in V (C̃) \ {vh′} belongs to NP [v1] or N+
P (vm). (10)

Recall that (p, q) is a minimum crossing pair and C̃ = v1PvpvmPvqv1. Clearly, h 6= p and

h′ 6= q. We assert that h′ = h + 1. Otherwise, suppose h′ 6= h + 1. By vh /∈ N−
P (v1),

vh+1 /∈ NP [v1]. Since h 6= p, vh+1 ∈ V (C̃). By (10) and h′ 6= h + 1, vh+1 ∈ N+
P (vm) and then
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vh ∈ NP (vm), a contradiction. Hence, h′ = h + 1. By vh /∈ N−
P (v1) ∪ NP [vm], h /∈ {1, s},

similarly, h′ /∈ {t,m}, i.e., h /∈ {t− 1, m− 1}. Thus, h /∈ {1, s, p, t− 1, m− 1}.

We need to consider the following three cases.

Case A. 2 ≤ h < h + 1 ≤ s.

We assert that h = s − 2. Otherwise, suppose h ≤ s − 3. By (9), V (v1Pvs) \ {vh+1} ⊆

NP [v1]. Hence, vh+3v1 ∈ E(G) and then there is a path P ′ = vh+2Pv1vh+3Pvm ∈ P with

dP ′(vh+2) ≥ ω and dP ′(vm) = δ, a contradiction. Suppose h = s− 1. By vh ∈ V (H), there is

a path P ′′ = vhPv1vtPvsvmPvt+1 ∈ P with dP ′′(vh) ≥ ω and dP ′′(vt+1) = δ, a contradiction.

Hence, h = s− 2 which implies that s ≥ 4.

Claim 14. (i) For any vertex vi ∈ V (v1Pvs−3), NP [vi] = NP [v1]. Moreover, v1 is not adjacent

to any two consecutive vertices of V (vsPvt).

(ii) For any vertex vj ∈ V (vt+1Pvm), NP [vj ] = NP [vm]. Moreover, vm is not adjacent to

any two consecutive vertices of V (vsPvt).

Proof. We first show that NP [vi] = NP [v1] for vi ∈ V (v1Pvs−3). By dP (v1) = ω − 1 and

V (H) ⊆ V (P ), NP [v1] = V (H). Let vi ∈ V (v1Pvs−3). By (10), NP [vi] ⊆ NP [v1] and then

there is a path viPv1vi+1Pvm ∈ P. By the choice of P , dP (vi) = ω − 1 and NP [vi] = NP [v1].

Suppose vi, vi+1 ∈ V (vsPvt) ∩NP (v1). By vh−1 ∈ V (v1Pvs−3), vivh−1 ∈ E(G) and there is a

path P ′ = vhPvivh−1Pv1vi+1Pvm ∈ P with dP ′(vh) ≥ ω and dP ′(vm) = δ, a contradiction.

The proof of (ii) is similar, so we omit the proof here. This proves Claim 14.

Let A1 = V (v1Pvs−2), A2 = NP (v1) ∩ V (vsPvt), A′
2 = NP (vm) ∩ V (vsPvt), A3 =

V (vt+1Pvm) and let X = V (G) \ (A1 ∪ A2 ∪A3). Clearly, X 6= ∅.

If (s, t) is a minimal crossing pair, then A2 = A′
2 = {vs, vt}. Assume that (s, t) is not a

minimal crossing pair. By (9), (10) and Claim 14, we have A2 = A′
2 = {vs, vs+2, ..., vt−2, vt}

and t ≡ s (mod 2).

Clearly, vs−1 = vh+1 ∈ X and we have G[A1 ∪ A2] = Kω and G[A2 ∪ A3] = Kδ+1. Note

that a minimal crossing pair is also a minimum crossing pair. Moreover, if (s, t) is not a

minimal crossing pair, then m = k.

Claim 15. Each vertex of X is only connected to A2 ∪ {vh} ⊆ A1 ∪ A2 ∪ A3. Moreover, if

|A2| ≥ 3, then X is an independent set of G.

Proof. By Claim 14(ii) and the choice of P , for j ∈ [t+1, m], NG(vj) = NP (vj) = NG(vm) =

NP (vm) ⊆ A2 ∪ A3, i.e., [X,A3] = ∅. By NP [v1] ⊆ A1 ∪ A2 and Claim 14, we have [X ∩

V (P ), A1 \ {vh}] = ∅. Thus, each vertex of X ∩ V (P ) is only connected to A2 ∪ {vh} ⊆

A1 ∪ A2 ∪A3.

Suppose that there is a vertex x ∈ X \ V (P ) such that x is not only connected to

A2 ∪ {vh} ⊆ A1 ∪ A2 ∪ A3. Since G is 2-connected, there are two vertex-disjoint (x, P )-

paths P1 and P2 with V (Pi) ∩ V (P ) = {xi} for i = 1, 2. Assume that x1 ∈ V (v1Px2).

If x1, x2 ∈ A1 \ {vh}, then v1Px1P1xP2x2Px+
1 x

+
2 Pvm is an (H, T )-path longer than P , a
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contradiction. If x1 ∈ A1 \ {vh} and x2 = vh+1, then vhPx+
1 v1Px1P1xP2vh+1Pvm is an

(H, T )-path longer than P , a contradiction. If x1 ∈ A1 \ {vh} and x2 ∈ (X ∩ V (P )) \ {vh+1},

then there is a cycle of length at least k, a contradiction. Suppose x1 ∈ A1 \ {vh} and

x2 ∈ A2. Without loss of generality, let |A2| ≥ 3. The case of |A2| = 2 is similar. If x2 6= vs,

then there is a cycle v1Px1P1xP2x2Pvmx
−2
2 Px+

1 v1 of length at least k. If x2 = vs, then P ′ =

vhvh+1x2P2xP1x1Pv1x
+
1 Pv−h x

+2
2 Pvm when x1vh /∈ E(P ) or P ′ = vhvh+1x2P2xP1x1Pv1x

+2
2 Pvm

when x1vh ∈ E(P ) is an (H, T )-path with dP ′(vh) ≥ ω and dP ′(vm) = δ. Both situations lead

to a contradiction. Thus, each vertex of X is only connected to A2 ∪ {vh} ⊆ A1 ∪ A2 ∪A3.

Let |A2| ≥ 3. Clearly, m = k. We assert that [{vh+1}, X ∩ V (P )] = ∅. Otherwise,

there is an m-cycle, a contradiction. Suppose that there is a vertex x ∈ X \ V (P ) such that

xvh+1 ∈ E(G). Since each vertex of X is only connected to A2 ∪ {vh} ⊆ A1 ∪A2 ∪A3, there

is an m-cycle, a contradiction. Hence, [{vh+1}, X ] = ∅. The rest of the proof is similar to

that of Claim 5. Thus, X is an independent set of G. This proves Claim 15.

Suppose |A2| ≥ 3. By Claim 15, X is an independent set of G and |A2| ≥ δ − 1. By

Claim 14(ii), [{vh} ∪X,A3] = ∅. Note that G[A2 ∪A3] = Kδ+1. Suppose |A2| = δ − 1. Then

G[A3] = K2 and [X,A2 ∪{vh}] is complete. Now G+ yvh contains no cycle of length at least

k with y ∈ A3, contradicting to the maximality of G. Suppose |A2| = δ. Then A3 = {vm}.

By the maximality of G, [X,A2 ∪{vh}] is complete. Now G+ yvh contains no cycle of length

at least k with y ∈ A3, contradicting to the maximality of G.

Let |A2| = 2. By c(G) = k − 1, [{vh+1}, X ] = ∅ and then NG(vh+1) ⊆ {vh, vs, vt}. Now

ω(G) = ω > 3. Suppose NG(vh+1) = {vh, vs}. Then δ(G) = 2. Hence, δ = 2 and |A3| = 1.

Recall that each vertex of X is only connected to A2∪{vh} ⊆ A1∪A2∪A3. By c(G) = k−1,

X \ {vh+1} is an independent set of G. By vhvm /∈ E(G), G + vmvh contains no cycle of

length at least k, contradicting to the maximality of G. Thus, NG(vh+1) = {vh, vs, vt}. Then

|A3| = 1 or |A3| = 2. By the above argument, we have |A3| = 2 and δ = 3. Clearly, X \{vh+1}

consists of some K1 or K2. Moreover, vh is not adjacent to any vertex of K2 in X.

Thus, G = H4(n, ω, 3), where l1 + l2 ≥ 3.

Case B. t ≤ h < h+ 1 ≤ m− 1.

Recall that s ≥ 2 and t ≤ m− 1. By (9) and (10), we have

V (v1Pvs) ⊆ NP [v1] and V (vtPvm) \ {vh} ⊆ NP [vm]. (11)

Claim 16. NP [vi] = NP [v1] for 1 ≤ i ≤ s − 1. Moreover, v1 is not adjacent to any two

consecutive vertices of V (vsPvt).

Proof. If s = 2, we are done, so assume that s ≥ 3. By (11), V (v2Pvs) ⊆ V (H) and

then NP [v1] ⊆ NP [vi], for 2 ≤ i ≤ s − 1. By the choice of P , dP (vi) = dP (v1) = ω − 1.

Thus, NP [vi] = NP [v1] for 1 ≤ i ≤ s − 1. Suppose vj−1, vj ∈ NP (v1) ∩ V (vsPvt). Since

NP [vi] = NP [v1] for 1 ≤ i ≤ s − 1, vs−1vj ∈ E(G). Then v1Pvs−1vjPvmvsPvj−1v1 is an

m-cycle, a contradiction. This proves Claim 16.
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Claim 17. (i) For any vertex x of V (vt+1Pvm) \ {vh, vh+1}, NP [x] \NP [vm] = ∅ or {vh}.

(ii) If h 6= t, then NG(vh) = NP (vh) = NP (vm).

(iii) If h = t, then NP [vh+1] \ {vh} ⊆ NP [vm] and |NP [vh+1] ∩NP [vm]| = δ − 1.

Proof. Recall that (p, q) is a minimum crossing pair and C̃ = v1PvpvmPvqv1. First, we prove

(i). Let x ∈ V (vt+1Pvm) \ {vh, vh+1}. We have x− /∈ N−
P (v1) and x− 6= vh. By (10),

x−vm ∈ E(G). To the contrary, suppose vl ∈ NP [x] \ (NP [vm] ∪ {vh}). By vsvm ∈ E(G),

l ≥ s+1. If vl /∈ V (C̃), then v1PvlxPvmx
−Pvqv1 is a cycle of length at least k, a contradiction.

Hence, vl ∈ V (C̃). By vl /∈ NP [vm] ∪ {vh} and (9), vl ∈ N−
P (v1) and hence vl+1 ∈ NP (v1).

Now v1PvlxPvmx
−Pvl+1v1 is an m-cycle, a contradiction. Thus, NP [x] ⊆ NP [vm]∪{vh}. By

x−vm ∈ E(G), there is a path v1Px−vmPx ∈ P. By the choice of P , dP (x) = dG(x) = δ.

Thus, NP [x] \NP [vm] = ∅ or {vh}.

Next we prove (ii). By h 6= t, we have vmvh−1 ∈ E(G). Consider the path v1Pvh−1vm

Pvh ∈ P. Then NG(vh) = NP (vh). Suppose there is a vertex y ∈ NP (vh) \ NP (vm). If

y ∈ V (C̃), by (9), then y ∈ N−
P (v1) and then v1y

+ ∈ E(G). Now v1PyvhPvmvh−1Py+v1 is a

cycle of length m ≥ k, a contradiction. If y /∈ V (C̃), then v1PyvhPvmvh−1Pvqv1 is a cycle of

length at least k, a contradiction. Hence, NG(vh) = NP (vh) = NP (vm).

Now we prove (iii). Suppose to the contrary that vl ∈ NP (vh+1)\ (NP [vm]∪{vh}). We as-

sert that vl /∈ V (v1Pvs−1). Otherwise, if vl ∈ V (v1Pvs−2), by Claim 16, then v1Pvlvh+1PvmvsP

vtvs−1Pvl+1v1 is an m-cycle. If vl = vs−1, by Claim 16, then v1Pvlvh+1PvmvsPvtv1 is an m-

cycle. Both situations lead to a contradiction. Thus, vl ∈ V (vs+1Pvt−1). If vl /∈ V (C̃),

then v1PvpvmPvh+1vlPvtv1 is a cycle of length at least k, a contradiction. If vl ∈ V (C̃), by

vl /∈ NP [vm] ∪ {vh} and (9), then vl ∈ N−
P (v1) and vl+1v1 ∈ E(G). By Claim 16, vl /∈ NP [v1].

By (10), vl ∈ N+
P (vm) and hence vl−1vm ∈ E(G). Now v1Pvs−1vtPvlvh+1Pvmvl−1Pvsv1

is an m-cycle, a contradiction. Thus, NP [vh+1] \ {vh} ⊆ NP [vm]. Since dP (vh+1) ≥ δ,

|NP [vh+1] ∩NP [vm]| = δ − 1. This proves Claim 17.

Claim 18. vm is not adjacent to any two consecutive vertices of V (vsPvt).

Proof. To the contrary, suppose vi, vi+1 ∈ NP (vm)∩V (vsPvt). Suppose h = t. By Claim 17(iii),

vivh+1 ∈ E(G) or vi+1vh+1 ∈ E(G). If vivh+1 ∈ E(G), then v1Pvivh+1Pvmvi+1Pvtv1 is an

m-cycle, a contradiction. If vi+1vh+1 ∈ E(G), then v1Pvs−1vtPvi+1vh+1PvmviPvsv1 is an

m-cycle, a contradiction. Hence, h 6= t. Note that vm−1vt+1, vm−1vh, vmvh+1 ∈ E(G). By

Claim 17(ii), vi+1vh ∈ E(G). Now v1Pvivmvh+1Pvm−1vt+1Pvhvi+1Pvtv1 is an m-cycle, a

contradiction. This proves Claim 18.

Claim 19. If h 6= t, then NP [vh+1] \ {vh} ⊆ NP [vm] and |NP [vh+1] ∩NP [vm]| = δ − 1.

Proof. To the contrary, suppose there is a vertex vl ∈ NP (vh+1) \ (NP [vm] ∪ {vh}). First,

we show that V (vt+1Pvm) = {vh, vh+1, vm}. Suppose V (vt+1Pvm) 6= {vh, vh+1, vm}. Hence,

m 6= h + 2 or h 6= t + 1. Suppose m 6= h + 2. By Claim 17(ii), NP (vh) = NP (vm) and

then vhvh+2 ∈ E(G). If vl ∈ V (C̃), by vl /∈ NP [vm] ∪ {vh} and (9), then vl ∈ N−
P (v1) and

hence vl+1v1 ∈ E(G). Now v1Pvlvh+1vhvh+2Pvmvh−1Pvl+1v1 is an m-cycle, a contradiction. If
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vl /∈ V (C̃), then v1Pvlvh+1vhvh+2Pvmvh−1Pvqv1 is a cycle of length at least k, a contradiction.

Suppose h 6= t + 1. If vl /∈ V (C̃), then v1Pvlvh+1Pvmvt+1PvhvtPvqv1 is a cycle of length at

least k, a contradiction. If vl ∈ V (C̃), then P ′ = vtPvl+1v1Pvlvh+1Pvmvt+1Pvh is an (H, T )-

path with dP ′(vh) ≥ ω, a contradiction. Hence, V (vt+1Pvm) = {vh, vh+1, vm}.

Next we show that m = k. Suppose (s, t) is a minimal crossing pair. Then NP (vm) =

{vs, vt, vh+1}, i.e., δ = 3. If l 6= s+1, then v1Pvlvh+1vmvtv1 is a cycle of length at least k− 1,

a contradiction. Hence, l = s+ 1. There is a cycle v1Pvsvmvh+1vs+1Pvtv1. By c(G) = k − 1,

l = t− 1. Thus, |V (vsPvt)| = 3 and m = k. Suppose (s, t) is not a minimal crossing pair. By

Claim 16 and Claim 18, NP (v1) ∩ V (vsPvt) = NP (vm) ∩ V (vsPvt) = {vs, vs+2, ..., vt−2, vt}.

Thus, m = k.

Let A1 = V (v1Pvs−1), let A2 = NP (v1)∩V (vsPvt)∪{vh+1}, let A′
2 = NP (vm)∩V (vsPvt)∪

{vh+1}, let A3 = V (vt+1Pvm) \ {vh, vh+1} and let X = V (G) \ A1 ∪ A2 ∪ A3.

By the previous proof, we have A3 = {vm} and vh ∈ X. By (9), (10), Claim 16 and

Claim 18, A2 = A′
2 = {vs, vs+2, ..., vt} ∪ {vh+1} with t ≡ s (mod 2).

We assert that each vertex of X is only connected to A2 ⊆ A1 ∪A2 ∪A3. Since NP [v1] ⊆

A1∪A2 and NG[vm] = A2∪A3, each vertex of X∩V (P ) is only connected to A2 ⊆ A1∪A2∪A3.

Suppose x ∈ X \V (P ) is connected to A1∪A2. Since G is 2-connected, there are two vertex-

disjoint (x, P )-paths P1 and P2 with V (Pi) ∩ V (P ) = {xi} and x ∈ X \ V (P ) for i = 1, 2

Assume that x1 ∈ V (v1Px2). By the choice of P , x2 /∈ A1. Suppose x1 ∈ A1. By the

choice of P , [X ∩ V (P ), X \ V (P )] = ∅. Then x2 ∈ A2 and hence there exists an m-cycle, a

contradiction. Thus, each vertex of X is only connected to A2 ⊆ A1 ∪A2 ∪A3.

Similar to the proof of Claim 5, X is an independent set. Since δ(G) ≥ δ and v1vh+1 /∈

E(G), G is a subgraph of H1(n, ω + 1, δ), contradicting to the maximality of G. Thus,

NP [vh+1] \ {vh} ⊆ NP [vm] and |NP [vh+1] ∩ NP [vm]| = δ − 1 since dP (vh+1) ≥ δ. This proves

Claim 19.

Let A1 = V (v1Pvs−1), let A2 = NP (v1)∩V (vsPvt)∪{vh} and A′
2 = NP (vm)∩V (vsPvt)∪

{vh} if h = t or A2 = NP (v1) ∩ V (vsPvt) and A′
2 = NP (vm) ∩ V (vsPvt) if h 6= t, and let

A3 = V (vt+1Pvm) and let X = V (G) \ (A1 ∪ A2 ∪ A3). Clearly, X 6= ∅.

By (9), (10), Claim 16 and Claim 18, A2 = A′
2 = {vs, vt} when (s, t) is a minimal crossing

pair or A2 = A′
2 = {vs, vs+2, ..., vt−2, vt} with t ≡ s (mod 2) and m = k when (s, t) is not a

minimal crossing pair. Clearly, A1 is a clique.

Claim 20. Each vertex of X is only connected to A2 ⊆ A1 ∪ A2 ∪ A3; and if |A2| ≥ 3, then

X is an independent set.

Proof. We first prove that each vertex of X ∩ V (P ) is only connected to A2 ⊆ A1 ∪A2 ∪A3.

By Claim 16, for 1 ≤ i ≤ s − 1, NP [vi] = NP [v1] ⊆ A1 ∪ A2 and then [A1, X ∩ V (P )] = ∅.

By Claim 17(i), for any vertex x ∈ V (vt+1Pvm) \ {vh, vh+1}, NP (x) ⊆ NP [vm] ∪ {vh}. Since

NP [vm] ⊆ A2 ∪ A3, [A3 \ {vh, vh+1}, X ∩ V (P )] = ∅. If h 6= t, by Claim 17(ii) and Claim 19,

then NP [vh]∪NP [vh+1] ⊆ A2∪A3. If h = t, by Claim 17(iii), then NP [vh+1] ⊆ A2∪A3. Hence,

[A3, X ∩ V (P )] = ∅. Thus, each vertex in X ∩ V (P ) is only connected to A2 ⊆ A1 ∪A2 ∪A3.
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Next we prove that each vertex of X \ V (P ) is only connected to A2 ⊆ A1 ∪ A2 ∪ A3.

For t ≤ j ≤ m and j 6= h, there is an (H, T )-path v1PvjvmPvj+1. By the choice of P ,

we have [X \ V (P ), A3 \ {vh+1}] = ∅. Since G is 2-connected, there are two vertex-disjoint

(x, P )-paths P1 and P2 with V (Pi) ∩ V (P ) = {xi} and x ∈ X \ V (P ) for i = 1, 2. Assume

that x1 ∈ V (v1Px2). Clearly, {x1, x2} ⊆ V (P ) \ (A3 \ {vh+1}).

Suppose h 6= t. If x1, x2 ∈ A1, by Claim 16, then there exists an (H, T )-path longer than

P , a contradiction. Suppose x1 ∈ A1 and x2 ∈ A2 ∪ (X ∩ V (P )). Without loss of generality,

let x1 = v1, x2 = vs and |A2| = 2. Other situations are similar. Then we find a k-cycle

v1P1xP2vsvmPvtvs−1Pv1, a contradiction. Suppose x1 ∈ A1 ∪ (X ∩ V (P )) and x2 = vh+1.

Without loss of generality, let x1 = v1. By Claim 17(ii), vsvh ∈ E(G) and then there exists a

cycle v1P1xP2vh+1Pvmvtvt+1PvhvsPv1 of length at least m, a contradiction. Suppose x1 ∈ A2

and x2 = vh+1. If vh 6= vt+1, then there is a cycle of length at least k, a contradiction. Thus,

vh = vt+1. Moreover, consider the cycle v1PvsvmPvh+1P2xP1x1Pvs+2x
+2
1 Pvtv1, then P1 and

P2 are two edges. This implies that all neighbors of x belongs to A2∪{vh+1}. Since dG(vm) = δ

and NG(vm) = A2 ∪ (A3 \ {vh}), we have vm = vh+2, that is, V (vt+1Pvm) = {vh, vh+1, vm}.

By the previous proof of Claim 19, a contradiction to the maximality of G.

Suppose h = t. By the choice of P , x1 /∈ A1 or x2 /∈ A2. If x1 ∈ A1 and x2 ∈ A2 ∪

(X ∩ V (P )), then there is a cycle of length at least k, a contradiction. Suppose x1 ∈

A1∪A2∪(X ∩V (P )) and x2 = vh+1. Without loss of generality, let x1 = v1. Other situations

are similar. Then we find a cycle v1P1xP2vh+1PvmvsPvtvs−1Pv1 of length at least m + 1, a

contradiction. Thus, each vertex of X \ V (P ) is only connected to A2 ⊆ A1 ∪A2 ∪A3.

Let |A2| ≥ 3. If vkvf ∈ E(G) with vk ∈ X\V (P ) and vf ∈ X∩V (P ), then v1Pv−f vmPvfvk

is an (H, T )-path longer than P , a contradiction. Thus, [X \ V (P ), X ∩ V (P )] = ∅. The rest

of the proof is similar to that of Claim 5. Thus, X is an independent set of G. This proves

Claim 20.

By Claim 16 and (11), G[A1 ∪ A2] = Kω and |A2 ∪ A3| = δ + 2. Suppose that (s, t) is a

minimal crossing pair. Then |A1| = ω − 2 and |A3| = δ. By Claim 20, G+ vhvm contains no

cycle of length at least k, contradicting to the maximality of G. Hence, (s, t) is not a minimal

crossing pair. Since vh+1 ∈ A3, |A3| ≥ 2. By Claim 20, (|A2|, |A3|) = (δ, 2), i.e., h = t. Now

G+ vhvm contains no cycle of length at least k, contradicting to the maximality of G.

Case C. s+ 1 ≤ h < h+ 1 ≤ t− 1.

Clearly, (s, t) is not a minimal crossing pair. By (9) and (10), V (v1Pvs−1) ⊆ N−
P (v1) and

V (vt+1Pvm) ⊆ N+
P (vm). Then

V (v1Pvs) ⊆ NP [v1] and V (vtPvm) ⊆ NP [vm]. (12)

Recall that (p, q) is a minimum crossing pair and C̃ = v1PvpvmPvqv1 with |C̃| = k − 1.

Since vh, vh+1 ∈ V (C̃), we have either h+ 1 ≤ p < q ≤ t or s ≤ p < q ≤ h.

Claim 21. NP [vi] = NP [v1] for 1 ≤ i ≤ s− 1. For t + 1 ≤ j ≤ m, either NP [vj ] = NP [vm]

or NP [vj ] \NP [vm] = {vh} and |NP [vm] ∩NP [vj ]| = δ − 1.
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Proof. Let vi ∈ V (v1Pvs−1). By NP [v1] = Kω and (12), NP [v1] ⊆ NP [vi]. Consider the path

P1 = viPv1vi+1Pvm ∈ P. Then dP (vi) = dP (v1) = ω − 1, that is, NP [vi] = NP [v1].

Let vi ∈ V (vt+1Pvm). If NP [vj ] = NP [vm], we are done, so assume that NP [vj ] 6= NP [vm].

Suppose y ∈ NP [vj ] \ (NP [vm] ∪ {vh}). If y ∈ V (C̃), by y 6= vp, yvm /∈ E(G) and (9),

then y+v1 ∈ E(G). By (12), vmvj−1 ∈ E(G) and then v1PyvjPvmvj−1Py+v1 is an m-cycle,

a contradiction. If y /∈ V (C̃), then v1PyvjPvmvj−1Pvqv1 is a cycle of length at least k, a

contradiction. Thus, NP [vj ] \ NP [vm] = {vh}. Consider the path v1Pvj−1vmPvj ∈ P. We

have dP (vj) = δ. Clearly, |NP [vm] ∩NP [vj ]| = δ − 1. This proves Claim 21.

Claim 22. v1 and vm are not adjacent to any two consecutive vertices of V (vsPvt).

Proof. To the contrary, suppose vi, vi+1 ∈ NP (v1) ∩ V (vsPvt). By Claim 21, vivs−1 ∈ E(G).

Then v1Pvs−1viPvsvmPvi+1v1 is a cycle of length m ≥ k, a contradiction. Suppose vj, vj+1 ∈

NP (vm)∩V (vsPvt). By Claim 21, vjvt+1 ∈ E(G) or vj+1vt+1 ∈ E(G). If vjvt+1 ∈ E(G), then

v1Pvjvt+1Pvmvj+1Pvtv1 is an m-cycle of length, a contradiction. If vj+1vt+1 ∈ E(G), then

v1PvjvmPvt+1vj+1Pvtv1 is an m-cycle, a contradiction. This proves Claim 22.

Recall that (p, q) is a minimum crossing pair. If v1vh, vh+1vm ∈ E(G), by Claim 22, then

v1vt−1 /∈ E(G) and then there is a path P ′ = vhPv1vtPvmvh+1Pvt−1 ∈ P with dP ′(vh) ≥ ω,

a contradiction. Note that v1vh+1 /∈ E(G) and vmvh /∈ E(G). Based on the possibilities for

the edge set between {vh, vh+1} and {v1, vm}, we just consider the following three subcases.

• v1vh /∈ E(G) and vh+1vm /∈ E(G).

Let A1 = V (v1Pvs−1), let A2 = NP (v1) ∩ V (vsPvt), let A′
2 = NP (vm) ∩ V (vsPvt), let

A3 = V (vt+1Pvm) and let X = V (G)\ (A1∪A2∪A3). Clearly, X 6= ∅. By (9), (10), Claim 21

and Claim 22,

A2 = A′
2 = {vs, . . . , vh−3, vh−1, vh+2, vh+4, . . . , vt}. (13)

Clearly, t ≡ (h + 2) (mod 2) and h − 1 ≡ s (mod 2). Then |V (vpPvq)| = 3, m = k and

|A2| ≥ 3.

Claim 23. [X ∩ V (P ), X \ V (P )] = ∅.

Proof. Consider two paths v1Pvh−1vmPvh ∈ P and v1Pvs−1vh+2PvmvsPvh+1 ∈ P. By the

choice of P , [{vh, vh+1}, X \ V (P )] = ∅. For any vertex vf ∈ (X ∩ V (P )) \ {vh, vh+1}, we

have vf−1vm ∈ E(G). Consider the path v1Pvf−1vmPvf . Then [{vf}, X \ V (P )] = ∅. By the

arbitrary of vf , [(X ∩ V (P )) \ {vh, vh+1}, X \ V (P )] = ∅. Thus, [X ∩ V (P ), X \ V (P )] = ∅.

This proves Claim 23.

Claim 24. G[X ∩ V (P )] contains exactly one edge vhvh+1.

Proof. We first show that [{vh, vh+1}, (X∩V (P ))\{vh, vh+1}] = ∅. By |A2| ≥ 3, (X∩V (P ))\

{vh, vh+1} 6= ∅. To the contrary, suppose x ∈ (X ∩ V (P )) \ {vh, vh+1}. By (13), we have

x+, x− ∈ NP (v1) ∩ NP (vm). If xvh ∈ E(G), by (13), then v1PxvhPvmx
+Pvh−1v1 when x ∈
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V (v1Pvh) or v1Pvh−1vmPx+xvhvh+1Px−v1 when x ∈ V (vh+1Pvm) is an m-cycle. If xvh+1 ∈

E(G), then v1Pxvh+1Px+vmPvh+2v1 when x ∈ V (v1Pvh) or v1Pvh+1xx
−Pvh+2vmPx+v1

when x ∈ V (vh+1Pvm) is an m-cycle. Both situations lead to a contradiction. Thus,

[{vh, vh+1}, (X ∩ V (P )) \ {vh, vh+1}] = ∅.

Now we show that (X ∩ V (P )) \ {vh, vh+1} is an independent set. If |X ∩ V (P )| = 3, we

are done, so assume that |X ∩ V (P )| ≥ 4. Let x, y ∈ X ∩ V (P ) \ {vh, vh+1} and xy ∈ E(G).

By (13), x+v1, y
−vm ∈ E(G) and then v1PxyPvmy

−Px+v1 is a cycle of length m ≥ k, a

contradiction. This proves Claim 24.

Claim 25. Each vertex of X is only connected to A2 ⊆ A1 ∪ A2 ∪ A3 and A3 = {vm}.

Proof. We first prove that each vertex of X ∩ V (P ) is only connected to A2 ⊆ A1 ∪A2 ∪A3.

By Claim 21 and NP [v1] ⊆ A1∪A2, [A1, X ∩V (P )] = ∅. Clearly, (X ∩V (P ))\{vh, vh+1} 6= ∅.

Suppose x ∈ (X ∩ V (P )) \ {vh, vh+1}. By Claim 21, [{x}, A3] = ∅, and then [A3, (X ∩

V (P )) \ {vh, vh+1}] = ∅. By the choice of P and Claim 23, NG(x) = NP (x) ⊆ A2. Since

dP (x) ≥ δ and |A2 ∪ A3| = δ + 1, we have |A2| = δ and |A3| = 1. Hence, A3 = {vm}. By

vh, vh+1 /∈ NP (vm), [X∩V (P ), A1∪A3] = ∅. Thus, each vertex of X∩V (P ) is only connected

to A2 ⊆ A1 ∪ A2 ∪ A3.

Next we prove that each vertex of X \ V (P ) is only connected to A2 ⊆ A1 ∪ A2 ∪ A3.

Clearly, [X \ V (P ), A3] = ∅. Suppose that x ∈ X \ V (P ) is connected to A1 ∪ A2 ⊆

A1 ∪ A2 ∪ A3. Since G is 2-connected, there are two vertex-disjoint (x, P )-paths P1 and P2

with V (Pi) ∩ V (P ) = {xi} for i = 1, 2. Let x1 ∈ V (v1Px2). Suppose x1 ∈ A1. Without loss

of generality, let x1 = v1. Other cases are similar. By the choice of P and NP [v1] = Kω,

x2 /∈ A1∪{vs}. If x2 ∈ A2\{vs, vh+2}, then v1P1xP2x2Pvmx
−2
2 Pv1 is a cycle of length at least

k. If x2 = vh+2, then v1P1xP2vh+2PvsvmPx+2
2 vs−1Pv1 is a cycle of length at least k when

t 6= h + 2, or vs−1Pv1P1xP2vtPvsvmPvt+1 is an (H, T )-path longer than P when t = h + 2,

a contradiction. Hence, x1 ∈ A2, similarly, x2 ∈ A2. Thus, each vertex of X \ V (P ) is only

connected to A2 ⊆ A1 ∪ A2 ∪ A3. This proves Claim 25.

By Claim 23, Claim 24 and Claim 25, A3 = {vm} and it is easy to verify that X \ V (P )

consists of some K2 or some K1. If G[X ] contains exactly one edge vhvh+1, since ω(G) = ω

and δ(G) = δ, we have ω > δ. Then G = G1. Assume that G[X ] contains another edge y1y2 6=

vhvh+1. By the maximality of G and c(G) = k − 1, NG[y1] = NG[y2] = {y1, y2, vh−1, vh+2}.

Now δ(G) = 3 and ω(G) = ω ≥ 4. Then G = H4(n, ω, 3), where l1 ≥ 1 and l2 ≥ 2.

• v1vh /∈ E(G) and vh+1vm ∈ E(G).

Let A1 = V (v1Pvs−1), let A2 = NP (v1)∩V (vsPvt)∪{vh+1}, let A′
2 = NP (vm)∩V (vsPvt)∪

{vh+1}, let A3 = V (vt+1Pvm) and let X = V (G) \ (A1∪A2 ∪A3). By (9), (10), Claim 21 and

Claim 22, vh−1 ∈ A2 and vh+2 ∈ X ∩ V (P ). Similarly, we have

A2 = A′
2 = {vs, . . . , vh−3, vh−1, vh+1, vh+3, . . . , vt}.

Clearly, |A2| ≥ 3 and m = k. Note that A2 \ {vh+1} ⊆ NP (v1) and A2 ⊆ NP (vm).
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Claim 26. [X ∩ V (P ), X \ V (P )] = ∅ and each vertex of X is only connected to A2 ⊆

A1 ∪ A2 ∪A3. Moreover, X is an independent set.

Proof. We first show that [X ∩V (P ), X \V (P )] = ∅. For any vertex vf ∈ X ∩V (P ), we have

vf−1 ∈ NP (vm). Consider the path v1Pvf−1vmPvf ∈ P. Then [{vf}, X \ V (P )] = ∅, that is,

[X ∩ V (P ), X \ V (P )] = ∅.

Next, we show that each vertex of X is only connected to A2 ⊆ A1 ∪ A2 ∪ A3. Consider

the path v1Pvj−1vmPvj ∈ P for t + 1 ≤ j ≤ m. Then [X \ V (P ), A3] = ∅. Suppose that

x ∈ X \ V (P ) is connected to A1 ∪ A2 ⊆ A1 ∪ A2 ∪ A3. Since G is 2-connected, there are

two vertex-disjoint (x, P )-paths P1 and P2 with V (Pi) ∩ V (P ) = {xi} and x ∈ X \ V (P ) for

i = 1, 2. Let x1 ∈ V (v1Px2). Suppose x1 ∈ A1. By the choice of P , x2 /∈ A1. If x2 ∈ A2,

then there is a cycle of length at least k, a contradiction. Hence, x1 ∈ A2, similarly, x2 ∈ A2.

Thus, each vertex of X \ V (P ) is only connected to A2 ⊆ A1 ∪ A2 ∪A3.

Now, we prove that each vertex of X∩V (P ) is only connected to A2 ⊆ A1∪A2∪A3. Since

NG(vm) = NP (vm) ⊆ A2, we have [X ∩ V (P ), A3] = ∅. By Claim 21 and NP [v1] ⊆ A1 ∪ A2,

[X ∩V (P ), A1] = ∅, that is, each vertex of X ∩V (P ) is only connected to A2 ⊆ A1∪A2∪A3.

Thus, each vertex of X is only connected to A2 ⊆ A1 ∪ A2 ∪A3.

It is easy to verify that for any pair vertices y1, y2 ∈ X ∩ V (P ), there is a (y1, y2)-path

of order m. Then X ∩ V (P ) is an independent set. For any two vertices y1, y2 ∈ A2, there

exits a (y1, y2)-path of order k − 2. Note that [X ∩ V (P ), X \ V (P )] = ∅ and each vertex

of X \ V (P ) is only connected to A2 ⊆ A1 ∪ A2 ∪ A3. Since G is 2-connected, X \ V (P ) is

an independent set. By [X ∩ V (P ), X \ V (P )] = ∅, X is an independent set. This proves

Claim 26.

By δ(G) = δ, Claim 26 and |A2 ∪ A3| = δ + 1, we have |A1| = ω − δ + 1, |A2| = δ,

|X| = n− ω − 2 and |A3| = 1. Now G is obtained from H1(n, ω + 1, δ) by deleting all edges

between Kω−δ+1 and a common vertex of Kδ, contradicting to the maximality of G.

• v1vh ∈ E(G) and vh+1vm /∈ E(G).

Let A1 = V (v1Pvs−1), let A2 = NP (v1)∩ V (vsPvt)∪ {vh}, let A′
2 = NP (vm)∩ V (vsPvt)∪

{vh}, let A3 = V (vt+1Pvm) and let X = V (G) \ (A1 ∪A2 ∪A3). Clearly, X 6= ∅. By Claim 22

and c(G) = k − 1, vh−1 /∈ NP (v1) ∪ NP (vm). By (9),(10) and Claim 22, vh−2, vh+2 ∈ A2.

Similarly, we have

A2 = A′
2 = {vs, . . . , vh−2, vh, vh+2, . . . , vt}.

Clearly, |A2| ≥ 3 and m = k. Note that A2 ⊆ NP (v1) and A2 \ {vh} ⊆ NP (vm).

Claim 27. [X ∩ V (P ), X \ V (P )] = ∅ and each vertex of X is only connected to A2 ⊆

A1 ∪ A2 ∪A3. Moreover, X is an independent set.

Proof. We first show that [X∩V (P ), X \V (P )] = ∅. For any vertex vf ∈ (X∩V (P ))\{vh+1},

we have vf−1 ∈ A2 \ {vh} ⊆ NP (vm). Consider the path v1Pvf−1vmPvf ∈ P. By the choice of
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P , [{vf}, X \ V (P )] = ∅, that is, [(X ∩ V (P )) \ {vh+1}, X \ V (P )] = ∅. Next, we show that

[{vh+1}, X \ V (P )] = ∅.

Suppose there is a vertex vg ∈ N(vh+1)∩(X\V (P )). We show that [{vg}, A1∪A3∪X ] = ∅.

By (12) and the choice of P , [{vg}, A3] = ∅. Suppose [{vg}, A1] 6= ∅. Without loss of generality,

let v1 ∈ N(vg)∩A1. Then v1vgvh+1PvmvhPv1 is a (k+1)-cycle, a contradiction. Other cases

are similar. Thus, [{vg}, A1] = ∅. Consider the path v1Pvh−2vmPvh+2vhvh+1vg ∈ P. Then

[{vg}, X \ V (P )] = ∅. We assert that [{vg}, X ∩ V (P )] = ∅. Suppose vlvg ∈ E(G) with

vl ∈ X ∩ V (P ). If s + 1 ≤ l ≤ h − 1, then vhPvl+1v1Pvlvgvh+1Pvm is a longer (H, T )-path

than P , a contradiction. If h+2 = t, we are done, so assume that h+2 < t. By the definition

of A2, we have h + 3 ≤ t − 1. If h + 3 ≤ l ≤ t − 1, then v1Pvh+1vgvlPvmvl−1Pvh+2v1 is a

(k + 1)-cycle, a contradiction. Hence, [{vg}, A1 ∪ A3 ∪X ] = ∅.

By dG(vg) ≥ δ ≥ 2, there is a vertex vr ∈ N(vg) ∩A2. If r /∈ {h− 2, h, h+ 2}, then there

exists a k-cycle. If r ∈ {h, h+2}, then there exists an (H, T )-path longer than P. If r = h−2,

then there is a path P ′ = vhv1Pvrvgvh+1Pvm ∈ P with dP ′(vh) ≥ ω. Both situations lead to

a contradiction. Thus, [{vh+1}, X \ V (P )] = ∅ and then [X ∩ V (P ), X \ V (P )] = ∅.

We simply prove that each vertex of X is only connected to A2 ⊆ A1 ∪ A2 ∪ A3 and

X is an independent set. By Claim 21, NG[A3] ⊆ A2 ∪ A3 and NP [A1] ⊆ A1 ∪ A2. Then

[X,A3] = ∅ and [X ∩ V (P ), A1] = ∅. Since G is 2-connected, there are two vertex-disjoint

(x, P )-paths P1 and P2 with V (Pi) ∩ V (P ) = {xi} and x ∈ X \ V (P ) for i = 1, 2. Assume

that x1 ∈ V (v1Px2). If x1, x2 ∈ A1, there is an (H, T )-path longer than P. If x1 ∈ A1 and

x2 ∈ A2 \ {vh+2}, there is an m-cycle. If x1 ∈ A1 and x2 = vh+2, there is an (H, T )-path

P ′ = vhPx+
1 v1Px1P1xP2vh+2Pvm with dP ′(vh) ≥ ω. Both situations lead to a contradiction.

Thus, each vertex of X is only connected to A2 ⊆ A1 ∪ A2 ∪ A3. Similar to the proof of

Claim 26, X is an independent set. This proves Claim 27.

Since G[A1 ∪ A2] = Kω, |A2 ∪ A3| − 1 = |NP [vm]| = δ + 1 and δ(G) = δ, we have

(|A1|, |A2|, |A3|) = (ω − δ − 1, δ + 1, 1) or (ω − δ, δ, 2).

If (|A1|, |A2|, |A3|) = (ω − δ − 1, δ + 1, 1), then G is obtained from H1(n, ω, δ + 1) by

deleting one edge between Kδ+1 and Kn−ω. This contradicts the assumption that G is an

edge-maximal graph since c(H1(n, ω, δ + 1)) = k − 1.

If (|A1|, |A2|, |A3|) = (ω − δ, δ, 2), then G is obtained from G1 by deleting one edge

between Kδ and K2. This contradicts the assumption that G is an edge-maximal graph since

c(G1) = k − 1.

Hence, we find all edge-maximal graphs with circumference ω+ δ in the case of dP (v1) =

ω−1 and dP (vm) = δ. By Lemma 4.1, the edge-maximal graph G ∈ {H3(n, ω, 2), H4(n, ω, 3)}∪

F . Suppose F is a graph satisfying the conditions of Theorem 1.8. According to the previous

proof, it follows that c(F ) ≥ min{n, ω + δ + 1}, unless F ∈ {H(n, ω, δ), Z(n, ω, δ)} when

c(F ) = ω + δ − 1 or F ∈ {H3(n, ω, 2), H4(n, ω, 3)} ∪ G when c(F ) = ω + δ.

This completes the proof of Theorem 1.8.
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