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Abstract

The circumference denoted by ¢(G) of a graph G is the length of its longest cycle.
Let §(G) and w(G) denote the minimum degree and the clique number of a graph G,
respectively. In [Electron. J. Combin. 31(4)(2024) #P4.65], Yuan proved that if G is a
2-connected graph of order n, then ¢(G) > min{n,w(G) + 6(G)} unless G is one of two
specific graphs. In this paper, we prove a stability result for the theorem of Erdds and
Gallai, thereby helping us to characterize all 2-connected non-hamiltonian graphs whose
circumference equals the sum of their clique number and minimum degree. Combining
this with Yuan’s result, one can deduce that if G is a 2-connected graph of order n, then

¢(@) > min{n,w(G) + §(G) + 1}, unless G belongs to certain specified graph classes.
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1 Introduction

We consider finite simple graphs. For any undefined terminology or notation, we refer the
reader to the books [1, 17]. The order of a graph is its number of vertices, and the circum-
ference denoted by ¢(G) of a graph G is the length of its longest cycle. The cliqgue number
of a graph G, written w(G), is the maximum cardinality of a clique in G. Let §(G) denote
the minimum degree of a graph G.

A E-cycle is a cycle of length k. We denote by K,, and K, the complete graph of order n
and the complete bipartite graph whose partite sets have cardinality s and ¢, respectively. Let
G denote the complement of a graph G. For graphs we will use equality up to isomorphism,

so G = H means that G and H are isomorphic. For two graphs G and H, H C G means
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that H is a subgraph of G and G V H denotes the join of G and H, which is obtained from
the disjoint union G + H by adding edges joining every vertex of GG to every vertex of H.

The study of the longest cycle in graphs has been a central topic in extremal and structural
graph theory. In 1952, a fundamental result of Dirac [5] states that any 2-connected graph
G of order n satisfies ¢(G) > min{n, 20(G)}. Ore [13]| proved that for any 2-connected non-
hamiltonian graph G with §(G) = k, ¢(G) = 2k holds precisely when K, VK, C G C K;VK,
for some s > k + 1. Voss [10] strengthened Dirac’s theorem by raising the lower bound on
¢(G) by two, and provided a characterization of all extremal graphs achieving this bound. In
2023, a new proof of Voss’s theorem was presented by Zhu, Gyéri, He, Lv, Salia, and Xiao
[20], where they further highlighted the theorem’s versatility by applying it to a range of
generalized Turan problems. Bondy [2] proved that for any 2-connected graph G of order n,
if every vertex except for at most one vertex is of degree at least k, then ¢(G) > min{2k, n}.
In 2025, Ning and Yuan [12] proved a stability result of Bondy’s theorem which also improved
Voss’s theorem. For other relevant work, see [8-10, 15].

For integers n > w + 6 > 24, let H(n,w,8) = K5V (K,_s + K,_,). For integers n =
w—2+1(0—1)+2withw >dand | > 2, let Z(n,w,d0) = KoV (K2 +1Ks5_1). Clearly, the
minimum degree, the clique number and the circumference of H(n,w,d) and Z(n,w,d) are
0, wand w + 0 — 1, respectively.

In 2024, Yuan [19] proved the following result on the circumference involving the minimum

degree and the clique number of a graph.

Theorem 1.1 (Yuan [19]). Let G be a 2-connected graph of order n with clique number w
and minimum degree 6. Then ¢(G) > min{n,w + d} unless G = H(n,w,d) or Z(n,w,d).

Moreover, Yuan [18] used Theorem 1.1 to prove a longstanding conjecture of Erdds,
Simonovits and Sés [3|(determining the maximum number of edge colors in a complete graph
such that there is no rainbow path of given length). In 2024, Ma and Yuan [11] improved
the result of Fiiredi, Kostochka, Luo and Verstraéte in [6, 7] by combining Theorem 1.1 with
a stability result of the well-known Pdsa lemma.

This paper aims to establish a stability version of Theorem 1.1 by characterizing all 2-
connected non-hamiltonian graphs whose circumference equals the sum of their clique number
and minimum degree. Before presenting our main result, we first introduce the following

graph classes.

Notation 1.2. For integers n > w+ 0+ 1> 26+ 1, let Hi(n,w+ 1,6) = Ks V (K 415 +
Kp_w_1). Forintegersn > w-+6+1> 25+3, let Hy(n,w,6+1) = K5 V(Ky_1_s+K,_,,). For
integers n = w—1+1(d—1)+2 withw > dand [ > 2, let Hy(n,w+1,0) = KoV (K, 1+1Ks 1)
(see Figure 1).

Clearly, the minimum degree, the clique number and the circumference of H;(n,w + 1, 6)
and Hy(n,w+1,0) are §, w+ 1 and w + 6, respectively. And the minimum degree, the clique

number and the circumference of Hy(n,w,0 + 1) are 6 + 1, w and w + J, respectively.
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Figure 1: The vertices in each gray ellipse induce a complete graph.

Notation 1.3. For integers n = w+b; +by with w > 4 and min{by, by} > 2, let H3(n,w, 2) be
the graph of order n with a vertex partition AU B; U By with sizes w, b; and by respectively,
whose edge set consists of all edges in A, all edges between {v;,v2} C A and By and all edges
between {v3,v4} € A and Bs, where {vy,v2} N {vs, 04} = 0 (see Figure 2).

Note that 0(H3(n,w,2)) = 2, w(Hs(n,w,2)) = w and c¢(H3(n,w,2)) = w + 2.

Notation 1.4. For integers n = w + l; + 2l with w > 3 and Iy + 1, > 3, let Ry = C; V
(Ko_3+ K;,) with C; = K. Let Hy(n,w,3) be the graph obtained from R; by adding I K,

each joining the same two common vertices of C} (see Figure 2).

Note that 6(Hy(n,w,3)) = 3, w(Hy(n,w,3)) = w and ¢(H4(n,w,3)) = w + 3.

Hs(15,9,2) Hy(15,8,3)

Figure 2: The vertices in each gray ellipse induce a complete graph.

Notation 1.5. For integers n > w+6+1>20+1,let Gy = K5V (Ky_s + Ko+ K, _o_2)(see
Figure 3).

Note that 6(G1) =6, w(G1) = w and ¢(Gy) = w + 0.
For positive integers n;, h;, 6 and [ with n; = h;(d — 1) + 1 and h; > 2, let L;(6) =
K1V hiKs_y. Let L(0) = Ly(0) + La(6) + - - - + Ly(0), and let S is the union of stars of order

at least four.



Notation 1.6. For integers n = w + (I; + 13)(6 — 1) + l2d + |S| + |L(0)]| with I} + Iy > 1,
S| >0, |L(O)] > 0,13 >2and w > §, let Ty = Ay V (Ko + 1Ks_1 + K5 + S) where
A1 = aqas is an edge and let T, = Ay V I3Ks_1 with Ay = K5. Let T3 be the graph of order
n from 77 and L(§) by taking the join of a; with L(J) and by adding edges from ay to the
cut-vertex of each component of L(§). Let Gy = T3, where T3 satisfies two conditions: T3 is
non-hamiltonian and ¢(73) = w + § (see Figure 3). Let G3 be the graph obtained from T,
and T3 by identifying a vertex from A; and a vertex from A, as a new vertex v and adding

an edge between A; — v and Ay — v (see Figure 3).

For i € {2,3}, w(Gy) = w, ¢(Gy) = w+ 5. If S # 0, then §(G;) = 3; if S = 0, then
§(G;) =9.
Notation 1.7. For integers n > w + 3 and w > 4, let F; be the graph with its vertex set
partitioned into sets A, B and C of sizes w—2, 2 and 3, respectively, such that F;[AUB] = K,
F\[C] = K3 and [B, C] is complete. Let a;,ay € A, let B = {by,by} and let C = {cy, ca, c3}.
Let F3 be the graph obtained from Fj by adding two edges ajcy, asce and deleting two edges
baci, boco. Let G4 be the graph of order n obtained by adding n — w — 3 new vertices to Fs,
where the neighborhood of each new vertex is exactly equal to that of one of ¢, cs, or c3 (see

Figure 3).
Note that 0(G4) = 2, w(G4) = w and ¢(Gy) = w + 2.
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Figure 3: The vertices in each gray ellipse induce a complete graph.

Let 7 = {Hi(n,w + 1,6), Hi(n,w,6 + 1), Hy(n,w + 1,9), G1, G2, G3,G4}. Let G be the

family of subgraphs of graphs in F that have order n, minimum degree 9, and clique number
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w, except for H(n,w,d) and Z(n,w,d). Graphs satisfying the above conditions can be easily

found among the subgraphs of graphs in F. Now, we establish the following main result.

Theorem 1.8. Let G be a 2-connected graph of order n with clique number w and minimum
degree 0. Then ¢(G) > min{n,w + § + 1} unless

(i) ¢(G)=w+d—1and G € {H(n,w,0),Z(n,w,0)}; or
(i) ¢(G) =w+6 and G € {H3(n,w,2), Hy(n,w,3)} UG.

The remainder of this paper is organized as follows. In Section 2, we give some necessary
notations and definitions. In Section 3, we present some lemmas for the proof. Section 4 is
devoted to the proof of Theorem 1.8.

2 Notations and definitions

We denote by V(G) the vertex set of a graph G, by E(G) the edge set of G, and denote by
|G| the order of G. Let Ng(v) be the neighborhood in G of a vertex v, and let dg(z) be the
size of Ng(x), and define Ng[z] = Ng(z) U {x}. For S C V(G), let Ng(S) = (xgs Ne(z))\ S
and let Ng[S] = Ng(S)US. Denote by G[S] the subgraph induced by S. Let A and B be any
two subsets of V(G). We write [A, B] to denote the set of edges that have one end in A and
the other end in B. If G[[A, B]] is a complete bipartite graph, then we say [A, B] is complete.
For any pair binary tuple (x,y) and (a,b), we denote x = a and y = b by (x,y) = (a,b).

For two distinct vertices x and y, an (z,y)-path is a path whose endpoints are x and y.
We may extend the notion of an (z,y)-path to paths connecting subsets X and Y of V(G).
An (X,Y)-path is a path which starts at a vertex of X, ends at a vertex of Y, and whose
internal vertices belong to neither X nor Y if F; and F, are subgraphs of a graph G, we
write (F, Fy)-path instead of (V(F}), V(F3))-path.

Recall that every connected graph G has a block-cutvertex tree ([1], [17]), a leaf of which
is called an end-block. If G has cut-vertices, then an end-block of GG contains exactly one
cut-vertex. If B is an end-block and a vertex b is the only cut-vertex of G with b € V(B),
then we say that B is an end-block with cut-vertex b.

Let P = vjvy- - - vy, be a path in a graph G. For v;,v; € V(P), we use v;Pv; to denote
the subpath of P between v; and v;. For a vertex v € V(P), denote v~ and v™ to be the
immediate predecessor and successor of v on P, respectively. Let v™! = v~ and v™! = vT. Let
v = (v Y)" and v = (V) for i > 2. For S C V(P), let ST = {v*:v € S\ {v,}}
and ST = {v™ v e S\ {vi}}. We call (3,j) a crossing pair of P if v; € Np(v,,) and
v; € Np(v1) with @ < j. A crossing pair (7, 7) is minimal in P if v, ¢ Np(v1) U Np(v,,) for
each i < h < j. For any minimal crossing pair (i, 7), we call (i, 7) is a minimum crossing pair
if j — 4 is minimum. We say a vertex = ¢ Y is connected to a vertex set X C Y if there is a

path starting from z, ending at 2’ € X and without containing any vertices of Y\ {z'}.



3 Preliminaries and Lemmas

We need the following well-known lemma proved by Pésa [14].

Lemma 3.1 (Pésa [14]). Let G be a 2-connected graph of order n with a path P = x1x5 . . . .
Then ¢(G) > min{n,dp(z1) + dp(zx)}. Furthermore, if P does not contain a crossing pair
and Np(z1) N Np(zg) # 0, then ¢(G) > min{n,dp(z1) + dp(xx) + 1}. If P does not contain
a crossing pair and Np(x1) N Np(zy) = 0, then ¢(G) > min{n, dp(x1) + dp(zx) + 2}.

Erdés and Gallai [4] proved the following result which has been used in several papers.

Lemma 3.2 (Erdgs and Gallai [1]). Let G be a 2-connected graph and x,y be two given
vertices. If every vertex other than x,y has a degree at least k in G, then there is an (x,y)-
path of length at least k.

For two distinct vertices z,y € V(G), we call the triple (G, z, y) is a rooted graph with roots
x and y. The minimum degree of (G, x,y) is defined to be min{dg(v) | v € V(G) \ {z,y}}.
(G, z,y) is said to be 2-connected if G + xy is 2-connected, where G + zy = G if vy € E(G)
and G + zy is the graph obtained from G by adding the edge zy if xy ¢ E(G).

Let T'(6) be the union of components of order 6 or 6 — 1. A useful generalization of
Lemma 3.2 is the following lemma, which helps characterize the local structure of the extremal

graphs.

Lemma 3.3. For an integer 6 > 2, let (G, z,y) be a 2-connected rooted graph with minimum
degree at least 6 and order at least 6+ 3. Then there exists an (x,y)-path of order at least 6 +3
in (G,x,y), unless G —{z,y} = L(6) +T(9), ord =3 and G —{z,y} = S+ L(3)+T(3). In
particular, for each component of L(0), if x is adjacent to a non-cutvertex in that component,

then y is adjacent only to the cut-vertex of the same component, and vice versa.

Proof. Note that adding the edge xy does not affect the order of a longest (x,y)-path in G.
So we may assume that x and y are adjacent in (G, x,y). Base on the definition of a rooted
graph, G is 2-connceted. Let H = G — {z,y} and then |H| > § + 1.

Suppose H is connected. We use induction on ¢ to prove the statement.

The basic step for § = 2. If H is 2-connected, then H contains a cycle C. Since G
is 2-connected, there exist two vertex-disjoint ({z,y}, V(C))-paths. Then we can find an
(x,y)-path of order at least five in G. If H is not 2-connected, then H has a cut-vertex.
Consider its block-cutvertex tree. Since GG is 2-connected, there exists an end-block B; with
cut-vertex b; such that one of the vertices = and y has a neighbor in By — by, and the other
has a neighbor in H — V(B; —b;). Without loss of generality, let u € N(z) NV (B; — b;) and
ve Ny NV(H—-V(B; —b)).

Suppose v € N(y) N V(H — V(By)). Since H contains a (u,v)-path P of order at least
three, zuPuvy is an (z, y)-path of order at least five in G. Suppose N(y)NV(H -V (By)) =0,
that is, v = by. If H contains another end-block By with cut-vertex by # by, then = has a

neighbor in Bj since G is 2-connected. Hence, we can find an (z,y)-path of order at least
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five in G. Suppose H contains exactly one cut-vertex by. Now Ng(y) = {b1}. If there is an
end-block of order at least three, then we can easily find an (x, y)-path of order at least five.
If each end-block has order two, then H = L(2).

The induction step for > 3. Suppose Lemma 3.3 holds for all 2-connected rooted
graphs with minimum degree less than §. Suppose that H is 2-connected. Let H' = G — x.
Since G is 2-connected, there is a vertex uw € N(z) NV (H). Now (H',u,y) is a 2-connected
rooted graph of order at least 6 +2 with minimum degree at least 6 —1 > 2. Since H = H' —y
is 2-connected, H' — {u,y} is connected. Note that |[H| > § + 1.

By the induction hypothesis, there exists a (u, y)-path P of order at least § +2 in H" and
hence zuPy is an (x,y)-path of order at least 6 + 3 in G, unless H' — {u,y} = L(§ — 1) or
d=4and H —{u,y} = 5. Since H' — {u, y} is connected, both L(§ — 1) and S have exactly
one component. Suppose H' — {u,y} = L(§ — 1). Let v; be the cut-vertex of L(6 — 1). Note
that u or y is only adjacent to v; in L(d—1). Without loss of generality, let Ny 5-1)(y) = {vi}.
By 6((G,z,y)) > 6, [V(L(6 —1) —v;), {x,u}| is complete. We can find an (z, y)-path of order
at least 0 + 3. Suppose H' — {u,y} = S = Ky, with ¢t > 3. Let v; be the cut-vertex of K.
By 0((G,z,y)) >0 =4, [V(S—w), {x,y,u}] is complete. We can find an (z, y)-path of order
seven. Thus, there always exists an (x,y)-path of order at least 6 + 3 in G.

Assume that H has a cut-vertex and consider its block-cutvertex tree. If there exists an
(x,y)-path of order § 4+ 3 in G, we have done, so assume that G contains no (z,y)-path of
order at least 6 + 3. For 1 < i < s, let B; be an end-block with cut-vertex b;. Since G is
2-connected, without loss of generality, suppose N(z) N V(B; —b;) # 0 for some 1 < j <'s
and let H; = G[V(B;) U {z}].

We now distinguish two cases based on the locations of the neighbors of y in H.

Case 1. N(y)NV(B; —b;) =0 for any 1 <i < s.

Since G is 2-connected, we assert that N(x)NV (B;—b;) # 0 for any 1 <i < s. Otherwise,
G would have a cut-vertex, a contradiction. By 6((G,z,y)) > and N(y) NV (B; — b;) =0,
we have |B;| > 4, for any 1 <i < s.

Claim 1. H; contains an (x, b;)-path P; of order at least 6 + 1 for any 1 < j <.

Proof. Note that (H;, z, b;) is a 2-connected rooted graph of order at least §+1 with minimum
degree at least §. If § > 4, by the induction hypothesis, there exits an (x, b;)-path P; of order
at least 6 + 1 in H;, unless B; —b; = L(§ — 2), or § =5 and B; —b; = S. Since B; — b; is
connected, both L(§ — 2) and S have exactly one component. Suppose B; —b; = L(6 — 2).
Let v; be the cut-vertex of L(6 — 2). Note that = or b; is only adjacent to v; in L(§ — 2).
Without loss of generality, let Nps_2)(z) = {v;}. Then each vertex of L(d — 2) \ {v;} has
degree at most 6 — 2, a contradiction to 6((H;,x,b;)) > 6. Suppose B; —b; =S = K;,, with
t1 > 3, a contradiction to §((H;,x,b;)) > ¢ = 5. Thus, there exists an (x,y)-path of order at
least § + 1.

Suppose § = 3. Recall that (H;,z,b;) is a 2-connected rooted graph of order at least four



with minimum degree at least three. Let u € N(x) N'V(B; —b;). By dg,(u) > 3, there is a
vertex w € N(u;) NV (B; —b;). Since G is 2-connected, there are two internal vertex-disjoint
(w, {u,b;})-paths. Hence, there is an an (z,b;)-path of order at least four in H;. Thus, H;
contains an (x,b;)-path of order at least 6 + 1. This proves Claim 1. O

Since G is 2-connected and N(y) NV (B; —b;) =) for any 1 < i < s, we have [{y}, V(H —
U V(B; = b;))] # 0. For u,v € V(G), denote ¢(u,v) the length of a longest (u, v)-path. Let
i=1

d(u, A) = max o(u,v). We choose an end-block By with 1 <k < s such that ¢(bg, Ny(y)) =
max ¢(b;, Ny (y)). Without loss of generality, let ¢(by,v) = ¢(bg, Ng(y)) and let Q be a
longest (by,v)-path. Clearly, V(Q) NV (By) = {b;}. We choose a longest (z,b;)-path P;. By
Claim 1, |P;| > 0 + 1. Now, there exists an (x,y)-path P = zP1b;Quy of order at least § + 2.
By |P| < 0 + 2, we have |P| = + 1, by = v and |P| = § + 2. By the maximality of Q,
we have Ny (y) C {b1,be,---,bs}. Hence, H has exactly one cut-vertex. If |H;| > 0 + 2, then
(Hj,x,b;) is a 2-connected rooted graph of order at least § + 2 with minimum degree at least
d, similar to the proof of Claim 1, there exists an (x, b;)-path of order ¢ + 2, a contradiction
to the maximality of P;. Thus, |H;| = + 1. By 6((G,z,y)) > d, H; is a complete graph of
order 6 + 1. Thus, G — {x,y} = L(0), and y is adjacent only to the cut-vertex of L(J).

Case 2. N(y)NV(B; — b;) # 0 for some 1 < i < s.

Claim 2. For an end-block Bj, if N(x)NV (B; —b;) # 0, then H; contains an (z, b;)-path
P; of order at least 4.

Proof. Note that (H;,z,b;) is a 2-connected rooted graph of order at least ¢ with minimum
degree at least 6 — 1. We provide a brief proof of Claim 2, as it is similar to that of Claim 1.

Suppose § > 5. Since Bj; is a block of order at least § — 1 and dp,(u) > d — 1 for any
u € V(B; — bj), by the induction hypothesis, there always exists an (z, b;)-path of order at
least § in G. Suppose § = 4. Recall that (H;, z,b;) is a 2-connected rooted graph of order at
least four with minimum degree at least three. Let u; € N(x) NV (B; —b;). By dg,(u1) > 3,
there is a vertex uy € N(uy) N V/(B; — b;). Since B; is 2-connected, there exist two internal
vertex-disjoint paths u;Q1b; and ueQ20;. Then ujus@2b; is a path of order at least three
and hence zujus(Q2b; is a path of order at least four in H;. Suppose = 3. Then there is an
(x,b;)-path of order at least three in H; since B; is a block of order at least two. Thus, H;
contains an (x,b;)-path P; of order at least 6. This proves Claim 2. O

Without loss of generality, suppose N (z)NV (B;—b;) # 0 and N(y)NV (Bz—by) # 0. Note
that (G[V (Bz) U{y}], b2, ) is a 2-connceted rooted graph of order at least § with minimum
degree at least § — 1. Similar to the proof of Claim 2, there exists a (by, y)-path of order at
least § in G[V(B2) U {y}]. Let P, be a longest (x,b)-path in H; and let P, be a longest
(ba, y)-path in G[V (B2)U{y}]. Clearly, |Pi| > § and |P,| > §. There is a (b1, be)-path Py such
that V(Fy) N (V(B1) UV (Bg)) = {b1,b2} in H. Then xP b PobyPoy is an (z,y)-path P of
order at least 20 — 2 + || in G. Recall that |P| < d+2. By § > 3, we have § =3, |Py| =1



and |P| =20 — 2+ |Py| =5. Now by = b, |Pi| =6 =3 and |P| = ¢ = 3. It is easy to verify
that both By and B, are edges.

If H has at least two cut-vertex, there is an end-block By such that by # by. Let P} be
a (b, by)-path in H. Note that either N(xz) N V(By —bs) # 0 or N(y) N V(By — bg) # 0.
If N(z) NV (By — bg) # 0, then there is an (z,y)-path P’ = xPsb; PjbyPyy of order at least
d+ 3. If N(y) N V(By —bs) # 0, then there is an (z,y)-path P” = 2 Pyby Pjbs Pry of order
at least § + 3. Both situations contradict |P| < § + 2. Hence, H has exactly one cut-vertex.
Clearly, each block is an edge. By |G| > d +3 =6, V(G) \ V(P) # 0. There exist at least
three end-blocks in H. Then H = K;; where t > 3.

Thus, if H has a cut-vertex, then either there exists an (x,y)-path of order at least § + 3
in G, unless H = L;(d), or 6 = 3 and H = K, where L;() is the unique component of
L(5) and t > 3.

Now, we consider that H is disconnected. Let H =T, UT, U ---UT} where k > 2 and T;
is a component of H for 1 <i < k. By 6((G,x,y)) > 0, each component of H has order at
least & — 1. If there exists no component of order at least § 4+ 1, then we are done, so assume
that H has some components of order at least § + 1. Select an arbitrary component 7T; of H
with |7;] > 0 + 1. Similar to the above argument, we can find an (z, y)-path of order at least
d+ 3 in G[V(T;) U {x,y}], unless T; = L;(0), or § = 3 and T; = Ky4,, where L;() is the
unique component of L(§) and ¢; > 3.

Thus, there exists an (z,y)-path of order at least § + 3 in (G, z,y), unless G — {z,y} =
L(§)+T(6),ord =3and G—{z,y} =S+ L(3)+T(3) (see Figure 4). In particular, for each
component of L(d), if x is adjacent to a non-cutvertex in that component, then y is adjacent

only to the cut-vertex of the same component, and vice versa. This proves Lemma 3.3. [

x Yy x Yy

G —{z,y} = L(4) G —{r,y} =5+ L(3)

Figure 4: The red dotted line is not necessarily present.

Remark 3.4. By the definition of L(J) and S, if either exists, then there is an (z,y)-path
of order § + 2; note that = and y may be adjacent to the center of each star of S.



4 Proof of Theorem 1.8

Let G be a 2-connected graph. We call graph G edge-mazimal if for any edge e € E(G),
G + e will have a cycle of length at least ¢(G) + 1. The following lemma will be very helpful

for characterizing all extremal graphs in Theorem 1.8.

Lemma 4.1. For two integers w,d with w > 6 > 2, let G be a 2-connected edge-mazimal
non-hamiltonian graph of order n with §(G) > 0, w(G) > w and ¢(G) = w+43d. Let H C G be
a complete graph of order w(G), let T = G[V(G)\V(H)] and let P = v1vy ... v, be a longest
(H,T)-path with viv, ¢ E(G). If (dp(v1),dp(vy)) = (w—1,0 + 1) or (w,d), then

(i) G e {Hi(n,w,d+1),G1,Ga} when (dp(v1),dp(vm)) = (w—1,5+1); or
(i) G € {Hi(n,w+1,0), Hy(n,w+1,6), H3y(n,w,2), G3, G4} when (dp(v1),dp(vm)) = (w, ).

Proof. Let k = w + § + 1. By the edge-maximality of G and vyv,, ¢ E(G), m > k. By the
maximality of P, Ny (v1) C Np(vy) and Ng(vy,) = Np(vp,). By Lemma 3.1 and ¢(G) = k—1,
P has a crossing pair. Let s = min{i : v;v,,, € E(G)} and t = max{j : v;u; € E(G)}. Clearly,
s>2andt<m—1.By¢(G)=Fk—1,

Nz (v1) N Np[vy,] =0 and N (v,,) N Nplvy] = 0. (1)

Let (p, ¢) be a minimal crossing pair of P with s < p < ¢ <t and let C' = vy Pv,v,, Pv,v;.
Clearly, Np[v1] U Np[v,,] € V(C). Then Np(v1) U Nplvy] \ {ve—1} € V(C) and Nplv,| U
NE(vm) \ {vps1} € V(C). By ¢(G) = k — 1, we have |V(C)| < k — 1. Since (dp(v1),dp(vy,))
is either (w — 1,0+ 1) or (w,d), by (1), we have

k=1 = N5 (00) U Npfo] \ {og-1} = [Npo1] U NG (o) \ {openl] < [V(C)] < k= 1.
Then
V(C) = Np (v1) U Np[vn] \ {vg-1} = Np[vi] U N (v) \ {vp41}- (2)

By (2), it is readily seen that every minimal crossing pair is in fact a minimum crossing pair.

Clearly, |C] = k — 1. We now present more structural properties of P in G.

Claim 1. Let (dp(v1),dp(vy)) = (w—1,6 +1). Then Np[v;] = Np[v;] for 1 <i < s—1;
and fort+1 < j <m, Np[v;] C Np[v,] and |[{v;}, Np(vs)]] > 6.

Proof. For 1 <i <s—1,v; ¢ Np(vy). By (2), vis1 € Np(vy). Then V (v, Pvs) C Nplvy],
similarly, V(v Pv,,) € Np[vp,].

We prove that Np[v;] € Npfvg] for 1 < i < s—1. If s = 2, we are done, so assume
that s > 3. To the contrary, suppose there exists a vertex v, € Np[v;] \ Np[vi] for some
2<i<s—1 Clearly, h > s+ 1. If v, ¢ V(C), then vy Pv;up, Pv,v,Pv; 101 is a cycle of
length at least k, a contradiction. Hence, v, € V(C). By vy, ¢ Np[vi] and (2), v, € Nj(vp),
that is, v,_1 € Np(vy,). But vy Pvvp, Pvg,v,_1 Pv;ivp is an m-cycle, a contradiction. Thus,
Np[v;] € Np[v] for 1 <i < s—1. By Np(vy) = Ng(v1), Np[v;] = Np[vq] for 1 <i<s—1.
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We prove that Np[v;] C Nplvy,] fort +1 < j <m. If t =m — 1, we are done, so assume
that ¢ < m — 2. To the contrary, suppose that there exists a vertex v, € Np[v;] \ Np[vp]
for some t +1 < j <m — 1. Clearly, h <t —1.If v, ¢ V(C), then v; Pvyv; Pv,v;_1Pvsvy
is a cycle of length at least k, a contradiction. Hence, v, € V(C). By v, ¢ Np[v,]| and
(2), vps1 € Np(v1). But vy PvpvjPvy,vj_1Pupgqvr is an m-cycle, a contradiction. Thus,
Nplvj] € Nplvy,] for t +1 < j < m. Consider the (H,T)-path P’ = vy Pv;_1v,,Pv; with
t+1<j<m. Wehave § <dg(v;) =dp/(v;) =dp(vj) <d+ 1. lf dp(v;) = dp(vy) =0 +1,
then Np[v;] = Nplvy,]. If dp(v;) = 0, then |[{v;}, Np(vy)]| > 6. This proves Claim 1. O

Claim 2. Let (dp(v1),dp(vy)) = (w,0). Then Nplv;] € Nplvy] for 1 < i < s—1 and
Np[vj] = Nplvy,] fort+1 < j < m; moreover, if v; € V(H), then |[{v;}, Np(v1)]| > w — 1.

Proof. Similar to the proof of Claim 1, Np[v;] € Np[vy] for 1 <i < s—1and Np[v;] C Np[v,]
for t +1 < 7 < m. Moreover, for 1 <i < s—1,if v; € V(H), then dp(v;) > w — 1 and
|[{vi}, Np(v1)]] > w — 1. Consider the (H,T')-path P” = vy Pvj_v,, Pv;, for t +1 < j < m.
We have dg(vj) = dpr(vj) = dp(v;) = 6. Then Npfv;| = Nplvy,] for t +1 < j < m. This
proves Claim 2. O

By the proof of Claim 1 and Claim 2, Ng[v;] = Npfy;] for t +1 < j < m. We need
to define some sets. Let Ay = V(vPus_q1), Ay = Np(vi) \ V(vePvs_1), A, = Np(vm) \
V(viy1 Pvy_1), A3 = V(v11Poy,) and let X = V(G) \ (A1 U Ay U A3). Clearly, X # ().

Claim 3. If v; and v, are not adjacent to any two consecutive vertices of vsPuv;, then
Ay = Al = {wvs, v} when (s,t) is a minimal crossing pair or Ay = Ay = {vs, Vg1, ..., Vo, U}

where t = s (mod 2) and m = k when (s,t) is not a minimal crossing pair.

Proof. If (s,t) is a minimal crossing pair, then Ay = A} = {v,, v} by Claim 1 and Claim 2.
Suppose that (s,t) is not a minimal crossing pair. Let (i,j) be a minimal crossing pair.
Clearly, i > s or j < t. Without loss of generality, let i > s.

Since v,,, is not adjacent to any two consecutive vertices of vs Pvy, we have v;_1v,, ¢ E(G).
By (2) and v; € N} (vn), vivy € E(G). Since vy is not adjacent to any two consecutive vertices
of vsPvy, we have v;_1v1 ¢ E(G). By (2) and v;_o € Np(v1), vi—2vm € E(G). Since (i — 2,1)

is a minimal crossing pair, we have |V (v;Pv;)| = 3 by the choice of (,7). Repeating the
above arguments, we have {vg, Usi2, ..., v;_2,v;} = Ao NV (vsPv;) = ALNV (vsPy;) and i = s
(mod 2).

Similarly, viv;11 ¢ E(G). By (2) and v; ¢ Np(v1), vju, € E(G). Hence, vjyv, ¢
E(G). By (2) and vjy5 ¢ N{ (vs), v1vj42 € E(G). Repeating the above arguments, we have
{vj, V19, . .., 2,0} = ANV (v;Pvy) = A5 NV (v;Pyy) and t = j (mod 2).

Base on the fact that |V(v;Pv;)| = 3, Ay = A} = {v5,Vs42,..., 02,4} and t = s
(mod 2). Moreover, m = k. This proves Claim 3. O

By analyzing the structure of G when (dp(v1),dp(vy,)) = (w — 1,0 + 1), we obtain the

following two claims.
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Claim 4. If (dp(vy),dp(vy)) = (w — 1,6 + 1), then vy and v, are not adjacent to any two

consecutive vertices of vsPuy.

Proof. To the contrary, suppose v;, v;i11 € V(vsPvy) and v;, v;41 € Np(vq). Since ¢(G) = k—1,
we have i > s + 2. By Claim 1, v;11vs_1 € E(G). Then vy Pvs_1v;41 Pv,vs Pvvy is a cycle of
length m > k, a contradiction.

Suppose v, vir1 € Np(vp,). Since ¢(G) = k—1, i+1 < t—2. By Claim 1, v;41v; € E(G) or
Vi1V € E(GQ). If viqv; € E(G), then vy Py Pog,viq Pugvy is a cycle of length m > k,
a contradiction. If v, 0,41 € E(G), then vy Pv;v,, Pvii1v;41 Powvy is a cycle of length m > k,

a contradiction. This proves Claim 4. O

Claim 5. If (dp(v1),dp(vsm)) = (w—1,041), then each vertez of X can only be connected to
Ay € AJUAUA3; moreover, if (s,t) is not a minimal crossing pair, then X is an independent

set of G.

Proof. By Claim 1, Claim 3 and Claim 4, Np[A;] = A; U Ay and Ng[A3] C Ap U Aj, that is,
(X NV(P),A] = 0 and [X, A3] = (. First, we show that each vertex of X \ V(P) is only
connected to Ay € A; U Ay U A;. To the contrary, suppose z € X \ V(P) is connected to
AjUAs; € AJUA3UA;3. Since G is 2-connected, there exist two vertex-disjoint (z, P)-paths Py
and P, with V(P)NV(F;) = x; for i = 1,2. Assume that z; € V(v Pxy). By the maximality
of P, xyx9 ¢ E(P).

Suppose w1, 72 € A;. By V(H) = Nplv], z7x, € E(G) or 2{25 € E(G). If z7z; €
E(G), then vy Px] xy PxyPi2Pyxy Puy, is an (H,T)-path longer than P, a contradiction. If
v r] € E(G), then v, Px, Pz Pyxy Pxixd Pv,, is an (H, T)-path longer than P, a contradic-
tion. Thus, x; ¢ Ay or xo ¢ A;. Without loss of generality, let (s,t) be a minimal crossing
pair. Recall that v; Pvgv,, Pvvy is a (k — 1)-cycle. Another situation is similar. If 1 € A; or
x9 € X NV(P), then lelelngszvmvstfvl is a cycle of length at least k, a contradic-
tion. Suppose 1 € Ay and x9 € As. If 29 = v, then lelelngszvmvstfvl is a cycle
of length at least k, a contradiction. Hence, xo = vs. By z129 ¢ E(P), x1 # vs_1 and then
lelelzPQxQUmPvtvs,lP:cfvl is a cycle of length at least k, a contradiction.

By [ XNV (P), A;UA;3] = ), each vertex of XNV (P) is only connected to Ay C AjUAUA;.
Thus, each vertex of X can only be connected to Ay C A; U Ay U As.

Assume that (s,t) is not a minimal crossing pair. We show that X is an independent set
of G. By Claim 3, Ay = A} = {vg, vs49, ..., 02,0 }. For any two vertices y;,y2 € X NV (P),
there exists a (y1, y2)-path of order k (see Figure 5(a)). Hence, X NV (P) is an independent
set of G. For any two vertices y;,ys € A, there exists a (y;,y2)-path of order £ — 2 (see
Figure 5(b)); for any two vertices y; € Ay and yo, € X N V(P), there exists a (y;, y2)-path
of order k — 1 (see Figure 5(c)). Since ¢(G) = k — 1 and G is 2-connected, X \ V(P) is an
independent set of G and [X NV(P), X \ V(P)] = 0. Thus, X is an independent set of G.
This proves Claim 5. U

Our analysis of the structure of G under the condition (dp(v1), dp(vy)) = (w, d) leads to

the following four claims.
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Figure 5: The red path is a (y1, y2)-path we identified.

Claim 6. If (dp(v1),dp(vy)) = (w,0), then vy, is not adjacent to any two consecutive vertices

of vs Puy; moreover, if vy is adjacent to two consecutive vertices of vsPuvy, then Np[v]\V (H) =

{v2} = {vs-1}

Proof. Let v;,v,41 € V(vsPv;). Suppose v;,v;+1 € Np(vy,). Then j+1 <t — 2. Similar to
the proof of Claim 4, it is easy to find an m-cycle, a contradiction. Assume that v;,v;41 €
Np(v1) NV (vsPvy). Clearly, j > s+ 2.

Suppose v, ¢ Nplvi] \ V(H). By Claim 2, vv; € E(G) or vv;41 € E(G). If vv; €
E(G), then vyvs_1 Pvgv; Pugvy, Pvjqvy is an m-cycle. If vovjy € E(G), then vyv,_1 Pugvjiq
Puv,,vsPvjv; is an m-cycle. Both situations lead to a contradiction.

Suppose vy € Np[v] \ V(H) and vy # vs_1. By Claim 2, v,_yv; € E(G) or vs_1vj11 €
E(G). If v,_qv; € E(G), then vy Pvs_10j Pusv,, Pvjpivq is an m-cycle. If vs_jv,41 € E(G),
then v1 Pvs_1vj41 Pv,vs Pvju; is an m-cycle. Both situations lead to a contradiction.

Thus, if vy is adjacent to two consecutive vertices of vy Pvy, then Np[vi]\ V(H) = {vy} =
{vs—1}. This proves Claim 6. O

Claim 7. If (dp(v1),dp(vm)) = (w,0) and vy is adjacent to two consecutive vertices of vs Puy,

then G = Gy4.

Proof. By Claim 6, vy € Np[v1]\ V(H) and s = 3. By dp(v1) = w, we have |H| = w(G) = w.
Suppose that v Pv; contains h vertex-disjoint segments v;, Pvj, , v, Pvj,, .. ., v;, Pv;, with
11 < 19 < --- < 1p, where each segment is a subpath of order at least two and V(vivajf) C
Np[vq] for 1 < f < h. Without loss of generality, assume that each segment contains as
many vertices as possible. Next, we show that h = 1.
By vsvm, vi, 1101 € E(G) and ¢(G) = k — 1, i3 > 5. Note that there exists a minimal
crossing pair (p1, q;) of P with 3 < p; < ¢; < ;. Similar to the proof of Claim 3, we obtain

NP(’Ul) N V(UgPUil) = NP(’Um) N V(UgP’Uil) = {1)3, Vs, ... 7'Ui1—47vi1—2}

where 4, = 3 (mod 2). For 1 < f < h, a similar analysis of the subpath v;, Pv;, (suppose

iny1 = t) shows that

Np(Ul) N V(UijUif+l) = Np(’l]m) N V(vijviHl) = {vjf,ijg, e ,Uif+1,4,Uif+1,2}
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where i1 = j; (mod 2). Hence, for any vertex € V(vsPuv) \ Np(vy), 2,2~ € Nplv].
Let W =V (vsPuv). By ¢(G) = k — 1, we have

Np(om) AW = (Np(v1) N W)\ (}Ql V(v Poj-)).

Consider the (H,T)-path v; Pv,v3Pv;,v1vs. By the choice of P and Claim 2, Ng(vs) =
Np(’UQ) g Np[’l}l].
Clearly, [{v2}, V(vi, Pvj,)] = 0 for 1 < f < h. Hence,

Np(ve) "W C (Np(vy) N W)\ {v),, 04, - -, 05, }-
Let Ny (v) = Np(ve) N W and Ny (v,,) = Np(vy,) N W. Then
51 < [No(v2)|~1 = [Nig (02)] < [N (v) | —h = | Ns(v) | ~h—(m—t—-1) = 5—h—(m—t-1).
Bym>t+1and h > 1, h=1 and m =t + 1. Each inequality becomes equality. Thus,
Np(ve) "W = (Np(vy,) N W)\ {v, }.
By |Nw (vm)| = |[Nw(v2)|+1 = dp(ve) > 6, j1 = t. Recall that v;, # vs3. Then Np(vi)NW =

Np(vy) "W = {vs,vs, ..., 044, Vi —2, v} Where i3 = 3 (mod 2). Since vv9v3v,, Pvsv; is an
(m — 1)-cycle, we have m = k.

We show that V(G) \ V(H) is an independent set. Recall that for any vertex = €
W\ Np(vy), then 2,27 € Np[v;]. For any two vertices x,y € V(P) \ Np[v1], there exists
an (z,y)-path of order k. Thus, V(P) \ Np[v] is an independent set. For any two vertices
u,v € Np[v1] N W, there exists a (u,v)-path of order at least k — 2. Since G is 2-connected,
there exist two vertex-disjoint (z, P)-paths P, and P, with V(P)NV(P;) = z; for i = 1,2
and z € V(G)\ V(P). Clearly, x1, x5 € Np[v1] N W. Hence, P; is an edge with i = 1,2. Thus,
V(G) \ V(P) is an independent set and then V(G) \ V(H) is an independent set.

We assert that i1 = 5. Suppose iy # 5. Since V(G)\ V(H) is an independent set, we have
Ne(z) € Ny (vyy,) for any vertex x € W\ Np(vy). By dp(vi,—3) > 9, v;,_3v;, € E(G). Then
Vi —2Um U, Vs, —3Pvav1 05, 1 P, 03, 103, 2 1s a k-cycle, a contradiction.

Now dg(v,,) = § = 2. From the above, we determine the neighborhood of the vertices in
V(P) \ V(H) within the graph G (see Figure 6).

V-1

R ——d AL

V9 V4 Um V(P) \ V(H)

Figure 6: The neighborhood of the vertices in V(P)\ V(H) within the graph G.

Let w be any vertex in V(G) \ V(P). Clearly, N(w) C {vy,vs,vs,v;}. We assert that
N(w) = {vs,vs},{vs,v;} or {v1,v3}. Suppose not. Without loss of generality, suppose
{vs,v;} C N(w). Then vy Pvswv, PvgPvy_qv; is a cycle of length &, a contradiction.

Hence, 6 = 2, w > 4 and G = G4. This proves Claim 7. O

14



Claim 8. If (dp(v1),dp(vm)) = (w,2) and vy is not adjacent to any two consecutive vertices
of vsPvy, then G € {Hi(n,w+ 1,2), H3(n,w,2), G3}.

Proof. By 6 =2,t =m—1 and Np(v,,) = {vs, _1}. By Claim 3 and ¢(G) = k—1,t—s =2
and (s,t) is a minimal crossing pair. Clearly, X N V(P) = {v;_1}. By Claim 2, Np[A4;] C
A;U A, and Ng(vy,) € As. Suppose X \ V(P) = (), that is, | X| = 1. By the maximality of G,
G=KyV (K,1+2K;,) = Hi(n,w+1,2). Assume that X \ V(P) # ). Consider the path
01 PUsv, 00,1 Then [X NV (P), X \ V(P)] = 0 and then Ng(v;—1) = {vs, vt}

First, we show that X is an independent set of G. To the contrary, suppose x1,rs €
X \ V(P) with z129 € E(G). Since G is 2-connected, there are two vertex-disjoint paths
x1Pry; and x5 Pyys where V(P) NV(P) = {y;} for i = 1,2. Assume that y; € V(v Pys).
By the maximality of P, |V (y;Pys2)| > 4. Since Np(v,,) = {vs, v} and [X N V(P), X \
V(P)] = 0, we have y;,y2 € Ay U {vs}. Without loss of generality, let y; € A;. Suppose
Yo = vs. If y5 € V(H), then yy Py, vy Py, PixyzoPov,Pu,, is an (H,T)-path longer than
P, a contradiction. If y, ¢ V(H), then y; € V(H) and then yi" Py, v1 Py, Pix129 Pyvs Puy,
is an (H,T)-path longer than P, a contradiction. Hence, y» € A;. If v,y € V(H),
then vy Py, Pyximo Poys Py yy Py, is an (H, T)-path longer than P, a contradiction. Hence,
vy € Np[v]\V(H) or y5 € Np[vi]\V(H). Then y, € V(H) and then y, Pvy Pz 29 Poys Py,
when vy = yy, or vi Py; yy Py1 Piz129Pyys Pv,, when vy # vy is an (H,T)-path longer than
P, a contradiction. Thus, X is an independent set of G.

If each vertex in X \ V(P) is only connected to Ay C A; U Ay U A, by the maximality of
G, then G = Hy(n,w + 1,2). Suppose there is a vertex zo € X \ V(P) that is connected to
Ay U Ay € AU Ay U As. Since G is 2-connected, there are two vertex-disjoint (xg, P)-paths
Py and P, with V(P,) NV(P) = {z;} for i = 1,2. Since X is an independent set, P; is an
edge for i = 1,2. Assume that z; € V(v Pzy) and (21, 22) # (vs, ;). Clearly, |V (21 Pz2)| > 3.

We assert that z; = vy. Suppose not. Since z; Pvyz, Pzyx022 Pv,, is a path longer than
P, we have Np(vy) \ V(H) = {2, }, and hence z;” € V(H). Now 2" Pz, v; Pz1292 Pv,, is an
(H,T)-path longer than P, a contradiction.

We assert that |V(z1Pz)| = 3. Suppose |V(z1Pz)| > 4. We show that z, € A;.
Otherwise, supppose zo & Aj. If 2 = vy, then vizovv,vs P2 vy is a cycle of length m, a
contradiction. Thus, zo = v,. Since 2z Pz, v12922 Py, is a path than P, we have Np(v;) \
V(H)={z}. By |V(21P2)| > 4, z; € V(H). Now 2, Pvyz¢vsPv,, is an (H, T)-path longer
than P, a contradiction. Thus, zo € A;. By ¢(G) = k—1, 2 25 ¢ E(G) and then 2, € V(H).
Now zy Pvyzgzo Py, is an (H,T')-path longer than P, a contradiction. Thus, |V (21 Pz)| = 3.

By z1 = v; and |V(21Pz)| = 3, we have z5 € A; U {vs}. Suppose z, € A;. Then
Np(vy) \ V(H) = {z{} and hence w(G) = w. We assert that d(z;) = 2. Suppose d(z;) >
3. By Claim 2, N(z{) C V(H). It is easy to verify that there is a cycle of length m, a
contradiction. By 29 # vs, w(G) = w > 4 and hence G = H3(n,w,2). Suppose z; = v,. Then
w(G) =w=3and 6 =2. Thus, G = G3 where l; > 1,15, =0, 13> 2, |S| =0 and |L(5)| = 0.
This proves Claim 8. H
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By Claim 7 and Claim 8, in the case where (dp(v1),dp(vy,)) = (w,d), we may assume

0 > 3 and that vy is not adjacent to any two consecutive vertices of v, Pv; in G.

Claim 9. Ford > 3, if (dp(v1),dp(vy)) = (w, ) and vy is not adjacent to any two consecutive
vertices of vs Pvg, then each vertex of X can only be connected to Ay C A{UA5UA3; moreover,

X is an independent set of G when (s,t) is not a minimal crossing pair.

Proof. By Claim 2, Claim 3, Claim 6 and Claim 7, we have Np[A;] C A; U Ay and Ng[As]
Ay U Az, First, we show that each vertex of X \ V(P) can only be connected to A
AU Ay U As.

To the contrary, suppose there exists a vertex z € X\ V(P) that is connected to A;UA; C
Ay U Ay U As. Since G is 2-connected, there exist two vertex-disjoint (z, P)-paths P, and P,
with V(P) NV (FP;) = x; for i = 1,2. Assume that z; € V(v Pzy). By the maximality of P,
x19 ¢ FE(P). Similar to the proof of Claim 5, if z; ¢ Ay or 29 ¢ Ay, then we can find a
cycle of length at least k; if z7 2, € E(G) or 225 € E(G), then there exists an (H,T)-path
longer than P. Both situations lead to a contradiction.

Hence, 1,25 € Ay and 2725, 2725 ¢ E(G). Suppose x1 = v1. Now x5 Pv; P12 Pz Poy,
is a path longer than P. By the choice of P, z; € Np[v1]\ V(H). By {23 ¢ E(GQ), we
have 7 = x; € Np[vi] \ V(H) and hence x5 = v3. By § > 3 and Claim 2, there is a
vertex y € Np(vy) \ {vs} such that yz{ € E(G). If y € Ay, then there is an (H,T)-path
longer than P, a contradiction. If y € Aj, then there is a cycle of length at least k, a
contradiction. Hence, z; # vy. By a7 25,2723 ¢ E(G), we have 2 = 2, € Np[vi] \ V(H).
By Claim 2, v12] € E(G) and then z] Pviaf xy PizPyxyPv,, is an (H,T)-path longer than
P, a contradiction.

By [X N V(P),A; U A3] = 0, each vertex of X N V(P) can only be connected to Ay C
A1 U Ay U A3, Thus, each vertex of X is only connected to Ay C Ay U Ay U A3. An argument
similar to the proof of Claim 5 shows that if (s,t) is not a minimal crossing pair, then X is

an independent set of G. This proves Claim 9. O
Next, we consider the following two cases.
Case 1. (dp(v1),dp(vy)) = (w—1,6 +1).

Since Ny (v1) € Np(vq) and Ng(vp) = Np(vy,), we have w(G) = w and §(G) > 6. Recall
that X # 0.

Subcase 1.1. (s,t) is not a minimal crossing pair.

By Claim 3, Ay = A} = {vs, V540, -+, V2,0 }. By Claim 5, X is an independent set of
G. And then |Ay| > § since §(G) > 0. By |A2 U A3| = 0 + 2, (|]As|,|As|) is either (4,2) or
(0+1,1).

Suppose (|As|, |A3]) = (6,2). By AjUAy = Nplv], |A1] = w—9. Now G is the graph with
a vertex partition A; U As U A3 U X with sizes w — 9, §, 2 and n — w — 2, respectively, whose
edge set consists of [X, Ay], all edges in A; U Ay, and edges in A U A3. Note that 6(G) =4
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and w(G) > § + 1. Then w = w(G) > § + 1. Since G is non-hamiltonian, n —w — 241 > ¢,
ie., n>w+ 0+ 1. By the maximality of G, G = G.

Suppose (|Asz], |As]) = (6+1,1). Now G is the graph with a vertex partition A;UAUA3UX
with sizes w—3d—1, d+1, 1, and n—w —1, respectively, whose edge set consists of [X UAjz, As],
and all edges in A; U As. Note that w = w(G) > 6 + 2. Then w > § + 2. Since G is
non-hamiltonian, n —w — 141 > d + 1, i.e., n > w + 0 + 1. By the maximality of G,
G = Hi(n,w,d +1).

Subcase 1.2. (s,t) is a minimal crossing pair.

Since G is 2-connected, by Claim 5, G[X U Ay] is 2-connected. By Claim 3, Ay = A}, =
{vs, 01}, |A1] = w—2 and |A3| = §. By the maximality of G and Claim 5, G[A;U A3] = Kjs,o.
Since ¢(G) = k—1, G[A,UX] contains no (vs, v;)-path of order more than min{|A; | +2, |As|+
2}. By §(G) > 0, we have | X| > § — 1. Based on the relationship between the sizes of A; and

As, we proceed to consider the following two cases.

o |A| < A3

Suppose w = §. By Claim 5, each vertex of X is only connected to Ay C A; U As U As.
Hence, A; = (). Otherwise, each vertex of A; has degree w — 1 = § — 1, a contradiction. By
|A1] = w — 2, we have w = § = 2. Then there exists no (v, v;)-path of order more than two
in G[Ay U X], contradicting | X| >0 —1=1.

Thus, w = § + 1. There exists no (vs, v;)-path of order more than § + 1 in G[As U X].
Recall that | X|>d — 1. If | X| =6 —1, then Ay U X is a (§ + 1)-clique since §(G) > §. Now
G = G where [} = 1,15, = 1, |S| = 0 and |L(d)| = 0. Suppose |X| = 4. Since there exist
no (vs,v)-path of order more than 6 + 1 in G[A; U X], by Lemma 3.3, we have 6 = 2 and
X = K,. Hence, G = KoV (K| + Ko+ Ky) = Gy where [; =2, 1, =1, |S| = 0 and |L(5)| = 0.
Suppose | X| > d+ 1. Now (G[As U X], vs, ;) is a 2-connected rooted graph of order at least
d + 3 with minimum degree at least §. By Lemma 3.3, G[X] consists of some components of
order 6 — 1. By §(G) > 6, we have G = Gy where [; > 2,1, =1, |S| =0 and |L(J)| = 0.

Thus, G = Go, where [; > 1,15, =1, |S| =0 and |L(d)| = 0.

o |Ai| > A3
Now w > § + 2, there exists no (vs, v;)-path of order more than § + 2 in G[4; U X|. Recall
that | X| > 0 — 1. If | X| = § — 1, by the maximality of G, Ay U X is a (6 + 1)-clique. Now
G = Go where where [} = 1,1, =1, |S| = 0 and |L(J)| = 0. If | X| = §, by the maximality
of G, G = G5 where [; =0, Iy = 2, |S| = 0 and |L(d)| = 0. Suppose |X| > § + 1. Now
(G[A3 U X, vs, 1) is a 2-connected rooted graph of order at least ¢ + 3 with minimum degree
at least . By Lemma 3.3, G[X]| = L(0) UT(d); or § = 3 and G[X] = SUL(3) UT(3). If
the former happens, by the maximality of G, now G = Gy where [y + |[L(0)| > 1, 1, > 1
and |S| = 0. If the latter happens, § = 3, G = Gy, where [; + 1, > 1, [, > 1, |S| > 0 and
|L(0)] > 0.
Thus, G = GG where [, > 1 and X U A3 consists of at least two components.

Case 2. (dp(v1), dp(vm)) = (w, ).
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Since Ny (v1) € Np(vy) and Ng(v,,) = Np(vy), we have w(G) > w and §(G) = §. By
Claim 6 — Claim 8, it suffices to consider the case where § > 3 and neither v; nor v, is
adjacent to any two consecutive vertices of V' (vsPv;). Recall that X # 0.

Subcase 2.1. (s,t) is not a minimal crossing pair.

By Claim 9, X is an independent set of G and each vertex of X can only be connected
to Ay C A U Ay U Az, By Claim 3, Ay = A}, = {vs, vsy9,- -+ , 02,0 }. By §(G) > 0, we have
|Ay| > 0. Hence, |A3] = 0 and |As| = 1 since |Ay U A3| =0 + 1.

Now, G is the graph with a vertex partition A; U Ay U A3 U X with sizesw —d+1, 6, 1,
and n — w — 2 respectively, whose edge set consists of [X U Az, As], and edges in A; U A,.
Since G is non-hamiltonian, we have n —w—2+1 >4, i.e., n > w+0d+ 1. By the maximality
of G, G = Hi(n,w+ 1,9).

Subcase 2.2. (s,t) is a minimal crossing pair.

By Claim 3 and Claim 9, Ng(A4;) € A; U Ay and Ng(A3) € Ay U As. Since G is non-
hamiltonian, we have X # (). Then dx(z) > § — 2 for any vertex z € X. Hence, |X| > — 1.
Note that |As| = 2, |AjUAs| = w+1 and |A2UA;s| = 0+1. Hence, |A)| =w—12>d—1=|A;3].
By ¢(G) =k —1, |V(vs41Pvi—1)| < min{|A;]|, |As]} = 6 — 1 and hence there exists no (vs, v¢)-
path of order more than 0 + 1 in G[A4, U X].

If | X| =0-1, by §(G) > 6, then G[Ay; U X| = Ks;1 and then G = Hs(n,w + 1,96)
where [ = 2. If | X| = §, by 6(G) > & and Lemma 3.3, then § = 2 and X = K,. Hence,
G = Hy(n,w+1,2) where [ = 3. Suppose |X| > d+1. We consider a 2-connected rooted graph
(G[A2UX], vs, v¢) of order at least d+3 with minimum degree at least §. By Lemma 3.3, G[X]
consists of some components of order 6 — 1. By §(G) > 4, each component is a (§ — 1)-clique.
By the maximality of G, G[A;UAy] = K1 and G[AsUA3] = Ksyq. Then G = Ho(n,w+1,9)
where [ > 3.

Thus, G = Hy(n,w + 1,0) where [ > 2. This proves Lemma 4.1. O

We now prove our main result using an approach analogous to that in the proof of the

Lemma 4.1.

Proof of Theorem 1.8. If G is hamiltonian, then ¢(G) = n and we are done, so assume
that G is non-hamiltonian. To the contrary, suppose ¢(G) < d+w+1. Since G is 2-connected,
by Dirac’s theorem, w > > 2. Let k =0 +w+ 1. If ¢(G) < k — 2, then G = Hy(n,w,d) or
G = Hy(n,w, ) by Theorem 1.1. Hence, assume that ¢(G) =k — 1.

Suppose that G is an edge-maximal graph, that is, G + xy contains a cycle of length at
least k for any edge xy ¢ E(G). Note that §(G) > 0 and w(G) > w. Let w(G) = w' and
0(G)=9¢". Let H=K, C Gand T = G[V(G) \ V(H)]. Clearly, there exist two vertices
x € V(H) and y € V(T) such that zy ¢ E(G). Since G + zy contains a cycle of length at
least k, there is an (x,y)-path of length at least k.

Define P as the set of all longest (H, T')-paths with nonadjacent endpoints. By Lemma 3.1,
we need only consider the three types of P: (1) P contains a path such that the degrees of
its two endpoints are w — 1 and § + 1 in the path; (2) P does not contain any path described
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in (1), but there exists a path in P whose endpoints have degrees w and ¢ in the path,
respectively; (3) each path in P has endpoints with degrees w — 1 and ¢ in the path.

Note that G is a 2-connected edge-maximal non-hamiltonian graph with ¢’ > ¢§ and
W' > w, where w > 6 > 2. Let P = vjvy...v,, € P. Now m > k. Since P is a longest
(H,T)-path, we have V(H) C V(P). Thus, dp(v;) > w' — 1 > w—1. If (dp(v1),dp(vy)) =
(w—1,04+1) or (w,d), by Lemma 4.1, then G € {H;(n,w,d + 1), Hi(n,w + 1,9), Hy(n,w +
1,0), H3(n,w,2), Gy, Gy, G3, G4}. Subsequently, our analysis need only focus on P under the
third type. Since Ny (vi) € Np(v1) and Ng(v,,) = Np(vy,), we have w’ = w and 6" = 6.

We consider the following two cases.
Case 1. Each path in P has no crossing pair.

Now, P has no crossing pair. By Lemma 3.1 and ¢(G) = k — 1, Np(v1) N Np(v,,) # 0
and |Np(v1) N Np(vy,)| = 1. Let Np(v1) N Np(vy,) = {va} for some 2 < o < m — 1. Since G
is 2-connected, there exits a (v1 Pva—1, Vat1Pvm)-path @ such that V(Q) N V(P) = {va, v}
with2<a<a<b<m-—1.Let & =min{h:h > a,v, € Np(v1)} and let ' = max{h: h <

b,v, € Np(vp,)}. Since there is a cycle Cy = vy Pv,Quy Py, vy Pvgvy, we have
k—1=c(G) = |Co| = [Np[w]| + [Nplon]| =1+ [Q] =2 >k - 1.

This implies that @ is an edge vy, |Co| = k — 1 and V(Cy) = Np[v1] U Np[v,,]. Recall that
P has no crossing pair and Np(v1) N Np(vy,) = {vs}. Then

Np[v] = V(v1Pv,) UV (vy Pv,) and Nplvy,] = V(vaPoy) UV (0pPoy,). (3)
Claim 10. Nplvg] = Np[vy] for 1 <5 <a—1 and Np[v,| = Nplvy,] forb+1 <~y <m.

Proof. For 1 < g <a—1, by (3), vivgs1 € E(G). Since Np[vy] = V(H), we have vg € V(H)
and hence Np[v1] C Np[vg]. Next, we show that Np[vg] C Np[v1]. Suppose y € Nplvg] \
Np|v;]. Consider the path P = vgPvjvgy1 Poy, for any f with 1 < § < a—1. Clearly, P; € P
and P has no crossing pair. By (3), y € V(va11Pvy—1). Then Cg = v5Ps0,0 Psvmve Payvg
is a cycle such that |Cs| > |Co| + 1 = k, a contradiction. Thus, Np[vg] = Nplv| for
2<p<a-1.

For b+ 1 <~y < m, by (3), v5_1v,, € E(G). Consider the path P, = v;Pv,_1v,,Pv,.
Clearly, P, € P and P, has no crossing pair. Then dp(v,) = dp, (vy) = dg(v,) = 0. Suppose
z € Nplv,] \ Np[vn]. By (3), 2 € V(vpy1Pvp—q) and then C, = vy Pyv,upPyv, 2P vty is a
cycle such that |C,| > |Cy| + 1 = k, a contradiction. Thus, Np[v,] € Np|v,,] and hence
Np[vy] = Np[vy,] for b+ 1 <~ < m. This proves Claim 10. O

By the maximality of P and the proof of Claim 10, we have Np[v,] = V(H) and Ng[v,| =
Npvy] for b+1 <y <m.

Claimll.a<a-1<sd=tt=a<a+1<hb.
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Proof. To the contrary, suppose s’ < . By (3), vo—1 € Np(v1). By Claim 10, v,_1v, € E(G).
There is a path L = v, Pv,_101 Pv,_104 PV, € P. Since v,vp, Vo € E(G), L has a crossing
pair, a contradiction. Thus, s’ = «. Similarly, ¢’ = a.

To the contrary, suppose a = a — 1, i.e., v,u, € E(P). By v, € V(H), there is a path
M = v, Pv1v,Pv,, € P. Since v vy, Vavy, € E(G), M has a crossing pair, a contradiction.
Thus, a < a — 1. Similarly, « +1 < b. This proves Claim 11. O

We define the following sets.

Ay = V(v Pva_1), By = V(vp11Pvy), C1 = {va, Vo, 0p },

Dy =V (v441Pvo_1), Dy = V(v4r1Pvy_1), X = V(G) \ V(P),

X; ={x € X | z is only connected to Dy U {v,,v,} C V(P)} and
Xy ={x € X | z is only connected to Dy U {v,, vy} C V(P)}.

Clearly, X; # 0, X5 # () and X; N Xy = (. By Claim 11, D; # @ and D, # (). Note that
Np[D1] € DyU{v,,va} and Np[Ds] € Dy U{v,, vp}. Recall that Cy = v1 Pv,vp Puy,vav; with
|Co| = k — 1. Since G is 2-connected, if [X, X5] # (), then there exists a cycle of length at

least k containing all vertices of Cy and some vertices of X; U X5, a contradiction. Thus,

[X17X2] = @
Claim 12. X = X; U Xs.

Proof. To the contrary, suppose z € X \ (X; U X3). Since G is 2-connected, there are
two vertex-disjoint (z, P)-paths Py and P, with P; N V(P) = {y;} for ¢ = 1,2. Assume
that y; € V(v1Pysz). By Claim 10, Ng(B;) € By U Cy and hence {y;,y2} N By = 0. Since
Ay U{v,,v,} is a clique, we have y; ¢ Ay or yo ¢ A;. Otherwise, there is an (H,T)-path
longer than P, a contradiction. Suppose y; € A; and yo ¢ A;. Without loss of generality, let
y; = vy. Other situations are similar. If yo € Dy U {v,}, by Claim 10, then v,v,1 € E(G)
and then v Py Poys Pvavy Py, v,v,—1 Pvy is a cycle of length at least k. If yo € DoU{w,}, then
v Prx Poys Pu,,v, Puy is a cycle of length at least k. If yo = v,, then vy Pv,vy Pu,va Pox Prvg
is a k-cycle. Both situations lead to a contradiction.

Hence, y1,y2 ¢ A;. By x € X\ (X;UXy) and y; € V(v Pys), we have y; € Dy U{v,} and
y2 € Dy U {wp}. Now v1 Pyy Prx Pyys Puyvav; is a cycle of length at least k, a contradiction.
Thus, X = X; U X,. This proves Claim 12. O

By ¢(G) = k — 1, we have |Dy| < min{|A4,|,|B1| + 1} = min{w — 2,6}, that is,
there exists no (v,, v, )-path of order more than min{w — 2,9} + 2. (4)
Similarly, we have |Dy| < min{|A;|+ 1,|By|} = min{w — 1,6 — 1} = § — 1, that is,

there exists no (v,, vp)-path of order more than § + 1. (5)
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Note that both (G[X; U Dy U {4, Va}], Va, va) and (G[Xo U Dy U {va, vp}], va, vp) are 2-
connected rooted graphs with minimum degree at least 6. By §(G) =4, | X; UD;| > § — 1 for
i=1,2

First, we assert that G[Xy U Dy] consists of some (§ — 1)-cliques. If | Xo U Dy =6 — 1,
then Xy U Dy is a (0 — 1)-clique. Assume that | Xo U Dy| > 6. If | Xy U Dy| = 6, it is easy to
verify that there is a (v,, vp)-path of order more than 6 + 1, which contradicts (5). Hence,
| XoU Dy >0+ 1. By Lemma 3.3 and (5), G[X2 U Ds] consists of some components of order
d —1, and each component is (§ — 1)-clique since 6(G) = d. Thus, G[ X3 U D,] consists of some
(0 — 1)-cliques.

Next, we analyzes the structure of G[X; U D;]. Recall that w’ = w and §' = §. We assert
that w > 4. Otherwise, suppose w = §. By Claim 10 and Claim 12, A; = 0. Then w =6 = 2.
Now {v,, va, vp} is a 3-clique, contradicting w’ = w = 2. Hence, w > + 1.

Suppose w =0+ 1. If | X;UD;| = —1, then X;UD; is a (6 —1)-clique. If | XoUDs| =0,
it is easy to verify that there is a (v,, v, )-path of order more than § + 1, which contradicts
(5). If | X;UD;| > 41, by Lemma 3.3 and (4), G[X; U D;] consists of some components of
order 6 — 1 and each component is (6 — 1)-clique since §(G) = 4.

Suppose w > § + 2. If | X; U Dq| <6, by the maximality of G, then X; U Dy is a (6 — 1)-
clique or o-clique. If | X; U Dy| > § + 1, by Lemma 3.3, then G[X; U Dy] = L(§) UT(6) or
d=3and G[X;UD;] =SUL3)UT(3).

By the maximality of G, if w = § + 1, then G = G3 where [y > 1,13 > 2 and I, = |S| =
|L(§)] = 0; and if w > § + 2, then G = G5 where [; + 13, > 1, [S| > 0, |L()| > 0 and I3 > 2.

Case 2. There exists a path in P having a crossing pair.

Let P = vjvs ... vy, be a path in P that has a crossing pair where m > k. Let s = min{i :
ViV, € E(G)} and t = max{j : vju; € E(G)}. Clearly, s > 2, t <m—1and s <t —2.
Let (p,q) be a minimum crossing pair. There is a cycle C = v1 Pvpv, Pvgvr. Note that
Nz (v1) N Nplvy,] =0 and Np[v1] N NE (v,,) = 0. We have

k=2 = (N (02) U Npfon]) \ {vg1H < 10] < e(G) =k — 1.
We consider the following subcases.

Subcase 2.1. |C| =k — 2.

Since Np (v1) N Np[v,] = 0 and Np[v] N NS (vy,) = 0, we have
V(C) = (Np (v1) U Np[um]) \ {vg1} = (Np[or] U NE (0) \ {vpi1}- (6)
Similarly, we have

Np[v;] = Np[vq] for 1 <i < s—1and Nplv;] = Np[v,]| fort +1 < j < m. (7)

Claim 13. (s,t) = (p,q).
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Proof. To the contrary, suppose (s,t) # (p,q). Without loss of generality, let ¢ < t.
Then v;_1,v; € V(é) We show that v, is not adjacent to any two consecutive vertices
of V(vsPv;). Otherwise, suppose {vf,vsi1} € Np(vy,). By (7), vipvpsr € E(G) and hence
U1 Pvsvy, Puiyvpp Poor is an m-cycle, a contradiction. Similarly, v, is not adjacent to any
two consecutive vertices of V (vsPuy).

By v1vs, vvy € E(G), vy_1 ¢ Np(v1) U Np(vy,). Hence, ¢ < t — 2, that is, v;_5 € V(é)
By (6), v;_1 € N{(v,,) and hence v;_5 € Np(vy,). Now (¢t — 2,¢) is a minimal crossing pair.

v Pvi_ov,, Pvsvy is a cycle of length m—1 > k—2, a contradiction. This proves Claim 13. [

We define the following sets.
Ay =V (v Pos_q), Ay = {vs, 01}, A3 = V(0441 Puy,) and X = V(G) \ A; U A U As.
By (7) and Claim 13, G[A; U Ay] = K,,, G[Ay U A3] = Ks41. Similarly, we have
each vertex of X is only connected to As C A; U A; U As. (8)

By ¢(G) = k=1, |X| > 0. If |[X| = 0, then G[X] is a component of order 4. By the
maximality of G, X UA, is a (0 +2)-clique. Let u; Pius be a Hamilton path in G[X] such that
u1vs, usvy € E(G). Now there is a path P’ = vy Pvsv, PvyusPiuy; € P with dp/(v) = w — 1
and dp/(uy) =0 + 1 (type (1)), a contradiction.

Hence, | X| > 0 + 1. By Claim 13 and (8), (G[{vs, v:} U X], vs, v¢) is a 2-connected rooted
graph of order at least 6 +3 with minimum degree at least 6. By Lemma 3.3 and ¢(G) = k—1,
X =L0O)uT(@)ord=3and X =SUL(3)UT(3).

If the former case holds, by ¢(G) = k — 1, either L(d) # () or T/(0) contains a component
of order §. Similar to the above argument, there is always an (H,T')-path of type (1). Hence,
the latter case holds. Clearly, S contains exactly one star, L(d) = @) and T'() consists of
components of § — 1.

Thus, G = G5 where [ > 1, 1, =0, |L(§)| = 0 and |S| > 0.
Subcase 2.2. |C| =k — 1.

Now [V(C)\ (N5 (v1) U Np[vw])| = 1, similarly, [V(C) \ (Np[v)] U N§ (vm))| = 1. Let

vp, € V(C)\ (Np(v1) U Np[vy,]). Then,

each vertex in V(C') \ {v,} belongs to Ny (v1) or Np[v,,]. 9)

Let vy € V(C) \ (Np[v1] U N (vy,)). Then,

each vertex in V(C) \ {vy} belongs to Np[vi] or Nj (v,,). (10)

Recall that (p,q) is a minimum crossing pair and C = v1 Puyvy, Pyguy. Clearly, h # p and
h' # q. We assert that ' = h + 1. Otherwise, suppose b’ # h + 1. By v, ¢ Np(v1),

vpy1 & Np[vi]. Since h # p, vp1 € V(C). By (10) and i/ # h + 1, vpy1 € Nj(v,,) and then
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vp € Np(vp), a contradiction. Hence, b’ = h+ 1. By v, ¢ Np(v1) U Np[vn], b ¢ {1, s},
similarly, b’ ¢ {t,m}, i.e., h ¢ {t —1,m — 1}. Thus, h & {1,s,p,t —1,m — 1}.

We need to consider the following three cases.
Case A.2<h<h+1<s.

We assert that h = s — 2. Otherwise, suppose h < s — 3. By (9), V(v1Pvg) \ {vn1} C
Np[vq]. Hence, vp13v1 € E(G) and then there is a path P’ = v 9 Pvivp,3Pv, € P with
dp/(Upy2) > w and dp/(vy,) = 6, a contradiction. Suppose h = s — 1. By v, € V(H), there is
a path P" = v, Pviv, Pvsv,, Py € P with dpr(vy) > w and dpr(ve1) = 0, a contradiction.
Hence, h = s — 2 which implies that s > 4.

Claim 14. (i) For any vertex v; € V(v1 Pvs_3), Nplv;| = Np[v1]. Moreover, vy is not adjacent
to any two consecutive vertices of V (vsPuy).
(ii) For any vertex vj € V(vi41Pvm), Nplv;] = Np[vy]. Moreover, vy, is not adjacent to

any two consecutive vertices of V(vsPuy).

Proof. We first show that Np[v;] = Np[v;] for v; € V(v1Pvs_3). By dp(v1) = w — 1 and
V(H) C V(P), Np[v1] = V(H). Let v; € V(v1Pvs_3). By (10), Np[v;] € Np[v;] and then
there is a path v; Pvjv; 11 Pv,, € P. By the choice of P, dp(v;) = w — 1 and Np[v;] = Np[vy].
Suppose v;, vi11 € V(vsPvy) N Np(v1). By vp_1 € V(v1Pus_3), viup_1 € E(G) and there is a
path P’ = v, Pv;v,_1 Pv1vi1 Pv,, € P with dpi(v,) > w and dp/(v,,) = 6, a contradiction.

The proof of (ii) is similar, so we omit the proof here. This proves Claim 14. U

Let Ay = V(v1Pvs_a), Ay = Np(v1) N V(vsPv;), Ay = Np(vy) N V(vsPv), A3 =
V (vi41Poy,) and let X = V(G) \ (A1 U Ay U A3). Clearly, X # (.

If (s,t) is a minimal crossing pair, then Ay = A} = {v,,v;}. Assume that (s,t) is not a
minimal crossing pair. By (9), (10) and Claim 14, we have Ay = A} = {vs, U512, ..., Vt—2, Ut}
and t = s (mod 2).

Clearly, vs_1 = vp41 € X and we have G[A; U Ay] = K, and G[As U A3] = Ks5,1. Note
that a minimal crossing pair is also a minimum crossing pair. Moreover, if (s,t) is not a

minimal crossing pair, then m = k.

Claim 15. Each vertex of X is only connected to Ay U {v,} C Ay U Ay U As. Moreover, if
|As| > 3, then X is an independent set of G.

Proof. By Claim 14(ii) and the choice of P, for j € [t +1,m], Ng(v;) = Np(v;) = Ng(vm) =
Np(vn) C Ay U As, ie., [X, A3] = 0. By Np[v;] € A; U Ay and Claim 14, we have [X N
V(P),A; \ {vn}] = 0. Thus, each vertex of X N V(P) is only connected to Ay U {v,} C
AU Ay U As;.

Suppose that there is a vertex z € X \ V(P) such that z is not only connected to
Ay UA{v,} € A U Ay U A3, Since G is 2-connected, there are two vertex-disjoint (z, P)-
paths P, and P, with V(P,) N V(P) = {z;} for i = 1,2. Assume that z; € V (v, Pzy).
If 21,79 € Ay \ {vn}, then v, PxyPixPyxo Pafag Pv,, is an (H,T)-path longer than P, a
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contradiction. If x; € A; \ {vn} and xy = vy 1, then v, PafviPryPixPovy 1 Po, is an
(H,T)-path longer than P, a contradiction. If 2y € Ay \ {vp} and 22 € (X NV (P)) \ {vns1},
then there is a cycle of length at least k, a contradiction. Suppose z; € A; \ {v,} and
x9 € Ay. Without loss of generality, let |As| > 3. The case of |As| = 2 is similar. If 25 # vy,
then there is a cycle UlleplengPvmxgszfvl of length at least k. If x5 = v,, then P’ =
VRV 1 T2 Py Py Poy i Puy 232 Puy, when vy, ¢ E(P) or P! = vjvp 129 Pax Pyzy Pvyag? Puy,
when zyv, € E(P) is an (H, T)-path with dp/(v,) > w and dp/(v,,) = 6. Both situations lead
to a contradiction. Thus, each vertex of X is only connected to Ay U {v,} € A; U Ay U As.
Let |Ay| > 3. Clearly, m = k. We assert that [{v,1}, X N V(P)] = 0. Otherwise,
there is an m-cycle, a contradiction. Suppose that there is a vertex x € X \ V(P) such that
zvp1 € E(G). Since each vertex of X is only connected to As U {v,} C A; U Ay U Aj, there
is an m-cycle, a contradiction. Hence, [{vsi1}, X] = 0. The rest of the proof is similar to

that of Claim 5. Thus, X is an independent set of G. This proves Claim 15. O

Suppose |Ay| > 3. By Claim 15, X is an independent set of G and |As] > § — 1. By
Claim 14(ii), [{vs} U X, A3] = 0. Note that G[Ay U A3] = Ks,1. Suppose |Ay| =0 — 1. Then
G[A3] = K5 and [ X, Ay U{vp}] is complete. Now G + yvy, contains no cycle of length at least
k with y € As, contradicting to the maximality of G. Suppose |Ay| = §. Then Az = {v,,}.
By the maximality of G, [X, Ay U {vy}] is complete. Now G + yvy, contains no cycle of length
at least k with y € As, contradicting to the maximality of G.

Let |Ay] = 2. By ¢(G) =k — 1, [{vp1}, X] = 0 and then Ng(vpi1) € {vp, vs, v} Now
w(G) = w > 3. Suppose Ng(vpi1) = {vn,vs}. Then 6(G) = 2. Hence, 6 = 2 and |A3| = 1.
Recall that each vertex of X is only connected to Ao U{v,} € AyUAsUA;. By ¢(G) =k—1,
X \ {vns1} is an independent set of G. By wyv,, ¢ E(G), G + v,v, contains no cycle of
length at least k, contradicting to the maximality of G. Thus, Ng(vpy1) = {vp, vs, v }. Then
|A3] = 1 or |Az] = 2. By the above argument, we have |A3| = 2 and § = 3. Clearly, X \ {vp41}
consists of some K; or K. Moreover, vy, is not adjacent to any vertex of Ky in X.

Thus, G = Hy(n,w, 3), where l; + Il > 3.

Case B.t<h<h+1<m-1.

Recall that s > 2 and t <m — 1. By (9) and (10), we have
V(v1Pvs) € Npv1] and V (v, Pvy,) \ {vn} C Np[v,]. (11)

Claim 16. Np[v;] = Nplvy]| for 1 < i < s — 1. Moreover, vy is not adjacent to any two

consecutive vertices of V(vsPuvy).

Proof. If s = 2, we are done, so assume that s > 3. By (11), V(v2Pvs) C V(H) and
then Np[v1] € Npv], for 2 < ¢ < s — 1. By the choice of P, dp(v;) = dp(v1) = w — 1.
Thus, Np[v;] = Np[vq] for 1 < i < s — 1. Suppose v;_1,v; € Np(v1) NV (vsPuv;). Since
Nplv;] = Nplvy] for 1 <7 < s —1, vs_yv; € E(G). Then vy Pvs_1v;Pv,vsPv;_1v; is an

m-cycle, a contradiction. This proves Claim 16. O

24



Claim 17. (i) For any vertex x of V(v 1 Pvy) \ {vn, vna1}, Np[z]\ Nplv,] =0 or {v,}.
(ii) If h # t, then Ng(vn) = Np(vn) = Np(vp,).
(iii) If h =t, then Np[vps1] \ {vn} € Np[vn] and |[Np[vpe1] N Nplv,]l =6 — 1.

Proof. Recall that (p, q) is a minimum crossing pair and C = Pu,v,, Pvgu;. First, we prove
(i). Let x € V(ver1Pom) \ {vn,vni1}. We have 2= ¢ Np(vy) and = # v,. By (10),
x v, € E(G). To the contrary, suppose v; € Np[z] \ (Nplv,) U {vn}). By vsv, € E(G),
[ >s+1.1fv ¢ V(é), then vy Pz Puy,x~ Pugvy is a cycle of length at least &, a contradiction.
Hence, v, € V(C). By v, ¢ Np[v,,] U {vn} and (9), v, € N (v1) and hence v41 € Np(vy).
Now vy Pvjx Pv,x~ Puiyqv; is an m-cycle, a contradiction. Thus, Np[x] C Np[v,,|U{v,}. By
r" v, € E(G), there is a path vy P~ v,,Pr € P. By the choice of P, dp(x) = dg(x) = 4.
Thus, Np[z] \ Np[v,] =0 or {vs}.

Next we prove (ii). By h # t, we have v,v,_1; € E(G). Consider the path vy Pv,_q1v,
Pv, € P. Then Ng(vy,) = Np(vp). Suppose there is a vertex y € Np(vy) \ Np(vy,). If
Yy € V(é), by (9), then y € N5 (v;) and then v;y™ € E(G). Now vy Pyvy Pv,vp—1 PyT oy is a
cycle of length m > k, a contradiction. If y ¢ V(é), then vy Pyvy, Py, vp—1 Pvgu; is a cycle of
length at least k, a contradiction. Hence, Ng(vy) = Np(vy) = Np(vy,).

Now we prove (iii). Suppose to the contrary that v; € Np(vpi1) \ (Np[vm]U{vn}). We as-
sert that v; ¢ V(v Pvs_1). Otherwise, if v; € V(v Pvs_3), by Claim 16, then vy Pvjvy, 11 Pvy,vs P
vUs_1 Pujpqvy is an m-cycle. If vy = v,_41, by Claim 16, then vy Pvjvy, 1 Pvp,vs Pugvy is an m-
cycle. Both situations lead to a contradiction. Thus, v; € V(vsy1Pviq). If v, ¢ V(é’),
then vy Pvyv,, Pup4iv Puv; is a cycle of length at least k, a contradiction. If v; € V(é’), by
v & Np[vy,) U {v,} and (9), then v; € Ny (v1) and vqv; € E(G). By Claim 16, v; ¢ Np[vy].
By (10), vy € Nj(vy) and hence v;_jv,, € E(G). Now vy Pv,_ v Pvjy 11 Py Posvy
is an m-cycle, a contradiction. Thus, Nplvy1] \ {vn} € Nplv,]. Since dp(vpy1) > 0,
|Np[vps1] N Np[vy,]| = 6 — 1. This proves Claim 17. O

Claim 18. v,, is not adjacent to any two consecutive vertices of V (vsPuy).

Proof. To the contrary, suppose v;, v;11 € Np(v,)NV (vsPv;). Suppose h = t. By Claim 17(iii),
vivpe1 € E(G) or vipvpey € E(G). If vivpy € E(G), then vy Pvvy 1 Pugviq Powy is an
m-cycle, a contradiction. If v; v, € E(G), then v Pvs_ v, Pv;y10p11 Puy,v; Pugvy is an
m-~cycle, a contradiction. Hence, h # t. Note that v, 111, Vm_1n, VmUns1 € E(G). By
Claim 17(ii), v;irqvn, € E(G). Now v Pvjvyg,vp11 Py 101 Popvig Pogoy is an m-cycle, a

contradiction. This proves Claim 18. U
Claim 19. If h # t, then Nplvpy1] \ {vn} C Np[vy] and |[Np[vp] N Np[vy]] =6 — 1.

Proof. To the contrary, suppose there is a vertex v; € Np(vpi1) \ (Np[vm] U {vn}). First,
we show that V(v 1 Pvy) = {vn, Vi1, U }. Suppose V(vir1Puy,) # {vn, vpa1, vm}. Hence,
m # h+2or h #t+ 1. Suppose m # h+ 2. By Claim 17(ii), Np(vs) = Np(v,,) and

then vyvpi2 € E(G). If vy € V(C), by v; ¢ Nplv,] U {v,} and (9), then v; € Ny (vy) and

hence v 1101 € E(G). Now vy PUjvp10pUh 2 Pvmvn—1 P01 is an m-cycle, a contradiction. If
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v ¢ V(é’), then vy Pujvp1UpVh+2 PUmvn—1 Pugvy is a cycle of length at least k, a contradiction.
Suppose h #t+ 1. If v, ¢ V(é), then vy Pvjvp, 41 Pvp, v Popv Puguy is a cycle of length at
least k, a contradiction. If v; € V(é), then P’ = v, Pv;1v1 Pupvp 1 Pugveq Poy, is an (H, T)-
path with dp/(vy) > w, a contradiction. Hence, V' (vi11Pv,y,) = {vn, Vni1, Um}-

Next we show that m = k. Suppose (s,t) is a minimal crossing pair. Then Np(v,,) =
{vs, v, Up41}, e, § = 3. If [ # s+ 1, then vy Pujvp 10,001 is a cycle of length at least k — 1,
a contradiction. Hence, [ = s+ 1. There is a cycle v Pvsv,,vp 110511 Pogvr. By ¢(G) =k — 1,
I =t—1. Thus, |V(vsPv;)| = 3 and m = k. Suppose (s, t) is not a minimal crossing pair. By
Claim 16 and Claim 18, Np(v1) NV (vsPv;) = Np(vy) NV (vsPvy) = {vs, Usy2, ..., Vg2, Ut }.
Thus, m = k.

Let Ay = V(v1Pvs—1), let Ay = Np(v1)NV (vsPvy) U{vpia}, let Ay = Np(vy,) NV (v Poy)U
{vni1}, let As = V(vi1Pop) \ {vn, vns1} and let X = V(G) \ Ay U Ay U As.

By the previous proof, we have A3 = {v,,} and v, € X. By (9), (10), Claim 16 and
Claim 18, Ay = A} = {vs, vsy2, ..., v} U{vpy1} with ¢ = s (mod 2).

We assert that each vertex of X is only connected to Ay C A; U Ay U As. Since Np[vg] C
A1UA5 and Ng[v,,] = AsUAj3, each vertex of XNV (P) is only connected to Ay C A;jUA3UA3.
Suppose z € X \ V(P) is connected to A; U Ay. Since G is 2-connected, there are two vertex-
disjoint (x, P)-paths P, and P, with V(P,) N V(P) = {z;} and z € X \ V(P) for i = 1,2
Assume that x; € V(v1Pzy). By the choice of P, xo ¢ A;. Suppose z; € A;. By the
choice of P, [X NV(P),X \ V(P)] = 0. Then z5 € Ay and hence there exists an m-cycle, a
contradiction. Thus, each vertex of X is only connected to Ay C Ay U Ay U As.

Similar to the proof of Claim 5, X is an independent set. Since 0(G) > 0 and vjvp41 ¢
E(G), G is a subgraph of Hi(n,w + 1,4), contradicting to the maximality of G. Thus,
Nplvps1) \ {vn} € Np[v,] and |Np[vpy1] N Nplvy]| = 6 — 1 since dp(vp41) > d. This proves
Claim 19. O

Let A; = V(v1Pvs_1), let Ay = Np(v) NV (vsPvy) U{v,} and A, = Np(v,,) NV (vsPog) U
{vp} if h =t or Ay = Np(vy) N V(vsPv;) and A, = Np(vy,) NV (vsPu;) if h # ¢, and let
A3z =V (vg41Puy,) and let X = V(G) \ (A1 U Ay U A3). Clearly, X # 0.

By (9), (10), Claim 16 and Claim 18, Ay = A}, = {vs, v;} when (s, t) is a minimal crossing
pair or Ay = Al = {vg, Vg2, ..., V2, v} with t = s (mod 2) and m = k when (s,t) is not a

minimal crossing pair. Clearly, A; is a clique.

Claim 20. Fach vertex of X is only connected to Ay C Ay U Ay U As; and if |As| > 3, then

X is an independent set.

Proof. We first prove that each vertex of X N'V(P) is only connected to Ay C A; U Ay U As.
By Claim 16, for 1 < i < s — 1, Np[v;] = Np[v1] € A; U Ay and then [A;, X N V(P)] = 0.
By Claim 17(i), for any vertex = € V(viy1 Puy) \ {vn, vhi1}, Np(z) € Np[v,] U {v,}. Since
Nplvy] C As U Az, [A3\ {vp,vpa }, X NV(P)] = 0. If h # ¢, by Claim 17(ii) and Claim 19,
then Np[vy|UNp[vpy1] € AsUA;s. If h = ¢, by Claim 17(iii), then Np[vpy1] € AsUA3. Hence,
[A3, X NV(P)] = ). Thus, each vertex in X NV (P) is only connected to Ay C A; U Ay U As.
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Next we prove that each vertex of X \ V(P) is only connected to Ay C A; U Ay U Aj.
For t < j < m and j # h, there is an (H,T)-path v; Pv;v,,Pv;1;. By the choice of P,
we have [X \ V(P), A3\ {vns1}] = 0. Since G is 2-connected, there are two vertex-disjoint
(x, P)-paths Py and P, with V(P)NV(P) = {x;} and x € X \ V(P) for i = 1,2. Assume
that z; € V (v, Pxy). Clearly, {z1, 22} C V(P)\ (A3 \ {vns1})-

Suppose h # t. If 1,29 € Ay, by Claim 16, then there exists an (H,T)-path longer than
P, a contradiction. Suppose x; € A; and xo € Ay U (X NV(P)). Without loss of generality,
let 27 = vy, x3 = vg and |As| = 2. Other situations are similar. Then we find a k-cycle
v1 Pyz Pyvgv,, Pugvs_1 Py, a contradiction. Suppose x1 € A3 U (X NV(P)) and xg = vpqq.
Without loss of generality, let x; = v;. By Claim 17(ii), vsv, € E(G) and then there exists a
cycle v1 Prx Povy, 1 Py, vivi 1 Pupug Poy of length at least m, a contradiction. Suppose 1 € Ay
and zo = vy y1. If v, # vi4q, then there is a cycle of length at least k, a contradiction. Thus,
v, = vgy1. Moreover, consider the cycle ’U1PUSUmP’ZJh+1P2.TP1.§U1PUS+2.§U1’—2PU25U1, then P, and
P, are two edges. This implies that all neighbors of x belongs to AyU{vy41}. Since dg(vy,) = §
and Ng(vy,) = As U (As \ {vrn}), we have v, = vpo, that is, V(v Pon) = {vn, Vni1, Um -
By the previous proof of Claim 19, a contradiction to the maximality of G.

Suppose h = t. By the choice of P, 1 ¢ Aj or xg ¢ Ay. If 7 € A} and 25 € Ay U
(X N V(P)), then there is a cycle of length at least k, a contradiction. Suppose x; €
AjUAU(XNV(P)) and 25 = vy11. Without loss of generality, let z; = v;. Other situations
are similar. Then we find a cycle vy Pyx Povp 1 Py, vs Pusvs_1 Pup of length at least m + 1, a
contradiction. Thus, each vertex of X \ V(P) is only connected to Ay C A; U Ay U As.

Let [Ag| > 3. If vyvy € E(G) with v, € X\V(P) and vy € XNV (P), then v1 Pvg vy, Pvsoy
is an (H,T)-path longer than P, a contradiction. Thus, [X \ V(P), X NV (P)] = 0. The rest
of the proof is similar to that of Claim 5. Thus, X is an independent set of (G. This proves
Claim 20. O

By Claim 16 and (11), G[A; U As] = K, and |Ay U A3| = § + 2. Suppose that (s,t) is a
minimal crossing pair. Then |A;| = w — 2 and |A3| = §. By Claim 20, G + v,v,, contains no
cycle of length at least k, contradicting to the maximality of G. Hence, (s,t) is not a minimal
crossing pair. Since vp11 € As, |As] > 2. By Claim 20, (|As|, |A43]) = (9,2), i.e., h =t. Now

G + vpv,, contains no cycle of length at least k, contradicting to the maximality of G.
Case C.s+1<h<h+1<t-—-1.

Clearly, (s,t) is not a minimal crossing pair. By (9) and (10), V(v; Pvs—1) € Np(v1) and
V (vgs1Pvy) € Ni (vy,). Then
V(v1 Pvs) € Np[vy] and V (v, Pvy,) € Nplvp]. (12)

Recall that (p,¢) is a minimum crossing pair and C = vy Puyv,, Pvguy with |C] = k — 1.

Since vy, vp11 € V(C), we have either h+ 1 <p<g<tors<p<qg<h.

Claim 21. Np[v;| = Np[vy] for 1 <i<s—1. Fort+1 <j <m, either Np[v;] = Np[v,]
or Np[vj] \ Np[vm] = {vn} and |Np[v,] N Nplvs]| =6 — 1.
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Proof. Let v; € V(v1Pvs_1). By Np[v1] = K, and (12), Np[v;] € Nplv;]. Consider the path
Py = v;Pvyv; 11 Pv,, € P. Then dp(v;) = dp(v1) = w — 1, that is, Np[v;] = Nplv1].

Let v; € V(viy1Poy,). If Np[vj] = Np[vy,], we are done, so assume that Np[v,] # Np[vy,].
Suppose y € Np[v;] \ (Nplvm] U{vp}). If y € V(C), by y # vy, yum ¢ E(G) and (9),
then ytv, € E(G). By (12), v,v;—1 € E(G) and then vy Pyv; Pv,v;—1 Py*tv; is an m-cycle,
a contradiction. If y ¢ V(é), then vy Pyv; Pv,,v;_1Pyogu; is a cycle of length at least k, a
contradiction. Thus, Np[v,] \ Np[v,] = {vs}. Consider the path v, Pv;_jv,,Pv; € P. We

have dp(vj) = 0. Clearly, |Np[vy,] N Np[v;]| = § — 1. This proves Claim 21. O
Claim 22. vy and v,, are not adjacent to any two consecutive vertices of V(vsPuvy).

Proof. To the contrary, suppose v;, v;41 € Np(v1) NV (vsPv;). By Claim 21, v;0,_1 € E(G).
Then vy Pvs_1v; Pvsv,, Pvii 101 is a cycle of length m > k, a contradiction. Suppose v;,v;41 €
Np(vm) NV (vsPvy). By Claim 21, vjvq € E(G) or vjp1v1 € E(G). If vjuey € E(G), then
01 Pvjvg1 Pug,vie Pooy is an m-cycle of length, a contradiction. If vjiiv41 € E(G), then

01 Pvjvy, Pueyvj41 Pogoy is an m-cycle, a contradiction. This proves Claim 22. O

Recall that (p, ¢) is a minimum crossing pair. If vyv,, vp110, € E(G), by Claim 22, then
v1v_1 ¢ E(G) and then there is a path P’ = v, Pvyvy Pvy,vp 1 Pv_1 € P with dp/(vy) > w,
a contradiction. Note that vivp41 € E(G) and v,v, ¢ E(G). Based on the possibilities for

the edge set between {vy, vpy1} and {v1, v, }, we just consider the following three subcases.
o v, ¢ E(G) and vpi1vy ¢ E(G).

Let Ay = V(v1Pus_q), let Ay = Np(v1) N V(vsPuy), let Ay, = Np(vy,) NV (vsPuy), let
A3z = V(v Puy,) and let X = V(G)\ (A3 UAyU A3z). Clearly, X # 0. By (9), (10), Claim 21
and Claim 22,

Ay = Ay = {vs, ..., Up—3, Un—1, Un2, Vhgas - - -, Ut} (13)
Clearly, t = (h +2) (mod 2) and h — 1 = s (mod 2). Then |V (v,Pv,)| = 3, m = k and
|Ay| > 3.
Claim 23. [X NV(P),X \ V(P)] = 0.
Proof. Consider two paths vy Pv,_1v,, Pvy, € P and vy Pvs_1vp0Pvy,vsPupy € P. By the
choice of P, [{vp,vp11}, X \ V(P)] = 0. For any vertex vy € (X NV(P)) \ {vn, vnt1}, we
have vs_1v,, € E(G). Consider the path vy Pvs_1v, Pvs. Then [{ve}, X \ V(P)] = 0. By the

arbitrary of vy, [(X NV(P))\ {vn, vpt1}, X \ V(P)] = 0. Thus, [X NV (P), X \ V(P)] = 0.
This proves Claim 23. 0

Claim 24. G[X NV (P)] contains exactly one edge vpvp .

Proof. We first show that [{vs, vpi1}, (X NV (P))\{vn, vnt1}] = 0. By |As| > 3, (X NV (P))\
{vn,vh11} # 0. To the contrary, suppose z € (X NV (P)) \ {vn,vns1}. By (13), we have
xt, 2™ € Np(v) N Np(vy). If zv, € E(G), by (13), then vy Pxv, Pvy,at Pv,_jv; when z €
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V (v1 Puy,) or v Pvp_1v,, Pt azvpvp 1 P~ vy when @ € V(vpq1 Puy,) is an m-cycle. If zvp,yq €
E(G), then vy Pz, 1 Pr v, Pvyiov; when z € V(v Puy,) or vy Pup 1z Popyov, Prtog
when x € V(vp11Pvy,) is an m-cycle. Both situations lead to a contradiction. Thus,
{onstnah, (X A V(P o v }] = 0.

Now we show that (X NV(P)) \ {vn, vns1} is an independent set. If | X NV (P)| = 3, we
are done, so assume that | X N V(P)| > 4. Let z,y € X NV (P) \ {vn, vp11} and xy € E(G).
By (13), xtvy,y v, € E(G) and then vy PxyPuv,,y~ Pxtv; is a cycle of length m > k, a

contradiction. This proves Claim 24. O
Claim 25. Fach vertex of X is only connected to Ay C Ay U Ay U A3 and Az = {v,,}.

Proof. We first prove that each vertex of X NV(P) is only connected to As C A; U Ay U As.
By Claim 21 and Np[v1] C AjU A, [A1, XNV (P)] = 0. Clearly, (X NV (P))\ {vn, vni1} # 0.
Suppose z € (X NV(P)) \ {vn,vps1}. By Claim 21, [{z}, A3] = 0, and then [A3, (X N
V(P)) \ {vn,vns1}] = 0. By the choice of P and Claim 23, Ng(z) = Np(x) C A,. Since
dp(x) > 0 and |Ay U A3| = 6 + 1, we have |As| = § and |A3| = 1. Hence, A3 = {v,,}. By
Uhy Vi1 & Np(vm), [XNV(P), AyUA;3] = (). Thus, each vertex of X NV (P) is only connected
to Ay € A; U Ay U As.

Next we prove that each vertex of X \ V(P) is only connected to Ay C A; U Ay U As.
Clearly, [X \ V(P),As] = 0. Suppose that x € X \ V(P) is connected to A; U Ay C
A; U Ay U Az, Since G is 2-connected, there are two vertex-disjoint (x, P)-paths P; and P,
with V(P) N V(P) = {x;} for i = 1,2. Let 2y € V(v;Pxy). Suppose z; € A;. Without loss
of generality, let 1 = v;. Other cases are similar. By the choice of P and Np[v;] = K,
1y & A U{w,}. If 25 € Ay\ {vs, vpga}, then vy PLa Pyxy Puy,a; > Puy s a cycle of length at least
k. If xo = vp o, then v1PleQUh+2vavmpx;%s,val is a cycle of length at least k& when
t # h+ 2, or vs_1 Pvy PyxPovy Pusv, Puyyy is an (H, T)-path longer than P when ¢ = h + 2,
a contradiction. Hence, z1 € Ay, similarly, xo € Ay. Thus, each vertex of X \ V(P) is only
connected to Ay C A; U Ay U Az. This proves Claim 25. O

By Claim 23, Claim 24 and Claim 25, A;5 = {v,,} and it is easy to verify that X \ V(P)
consists of some K3 or some K;. If G[X] contains exactly one edge v,vp41, since w(G) = w
and §(G) = J, we have w > 0. Then G = G;. Assume that G[X] contains another edge y1y2 #
UpUps1. By the maximality of G and ¢(G) = k — 1, Ng[y1] = Nglyz] = {1, y2, vn_1, Vni2}-
Now 6(G) = 3 and w(G) =w > 4. Then G = Hy(n,w, 3), where [; > 1 and Iy > 2.

o v, ¢ E(G) and vp41vy € E(G).

Let Ay = V(v1 Pvs_1), let Ay = Np(v1) NV (vsPv)U{vpi1}, let Ay = Np(v,) NV (vsPog)U
{’l]h+1}, let Ag = V(Ut+1pvm> and let X = V(G) \ (Al UA2 UAg) By (9), (10), Claim 21 and
Claim 22, v,_1 € Ay and v, 49 € X NV(P). Similarly, we have

/
AQ = AQ = {U37 <o o3 Un—3;,Un—1,Uh41, Un43, - - - 7Ut}-

Clearly, |As| > 3 and m = k. Note that As \ {vp11} € Np(vy) and Ay € Np(vp,).
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Claim 26. [X N V(P),X \ V(P)] = 0 and each vertex of X is only connected to Ay C
AU Ay U As. Moreover, X is an independent set.

Proof. We first show that [X NV (P), X\ V(P)] = 0. For any vertex vy € X NV (P), we have
vf_1 € Np(vy,). Consider the path vy Pvs_jv,, Pvy € P. Then [{vf}, X \ V(P)] = 0, that is,
X NV(P), X\ V(P) = 0.

Next, we show that each vertex of X is only connected to Ay C A; U Ay U Az. Consider
the path v; Pv;_1v,,Pv; € P for t +1 < j < m. Then [X \ V(P), As] = (. Suppose that
x € X \ V(P) is connected to A; U Ay C A; U Ay U As. Since G is 2-connected, there are
two vertex-disjoint (z, P)-paths P, and P, with V(P;) NV (P) = {z;} and x € X \ V(P) for
i =1,2. Let x; € V(v Pzy). Suppose x; € A;. By the choice of P, xo & Ay. If x5 € As,
then there is a cycle of length at least k, a contradiction. Hence, x1 € A,, similarly, x5 € A,.
Thus, each vertex of X \ V(P) is only connected to Ay C A; U As U As.

Now, we prove that each vertex of X NV (P) is only connected to Ay C A;U AU Aj. Since
Ng(vm) = Np(vy,) C As, we have [X NV(P), A3] = (. By Claim 21 and Np[v;] C A; U Ay,
[ XNV(P), A;] = 0, that is, each vertex of X NV (P) is only connected to Ay C A; U Ay U As.
Thus, each vertex of X is only connected to As C A; U Ay U As.

It is easy to verify that for any pair vertices y1,y, € X N V(P), there is a (y;, y2)-path
of order m. Then X N V(P) is an independent set. For any two vertices yi,ys € As, there
exits a (y1,y2)-path of order £k — 2. Note that [X N V(P),X \ V(P)] = 0 and each vertex
of X \ V(P) is only connected to Ay C A; U Ay U A;. Since G is 2-connected, X \ V(P) is
an independent set. By [X N V(P),X \ V(P)] = 0, X is an independent set. This proves
Claim 26. 0J

By 6(G) = 6, Claim 26 and |As U A3| = 0 + 1, we have |A;] = w -4+ 1, |[As] = 0,
|X|=n—w—2and |43] = 1. Now G is obtained from H;(n,w + 1, ) by deleting all edges

between K, 5.1 and a common vertex of Ky, contradicting to the maximality of G.
e v, € BF(G) and vpyqv, € E(G).

Let Ay = V(v1Pvs_q), let Ay = Np(v1) NV (vsPvy) U{vp}, let Ay = Np(vy,) NV (vsPo) U
{un}, let A3 = V(v411Pvy,) and let X = V(G) \ (A1 U A2 U A3). Clearly, X # (. By Claim 22
and ¢(G) = k — 1, vp_1 ¢ Np(v1) U Np(vy). By (9),(10) and Claim 22, vj,_o, vp12 € As.

Similarly, we have
/
Ay = Ay ={vs, ..., U0, Up, Upyo, ..., Ut}

Clearly, |A2| > 3 and m = k. Note that Ay C Np(vy) and Az \ {vn} € Np(vp).

Claim 27. [X NV(P),X \ V(P)] = 0 and each vertex of X is only connected to Ay C
Ay U Ay U Az. Moreover, X is an independent set.

Proof. We first show that [XNV(P), X \V(P)] = 0. For any vertex vy € (XNV(P))\{vn+1},
we have vy_y € Ay \ {vp} € Np(vy,). Consider the path vy Pvs_jv,, Pvy € P. By the choice of
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P, {vs}, X\ V(P)] =0, that is, (X NV (P)) \ {vns1}, X \ V(P)] = 0. Next, we show that
{onsrh X\ V(P)] = 0.

Suppose there is a vertex v, € N(vp11)N(X\V(P)). We show that [{v,}, A UA;UX] = 0.
By (12) and the choice of P, [{v,}, A3] = 0. Suppose [{v,}, A1] # 0. Without loss of generality,
let v; € N(v,) N A;. Then vivyvp11 PvmvpPuy is a (k+ 1)-cycle, a contradiction. Other cases
are similar. Thus, [{vs}, A1] = 0. Consider the path v; Pvy_vy, Pupyovpvp41v, € P. Then
{v,}, X \ V(P)] = 0. We assert that [{v,}, X NV (P)] = 0. Suppose vyv, € E(G) with
ueXNV(P). If s+1<1<h-—1, then v, Pvj41v1 Puvgup1 Poy, is a longer (H,T)-path
than P, a contradiction. If h+2 = ¢, we are done, so assume that h+2 < t. By the definition
of Ay, we have h +3 <t —1. If h+3 <1 <t —1, then v1 Pvp 10y Pvpvi—1 Pupgovs is a
(k 4 1)-cycle, a contradiction. Hence, [{v,}, 4; U A3 U X| = 0.

By dg(vy) > 6 > 2, there is a vertex v, € N(v,) N Ay. If r ¢ {h — 2, h, h+ 2}, then there
exists a k-cycle. If r € {h, h+2}, then there exists an (H, T)-path longer than P. If r = h—2,
then there is a path P' = v,v Pv,v,0p41 Py, € P with dp/(v,) > w. Both situations lead to
a contradiction. Thus, [{vn41}, X \ V(P)] = 0 and then [X NV(P), X \ V(P)] = 0.

We simply prove that each vertex of X is only connected to Ay C A; U Ay U Az and
X is an independent set. By Claim 21, Ng[A3] € Ay U Az and Np[A;] € A; U Ay. Then
(X, A3] = 0 and [X NV(P), A;] = 0. Since G is 2-connected, there are two vertex-disjoint
(x, P)-paths Py and P, with V(P) NV(P) = {x;} and x € X \ V(P) for i = 1,2. Assume
that ©1 € V(v1Pzy). If x1,29 € Ay, there is an (H,T)-path longer than P. If 1 € A; and
9 € As \ {vpi2}, there is an m-cycle. If ;7 € A; and 2y = vj, 49, there is an (H,T)-path
P’ = vy, Px{v, PryPiwPyvy o P, with dp (vp) > w. Both situations lead to a contradiction.
Thus, each vertex of X is only connected to Ay C A; U Ay U A3. Similar to the proof of
Claim 26, X is an independent set. This proves Claim 27. U

Since G[A; U As] = K, |[As U A3] — 1 = |Np[v,]| = d + 1 and §(G) = &, we have
(|A1], |A2|,|A3]) = (w—=6—1,64+1,1) or (w—14,0,2).

If (JA1],]As],|A3]) = (w—6 — 1,0 + 1,1), then G is obtained from H;(n,w,d + 1) by
deleting one edge between Kj,, and K,_,. This contradicts the assumption that G is an
edge-maximal graph since ¢(H;(n,w,0 +1)) =k — 1.

If (|A1],]A2|,|As]) = (w — 0,6,2), then G is obtained from G; by deleting one edge
between K3 and K,. This contradicts the assumption that GG is an edge-maximal graph since

C(Gl) =k-—1.

Hence, we find all edge-maximal graphs with circumference w + 6 in the case of dp(vy) =
w—1and dp(vy,) = 0. By Lemma 4.1, the edge-maximal graph G € {H3(n,w, 2), Hy(n,w, 3) }U
F. Suppose F is a graph satisfying the conditions of Theorem 1.8. According to the previous
proof, it follows that ¢(F) > min{n,w + § + 1}, unless F' € {H(n,w,?),Z(n,w,d)} when
¢(F)=w+d—1or F € {Hz(n,w,2), Hy(n,w,3)} UG when ¢(F) = w + 9.

This completes the proof of Theorem 1.8. U
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