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Abstract

We consider the problem of estimating a causal effect in a multi-domain setting.
The causal effect of interest is confounded by an unobserved confounder and can
change between the different domains. We assume that we have access to a proxy of
the hidden confounder and that all variables are discrete or categorical. We propose
methodology to estimate the causal effect in the target domain, where we assume
to observe only the proxy variable. Under these conditions, we prove identifiability
(even when treatment and response variables are continuous). We introduce two
estimation techniques, prove consistency, and derive confidence intervals. The
theoretical results are supported by simulation studies and a real-world example
studying the causal effect of website rankings on consumer choices.

1 Introduction

Estimating the causal effect of a treatment or exposure X on an outcome or response Y of interest is a
core objective across the social and natural sciences [1-4]. However, a major obstacle to such causal
inference from observational (passively collected) data is the existence of unmeasured confounders U,
i.e., unobserved variables that influence both the treatment and the outcome. For example, suppose that
we wish to study the causal effect of a new experimental drug X on survival Y. Since such drugs tend
to be administered only in severe cases, i.e., to patients in poor health with an already dire prognosis U,
untreated patients will generally have better health outcomes. Naively comparing average survival
between treated and untreated patients can thus lead to erroneous conclusions [5]. For accurate causal
inference, it is therefore important that confounders are measured and correctly adjusted for [6].

Since it is difficult to rule out that some confounders remain unobserved, randomised controlled
trials (RCTs) are considered the gold standard for causal inference [7, 8]. In an RCT, the treatment
assignment is randomised, thereby eliminating any influences from potential confounders. However,
for most settings of interest, RCTs are infeasible due to ethical or practical constraints. Much
research has thus been dedicated to devising specialised methods for causal inference from purely
observational data. An important step in this endeavour is to establish identifiability, i.e., to show
that the causal estimand can be expressed in terms of distributions that only involve observed
quantities [9]. To this end, existing methods leverage additional structure and assumptions, often
in the form of other observed variables, such as instruments [10], mediators [11], or proxies [12, 13]
(sometimes called negative controls [14]), which have certain causal relationships to the treatment,
outcome, and confounder. In the present work, we propose a novel proxy-based approach.
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Figure 1: Causal effect estimation in unseen domains using proxies. We seek to estimate the
causal effect of a treatment X on an outcome Y in the presence of an unobserved confounder U.
The main learning signal takes the form of proxy measurements W of U. Moreover, we observe
data from multiple domains or environments F, which differ through shifts in the distribution of U.
(a) In the available source domains, we observe E/, X, Y, and W. (b) In the target domain (E = er)
for which we aim to estimate the causal effect, only W is observed. We prove that the available

data can suffice to identify the target interventional distribution QiO(X:x) = P%O(X::x’E:eT).

1.1 Related work

The intuition behind proximal causal inference is that, even if some confounders U are unobserved
and thus cannot be directly adjusted for, observed proxy variables W that are related to U may
provide sufficient information to correct for the unobserved confounding [15]. In contrast to
approaches rooted in latent variable modelling [e.g., 16, 17], proximal causal inference methods
typically do not aim to estimate the confounder explicitly but instead seek to devise more direct
estimation methods. In contrast to literature on transportability and data fusion [e.g. 18-20] where
identifiability is determined based purely on graphical criteria, proxy-based methods often rely on
additional assumptions concerning the informativeness of the available proxies.

Single noisy measurement of the confounder. In the simplest case, we

observe a single proxy W of U which is independent of X and Y given U a @
(e.g., resulting from non-differential measurement error; see inset figure), ‘

and both U and W are discrete [21-23]. In this case, the confounding e e

bias can be reduced (compared to no adjustment) by adjusting for W if

the confounder acts monotonically [24]. Further, if the error mechanism,

i.e., the conditional distribution P(W|U) is known, the causal effect is fully identified via the matrix
adjustment method of Greenland and Lash [25]. However, in practice, P(W|U) is typically unknown,
and proxies may causally influence the treatment or the outcome.

Learning from multiple proxies. As shown by Kuroki and Pearl [12],

P(W|U) and thus the causal effect of X on Y can sometimes be identified e’a @
if a second discrete proxy Z of U is available (see inset figure without the ‘
dashed edge), provided that the proxies are sufficiently informative (for- e e
malised via invertibility of certain matrices of conditional probabilities).

Miao et al. [26] extend this result to the more general setting in which W

can influence Y (where P(W|U) is no longer identifiable) and establish conditions for identifiability
when the confounder and proxies are continuous. For the latter, the matrix adjustment method is
replaced by an approach based on bridge functions, obtained as the solutions to certain integral
equations [26]. Subsequent work provides extensions to longitudinal settings [27, 28] and efficient
estimation methods based on semiparametric models [29], kernel methods [30], or deep learning [31].

Proxies for domain adaptation. Alabdulmohsin et al. [32] use proxy methods for single-source
unsupervised domain adaptation, i.e., to predict Y in a new target domain where only X is observed.
To this end, they rely on the latent shift assumption, which posits that the domain shift is entirely due
to a shift in the distribution of a discrete latent confounder U of X and Y, and leverage source observa-
tions of a noisy measurement W of U and a concept bottleneck variable [33] that mediates the effect
of X on Y to identify the optimal target predictor. Tsai et al. [34] generalise these results in several
ways, most notably showing that the concept bottleneck is not needed if multiple, sufficiently diverse
source domains are available (see Fig. 1a) and both W and X are observed in the target domain.
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Figure 2: Examples of causal graphs satisfying our identifiability conditions. Whereas the paper
mostly focuses on the scenario from Fig. 1, our identifiability results hold for a broader class of causal
models including additional covariates Z and unmediated covariate shift via ' — X, see Appx. B.

Learning from multiple domains. Causal approaches to domain generalization [e.g., 35-39]
typically seek to discard spurious features and learn one or more domain-invariant predictors for Y,
rather than the target interventional distribution Q(Y |do(z)). In contrast to work on combining
experimental and observational data to improve statistical efficiency [e.g., 40, 41], we assume no
access to observations of the outcome Y in the target domain.

1.2 Overview and main contributions

In this work, we consider the problem of estimating the causal effect of X on Y in the presence of a
discrete unobserved confounder U, given a proxy W of U and data from multiple domains. Our main
focus is on the setting illustrated in Fig. 1, which also relies on the latent shift assumption [32] (though
see Fig. 2, § 3.1, and Remark 9 in Appx. B for a discussion of the relaxation of this assumption) and
is similar to that considered by Tsai et al. [34]. However, a key difference is the estimand of interest.
Whereas Tsai et al. seek to estimate the conditional mean E[Y| X = z] under the target distribution Q,
our focus is on the interventional distribution Q(Y'|do(z)). Moreover, we only need to observe W in
the target domain, as shown in Fig. 1b; we thus need to transfer information from the source domains
to the target domain. While our goal is more aligned with proximal causal inference than with domain
adaptation, a key difference to the setting studied, e.g., by Miao et al. [13] is that in our case, the causal
effect of X on Y may differ across domains due to shifts in the distribution of U (even though the joint
causal effect of X and U on Y is invariant [e.g., 35]). For ease of presentation, we focus on a setting in
which all variables are discrete. We discuss some extensions to continuous variables in § 3.1 and § 7.

The remainder of the paper is organised as follows. First, we formally state the considered problem
setting (§ 2) and establish sufficient conditions for identifiability (§ 3). We then propose two es-
timators based on alternative parametrisations of the model and study their statistical properties (§ 4).
Empirically, we investigate our estimators in simulations (§ 5) and present an application to hotel
ranking data (§ 6). We conclude with a summary and an outlook for future work (§ 7).

We highlight the following main contributions:

* We prove that, given only observations of I in the target domain, the interventional
distribution Q(Y |do(z)) is identified (Thm. 1) if the available source domains are sufficiently
diverse (Asm. 1). Furthermore, we relax the latent shift assumption by allowing for additional
covariates and edges, for example (Fig. 2 and Thm. 8).

* We propose two consistent estimators, one of which is asymptotically normal and comes
with confidence intervals (Props. 4 and 5).

* We empirically verify that our estimators compare favourably to naive and proxy-adjustment
baselines (Fig. 4) and that the derived confidence intervals have valid coverage and decreas-
ing length as sample size increases.

2 Intervention distributions under domain shifts using proxies

Data generating process. Formally, we assume that the data are generated by a structural causal
model (SCM) [42, 43] C := (S, Py ) with the following collection S of assignments:
E = fp(Ng), U = fu(E, Nvu), W= fw(U, Nw),

X = fx(U,Nx), Y = fy(U,VV,X,Ny). (1)



The noise variables N := (Ng, Ny, Ny, Nx, Ny ) follow the joint distribution P and are jointly
independent. The SCM C induces the causal graph G shown in Fig. 1 and a distribution over the
random variables (E,U, W, X,Y), defined as the push-forward of Py via (1), which we denote by
IPC or P. As proved, e.g., by Lauritzen et al. [44], this induced distribution is Markov with respect
to (w.r.t.) G. (Since our work does not consider counterfactual statements, one could also use causal
graphical models and assume that the observed distribution is Markov w.r.t. the graph in Fig. 1(a).)

Generalization. For sake of accessibility, we focus our presentation on the setting from Fig. 1.
However, our identifiability results directly apply to a broader class of causal models (that may contain
additional covariates ), whose induced causal graphs G satisfy the d-separation [9] statements

Y LgE|(U X, Z), Wlg(EX)|(U,Z), Ulg X|Z Y LgX|(U2),

where G+ and Gx denote the graphs obtained by respectively removing the edges coming into X and
going out of X from G, see Fig. 2 for examples and Appx. B.4 for a more detailed discussion. We
believe that our estimators and inference results can also be generalised to these settings analogously.

Domains. We consider kg source domains. The variable F is a categorical domain indicator taking
valuesin {ey, ..., ek, }. The labels ¢; are arbitrary and serve only to distinguish domains. We assume
no structure or prior knowledge about the domains. The target domain corresponds to # = e (not
necessarily contained in {ej, ..., e, }) and is described by the distribution PCido(F:=¢7) " which
we denote by Q€ or Q.

Support. Throughout, we assume that £, U, W, X, and Y are discrete (though see the discussion
after Thm. 1). We denote the support of a discrete random variable V' by supp(V') = {v1,..., v },
50, e.g., supp(X) = {x1,...,Ts, }. We assume that P¢ has full support over (E, U, W, X,Y), i.e.,
supp((E,U, W, X,Y)) = supp(FE) x supp(U) x supp(W) x supp(X ) x supp(Y"). The probability
mass functions (pmfs) in the source and target domains are denoted by lowercase letters p and ¢,
respectively, so, e.g., p(yle,z) = P(Y = y|E = e, X = ) or q(w) = Q(W = w).

Matrix notation. We write marginal pmfs as column vectors, P(A) := (p(ay),...,p(ax,)) ", and
conditional pmfs as matrices, P(A|B) = (p(a;|b;))j, with the i row given by P(a;|B) and the
4 column by P(A|b;). For additional discrete random variables C' and D, we write P(a|B, c) :=
(p(alby,c),...,p(albry,c)) and P(a|B,C,d) == (p(a|B,c1,d)",...,p(a|B, cke,d)"). In the
target domain, we use () instead of P. The distributions induced by the last four structural
assignments of the SCM C in Eq. (1) are thus described by the matrices { P(U|E), Q(U)}, P(W|U),
P(X|U)7 and {P(y|Ua W, I)}$Esupp(X),y€supp(Y)7 respectively.

Data. Asillustrated in Fig. 1, we assume that we obtain a sample of ng,. independent and identi-
cally distributed (i.i.d.) source realizations (E1, W1, X1,Y1), ..., (Enocs Wiaes Xneres Yng.) from

Msrc

Po:= IP(CE W,X,Y) and nggt 1= N — Ngyc 1.1.d. target realizations Wi, _11,..., W, from Q.

Estimand. The goal is to estimate
q(y|do(z)) = Q(Y = y|do(X := x)), @

which, by slight abuse of notation, we call the causal effect from X on Y (in the target domain er).
Since the domain is allowed to affect the hidden confounder, the causal effect in the target domain is,
in general, different from p(y|e, do(z)) when e € {1,...,ex} is a source domain.

3 Identifiability

We now show that (2) is identifiable from Po and Q. More formally, under suitable assumptions,
we prove the following statement: if C; and C, are of the form of (1) such that PY} = P& and
€L = Q%2, then ¢ (y|do(z)) = ¢ (y|do(x)). The key idea of the proof (inspired by ideas
presented by Miao et al. [26, Section 2]) is to consider the covariate adjustment formula [6, 45, 46]
ku

a(yldo()) = QIU.x) Q(U) = Y alylur, ) a(uy). ©)

r=1



Clearly, U is unobserved, so we cannot exploit this equation directly. Instead, we will rewrite
Q(y|U, ), so that it depends on U only through a factor P(W|U). Since, by invariance or modularity,
P(W|U) = Q(W|U), the dependence on U vanishes after marginalising w.r.t. U as in Eq. (3). To
do so, we use invertibility of P(WW|U), which is guaranteed by the following assumption:

Assumption 1. For all x € supp(X), we have rank(P(W|E, z)) > ky.

Intuitively, Asm. 1 states that the proxy W is sufficiently informative about the confounder U in
the sense that the domain shifts in U induce sufficient variability in the conditional distribution of
W|X = x. As we show in Prop. 6 in Appx. B.1, Asm. | implies that the proxy W can be transformed
in such a way that the matrix P(W|E, x) has linearly independent rows. We therefore assume this
without loss of generality (see Appx. B.1 for a more detailed treatment). Finally, this implies that the
matrix P(W|E,z) P(W|E,x)" is invertible [47], so its right pseudoinverse P(W |E, )T exists.?
Similar assumptions about the rank of conditional probability matrices are common in proxy-based
identifiability results [e.g. 12, 13, 34].

We are now able to state the main identifiability result. Its proof, together with other proofs of this
work, can be found in Appx. A.

Theorem 1. Under the data generating process described in § 2 (ignoring the paragraph “General-
ization”) and assuming Asm. 1, we have for all x € supp(X) and y € supp(Y'):

q(yldo(z)) = P(y|E,z) P(W|E, )t Q(W). 4)

Therefore, if (E, W, X,Y) is observed in the source domains and W in the target domain, the causal
effect of X on'Y in the target domain er is identifiable.

Remark 2. If, within our setting, Asm. 1 does not hold, identifiability is, in general, lost (see Appx. B.2
for a counterexample). Thus, in this sense, Asm. 1 is necessary for Eq. (4) to hold.

3.1 Extensions of the identifiability result

Relaxing assumptions of Thm. 1 and special cases. The result still holds (with an analogous
proof) if X and Y are not discrete but continuous. In this case, P(y|E, x) is a vector of evaluations
of a conditional probability density function (pdf), for example. Furthermore, we do not assume
faithfulness, and Thm. 1 still holds if there is no edge between W and Y. Moreover, the latent
shift assumption [32] can be relaxed to also allow for (unmediated) covariate shift via £ — X,
see Remark 9 in Appx. B.4 for a characterisation of the necessary graphical assumptions.

Incorporating covariates/observed confounders. In practice, we often observe additional covari-
ates that we want to include in the model. For the case of observed confounders Z of X and Y, we
show that the (target-domain) conditional causal effect ¢(y|do(x), z) given Z = z is identified if Z
is observed in both the source and target domains and subject to an assumption similar to Asm. 1 for
the matrix P(W|E, z, z), see Asm. 2 and Thm. 8 in Appx. B.4 for details.

(Conditional) average treatment effects. Thm. | directly implies that the (target-domain) average
treatment effect (ATE), given by E[Y|do(X := 1)] — E[Y|do(X := 0)] under Q, is identifiable,
too. Moreover, due to the identifiability of the causal effect conditional on observed confounders
Z = z, we can also identify the (target-domain) conditional average treatment effect (CATE), given
by E[Y|do(X :=1),Z = z] — E[Y|do(X :=0), Z = z] under Q.

Continuous proxy. In Appx. B.5, we discuss an extension to the case where the proxy W is

continuous. The proposed approach is based on the idea that suitable discretisation can yield a
discrete proxy variable that satisfies Asm. 1, see Asm. 3 and Prop. 10 for details.

4 Estimation and inference

Having established the identifiability of ¢(y|do(z)), we now construct estimators for this causal
effect. Specifically, we propose two estimators based on different decompositions of the causal effect,

3Given a matrix A € R™*" s.t. AAT is invertible, its right pseudoinverse is defined as AT .= AT (AAT)™".



denoted by ¢, (y|do(x)) and gr ,(y|do(x)), respectively. The subscript n indicates the sample size
used in each case. By a slight abuse of notation, we use the same symbols to denote the estimators
and their values evaluated on a specific dataset. Code implementing both estimators, along with the
experiments, is available on https://github.com/manueligal/proxy-intervention.

4.1 Causal parametrisation

As discussed in § 2, the structural assignments in Eq. (1) can be represented by the matrices
P(UIE),Q(U), P(W|U), P(X|U) and { P(y|U, W, ) } ssupp(x),yesupp(y)- For our first approach
we explicitly parametrise these matrices, thereby capturing the underlying causal mechanisms. Prop. 3
shows that the estimand g(y|do(z)) can be expressed in terms of a subset of these (unknown) matrices.

Proposition 3. For all x € supp(X) and y € supp(Y') we have®

a(yldo()) = diag ( P(y|U, W, 2) P(W|U)) Q(U). )

We now proceed by maximum likelihood estimation. Consider a parameter § whose components are
the entries of P(U|E), Q(U), P(W|U)., P(X|U) and {P(y|U, W, ) }secupp(x).yesupp(y)- BY an
abuse of notation, we denote the entries of 6 by the corresponding probabilities with a subscript 0, i.e.,

0 = (pe(u1|e1),'-',po(ukU\ekE)vqa(ul), oo qo(Uurg ), po(wilur), - o, Po(Whyy [Uky ),
(6)

po(1lur), ... 0o (Thy|Uky ), Po(Y1|ut, w1, 1), - . s Do (Yry |Uky wkw,dka)>~

The entries are restricted to be non-zero, each column of P(U|FE), Q(U), P(W|U), and P(X|U)
sums to 1, and similarly Zf;’l p(yilu, w,z) = 1 for all w € supp(U), w € supp(W), and
2 € supp(X). To ensure these constraints are satisfied without explicitly enforcing them during
optimisation, we use real-valued parameters (representing logits) and transform them into valid pmfs
using the softmax function.

Naturally, the joint distributions of the observed variables Pyy; x y | in the source domains and Qyy in
the target domain are also parametrised by 6. Specifically, foralli € {1,...,ky},j € {1,..., kw},
se{l,...,kx},andl € {1,...,kg}, we have that

ku

Do (yl,xs,’wj|€z ZPG yz‘urijaxs)pQ(wj|Ur)p9(z5|ur)p6(ur‘el)
r=1
ku

go(w;) =Y po(w;lur) go(uy),

r=1

where both of these equations hold for the true (conditional) pmfs. The (conditional) likelihood over
the observed variables is thus given by

ky kx kw ke

S 111011 CTERTRESR) | OTECONG

i=1s=1j=11=1

where n(y;, x5, wj, €;) denotes the number of observations for the tuple (y;, zs,w;, €;) in the source
domains and n(w;) denotes the number of observations of w; in the target domain.

For all 2 € supp(X) and y € supp(Y’), we define the function
Jzy * 0 — gw,y(e) = diag(PQ(y‘Uv W, J}) P@(W‘U)) Q@(U), (8)

where the entries of these matrices are components of §. We denote by 6 the true value of 6, so
by Prop. 3 we have that g, ,(6y) = ¢(y|do(x)). Therefore, if we denote by §,, a maximizer of

“The diag operator applied to a square matrix A = (A;;)i<ij<n € R™™ is defined as
dlag(A) = (Al’l,AQ,Q, .. .,An,n) c Rn.


https://github.com/manueligal/proxy-intervention

the likelihood function in Eq. (7), we define the plug-in estimator of the causal effect in the causal
parametrisation for all z € supp(X) and y € supp(Y') as go,» (y|do(z)) == gz,y(0n).

Even if the estimator #,, does not converge, its induced probabilities over the observed variables
concentrate around the true values, and the estimator g¢,, (y|do(x)) is consistent.

Proposition 4. Suppose that Asm. 1 holds. The estimator Gc ,,(y|do(x)) is consistent, that is,
gon(yldo(z)) — q(y|do(z)) in probability as nec, nygy — 00.

4.2 Reduced parametrisation

Although ¢(y|do(z)) is identifiable, not all the components of the vector § that we optimise in
the causal parametrisation can be identified from the observed data — the estimator is based on
an overparametrisation of the problem. Our second approach estimates only the components
necessary to compute Eq. (4). To do so, for all z € supp(X) and y € supp(Y’), we consider one
long parameter vector 1), , describing all entries of® Q(W, er), q(er), P(W,z, E), P(y,z, E),
and P(z, E) (see Appx. B.3 for details). Given an 7, ,, we can then not only form the matrices
Q"]I,y (W’ €T), qnz,y (eT)’ Pnz-,y (VI/’ T, E)’ P’]w,y (y7 T, E) and Pnz,y ($7 E) but also QTIz,y (W)’
P, ,(W|E,z), and P, (y|E,x), which we use to define an estimator based on Eq. (4). The
components of 7, ,, are probabilities, so we can estimate their true value by empirical frequencies®,
that is, 7.5, = % S nfb’y, where, foralli € {1,...,n},

U;JJ = (]l(Wz = U}l,Ei = eT),. . .,]I(Wi = wkw_l,Ei = eT),]l(Ei = BT),

]l(W,L = wl,X,» = QJ,E,* = 61), .. 7]I(VVZ = wkw—laXi = JC,EZ‘ = €kE),

9
]1()/1 :vaZ :vai = 61)5"'a1(YVi :vaZ :vai = ekE)v ( )
]l(XZ = QT,EZ‘ = 61), ey ]I(X,L =, El = €kE)> .
Then, for example,
LS AW =wj, Xy =2, E; =€)
(Ps,.,..(W|E, x))j = =1 Jﬁ a . (10)
’ i WXy =2, B = e)
For all € supp(X) and y € supp(Y’), we define the function
htiley — h(ney) = P, (Y| B, 2) By, ,(WIE,2)' Qy, , (W), (11
and define the estimator of the causal effect in the reduced parametrisation as
Gr.n(yldo(z)) = A(Tz.yn)- (12)

The following proposition proves consistency of ¢r ,(y|do(x)) and provides confidence intervals.

Proposition 5. Suppose that Asm. 1 holds. For all x € supp(X) and y € supp(Y), the estimator
qr.n(y|do(x)) defined in Eq. (12) is a consistent estimator of q(y|do(x)). Furthermore,

V2 (G (yldo(a)) — alyldo())) 2 N0, 1),

z,y
where ) a
Opy = Vh(Mzyn) ' Loy VA((zyn),

with ¥, ., being the sample covariance matrix of (n;,y’ e Ty

>To simplify notation (for inference), in this section we model the sample as an ii.d. sample
(B, W1, X1,Y1),...,(En,Wa, X5, Yy) with E; € {e1,...,ex,} U{er}; whenever E; = er, the entries
of X and Y are missing. This way, n is fixed, while ngc := >, 1(FE; # er) and nyg := », 1(E; = er) are
random. Forall j € {1,...,kw} . ¢(w;) = q(w;|er) can now also be considered a conditional probability.

SStrictly speaking, we consider a slightly modified version: on the events where the matrix in Eq. (10) does
not have linearly independent rows, we change 7). y,» to ensure that it does. This happens with probability
vanishing to zero (see proof of Prop. 5) but ensures that Eq. (12) is always well-defined.
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Figure 3: Absolute estimation error increases for near non-invertible P(W|E, x). For M=25
distinct data generating processes, we draw [N =5 datasets each, consisting of k=2 source domains
and n=20 000 realizations. The errors for both estimators increase with the condition number ~
of the matrix P(W|E, z) (or its estimated counterpart), a measure of its non-invertibility.

By Prop. 5, pointwise asymptotic confidence intervals for ¢(y|do(x)) at level (1 — «) are given by

Oz,y

~ ~ Og,
rn(do(@) = 222 21y G (yldo(w) + 22 21| (13)

where zg denotes the 5-quantile of a standard normal distribution.

Both g, (y|do(z)) and the bounds of the confidence interval can lie outside [0, 1] because the
data-generating process adds further constraints on the combination of P(y|E, x), P(W|E, x), and
Q (W) that are not reflected by the estimator. To reduce bias and variance, we thus clip the estimate
dr.n(y|do(z)) and the confidence intervals to [0, 1].

5 Simulation experiments

5.1 Data generation

The data generating mechanism can be described using the matrices P(U|E), Q(U), P(W|U),
P(X|U)and {P(y|U, W, )} zesupp(x),yesupp(y)- We randomly and independently generate M € N
different sets of such matrices. For each choice, we generate N € N i.i.d. data sets with sample size
n € N. Appx. C.1 provides details on how we choose the matrices and the size of the causal effects.

5.2 Point estimation

We first compare the point estimates obtained from the two proposed estimators. To do so, we fix
values € supp(X) and y € supp(Y') and compute, for several data sets, the absolute estimation

errors |gr.n (y|do(x)) — q(y|do(z))] and [gc . (y|do(x)) — g(y|do(x))].

In our setting, we can assess Asm. 1 by considering the condition number x(P(W|E, z)). When
k(P(W|E,x)) is large, the rows of P(W|E,z) are almost linearly dependent, indicating an
almost-violation of Asm. 1. By Eq. (4), we thus expect that the performance of gc ,,(y|do(x))
and Gr.,(y|do(x)) is sensitive to large conditioning numbers and that for larger conditioning
numbers, we require larger sample sizes. We validate this empirically in Fig. 3. It shows
that the absolute estimation errors of both estimators grow with «(P(W|E, z)). It also shows
that kK(P(W|E,z)) ~ &(P(W|E,z)) so we can estimate ~ directly from the data. Whenever
R(P(W|E,x)) is large, we can flag the corresponding estimates as potentially unreliable.

The results suggest that both estimation procedures perform similarly in terms of absolute estimation
error, with an average value equal to 0.040 for the causal estimator and 0.058 for the reduced estimator,
with the reduced estimator being faster to compute (see Appx. C.5 for a runtime analysis). Figs. 7
and 8 in Appx. C.3 show the same results for n = 1000 and n = 100 000 supporting the theoretical
consistency result. If we add another column to P(W|E, x), that is, another source domain, the
reduced estimator seems to perform slightly better than the causal estimator, see Fig. 9 in Appx. C.3.

We further compare the two estimators against other baseline estimators. In particular, we consider
an oracle which estimates the causal effect from n i.i.d. realizations of the target intervention
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Figure 4: Comparison of the different estimation procedures. We use the parameters kr = 3,
n = 20000, M = 10, and N = 5. The oracle presents the lowest error due to the use of the data
from the intervention distribution. The reduced and causal parametrisation estimators show a similar
distribution of the error, with their medians close to zero. Their performance is better than that of
other baseline methods, whose absolute estimation error distribution is shifted towards larger values.
The estimators that use the distribution of (X, Y") in the target domain (with a *) obtain better results
in terms of the absolute estimation error than their pooled counterparts.

distribution (using data not available to other methods); the no-adjustment estimator, which estimates

the distribution Qf,’do(w) by ]quz (NoAdj) or Qg’lw (NoAdj*; using data not available to other
methods); and the W-adjustment estimator, which uses the adjustment formula in Eq. (4) but with W
instead of U (even though W is not a valid adjustment set) using either pooled data from the source
domains (WAdj) or from the target domain (WAdj*; using data not available to other methods). The
formal definitions of these estimators can be found in Appx. C.3. Fig. 4 shows the comparison in
terms of absolute error. The causal and reduced estimators outperform the baselines different from

the oracle, which has the lowest error.

5.3 Coverage of confidence intervals

Prop. 5 proves asymptotic normality of (the unclipped version of) g ,(y|do(x)) and provides
asymptotically valid confidence intervals. We show that the empirical coverage is close to the nominal
value and that the sample median confidence interval length, as suggested by consistency, approaches
zero with growing sample size (see Appx. C.4 for details). For comparison, we have also implemented
bootstrap confidence intervals based on the normal approximation method [48], see also Appx. C.4
for details. Fig. 10 shows that the empirical coverage of the bootstrap confidence intervals is slightly
closer to the nominal level but comes at the cost of longer confidence intervals.

6 Application: Hotel searches

We consider the Expedia Hotel Searches dataset [49], in which each observation corresponds to a
query made by a user of Expedia’s webpage. It contains information about the user, the search filters,
the hotels displayed, and whether the user clicked on or booked any of the shown accommodations. We
are interested in studying the causal effect of the position of the hotel in the list shown to the user (X)
on whether the user clicked on the hotel to obtain more information (Y). We regard it as plausible that
there is an unmeasured confounder U of X and Y (e.g., features of the hotel, such as the distance to
the city centre or the additional services provided), but that some of this information is reflected in the
price (W), which we treat as a proxy. Domains E are comprised of searches in which a given hotel ap-
pears. Tab. 1 provides an overview of the involved variables and their role relative to the studied setting.
As source domains, we use those hotels that have at least 2000 observations (except for the ones cho-
sen as target domains, see below); this results in 25 hotels. If several of such hotels appear in the same
query, this yields several observations (introducing a small dependence between the observations).

The dataset can be viewed as containing both observational and interventional data. For some
searches (the ones we use for our estimators), hotels are sorted according to an existing algorithm
(unknown to us). For all other searches, hotels are ranked uniformly at random. The latter part
allows us to compute a ‘ground truth’ or ‘oracle’ causal effect (containing a point estimate and Wald
confidence interval) that we can compare against. Ursu [50] uses this dataset to study the effect of



Table 1: Variables included in the hotel ranking real-world application.

Variable Description Values
E Hotel unique ID Integers
X Position of the hotel in the search results  {1,...,40}
Y Whether the user clicks on the hotel 0: No click; 1: Click
w Price range per night in USD {[0, 75], (75, 125], (125, 175], (175, 225], (225, 00) }
0.44 L
? 0.3 —-o— Reduced
< -e— NoAdj*
o
B 0.2 NoAdj
) o
ZI'I, -e— Oracle
- 0.1 WAGj*
— WAdj
0.0
0 5 10 15

Target Domain ID

Figure 5: Reduced parametrisation estimator compared with four baselines and the ground
truth for a real dataset. We compare the estimates of the causal effect ¢(Y = 1|do(X = 1)) using
the reduced estimator and the no-adjustment baselines with the oracle confidence intervals using 25
source and 18 target domains. For both of them, there is overlap between their confidence intervals
and the ones from the oracle in all the target domains. The reduced estimator yields estimates closer
to the oracle in more target domains and slightly smaller confidence intervals than NoAdj*.

the ranking in the customer choice, but only considers the part of the dataset in which hotels are
ranked uniformly at random. This is different from our setting, since we estimate the causal effect
q(Y = 1]do(X = z)) in a target domain (the hotel of interest) from the observational data.

In the first experiment, we estimate g(Y = 1|do(X = 1)). As target domains, we choose 18 hotels
among those hotels that appear in at least 1500 different queries in the randomized dataset. This
ensures that we can obtain reasonable estimates using the oracle, which we consider the ground
truth in this experiment. In total, we obtain ca. 64 000 and 50 000 observations from 8400 and 4000
queries for the source and target domains, respectively. Fig. 5 compares the confidence intervals
obtained by the reduced estimator with the oracle ones. As a comparison we also show the result
of the no-adjustment and W-adjustment baselines (using both versions: pooled and target), see
Appx. C.3, including Wald confidence intervals for the no-adjustment estimator (all confidence
intervals in this experiment are at level 0.95). Generally, both estimators overlap with the oracle
confidence intervals. The reduced estimator yields point estimates that are closer to the oracle
estimates (average absolute error of 0.044 (Reduced), 0.051 (NoAdj), 0.080 (NoAdj*), 0.053 (WAd;))
and 0.075 (WAdj*)) and confidence intervals that are on average shorter than the ones from the
no-adjustment baseline (median length of 0.14 versus 0.17). In a second experiment, we estimate the
causal effect ¢(Y = 1|do(X = z)) for different values of « € {1,...,20} in a fixed target domain
to study the causal effect of the different positions on the clicks of the users. Again, the confidence
intervals produced by the reduced estimator overlap with all oracle ones, see Appx. D for details.

7 Summary and future work

We consider the causal domain adaptation problem of estimating a confounded causal effect in an
unseen target domain using data from source domains and an observed proxy variable. We provide
two estimators, prove consistency and, in one case, provide asymptotically valid confidence intervals.
Experiments on simulated and real data show that these estimators outperform existing methods and
support the theoretical claims. We consider the case of a continuous U as an interesting setting, too;
here, the ideas discussed by Miao et al. [13] and Tsai et al. [34] could prove helpful.
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A  Proofs

A.1 Proof of Thm. 1
Theorem 1. Under the data generating process described in § 2 (ignoring the paragraph “General-
ization”) and assuming Asm. 1, we have for all x € supp(X) and y € supp(Y):

q(y|do(x)) = P(y|E, ) P(W|E,2)T Q(W). )

Therefore, if (E, W, X,Y) is observed in the source domains and W in the target domain, the causal
effect of X on'Y in the target domain et is identifiable.

Proof. The global Markov condition holds in SCMs [e.g., 42, 44], so we have

X, YW 1L E|U X Lw|U.
We then have
P(y|E,z) = P(y|U,z) P(U|E, x) (14)
P(W|E,z) = P(W|U) P(U|E, z). (15)

For every pair of matrices A € R™*™ and B € R™*?, the following inequality holds: rank(AB) <
min{rank(A), rank(B)} [51]. Using this inequality in Eq. (15), we get
rank(P(W|U)) > rank(P(W|E, z)) = kw,
where the last equality is due to Prop. 6. The matrix P(W|U) has dimensions ky x kg, hence
min{kw, ky} > rank(P(W|U)) > kw. (16)
Using Eq. (16) and the inequality ky > ky derived from Asm. 1, we conclude that
rank(P(W|U)) = kw = ky. Therefore, P(W|U) is an invertible matrix and this can be used
in Eq. (15) to obtain
P(U|E,z) = P(WW|U)"' P(W|E, ).
The substitution of this expression in Eq. (14) yields
P(y|E,x) = P(y|U,x) P(W|U)~* P(W|E, ),
and therefore
P(y|U,z) = P(y|E,z) P(W|E,z)! P(W|U). (17)
The adjustment formula (3) states that ¢(y|do(z)) = Q(y|U, z) Q(U) and the equality Q(y|U, z) =
P(y|U, ) holds because of modularity or invariance [e.g., 52]. Combining Egs. (3) and (17), we get

q(yldo(z)) = P(y|U,2) QU) = P(y|E, ) P(W|E,z)" P(W|U) Q(U).

Using the law of total probability for the last two terms, we get our final result
q(yldo(x)) = P(y|E, ) P(W|E,z)" Q(W). (18)

A.2  Proof of Prop. 3

Proposition 3. For all x € supp(X) and y € supp(Y') we have’
a(yldo(x)) = diag (P(y|U, W, 2) P(W|U)) Q(U). )

Proof. By modularity, we have Q(y|U, z) = P(y|U, ). The statement then follows by the covariate
adjustment formula (3):
ku
q(yldo(x)) = P(y|U,z) QU) = >_ p(ylur, x) q(ur)

r=1

ku kw
= Z ZP(ZAUT, wjax)p(wj|ur) Q(ur) = dlag(P(y‘Uv W,Z‘) P(W‘U)) Q(U)

r=1 \j=1
O

"The diag operator applied to a square matrix A = (A;;)i<ij<n € R™™ is defined as
dlag(A) = (Al,l,AQ,Q, .. .,An,n) c Rn.
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A.3 Proof of Prop. 4

Proposition 4. Suppose that Asm. 1 holds. The estimator §c ,,(y|do(x)) is consistent, that is,

gon(yldo(z)) — q(y|do(z)) in probability as ngyc, Nygt — 00.

Proof. We consider a parameter whose components are the joint pmfs that appear in the likelihood
function in Eq. (7)

M= (pu(y1,3617w1|61), e 7pﬂ(ykyvxkxawkw|ek15)a QM(wl)a ) Q#(wkw))

and denote by g its true value. Moreover, we denote by f(6 ,L) the vector obtained when calculating
these joint pmfs from the optimal vector 9 Hence,

f(en) = (pa” (yla Z1, Wy |el)a v apgn (yky y Thx s Wy, |ekE)7 Q§7L (wl)a RN q§ﬂ (wkw)) .
The conditional log-likelihood equals

ky kx kw kg kw

ZZZZ yl,xs,w],el)log(pu(yz,xs,wﬂel)) Z (wj)10g<qu(wj))’

i=1 s=1j5=11=1 j=1

where we define 0 - log 0 = 0. (It suffices to consider the conditional log-likelihood, as it differs from
the unconditional log-likelihood only by an additive term that models the marginal probabilities of
the domains.) Instead of ¢,,, we now consider

ky kx kw kg )

=YYy St y“’ log (py (31 s wyler)) + Z L) o g y)),

i=1 s=1 j=1 I=1 -1 Thet

which satisfies argmax ¢,, = argmax 0, (this is because ¢,, can be optimized by considering the
likelihood for each domain separately, so multiplying each domain likelihood by a constant 1/n(e;)
or 1/n.y does not change the optimal values for the probabilities). The unique value for ;» maximizing

both /,, and /,,, denoted by [in, consists of the relative frequencies

n(yia Ts, Wy, el)

pﬁn(yi7$85u}j‘el> - Tl(@l)
Foralln € N, R

The first inequality is due to the definition ji,, := argmax /,,. Regarding the second inequality, we
have

0, = argmax L = argmax log L = argmax {,, o f,
(where the last equality is due to log L = £,, o f, which holds by definition of f); and since there
exists 0y such that ug = f(6p), we have

Cn(f(Bn)) = €n(f(00)) = L (p0).

~ P . .
We have that j1,, — o due to the law of large numbers and we use the continuous mapping theorem
to get

Cn(in) — €n(pt0)

Nmin

P
— 0,

where nmin = min{n(ei),...,n(exy), Ntgt } is the smallest sample size across all source and target
domains. Using the squeeze theorem on Eq. (19),

L (i) — En(f(é\n)) P

— 0.

Nmin
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Furthermore, we have the inequality

En(fin) = €n(f(0n)) o ; ;
Nmin /
To prove this inequality, we consider the decomposition
ke

o) =t ) 5 () + 457 (1)

=1

corresponding to the sum of the likelihoods in each domain. For all [ € {1,..., kg, T}, the vector
Iin is the maximizer of £5!, so we have

03t (i) = €51 (£ (8)) 2 0. (20)
Therefore,

Cn(fin) = Ca(£(0n))

SN B 0 1) P (Yis Ts, wyler) Y n(w;) qa, (w;)
_’ 1;;; n(e) 1g<p§n(yi,:cs,chq)>+; Ntgt log<q2,(wj)>
ke
= Z &) (ffll( n) — L3 (f(é\ ))) + nlt ((ZT(’EH) By (f(é\n)))
k o ~
S o (2o (61 = 61500) + (67 ) —éff(f(an))))
U (i) — Un(f (5,1))’

where the inequality holds due to Eq. (20). Therefore, considering the Kullback-Leibler divergence,
we get the following convergence in probability®:

ZDKL (BN @ ) + Dice (T 1£B)°T) = i) = EalF @) 2> 0

which imphes that each of the summands on the left-hand side converges to zero in probability. Then,
by Pinsker’s inequality and the continuous mapping theorem, we have

ke
1~ F @ < \/ 2D (Fi 17 6n)) + ¢ 2Dsa, (@7 11£Ba) ) 0.
=1

Hence,

1(B2) = po.
Finally, we apply the continuous mapping theorem with the function g, , : fto — Gy y(p0) =
q(y|do(z)) (defined, for example, using Eq. (4), where all the components can be derived from the
joint pmfs in pg) to get the final result:

dc.n(yldo(z)) > qly|do(z)).

A.4 Proof of Prop. 5

Proposition 5. Suppose that Asm. 1 holds. For all € supp(X) and y € supp(Y'), the estimator
Qr.n(y|do(x)) defined in Eq. (12) is a consistent estimator of q(y|do(x)). Furthermore,

Vi (- D
(@n.n(yldo(2)) — alyldo(x))) 2> N (0, 1),
zy
where Ta
aiy = Vh(zyn) Zey VA(lzyn),
with ily being the sample covariance matrix of (7]}571}, . ,ng,y).
8Here ! = (pa,, (y1,T1,wile1), .., Pa, (Yry > Thy , Wiy |€1)) and analogously for the other variables.
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Proof. Consider the i.i.d. sample {n. ,}i—, obtained from {(E;, W;, X;,Y;)};, using the definition
in Eq. (9). The random vector Um,y has mean equal to the true parameter 1), ,, . We define 77, My tO

be the sample mean of ), ,. Here, we use the asterisk to stress the difference to the estimator ﬁm},n,
which is equal to 773, ,, except for when Py.  (W|E, x) does not have linearly independent rows.

To prove asymptotic normality, we apply the central limit theorem to {nfﬂ’y}?:l. We use again that
their mean is equal to 7). ,, o and their sample mean is the estimator 7; , ,,. Furthermore, we denote
by Xz, the covariance matrix of n:}:’y, obtaining

. D
V(T = M) 22 N(0, T ). 21

We now prove that
~ D
ﬁ(nx,y,n - nz,y,O) — N(Oa Eac,y) (22)

holds, too. Let By, be the event that Py, (W|E, x) has linearly independent rows. We first show

that P(B,,) — 1. Indeed, by Asm. | and Prop. 6, the population matrix P(W|E, x) has full row
rank. Thus, there is a ky X ky submatrix M s.t. det(P(W|E,z)y) = ¢ # 0. By continuity of
the determinant, there is a § > 0 s.t.” ||P(W|E, z)n — Py: on WIE, )| F < 6 (et us call such

events A, s) implies det(Py:  (WI[E,z)a) # 0,50 Py (W|E, z) has full row rank. By the
law of large numbers, P(A,, 5) — 1 and thus P(B,,) — 1. Defining a,, := /n(7z,y,n — Nz,y,0) and

*

ay, == /n(0; , n = Me.y,0), We can now prove dy, 2y N(o, X.,y). Indeed, for all b, we have

lim P(a, <b)= lim (P(a, <bnNB,)+P(a, <bnBY))

n—oo n— oo

= lim (P(a;, <bnNB,)+Pa, <bnBY)+Pa;, <bnBY))

n— oo

= lim (P(a, <b)+P(a, <bnBY))

n—oo

= lim P(a, <b),

n— oo

which proves Eq. (22). The second equality holds because, on B,,, a;, and a,, are identical and
lim,, o P(aX <bNBY)=0.

The function h defined in Eq. (11) is continuous, so we apply the delta method to Eq. (22) to get
ﬁ(aR,n@mo(:c)) ~ q(yldo(x))) > N(0,02,).
where the variance o y 18 given by
Uac,y = Vh(nw,yﬁ)T Yoy Vh(nw,y,0)~
Consistency follows by Slutsky’s theorem.

To estimate aw y» We can replace %, ,, by the sample covariance matrix EI o of (n} O TI%U)
and 1), .0 bY 7z,y,n, Which are both consistent estimators by the law of large numbers. This yields

= Vh (ﬁ:p’qn)—r EZE »Y,M vh (ﬁa:ﬂ/, )

By the continuous mapping theorem, G2 =,y 18 @ consistent estimator of o2 . Therefore, using the
continuous mapping theorem again, together with Slutsky’s theorem, we have

VT (G (yldo(a)) — alyldo(a))) 2 (0. 1)

Oxy

B Details and extensions of theoretical results

In this appendix, we provide several additional results that highlight how the assumptions and the
setting studied in the main paper can be relaxed.

°|| - || » denotes the Frobenius norm.
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B.1 Relaxing Asm. 1

Under Asm. 1, the proxy W can be transformed in such a way that the matrix P(W |E, ) has linearly
independent rows.

Proposition 6. Under Asm. 1, for all x € supp(X), there exists a W-measurable random variable

W such that _

ky, = rank(P(W|E,x)) = rank(P(W|E, x))
and W satisfies the independence statements (X, Y,}/T/ L E|U) and (X L W |U), and
supp((E, U, W, X,Y)) = supp(E) x supp(U) x supp(W) x supp(X) x supp(Y).

Lemma 7. Let wy, ..., w, be linearly independent vectors in a vector space V', and let

n
v = E )\1 Wi,
i=1

with scalars \; € R. If A\; # —1, then
’U+w1aw27"'7wn

are linearly independent.

Proof. Write

n
v+ w = (/\1 + 1)w1 +Z)\iwi.
i=2
Suppose there exist scalars a, b, . . ., b, such that

n

a(v+w) + Zbiwi = 0.
i=2
Substituting the expansion of v + w; gives

a’|:(A1+1)w1+)\2w2+"'+)\nwn:| + iz:;biwi = 0.

Collecting coefficients on the independent set {w1, . .., w,} yields the system
a (/\1 + 1) =0,
aXi+b =0, Z'E{Q,...7TL}.
Since A1 + 1 # 0, the first equation forces a = 0, which implies b = ... = b,, = 0. Hence, the only
solution is the trivial one, proving that
U+ wy, W2, ..., Wy,
are linearly independent. O

Proof of Prop. 6. Fix x € supp(X). If rank(P(W|E,z)) = kw the result follows considering
W = W. Assume r := rank(P(W|E,z)) < k. We proceed as follows: Choose r + 1 rows
of P(W|E,x), denoted by v1,...,v.41 (with row indices denoted by aq,...,a,41), such that
Vly...,Vi—1,Vit1,--.,Upy1 are linearly independent and v; is a linear combination of the others,
that is, there exist Ay, ..., \i—1, Ai+1,. .., Ar41 € R such that v; = Z#i A;v;. Since the entries of
P(W|E, z) are non-negative, there exists k € {1,...,7 + 1} \ {i} such that \;, # —1. We define
a new random variable W = WI{W # wq,} + we, 1{W = w,,}. By Lemma 7 we have that
P(W|E,z)isa (kw — 1) x kg-dimensional matrix and rank(P(W|E, z)) = rank(P(W|E, z)). It
also holds that supp((E, U, W, X,Y)) = supp(E) x supp(U) x supp(W) x supp(X) x supp(¥).
Continue this procedure until all rows are independent. By an abuse of notation we call the resulting
random variable again W. For all random variables A, B, C' and f measurable A IL B | C =
f(A) 1L B | C. It therefore holds that

X, YW L E|U X 1LW|U.
We have that rank(P(W|E, z)) = rank(P(W|E, z)) > ky and P(W|E, ) has full row rank. [
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B.2 Asm. 1 and identifiability

We now present a counterexample showing that identifiability is, in general, not possible if Asm. 1 is
violated. Concretely, we now construct two different SCMs. Both of them satisfy supp(X) := {0,1}
and supp(Y) := {0, 1}. We consider  := 0 € supp(X) and y := 0 € supp(Y’) and are interested in
inferring ¢(y|do(z)). Both SCMs satisfy supp(W) := {w1, wa, w3}, supp(U) := {u1, uz2,us} and,
for both SCMs, P(W|U) and P(y|U, W, x) are such that, for all j € {1, 2,3},

023 0.3 0.2
PW|U) = (046 0.6 0.4) and P(y|U,w;,x) = P(y|U,z) = (0.5 0.2 0.3).
031 0.1 04

Furthermore, we choose, again for both SCMs, P(FE), P(U|E) and P(X|U), such that the induced
source distribution has full support over (E, U, W, X,Y") (this is possible, as sums of products of
strictly positive numbers are strictly positive). Denoting by ¢y, ¢z, and ¢3 the columns of P(W|U),
we have 5 7

c1 = 1062 + — 10 (23)
with ¢2 and c3 being linearly independent, so rank(P (W|U )) = 2 < ky. Using Eq. (15) and the
inequality rank(AB) < min{rank(A), rank(B)} [51], we get that rank(P(W|E, x)) < ky, so in
both SCMs Asm. 1 is violated.

The two SCMs differ in the target distribution of U: we define

p1(u1) 0.6 pa(u) 0.5
Pl(U) = (pl(u2)> = (03) and PQ(U) = <p2<’u,2)> <033> .
p1(u3) 0.1 po(us3) 0.17

The induced target distributions of W for the two SCMs are given by the law of total probability:

0.256
= 0.5¢1 + 0.33¢c5 + 0.17c3 = P(W|U)P2(U) = PQ(W)

Therefore, both SCMs induce the same target distribution of the variable W. Thus, both SCMs induce
the same source distributions over (E, X, Y, W) and the same target distribution over W, and thereby
agree on the distributions over all observed quantities.

0.248
PL(W) = P(W|U)P,(U) = 0.6¢1 + 0.3c3 + 0.1cs = <O.496>

However, if we calculate the causal effect ¢(y|do(x)) for each SCM using the covariate adjustment
formula (see Eq. (3)), we find that they differ:

q1(y|do(w Zp ylur, )p1 (uy) = 0.39
r=1

# ga(yldo(x Zp ylur, 2)pa(uy) = 0.367.
r=1

In conclusion, the causal effect from X to Y is not identifiable.

Logically, the counterexample implies that if the causal effect from X to Y is identified via Eq. (4)
for all SCMs satisfying all assumptions except for possibly Asm. 1 (implying, in particular, that the
pseudo-inverse P(W|E, x)' exists), then Asm. | must hold, too.

B.3 Reduced parametrisation
The parameter vector 7,. ,, should have components corresponding to the following probabilities:
(Q’qw,y (’UJ]_, eT)a ceey q’r]w,y (wkwfla €T), Q7]w,y (eT)vp’r]x,y (wla x, el)a ey

p’f]m,y (wkwflvxa ekg);pnm,y (yvxv 61)7 e ap’nm,y (yvxv ekE),pnx,y(fa 61)7 e apnz,y (xv ekE)>'

We denote the number of components of this vector by k;, := kyw + (kw +1)kg, so the corresponding
parameter space is contained in H = [0, 1]*7
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(a) (b) (©

Figure 6: Causal effect estimation in unseen domains with both observed and unobserved
confounders. Shown are three example graphs that allow for identification of the conditional and
unconditional causal effect in the presence of an additional observed confounder, see Thm. 8 for
details. The black edges are shared across all graphs; the green edges differ.

B.4 Additional covariate/observed confounder

We now consider the case in which we have an additional observed confounder Z. Specifically,
suppose that the SCM induces one of the graphs depicted in Fig. 6.

We replace Asm. 1 with the following assumption.

Assumption 2. The proxy variable W is such that ky > ky and, for all x € supp(X) and
z € supp(Z), the matrix P(W|E, z, x) has linearly independent rows.

Theorem 8. Assume an SCM whose induced graph is one of those shown in Figure 6. Let
E U W, XY, Z denote the random variables generated by this SCM, and suppose their joint
support factorizes as supp(E, U, W, XY, Z) = supp(E) x supp(U) x supp(W) x supp(X) x
supp(Y) x supp(Z). Suppose that Asm. 2 holds. We then have for all x € supp(X), z € supp(Z),
and y € supp(Y):

Q(y|d0(x)’z) = P(y|E"TaZ)P(W|E’va)TQ(W|Z)
and

g(yldo(x)) = Y P(y|E,x,2)P(W|E,z,2) Q(W|2)q(z).
z€supp(Z)

Therefore, if (E,W,X,Y, Z) is observed in the source domains and (W, Z) in the target domain, the
conditional causal effect of X on'Y given Z = z and the total causal effect of X on'Y in the target
domain et are identifiable.

Proof. Since the global Markov condition holds for the induced graph and distribution of SCMs,
we have for the graphs in Fig. 6 that Y I E|(U, X, Z) and W 1L (E, X)|(U, Z) and thus for all
x € supp(X), y € supp(Y), z € supp(2):
P(y|E,2,2) = P(y|U,z,2) P(U|E, z, 2)
PWIE,z,z) = P(W|U,z)P(U|E, x, 2).

Under Asm. 2, we follow the same steps as in the proof in Appx. A.1 to get

Py|U,z,2) = P(y|E,z,2) P(W|E, z, 2) | P(W|U, 2). (24)
The target conditional interventional distribution is given by
q(yldo(x), z) = Q(y|U, do(), 2)Q(Uldo(x), 2)
= Q(y|U,do(z), 2)Q(Ulz)
= Q|U,z,2)Q(Ul=2)
= P(ylU,z,2)Q(U|z),

where the first line follows from the law of total probability; the second line follows the fact that
U I X|Z in the post-intervention graph G+ (formally, do-calculus rule 3); the third line follows
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from parent adjustment applied to = (formally, do-calculus rule 2); and the last line follows from the
assumed modularity or invariance. Substituting the expression from Eq. (24) then yields

q(y|do(x), z) = P(y|E, z, 2) P(W|E, 2, 2) P(W|U, 2)Q(U]2) (25)

= P(y|E,z,z)P(W|E, x, z)TQ(W|z) (26)

Hence, if Asm. 2 holds and (W, Z) is observed in the target domain, the conditional interventional
distribution ¢(y|do(x), z) is identified.

Furthermore,

g(yldo()) = Y q(yldo(x),2)q(z|do(x))

z€supp(Z)

> qlyldo(@), 2)q(2)

z€supp(Z)

Y. PWIE 2 2)P(W|E,x2)QW|2)a(2),
z€supp(Z)
where the first line follows from the law of total probability; the second from Z Il X in the post-
intervention graph G+; and the last by substitution of (26). Therefore, if (W, X, Y, Z) is observed in
the source domains and (W, Z) in the target domain, the causal effect ¢(y|do(x)) is identifiable. [

Remark 9 (Relaxing the latent shift assumption via E — X). The existence of an edge from E
to X in the graphs in Fig. 6 means that the latent shift assumption required by Alabdulmohsin et al.
[32] and Tsai et al. [34] (which we also rely on in the main paper) can be relaxed in our setting.
Specifically, we can also allow for (direct or unmediated) covariate shift, i.e.,

X L E|(U,Z).
This applies not only to Thm. 8 but also (in the form X X E|U) to Thm. 1, i.e., the identifiability
result without observed confounders Z presented in the main paper.

The reason for this possible relaxation is that Thm. I only makes use of
{Y L E|(U,X), W 1L (E,X)|U} in g,
Ul X in %
Y 1 X|U in Gx,
while Thm. 8 only requires the analogous statements given Z,
{Y L E(U,X,Z), W 1L (E,X)|(U,Z)} in g,
Ul X|Z in O,
Y 1L X|(U, Z) in Ox,
where G and Gx denote the graphs obtained by respectively removing the edges coming into X
and going out of X from G. All these relations still hold when including E — X.

B.5 Continuous proxy variable

We can extend our results to continuous proxy variables W with similar ideas as the ones used in
Appx. B.1. Let m € Nand Vi, ..., V,, C supp(W) be pairwise disjoint measurable sets such that

supp(W) = U,<,, Vi. Define Wy =3, il{W € V;}.
Assumption 3. Assume that, for all x € supp(X), there exist m € N and V1, . s Vm C supp(W)
pairwise disjoint measurable sets such that supp(W) = |J,.,. Vi and rank(P(Wy |E, x)) > ky.

Proposition 10. Under Asm. 3, for all x € supp(X), we have for the W-measurable random
variable Wy that, for all y € supp(Y),

g(yldo(x)) = P(y|E,z) P(Wv|E,z)" Q(Wv).
Therefore, if (E, W, X,Y) is observed in the source domains and W in the target domain, the causal
effect of X on'Y in the target domain et is identifiable.

i<m

i<m

Proof. The result follows directly from Thm. 1 with W = Wy and the observation that
X, Y,Wy L E|U X 1L Wy |U.
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Figure 7: Comparison of the absolute error for both parametrisations when having a small
sample size. Absolute error for a setting with kp = 2, n = 1000, M = 25 and N = 5. The error is
larger in both cases than in Fig. 3, even for the low values of the condition number x(P(W|E, x)).

C Implementation of the experiments and further simulation results

C.1 Data generation

The algorithm to generate the data for the simulation studies is based on the SCM introduced in
Eq. (1). The algorithm has the following steps:

() Generate P(U|E), Q(U), P(W|U), P(X|U) and {P(y|U, W, 2)} zcsupp(x),yesupp(y’) at ran-
dom. The sum of each column of P(U|E), Q(U), P(W|U) and P(X|U) has to be equal
to 1; we generate each column of length k& from a Dirichlet distribution with parameter
a = (1,...,1) € R, so the values are uniformly distributed in the (k — 1)-dimensional
simplex [53]. Similarly, for all » € {1,...,ky}, 7 € {1,...,kw}and s € {1,...,kx},
S p(yilur, wj, x5) = 1; we generate the values p(y;|u,, w;, zs) from a Dirichlet distribu-
tion with parameter (1,...,1) € R*¥. The variable E is generated from a discrete uniform
distribution in {eq, ..., ek, er}, where ey, . .., ek, are considered the source domains and ep
is the target domain.

(ii) Generate an i.i.d. sample with sample size n of (E, U, W, X,Y) from the induced distribution
of the SCM defined by the matrices from step (i) following the assignments in Eq. (1).

(iii) Repeat step (ii) N times.
(iv) Repeat steps (i)—(iii) M times.

This algorithm generates M N samples (each one corresponding to in total n data points, some of
which belong to the target domain and the rest to the source domains). The matrices from step (i) are
used to calculate the true value ¢(y|do(z)), which is used to measure the absolute estimation error.
Each sample obtained in step (ii) is used to calculate an estimate of the causal effect. The causal
effects ¢(y|do(x)) generated by this algorithm have a sample mean around 0.5.

C.2 Optimization

The implementation of the causal estimator presented in § 4.1 requires the optimization of the
likelihood function in Eq. (7). The components of 6 are optimized first over R and later transformed
into valid pmfs using the softmax function. The optimization is done using the default optim function
in R with the L-BFGS-B algorithm [54]. The initial value for each component of € is generated from
a continuous uniform distribution in [0, 1] and we consider a maximum of 50 000 iterations.

C.3 Point estimation

The plot presented in Fig. 3 uses a sample size of n = 20 000. We repeat the same procedure but
using the sample size n = 1000 in Fig. 7 and n = 100000 in Fig. 8. These three figures suggest
that increasing the sample size indeed leads to a reduction of the absolute estimation error for both
methods, which gradually approaches zero.

The left panel of Fig. 9 shows a pairwise comparison between the causal and reduced parametrisations
and is based on the same samples as Fig. 3. Most of the points are located close to the identity line,
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Figure 8: Comparison of the absolute error for both parametrisations when having a large
sample size. Absolute error for a setting with kg = 2, n = 100 000, M = 25 and N = 5. The are
more points close to zero than in Figs. 3 and 7, although there are still some estimates with a large

absolute error.

1e+00 1 . o 1e+004 T
° Y4 .
? .
L] ‘ ’ 7’

o o o go Lo
[} ° [0} 6 o
S 1e-01+ LI ¥ S 1e-014 ®»
° L] kel .‘
< R ° o S0
. Py — ° o 00 ° .
o ° o L4 ° ° .
£ le-021 S le-029

e ®
Q ‘f ) ‘..
< g o« pa
o .. ﬁ. ° ’ o
£ 1e-03 ‘ 2 1e-03 o, .
< o ® < L. °

L] L] ’
L] ’
.
le-04 A le-044 .7

1e-03  1e-02  le-01  1e+00

Absolute error causal

le-03  le-02  le-01  1e+00 1e-04

Absolute error causal

le04

Figure 9: Pairwise comparison of the absolute error for the causal and reduced parametrisations.
We compare the graphs with kg = 2 (left, n = 20000) and kg = 3 (right, n = 25 000). The dashed
line has a slope equal to 1. The results provided by both estimators are better for the causal estimator
in the first case, while they become more similar when including one extra domain, where the reduced
estimator provides slightly more accurate estimates, with an average absolute estimation error of
0.0255 for the causal estimator and 0.0252 for the reduced estimator.

so the absolute error is similar for both methods. The right panel shows the results when adding
another source domain and shows smaller differences between the estimates of both parametrisations.
Furthermore, we increase the sample size when adding an extra source domain to keep the average
sample size per domain approximately constant in both settings.

Regarding the baseline comparison in Fig. 4, we only consider samples from induced distributions
corresponding to causal models where |g(y|do(x)) — ¢(y|z)| > 0.1 to avoid those cases in which
the causal effect of X on Y was barely confounded. We compare the two estimators introduced in
this work with the following five methods.

Oracle. We generate the data directly from the intervention distribution QdO(X =*)_ For an i.i.d.

sample Y7, ..., Y, from this marginal intervention distribution of Y in the target domain, we estimate
causal effect by
Z 1(Y;

Since the oracle estimator has access to the intervention distribution, it should not be considered a
competing method but rather a benchmark (or, as in § 6, an estimator for the ground truth). In the
simulation experiments, the differences between the oracle estimates and the true value ¢(y|do(x))
are due to the sample size being finite.

QOracle n (y‘dO

No adjustment estimator. This estimator ignores the hidden confounding and estimates the causal
effect by estlmatlng the conditional distribution Y| X. We consider two variants: the first one (NoAdj)
uses an i.i.d. sample (X1,Y7),...,(X,,Y,) from the marginal distribution ]P’( x,y) Pooled across all
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Figure 10: Comparison of the coverage and median interval length of asymptotic and bootstrap
confidence intervals as a function of the sample size. The coverage is close to the nominal level in
both cases but it is slightly better for the bootstrap method. The length of the bootstrap confidence
intervals is larger than the ones obtained from the asymptotic normality of the estimator, especially
for small values of the sample size.

source domains, while the second one (NoAdj*) uses an i.i.d. sample (X1, Y?),...,(X,,Y,) from
the marginal distribution @gx,y) in the target domain; this, again, is information that is not available
in our setting, so (NoAd;j*) should not be considered a competing method, either. Both NoAd;j and
NoAdj* estimate the causal effect with the following expression:

. S Y=y, X; =)
qNoadj,n(yldo(z)) == =5
! Zi:l 1(X; =)

27)

W -adjustment estimator. This estimator uses the adjustment formula (3) with the proxy vari-
able W instead of U. {W} is not a valid adjustment set and, in general, this estimator is not a
consistent estimator for the causal effect of X on Y. However, if the proxy W is ‘similar’ to the
confounder U (for example, if they are equal except for a small noise perturbation), the estimate
could be close to the true value. We again consider two variants: one which uses an i.i.d. sample
(Wi, X1, Y1),...,(W,, X,,Y,) from IE”%W X.v) pooled across the source domains (WAdj) and the

other from wa X,y that is, from the target domain (WAdj*); as before, the latter estimator should

not be considered a competing method as it uses information that is not available in our setting. In
both cases, the estimator is defined as

st = 3 (Sl imp i) (Haaf=et)).

j=1
C.4 Coverage of confidence intervals

We compare the proposed confidence intervals with bootstrap confidence intervals based on the
normal approximation method [48]. Here, the variance is estimated using the sample variance % of
the bootstrap estimates for ¢(y|do(x)). In that case, the bootstrap confidence interval is given by

[ZI\R,n(y‘dO(m)) —0p Z1-g, drn(yldo(z)) + 75 Z1-g -

Fig. 10 presents the results comparing the bootstrap confidence intervals and the ones obtained
through the asymptotic normality of the reduced estimator (see Eq. (13)). The comparison is done
based on two properties of these intervals: coverage and median length. With regards to coverage,
the empirical values obtained in the simulations are close to the nominal value, being slightly more
accurate for the bootstrap method. However, the length of the bootstrap confidence intervals is larger.

C.5 Runtime analysis

We compare the different estimation methods and baselines presented in Fig. 4 in terms of computation
time. For this purpose, we measure the total time needed to compute an estimate 50 times (to obtain
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Figure 11: Comparison of the computation time for the proposed methods and baselines. The
proposed estimators present a higher computation time than the baselines. However, the reduced esti-
mator is only marginally slower than the IV -adjustment estimators but presents a better performance
in terms of absolute error in Fig. 4.
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Figure 12: Estimation of the causal effect of different ranking positions on the probability of
clicking on a fixed hotel considered as target domain. The horizontal dashed line represents
the average proportion of clicks on that hotel across all positions. The confidence intervals for the
positions 1 and 3 for the reduced and oracle estimators are completely above that line, showing that
these positions have a significant effect on the probability of being clicked.

more accurate time measurements) with each estimator. This value depends on the implementation of
each method and the equipment used for the measurement, so we focus on the comparison between
the methods and not on the specific time values. Fig. 11 presents the computation time for each
method as a function of the sample size. The proposed estimators have a computation time larger
than the baselines, but this difference is marginal for the reduced estimator, staying below one second
for this runtime analysis. The time is larger for the causal estimator due to the optimization procedure
needed to calculate the estimate.

D Comparison of the effect of different ranking positions on user’s choices

We estimate (Y = 1|do(X = z)) for different values of the position variable z € {1,...,20} in
a unique fixed target domain, that is, the probability of clicking in a fixed hotel (we consider the
hotel with target domain ID equal to 1 in the experiment in Fig. 5) under the atomic intervention of
fixing its position to . We again compare the reduced estimator with the oracle estimator. Fig. 12
shows the results. As before, there is an overlap between the confidence intervals for the reduced
estimator and the oracle in all cases, except for those positions x in which the position X = x was
not observed in the randomized dataset (positions 5 and 11), so it is not possible to calculate the
oracle estimate. All the confidence intervals are at level 0.95 and the ones corresponding to the oracle
and no adjustment estimators are calculated from the exact test for binomial data using the default
binom.test function in R.
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The horizontal line indicates the average proportion of clicks on that hotel across all positions when
they are randomized; this allows us to see for which positions x the probability of clicking on the
hotel under the intervention do(X := x) is larger or smaller than the average value. The confidence
intervals constructed using the reduced parametrisation and the oracle corresponding to the positions
X =1and X = 3 are completely above the line representing the average proportion of clicks on
the hotel across all positions. Therefore, we conclude that the probability of clicking on that specific
hotel when its position is fixed to 1 or 3 through an intervention is significantly higher (at level 0.95)
than the average proportion across all the positions.
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