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Abstract. Let f(n) be a random completely multiplicative function such that
f(p) = ±1 with probabilities 1/2 independently at each prime. We study the
conditional probability, given that f(p) = 1 for all p < y, that all partial sums of
f(n) up to x are nonnegative. We prove that for y ≥ C (log x)2 log2 x

log3 x this probability

equals 1− o(1). We also study the probability P ′
x that

∑
n≤x

f(n)
n is negative. We

prove that P ′
x ≪ exp

(
− exp

(
log x log4 x

(1+o(1)) log3 x

))
, which improves a bound given by

Kerr and Klurman. Under a conjecture closely related to Halász’s theorem, we
prove that P ′

x ≪ exp(−xα) for some α > 0. Let χp(n) =
(

n
p

)
be the Legendre

symbol modulo p. For a prime p chosen uniformly at random from (x, 2x], we
express the probability that all partial sums of χp(n)

n are nonnegative in terms of
the probability that partial sums of f(n)

n are nonnegative.

1. Introduction

1.1. Partial sums of f(n). Let χp(n) =
(

n
p

)
be a Legendre symbol (mod p). Let

L+ denote the set of primes p such that the partial sums of χp(n) are all nonnegative.
The motivational problem for us is whether L+ is infinite. Primes in L+ are also
remarkable, because the corresponding Fekete polynomial has no zeros in (0, 1) and
hence the L-function L(s, χp) has no real zeros.

Let x be a large number and let us choose a prime p ∈ (x, 2x] uniformly at
random. Kalmynin [21] proved that P(p ∈ L+) ≪ (log log x)−c, where c ≈ 0.0368.
As indicated in [23, p. 5], this bound can be substantially improved conditionally on
the non-existence of Siegel zeros. In this paper by logk x we denote log log . . . log︸ ︷︷ ︸

k

x.

Let us define a random completely multiplicative function f by taking f(p) = ±1
with probabilities 1/2 independently at each prime. Denote by F the probability
space of such functions. Such a random function f : [1, N ] ∩N → {1,−1} is a good
model for χp : [1, N ]∩N → {1,−1} if N is small enough in comparison with x. For
large N the model becomes inadequate; for instance

∑p−1
n=1 χp(n) = 0, a property

not generally satisfied by an arbitrary f ∈ F . See [20], where a better model on a
large scale is defined.

One can try to find p ∈ L+ among those primes for which the least quadratic
non-residue np is large. Then one can expect that

∑
n≤y χp(n) is dominated by

the contribution of the (np − 1)-smooth part. With that in mind, we formulate the
following problem. Let us denote by L+

x the set of completely multiplicative functions
f taking values ±1 such that all partial sums of f(n) up to x are nonnegative. What
should be y = y(x) so that P (f ∈ L+

x | f(p) = 1 (p ≤ y)) = 1− o(1)?
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Theorem 1. There exist C > 0, x0 > 0 such that for any x > x0 and any

y ≥ C
(log x)2 log2 x

log3 x

we have P (f ∈ L+
x | f(p) = 1 (p ≤ y)) = 1− o(1) as x tends to infinity.

It is worth mentioning that the best known lower bound np = Ω(log p log3 p)
proved by Graham and Ringrose [10] is much smaller than y in Theorem 1 if we set
p = x. In the setting of Theorem 1 the value y = (log x)2+o(1) seems crucial, because
then the square root of the variation of

∑
n≤x f(n) surpasses Ψ(x, y) = x1/2+o(1),

where by Ψ(x, y) we denote the number of y-smooth numbers up to x. Let us state
this as a conjecture.

Conjecture 1. For any ε > 0, x > x0(ε) and y ≤ (log x)2−ε we have

P
(
f ∈ L+

x | f(p) = 1 (p ≤ y)
)
= o(1).

Since

P
(
f ∈ L+

x

)
≥ P(f(p) = 1 (p ≤ y))P

(
f ∈ L+

x | f(p) = 1 (p ≤ y)
)
= 2−π(y)(1− o(1)),

Theorem 1 gives us the following corollary.

Corollary 1.

P
(
f ∈ L+

x

)
≥ exp

(
−C ′ (log x)

2

log3 x

)
.

The upper bound P (f ∈ L+
x ) ≪ (log x)−c+o(1) was proved in [21]. It is plausi-

ble that Corollary 1 can be substantially improved, since we used a very special
construction to detect f in L+

x .

1.2. Partial sums of f(n)
n

. Now let us ask: What is the probability that the sums∑
n≤y

χp(n)

n
are positive for all y ≥ 1? This problem seems to be much more ap-

proachable than the problem about L+. First of all, the
∑

n
χp(n)

n
converges to

L(1, χp), which is positive due to Dirichlet’s class number formula. This shows that
the partial sums

∑
n≤y

χp(n)

n
are all strictly positive from a certain point. Second,

the values of χp(q) for large primes q have an insignificant influence on the size of∑
n≤y

χp(n)

n
. Hence, it is easier to prove that a random function f ∈ F is a good

model for χp in this problem.
Let us start by discussing the analogous problem for f ∈ F . First, what can

be said about an arbitrary fixed f ∈ F? The question of how negative the sum∑
n≤x

f(n)
n

can be was discussed by Granville and Soundararajan [12]. They showed
among other things that for x sufficiently large

∑
n≤x

f(n)
n

≥ −(log log x)−3/5 and
constructed f such that

∑
n≤x

f(n)
n

< − c
log x

. Kerr and Klurman [22] proved that∑
n≤x

f(n)
n

≥ −(log log x)−1+ε for any ε > 0 and x large enough. Of course these
results can be applied to f(n) = χp(n).

Now let us denote by P the probability that∑
n≤y

f(n)

n
> 0

for every y ≥ 1. Angelo and Xu [2] proved that 1 − 10−45 < P . Let λ(n) be the
Liouville function. Borwein, Ferguson, and Mossinghoff [6] showed that the minimal
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N0 such that ∑
n≤N0

λ(n)

n
< 0,

is N0 = 72, 185, 376, 951, 205. Hence

P ≤ 1− 2−π(N0) < 1− 10−704×109 .

Let us denote by P ′
x the probability that∑

n≤x

f(n)

n
< 0.

It turns out that P ′
x tends to 0 very rapidly.

Angelo and Xu proved [2, Theorem 1.2] that

P ′
x ≪ exp

(
− exp

(
log x

C log2 x

))
.

Kerr and Klurman [22, Theorem 1.2] improved this to

P ′
x ≪ exp

(
− exp

(
log x log3 x

C log2 x

))
,

for some constant C. Although the authors do not state it explicitly, one can derive
from the proof that C = 1 + o(1) is admissible.

Theorem 2.
P ′
x ≪ exp

(
− exp

(
log x log4 x

(1 + o(1)) log3 x

))
,

as x → +∞.

This theorem can be improved if the following conjecture is true.

Conjecture 2. There exists ε > 0 such that for all x ≥ 3 and all real-valued
completely multiplicative functions f such that |f(n)| ≤ 1 for all n and f(p) = 0 for
all p > xε we have ∑

n≤x

f(n) ≪ x

log log x
exp

(∑
p≤x

f(p)

p

)
.

Theorem 3. If Conjecture 2 is true, then there exists α > 0 such that

P ′
x ≪ exp(−xα).

We now comment on Conjecture 2. Proposition 4 is a weaker result that we use
instead of Conjecture 2 to prove Theorem 2. To prove Proposition 4 we use a version
of Halász’s theorem for multiplicative functions with support on smooth numbers,
which was proved by Granville, Harper, and Soundararajan in [11] (see Lemma 3.5).
If we take f(p) = −1 for p < x/2, and f(p) = 0 otherwise, then∑

n≤x

f(n) ≍ x

log x
≍ x exp

(∑
p≤x

f(p)

p

)
.

Hence the condition that f is supported on xε-smooth numbers cannot be dropped.
But if we let f(p) = −1 for p ≤ x0.99 and f(p) = 0 otherwise, then, as follows from
the result by Alladi [1, Theorem 2],∑

n≤x

f(n) ≪ x

(log x)2
.
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Therefore, this does not produce a counterexample to Conjecture 2.
Now let us return to the problem about χp. Denote by P̃x the probability that

for all y ≥ 1 ∑
n≤y

χp(n)

n
> 0.

By Cov(X, Y ) we define the covariance of random variables X and Y . If A is an
event, then 1A denotes the indicator function of A.

Theorem 4. Let p be a random prime in (x, 2x] chosen uniformly. Let A be
the event in F that partial sums of the sequence f(n)

n
are all positive. Let k =

8
∏

2<q≤c1
√
log x q. Let E0 = 0 if no character (mod k) has a Siegel zero. If there

is a character χ1 (mod k) with Siegel zero β1, then χ1 can be written in the form
χ1(n) =

(
d
n

)
, where d|k. In this case, we set E0 = 0 if d < 0 and E0 = 1 otherwise.

Then

P̃x = P−E0Cov (1A, f(d))

∫ 2x

x
uβ1−1

log u
du

Li(2x)− Li(x)
+O

(
exp

(
− exp

(
log2 x log4 x

(2 + o(1)) log3 x

)))
.

Corollary 2.

P̃x − P ≪ exp

(
− exp

(
log3 x log6 x

(1 + o(1)) log5 x

))
.

We studied in this paper the positivity of partial sums
∑

n≤y f(n) and
∑

n≤y
f(n)
n

.
The analogous problems for

∑
n≤y

f(n)
nσ , where 0 < σ < 1, were investigated in recent

years. See, for example, [4], [3]; the latter includes a survey of results on random
multiplicative functions.

2. Proof of Theorem 1

Denote by α = α(x, y) the solution to the equation∑
p≤y

log p

pα − 1
= log x.

Lemma 2.1. There exist K > 0 and y0 > 0, such that for any y0 < y < x that
satisfy y = (log x)2+ε, ε > (log x)−1/4 and

(1) (2α(x, y)− 1)y2α(x,y)−1 log y ≥ K log log x

we have P (f ∈ L+
x | f(p) = 1 (p ≤ y)) = 1− o(1).

Deduction of Theorem 1 from Lemma 2.1.

log x =
∑
p<y

log p

pα − 1
≥ θ(y)

yα − 1
,

where θ(y) =
∑

p≤y log p. Hence for y ≫ (log x)1.01

α ≥
log
(
1 + θ(y)

log x

)
log y

=
log
(

y
log x

)
log y

+ o

(
1

log y

)
.

If y = (log x)2+ε, then

2α(x, y)− 1 ≥ ε

2 + ε
+ o(1/ log y).
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Hence

(2) (2α(x, y)− 1)y2α(x,y)−1 log y ≫ εy
ε

2+ε log y.

We want the right-hand side to be ≫ log log x ≍ log y. This is satisfied if

ε =
log3 x

log2 x
− log4 x

log2 x
+

R

log2 x
,

where R is a sufficiently large constant.
Thus we can take

y = (log x)2+ε ≫ (log x)2 log2 x

log3 x
.

□

2.1. Proof of Lemma 2.1. We first require some preliminary results.

Lemma 2.2. We have uniformly in 1 ≤ t ≤ x, 2 ≤ y ≤ x

Ψ
(x
t
, y
)
≪ Ψ(x, y)

tα(x,y)
.

Proof. This is proved by Bretèche and Tenenbaum [8, Theorem 2.4], using a formula
for Ψ(x, y) due to Hildebrand and Tenenbaum [17, Theorem 1] that was obtained
via Perron’s formula and the saddle point method. □

Lemma 2.3. Uniformly in x ≥ y ≥ 2 we have

α(x, y) =
log(1 + y/ log x)

log y

(
1 +O

(
log2(1 + y)

log y

))
.

Proof. See [17, Theorem 2] . □

Let p(n) be the least prime divisor of n. We also define p(1) := +∞. Denote

Ψ∗(x, y) :=
∑

p(m)>y

Ψ
( x

m2
, y
)
.

Then ∑
n≤x

f(n) = Ψ∗(x, y) +
∑

p(n)>y
n̸=1

♭f(n)Ψ∗
(x
n
, y
)
,

where the flat (♭) indicates that the sum is over square-free integers.
Now let y = (log x)2+ε, ε > 0. Then, by Lemma 2.3

α(x, y) =
1 + ε

2 + ε

(
1 +O

(
log2 y

log y

))
.

Note that 1+ε
2+ε

= 1
2
+ ε

2(2+ε)
.

By Lemma 2.2

(3)
Ψ∗(x, y)−Ψ(x, y)

Ψ(x, y)
≪

∑
p(m)>y
m̸=1

m−2α(x,y) =
∏
p>y

(
1− p−2α(x,y)

)−1 − 1.

We have ∑
p>y

p−2α(x,y) ≪ y1−2α

(log y)(2α− 1)
.
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Let us assume that y is such that y1−2α

(log y)(2α−1)
= o(1). Then (3) gives us

Ψ∗(x, y)−Ψ(x, y)

Ψ(x, y)
≪
∑
p>y

p−2α(x,y) = o(1).

Hence, under this condition, Ψ∗(u, y) ∼ Ψ(u, y) for any u ≤ x since α(x, y) is
monotonically decreasing in x.

Lemma 2.4 (Bonami-Halász’s inequality). Let f(n) be a Rademacher random vari-
able and let bj(n) ∈ C be fixed coefficients. Then∣∣∣∣∣E

( ∏
1≤j≤m

∑
n≥1

♭bj(n)f(n)

)∣∣∣∣∣ ≤
( ∏

1≤j≤m

∑
n≥1

♭|bj(n)|2(m− 1)ω(n)

)1/2

.

Proof. This statement was proved by Bonami in [5]. See [13, Lemma 2] for an
alternative proof. □

Lemma 2.5. Let δ > 0, x > y and

Rx := P


∣∣∣∣∣∣∣∣
∑

p(n)>y
n̸=1

♭f(n)Ψ∗
(x
n
, y
)∣∣∣∣∣∣∣∣ > δΨ∗(x, y)

 .

Suppose that y = y(x) satisfies y1−2α

(log y)(2α−1)
= o(1). Then there exists c0 > 0 such

that

Rx ≪ exp
(
−c0δ

2(2α− 1)y2α−1 log y
)
.

Proof. By Lemma 2.2 we have

Ψ∗
(x
n
, y
)
≤ C1n

−α(x,y)Ψ∗(x, y)

for some absolute constant C1

Thus Lemma 2.4 and the moment inequality give us

Rx ≪ C2m
1 δ−2m

 ∑
p(n)>y
n̸=1

♭n−2α(x,y)(2m− 1)ω(n)


m

.

Hence

Rx ≪ C2m
1 δ−2m

(∏
p>y

(
1 +

2m− 1

p2α

)
− 1

)m

.

Suppose that
∑

p>y
m
p2α

< 1/2. Let C2 = max(2C2
1 , 2), then

Rx ≪ C2m
1 δ−2m

(
exp

(
2
∑
p>y

m

p2α

)
− 1

)m

≪ Cm
2 δ−2m

(∑
p>y

m

p2α

)m

.

The bound still holds if
∑

p>y
m
p2α

≥ 1/2 since Rx ≤ 1.
Let C3 be a constant such that

T :=
C3δ

−2y1−2α

(2α− 1) log y
≥ C2δ

−2
∑
p>y

1

p2α
.



7

We have Rx ≪ (Tm)m. Note that T = o(1) by assumption. Let m = [T−1/e].
We obtain

Rx ≪ exp
(
−c0δ

2(2α− 1)y2α−1 log y
)

for some c0 > 0.
□

Lemma 2.6. Suppose that (logX)3 ≤ y. Then P
(
f ∈ L+

X | f(p) = 1 (p ≤ y)
)
=

1− o(1).

Proof. Let us apply Lemma 2.5 with δ = 1/10 at each integer in the interval [y,X].
We obtain

1− P
(
f ∈ L+

X | f(p) = 1 (p ≤ y)
)
≤

∑
y≤n≤X

Rn ≪

X exp
(
− c0
100

(2α(X, y)− 1)y2α(X,y)−1 log y
)
.

The right-hand side is o(1) if

(4) (2α(X, y)− 1)y2α(X,y)−1 log y ≥ K0 logX,

where K0 is sufficiently large. Inequality (4) follows from the assumption (logX)3 ≤
y. This can be shown in the same way as we deduced Theorem 1 from Lemma
2.1. □

Lemma 2.7. There exists a constant y1 ≥ 2, such that for all y ≥ y1, x, z > 0 we
have

Ψ(x+ z, y)−Ψ(x, y) ≤ Ψ(z, y) + 1.

Proof. This was proved by Hildebrand [15, Theorem 4] without +1 on the right side
but with an additional assumption that x, z ≥ y. But if z < y, then

Ψ(x+ z, y)−Ψ(x, y) ≤ [z] + 1 = Ψ(z, y) + 1

still holds. The same argument works if x < y. □

Konyagin and Pomerance [24] showed the following lower bound.

Lemma 2.8. If x ≥ 4 and 2 ≤ y ≤ x, then

Ψ(x, y) ≥ x1− log2 x
log y .

Proof. See [24, Theorem 2.1]. □

From now on we assume that x is sufficiently large so that y = (log x)2+ε > y0, ε >
0 and the conditions of Lemma 2.7 are satisfied. Let log2X = 2

3
log2 x. Lemma 2.6

shows that with probability 1− o(1) the partial sums of f(n) are nonzero up to X.
Let x0 = X, xi+1 = xi +

xi

h(xi)
, where (log xi)

2.01 ≤ h(xi) ≪ (log xi)
100 is a

monotonically increasing function that will be defined later. There are O((log xi)
102)

points xi. We apply Lemma 2.5 with δ = 1/100 at each xi and obtain that

P

(
∃xi

∑
n≤xi

f(n) ≤ 0.99Ψ∗(xi, y)

)
≪ (log x)102 exp

(
− c0
104

(2α− 1)y2α−1 log y
)
.

This is o(1) if (1) is satisfied with K sufficiently large.
We denote

R := P

(
∃i ∃u ∈ [xi, xi+1] :

∑
xi<n≤u

f(n) ≥ 1

10
Ψ∗(xi, y)

)
.
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It is enough to prove that R = o(1) if the assumptions of Lemma 2.1 hold.
First let us rewrite

∑
xi<n≤u f(n) as∑

xi<n≤u

f(n) = Ψ∗(xi+u, y)−Ψ∗(xi, y)+
∑

p(n)>y
n̸=1

♭f(n)

(
Ψ∗
(
xi + u

n
, y

)
−Ψ∗

(xi

n
, y
))

.

Since xi+1 − xi = o(xi), Lemma 2.7 gives us

Ψ∗(xi + u, y)−Ψ∗(xi, y) ≤ Ψ∗(u, y) +
√
xi = o (Ψ∗(xi, y)) .

In the last equality we used Lemma 2.2, Lemma 2.8 and the assumption that y =
(log x)2+ε, where ε(log x) tends to infinity.

Hence it is enough to give a good upper bound on

R′
i := P

(
∃u ∈ [xi, xi+1] :

∑̃
xi<n≤u

f(n) ≥ 1

11
Ψ∗(xi, y)

)
,

where
∑̃

means that the sum is over integers that are not of the form m2s, where
s is y-smooth.

Let

R′
k,l := P

(∑̃
xi+2kl<n≤xi+2k(l+1)

f(n) ≥ (log(xi+1 − xi))
−1

50
Ψ∗(xi, y)

)
.

Let u ∈ [xi, xi+1] be such that u − xi is a natural number. Let u − xi = 2α1 +
2α2 + . . . + 2αj be the binary expansion, where α1 > α2 > . . . > αj. Of course
j ≤ log(u − xi)/ log 2. This gives a partition of interval (xi, u] into subintervals
(xi, xi+2α1 ], (xi+2α1 , xi+2α1 +2α2 ], . . . , (xi+

∑
τ≤j−1 2

τ , xi+
∑

τ≤j 2
τ ]. All of them

are of the form (xi + 2kl, xi + 2k(l + 1)].
Hence

(5) R′
i ≤

∑
2kl≤xi+1−xi

R′
k,l.

We have∑̃
xi+2kl<n≤xi+2k(l+1)

f(n) =
∑

p(n)>y
n̸=1

♭f(n)

(
Ψ∗
(
xi + 2k(l + 1)

n
, y

)
−Ψ∗

(
xi + 2kl

n
, y

))
.

Lemma 2.7 give us

Ψ∗
(
xi + 2k(l + 1)

n
, y

)
−Ψ∗

(
xi + 2kl

n
, y

)
≤ Ψ∗

(
2k

n
, y

)
+

√
xi+1

n
.

Thus we can fix two sequences bk,l,i(n) and dk,l,i(n) such that

Ψ∗
(
xi + 2k(l + 1)

n
, y

)
−Ψ∗

(
xi + 2kl

n
, y

)
= bk,l,i(n) + dk,l,i(n),

bk,l,i(n) ≤ Ψ∗
(
2k

n
, y

)
, dk,l,i(n) ≤

√
xi+1

n
.

Then R′
k,l ≤ B′

k,l +D′
k,l, where

B′
k,l = P

 ∑
p(n)>y
n̸=1

♭bk,l,i(n)f(n) ≥
(log(xi+1 − xi))

−1

100
Ψ∗(xi, y)

 ,
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D′
k,l = P

 ∑
p(n)>y
n̸=1

♭dk,l,i(n)f(n) ≥
(log(xi+1 − xi))

−1

100
Ψ∗(xi, y)

 .

We apply Lemma 2.4, Lemma 2.2 and the moment inequality to obtain

B′
k,l ≪ Cm

4 (log(xi+1 − xi))
2m

(2k

xi

)2α(xi+1,y) ∑
p(n)>y
n̸=1

♭n−2α(xi+1,y)(2m− 1)w(n)


m

.

Note that (2k/xi)
2α(xi+1,y) ≤ 2k/xi =

2k

(xi+1−xi)
h(xi)

−1. Following the proof of Lemma
2.5 we obtain

(6) B′
k,l ≪ exp

(
−c1

(xi+1 − xi)

2k
h(xi)

(log xi)2
(2α− 1)y2α−1 log y

)
.

Now we provide an upper bound on D′
k,l. From Lemma 2.8 we deduce that

Ψ(xi, y) ≥ x
1− 1

2+ε

i = x
1
2
+ ε

2(2+ε)

i .

This and Lemma 2.4 with the moment inequality imply that

D′
k,l ≪ Cm

5 (log xi)
2mx

− mε
2+ε

i

 ∑
p(n)>y
1̸=n≤2xi

♭ (2m− 1)ω(n)

n


m

A standard application of Rankin’s trick shows that∑
n≤2xi

(2m− 1)w(n)

n
≪ (C6 log xi)

2m−1.

Thus

(7) D′
k,l ≪ Cm

7 (log xi)
2m2+mx

− mε
2+ε

i .

Inequalities (5), (6) and (7) imply that

(8) R′
i ≪ Cm

7 h(xi)
−1(log xi)

2m2+mx
1− mε

2+ε

i +∑
2k≤xi+1−xi

|xi+1 − xi|
2k

exp

(
−c1

(xi+1 − xi)

2k
h(xi)

(log xi)2
(2α− 1)y2α−1 log y

)
≪

Cm
7 h(xi)

−1(log xi)
2m2+mx

1− mε
2+ε

i + exp
(
−c2(2α− 1)y2α−1 log y

)
.

There are no more than O(h(x)(log x)) check points xi. Hence

R ≪ h(x)(log x) exp
(
−c2(2α− 1)y2α−1 log y

)
+
∑
xi>y

Cm
7 h(xi)

−1(log xi)
2m2+mx

1− mε
2+ε

i .

Let us take m = 10[ε−1]. Note that (log xi)
2m2+m = o(x

1/10
i ) is guaranteed by

ε ≥ 1000
√

log2 X
logX

. This is satisfied, because ε > 1000 (log2 x)
1/2

(log x)1/3
≥ 1000

√
log2 X
logX

.
Hence

R ≪ h(x)(log x) exp
(
−c2(2α− 1)y2α−1 log y

)
+ o(y−1).

Now we take h(x) = (log x)3. We see that R = o(1) if K in (1) is large enough. This
finishes the proof of Lemma 2.1. □
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3. Proof of Theorem 2 and Theorem 3

3.1. Some discussions. To provide an upper bound on P ′
x Angelo and Xu [2,

Theorem 1.2] used the identity

(9)
∑
n≤x

f(n)

n
=
∏
p≤x

(
1− f(p)

p

)−1

−
∑
n>x

P (n)≤x

f(n)

n
,

where P (n) is the greatest prime divisor of n. The first term on the right-hand side
is obviously positive and can be proved to be relatively large with high probability.
After that one provides an upper bound on the absolute value of the second term
which holds with high probability.

Let g = f ∗ 1. Then g is multiplicative and nonnegative. The following equation
is the analog of (9) and is the basis for the proof of Theorem 2 and Proposition 1.

(10)
∑
n≤x

f(n)

n
=

1

x

∑
n≤x

g(n) +
1

x

∑
n≤x

f(n)
{x
n

}
.

The proof of [22, Theorem 1.2] by Kerr and Klurman goes as follows. The authors
show that the two probabilities

(11) P0 = P

(∑
n≤x

g(n) ≪ x

log x

)
, P1 = P

(∑
n≤x

f(n)
{x
n

}
≫ x

log x

)
are small.

Note that
∑

n≤x g(n) ≥
∑

p≤x g(p) =
∑

p≤x(1+f(p)) and the good upper bound on
P0 comes from a Chernoff-type bound. To bound P1 the authors use [22, Proposition
5.2]: the moment inequality for a high moment as large as exp

(
log x log3 x
C log2 x

)
.

Let us state [22, Proposition 5.2] in a slightly generalized form.

Proposition 1 (Kerr and Klurman). Let β0 > 0 and β(x) = β0 + o(1) as x → ∞.
Let q be an even positive integer. Then there exists a function oβ(1) such that

E

[(∑
n≤x

f(n)

)q]1/q
= o

(
x

(log x)β(x)

)
uniformly for

q ≤ exp

(
log x log3 x

(β0 + oβ(1)) log2 x

)
.

One can hope to improve the result of [22, Theorem 1.2] by providing a better
lower bound on

∑
n≤x g(n). If we use Proposition 1, then we need a good upper

bound on

Pε := P

(∑
n≤x

g(n) <
x

(log x)1−ε

)
for some ε > 0 to improve the constant C = 1. Unfortunately this approach does
not work, as one can show that

Pε ≫ exp
(
− exp

(
(log x)1−ε

))
.

Let us note, however, that in view of (10) we only need

(12)
∑
n≤x

g(n) ≥

∣∣∣∣∣∑
n≤x

f(n)
{x
n

}∣∣∣∣∣ ,
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to be sure that
∑

n≤x
f(n)
n

≥ 0. The two sides of (12) are strongly dependent, which
we will utilize. First we will provide a lower bound for

∑
n≤x g(n) in terms of the

function f which holds with high probability.

3.2. Lower bound for
∑

n≤x g(n).

Proposition 2. Let f be a random completely multiplicative function such that for
each prime p we have P(f(p) = 1) = P(f(p) = −1) = 1/2. Let g = f ∗ 1.

Then there exist c > 0 and β > 0 such that

(13) 1− P

(∑
n≤x

g(n) ≥ cx exp

(∑
p≤x

f(p)

p

))
≪ exp

(
−xβ

)
.

One can see from the proof, that any fixed β < e−2 is admissible in Proposition
2.

Note that the lower bound
∑

n≤x g(n) ≫ x exp
(∑ f(p)

p

)
is essentially the best,

since for all f the upper bound∑
n≤x

g(n) ≪ x

log x

∏
p≤x

(
1 +

g(p)

p
+

g(p2)

p2
+ . . .

)
≍ x exp

(∑
p≤x

f(p)

p

)
holds (see, for example, [14]).

Our proof of Proposition 2 is based on [22, Proposition 3.3] by Kerr and Klurman
which in turn is based on theorem by Matomäki and Shao [25, Hypothesis P].

Lemma 3.1. Let ε > 0 be sufficiently small, let f be a multiplicative function with
−1 ≤ f(n) ≤ 1 for all n. Let g = 1 ∗ f . For 0 < δ < 1, let Pδ = {p prime : f(p) ≥
−δ}, and suppose for some

40000

ε2
≤ v ≤ log x

1000 log2 x

we have ∑
p∈Pδ

x1/v≤p≤x

1

p
≥ 1 + ε.

Then

(14)
∑
n≤x

g(n) ≫ ε2
(
(1− δ)

v

)v(1+o(1))/e

exp

(∑
p≤x

f(p)

p

)
x.

Proof. See [22, Proposition 3.3]. □

Lemma 3.2 (Hoeffding’s inequality). Let X1, X2, . . . , Xn be independent random
variables such that ai ≤ Xi ≤ bi almost surely. Let

Sn = X1 + . . .+Xn.

Then

P (|Sn − E[Sn]| ≥ t) ≤ 2 exp

(
− 2t2∑n

i=1(bi − ai)2

)
.

Proof. See [19, Theorem 2]. □
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Proof of Proposition 2. In Lemma 3.1 we fix ε, δ and v = max(e2+4ε, 40000ε−2). Let
v0 = e2+4ε. Then for sufficiently large x

P

 ∑
p∈Pδ

x1/v≤p≤x

1

p
≤ 1 + ε

 ≤ P

 ∑
p∈Pδ

x1/v0≤p≤x

1

p
≤ 1 + ε

 ≤

P

∣∣∣∣∣∣
∑

x1/v0≤p≤x

f(p)

p

∣∣∣∣∣∣ ≥ ε

≪ exp(−x1/v0).

Here we used Hoeffding’s inequality (Lemma 3.2). Hence the conditions of Lemma
3.1 are satisfied with probability 1−O(exp(−x1/v0)). The equation (14) implies∑

n≤x

g(n) ≫ x exp

(∑
p≤x

f(p)

p

)
,

since ε, δ and v are fixed.
□

Remark 1. Let us sketch an alternative proof. A result of Tenenbaum [26, Theorem
1.2] implies the following. Let g be a nonnegative multiplicative function such that
g(pk) ≤ k for all primes p, and let ϱ > 0, ε > 0, and x > x0. Suppose that, uniformly
in y,

(15)
∑
p≤y

(g(p)− ϱ) log p

p
≪ ε log y (xε < y ≤ x).

Then

(16)
∑
n≤x

g(n) ≫ x

log x
exp

(∑
p≤x

g(p)

p

)
.

It remains to show that (15) holds with admissible probability. This can be done
using Lemma 3.2.

3.3. Applying Rankin’s trick. In this section we follow the main steps of the
proof of [22, Proposition 5.2].

Proposition 2 implies that if c1 is sufficiently small, then we have

P ′
x ≤ P

(∣∣∣∣∣∑
n≤x

f(n)
{x
n

}∣∣∣∣∣ > c1x exp

(∑
p≤x

f(p)

p

))
+O(exp(−xβ)).

Let

S := E

[(
x−1 exp

(
−
∑
p≤x

f(p)

p

)∑
n≤x

f(n)
{x
n

})q]1/q
,

where q > 0 is an even integer.
Suppose that for q = q(x) we have S = o(1). The moment inequality implies

(17) P ′
x ≤ (c−1

1 S)q +O(exp(−xβ)) ≪ exp(−q) +O(exp(−xβ)).

That is why we want to prove that S = o(1) for q as large as possible.
By P (n), p(n) we denote the largest and the smallest prime divisors of n respec-

tively. Let 1
log2 x

≪ ε = ε(x) = o(1). Let us denote S(x, y) := {n ≤ x : P (n) ≤ y},
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R(x, y) := {n ≤ x : p(n) > y}. Note that 1 ∈ R(x, y) for all x, y > 0 and if y ≥ x,
then R(x, y) = {1}.

We partition the summation over n as∑
n≤x

f(n)
{x
n

}
=

∑
nl≤x

n∈R(x,xε)
l∈S(x,xε)

f(l)f(n)
{ x

nl

}
=

∑
j≤log x+1

∑
nl≤x

n∈R(x,xε)
l∈S(x,xε)
ej≤l<ej+1

f(l)f(n)
{ x

nl

}
.

Let h1(x) = o(ε log x) be a function to be chosen later.
Applying Minkowski’s inequality we obtain S ≤ S1 + S2, where

S1 = x−1
∑

j≤log x−h1(x)

E




exp

(
−
∑
p≤x

f(p)

p

) ∑
nl≤x

n∈R(x,xε)
l∈S(x,xε)
ej≤l<ej+1

f(l)f(n)
{ x

nl

}


q

1/q

,

S2 = x−1
∑

log x−h1(x)<j≤log x+1

E




exp

(
−
∑
p≤x

f(p)

p

) ∑
nl≤x

n∈R(x,xε)
l∈S(x,xε)
ej≤l<ej+1

f(l)f(n)
{ x

nl

}


q

1/q

.

We first evaluate S1, following the method used to bound the analogous sum in
the proof of [22, Proposition 5.2]. We use the majorant principle with Rankin’s
trick. By the majorant principle, we mean that when all coefficients an ≥ 0, the
moment

E

[(∑
n

anf(n)

)q]
=

∑
n1,n2,...,nq

n1n2...nq=□

an1an2 . . . anq

is monotone non-decreasing in each individual coefficient an. Since in the expansion
exp

(
−
∑

p≤x
f(p)
p

)
=
∑

n anf(n) some of the coefficients an are negative, it prevents
us from using the majorant principle immediately. That is why we use a trivial
upper bound exp

(
−
∑

p≤x
f(p)
p

)
≪ log x. This provides

S1 ≪
log x

x

∑
j≤log x−h1(x)

E




∑
nl≤x

n∈R(x,xε)
l∈S(x,xε)
ej≤l<ej+1

f(l)f(n)
{ x

nl

}


q

1/q

Now we apply the majorant principle to obtain

(18) S1 ≪
log x

x

∑
j≤log x−h1(x)

E


 ∑

n≤x/ej

n∈R(x,xε)

f(n)
∑

l≤ej+1

l∈S(x,xε)

f(l)


q

1/q



14

Note that if n ≤ x/ej and l ≤ ej+1, then for 0 < δ < 1( x

nl

)(ej

x

)δ

nδ ≥ e−1
( x

nej

)(nej

x

)δ

≥ e−1.

This inequality, together with the majorant principle, gives us

S1 ≪ (log x)x−δ
∑

j≤log x−h1(x)

ejδ E


 ∑

n≤x/ej

n∈R(x,xε)

f(n)

n1−δ

∑
l≤ej+1

l∈S(x,xε)

f(l)

l


q

1/q

.

Hence

(19) S1 ≪ (log x)x−δδ−1eδ(log x−h1(x)) E

 ∑
n∈R(x,xε)

f(n)

n1−δ

∑
l∈S(x,xε)

f(l)

l

q1/q

≪

(log x)δ−1e−δh1(x) E

[(∏
p>xε

(
1− f(p)

p1−δ

)−1
)q]1/q

E

[(∏
p≤xε

(
1− f(p)

p

)−1
)q]1/q

.

Let |z| < 1/2. For all such z we have

log(1 + z) ≥ −z2 + z.

Thus

(20) (1 + z)−q ≤ exp
(
qz2
)
exp(−qz).

Suppose that δ ≤ 1/3. Applying inequality (20) twice for z = pδ−1 and z = −pδ−1,
we obtain for p ≥ 3

(21) E

[(
1− f(p)

p1−δ

)−q
]
=

1

2

((
1 +

1

p1−δ

)−q

+

(
1− 1

p1−δ

)−q
)

≤

exp(qp−4/3)
exp(q/p1−δ) + exp(−q/p1−δ)

2
≤ exp(qp−4/3) exp

(
q2

2p2−2δ

)
.

The last inequality follows from

ez + e−z

2
≤ e

z2

2 ,

which holds for all z ∈ R.
Thus

(22) E

[(∏
p>xε

(
1− f(p)

p1−δ

)−1
)q]

≪ exp

(
c2q

2

ε(log x)x(1−2δ)ε
+O(q)

)
,

Also

(23) E

[(∏
p≤xε

(
1− f(p)

p

)−1
)q]

≪ exp

(
q
∑
p≤xε

1

p
+O(q)

)
≪

exp (q log log x+ q log ε+O(q)) .
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Combining together (19), (22) and (23) we deduce

(24) S1 ≪ (log x)δ−1e−δh1(x) exp

(
c2q

ε(log x)x(1−2δ)ε
+ log log x+ log ε

)
≪

ε

δ
(log x)2 e−δh1(x) exp

(
c2q

ε(log x)x(1−2δ)ε

)
Now let us estimate S2. There exists j0 satisfying log x − h1(x) < j0 ≤ log x + 1

such that

(25) S2 ≪ x−1h1(x)E




exp

(
−
∑
p≤x

f(p)

p

) ∑
nl≤x

n∈R(x,xε)
l∈S(x,xε)

ej0≤l<ej0+1

f(l)f(n)
{ x

nl

}


q

1/q

.

In (25) we have n ≪ eh1(x) = o(xε). But n ∈ R(x, xε), thus n = 1.
We conclude that

S2 ≪ x−1h1(x)E


exp

(
−
∑
p≤x

f(p)

p

) ∑
l∈S(x,xε)

ej0≤l<ej0+1

f(l)
{x
l

}
q

1/q

and hence

(26) S2 ≪ x−1h1(x) sup
f

∣∣∣∣∣∣∣∣exp
(
−
∑
p≤x

f(p)

p

) ∑
l∈S(x,xε)

ej0≤l<ej0+1

f(l)
{x
l

}∣∣∣∣∣∣∣∣ ,
where the supremum is over the set of completely multiplicative functions that take
values in {1,−1}.

Let us denote
Ψf (x, y) :=

∑
n∈S(x,y)

f(n).

We will provide an upper bound on Ψf (x, y).

3.4. Upper bound on Ψf (x, y).

Proposition 3. Let f(n) be a completely multiplicative function such that |f(n)| ≤ 1
for all n. Let a ≥ 0 and ux := log x

log y
.

Let y ≥ 2 and suppose that uniformly for ya ≤ t ≤ ya+1 we have

(27) |Ψf (t, y)| ≤ cf (y)ρ (ut) t,

where ρ(u) is the Dickman function which is defined by uρ′(u) + ρ(u − 1) = 0 and
ρ(u) = 1 for 0 ≤ u ≤ 1. Also suppose that cf (y) ≫ y−1/7.

Then for any ε > 0 we have uniformly in the range x ≥ ya, log y ≥ (log2 x)
5/3+ε

(28) |Ψf (x, y)| ≤ cf (y)xρ(ux)

(
1 +Oε

(
ux log(ux + 1)

log x

))
.

In the following Lemma we collect the properties of the Dickman function that
we will need.
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Lemma 3.3. (i) ρ(u)u =
∫ u

u−1
ρ(t) dt (u ≥ 1),

(ii) Uniformly for y ≥ 1.5 and 1 ≤ u ≤ √
y we have∫ u

0

ρ(u− t)y−t dt ≪ ρ(u)

log y
,

(iii) Uniformly for y ≥ 1.5 and 1 ≤ u ≤ √
y we have∫ u

1

ρ(u− t)y−t dt ≪ ρ(u)

(log y)y1/3
,

(iv) Uniformly for y ≥ 1.5 and 1 ≤ u ≤ y1/4 we have∑
y<pm≤yu

p≤y

log p

pm
ρ

(
u− log pm

log y

)
≪ ρ(u)

log y

y1/6
.

(v) For every fixed ε > 0 and uniformly for y ≥ 1.5, u ≥ 1 and 0 ≤ θ ≤ 1 we have∑
pm≤yθ

log p

pm
ρ

(
u− log pm

log y

)
= (log y)

∫ u

u−θ

ρ(t) dt+

Oε(ρ(u)
{
1 + u log2(u+ 1) exp(−(log y)3/5−ε)

}
).

Proof. For (i) see, for example, [16, Lemma 1 (ii)]. (ii) is [16, Lemma 2] and (iii)
easily follows from the proof of [16, Lemma 2]. (iv) follows from the proof of [16,
Lemma 3], and (v) is [16, Lemma 4]. □

Proof of Proposition 3. The formula

(29) Ψ(x, y) = xρ(u)

(
1 +Oε

(
u log(u+ 1)

log x

))
,

where Ψ(x, y) := |S(x, y)| was proved by Hildebrand [16, Theorem 1] in the range
log y ≥ (log2 x)

5/3+ε.
The proof uses the identity

(30) Ψ(x, y) log x =

∫ x

1

Ψ(t, y)

t
dt+

∑
pm≤x
p≤y

Ψ

(
x

pm
, y

)
log p.

The estimate is derived by an inductive argument provided by (30).
Let S =

∑
n∈S(x,y) f(n) log n. Integrating by parts we obtain

S = Ψf (x, y) log x−
∫ x

1

Ψf (t, y)

y
dt.

On the other hand

S =
∑

n∈S(x,y)

f(n)
∑
pm|n

log p =
∑
pm≤x
p≤y

f(pm)Ψf

(
x

pm
, y

)
log p.

Here we used that by assumption f is completely multiplicative.
Hence the analog of (30) is

Ψf (x, y) log x =

∫ x

1

Ψf (t, y)

t
dt+

∑
pm≤x
p≤y

f(pm)Ψf

(
x

pm
, y

)
log p,
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which implies

(31) |Ψf (x, y)| log x ≤
∫ x

1

|Ψf (t, y)|
t

dt+
∑
pm≤x
p≤y

∣∣∣∣Ψf

(
x

pm
, y

)∣∣∣∣ log p.
For u ≥ a let ∆(y, u) be the minimal nonnegative real number such that the

inequality
|Ψf (y

u, y)| ≤ cf (y)y
uρ(u)(1 + ∆(y, u))

holds. Also denote ∆∗(y, u) := supmax(a,u−1)≤u′≤u∆(y, u′), which is well defined for
u ≥ a. Finally let us denote ∆∗∗(y, u) := supa≤u′≤u ∆(y, u′). We will prove by
induction that ∆∗∗(y, u) ≪ε log(u+ 1)/ log y.

By the assumption (27) we have ∆(y, u) = 0 (a ≤ u ≤ a+ 1).
The inequality (31) and the trivial upper bound |Ψf (t, y)| ≤ Ψ(t, y) imply that

for a+ 1 ≤ u ≤ exp((log y)3/5−ε) we have

(32)
|Ψf (y

u, y)|
ρ(u)yu

≤ 1

ρ(u)yu log yu

∫ yu

yu−1

|Ψf (t, y)|
t

dt +
1

ρ(u)yu log yu

∫ yu−1

1

Ψ(t, y)

t
dt+

1

ρ(u)yu log yu

∑
√
y<pm≤y

∣∣∣∣Ψf

(
yu

pm
, y

)∣∣∣∣ log p+
1

ρ(u)yu log yu

∑
pm≤√

y

∣∣∣∣Ψf

(
yu

pm
, y

)∣∣∣∣ log p+ 1

ρ(u)yu log yu

∑
y<pm≤yu

p≤y

Ψ

(
yu

pm
, y

)
log p,

Now we use the definition of ∆(y, u) and formula (29) to obtain

(33)
|Ψf (y

u, y)|
ρ(u)yu

≤ cf (y)(1 + ∆∗(y, u))

ρ(u)yu log yu

∫ yu

yu−1

ρ

(
log t

log y

)
dt+

O(1)

ρ(u)yu log yu

∫ yu−1

1

ρ

(
log t

log y

)
dt+

cf (y)(1 + ∆∗(y, u− 1/2))

ρ(u) log yu

∑
√
y<pm≤y

log p

pm
ρ

(
u− log pm

log y

)
+

cf (y)(1 + ∆∗(y, u))

ρ(u) log yu

∑
pm≤√

y

log p

pm
ρ

(
u− log pm

log y

)
+

O(1)

ρ(u) log yu

∑
y<pm≤yu

p≤y

log p

pm
ρ

(
u− log pm

log y

)
.

By Lemma 3.3 (ii) we have

(34)
∫ yu

yu−1

ρ

(
log t

log y

)
dt = (log y)yu

∫ 1

0

ρ(u− τ)y−τ dτ ≪ yu ρ(u).

Lemma 3.3 (iii) implies

(35)
∫ yu−1

1

ρ

(
log t

log y

)
dt = (log y)yu

∫ u

1

ρ(u− τ)y−τ dτ ≪ yuρ(u)

y1/3
.

By part (i) of Lemma 3.3,

(36) 1 =
1

ρ(u)u

∫ u

u−1/2

ρ(t) dt+
1

ρ(u)u

∫ u−1/2

u−1

ρ(t) dt =: α(u) + (1− α(u)).
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Part (v) of Lemma 3.3, equation (36) and the assumption u ≤ exp((log y)3/5−ε)
imply

(37)
∑

√
y<pm≤y

log p

pm
ρ

(
u− log pm

log y

)
= (log y)

∫ u− 1
2

u−1

ρ(t) dt+

Oε

(
ρ(u)

{
1 + u log2(u+ 1) exp(−(log y)3/5−ε/2)

})
=

ρ(u) log yu
(
(1− α(u)) +Oε

(
1

log yu

))
.

In exactly the same way we get

(38)
∑

√
y<pm≤y

log p

pm
ρ

(
u− log pm

log y

)
= ρ(u) log yu

(
α(u) +Oε

(
1

log yu

))
.

Applying (34), (35), (37), (38) and Lemma 3.3 (iv) to the corresponding terms on
the right-hand side of (33) we derive an estimate

(39)
|Ψf (y

u, y)|
ρ(u)yu

≤ cf (y)O(1)(1 + ∆∗(y, u))

u log y
+ O

(
1

uy1/3

)
+

cf (y)(1 + ∆∗(y, u− 1/2))

(
(1− α(u)) + Oε

(
1

u log y

))
+

cf (y)(1 + ∆∗(y, u))

(
α(u) +Oε

(
1

u log y

))
+ O

(
1

uy1/6

)
.

Since ρ(u) is a nonincreasing function of u, we have α(u) ≤ (1− α(u)) and hence
α(u) ≤ 1/2.

We obtain
(40)
|Ψf (y

u, y)|
ρ(u)yu

≤ cf (y)

(
1 +

1

2
∆∗∗(y, u) +

1

2
∆∗∗(y, u− 1/2) +Oε

(
(1 + ∆∗∗(y, u))

u log y

))
.

By changing the constant in Oε, we can assume, that the right-hand side of (40)
is an upper bound for ∆∗(y, u).

We find that

∆∗∗(y, u)

(
1 +Oε

(
1

u log y

))
≤ ∆∗∗(y, u− 1/2) +Oε

(
1

u log y

)
.

By induction

∆∗∗(y, u) ≪ε
log(u+ 1)

log y
.

This finishes the proof of Proposition 3. □

3.5. Corollary from Halász’s theorem.

Lemma 3.4.
(i) Let |ap| ≤ 1 for all p and α = 1 + 1

log x
. Then∑

p≤x

ap
p

=
∑
p

ap
pα

+O(1).
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(ii) Let Re(s) > 1 and let F (s) :=
∑

n
f(n)
ns , where f is a multiplicative function

taking values in the unit disk and such that f(2) = 0. Then

logF (s) =
∑
p

f(p)

ps
+O(1).

(iii) Let s = σ + it. In the region σ ≥ 1, |t| ≥ 2

1

ζ(s)
≪ (log |t|)7.

Proof. (i) follows from Chebyshev upper bound on the prime counting function. For
(iii) see [27, Section 3.6]. See [27, Section 6.19] for a better upper bound. To prove
(ii) note that for Re(s) > 1

logF (s) =
∑
p

log

(
1 +

∑
k≥1

f(pk)

pks

)
=
∑
p

f(p)

ps
+

∑
p

∑
k≥2

f(pk)

pk
+
∑
p

O

(∑
k≥1

f(pk)

pks

)2
 =

∑
p

f(p)

ps
+O(1).

Here we used that
∣∣∣∑k≥1

f(pk)
pks

∣∣∣ ≤ 1/2 for all p and log(1 + x) = x + O(x2) in the
range |x| ≤ 1/2. □

The following lemma is a form of Halász’s theorem by Granville, Harper and
Soundararajan [11].

Lemma 3.5 (Halász’s theorem). Let f be a multiplicative function such that |f(n)| ≤
1 for all n. Let

Fx(s) :=
∏
p≤x

(
1 +

∞∑
k=1

f(pk)

pks

)
.

Let

L(x) :=

 ∑
|N |≤(log x)2+1

1

N2 + 1
sup

|t−N |≤1/2

|Fx(1 + it)|2
1/2

.

Then
(i) ∑

n≤x

f(n) ≪ x
L(x)

log x
log

(
100

log x

L(x)

)
+ x

log2 x

log x
.

(ii) If the multiplicative function f(n) is supported only on numbers with all their
prime factors less than O(x0.99), then∑

n≤x

f(n) ≪ x

log x
(L(x) + 1).

Proof. Part (i) is [11, Theorem 1]. The proof of (ii) is sketched in [11, Remark 3.2].
Let us discuss the details.
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Following the proof of [11, Theorem 1] one deduce

∑
n≤x

f(n) =
1

log x

10∑
k=1

Sk(x) +O

 x

log x

∑
log4 x<p≤x0.99

log p

p log(x/p)

+

1

log x

∑
p≤log4 x

f(p) log p
∑

m≤x/p

f(m) +O

(
x

log x

)
,

where
Sk(x) =

∑
pqn≤x

x1−e1−k
<p≤x1−e−k

f(p) log p

log(x/p)
f(n)f(q) log q.

It is proved in [11] that Sk(x) ≪ xL(x) + x. Also note that
x

log x

∑
log4 x<p≤x0.99

log p

p log(x/p)
≪ x

log x
.

Thus it is enough to prove that∑
p≤log4 x

f(p) log p
∑

m≤x/p

f(m) ≪ xL(x) + x.

For p ≤ log4 x we have Fx(s) ≍ Fx/p(s) if Re(s) ≥ 1. Hence L(x/p) ≪ L(x) and
Lemma 3.5(i) implies that∑
p≤log4 x

f(p) log p
∑

m≤x/p

f(m) ≪
∑

p≤log4 x

log p
x(L(x) + 1)

p log x
log2(x) ≪ x(L(x)+1)

(log2 x)
2

log x
.

This finishes the proof of part (ii). □

Proposition 4. Let x ≥ 1 and let f be a real-values multiplicative function supported
only on numbers with all their prime factors less than O(x0.99) and such that |f(n)| ≤
1 for all n. Then ∑

n≤x

f(n) ≪ x exp

(∑
p≤x

f(p)

p

)
.

Proof. By ν2(n) we denote the largest integer v such that 2v|n. Since∑
n≤x

f(n) =
∑
n≤x

ν2(n)̸=1

f(n) + f(2)
∑
n≤x/2
(n,2)=1

f(n),

it suffices to prove Proposition 4 for f with f(2) = 0.
Lemma 3.4 (ii) implies that |Fx(s)| ≍ exp

(∑
p≤x Re

f(p)
ps

)
in the region Re(s) ≥ 1.

Then Lemma 3.5 implies

(41) exp

(
−
∑
p≤x

f(p)

p

)∑
n≤x

f(n) ≪ x

log x
H(x) + x,

where

H(x) =

 ∑
|N |≤(log x)2+1

1

N2 + 1
sup

|t−N |≤1/2

exp

(
2
∑
p≤x

Re
f(p)

p
(p−it − 1)

)1/2

.
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It is clear that Re f(p)
p

(p−it − 1) is maximized when f(p) = −1. Hence

(42) H(x) ≪

 ∑
|N |≤(log x)2+1

1

N2 + 1
sup

|t−N |≤1/2

exp

(
2
∑
p≤x

Re
(1− p−it)

p

)1/2

≪

(log x)

 ∑
|N |≤(log x)2+1

1

N2 + 1
sup

|t−N |≤1/2

ζ−2

(
1 +

1

log x
+ it

)1/2

,

where we used Lemma 3.4 (i), (ii).
Lemma 3.4(iii) implies that∑

|N |≤(log x)2+1

1

N2 + 1
sup

|t−N |≤1/2

ζ−2

(
1 +

1

log x
+ it

)
= O(1).

Thus H(x) ≪ log x. This finishes the proof in view of (41). □

3.6. The end of the proof of Theorem 2. Let y = xε and log4 x
log3 x

≪ ε < 1/2.
Proposition 4 implies that for y2 ≤ t ≤ y3 we have

(43)
∑

n∈S(t,y)

f(n) ≪ ε−1t exp

(∑
p≤x

f(p)

p

)
.

We see that the conditions of Proposition 3 are satisfied with a = 2 and

cf (y) = O

(
ε−1 exp

(∑
p≤x

f(p)

p

))
.

Hence

|Ψf (t, y)| ≪ cf (y)tρ

(
log t

log y

)
,

for y2 ≤ t ≤ x, if log y ≥ (log2 x)
5/3+ϵ.

Let log x− h1(x) < j ≤ log x+ 1. Integrating by parts we obtain

(44)
∑

l∈S(x,xε)
ej≤l<ej+1

f(l)
{x
l

}
=

∫ ej+1

ej

{x
t

}
dΨf (t, y) +O(1) ≪

x

ej
sup

t∈[ej ,ej+1]

|Ψf (t, y)|+O(1) ≪ cf (y)xρ

(
ε−1 − ε−1h1(x)

log x

)
+O(1).

We use (26), (44) and the upper bound ρ(u) ≪ exp(−(1 + o(1))u log u)) (see, for
example, [18, Corollary 2.3]) to obtain

(45) S2 ≪ h1(x)ε
−1 exp

(
−(1 + o(1))ε−1 log ε−1

)
.

Now recall (24). Let us choose q = ε(log x)x(1−2δ)ε+O(1), δ = (log3 x)
−1, h1(x) =

10(log2 x)(log3 x). Finally let

ε =
log4 x

(1 + o(1)) log3 x
,

where o(1) is chosen in such a way that S2 = o(1).
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Hence for

q = exp

(
log x log4 x

(1 + o(1)) log3 x

)
,

we have S1 = o(1), S2 = o(1) and thus S = o(1).
This finishes the proof of Theorem 2 in view of (17). □

3.7. Proof of Theorem 3. We do the same steps as in the proof of Theorem 2,
but we use Conjecture 3 instead of Proposition 4.

In the notation of the proof of Theorem 2 this gives us

S2 ≪
h1(x)ε

−1 exp (−(1 + o(1))ε−1 log ε−1)

log2 x
,

where ε is small enough.
Inequality (17) states that P ′

x ≤ (c−1
1 S)q+O(exp(−xβ)) for some fixed c1 > 0, β >

0.
Let us take q = ε(log x)x(1−2δ)ε + O(1), δ = 1/10, h1(x) = 100 log2 x, and ε > 0

to be a fixed constant such that S2 < c1/3.
Our choice of variables implies that S1 = o(1), in view of (24). Therefore

P ′
x ≪ exp(−q) + exp(−xβ) ≪ exp(−xα),

where α = min(β, (8/10)ε). □

3.8. Proof of Proposition 1. Let

S ′ := E

[(∑
n≤x

f(n)

)q]1/q
Let h1(x) = o(log x), ε = o(log x), δ > 0. Following the steps of the proof of

Theorem 2 (section 3.3), we obtain S ′ ≤ S ′
1 + S ′

2, where

S ′
1 ≪ x

ε

δ
(log x)e−δh1(x) exp

(
c2q

ε(log x)x(1−2δ)ε

)
, S ′

2 ≪ h1(x) sup
f

∣∣∣∣∣∣∣∣
∑

l∈S(x,xε)
ej0≤l<ej0+1

f(l)
{x
l

}∣∣∣∣∣∣∣∣ .
Here log x− h1(x) < j0 ≤ log x+ 1. Hence S ′

2 ≪ h1(x)Ψ(x, xε).
For q ≤ ε(log x)x(1−2δ)ε this gives us

(46) S ′ ≪ x
(
h1(x) exp(−(1 + o(1))ε−1 log ε−1) +

ε

δ
(log x)e−δh1(x)

)
.

Let us choose δ = (log3 x)
−1, h1(x) = (10 + β0)(log2 x)(log3 x). Finally let

ε =
log3 x

(β(x) + o(1)) log2 x
,

where o(1) is chosen in such a way that (46) gives S ′ = o
(

x
(log x)β(x)

)
.

This finishes the proof of Proposition 1. □
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4. Proof of Theorem 4

Lemma 4.1 (Elliott). Let b1, b2, . . . be a sequence of complex numbers such that
∀i |bi| ≤ 1. Then

E

(∑
n≤y

bnχp(n)

)2
≪ (log x)y log y +

log x

x
y3 log y

Proof. This follows from [9, Lemma 10] if we note that∑
m,n≤y
mn=□

|bnbm| ≪ y log y.

□

Lemma 4.2. Let b1, b2, . . . be a sequence of complex numbers such that ∀i |bi| ≤ 1.
Let h(y) be a function such that 0 < h(y) ≪ (log y)o(1) and let q be an even positive
integer. Then

E

[(∑
n≤y

bnχp(n)

)q]
≪ (log x)o

(
y

h(y) log y

)q

+
log x

x
(log yq)(4y3/2)q

for all

(47) q ≤ exp

(
log y log3 y

(1 + oh(1)) log2 y

)
.

Proof. We follow the proof of [9, Lemma 10]. We have

E

[(∑
n≤y

bnχp(n)

)q]
≪ log x

x

∑
x<p≤2x

∣∣∣∣∣∑
n≤y

bn

(
n

p

)∣∣∣∣∣
q

.

We extend the definition of Legendre symbol by(m
2

)
=

{
1 if 2 ∤ m,

0 if 2 |m,

and (m
n

)
=
∏
pα||n

(
m

p

)α

.

Note that this definition differs from the usual definition of Kronecker symbol.
Let n = 2ηn1, 2 ∤ n1. We divide all integers n into four classes according to the

parity of η, and whether n1 ≡ 1 or n1 ≡ 3 (mod 4). Let us denote by Σj (j =
1, . . . , 4) the summation over particular class.

The quadratic reciprocity law implies that for any odd integer m we have( n

m

)
= ε

(m
n

)
,

where ε = ±1 and depends only on m and the class of n.
Hence ∣∣∣∣∣∣

∑
j

n≤y

bn

( n

m

)∣∣∣∣∣∣ =
∣∣∣∣∣∣
∑

j
n≤y

bn

(m
n

)∣∣∣∣∣∣ .
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Jensen’s inequality applied to the function φ(z) = zq implies that

∑
x<p≤2x

∣∣∣∣∣∑
n≤y

bn

(
n

p

)∣∣∣∣∣
q

≤ 4q−1

4∑
j=1

∑
x<p≤2x

∣∣∣∣∣∣
∑

j
n≤y

bn

(
n

p

)∣∣∣∣∣∣
q

.

It was shown in the proof of [9, Lemma 10] that

m 7→
(m
n

)
defines a non-principal character unless n or 1

2
n is a perfect square.

Hence

(48)
∑

x<p≤2x

∣∣∣∣∣∣
∑

j
n≤y

bn

(
n

p

)∣∣∣∣∣∣
q

=
∑

x<p≤2x

∣∣∣∣∣∣
∑

j
n≤y

bn

(p
n

)∣∣∣∣∣∣
q

≤
∑

x<m≤2x

∣∣∣∣∣∣
∑

j
n≤y

bn

(m
n

)∣∣∣∣∣∣
q

≪

x
∑

j
n1,...,nq≤y

n1...nq=□,2□

bn1 . . . bnq/2
bnq/2+1

. . . bnq+
∑

j
n1,...,nq≤y

n1...nq ̸=□,2□

bn1 . . . bnq/2
bnq/2+1

. . . bnq

∑
m≤x

(
m

n1 . . . nq

)
.

Proposition 1 implies that∑
n1,...,nq≤y

n1...nq=□,2□

1 ≤ (q + 1)
∑

n1,...,nq≤y
n1...nq=□

1 = (q + 1)E

[(∑
n≤y

f(n)

)q]
= o

(
y

h(y) log y

)q

,

for q in range (47).
If n1 . . . nq ̸= □, 2□, then Pólya-Vinogradov inequality gives∑

m≤x

(
m

n1 . . . nq

)
≪ yq/2 log(yq).

Combining all these estimates we obtain the desired inequality after redefining
the function h(y). □

Let M be a subset of [1,∞). Denote by P̃x(M) the probability that for any y ∈ M

we have
∑

n≤y
χp(n)

n
> 0 and by P (M) the probability that for any y ∈ M we have∑

n≤y
f(n)
n

> 0, where f is a random completely multiplicative function.

Lemma 4.3. For

exp

(
log3 x log4 x

o(1) log5 x

)
≤ N ≤ exp

(
log2 x log3 x

3 log4 x

)
we have

1− P̃x([N,∞)) ≪ exp

(
− exp

(
logN log3N

(1 + o(1)) log2N

))
.

Proof. For each p ∈ (x, 2x] Pólya-Vinogradov inequality implies that∑
n>y

χp(n)

n
≪

√
x log x

y
.

By Siegel’s theorem [7, Chapter 21] for any ε > 0 we have L(1, χp) > C(ε)x−ε.
Hence for any ε > 0, sufficiently large x, and y > x1/2+ε∑

n≤y

χp(n)

n
= L(1, χp)−

∑
n>y

χp(n)

n
> 0.
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Let us denote gp = χp ∗ 1.
We have ∑

n≤y

χp(n)

n
=

1

y

∑
n≤y

gp(n) +
1

y

∑
n≤y

χp(n)
{y
n

}
.

Let us denote

Pr1(y) = P

(
1

y

∣∣∣∣∣∑
n≤y

χp(n)
{y
n

}∣∣∣∣∣ > 0.1

log y

)
, P r2(y) = P

(
1

y

∑
n≤y

gp(n) <
0.2

log y

)
.

Note that if both events do not take place, then
∑

n≤y
χp(n)

n
> 0.1

log y
. Thus the

inequality
∑

n≤y′
χp(n)

n
> 0 holds for all y′ ∈

[
y, y + y

102 log y

]
.

Let y0 = N and yi+1 = yi+
yi

102 log yi
. Suppose that k is the least number such that

yk > x1/2+ε. Note that k ≪ (log x)2. It is enough to prove that

k∑
i=0

(Pr1(yi) + Pr2(yi)) ≪ exp

(
− exp

(
logN log3N

(1 + o(1)) log2N

))
.

By the assumption N ≤ exp
(

log2 x log3 x
3 log4 x

)
and thus

exp

(
− exp

(
logN log3N

(1 + o(1)) log2N

))
≫ B(x) := exp

(
−(log x)

1
3
+o(1)

)
.

Since ∑
n≤y

gp(n) ≥
∑
q≤y

gp(q) =
∑
q≤y

(1 + χp(q)),

where q ranges over prime numbers, we get

Pr2(y) ≤ P

(
1

y

∣∣∣∣∣∑
q≤y

χp(q)

∣∣∣∣∣ > 0.7

log y

)
.

For yi > exp(
√
log x) we apply Lemma 4.1 and the moment inequality to obtain

(Pr1(yi) + Pr2(yi)) ≪ (log x)(log yi)
3

(
1

yi
+

yi
x

)
≪ exp

(
−(log x)

1
2
+o(1)

)
.

As k ≪ (log x)2, we have∑
yi>exp(

√
log x)

i≤k

(Pr1(yi) + Pr2(yi)) ≪ exp
(
−(log x)

1
2
+o(1)

)
≪ B(x).

Now for yi ≤ exp(
√
log x) we apply Lemma 4.2 with h(y) = 10. We take q as

large as possible with the restrictions

q ≤ D(yi) := exp

(
log yi log3 yi

(1 + oh(1)) log2 yi

)
, q ≤ E(yi) :=

log x

10 log(4y
1/2
i log yi)

.

The last restriction in view of Lemma 4.2 and the moment inequality implies that

(Pr1(yi) + Pr2(yi)) ≪ (log x) exp(−q) +O(x−1/2).
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Therefore

(49)
∑

yi≤exp(
√
log x)

(Pr1(yi) + Pr2(yi)) ≪

∑
yi≤exp(

√
log x)

(
(log x) (exp(−D(yi)) + exp(−E(yi))) +O(x−1/2)

)
≪

(log x)
∑

yi≤exp(
√
log x)

(exp(−D(yi)) + exp(−E(yi))) +O(x−1/2(log x)2).

We have

(log x)
∑

yi≤exp(
√
log x)

exp(−E(yi)) ≪ (log x)3 exp
(
−
√
log x

)
≪ B(x).

Also

(50) (log x)
∑

yi≤exp(
√
log x)

exp(−D(yi)) ≪

(log x)3 exp

(
− exp

(
logN log3N

(1 + o(1)) log2N

))
≪ exp

(
− exp

(
logN log3N

(1 + o(1)) log2N

))
.

Here we used the assumed lower bound on N .
The result follows. □

Let
π(x; k, l) :=

∑
p≤x

p≡l (mod k)

1.

Lemma 4.4. Let k ≤ exp(C
√
log x).

π(x; k, l) =
Li(x)

φ(k)
− E1

χ1(l)

φ(k)

∫ x

2

uβ1−1

log u
du+O

(
x exp−c′

√
log x
)
,

where E1 = 1 if there exists a quadratic Dirichlet character χ1 (mod k) with real
zero β1 such that β1 > 1− c

log k
and E1 = 0 otherwise.

Moreover if such character exists, then it is unique and χ1(l) =
(
d
l

)
, where the

symbol on the right is Kronecker symbol, and d is the product of relatively prime
factors of the form

−4, 8, −8, (−1)(p−1)/2p (p > 2).

Also |d| is the conductor of χ1 and d log4 d ≫ log x.

Proof. The first part of the Lemma follows from [7, Chapter 20, equation 9] after
integration by parts. For the second part see [7, Chapter 5, equation 9] and [7,
Chapter 20, equation 12]. □

Proof of Theorem 4. Let us take N = c1
√
log x and k = 8

∏
2<q≤N q, where c1 is

sufficiently small. Clearly k ≪ exp(c2
√
log x).

Now we want to compare P̃x([1, N ]) and P ([1, N ]). Let f(n) be a sample of
Rademacher random completely multiplicative function. Also let us set P(f(−1) =
1) = P(f(−1) = −1) = 1/2.

Let us denote

S(f) =

{
l (mod k) : (l, k) = 1, p ≡ l (mod k) ⇒ ∀q ≤ N

(
q

p

)
= f(q),

(
−1

p

)
= f(−1)

}
.
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Quadratic reciprocity law implies that

|S(f)| = φ(k)

2π(N)+1
.

Also we note that for each l ∈ S(f) we have

χ1(l) =
∏
qαq ||d

(q
l

)αq

= f(d),

where q = −1, α−1 = 1 is included in the product if d < 0.
Putting all this together we obtain for a fixed f

(51)

P (∀n ∈ [1, N ] χp(n) = f(n)) =
1

2π(N)
− E0

f(d)

2π(N)

∫ 2x

x
uβ1−1

log u
du

Li(2x)− Li(x)
+O

(
exp−c′

√
log x
)
.

where E0 = 0 if E1 = 0 or d < 0, and E0 = 1 otherwise.
Let AN the set of completely multiplicative functions f defined on [1, N ], that

take values ±1 and such that
∑

n≤y
f(n)
n

is positive for 1 ≤ y ≤ N .
From (51) we deduce that

(52) P̃x([1, N ]) = P ([1, N ])− E0

∑
f∈AN

f(d)

2π(N)

∫ 2x

x
uβ1−1

log u
du

Li(2x)− Li(x)
+O(exp−c′′

√
log x).

We have

(53)
∑

f∈AN
f(d)

2π(N)
= Cov (1AN

, f(d)) .

The right-hand side should be interpreted as the covariance in F .
Also

(54) |Cov (1AN
, f(d))− Cov (1A, f(d))| ≤ 1− P ([N,∞)).

Finally by Lemma 4.3 and Theorem 2 (or [22, Theorem 1.2]) we obtain

(55) (1− P ((N,∞))) + (1− P̃x((N,∞))) ≪ exp

(
− exp

(
log2 x log4 x

(2 + o(1)) log3 x

))
.

Since

P̃x = P̃x((1, N ]) +O(1− P̃x((N,∞))), P = P ((1, N ]) +O(1− P ((N,∞))),

the theorem follows from (52), (53), (54), (55). □

4.1. Proof of Corollary 2. If E0 = 0, then the result is obvious. Assume that
E0 = 1 and d is the conductor of character with Siegel zero.

Denote by p0 the greatest prime divisor of d. Lemma 4.4 implies that p0 ≥
(1 + o(1)) log d ≥ (1 + o(1)) log2(x). Take N ′ = p0 − 1. Note that

Cov
(
1AN′ , f(d)

)
= 0,

and

Cov (1A, f(d))− Cov
(
1AN′ , f(d)

)
≪ 1− P ((N ′,∞)) ≪

exp

(
− exp

(
log3 x log6 x

(1 + o(1)) log5 x

))
,

where we used Theorem 2. The result follows. □
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