ON SOME NON-PRINCIPAL LOCALLY ANALYTIC REPRESENTATIONS
INDUCED BY WHITTAKER MODULES

SASCHA ORLIK

ABSTRACT. Let G be a connected split adjoint semi simple p-adic Lie group. This paper can be
seen as a continuation of [12] and is about the construction of locally analytic G-representations
which do not lie in the principal series. Here we consider locally analytic representations which
are induced by Whittaker modules of the attached Lie algebra. We prove that they are ind-
admissible and topologically irreducible in case the Whittaker module is simple. On the other
hand, we show that the naive Jacquet functor of these representations vanishes for all parabolic

subgroups. However, they do not satisfy the definition of supercuspidality in the sense of

Kohlhaase.
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1. INTRODUCTION

Let L be a finite extension of Q, with ring of integers Or. Let G = G(L) be the group of
L-valued points of a connected split adjoint semi simple algebraic group G over Or. In [12] we
have considered some locally analytic G-representations which do not lie in the principal series
as treated in [I5]. In fact those objects are globalized from cuspidal Lie algebra modules and
satisfy the supercuspidality criterion of Kohlhaase apart from the possible lack of irreducibility.
In this paper we globalize amongst other things Whittaker modules and seek to prove analogous
results as in loc.cit. Indeed we prove that they are ind-admissible and topologically irreducible
when the Whittaker module is simple. In contrast to loc.cit. they do not satisfy in general the
the homological vanishing criterion in the definition of supercuspidality of Kohlhaase [7]. Here
we exemplarily discuss the case of GLs and show that the homology groups for the opposite
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unipotent subgroup do not vanish in degree 1. However, the naive (Hausdorff) Jacquet vanishes
with respect to all parabolic subgroups.

We shall give now more details on the construction and statements. Let Go := G(Op) be the
maximal compact open subgroup of Op-valued points and fix a maximal unipotent subgroup
U C G. Set Uy = U N Gy and denote by g = Lie(G) and u = Lie(U) the Lie algebras of G
and U, respectively. Let K be a finite extension of L which serves as our coefficient field. Let
7 :u — K be a (non-degenerate) character which is induced by some locally L-analytic character
i : Ug — K*. We consider the category M,, of all finitely generated U(g)-modules M such that

k

for each element m € M the expression (z —n(x))"m vanishes for some integer £ > 1. Then the

action of u on M integrates to a locally analytic action of Uy.

Let D(Gy) be the L-analytic distribution algebra of Gy and denote by D(g, Up) the subalgebra
of D(Gy) generated by g and Uy. Further we consider smooth admissible representations V' of
Up. Then M @ V' is a D(g, Up)-module and we set

F(Z,V) = c—Indg, (D(Go) @p(g,ug) M @ V')

where ¢ — Indg0 is the compact induction of locally analytic representations. Thus we have
defined a functor

]-"ﬁG : M, X Rep2 ™™™ (Up) — Rep2(G)
into the category of locally analytic G-representations.

Our first result is the following theorem:

Theorem A. (i) The functor ]:g 1s functorial and exact in all arguments: contravariant in M

and covariant in V.

(it) For all M € M,, and for all smooth admissible representations V' of Uy, the locally analytic
representation .7-"770(M, V) is ind-admissible and in particular of compact type.

(Here we recall from [12] that a locally analytic representation is ind-admissible if it is a strict

inductive limits of admissible representations when restricted to a compact open subgroup.)

Concerning irreducibility statements for some of these representations we also have to consider
the centre Z(g) of U(g). Let © : Z(g) — K be an algebra homomorphism. We then set
No, = U(9) @z(guw) Ko, which is an object of M,,. If  is non-degenerate then Kostant
[8] proved that this module is simple. It is up to isomorphism the only simple object in the
subcategory of M, where the centre Z(g) acts via ©.

Theorem B. Let © and n as above. Let V be an irreducible smooth Uy-representation, then
.7-}?(]\7@777, V') is topologically irreducible.

The proof of the above theorems follows the same strategy as in the principal series case [15]
and [12], respectively. More precisely, as for Theorem A part ii) we use a recent result of Agrawal
and Strauch [I] which applies to more general closed subgroups of Gy. Concerning Theorem B
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we first treat the situation where V is the trivial representation. We prove as in [12] that the
module D(Go) @p(g,uy) No,y is simple. Then we apply the levelwise Mackey Criterion of Bode
[12) Appendix] to prove the topologically irreducibility. If V' is arbitrary irreducible we mimic
the proof of [I5] to deduce the statement.

As for the list of content we recall in section 2 some basic facts in locally analytic represen-
tation theory and some material developed in [12], e.g. the notion of ind-admissibility. Section
3 is devoted to review the necessary background on Whittaker modules over the field of com-
plex numbers. Here we follow the paper of Mili¢i¢ and Soergel [10]. In section 4 we define our
functor ]-'ﬁG and prove assertions i)-ii) from Theorem A above. The irreducibility result is shown
in section 5. Finally the last section addresses the question of supercuspidality in the sense of
Kohlhaase.

Notation and conventions: We denote by p a prime number and consider fields L C K which
are both finite extensions of Q,. Let O and Ok be the rings of integers of L, resp. K, and let
| - | be the absolute value on K such that |p|x = p~!. The field L is our "base field”, whereas
we consider K as our ”coefficient field”. For a locally convex K-vector space V' we denote by
Vy its strong dual, i.e., the K-vector space of continuous linear forms equipped with the strong
topology of bounded convergence. Sometimes, in particular when V is finite-dimensional, we
simplify notation and write V” instead of V. All finite-dimensional K-vector spaces are equipped
with the unique Hausdorff locally convex topology.

We let Gg be a split reductive group scheme over Oy, and Ty C By C Gy a maximal split
torus and a Borel subgroup scheme, respectively. We denote by G, B, T the base change of
Gg, Bp and Ty to L. By Gy = Go(OL), By = BQ(OL), etc., and G = G(L), B = B(L),
etc., we denote the corresponding groups of Op-valued points and L-valued points, respectively.
Standard parabolic subgroups of G (resp. G) are those which contain B (resp. B). For each
standard parabolic subgroup P (or P) we let Lp (or Lp) be the unique Levi subgroup which
contains T (resp. T') and Up its unipotent radical. The opposite unipotent radical is denoted
by Up. Finally, Gothic letters g, p, etc., will denote the Lie algebras of G, P, etc.: g = Lie(G),
t = Lie(T), b = Lie(B), p = Lie(P), [p = Lie(Lp), etc.. Base change to K is usually denoted
by the subscript g, for instance, gx = g @, K.

We make the general convention that we denote by U(g), U(p), etc., the corresponding
enveloping algebras, after base change to K, i.e., what would be usually denoted by U(g) ®r, K,
U(p) ®r K etc. Similarly, we use the abbreviations D(G) = D(G, K), D(P) = D(P, K) etc. for
the locally L-analytic distributions with values in K.

Acknowledgements. 1 am very grateful to Andreas Bode for his helpful comments.
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2. PRELIMINARIES ON LOCALLY ANALYTIC REPRESENTATIONS

In the first half of this chapter we recall some basic facts on locally analytic representations
as introduced by Schneider and Teitelbaum [18]. In the second half we continue with some
additional background on these representations established in [12].

For a locally L-analytic group H, let C*"(H, K) be the locally convex vector space of locally
L-analytic K-valued functions. The dual space D(H) = D(H,K) = C“*(H, K)' is a topological
K-algebra which has the structure of a Fréchet-Stein algebra when H is compact [19]. More
generally, if V' is a Hausdorff locally convex K-vector space, let C*"(H, V') be the K-vector space
consisting of locally analytic functions with values in V. It has the structure of a Hausdorff locally

convex vector space, as well.

A locally analytic H-representation is a Hausdorff barrelled locally convex K-vector space
together with a homomorphism p : H — GLg (V) such that the action of H on V is continuous
and the orbit maps p, : H — V, h +— p(h)(v), are elements in C**(H,V) for all v € V. We
denote by Replf}(H ) the category of locally analytic H-representations on K-vector spaces where
the morphisms are the continuous H-linear maps.

We recall that a Hausdorff locally convex K-vector space V is called of compact type if it
is an inductive limit of countably many Banach spaces with injective and compact transition
maps, cf. [I8]. In this case, the strong dual V} is a nuclear Fréchet space, cf. [I7]. We denote
by Repl[%’C(H ) the full subcategory of Repi(H) consisting of objects of compact type. By [I8|
3.3], the duality functor gives an equivalence of categories
. op

separately continuous D(H)-
~ modules on nuclear Fréchet
Repj(H)

spaces with continuous
D(H )-module maps

In particular, V' is topologically irreducible if V}/ is a topologically simple D(H, K)-module.
For any closed subgroup H' of H and any locally analytic representation V of H', we denote
by
md2, (V) = {f € C(H, V) |VW € H'\Whe H: f(h-B) = ()" - f(h) }
the induced locally analytic representation. The group H acts on this vector space by (h- f)(x) =

f(h'z). If V is of compact type and H/H' is compact then Ind%, (V) is of compact type again
and Ind®, (VY = D(H) ®p(rry Vy is a nuclear Fréchet space.

If H is second countable and H' C H is a compact open subgroup, then we set
c—Ind¥, (V) := {f € nd¥,(V) | f has compact support}.

This is an H-stable subspace, and for any f € c—Indg/ (V') there are only finitely many elements
hi, ... h, such that supp(f) = U;_, hiH'. Since H is second countable we may write c—Ind, (V)
as a countable direct sum € geH/H' h -V and supply this space with the locally convex direct
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sum topology. Then ¢ — Ind# (V') is barrelled, Hausdorff and the action is locally analytic so
that we get a locally analytic H-representation, cf. [12]. The construction is functorial and we
get a functor

¢ —IndH, : Repe(H') — Repl?(H).
The functor ¢ — Ind¥, is left adjoint to the restriction functor

Rep(H)7 — Repi(H').

The representations ¢ — Ind!%, (V) are of compact type by [I8, Prop 1.2. ii] but in general not
admissible. However, they are ind-admissible [I2, Lemma A.20]:

Definition 2.1. A locally analytic H-representation V is called ind-(strongly )admissible if
there is some compact open subgroup C' C H such that V¢ = lign V, is a strict inductive limit
of (strongly) admissible locally analytic C-representations V.

The above definition does not depend on the chosen compact open subgroup cf. [12, Corollary
A.14] for a proof. It turns out that the subspaces V;, are closed subrepresentation of V| for all
n € N. Moreover, V is of compact type, cf. [I12, Lemma 2.4] and V] = T&ln(Vn)g is the locally
convex projective limit of the Fréchet spaces (V},);. In particular V) is a Fréchet space, cf. [12,
Proposition 2.5].

3. WHITTAKER LIE ALGEBRA REPRESENTATIONS

In this section we recall the theory of Whittaker modules of a Lie algebra g over the field of
complex numbers C in the sense of Mili¢i¢ and Soergel [10, [11]. In particular we assume that
g is semi-simple. We thus replace here our p-adic field L by C. Finally we denote by Z(g) the
centre of the universal enveloping algebra U(g) of g.

Let b C g be a Borel subalgebra and u its nilradical. We let t be a Cartan algebra inside
b. We denote by ® C t* the attached root system and by ®T resp. ®~ its subset of positive
resp. negative roots. Further we denote by A its set of simple roots. Let p = %Za€¢,+ a € th.
For every a € ®7 let x, € u, and y, € u_, be the standard generators of the root spaces,
respectively.

Following Mili¢i¢ and Soergel [11] we consider the following category.

Definition 3.1. Let A be the full subcategory of all U(g)-modules M such that
i) M is a finitely generated U(g)-module.
ii) M is U(u)-finite.
iii) M is Z(g)-finite.

The category A is abelian and every object is of finite length [11, Thm 2.5].
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For a maximal ideal ® C Z(g) we let Ng be the full subcategory of objects M such that
OM = 0. Further Ng be the full subcategory consisting of objects M for which there is an
integer k > 1 such that ekM = 0.

For a character n of u we let NV, be the subcategory of N consisting of objects M such that
M = {m € M | there exists an integer k > 1 with (x —n(x))*m = 0 for all x € u}. We set

/\/’@777 = N@ﬂ/\/n and /\/’@m = No ﬂ/\fn.

The category N behaves semi-simple:

Lemma 3.2. We have N = @geraxz(g) Vo N = Dyew Ny and
N = @N@m'
©.n
Proof. This follow from [11, Lemma 2.1, Lemma 2.2]. See also [10]. O

Example 3.3. Let © be given by an algebra homomorphism v¢g : Z(g) — C. Then Ng, :=
U(8)®z(g)U(u) Cyio,n is an object of Ng ,, where Cyy, ,, is C with the module structure of Z(g)U (u)

given by ¥g - 1.
The following theorem is due to Kostant.

Theorem 3.4. Let 1 be non-degenerate, i.e. n(xq) # 0 for all simple roots « € A. Then Neg
is a simple U(g)-module.

Proof. This is [8, Thm 3.6.1]. O

The generator of Ng, is up to scalar multiplication the only Whittaker vector in Ng,, i.e.,
a vector v € Ng, for which z - v = n(x)v for all x € u, cf. [§, Thm 3.4].

The following theorem of Milici¢ and Soergel is also useful for intrinsic reasons and will be

applied in the next section.

Theorem 3.5. The universal enveloping algebra U(g) is free over Z(g) @ U(u) = Z(g)U (u).
Proof. This is [11, Lemma 5.7]. O

For a finite-dimensional Z(g)-representation Z, we consider as in loc.cit. the module I,,(Z) =
U(9)®z(g)uw) (Z®C;). Denote by Rep/?(Z(g)) the category of finite-dimensional Z(g)-modules.

Theorem 3.6. Let n be non-degenerate.
i) There is an equivalence of categories I, : Rep’*(Z(g)) — N

i) Any M € N, is isomorphic to a finite sum of objects isomorphic to Ng .

Proof. Part i) is [L1, Thm. 5.9] whereas part ii) is [II, Thm. 5.6]. O
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For later applications it is also useful to consider the following lift of the categories N,.

We let M be the category of all finitely generated U(g)-modules M which are U (u)-finite.
Hence in contrast to N' we do not assume the Z(g)-finite condition. It follows by the same
reasoning [6] for the BGG-category O that M is an abelian, noetherian category closed under
submodules, quotients and finite direct sums.

We let M, be the subcategory of M consisting of objects M such that M = {m € M |
there exists an integer £ > 1 with (z — n(x))*m = 0 for all z € u}. Then N@n is a full sub-
category of M,, for all maximal ideals © of Z(g). By the same argument as for A there is a

M= P M,.

neu*

Indeed, this follows from [2, Ch. VII, §1, no. 3].

decomposition

Example 3.7. For a character n of u, let
]\477 = U(g) ®U(u) Kﬁ'

Then M,, € M,, and there is a canonical epimorphism M, — Neg .

4. THE FUNCTOR ]—“ﬁG

Now we come back to our p-adic situation. We replace C by our coefficient field K and
consider all objects defined in the previous section over K. This is harmless as all definitions

are algebraic.

Let n: u — K be a character. This extends to a homomorphism 7 : U(u) — K. We suppose
that 1 is non-degenerate (i.e, n(zy) # 0 for & € A) and that it is induced (via derivation) by a
locally L-analytic character 7 : Uy — K™ of the unipotent subgroup Uy = U N G(Op).

Proposition 4.1. For any M € M, there is a locally L-analytic action of Uy on M.

Proof. We consider the twisted module M @ K_, which is a U(n)-finite module where n acts
trivially. Here the action of the Lie algebra u integrates uniquely an algebraic action of U via the
exponential series, i.e., we define u-m =% -, %m where u = exp(r) € U(K), By untwisting,
i.e. by considering the tensor product M & K:n ® Kp = M we get the desired result. O

Let Rep™ 2™ (Uy) be the category of smooth admissible Up-representation and fix an object V'
in here. Note that V' is finite-dimensional since Uy is compact. Denote by D(g, Up) C D(Gy) the
subalgebra generated by g and D(Up). Then we get for any M € M,, by the proposition above a
locally analytic Up-action on M @5 V' and thus via the trivial action g on V' a D(g, Uy)-module
structure on M ®5 V'. We set

X4(M, V) = D(Go) @pgue) M @k V'
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which is a separately continuous D(Gy)-module on a nuclear Fréchet space. Hence its topological
dual X;;(M, V) is a locally analytic Go-representation of compact type. We put
FS(M,V) = ¢ — IndG, X;(M, V)’

which is thus a locally analytic G-representation. This construction is functorial in each entry.
Hence for a fixed locally analytic character 7 we get thus a bifunctor

}‘ﬁG : M, x Rep?’adm(Uo) — Rep(G).

Proposition 4.2. The functor ]-}]G is bi-exact.

Proof. Since ¢ — Indg0 is an exact functor it is enough to see that the expression X;(M,V)
defines an exact functor in M and V. As for the smooth entry, we choose a locally analytic section
s of the projection G — Go/Up and set H = s(Go/Up). Then X (M, V) = D(H) @y gy M @k V'
as vector spaces. As for the exactness in M this follows from the result [I, Corollary 7.8.7] by
Agrawal and Strauch. O

We can give as in [15] another description of the above representation. We consider for an
object M of M, a finite-dimensional U (u)-subspace W which generates M as a U(g)-module
and which is equipped with a locally analytic Up-action. Let d = ker(U(g) ®@ywy W — M) be
the kernel of the natural morphism. Let V be a smooth admissible Up-representation. Then

there is similarly as in [I5] the non-degenerate pairing

()1 (D(Go) @pwy W@ V') @k IndP (W' @ V) — C"(Gy, V).

(60w e f = o= (6 FO@))]
Here, by definition, we have (0 - (f(-)(w)))(g9) = d(z — f(gz)(w)).

Then we may identify similarly to [I5] our representation ]-'ﬁG (M, V) with the closed subrep-
resentation

c—Indf (W @ V) :={f €c—Indf,(W' @ V) | (z, f) = 0¥z € d}
of c — Inng(W’ ®V).
Example 4.3. Let M = Ng, be as above. Then
FE(No,y) = ¢ — Indf] (K})79=0
is the closed subspace of ¢ — Indgo(K 5) where Z(g) acts by ¢g.
If V = 1% is the trivial representation of Uy, then we simply omit it from the input in our
functor as in [15]. E.g., we write ]-"g(M) for ]-"S(M, 1%°).

Proposition 4.4. Let M € M, and let V € Rep(Uy). Suppose that V is admissible. Then
the representation X;(M, V) is strongly admissible and ]:,g;(M, V') is ind-admissible.
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Proof. The Lie algebra representation M is a finitely generated U(g)-module. As V is finite-
dimensional the module X;(M,V) is finitely generated as a D(Gp)-module, as well. Thus by
definition X;(M, V)" is strongly admissible .

The proof of the ind-admissibility is the same as in [12] which we recall for convenience. Let
S C G be a set of representatives for the double cosets Go\G/Gy. For each s € S, let Ry C G
be a set of representatives for the finite set GosGy/Gg. As for representations of finite groups
[20] we have

¢ —IndG (X3(M,V))ig, = EPs- (P t-X3(M,VY)

seS teRs
G
= GB s - (IndcgmsGOS,lXﬁ(M, VYY)
ses
G
= Ps ((Indgl 1) © X5(M, V).
ses

Now G is second countable hence Go\G /Gy is countable. Since any countable locally convex

sum is a strict inductive limit and Ind%° _, 1 is finite-dimensional the claim follows. O

GoNsGos

To the end of this section we want to specialize our functor to the subcategory N;.

Let Z be a finite-dimensional Z(g)-representation. Then I,,(Z) = U(g) ®z(gyuw) Z @ Ky € N,
and we have a locally analytic Up-action on I,,(Z). Thus we get via the trivial action g on V' a
D(g, Up)-module structure on I,(Z) @k V'. We set

G G
Fa(Z,V) = Fy (In(Z), V).
This construction is functorial in each entry. Hence for a fixed ) we get thus a bifunctor

F§  Repf{(Z(g)) x Repi2 ™™ (Un) — Repf(G).

Proposition 4.5. The functor ]}f is bi-exact.

Proof. This follows from Proposition and the exactness of the functor I,,. O

5. IRREDUCIBILITY

The first part of this chapter concerns the following irreducibility result. Here we fix as in
the previous section a maximal ideal © of Z(g) and let 1 be a non-degenerate character with
locally analytic lift 7).

Theorem 5.1. The locally analytic G-representation ]:g;(N@m) 1s topologically irreducible.
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Proof. We abbreviate Ng , by N. The proof is at the beginning verbatim the same as in [15} 12]
by replacing Py by Uy and with the obvious (notational) changes. We first prove that X = X;(V)
is a simple D(Gg)-module and consider for an arbitrary open normal subgroup H of Gq the
decomposition

X= B 6+ (DHU) @pu N)-
9€Go/H

Here we recall that for a D(H)-module N and g € G, we denote by d,x N the space N, equipped
with the structure of a D(H )-module given by §-gn = (6,-1604)n, where n € N, 6 € D(H ), and
the product 6,-106, € D(Go) is contained in D(H).

We arrive at the following modified version of Thm. 5.5 loc.cit. in a reduced version which
proves that X;(V) is a simple D(Go)-module.
Theorem 5.2. Let H be an open normal subgroup of Go, and let g, g1, 92 € Go. Then

(i) The D(H)-module 6, % (D(HUy) ®@pgu) N) is simple.

(it) The D(H)-modules 64, x (D(HUp) ®pgue) N) and dg, * (D(HUy) @p(guy) N) are iso-
morphic if and only if 1 HUy = goHU).

Proof. The proof passes through several reduction steps. The first step is to reduce to the case
of a suitable subgroup Hy C H which is normal in Gy and uniform pro-p.

Step 1: reduction to Hy. Let Lie(Gy), Lie(Up) etc. be the Lie algebras of G, Uy etc. These
are Op-lattices in g = Lie(G), u = Lie(U) etc. respectively. Moreover, Lie(Gy), Lie(Uy) etc. are
Zy-Lie algebras, and we have as usual a decomposition Lie(Gg) = Lie(Up) @ Lie(Ty) @ Lie(Uy) ).
For mg > 1 (mg > 2 if p = 2) the Op-lattices p"°Lie(Gy), p™°Lie(Uy) etc. are powerful Z,-Lie

algebras, cf. [4, sec. 9.4], and hence exp : g --+ G converges on these Op-lattices. We set

(5.1) Hoy = expg <pm°Lie(G0)> , HY = expg (meLie(To)),

Hf = expg (meLie(Uo)) ,Hy =expg <pm°Lie(Ua)>,

which are uniform pro-p groups. Moreover Hy is normal in Gg and H0+ in Uy, respectively. We
choose mg large enough such that Hy is contained H. With the same argument as in [I5] we
may assume from now on that Hy = H.

Step 2: passage to D,.(H). We put
1, p>2
R =
2, p=2
and denote by r a real number in (0,1) N p@ with the property that there is m € Z>q such that

m .
s =rP" satisfies

1
(5.2) max{z;, z|p~ PV} < s and 5" < p~ /@)
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where m € Op, is an uniformizer. We let || - ||, denote the norm on D(H) associated to the

canonical p-valuation. Here D,(H) is the corresponding Banach space completion. This is a
noetherian Banach algebra, and D(H) = Hm D,(H). Set N := D(HUp) @p(g,uy) N- As
explained in loc.cit. it is enough to show that

N, := Dy(H) @p(my N = D,(HUo) @p(gv) N

are simple D, (H)-modules for a sequence of r’s converging to 1. From now on we assume that,
in addition to (5.2)), that r is chosen such that N, # 0, and we consider N as being contained
in N,..

Step 3: passage to Ur(g). Let U,(g) = U, (g, H) be the topological closure of U(g) in D,(H).
Then
(5.3) U(g) is dense in D,(H) if r* < p 77 and U, (g) = D,(H).

Let (P (H))mZI be the lower p-series of H, cf. [4, 1.15]. Note that P;(H) = H. For m > 0
put H™ := P,,+1(H) so that H = H. Then H™ is a uniform pro-p group with Z,-Lie algebra
equal to meieZp (H). Thus our subgroups above have the following description. Let gz be a
Z-form of g, i.e. gz ®z L = g. We fix a Chevalley basis (2, yy, ho | v € D1, € A) of [gz, 92].
We have x., € gy, yy € g—v, and hq = [Ta,Ya) € t, for @ € A. Then

Liez,(H™) = p™Lie(Uy) = €D Oy,

where yg)) = p™0yg. Moreover, the Z,-Lie algebra of H™™ := H™ N H™ is

Liez, (H™™) = p™Lie(H @OLy :
BedT

(m)

where y," = Pty s, In the same way

Liez, (H+™) = p™Lie(HT) = @ow :

Bedt
where l‘(ﬂm) = p™t x5 and
Liez, (H*™) = p"Lie(H’) = €P OLh
BedT
where h(ﬁm) = p"0 T Mhg.

Let s = 7P" be as in . Denote by || - ||§m) the norm on D(H"™) induced by the canonical
p-valuation on H™. Then, by [I6, 6.2, 6.4], the restriction of || - ||, on D(H) to D(H™) is
equivalent to || - Hgm), and D,(H) is a finite and free Ds(H™)-module on a basis any set of coset
representatives for H/H™. By we can conclude:

(5.4) If s=7P" is as in (5.2), then U(g) is dense in Ds(H™), hence U,(g, H) = Ds(H™).
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In particular, U,(g) N H = H™ is an open subgroup of H. Let
n = U,(g)N

be the U,(g)-submodule of N, generated by N. The module N is dense in n, with respect
to this topology. Now N is essentially a finite direct sum of copies of U(u™) by the Harish-
Chandra isomorphism (see also identity below). Hence it follows from [5, 1.3.12] or [14]
3.4.8] that n, is a simple U, (g)-module, and in particular a simple D, (g, Up)-module. Thus for
every g € Go the U,(g)-module 64 x n, (which is defined as above by composing the natural
action with conjugation with g¢) is simple. As in [I5] we have for Uy, := HUy N D, (g, Up)

(i) Upyr = H™Uy = UgHO™H~™.
(11) D”'(HUO) = @QGHUO/UO,T 5QD7‘(97 UO)

By (ii) we deduce that n, = D,.(g,Uo) ®p(g,u,) N C Dr(HUpy) @p(g,us) NV = N, and

(5.5) N, = D.(HUp) @p(gue) N = De(HUD) @p qugy e = P gnr
gEHUo/Uo’r

Here the action of U,(g) on dgn, is the same as on d4 x n,.. Thus it suffices to show the theorem
below. Here we only consider n, as a module over U,(g). Thus for proving Theorem it
suffices to apply the next theorem.

Theorem 5.3. Assume that all the above assumptions are satisfied. Then for any g,h € Gy
with gUo, # hUp, the U,(g)-modules §4 * n,. and op, * n,. are not isomorphic.

Proof. We start with the following observation. By our assumption on r and s we have
Ur(u) = U(u,H ) = Ds(H™™). Elements in U,(u™) thus have a description as power

series in (yém))/geqﬁ:

Ur) =9 > daly™)" |

lim |d,|s"" = 0
n|—o0
n=(ng)

\
where (y("™)" is the product of the (yém))”ﬁ over all 8 € ®*, taken in some fixed order. Let

I| - ||§m) be the norm on Dg(H ™) induced by the canonical p-valuation on H~"". Then we have

for any generator yém)

(5.6) Iy [ = s~ .

Now let ¢ : 64 x 1, —=5 ), ¥, be an isomorphism of Ur(g)-modules. We may assume h = 1.
Let I C G be the Iwahori subgroup. Using the Bruhat decomposition

Go= [] TwBy
weWw
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we may write g = kywko with k1 € I, w € W and ko € By. Since Ty C I N By and w normalizes
Ty we may suppose that ko € Uy. As §, *n,. = n,. for u € Uy we may then suppose that ko = e.
By the Iwahori decomposition

I=(InBy) - (INU)
we may write k1 = hut with ut € INUy and h € I N B, . By shifting the factors from the left
to the right it suffices to consider an isomorphism

O : 0y * Ny S
with h € B .

Suppose that w # 1. Then there is a positive root 3 € ®* such that w™'8 < 0, hence

w1 (=B) > 0, cf. [3, 2.3]. Consider a non-zero element element y € g_g, and let v € N be a
generator (the unique Whittaker vector) of N. Then we have the following identity in &, * n,,

yowvt = Adw™ ) (y) - vT = n(Ad(w ()T
On the other hand, we have ¢(v") = v for some nonzero v € n,. And therefore

nAd(w W) =y wv) =y n o) =ypv=AdL"")(y) v.

Since h € B, we see that Ad(h™!)(y) € u~. But U(u™) acts freely on N since U(g) is free
over Z(g) ® U(u), cf. Theorem It follows that U(u™) acts freely on n,, as well. Thus
Ad(h™1)(y) - v cannot be a scalar multiple of v.

So we may suppose that w = 1 and that there is an isomorphism
¢:n, =5 5 xny

with h € B, . Write h = tu with ¢t € Ty and u € U, . By shifting ¢ to the left hand side we get
an isomorphism

¢ : 0 *n, S
Let again v = ¢(v™). For € u we get
(5.7) n(Ad(t ™ (z))v = ¢zt vT) =2 o(vT) =2 v = Ad(u ") (z) v
Thus v is an eigenvector for the action of Ad(u~!)(x). Next we consider the formal completion
N of N. In contrast to loc.cit., i.e. for objects in the BGG-category O, it is defined as follows.

Let y1,. ..,y be basis of u=. Then U(u~) = HQGNB Kyi*-- -yl is the formal completion
of U(u™). This in an obvious way a module for U(u™) and the module structure extends to a
representation of U~. Indeed we consider the exponential expy- : u~ --» U~ and the inverse
map logy—. We define forue U~ and v =), v, € Uu):

5u-v:ZZ%logU7(u)i-Uﬂ.

n >0

Note that this sum is well-defined in U(u~), because logg;— (u) is in u~, and there are hence only

finitely many terms of a given homogeneous degree in this sum. Moreover, it gives an action
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of U™ on U(u*) because exp(logy - (u1)) - exp(logy - (u2)) = exp (’H(logUf (u1),log; - (ug))) =
exp(logy- (u1ug)) where H(X,Y') = log(exp(X) exp(Y')) is the Baker-Campbell-Hausdorff series
(which converges on u™, as u™ is nilpotent). It is then immediate that this action is compatible
with the action of U(u™).

Since U (g) is finite free over Z(g)U (u) we find by the Harish-Chandra isomorphism h1, ..., h, €
U(t) such that the elements of U(u™) @ U(u™)h1 @ --- @ U(u~)h, form a basis. Then
(5.8) N=U@u ) xUu )ty xUu)t, ® Ke,.
Here we have again an action of U~ which is given component wise.

The identity implies then the following identity in N
Syt (@ (8u-0)) = Ad(w™) (@) - v = n(Ad(t)a)o .
for all z € u, and thus, multiplying both sides of the previous equation with &,
2 (8, v) = o (@) = n(Ad(t ")), - v,

Hence 6,-v € N is a Whittaker vector (since n' defines also a non-degenerate Whittaker function)
and must therefore be equal to a non-zero scalar multiple of v™. After scaling v appropriately
we have 6, -v =v" or v =§,-1 - v" with

(5.9) Sy v = Z %(—logU};(u))" t =%,
n>0 "

As in loc.cit. we shall show that the series X, which is an element of N , does in fact not lie
in the image of n, in N, ifu ¢ Uy, For this we write

10gU; (u) = BXB% )Zﬁ )
cB(u

with a non-empty set B(u) C ®* and non-zero elements z3 € g_g. Put

B*(u) = {8 € B(u) | z5 ¢ OLy"} .

This is a non-empty subset of B(u) since u ¢ Up,. Put B'(u) = B(u) \ BT (u),

2t = Z zzg and 2 = Z z5 = logy— (u) — 27T .
BEBT (u) BEB’(u)

Then 2’ € Liez, (H ™), and thus exp(z’) € H—™. The element u; = uexp(z’) ™' = uexp(—2/)
does not lie in H—"™, and 0, x n, = &,, * n,. We may hence replace u by u; = uwexp(—=z'). By
iterating this process we can assume that B’(u) = (), cf. loc.cit.

Next we chose as in loc.cit. an extremal element 3% among the 8 € B(u) = BT (u), i.e.
one of the minimal generators of the cone }_ 5. p(,) R>08 inside @,cp Ra. Then if we write
logy- (1)) = zg+ + 28, + ... + 23, where B(u) = {87, B2,..., Bi} it suffices to see that the series

—1)" .
%zkﬁr -v" does not converge to an element in n,.
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Because B'(u) = ), we have zg+ = aﬂ_kygf) for some k> 1 and o € O7. We then get
2y
112 = |
n!

§™ ﬂ_fn(kfl) s
s o1 I

o = e

S
By identity 1) we have [2)| > p ®=1 which is the radius of convergence of the exponential
series. As further |[77!| > 1 we see that ¥ does not converge.

Now we show that ¢ — IndgoX ' is topologically irreducible. For this we check the levelwise
Mackey criterion by Bode [12, Theorem A.23]. For r as above let X, := D,.(Go) ® p(g,) X be the
completion of X. For a non-trivial double coset representative g € Go\G/Go, let G§ := gGog™*
and F = GoNGY. We have to show that the D, (F)-modules X, and d,x X, are disjoint i.e., that
they do not have a simple constituent in common. We shall show that these modules are even
as U,(g)-modules disjoint. For this it suffices to see that there is no non-trivial homomorphism

5h1 *n, — 5g-h2nr for hq, he € Gy.
By the Cartan decomposition we may suppose that g € T~ = {t € T | |a(t)| > 1Va € A}

is an element of the torus. So suppose that g =t € T~ and that ¢ : dp, xn, = dtha x 1, is an
isomorphism. We may assume by shifting factors that hy = 1.

Suppose first the case h; = 1. Consider the formal completion N of N. Then
H’(n,N) = H°(n,N) = Kv*.

Since N is also the formal completion of §; x N and d; x ) is also a non-degenerate Whittaker
function for v+ we assume that ¢(v*) = v*. But then we have n(Ad(t)z)p(vT) = ¢(zv™) =
d(n(z)vt) = n(x)p(v™) for all x € u. Thus n(Ad(t)z) = n(x) for all x € u which is impossible
since 7 is non-degenerate. In the case h; # 1 we can repeat the proof of Theorem 5.3 using
the Bruhat decomposition. Observe that §; x n is also Whittaker module with respect to the
Whittaker function n’.

Hence the summands of the two direct summands are pairwise not isomorphic which finishes

our proof. O

A natural generalization of the above theorem is to consider also a smooth contribution V' in
our functor. By functoriality V' has to be irreducible in order that ]:ﬁG (Ne,,, V) is topologically
irreducible as G-representation. This condition is also sufficient:

Theorem 5.4. Let 77 and © be chosen as above. Let V' be a smooth irreducible representation
of Uy. Then ]-'g(N@m, V') topologically irreducible as G-representation.

Proof. The proof follows the same lines as in [I5] We present a compactified version and refer
for more details to loc.cit.

For a closed G-subrepresentation W C .7-"7? (N,V)), we put
Wm = lim Homp (c — I]adg0 (K|, Wla)
H
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where the limit is taken over all compact open subgroups H of G. Then G acts on Wy, via
(90)(f) = g(¢(g~1(f)) and yields by construction a smooth representation. We consider the
continuous map of G-representations

Dy - c—Indgo(K,%)a Ok Wem — W, f@¢— o(f).
Let H C Gg be an open normal subgroup. We have
(5.10) e~ dG (Kl = @ Wl (K5
yeH\G /Uy
where (/)7 is K with the twisted action.

By Theorem all H-representations on the right hand side of (5.10) are topologically irre-
ducible and pairwise non-isomorphic. Similarly, for the representation ¢ — Indgo(K 7’] R V)° we
have

Indg, (K @k Ve = @ Indjjn,py,-1 (K5 @x V7)°.
vEH\Go/Up

Denote by VHMo c V the subspace of fix vectors for H N Uy. Then
?
(10001 (7)) 00 VAT = Inf ()T g (VAR
is a subspace of IndgmUm_l((K}])V @K V7)°. Let
¢:c— Indgg(K%)am —c— Indgg(K}] Rk V)°|u

be a continuous homomorphism of H-representations. For each v, let f, € IndgmUO L1 (K "rye
be a non-zero element. Because of the irreducibility the map ¢ is uniquely determined by the
images ¢(f,) which are rigid-analytic functions on the components of some covering of G by
'polydiscs’ A; and which take values in a BH-subspace of K’ @ V. But any such BH-subspace
is finite-dimensional, hence contained in a subspace of the form K’ ®@x V"o for some open
subgroup H' C H which is normal in Gy. Shrinking H' we may further suppose that each A; is

H’-stable and that each ¢(f,) takes values in K’ @ VH'Oo and

$(h-£)(9) = [h-6(£:))(9) = d(f1) (") € K' @ VU0

for any h € H. Because the subspace of IndgmUm,l((K’ )7)® generated by the functions
h.fy, h € H, is dense in IndgmUm,l((K’)V)a, we have ¢(f)(9) € K, ®x VH o for all

fe IndgmU0 L1 (K )7)?. Tt follows that ¢ induces a continuous map of H'-representations

&+ e~ ndffo (K" — [e = ndfo (K| s oy VT

Here the irreducible H'-representation IndgijO 7_1((K )7)° contained in the left hand side is

mapped via ¢ to [Indgﬁworl((K’)”)ﬂ @k VI’ and the restriction of ¢ to this summand
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has the shape f — f ® v for some v € VZ'™Uo_ Ag in loc.cit. one deduces from this that the

canonical map

¢ —indf (V) — fg(NaV))sm
p = [feo2(fo9)

is an isomorphism, where ¢ — indgo(V) denotes the smoothly compact induction. Moreover by
the same reasoning as in loc.cit. one verifies that Wy, # {0} for any non-zero closed G-invariant
subspace W C ]-}?(N, V).

Claim: ¢ — Indg0 (K3)° @k Wy, surjects onto ]-"ﬁc(N, V).

For this it suffices to show that ¢ — Indgg (K;)® @K Wgy, surjects onto X (Ney, V)" where
W9, = W Nindio (V).

Consider the Up-morphism I : W9 — V given by ¢ + (1). As W, # (0) and therefore
WO  # (0) this map is surjective. Therefore, for any v € V there is some ¢ € W0 with
(1) =v. As W9 is a Go-representation we may replace 1 by any g € Gy, i.e. ¢(g) = v. Then,
on a neighborhood N of g, the map ¢ is constant with value v.

Let S C Gy be a compact locally analytic subset such that S - Uy = Gp. Let 8" € S and
C C Uy be compact open subsets such that S’-C C N. Let f: G — K’ be a function whose
support is contained in S’ - C. Then the function S — K’ @k V, s — f(s) ® ¢(s), is equal to
the function S — K' @k V, s — f(s) @ v.

Let f € Indgg(K;] @k V)° be any element. Then f is uniquely determined by its restriction
to S. As we have seen above, the set f(Gy) is contained in a finite-dimensional vector space
K;] ®x Vo with Vy C V. Let v1,...,v, be a basis of Vj. Write f(s) = fi(s)@vi+...+ fr(s) @v,
with locally analytic K;]—valued functions f; on S. Extend each function f; to Go by fi(s-u) =
A(u=1)fi(s). Then f; € Indgg (KG,) for all i. In fact, one verifies that f; € Indgg (K7)° for all
i. For any s € S choose some ;s € WO such that @i s(x) = v; for all z in a compact open
neighborhood N; s C S of s. As § is compact, finitely many of the IV; , will cover S. We can
then choose a (finite) disjoint refinement (IV; ;); of the finite covering. Then we restrict f; to
each of these IV; ;- Uy, and extend it by 0 to (S\ NV; ;) - Up. Denote the function thus obtained by
fij- Again, all f; ; lie in c—Indgg (K')?, and © = fi j(2) @ ¢; 5,5 (@) = fi,j(x) @y, for a suitably
chosen s(i,j) € S. Obviously, we have: f = 3", fi; ® ¢; ;). Indeed, by construction, both
f|s and the restriction of the sum to S coincide. And both are functions in ¢— Indgg (K'@g V)?;
therefore, they are equal. The claim follows. O
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6. CUSPIDALITY

In this final section we will show that the ordinary (Hausdorff) Jacquet modules of .7-}? (Ne sy, V)
with respect to proper parabolic subgroup vanish. However, we will see that the higher homol-
ogy groups do not vanish in general. We keep the notation from the previous section and fix
further a smooth representation V' of Uy. For convenience we set N = Ng .

Proposition 6.1. Let P C G be a parabolic subgroup and Up its unipotent radical. Set Upgy =
GoNUp. Then H*(Upg, X4(N,V)) = 0.

Proof. We follow the proof of [12, Thm. 6.1]. We clearly have H*(Up, X;(N,V)) = H%(up, X;(N, V))Uro
so that it suffices to see that H%(up, X;(N,V)) = 0. Since the action of up on V is trivial we
may suppose that V' = 1% is the trivial representation, cf. [13, Lemma 3.4].

Let I C Gy be the standard Iwahori subgroup. For w € W, let NV be the D(g, I NwUpw™!)-
module with underlying vector space N twisted action given by composition of the given one
with conjugation with w. Let

(6.1) w ! Tw = (Uy Nw™ w)(To Nw ™ Tw)(Up Nw™ Tw)

be the induced Iwahori decomposition, cf. [I4, Lemma 3.3.2]. The Bruhat decomposition
Go = [Lyew {wl induces a decomposition

(6.2) D(Go) ®pgup) N =~ @D(I)(@D(g,lﬂwUOw*l)Nw
weWw

@ D(w_llw) ®D(g,w*11wﬂU0) N
weW

1

since TwBy = ITwU,. For each w € W, we have
HO(uP7 D(I) ®D(g,[ﬁonw*1) Nw) = HO(Ad(wil)(uP)v D(wiljw) ®D(g,w*11wﬁUo) N)
We can write each summand in the shape

N = D(w™ ' Tw) ®p(gw-11wnt) N = @Mw
r

where N = Dy (w™ ' w) @ p(guw-11wnug) N- If we denote by N the topological ClOSUI“GH of N
in NV}, we get by [IB, 5.6.5] finitely many elements v € U, and finitely many elements v € Tj
such that

(6.3) NP = @D 6udy @ N

u,v

and the action of r € Ad(w!)(up) is given by

L Z 5u5v b2y mu,v = Z 5u511 ® Ad((uv)_l(x))muﬂi'

u,v

Ihere we use the notation of [13].
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Indeed, by [14, Prop. 3.3.4] we have isomorphisms
Dp(w™Hw) 2 Dy(w™ Tw N Uy ) Dy (w™ Tw N To) @D, (w™ Tw N Up)
which induce isomorphisms
D, (g, w  Tw N Up) = U, (uy QU (@D, (w™ Tw N Uy)
where U, (uy ) is the closure of U(uy ) in D,(w™ Tw N U, ) etc. Hence we get

Dy (w™ Tw) ®D(g,w—1TwnUy) IV
(6.4) = Dy(w ' TwnU; )®D,(w™ Tw N Tp) O, (u ot (1) V-

But by the discussion in [I5, (5.5.7)- (5.5.8)] there are for the fixed open subgroup H (which is
contained in w™!Iw) finitely many elements u € U, such that D, (HNUy ) = @, 0.U:(uy ). On
the other hand there are by the compactness of I finitely many u € Uy such that D, (w=TwN
Uy ) =@, 0uDr(H NU; ) which gives the above claim.

Let w # 1. Then Ad((uv) !(Ad(w~!)up) contains an element in u~. Hence this element acts
injectively on N by the presentation (5.8). By a similar argument as in Step 1 of [I5, Theorem
5.7] this element acts injectively on N}*, as well since each element in N is again a power series
in weight vectors. We conclude that HO(Ad((uv)™ ) (Ad(w™1)(up)), N¥) = 0 for all w # 1. If
w=1and u =1 then Ad((uv) " }((Ad(w™1)up)) = up. But then there exists an element x € up
attached to a simple root such that n(z) # 0. Hence z acts injectively, as well. Indeed one checks
this by elementary computations in N or by applying [8, Th, 4.1]. By the argument above we
deduce again that H°(Ad((v)~!)(Ad(up)), N}) = 0.

If u # 1 then Ad((uv)™1)(up)) € up. Hence there is some element in it which we can write
as a sum y + = with y € u=. Now let v € N and identify it with an element in . Then y
increases the degree whereas x decreases the degree of the corresponding polynomial expression
in the y,, o € ®*. Hence y + x acts injectively on N and we argue as above.

Hence by passing to the limit we get H°(Ad(w™!)(up), N*) = 0 for all w € W. The claim

follows. =

Corollary 6.2. With the above notation we have Ho(Upg, X7(N,V)) = 0. (where Hy denotes
the Hausdorff completion of Hy).

Proof. This follows by duality, cf. also [I3], Theorem 3.5]. O
Proposition 6.3. We have FO(UP,}",?(N, V)) =0.

Proof. Since ¢ — Indg, (X5(N,V)') is a direct sum Dec/c, 9Xi(N, V) of copies of X(N, V)’
and Ho(up, gX5(N,V)) = Ho(Ad(g)(up), X3(N,V)') it suffices to see that Ho(up, X;(N,V)') =
0 since we consider from the very beginning arbitrary parabolic subgroups P. Now we apply the
above corollary. O

In the following we discuss an example which shows that the homological vanishing criterion
of Kohlhaase is not satisfied in general. For this let G = GLs.
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Proposition 6.4. We have Hl(U_,.EA?(N)) # 0.

Proof. By [7, Theorem 7.1] we have the identity H; (U™, ¢ — Indgo(Xﬁ(N)’) = Hi(u,c—
Indgo(Xﬁ(N)’))Uf. Since dimu = 1 we conclude that H;(u™,c — Indgo(Xﬁ(N)') is the co-
homology of the complex
y:Ct = C°

where CY = C! = Indgo (X3(N)") and y denotes multiplication by y € u™.

Thus Hi(u™,c— Indgo (X;(N))) coincides with Ho(u™, ¢ — Indg0 (X5(N)")) which is isomor-
phic to the topological dual of Ho(u™,c — ImdgO (X4(N)). But

Ho(u™,c—Ind§ (X4(N))) = c—Indg

= ¢—Ind§

(N))/u~ ¢ — Indg, (X;(N))

O(Xﬁ
o (X (V) /u” X5(N))

by the exactness of ¢ — Indgo. Further u=D(Gy) = D(Go)(u™)¥N for some integer k& > 1 since

u~ is a Ore set (cf. the proof of [9, Lemma 4.2]). But N/(u™)*N is a finite-dimensional vector
space. In particular we see that

D(Go) ®p -y N/u”D(Go) ®u-y N = D(Go) @pu-y (N/(u™)FN)

is a Hausdorff space. But the natural epimorphism D(Go) @~y N — D(Go) ®p(g,uy) N is strict.
It follows by the obvious diagram chasing diagram that D(Go) ®p(g,u,) NV/u~ D(Go) @p(g,u0) NV
has to be Hausdorff, as well. Thus we conclude that Hy(u™,c — IndgO (X3(N)) = Ho(u™,c—
Indg0 (X;(N)). Moreover, the image of the Whittaker vector in N/(u~)¥N does not vanish. It
follows that D(Go) ®p(q,v,) N/u~D(Go) @p(g,u) N # 0. Indeed by we may suppose that
Gy is I. Then we use the decomposition in order to deduce the claim. This finishes the
proof. O
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