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Abstract

Complete eigenstructure, e.g., eigenvalues with multiplicities and minimal in-
dices, of a skew-symmetric matrix pencil may change drastically if the matrix
coefficients of the pencil are subjected to (even small) perturbations. These
changes can be investigated qualitatively by constructing the stratification
(closure hierarchy) graphs of the congruence orbits of the pencils. The results
of this paper facilitate the construction of such graphs by providing all closest
neighbours for a given node in the graph. More precisely, we prove a neces-
sary and sufficient condition for one congruence orbit of a skew-symmetric
matrix pencil, A, to belong to the closure of the congruence orbit of another
pencil, B, such that there is no pencil, C, whose orbit contains the closure
of the orbit of A and is contained in the closure of the orbit of B.
Keywords: matrix pencil, congruence, skew-symmetry, stratification,
eigenstructure, canonical form
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1. Introduction

Complete eigenstructure, e.g., eigenvalues with multiplicities and minimal
indices, of a matrix pencil is essential for understanding physical properties
of the system described by this pencil. Unfortunately, small perturbations in
the coefficients of the pencil may cause significant changes in the eigenstruc-
ture. This sensitivity challenges the accuracy of analysis and computations
that are dependent on the eigenstructure of the input matrix pencil. One way
to study these changes is by constructing the closure hierarchy graphs (or
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stratifications) for orbits and bundles of matrix pencils [1, 15, 17, 22, 24, 29].
Stratification provides us with qualitative information about the eigenstruc-
ture of the matrix pencils in a neighbourhood of a given matrix pencil. More
precisely, stratification of orbits of matrix pencils is a graph in which each
node represents an orbit and each edge represents a closure relation, i.e.,
there is an edge between two nodes if the closure of the orbit corresponding
to one node contains the closure of the orbit corresponding to another node,
see e.g., [20, 31].

In many applications, the matrix coefficients of the pencils possess a cer-
tain structure, e.g., they may be (skew-)symmetric, (skew-)Hermitian, palin-
dromic, or have a particular blocking structure. Preserving these structures
in the analysis and computations may be crucial for applications [27]. There-
fore, we aim to develop the stratification theory for the structured matrix
pencils, which may differ significantly from the theory for general matrix pen-
cils, see e.g., [6, 8]. In particular, this paper contributes to the development
of such a theory for skew-symmetric matrix pencils. Recall that A − λB is
skew-symmetric if and only if A = −AT and B = −BT . Skew-symmetric matrix
pencils have various applications in mathematics, engineering and physics.
Notable ones are in control theory [2, 25, 26], systems with bi-hamiltonian
structure [28] and multisymplectic partial differential equations [3].

Skew-symmetric matrix pencils have received a considerable attention
in the recent years, see e.g., papers on canonical forms [30, 32], structured
staircase algorithm [4, 5], computation of codimensions of the congruence
orbits and bundles [14, 18], miniversal deformations and perturbation the-
ories [10, 19], stratification theory [17], and problems for skew-symmetric
linearizations of skew-symmetric matrix polynomials [7, 11, 13]. Moreover,
in [17] an algorithm for stratification of skew-symmetric matrix pencils is
presented. Nevertheless, it is computationally demanding even for the pen-
cils of small sizes and the amount of required computations grows rapidly
when the size of pencils increases. Such a high computational cost arises
partially from the use of the stratification of general matrix pencils under
strict equivalence from which the algorithm extracts the nodes corresponding
to the skew-symmetrizable matrix pencils and checks for the paths between
these nodes. Using this extracted information a new stratification graph for
skew-symmetric matrix pencils under congruence is then constructed. For
example, to draw the orbit stratification graph of 7 × 7 skew-symmetric ma-
trix pencil under congruence (presented in Figure 3), one needs to consider
the stratification graph of a 7 × 7 general matrix pencils, consisting of 570
nodes and 2471 edges (these exact numbers are taken from the Stratigraph
software [31]), identify and extract the 20 relevant nodes and check the paths
between these nodes in the graph for general matrix pencils. Using the re-
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sults of this paper, one can draw the stratification graph of skew-symmetric
matrix pencils without a need to consider the stratification graph for general
matrix pencils, see Examples 3.7 and 3.8.

This paper closes the gap in the stratification theory of orbits of skew-
symmetric matrix pencils. Namely, it explains when two orbits are neigh-
bours in the stratification graph, which allows us to construct such graphs
efficiently. We also emphasize that as with the general matrix pencils, this
result corresponds to the description of the minimal changes that may occur
to the eigenstructure of a skew-symmetric matrix pencil under arbitrarily
small skew-symmetric perturbation. The corresponding results are already
known for general matrix pencils [20] and matrix polynomials [16], as well as
for controllablity and observability pairs [21], and system pencils [15].

In Section 2, we recall definitions, notations, and results related to the
orbit stratification of matrix pencils along with some observations about
skew-symmetric matrix pencils. In Section 3, we present our main results
about necessary and sufficient conditions for two orbits of skew-symmetric
matrix pencils to be neighbours in the closure hierarchy graphs and illustrate
our results with examples. Section 4 presents a relation between closure
hierarchy graphs of matrix pencils of different dimensions. Conclusions and
future plans are presented in Section 5.

2. Preliminary results

Define Q+, Z+, and C as the sets of positive rational numbers, positive
integers and complex numbers, respectively. All matrices considered in this
manuscript are complex matrices. For each k = 1,2, . . . define the k × k
matrices

Jk(µ) ∶=

⎡⎢⎢⎢⎢⎢⎢⎢⎣

µ 1
µ ⋱
⋱ 1

µ

⎤⎥⎥⎥⎥⎥⎥⎥⎦

, Ik ∶=

⎡⎢⎢⎢⎢⎢⎢⎢⎣

1
1
⋱

1

⎤⎥⎥⎥⎥⎥⎥⎥⎦

,

and for each k = 0,1, . . . define the k × (k + 1) matrices

Fk ∶=
⎡⎢⎢⎢⎢⎢⎣

0 1
⋱ ⋱

0 1

⎤⎥⎥⎥⎥⎥⎦
, Gk ∶=

⎡⎢⎢⎢⎢⎢⎣

1 0
⋱ ⋱

1 0

⎤⎥⎥⎥⎥⎥⎦
.

All non-specified entries of Jk(µ), Ik, Fk, and Gk are zeros.

2.1. Matrix pencils under strict equivalence
An m × n matrix pencil A − λB is called strictly equivalent to the pencil

C − λD if and only if there are non-singular matrices Q and R such that
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(Q−1AR,Q−1BR) = (C,D). The orbit of A−λB under the action of the group
GLm(C) ×GLn(C) on the space of all matrix pencils by strict equivalence is
defined as follows:

Oe
A−λB = {Q−1(A − λB)R ∣ Q ∈ GLm(C),R ∈ GLn(C)}.

The following theorem gives a canonical form known as the Kronecker
canonical form (KCF) for matrix pencils under the strict equivalence trans-
formation.

Theorem 2.1. [23] Each m×n matrix pencil A−λB is strictly equivalent to
a direct sum, uniquely determined up to permutation of summands, of pencils
of the form

Ek(µ) ∶= Jk(µ) − λIk, µ ∈ C, Ek(∞) ∶= Ik − λJk(0),
Lk ∶= Fk − λGk, and LT

k ∶= F T
k − λGT

k .

The blocks Ek(µ), Ek(∞), Lk and LT
k correspond to the finite eigenval-

ues, infinite eigenvalues, column minimal indices and row minimal indices,
respectively, of A−λB. The blocks Ek(µ), Ek(∞) altogether form the regular
part and the rest forms the singular part of the matrix pencil.

An integer partition of n ∈ Z+ is a non-increasing sequence of integers
P = (p1, p2, p3, . . .) such that pi ⩾ 0 and the sum of all pi is n. Each of pi’s is
called part of the integer partition. For any a ∈ Z and b ∈ Q+, P+a and bP are
defined as addition of a to each part of the partition P and multiplication by b
of each part of the partition P , respectively, such that the resulting sequence
is a non-increasing sequence of non-negative integers. The set of all integer
partitions forms a lattice with respect to the dominance order. By dominance
order on integer partitions, we mean that for any integer partitions P and
Q, P ≽ Q if and only if p1 + p2 + . . . + pm ⩾ q1 + q2 + . . . + qm, for m = 1,2, . . . ,
and P ≻ Q if and only if P ≽ Q and P ≠ Q. In a lattice, we say P covers Q
if and only if P ≻ Q and there exists no partition Z that Z ≻ Q and P ≻ Z.
The cover relation between two integer partitions can also be illustrated in
the following way:
Place m coins in a table in a non-increasing sequence with mi coins in column
i. An integer partition P1 covers P2 if P2 may be obtained from P1 by moving
a coin downward one row or rightward one column such that the resulting
integer partition remains monotonic. Such coin move will be referred to as
minimum rightward coin move. Equivalently, minimum leftward coin move
is referred to a coin move upward one row or leftward one column to obtain
P1 from P2 (for more information, see e.g., [20]).
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We define C = C∪∞. The following integer partitions, known as the Weyr
characteristics, are associated with every matrix pencil P (with eigenvalues
µj ∈ C):

• R(P ) = (r0(P ), r1(P ), . . . ): the kth position is the number of L-blocks
with indices greater than or equal to k (the position numeration starting
from 0);

• L(P ) = (l0(P ), l1(P ), . . . ): the kth position is the number of LT -blocks
with indices greater than or equal to k (the position numeration starting
from 0);

• {Jµj
(P ) ∶ j = 1, . . . , d}, where d is the number of distinct eigenvalues:

for each distinct µj, Jµj
(P ) = (jµj

1 (P ), j
µj

2 (P ), . . . ), the kth position is
the number of Jordan blocks of P of size greater than or equal to k
(the position numeration starting from 1).

For an m×n matrix pencil P , the normal rank of P is defined as the rank
of the matrix P over C(λ). It can also be formulated as nrk(P ) = n−r0(P ) =
m − l0(P ), see [20].

By X we denote the closure of a set X in the Euclidean topology. For
two matrix pencils X and Y, by the structure transition X ↝ Y we mean
that in the canonical form of a matrix pencil the blocks represented by X are
replaced by the blocks Y . Note that X and Y must have the same sizes. The
following theorem helps us to understand all possible changes in the KCF of
matrix pencils under small perturbations.

Theorem 2.2. [1, 17, 29] Let P1 and P2 be two matrix pencils such that
Oe

P2
⊂ Oe

P1
. Then P2 can be obtained from P1 changing canonical blocks of P1

by applying a sequence of structure transitions and each transition is one of
the six types below:
G1. Lj ⊕Lk ↝ Lj−1 ⊕Lk+1, 1 ⩽ j ⩽ k;
G2. LT

j ⊕LT
k ↝ LT

j−1 ⊕LT
k+1, 1 ⩽ j ⩽ k;

G3. Lj+1 ⊕Ek(µ) ↝ Lj ⊕Ek+1(µ), j, k = 0,1,2, . . . and µ ∈ C;
G4. LT

j+1 ⊕Ek(µ) ↝ LT
j ⊕Ek+1(µ), j, k = 0,1,2, . . . and µ ∈ C;

G5. Ej−1(µ) ⊕Ek+1(µ) ↝ Ej(µ) ⊕Ek(µ), 1 ⩽ j ⩽ k and µ ∈ C;
G6. ⊕t

i=1Eki(µi) ↝ Lp⊕LT
q , if p+q+1 = ∑t

i=1 ki and µi ≠ µi′ for i ≠ i′, µi ∈ C.
For two matrix pencils P1 and P2, P1 ≠ P2, Oe

P1
covers Oe

P2
means Oe

P2
⊂

Oe
P1

and there exist no other skew-symmetric matrix pencil, P , P1 ≠ P and
P ≠ P2 such that Oe

P ⊂ Oe
P1

and Oe
P2
⊂ Oe

P . Theorem 2.3 is a necessary and
sufficient condition for orbit cover relation of matrix pencils in terms of coin
moves.
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Theorem 2.3. [20] Let P1 and P2 be two matrix pencils. Then Oe
P1

covers
Oe

P2
if and only if P2 can be obtained from P1 by applying one of four rules

to the integer partition of P1:

C1. Minimum rightward coin move from column j in R (or L), where j ⩾ 1;

C2. If the rightmost column in R (or L) is single coin, append that coin as
a new rightmost column of some Jµi

;

C3. Minimum leftward coin move in any Jµi
;

C4. Let k denote the total number of coins in all of the longest (=lowest)
rows from all of the Jµi

. If the total number of non-zero columns of
R and L exceeds k+1, remove these k coins, add one more coin to the
set, and distribute k+1 coins to rp, p = 0, . . . , t and lq, q = 0, . . . , k− t−1
such that at least all non-zero columns of R and L are given coins.

For convenience, we reformulate Theorem 2.3 in terms of structure tran-
sitions.

Theorem 2.4. Let P1 and P2 be two matrix pencils. Then Oe
P1

covers Oe
P2

if and only if P2 can be obtained from P1 by applying one of six structure
transitions to the canonical blocks of P1:

J1. Lj ⊕ Lk ↝ Lj−1 ⊕ Lk+1, 1 ⩽ j ⩽ k such that k − j = min{{k1 − j, k2 −
j, . . .} ∪ {k − j1, k − j2, . . .}}, jt ⩽ k and j ⩽ ku;

J2. LT
j ⊕ LT

k ↝ LT
j−1 ⊕ LT

k+1, 1 ⩽ j ⩽ k such that k − j = min{{k1 − j, k2 −
j, . . .} ∪ {k − j1, k − j2, . . .}}, jt ⩽ k and j ⩽ ku;

J3. Lj+1⊕Ek(µ) ↝ Lj⊕Ek+1(µ), j, k = 0,1,2, . . . and µ ∈ C such that k and
j +1 are the sizes of the largest E-block and L-block in P1, respectively,
provided that rj+1(P1) = 1;

J4. LT
j+1⊕Ek(µ) ↝ LT

j ⊕Ek+1(µ), j, k = 0,1,2, . . . and µ ∈ C such that k and
j+1 are the sizes of the largest E-block and LT -block in P1, respectively,
provided that rj+1(P1) = 1;

J5. Ej−1(µ) ⊕Ek+1(µ) ↝ Ej(µ) ⊕Ek(µ), µ ∈ C, 1 ⩽ j ⩽ k such that k − j =
min{{k1 − j, k2 − j, . . .} ∪ {k − j1, k − j2, . . .}}, jt ⩽ k and j ⩽ ku;

J6. ⊕t
i=1Eki(µi) ↝ Lp ⊕ LT

q , p ⩾ pl, q ⩾ qj, for all existing Lpl and LT
qj

in
P1; p + q + 1 = ∑d

i=1 ki, ki is the size of the largest Jordan block in P1

corresponding to each distinct µi ∈ C.
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Proof. We explain below the extra requirements added to the rules in The-
orem 2.2 that results in Rules J1-J6 from Theorem 2.4.

Rule J1: Assume k − j ≠ min{{k1 − j, k2 − j, . . .} ∪ {k − j1, k − j2, . . .}},
jt ⩽ k and j ⩽ ku. Then either of the following two situations occur:

• There exists an l such that k − l = min{{k1 − l, k2 − l, . . .} ∪ {k − l1, k −
l2, . . .}}, lt ⩽ k and l ⩽ ku. We apply Ll ⊕ Lk ↝ Ll−1 ⊕ Lk+1. Then,
applying G1 from Theorem 2.2, Lj ⊕Ll−1 ↝ Lj−1⊕Ll violates the cover
relation.

• There exists an l such that l − j = min{{l1 − j, l2 − j, . . .} ∪ {l − j1, l −
j2, . . .}}, jt ⩽ l and j ⩽ lu. Consequently, we apply, Lj ⊕ Ll ↝ Lj−1 ⊕
Ll+1 followed by G1 from Theorem 2.2 on the blocks Ll+1 and Lk, i.e.,
Ll+1 ⊕Lk ↝ Ll ⊕Lk+1. This violates the cover relation.

Conversely, if Oe
P1

does not cover Oe
P2

, then there exist a matrix pencil P´
such that Oe

P1
covers Oe

P´ and Oe
P´ covers Oe

P2
. Then we use J1 twice to

achieve P2 from P1 which violates the minimality of the difference k − j.
Similar argument holds for Rules J2 and Rules J5.

Rule J3: The requirements of rj+1(P1) = 1 and j + 1 to be the size of the
largest L-block in P1 comes from the requirement in C2 (Theorem 2.3) that
the rightmost column in R is a single coin. Since the coin is appended as a
new rightmost column of some Jµi

, k has to be the size of the largest E-block
in P1. Again, similar argument holds for Rule J4.

Rule J6: The requirement ki to be the size of the largest Jordan block in
P1 corresponding to each distinct µi ∈ C results from the action of removing
the coins from all of the longest (=lowest) rows corresponding to all Jµi

in
C4 in Theorem 2.3. Also, the requirements p ⩾ pl, q ⩾ qj, for all existing Lpl

and LT
qj

in P1 results from the requirements that at least all non-zero columns
of R and L are given coins.

2.2. Skew-symmetric matrix pencils under congruence
A n × n skew-symmetric matrix pencil A − λB is said to be congruent

to the pencil C − λD if and only if there is a non-singular matrix S such
that (STAS,STBS) = (C,D). The orbit of A − λB under the action of the
group GLn(C) on the space of skew-symmetric matrix pencils by congruence
is defined as follows:

Oc
A−λB = {ST (A − λB)S ∣ S ∈ GLn(C)}.

The next theorem provides a canonical form for skew-symmetric matrix pen-
cil under congruence transformation.
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Theorem 2.5. [32] Each skew-symmetric n×n matrix pencil A−λB is con-
gruent to a direct sum, determined uniquely up to permutation of summands,
of pencils of the form

Hh(µ) = [
0 Jh(µ)

−Jh(µ)T 0
] − λ [ 0 Ih

−Ih 0
] , µ ∈ C,

Kk = [
0 Ik
−Ik 0

] − λ [ 0 Jk(0)
−Jk(0)T 0

] , Mm = [
0 Fm

−F T
m 0

] − λ [ 0 Gm

−GT
m 0

] .

A matrix pencil can be skew-symmetrized if its strict equivalence orbit
contains a skew-symmetric matrix pencil. The following theorem is a neces-
sary and sufficient condition for a matrix pencil to be skew-symmetrized.

Lemma 2.6. [17] A matrix pencil can be skew-symmetrized if and only if
the following conditions hold:

1. For every k and each distinct µ, the KCF of the pencil contains an even
number of blocks of the type Ek(µ);

2. For every k, the KCF contains an even number of blocks of the type
Ek(∞);

3. For every k, the number of blocks Lk is equal to the number of blocks
LT
k in the KCF.

Lemma 2.7 relates the normal rank of a skew-symmetric matrix pencil to
the KCF.

Lemma 2.7. [17] Let P be a matrix pencil, taken in the KCF, i.e., it is a
direct sum of the blocks Eai(λ),Ebi(∞), Lci , and LT

di
. Then the normal rank

of P is equal to the sum of the indices, ai, bi, ci, and di, of all its Kronecker
canonical blocks.

Remark 2.8. Lemmas 2.6 and 2.7 imply that normal rank of a skew-
symmetric matrix pencil is an even number.

Lemma 2.9 is an observation about integer partition corresponding to
Jordan blocks for skew-symmetric matrix pencils.

Lemma 2.9. Let P be a skew-symmetric matrix pencil. For every µ, each
jµi (P ) in Jµ(P ) is even, for all i = 1,2, . . .

Proof. Let the total number of Jordan blocks corresponding to the eigenvalue
µ of size equal to i be nµ

i (P ). So, jµi (P ) = nµ
i (P ) + n

µ
i+1(P ) + ⋅ ⋅ ⋅ + n

µ
t (P ),

where t is the size of the largest Jordan block. By Lemma 2.6, each nµ
i (P )

is even and the result follows.
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3. Orbit cover relations for skew-symmetric matrix pencils

In this section we develop a theory that helps us to formulate a necessary
and sufficient condition for Oc

P1
to cover Oc

P2
, for two skew-symmetric matrix

pencils P1 and P2, in terms of both coin moves and structure transitions of
canonical blocks. The following lemma is an observation about closure of
orbits of skew-symmetric matrix pencils that will be used in the proof of the
main result of this paper.

Lemma 3.1. Let P1 and P2 be two skew-symmetric matrix pencils such that
Oc

P1
covers Oc

P2
. Then there exist some p×q matrix pencils Wi such that rows

and columns of Pi can be permuted and written as [ 0 Wi

−W T
i 0

] , i = 1,2 and

Oe
W1

covers Oe
W2

.

Proof. Without loss of generality, we assume that P1 and P2 are in the canon-
ical form. By permutations of the rows and corresponding permutations of
the columns, the matrix pencils Pi, i = 1,2, can be written as

P̃i = QT
i PiQi = [

0 Wi

−W T
i 0

] , (1)

where Wi =Xi−λYi is a p×(n−p) pencil and Qi is a permutation matrix for
i = 1,2. The block W1 in (1) is the direct sum of the top-right corner blocks
of H-, K-, M -summands in the skew-symmetric canonical forms of P1, the
rest of the blocks form −W T

1 . Let, f = r0(P2)−r0(P1)
2 . By Lemma 3.7 in [17], f

is an integer. The block W2 in (1) is the direct sum of the top-right corner
blocks of the H- and K-summands in the skew-symmetric canonical form of
P2 as well as the f largest LT and (r0(P2) − f) smallest L-blocks of P2, all
the remaining blocks of P2 forms −W T

2 . Note that the L- and LT - blocks are
parts of the M -summands.

Now assume Oe
W1

does not cover Oe
W2

then there is W ′ (not equal to W1

or W2) such that
Oe

W1
⊃ Oe

W ′ and Oe
W ′ ⊃ Oe

W2
.

Define P ′ = [ 0 W ′

−(W ′)T 0
] . By [17, Lemma 3.8], we have,

Oc
P1
⊃ Oc

P ′ and Oc
P ′ ⊃ Oc

P2
. (2)

It remains to prove that P ′ ≠ P1 and P ′ ≠ P2. Since Oe
W1
⊃ Oe

W ′ , we obtain W ′

from W1 by using a sequence of structure transitions (Theorem 2.2). Thus, P ′
is obtained from P1 by a sequence of structure transitions of canonical blocks
under strict equivalence (Theorem 2.2). Thus P ′ ≠ P1. Similarly, P ′ ≠ P2.
Hence Oc

P1
does not cover Oc

P2
and we arrived at the contradiction.
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Theorem 3.2 is the main result of the manuscript, that states a necessary
and sufficient condition for Oc

P1
to cover Oc

P2
, for two skew-symmetric matrix

pencils P1 and P2.

Theorem 3.2. Let P1 and P2 be two skew-symmetric matrix pencils. The
congruence orbit Oc

P1
covers the congruence orbit Oc

P2
if and only if P2 can be

obtained from P1 by applying one of the following four structure transitions
to the canonical blocks of P1:

• Rule 1. Mj ⊕Mk ↝Mj−1 ⊕Mk+1, 1 ⩽ j ⩽ k such that k − j =min{{k1 −
j, k2 − j, . . .} ∪ {k − j1, k − j2, . . .}}, jt ⩽ k and j ⩽ ku;

• Rule 2. Hj−1(µ)⊕Hk+1(µ) ↝Hj(µ)⊕Hk(µ), µ ∈ C, 1 ⩽ j ⩽ k such that
k − j =min{{k1 − j, k2 − j, . . .} ∪ {k − j1, k − j2, . . .}}, jt ⩽ k and j ⩽ ku;

• Rule 3. Mj+1 ⊕Hk(µ) ↝Mj ⊕Hk+1(µ), j, k = 0,1,2, ... and µ ∈ C, such
that k and j + 1 are the sizes of the largest H-block and M-block in P1,
respectively, provided that rj+1(P1) = lj+1(P1) = 1;

• Rule 4. ⊕t
i=1Hki(µi) ↝ Mx ⊕My, x ⩾ z, y ⩾ z, for all Mz in P1;

∣x− y∣ ⩽ 1; x+ y + 1 = ∑d
i=1 ki, ki is the size of the largest Jordan block in

P1 corresponding to each distinct µi ∈ C.

Proof. First, observe that, by Lemma 2.6, L(P ) = R(P ), for a skew-
symmetric matrix pencil P . So we consider only one of them, unless men-
tioned. As in Lemma 3.1, the rows and columns of Pi are permuted such
that

P̃i = [
0 Wi

−W T
i 0

] , for i = 1,2.

We start by proving the necessary part. Since Oc
P1

covers Oc
P2

, Oe
W1

covers
Oe

W2
(Lemma 3.1). Thus, in particular, there exist non-singular matrices Q

and R and an arbitrarylly small (entrywise) matrix E such that Q−1(W2 +
E)R =W1, and, respectively, RT (−W2−E)TQ−T = −W T

1 . Combining the two
equations above, we get,

[ 0 W1

−W T
1 0

] = [Q
−T 0
0 R

]
T

[ 0 W2 +E
−W T

2 −ET 0
] [Q

−T 0
0 R

] . (3)

Let N = [Q
−T 0
0 R

], F = [ 0 E

−ET 0
], W1 = ⊕j⊕iEhi

(µj) ⊕ (⊕iLmi), µj ∈ C.

Again, since Oe
W1

covers Oe
W2

, by Theorem 2.4, and taking into account the absence
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of LT -blocks in W1, one of the following four cases holds for W1 and W2.
Case 1: W2 is obtained from W1 by using J1 from Theorem 2.4, i.e.,

Lmp ⊕Lmq ↝ Lmp−1 ⊕Lmq+1, 1 ⩽mp ⩽mq, (4)

such that mq −mp = min{{mq1 −mp,mq2 −mp, . . .} ∪ {mq −mp1 ,mq −mp2 , . . .}},
mpt ⩽mq and mp ⩽mqu . The block W1 can be rewritten as

(Lmp ⊕Lmq) ⊕ (⊕
j
⊕
i

Ehi
(µj)) ⊕ (⊕

k

Lmk
).

After applying (4) to W1, we get the block W2, that can be rewritten as

(Lmp−1 ⊕Lmq+1) ⊕ (⊕
j
⊕
i

Ehi
(µj)) ⊕ (⊕

k

Lmk
).

Let K = ⊕j⊕iEhi
(µj) ⊕ (⊕k Lmk

), k ≠ p, q, and X = [ 0 K

−KT 0
]. Using the

expressions for W1 and W2, we get,

P̃1 = [
0 W1

−W T
1 0

] = [ 0 Lmp ⊕Lmq ⊕K

−(Lmp ⊕Lmq ⊕K)T 0
] and

P̃2 = [
0 W2

−W T
2 0

] = [ 0 Lmp−1 ⊕Lmq+1 ⊕K

−(Lmp−1 ⊕Lmq+1 ⊕K)T 0
] .

By (3) P̃1 = NT (P̃2+F )N. The rows and the columns of P̃1 and P̃2 can be permuted
by some permutation matrices Y1 and Y2 such that Y T

1 P̃1Y1 = Y T
1 NTY2(Y T

2 P̃2Y2 +
Y T
2 FY2)Y T

2 NY1 or, equivalently,

P̂1 = (Y T
2 NY1)T (P̂2 + F ′)(Y T

2 NY1), where F ′ = Y T
2 FY2,

P̂1 = [
0 Lmp

−LT
mp

0
] ⊕ [ 0 Lmq

−LT
mq

0
] ⊕ [ 0 K

−KT 0
] =Mmp ⊕Mmq ⊕X, and

P̂2 = [
0 Lmp−1

−LT
mp−1 0

] ⊕ [ 0 Lmq+1
−LT

mq+1 0
] ⊕ [ 0 K

−KT 0
] =Mmp−1 ⊕Mmq+1 ⊕X.

Since P̂1 and P̂2 are, respectively, congruent to P1 and P2, the structure transition
from P1 to P2 is of the type

Mmp ⊕Mmq ↝Mmp−1 ⊕Mmq+1,

such that mq −mp = min{{mq1 −mp,mq2 −mp, . . .} ∪ {mq −mp1 ,mq −mp2 , . . .}},
mpt ⩽ mq and mp ⩽ mqu . Note that, later in the proof, the notations N , F ′, Yi,
P̂i, i = 1,2, are local to the particular case in which they will be mentioned.
Case 2: W2 is obtained from W1 by using J5 from Theorem 2.4:

Ehp−1(µ1) ⊕Ehq+1(µ1) ↝ Ehp(µ1) ⊕Ehq(µ1),1 ⩽ hp ⩽ hq, (5)
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such that hq −hp =min{{hq1 −hp, hq2 −hp, . . .} ∪ {hq −hp1 , hq −hp2 , . . .}}, hpt ⩽ hq
and hp ⩽ hqu . The block W1 can be rewritten as

(Ehp−1(µ1) ⊕Ehq+1(µ1)) ⊕ (⊕
j
⊕
i

Ehi
(µj)) ⊕ (⊕

i

Lmi), j ≠ 1.

After applying (5) to W1, we obtain the block W2, that can be rewritten as

(Ehp(µ1) ⊕Ehq(µ1)) ⊕ (⊕
j
⊕
i

Ehi
(µj)) ⊕ (⊕

i

Lmi), j ≠ 1.

Let K = ⊕j⊕iEhi
(µj)⊕(⊕iLmi), (j, i) ≠ (1, q), (j, i) ≠ (1, p), and X = [ 0 K

−KT 0
].

Similarly to Case 1, P̃1, P̃2, constructed from the respective blocks W1, W2 can be
transformed using some permutation matrices Y1 and Y2, respectively, such that
Y T
1 P̃1Y1 = Y T

1 NTY2(Y T
2 P̃2Y2 + Y T

2 FY2)Y T
2 NY1, or, equivalently,

P̂1 = (Y T
2 NY1)T (P̂2 + F ′)(Y T

2 NY1), where F ′ = Y T
2 FY2,

P̂1 =Hhp−1(µ1) ⊕Hhq+1(µ1) ⊕X and P̂2 =Hhp(µ1) ⊕Hhq(µ1) ⊕X.

Again, similarly to Case 1, the required structure transition from P1 to P2 is of the
type

Hhp−1(µ) ⊕Hhq+1(µ) ↝Hhp(µ) ⊕Hhq(µ)

where µ ∈ C and hq − hp = min{{hq1 − hp, hq2 − hp, . . .} ∪ {hq − hp1 , hq − hp2 , . . .}},
hpt ⩽ hq and hp ⩽ hqu .
Case 3: We obtain W2 from W1 by using the third structure transition, i.e., J3
from Theorem 2.4:

Lmp+1 ⊕Ehq(µ1) ↝ Lmp ⊕Ehq+1(µ1), (6)

where mp + 1 and hq are the sizes of the largest L-block and E-block, respectively,
of W1, such that rmp+1(W1) = 1. Thus, the block W1 can be rewritten as

Lmp+1 ⊕Ehq(µ1) ⊕ (⊕
j
⊕
i

Ehi
(µj)) ⊕ (⊕

k

Lmk
), j ≠ 1.

After applying (6) to W1, we get the block W2, that can be rewritten as

Lmp ⊕Ehq+1(µ1) ⊕ (⊕
j
⊕
i

Ehi
(µj)) ⊕ (⊕

k

Lmk
), j ≠ 1.

Let K = ⊕j⊕iEhi
(µj) ⊕ (⊕k Lmk

), (j, i) ≠ (1, q), k ≠ p and X = [ 0 K

−KT 0
].

Similarly to Case 1, P̃1, P̃2, constructed from the respective blocks W1, W2 can be

12



transformed using some permutation matrices Y1 and Y2, respectively, such that
Y T
1 P̃1Y1 = Y T

1 NTY2(Y T
2 P̃2Y2 + Y T

2 FY2)Y T
2 NY1, or, equivalently,

P̂1 = (Y T
2 NY1)T (P̂2 + F ′)(Y T

2 NY1), where F ′ = Y T
2 FY2,

P̂1 =Mmp+1 ⊕Hhq(µ1) ⊕X, and P̂2 =Mmp ⊕Hhq+1(µ1) ⊕X.

Again, similarly to Case 1, the required structure transition from P1 to P2 is of the
type

Mmp+1 ⊕Hhq(µ) ↝Mmp ⊕Hhq+1(µ),

where mp, hq = 0,1,2, ... and µ ∈ C, such that hq and mp + 1 are the sizes of largest
H-block and M -block of P1 respectively, provided that rmp+1(P1) = lmp+1(P1) = 1.

Case 4: W2 is obtained from W1 using J6 from Theorem 2.4:

t

⊕
k=1

Ehk
(µk) ↝ Lmp ⊕LT

mq
, µi ≠ µj (7)

mp ⩾ ml, mq ⩾ mk, for all existing Lml
and LT

mk
in P1; t is total number of

eigenvalues and each hk is the size of the largest E-block in P1 corresponding to
µk ∈ C; ∑t

k=1 hk =mp +mq + 1. The block W1 can be rewritten as

(
t

⊕
k=1

Ehk
(µk)) ⊕ (⊕

j
⊕
i

Ehi
(µj)) ⊕ (⊕

l

Lml
).

After applying (7) to W1, we obtain the block W2, that can be rewritten as

(Lmp ⊕LT
mq
) ⊕ (⊕

j
⊕
i

Ehi
(µj)) ⊕ (⊕

l

Lml
), i ≠ k.

Let K =⊕j⊕iEhi
(µj)⊕(⊕lLml

), i ≠ k and X = [ 0 K

−KT 0
]. As in Case 1, P̃1, P̃2,

constructed from the respective blocks W1, W2 can be transformed using some per-
mutation matrices Y1 and Y2, respectively, such that Y T

1 P̃1Y1 = Y T
1 NTY2(Y T

2 P̃2Y2+
Y T
2 FY2)Y T

2 NY1, or, equivalently, P̂1 = (Y T
2 NY1)T (P̂2 + F ′)(Y T

2 NY1), where

F ′ = Y T
2 FY2, P̂1 =

t

⊕
k=1

Hhk
(µk) ⊕X and P̂2 =Mmp ⊕Mmq ⊕X.

We now show that ∣mp −mq ∣ ⩽ 1. Assume, ∣mp −mq ∣ > 1, then we apply Rule 1 as
many times as required and get Mmp ⊕Mmq ⊕X, where ∣mp −mq ∣ ⩽ 1. Hence, the
structure transition from P1 to P2 is

t

⊕
k=1

Hhk
(µk) ↝Mmp ⊕Mmq ,

where mp ⩾ mr, mq ⩾ mr, for all existing Mmr in P1; mp +mq + 1 = ∑t
k=1 hk, hk

is the size of the largest H-block in P1 corresponding to each distinct µk ∈ C;
∣mp −mq ∣ ⩽ 1.
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For proving the converse of the theorem, we first prove that no rule can replace
any finite sequence of Rules 1-4. Assume {a, b, c, d} = {1,2,3,4} and there exist a
finite sequence of rules that gives P2 from P1 using, for e.g., Rule b,

Rule aÐ→ ...Ð→ Rule bÐ→ ...Ð→ Rule cÐ→ ...Ð→ Rule d ⇐⇒ Rule b.

Let Rule b be the kth element of the sequence. We can replace Rule b at the kth

position with the same sequence any number of times which implies existence of
an arbitrary long downward path. The latter is not possible because stratification
graph has finite number of vertices and edges. So, any sequence of rules that
replaces Rule i, i ∈ {1,2,3,4}, does not contain Rule i. Now, while navigating from
P1 to P2 in the graph, either normal rank changes or it remains same. Since Rules
1-3 do not change the normal rank, Rule 4 can not be a part of any sequence that
replaces any of Rules 1-3. We now explain Rule i cannot replace any sequence of
other rules (not containing Rule i), separately for every rule.
Rule 1: Assume Rule 1 can be replaced by a sequence of Rules 2-3. This is clearly
not possible because use of Rule 3 decreases the size of the only existing largest L-
and LT - blocks in P1 which does not lead us to the integer partition R(P2) that
we get after using Rule 1.
Rule 2: This case can be argued similar to that of Rule 1 but considering Jµ, for
some µ ∈ C, instead of R.
Rule 3: Assume Rule 3 can be replaced by a sequence of Rules 1-2. As mentioned
in the case of Rule 1, Rule 3 decreases the size of the only existing largest L- and
LT -blocks in P1 but Rule 1 will always increase the size of the larger L- and LT -
block at every step.
Rule 4: No sequence of Rules 1-3 can replace Rule 4 because Rule 4 changes normal
rank.

Finally, we prove the converse of our theorem. Assume there exist a skew-
symmetric matrix pencil P´, P1 ≠ P´ and P´ ≠ P2 such that Oc

P´ covers Oc
P2

,
and is covered by Oc

P1
. By forward implication, P´ can be obtained from P1, and

P2 can be obtained from P´ using one of Rules 1-4 contradicting that P2 can be
obtained from P1 using one of Rules 1-4.

Remark 3.3. Let P1 and P2 be two skew-symmetric matrix pencils such
that Oc

P1
covers Oc

P2
, then either r0(P2) − r0(P1) is equal to 2 or to 0. The

converse of the statement is not true because a sequence of transitions of
the first three types from Theorem 3.2 can result in r0(P2) − r0(P1) = 0 but
Oc

P1
does not cover Oc

P2
and a sequence of structure transition of all the

types from Theorem 3.2 in which transition 4 is taken once will result in
r0(P2) − r0(P1) = 2, but again Oc

P1
does not cover Oc

P2
.

Dropping the restrictions on the indices of the canonical blocks in The-
orem 3.2, we get the following result, analogous to Theorem 2.2, but for
skew-symmetric matrix pencils under congruence instead of strict equiva-
lence.

14



Theorem 3.4. Let P1 and P2 be two skew-symmetric matrix pencils. Then
Oc

P2
⊂ Oc

P1
if and only if P2 can be obtained from P1 after changing the

canonical blocks of P1 by applying a sequence of structure transitions and
each transition is one of the four types below:

• Mj ⊕Mk ↝Mj−1 ⊕Mk+1, 1 ⩽ j ⩽ k;

• Hj−1(µ) ⊕Hk+1(µ) ↝Hj(µ) ⊕Hk(µ), 1 ⩽ j ⩽ k and µ ∈ C;

• Mj+1 ⊕Hk(µ) ↝Mj ⊕Hk+1(µ), j, k = 0,1,2, . . . and µ ∈ C;

• ⊕t
i=1Hki(µi) ↝Mp⊕Mq, if p+q+1 = ∑t

i=1 ki and µi ≠ µi′ for i ≠ i′, µi ∈ C.
Define a vertical pair of coins to be a pair of coins positioned in the same

column of the table and in the rows 1+2k and 2+2k, for k = 0,1, . . . Figure 1
illustrates the meaning.

Figure 1: Integer partition, J = {4,4,4,4,2}, with vertical pair of coins marked as .

We present Theorem 3.5 which is an interpretation of Theorem 3.2 in
terms of coin moves.

Theorem 3.5. Let P1 and P2 be two skew-symmetric matrix pencils. Then
Oc

P1
covers Oc

P2
if and only if the integer partitions, i.e., R, L and Jµi

,
corresponding to P2 can be obtained by applying one of the four rules to the
integer partitions of P1:

• Rule I: Minimum rightward coin move from column j in R and the
same coin move in L, where j ⩾ 1;

• Rule II: Minimum leftward coin move of a vertical pair of coins in any
Jµi

;

• Rule III: If the rightmost column in each of R and L is a single coin,
append these two coins (together) as a new rightmost column of some
Jµi

;

• Rule IV: Let 2k = (∑t
i=1 2ki), where ki denotes the total number of coins

in each of the two longest (=lowest) row from each Jµi
. Remove these 2k

coins add two more coins to the set. The following two step distribution
is done:

15



– Distribute k+1 coins from the set of 2k+2 coins to rp, p = 0, . . . , t
and lq, q = 0, . . . , k − t − 1,

– Distribute the remaining k+1 coins from the set to rp, p = 0, . . . , k−
t − 1 and lq, q = 0, . . . , t,

such that at least the existing columns of each of R(P1) and L(P1)
receive 2 coins and ∣p − q∣ is the minimum of all possible differences.

Proof. Assume Oc
P1

covers Oc
P2

. Rules 1-4 from Theorem 3.2 are the four
possible rules for structure transitions in the canonical blocks of P1 that
allow us to obtain P2. We prove that Rules 1-4, from Theorem 3.2, imply
Rules I-IV respectively.

By Rule 1, Theorem 3.2, P2 can be obtained from P1 by applying
Mj ⊕ Mk ↝ Mj−1 ⊕ Mk+1, 1 ⩽ j ⩽ k such that k − j = min{{k1 −
j, k2 − j, . . .} ∪ {k − j1, k − j2, . . .}}, jt ⩽ k and j ⩽ ku. Let, R(P1) =
(r0, . . . , rj−1, rj, rj+1, . . . , rk, rk+1, rk+2, ...). The following are the changes in
the integer partitions R, L, and J , after the structure transition:
We start with R. Note that by definition of Weyr characteristics, rj−1 is
the total number of L-blocks with indices greater than or equal to j − 1. So
the replacement of block Mj by Mj−1 does not change the value of rj−1, i.e.,
rj−1(P1) = rj−1(P2), but rj decreases by 1, i.e., rj(P2) = rj(P1) − 1. Similar
arguments can be used to explain rk(P1) = rk(P2) but rk+1(P2) = rk+1(P1)+1.
All other parts of the integer partition R remain the same. Thus, R(P2) =
(r0, . . . , rj−1, rj − 1, rj+1, . . . , rk, rk+1 + 1, rk+2, ...).

Now, we show that R(P2) is an integer partition. We consider two cases,
namely, k > j and k = j. In the first case, the the condition k− j =min{{k1 −
j, k2 − j, . . .} ∪ {k − j1, k − j2, . . .}}, jt < k and j < ku implies

. . . ⩾ rj−1 ⩾ rj > rj+1 = ... = rk−1 = rk > rk+1 ⩾ rk+2 ⩾ . . . (8)

Note, if rk = rk+1 , then there exists no Mk block. After applying Rule 1 to
(8), we get,

. . . ⩾ rj−1 > rj − 1 ⩾ rj+1 = ... = rk−1 = rk ⩾ rk+1 + 1 > rk+2 ⩾ . . .

Now, if k = j then at least two Mk-blocks exist, i.e.,

. . . ⩾ rj−1 ⩾ rj = rk > rk+1 ⩾ rk+2 ⩾ . . . , where rk − rk+1 ⩾ 2. (9)

Again applying Rule 1 to (9), we get,

. . . ⩾ rj−1 > rj − 1 = rk − 1 ⩾ rk+1 + 1 > rk+2 ⩾ . . .
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In both the scenerios, R(P2) remains to be an integer partition. L(P2) has
the same partition as that of R(P2) and Jµ(P2) = Jµ(P1), for all µ ∈ C.
Note, by Lemma 2.6, the changes in the integer partitions do not violate the
assumed structure of P2.

The above changes in the integer partitions is equivalent to a rightward
coin move in R from column j to k + 1 and the same move in L such that
j ⩾ 1. The condition k − j = min{{k1 − j, k2 − j, . . .} ∪ {k − j1, k − j2, . . .}},
jt ⩽ k and j ⩽ ku, makes the rightward coin move a minimum rightward coin
move.

Forward implication of Rules 2 and 3 can be stated, respectively, in terms
of coin move as Rules II and III using arguments similar to that of Rule 1.
The application of Rule 2 to the canonical blocks of P1 yields the following
sequences of integers associated with P2:

• Jµ(P2) = (j1, . . . , jm−1, jm + 2, jm+1, . . . , jk, jk+1 − 2, jk+2 . . . ), for some
µ ∈ C, where jl = jl(P1).

• R(P2) = R(P1) = L(P1) = L(P2).

Again, application of Rule 3 to the canonical blocks of P1 results in the
following sequences of integers associated with P2:

• Jµ(P2) = (j1(P1), . . . , jk(P1),2), for some µ ∈ C

• R(P2) = (r0(P1), . . . , rj(P1),0) = L(P2). Note, rj+1(P1) = 1 which be-
comes zero after the structure transition

The resulting sequences of integers after the application of both Rules 2 and
3 remain integer partitions. This can be understood using similar analysis
as that for Rule 1.

We prove the forward implication of Rule 4, i.e., P2 can be obtained from
P1 by applying ⊕d

i=1Hki(µi) ↝ Mp ⊕Mq, p ⩾ z, q ⩾ z, for all existing Mz in
P1; p + q + 1 = ∑d

i=1 ki, ki is the size of the largest Jordan block corresponding
to each distinct µi ∈ C and ∣p − q∣ ⩽ 1. Without loss of generality, let p ⩾ q.
Rule 4 causes the following changes in the integer partitions R(P1), L(P1)
and, for each µi, Jµi

(P1):

• The formation of 2 new M -blocks of indices greater than or equal to
the indices of all M -blocks of P1. In such a situation, either of the
following cases occur, for all Mz(P1),

– p > q ⩾ z, i.e., R(P2) = L(P2) = (r0 + 2, . . . , rq + 2, rp + 1),
– p = q ⩾ z, i.e., R(P2) = L(P2) = (r0 + 2, . . . , rp + 2).
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• The number of Jordan blocks of size greater or equal to x ⩽ ki decreases
by 2, i.e., for each µi, Jµi

(P2) = (j1(P1)−2, . . . , jki−1(P1)−2, jki(P1)−2),
since ki is the size of the largest Jordan block corresponding to each
distinct µi ∈ C.

It is clear, for each µi, Jµi
(P2), R(P2) and L(P2) are integer partitions

and the skew-symmetry of P2 is preserved.
Thus, we get the above integer partitions corresponding to P2 from integer

partitions corresponding to P1 by removal of two longest(=lowest) row of
coins from the integer partition corresponding to Jordan blocks of P1 for all
eigenvalues. Assume a total of 2k coins have been removed, add 2 more to
this set of 2k coins. Firstly, distribute k + 1 coins to rp, p = 0, . . . , t and lq,
q = 0, . . . , k− t−1 such that all (existing) columns of R(P1) and L(P1) get at
least 1 coin. Finally, distribute the remaining k+1 coins to rp, p = 0, . . . , k−t−1
and lq, q = 0, . . . , t.

The backward implication of the theorem is similar to that of Theo-
rem 3.2, except the fact that, here, we consider Rules I-IV instead Rules
1-4.

An illustration of each coin move is given in Example 3.7. From Theorem
3.2, we derive the following theorem that presents rules for upward naviga-
tion in the orbit stratification graph. Note that Theorem 3.2 had rules for
downward navigation in the graph.

Theorem 3.6. Let P1 and P2 be two skew-symmetric matrix pencils. Then
Oc

P1
covers Oc

P2
if and only if P1 can be obtained from P2 by applying one of

four types of structure transitions:

• Type 1: Mj−1⊕Mk+1 ↝Mj ⊕Mk, 1 ⩽ j ⩽ k, such that k − j =min{{k1 −
j, k2 − j, . . .} ∪ {k − j1, k − j2, . . .}}, jt ⩽ k and j ⩽ ku;

• Type 2: Hj(µ)⊕Hk(µ) ↝Hj−1(µ)⊕Hk+1(µ), 1 ⩽ j ⩽ k and µ ∈ C, such
that k − j = min{{k1 − j, k2 − j, . . .} ∪ {k − j1, k − j2, . . .}}, jt ⩽ k and
j ⩽ ku;

• Type 3: Mj ⊕ Hk+1(µ) ↝ Mj+1 ⊕ Hk(µ), j, k = 0,1,2, ... and µ ∈ C,
such that k + 1 and j are the sizes of the largest H-block and M -block
respectively, provided that jµk+1(P1) = 2;

• Type 4: Mp ⊕Mq ↝ ⊕d
i=1Hki(µi), if p + q + 1 = ∑d

i=1 ki, p and q are the
sizes of the largest M-blocks in P2 and ki is the the size of the largest
Jordan blocks corresponding to each distinct µi ∈ C in P1.
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Following [10, 11, 17, 18], define dimension of Oc
A−λB as the dimension of

the tangent space to Oc
A−λB at A − λB. The codimension of Oc

A−λB is n2 − n
minus the dimension of the Oc

A−λB. From now onwards, codimension will be
denoted as cod. Below, we give two examples demonstrating the main result
of the paper.

Example 3.7. In this example, all the orbits are considered under congru-
ence transformation. In Figure 2, we present the orbit stratification graph
of 6 × 6 skew-symmetric matrix pencils, where at each edge of the graph we
write the rule it was obtained from (one of Rules I-IV in Theorem 3.5). We
choose 4 distinct rules from the figure, written in bold font, and explain the
coin moves corresponding to each of them. The bullets ( ) represent the coins
that are involved in the coin moves and the empty circles ( ) represent the
coins that are not involved in the coin moves.
Coin move corresponding to Rule I: 2M1 ↝M0 ⊕M2.

Both R and L before Rule I: Both R and L after Rule I:

Jµi before Rule I, for any µi: Jµi after Rule I, for any µi:
- -

Coin move corresponding to Rule II: H3(µ1) ↝H1(µ1) ⊕H2(µ1).

Both R and L before Rule II: Both R and L after Rule II:
- -

Jµ1 before Rule II: Jµ1 after Rule II:

Coin move corresponding to Rule III: M0 ⊕M1 ⊕H1(µ1) ↝ 2M0 ⊕H2(µ1).

Both R and L before Rule III: Both R and L after Rule III:

Jµ1 before Rule III: Jµ1 after Rule III:

Coin move corresponding to Rule IV: 2M0 ⊕ 2H1(µ1) ↝ 4M0 ⊕H1(µ1).
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Both R and L before Rule IV Both R and L after Rule IV

Jµ1 before Rule IV Jµ1 after Rule IV

Example 3.8. All the orbits are considered under congruence transformation
in this example. In Figure 3, we draw the orbit stratification graph of 7 × 7
skew-symmetric matrix pencil. Rules I-IV corresponding to each edge of the
graph are mentioned, as well as the codimensions of each orbit.

4. Relation between closure hierarchy graphs of different dimen-
sions

In this section, we discuss a result that helps us to draw the closure
hierarchy graph of size (n + k) × (n + k) from that of n × n and vice-versa.
Note that the method allows us to only draw a part of the graph which can
then be completed using the rules in Theorems 3.2 and 3.6. Also, note that
two orbits having the same codimension in one graph might not have the
same codimension in the new graph.

Theorem 4.1. Let P1 and P2 be two n × n skew-symmetric matrix pencils.
Then, two (n+1)×(n+1) skew-symmetric matrix pencils Qi are constructed
from Pi, such that, under congruence, Qi is congruent to Pi ⊕M0, for i ∈
{1,2}. Oc

P1
covers Oc

P2
if and only if Oc

Q1
covers Oc

Q2
.

Proof. In Theorem 3.2, Rule 1: Mj ⊕Mk ↝Mj−1 ⊕Mk+1, k − j = min{{k1 −
j, k2−j, . . .}∪{k−j1, k−j2, . . .}}, jt ⩽ k and j ⩽ ku, and Rule 3: Mj+1⊕Hk(µ) ↝
Mj ⊕Hk+1(µ), j, k = 0,1,2, . . . , µ ∈ C, do not effect the new summand M0 in
Pi ⊕M0. Thus, P1 ↝ P2 is equivalent to P1⊕M0 ↝ P2 ⊕M0, for any Rule i,
i ∈ {1,2,3,4}. Hence, the result follows.

The above theorem can be illustrated by comparing the graphs in Fig-
ures 2 and 3. Using arguments similar to Theorem 4.1, analogous result for
matrix pencils under the equivalence transformation can be stated.
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Figure 2: Orbit stratification for 6 × 6 skew-symmetric matrix pencils along with the
codimensions. Rules from Theorem 3.2 used for each structure transition are indicated
near the corresponding edge.
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Figure 3: Orbit stratification for 7 × 7 skew-symmetric matrix pencil along with the codi-
mensions. Rules from Theorem 3.2 used for each structure transition are indicated near
the corresponding edge.
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5. Result and future work

In this manuscript, we have presented a necessary and sufficient condition
for one orbit of a skew-symmetric matrix pencil to cover the orbit of another
skew-symmetric matrix pencil. The desired condition is presented in terms
of structure transitions for canonical forms and coin moves. We conclude
our paper with a technique to manually draw the whole or a part of the
stratification graph from a given stratification graph for pencils of different
dimensions. As part of our future research we plan to develop a character-
ization for closures of bundles of skew-symmetric pencils (similarly, as it is
developed in [9] for general matrix pencils, see also [12]) as well as to obtain
a cover relation for bundles of skew-symmetric matrix pencils. Extending
these results to skew-symmetric matrix polynomials and implementing all
the results in the Stratigraph software [31] are other directions for future
research.
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