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Abstract

Complete eigenstructure, e.g., eigenvalues with multiplicities and minimal in-
dices, of a skew-symmetric matrix pencil may change drastically if the matrix
coefficients of the pencil are subjected to (even small) perturbations. These
changes can be investigated qualitatively by constructing the stratification
(closure hierarchy) graphs of the congruence orbits of the pencils. The results
of this paper facilitate the construction of such graphs by providing all closest
neighbours for a given node in the graph. More precisely, we prove a neces-
sary and sufficient condition for one congruence orbit of a skew-symmetric
matrix pencil, A, to belong to the closure of the congruence orbit of another
pencil, B, such that there is no pencil, C, whose orbit contains the closure
of the orbit of A and is contained in the closure of the orbit of B.
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1. Introduction

Complete eigenstructure, e.g., eigenvalues with multiplicities and minimal
indices, of a matrix pencil is essential for understanding physical properties
of the system described by this pencil. Unfortunately, small perturbations in
the coefficients of the pencil may cause significant changes in the eigenstruc-
ture. This sensitivity challenges the accuracy of analysis and computations
that are dependent on the eigenstructure of the input matrix pencil. One way
to study these changes is by constructing the closure hierarchy graphs (or
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stratifications) for orbits and bundles of matrix pencils [1} [15] 17, 22], 24] 29].
Stratification provides us with qualitative information about the eigenstruc-
ture of the matrix pencils in a neighbourhood of a given matrix pencil. More
precisely, stratification of orbits of matrix pencils is a graph in which each
node represents an orbit and each edge represents a closure relation, i.e.,
there is an edge between two nodes if the closure of the orbit corresponding
to one node contains the closure of the orbit corresponding to another node,
see e.g., [20, 37].

In many applications, the matrix coefficients of the pencils possess a cer-
tain structure, e.g., they may be (skew-)symmetric, (skew-)Hermitian, palin-
dromic, or have a particular blocking structure. Preserving these structures
in the analysis and computations may be crucial for applications [27]. There-
fore, we aim to develop the stratification theory for the structured matrix
pencils, which may differ significantly from the theory for general matrix pen-
cils, see e.g., [6, §]. In particular, this paper contributes to the development
of such a theory for skew-symmetric matrix pencils. Recall that A - AB is
skew-symmetric if and only if A = —AT and B = —-B”. Skew-symmetric matrix
pencils have various applications in mathematics, engineering and physics.
Notable ones are in control theory [2] 25, 20], systems with bi-hamiltonian
structure [28] and multisymplectic partial differential equations [3].

Skew-symmetric matrix pencils have received a considerable attention
in the recent years, see e.g., papers on canonical forms [30, B32], structured
staircase algorithm [4, [5], computation of codimensions of the congruence
orbits and bundles [I4] [I8], miniversal deformations and perturbation the-
ories [10] [19], stratification theory [I7], and problems for skew-symmetric
linearizations of skew-symmetric matrix polynomials [7, [IT], 13]. Moreover,
in [I7] an algorithm for stratification of skew-symmetric matrix pencils is
presented. Nevertheless, it is computationally demanding even for the pen-
cils of small sizes and the amount of required computations grows rapidly
when the size of pencils increases. Such a high computational cost arises
partially from the use of the stratification of general matrix pencils under
strict equivalence from which the algorithm extracts the nodes corresponding
to the skew-symmetrizable matrix pencils and checks for the paths between
these nodes. Using this extracted information a new stratification graph for
skew-symmetric matrix pencils under congruence is then constructed. For
example, to draw the orbit stratification graph of 7 x 7 skew-symmetric ma-
trix pencil under congruence (presented in Figure , one needs to consider
the stratification graph of a 7 x 7 general matrix pencils, consisting of 570
nodes and 2471 edges (these exact numbers are taken from the Stratigraph
software [31]), identify and extract the 20 relevant nodes and check the paths
between these nodes in the graph for general matrix pencils. Using the re-



sults of this paper, one can draw the stratification graph of skew-symmetric
matrix pencils without a need to consider the stratification graph for general
matrix pencils, see Examples and [3.8]

This paper closes the gap in the stratification theory of orbits of skew-
symmetric matrix pencils. Namely, it explains when two orbits are neigh-
bours in the stratification graph, which allows us to construct such graphs
efficiently. We also emphasize that as with the general matrix pencils, this
result corresponds to the description of the minimal changes that may occur
to the eigenstructure of a skew-symmetric matrix pencil under arbitrarily
small skew-symmetric perturbation. The corresponding results are already
known for general matrix pencils [20] and matrix polynomials [16], as well as
for controllablity and observability pairs [21], and system pencils [15].

In Section 2, we recall definitions, notations, and results related to the
orbit stratification of matrix pencils along with some observations about
skew-symmetric matrix pencils. In Section 3, we present our main results
about necessary and sufficient conditions for two orbits of skew-symmetric
matrix pencils to be neighbours in the closure hierarchy graphs and illustrate
our results with examples. Section 4 presents a relation between closure
hierarchy graphs of matrix pencils of different dimensions. Conclusions and
future plans are presented in Section 5.

2. Preliminary results

Define Q., Z,, and C as the sets of positive rational numbers, positive
integers and complex numbers, respectively. All matrices considered in this

manuscript are complex matrices. For each k = 1,2,... define the k x k
matrices
J 1
1
Jk(:u) = K w1 Iy, = . )
" 1
and for each £=0,1,... define the k x (k + 1) matrices
0 1 1 0
b = , G = o .
0 1 1 0

All non-specified entries of Ji(p), Iy, F), and G}, are zeros.

2.1. Matriz pencils under strict equivalence

An m xn matrix pencil A - AB is called strictly equivalent to the pencil
C - AD if and only if there are non-singular matrices ) and R such that



(Q'AR,Q'BR) = (C, D). The orbit of A—AB under the action of the group
GL,,(C)xGL,(C) on the space of all matrix pencils by strict equivalence is
defined as follows:

“ag ={Q Y (A-AB)R| QeGL,,(C),Re GL,(C)}.

The following theorem gives a canonical form known as the Kronecker
canonical form (KCF) for matrix pencils under the strict equivalence trans-
formation.

Theorem 2.1. [23] Each mxn matriz pencil A— B is strictly equivalent to
a direct sum, uniquely determined up to permutation of summands, of pencils
of the form

Ek(,u) = Jk(ﬂ)_A[k7u€C7 Ek(oo):: [k_)\Jk(O)a
Lk = Fk—)\Gk, and Lg = FE—AGZ

The blocks Ey(p), Ex(oo), Ly and LT correspond to the finite eigenval-
ues, infinite eigenvalues, column minimal indices and row minimal indices,
respectively, of A—AB. The blocks Ej(u), Ex(o0) altogether form the regular
part and the rest forms the singular part of the matrix pencil.

An integer partition of n € Z, is a non-increasing sequence of integers

P = (p1,p2,Ps,---) such that p; > 0 and the sum of all p; is n. Each of p;’s is
called part of the integer partition. For any a € Z and b € Q,, P+a and bP are
defined as addition of a to each part of the partition P and multiplication by b
of each part of the partition P, respectively, such that the resulting sequence
is a non-increasing sequence of non-negative integers. The set of all integer
partitions forms a lattice with respect to the dominance order. By dominance
order on integer partitions, we mean that for any integer partitions P and
Q,Px>Qifandonly if py+po+...+pm2qi+qa+ ...+ qm, form=1,2, ...,
and P > Q if and only if P > Q@ and P # Q. In a lattice, we say P covers Q
if and only if P > Q and there exists no partition Z that Z > Q and P > Z.
The cover relation between two integer partitions can also be illustrated in
the following way:
Place m coins in a table in a non-increasing sequence with m; coins in column
7. An integer partition P; covers Py if P, may be obtained from P; by moving
a coin downward one row or rightward one column such that the resulting
integer partition remains monotonic. Such coin move will be referred to as
manimum rightward coin move. Equivalently, minimum leftward coin mowve
is referred to a coin move upward one row or leftward one column to obtain
Py from P, (for more information, see e.g., [20]).



We define C = Cuco. The following integer partitions, known as the Weyr
characteristics, are associated with every matrix pencil P (with eigenvalues

pj € C):

e R(P)=(ro(P),r1(P),...): the k¥ position is the number of L-blocks
with indices greater than or equal to k (the position numeration starting
from 0);

e L(P)=(lp(P),l1(P),...): the k'» position is the number of L”-blocks
with indices greater than or equal to k (the position numeration starting
from 0);

o {J,,(P):j=1,...,d}, where d is the number of distinct eigenvalues:
for each distinct p;, J, (P) = (517 (P),j5° (P),...), the kt* position is
the number of Jordan blocks of P of size greater than or equal to k
(the position numeration starting from 1).

For an m xn matrix pencil P, the normal rank of P is defined as the rank
of the matrix P over C(\). It can also be formulated as nrk(P) = n—ro(P) =
m —lo(P), see [20].

By X we denote the closure of a set X' in the Euclidean topology. For
two matrix pencils X and Y, by the structure transition X ~ Y we mean
that in the canonical form of a matrix pencil the blocks represented by X are
replaced by the blocks Y. Note that X and Y must have the same sizes. The
following theorem helps us to understand all possible changes in the KCF of
matrix pencils under small perturbations.

Theorem 2.2. [1, [17, [29] Let P, and Py be two matriz pencils such that

P, C O_%l. Then Py can be obtained from Py changing canonical blocks of Py
by applying a sequence of structure transitions and each transition is one of
the six types below:

G1. Lj ® L, ~ Ljfl @LkJrl, 1 <7< k,
G2. L;FEBLZ»LjT_leBLZH, 1<j<k; B
G3. Lj+1 ® Ek(,u) ~r Lj ® Ek_,.l(,U), 7, k = 0,1,2,... and JUAS 9
G4. L., ® Ep(p) ~ LT @ Epa(p), 3,k=0,1,2,... and peC;
Go. Ej1(p) @ Epea(p) ~ Ej(p) @ Ep(p), 1<j <k and pe C; B
G6. @), Er, (1) ~ Ly® LY, if p+q+1=30_ ki and pi; # py for i #i',p; € C.
For two matrix pencils P, and P, P, # P, Op, covers O%, means Ofp, c
_‘% and there exist no other skew-symmetric matrix pencil, P, P, #+ P and

P # P, such that O% c O% and O%, c 0%. Theorem is a necessary and
sufficient condition for orbit cover relation of matrix pencils in terms of coin
moves.



Theorem 2.3. [20] Let P, and P, be two matriz pencils. Then Of, covers
O%, if and only if Py can be obtained from Pi by applying one of four rules
to the integer partition of Py:

C1.
C2.

3.
4.

Minimum rightward coin move from column j in R (or L), where j > 1;

If the rightmost column in R (or L) is single coin, append that coin as
a new rightmost column of some J,,,;

Minimum leftward coin move in any J,,;

Let k denote the total number of coins in all of the longest (=lowest)
rows from all of the J,,. If the total number of non-zero columns of
R and L exceeds k+1, remove these k coins, add one more coin to the
set, and distribute k+1 coins tor,, p=0,...,t andl,, ¢q=0,...,k-t-1
such that at least all non-zero columns of R and L are given coins.

For convenience, we reformulate Theorem in terms of structure tran-
sitions.

Theorem 2.4. Let Py and P, be two matriz pencils. Then O% covers Ofp,
if and only if Py can be obtained from P by applying one of six structure
transitions to the canonical blocks of P;:

J1.

J2.

J3.

4.

Jo.

J6.

Lj@Lk ’\?Lj_lEBLk_,.l, 1 gjgk such th,atk—j
]7}U{k_]1ak_]27}}7 ]tgk G/I’Ldjgku,

min {{kl - j, kg -

Lie Ll ~ Ll ®Ll,, 1<j<k such that k- j
ooy U{k =i k= jo,.. 3}, de <k and § < ky;

mln{{kl - j, k2 -

Lin®E,(n) ~ Lij®Eya(p), j,k=0,1,2,... and p € C such that k and
j+1 are the sizes of the largest E-block and L-block in Py, respectively,
provided that rj.(Pr) = 1;

LT @By (p) ~ LT ®Epa (1), 5,k =0,1,2,... and pu € C such that k and
j+1 are the sizes of the largest E-block and LT -block in Py, respectively,
provided that 1,1 (Py) =1;

E; (1) ® Epa(p) ~ Ej(1) ® Ep(p), peC, 1< 5 <k such that k- j =
mln{{kl_Jka_j7}U{k_]lak_.]%}}) ]tsk andjgkiu

@1 Br, (i) ~ Ly ® LT, p > pi, q > q;, for all ewisting Ly, and LT in
P;p+q+1-= Z?zl ki, k; is the size of the largest Jordan block in P,
corresponding to each distinct p,; € C.
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Proof. We explain below the extra requirements added to the rules in The-
orem [2.2] that results in Rules J1-J6 from Theorem 2.4

Rule J1: Assume k —j # min{{k1 —Jke—74,... b u{k -1,k —jg,...}}7
Jj¢ < k and j < k,. Then either of the following two situations occur:

e There exists an [ such that k- =min{{k; - L ks —1,... }u{k -1,k -
lo,...}}, Iy < k and | < k,. We apply L; ® Ly, ~ Li_1 & Ly.;. Then,
applying G1 from Theorem @ Li® Ly ~ L;j_; ®L; violates the cover
relation.

e There exists an [ such that [ —j = min{{h —gla—g,... yu{l-j1,l-
Joy .. }}, Ji <l and j <,. Consequently, we apply, L; ® L; ~ L;_1 &
L1 followed by G1 from Theorem on the blocks L;,; and Ly, i.e.,
Lijgy® L, ~ Ly® Li,,. This violates the cover relation.

Conversely, if Op does not cover O%,, then there exist a matrix pencil P’
such that Of% covers Op- and O%- covers Op,. Then we use J1 twice to
achieve P, from P; which violates the minimality of the difference k - j.
Similar argument holds for Rules J2 and Rules J5.

Rule J3: The requirements of 7,1 (FP;) =1 and j + 1 to be the size of the
largest L-block in P; comes from the requirement in C2 (Theorem that
the rightmost column in R is a single coin. Since the coin is appended as a
new rightmost column of some J,,,, k has to be the size of the largest E-block
in P;. Again, similar argument holds for Rule JJ.

Rule J6: The requirement k; to be the size of the largest Jordan block in
P, corresponding to each distinct y; € C results from the action of removing
the coins from all of the longest (=lowest) rows corresponding to all J,, in
C4 in Theorem [2.3] Also, the requirements p > p;, q > g;, for all existing L,
and Lg; in P; results from the requirements that at least all non-zero columns
of R and L are given coins. O]

2.2. Skew-symmetric matriz pencils under congruence

A n x n skew-symmetric matrix pencil A — AB is said to be congruent
to the pencil C' = AD if and only if there is a non-singular matrix S such
that (STAS,STBS) = (C,D). The orbit of A— AB under the action of the
group G L, (C) on the space of skew-symmetric matrix pencils by congruence
is defined as follows:

“op = 1ST(A-AB)S | Se GL,(C)}.

The next theorem provides a canonical form for skew-symmetric matrix pen-
cil under congruence transformation.



Theorem 2.5. [32] Each skew-symmetric nxn matriz pencil A-= B is con-
gruent to a direct sum, determined uniquely up to permutation of summands,
of pencils of the form

Hh(u)=[_Jh((]M)T Jhéu)]—k[_(}h ]Oh] peC,

1 0 I 0 Jx(0) | 0 Fal_ 0 Gn
R = l—]k O]_)‘l—Jk(O)T o | M=ok oo |TM-en o |
A matrix pencil can be skew-symmetrized if its strict equivalence orbit

contains a skew-symmetric matrix pencil. The following theorem is a neces-
sary and sufficient condition for a matrix pencil to be skew-symmetrized.

Lemma 2.6. [17/ A matriz pencil can be skew-symmetrized if and only if
the following conditions hold:

1. For every k and each distinct u, the KCF of the pencil contains an even
number of blocks of the type Ei(1);

2. For every k, the KCF contains an even number of blocks of the type
Ek(oo),

3. For every k, the number of blocks L;, is equal to the number of blocks
LT in the KCF.

Lemma [2.7) relates the normal rank of a skew-symmetric matrix pencil to
the KCF'.

Lemma 2.7. [T7] Let P be a matriz pencil, taken in the KCF, i.e., it is a
direct sum of the blocks E,, (), Ey,(00), Le,, and L} . Then the normal rank
of P is equal to the sum of the indices, a;,b;,c;, and d;, of all its Kronecker
canonical blocks.

Remark 2.8. Lemmas and imply that normal rank of a skew-

symmetric matrix pencil is an even number.

Lemma is an observation about integer partition corresponding to
Jordan blocks for skew-symmetric matrix pencils.

Lemma 2.9. Let P be a skew-symmetric matriz pencil. For every u, each
JE(P) in J,(P) is even, for all i=1,2,...

Proof. Let the total number of Jordan blocks corresponding to the eigenvalue
p of size equal to i be n'(P). So, j¥(P) = n'(P) +nl,,(P) +---+nj'(P),
where t is the size of the largest Jordan block. By Lemma , each n}'(P)
is even and the result follows. [



3. Orbit cover relations for skew-symmetric matrix pencils

In this section we develop a theory that helps us to formulate a necessary
and sufficient condition for O%, to cover Of,, for two skew-symmetric matrix
pencils P, and P, in terms of both coin moves and structure transitions of
canonical blocks. The following lemma is an observation about closure of
orbits of skew-symmetric matrix pencils that will be used in the proof of the
main result of this paper.

Lemma 3.1. Let P, and P, be two skew-symmetric matrix pencils such that
p, covers Op,. Then there exist some pxq matriz pencils Wy such that rows

—I/(I)/T Iﬂ i=1,2 and

and columns of P; can be permuted and written as l
Oy, covers Oy, .

Proof. Without loss of generality, we assume that P, and P, are in the canon-

ical form. By permutations of the rows and corresponding permutations of

the columns, the matrix pencils P;,i = 1,2, can be written as
~ T 0w,

Pi - Qz ID@QZ - [_WiT 0 ] ’ (1)
where W; = X; - \Y; is a px (n—p) pencil and Q; is a permutation matrix for
1 =1,2. The block W7 in is the direct sum of the top-right corner blocks
of H-, K-, M-summands in the skew-symmetric canonical forms of P;, the
rest of the blocks form -W/[. Let, f = MQTO(H). By Lemma 3.7 in [17], f
is an integer. The block W5 in is the direct sum of the top-right corner
blocks of the H- and K-summands in the skew-symmetric canonical form of
P, as well as the f largest LT and (ro(P;) — f) smallest L-blocks of P, all
the remaining blocks of P, forms —W,'. Note that the L- and L”- blocks are
parts of the M-summands.

Now assume Oy, does not cover Oy, then there is W’ (not equal to W
or Ws) such that

f,Vl >0y, and Oy 2 O§V2.
0 W
(wnHt o

- —_—

p 20% and Ofp > 0f,. (2)

Define P’ = l_ ] By [17, Lemma 3.8], we have,

It remains to prove that P’ # P, and P’ # P,. Since OTW1 > Oy, we obtain W’
from W; by using a sequence of structure transitions (Theorem. Thus, P’
is obtained from P; by a sequence of structure transitions of canonical blocks
under strict equivalence (Theorem . Thus P’ # P;. Similarly, P" # P;.
Hence O%, does not cover Op, and we arrived at the contradiction. [
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Theorem [3.2)is the main result of the manuscript, that states a necessary
and sufficient condition for O%, to cover Of,, for two skew-symmetric matrix
pencils P; and Ps.

Theorem 3.2. Let P, and P, be two skew-symmetric matriz pencils. The
congruence orbit Op covers the congruence orbit O, if and only if P, can be
obtained from Py by applying one of the following four structure transitions
to the canonical blocks of P;:

o Rule 1. M; ® My ~ M;_y & My, 1 <j <k such thatk—j=min{{k1—
Joko—do b u{k =ik —ja,.. .}, e <k

e Rule 2. H; (1) ® Hyor () ~ Hj(p) ® Hy (1), pe C, 1< j <k such that
k-j=min{{ki —j ko —j,...} U{k=j1,k—jo,... }}, je <k and j < ky;

e Rule 8. My, @ Hy(p) ~ M; @ Hyyi (1), §,k=0,1,2,... and ju € C, such
that k and 7+ 1 are the sizes of the largest H-block and M-block in P,
respectively, provided that ;.1 (Pr) =l (P1) = 1;

and j < ky;

e Rule 4. @ Hy, (i) ~ My @& M,, x>z, y >z foral M, in P;
lx—y|<1; x+y+1=Y% ki k; is the size of the largest Jordan block in
Py corresponding to each distinct p; € C.

Proof. First, observe that, by Lemma [2.6, £(P) = R(P), for a skew-
symmetric matrix pencil P. So we consider only one of them, unless men-
tioned. As in Lemma 3.1 the rows and columns of P, are permuted such
that

- 0o W .
B_l_mT 0 :|,f0rz—1,2.

We start by proving the necessary part. Since Op, covers O%,, Of, covers
Oy, (Lemma . Thus, in particular, there exist non-singular matrices ()
and R and an arbitrarylly small (entrywise) matrix £ such that Q=1(WWs +
E)R =Wy, and, respectively, RT(-Wy— E)TQT = -WT'. Combining the two
equations above, we get,

L SHE St 57
-wr o7l o R||-WI-ET 0 0 R|

QT 0 0 E =
Let N = o Rl F = _ET ol Wiy = @j®iEhi(Mj) ® (®; Lim,),n; € C.

Again, since Of, covers Ofy,, by Theorem , and taking into account the absence

10



of LT-blocks in Wi, one of the following four cases holds for W, and Wo.
Case 1: W, is obtained from W; by using J1 from Theorem ie.,

me ® Lmq ~ me—l @ Lmq+17 1< mp < Mg, (4)

such that mg —m) = min{{mq1 — My, Mgy — My, ... } U{Mg =My ;Mg — My, . .. }},
my, < mg and my, < mg,. The block Wi can be rewritten as

(me ® Lmq) ® (@@Ehz(uj)) ® (?Lmk)
j i
After applying to W1, we get the block Wa, that can be rewritten as

(Lmy-1 @ Ling+1) @ (DD En, (15)) © (? Liny,)-

J

Let K = @; @, En, (1) ® (®, Lim,,), k # p,q, and X = [—KT 0

expressions for Wy and Ws, we get,

=~ | 0 Wil 0 Ly, ® L, ® K
b= [—WlT 0 ]‘ [—(meeaLmq ® K)T 0 ] and

0 K] Using the

5 _[ 0 wa_ 0 Lin,-1® Lip,1 ® K
TlwE 0| | -(Lmy-1 @ Linge1 © K)T 0 '

By P = NT(ﬁ2+F)N. The rows and the columns of P, and P, can be permuted
by some permutation matrices Y; and Y5 such that YlTPlYl = YlTN TYQ(YQTPQYQ +
Y FY3)YENY; or, equivalently,

P = (YzTNyl)T(Pz + F’)(YQTNYl), where F' = YQTFYQ7
5 0 L 0 L 0 K
e [—L% Z)np]@[—Lﬁ gw]@[—KT o] = M, ® M, ® X, and
P q

B 0 Ly, - 0 L 0 K
B = [—LT o 1] ® [—LT WE)QH] ® [—KT o] = M1 & Minye1 © X

mp—1 mg+1

Since ]31 and ]32 are, respectively, congruent to P; and P», the structure transition
from P; to Py is of the type

Mmp ® Mmq ~ Mmp—l ® Mmq+17
such that mg — my, = min {{mq, — mp, Mg, =My, ... } U{mg —my,,mg — mp,,... }},
mp, < mg and my, < mg,. Note that, later in the proof, the notations N, F', Y],

P;,i=1,2, are local to the particular case in which they will be mentioned.
Case 2: W> is obtained from Wj by using J5 from Theorem

Ep,-1(p1) @ Epgr1(p1) ~ En, (1) @ Ep, (1), 1 < by < hy, (5)

11



such that hq — hy = min {{hq, = hp, hgy = hp, ...} U{hg=hpy, hg = by, ...}, By, < hg
and hy < hg,. The block W7 can be rewritten as

(Bny-1(11) @ Bny (11)) @ (D D B, (1)) & (B L), j # 1.
V) 7
After applying to W1, we obtain the block Ws, that can be rewritten as

(En,(11) ® En, (1)) @ (DD En, (1)) © (D Lm,), j#1.

-KT 0
Similarly to Case 1, Pi, P, constructed from the respective blocks W1, Wa can be

transformed using some permutation matrices Y; and Ys, respectively, such that
Y PiY: = YINTY (Y PYs + Y FY3)Y,ENY;, or, equivalently,

K
Let K= @; ®; En, (11)9(®; Lm,), (4:1) # (1,9), (j,4) # (1,p), and X = [ 0 ]

Py = (YINY)T(Py + F))(YLNY1), where F' = Yyl FYs,

151 = th_l(ul) @th+1(u1) ® X and pg = th(m) @th(ul) @ X.

Again, similarly to Case 1, the required structure transition from P; to P, is of the
type
Hp, (1) & Hpy1(p) ~ Hp, (1) & Hp, (1)

where p € C and hg — by = min {{hq, — hp,hg, = hp, ...} U {hg = hp, hg = hp,, ... }},
hyp, < hg and hy, < hy, .

Case 3: We obtain Wy from Wj by using the third structure transition, i.e., J3
from Theorem 2.4

me+1 @ th (,Ul) ~ me @ th+1(M1)7 (6)

where m,, + 1 and hy are the sizes of the largest L-block and E-block, respectively,
of W1, such that r,,,+1(W1) = 1. Thus, the block W; can be rewritten as

me+1 @th(ﬂl) ® (@@Ehl(ﬂj)) ® (?Lmk)a Jj#* 1l

After applying @ to W1, we get the block W5, that can be rewritten as

Lin, ® Epg41(p1) ® (DD En, (1)) @ (@Lmk)a j#*1l

-KT 0
Similarly to Case 1, Fl, 132, constructed from the respective blocks Wy, Ws can be

K
Let K = @j®iEhi(luj) ® (@kLmk)v(j’i) # (Lg), k # pand X = [ : ]

12



transformed using some permutation matrices Y7 and Ys, respectively, such that
Y PiY: = YENTYy, (Y PYs + Y FY3)Y,ENY;, or, equivalently,

Py = (YENY)T(Py+ F') (YL NY1), where F' = Y, FY3,
Pl = Mmp+1 @th(,ul) ® X, and pg = Mmp @th+1(u1) & X.

Again, similarly to Case 1, the required structure transition from P; to P» is of the
type
Mmp+1 @ th (H) ~ Mmp ® th+1(,lj,),

where my, hy =0,1,2,... and p € C, such that hg and m,, + 1 are the sizes of largest
H-block and M-block of Py respectively, provided that 7,,41(P1) = lim,+1(P1) = 1.
Case 4: W is obtained from W using J6 from Theorem [2.4}

t
@D En,, (1) ~ Lim, ® L, i # (7)
k=1

mp, = my, mg > my, for all existing L,,, and LTTnk in P;; t is total number of
eigenvalues and each hy is the size of the largest F-block in P corresponding to
i € C; Z}Z:l hy = my +mg+ 1. The block Wi can be rewritten as

t
(;e Ehk (Nk)) ® (@@Ehz(ﬂj)) ® (@Lml)‘
=1 j i
After applying to W1, we obtain the block W5, that can be rewritten as

(me @L%q) ® (@@Ehz(ﬂy)) ® (ElBLmz)v i k.

_IO(T IO( . Asin Case 1, P, P,

constructed from the respective blocks Wy, Ws can be transformed using some per-
mutation matrices Y7 and Yo, respectively, such that YlTPl Y| = YlTN TYQ(YQTPQYQwL
YL FYs)Y,L NYq, or, equivalently, Py = (Y NY))T(Py + F') (YL NY7), where

A t A
F' =Yy FYs, P =@ Hy, () ® X and Ps = My, & My, @ X.
k=1

We now show that |m, — mg| < 1. Assume, |m, —my| > 1, then we apply Rule 1 as
many times as required and get M, & M,,, ® X, where |m, —mgy| < 1. Hence, the
structure transition from P; to Ps is

t
k@Hhk (:uk) ~ Mmp @ Mmq7

where my, > m,, my > m,, for all existing M,,, in P;; my+mg+1= 2}2:1 hi, hg
is the size of the largest H-block in P; corresponding to each distinct up € C;
[mp —mg| < 1.

13



For proving the converse of the theorem, we first prove that no rule can replace
any finite sequence of Rules 1-4. Assume {a,b,c,d} = {1,2,3,4} and there exist a
finite sequence of rules that gives P from P; using, for e.g., Rule b,

Rule a — ... > Rule b— ... - Rule ¢ — ... = Rule d <= Rule b.

Let Rule b be the k™ element of the sequence. We can replace Rule b at the k"
position with the same sequence any number of times which implies existence of
an arbitrary long downward path. The latter is not possible because stratification
graph has finite number of vertices and edges. So, any sequence of rules that
replaces Rule 1,1 € {1,2,3,4}, does not contain Rule i. Now, while navigating from
P to P, in the graph, either normal rank changes or it remains same. Since Rules
1-8 do not change the normal rank, Rule 4 can not be a part of any sequence that
replaces any of Rules 1-3. We now explain Rule ¢ cannot replace any sequence of
other rules (not containing Rule i), separately for every rule.

Rule 1: Assume Rule I can be replaced by a sequence of Rules 2-3. This is clearly
not possible because use of Rule 3 decreases the size of the only existing largest L-
and LT- blocks in Py which does not lead us to the integer partition R(P) that
we get after using Rule 1.

Rule 2: This case can be argued similar to that of Rule 1 but considering 7, for
some p € C, instead of R.

Rule 3 Assume Rule 3 can be replaced by a sequence of Rules 1-2. As mentioned
in the case of Rule 1, Rule 3 decreases the size of the only existing largest L- and
L"-blocks in P; but Rule 1 will always increase the size of the larger L- and LT-
block at every step.

Rule 4: No sequence of Rules 1-3 can replace Rule 4 because Rule 4 changes normal
rank.

Finally, we prove the converse of our theorem. Assume there exist a skew-
symmetric matrix pencil P*, P # P and P" # P such that O%- covers O,
and is covered by O% . By forward implication, P” can be obtained from Py, and
P, can be obtained from P~ using one of Rules 1-4 contradicting that P, can be
obtained from P; using one of Rules I1-4. O

Remark 3.3. Let P, and P, be two skew-symmetric matriz pencils such
that O%, covers O%,, then either 1o(Ps) —ro(Pr) is equal to 2 or to 0. The
converse of the statement is not true because a sequence of transitions of
the first three types from Theorem can result in ro(Py) —ro(Py) =0 but
Of, does not cover Op, and a sequence of structure transition of all the
types from Theorem in which transition 4 is taken once will result in
ro(P2) = ro(Pr) =2, but again Op, does not cover Op,.

Dropping the restrictions on the indices of the canonical blocks in The-
orem [3.2) we get the following result, analogous to Theorem [2.2] but for
skew-symmetric matrix pencils under congruence instead of strict equiva-
lence.

14



Theorem 3.4. Let P, and Py be two skew-symmetric matriz pencils. Then

p, © Op, if and only if P, can be obtained from Py after changing the
canonical blocks of Py by applying a sequence of structure transitions and
each transition is one of the four types below:

° Mj@Mk’\?Mj_l@M]Hl, 1<75<k;
Hj1(p) © Hia (1) ~ Hj(p) ® Hy(p), 1<j <k and p G
My @ Hy(pt) ~ M; @ Hy1 (1), j,k=0,1,2,... and pu e C;

@iy Hy, (1) ~ My@® My, if p+q+1 = X0 ki and p; # py fori# i, p; € C.

Define a wvertical pair of coins to be a pair of coins positioned in the same
column of the table and in the rows 1+2k and 2+2k, for £ =0,1,... Figure
illustrates the meaning.

(ONONOXC/
(ONONOXC/
00000
O000O0

Figure 1: Integer partition, J = {4,4,4,4,2}, with vertical pair of coins marked as @.

We present Theorem [3.5] which is an interpretation of Theorem [3.2] in
terms of coin moves.

Theorem 3.5. Let P, and Py be two skew-symmetric matriz pencils. Then
Op, covers Ofp, if and only if the integer partitions, i.e., R, L and J,,,
corresponding to P, can be obtained by applying one of the four rules to the

integer partitions of Py:

o Rule I: Minimum rightward coin move from column j in R and the
same coin move in L, where 7 > 1;

o Rule II: Minimum leftward coin move of a vertical pair of coins in any

Tis

o Rule III: If the rightmost column in each of R and L is a single coin,
append these two coins (together) as a new rightmost column of some

N/

o Rule IV: Let 2k = (Y}, 2k; ), where k; denotes the total number of coins
in each of the two longest (=lowest) row from each J,,. Remove these 2k
coins add two more coins to the set. The following two step distribution
s done:

15



— Distribute k+1 coins from the set of 2k +2 coins tor,, p=0,...,1t
and ly, ¢=0,...,k-t-1,

— Distribute the remaining k+1 coins from the set tor,, p=0,..., k-
t-1landl,, ¢=0,...,t,

such that at least the existing columns of each of R(Py) and L(P;)
receive 2 coins and |p — q| is the minimum of all possible differences.

Proof. Assume O%, covers Of,. Rules 1-4 from Theorem are the four
possible rules for structure transitions in the canonical blocks of P; that
allow us to obtain P,. We prove that Rules 1-4, from Theorem [3.2] imply
Rules I-1V respectively.

By Rule 1, Theorem [3.2] P> can be obtained from P, by applying

Mj® My ~ Mjq ® Mg, 1 < j < k such that k- j = min{{k -
Joko = Gy Y u{k =ik = o, b, Ge < k and § < Ky Let, R(Pp) =
(T0s - s 72157, Tju1y - ooy Thy Tt1, Ts2, ... ). The following are the changes in
the integer partitions R, £, and J, after the structure transition:
We start with R. Note that by definition of Weyr characteristics, r;_; is
the total number of L-blocks with indices greater than or equal to 7 —1. So
the replacement of block M; by M;_; does not change the value of 7;_4, i.e.,
ri-1(Py) = r21(Ps), but r; decreases by 1, ie., rj(P2) = rj(P1) - 1. Similar
arguments can be used to explain ri(P;) = 7. (FPy) but 7,1 (FP2) = res1 (Pr)+1.
All other parts of the integer partition R remain the same. Thus, R(P,) =
(Toy - s Tjm1s T = LTty ooy Thy Tt + 1, Thaay o0

Now, we show that R(P,) is an integer partition. We consider two cases,
namely, £ > 7 and k = j. In the first case, the the condition k£ —j = min {{k‘l -

Joko—dy. .y u{k=ji,k—ja,... }}, je <k and j < k, implies

Vv

(8)

Note, if 7, = r11 , then there exists no M block. After applying Rule 1 to

, we get,

...ZTj_1>Tj—1>7“j+1=...=7“k_1=7“1€27”k+1+1>7“k+22...

o2 Tj-1 > T32>2Tj41 = oo = Th-1 =Tk > Tk41 2 Tkt

Now, if k£ = 7 then at least two Mj-blocks exist, i.e.,
G 2T 2T =T > Tyt 2 Tha2 2 ..., Where 7 — Ty 2 2. (9)
Again applying Rule 1 to @, we get,

...27“]-_1>r]~—1:rk—IZTk+1+1>7°k+2>---
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In both the scenerios, R(P,) remains to be an integer partition. L£(P) has
the same partition as that of R(P,) and J,(P) = J.(P1), for all u € C.
Note, by Lemma [2.6] the changes in the integer partitions do not violate the
assumed structure of Ps.

The above changes in the integer partitions is equivalent to a rightward
coin move in R from column j to k + 1 and the same move in £ such that
j > 1. The condition k - j = min {{ki — j, ko —j,... } U {k = ji.k = jo,... }},
J¢ <k and j < k,, makes the rightward coin move a minimum rightward coin
move.

Forward implication of Rules 2 and & can be stated, respectively, in terms
of coin move as Rules Il and II] using arguments similar to that of Rule 1.
The application of Rule 2 to the canonical blocks of P, yields the following
sequences of integers associated with Ps:

) ‘7“(52) = (j17"'7jMf17.jm +27jm+17-~-7jk7,jk+1 _27jk+2---)7 for some
€ C, where ji = j;(P).

* R(P,) =R(P)=L(P1) = L(F).

Again, application of Rule 3 to the canonical blocks of P results in the
following sequences of integers associated with Ps:

o Ju(P2) = (1(P),...5w(P1),2), for some e C
[ ] R(PQ) = (To(Pl),. .. ,Tj(Pl),O) = ,C(Pg) Note, Tj+1(P1) = 1 which be-

comes zero after the structure transition

The resulting sequences of integers after the application of both Rules 2 and
J remain integer partitions. This can be understood using similar analysis
as that for Rule 1.

We prove the forward implication of Rule 4, i.e., P, can be obtained from
Py by applying @7, Hy. (1) ~ M, ® M,, p > 2, q¢ > z, for all existing M, in
Pip+qg+1= Z?zl k;, k; is the size of the largest Jordan block corresponding
to each distinct p; € C and [p - g| < 1. Without loss of generality, let p > ¢.
Rule 4 causes the following changes in the integer partitions R(Py), L(P;)
and, for each y;, J,,(P1):

e The formation of 2 new M-blocks of indices greater than or equal to
the indices of all M-blocks of P;. In such a situation, either of the
following cases occur, for all M,(FPy),

—p>q2zie, R(P) = L(P)=(ro+2,...,1g+ 2,1, + 1),
— p:q}z7 Leq 'R,(PQ) = E(P2)=(7“0+2,...,T‘p+2).
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e The number of Jordan blocks of size greater or equal to x < k; decreases
by 27 i'e'7 for each 228 jpz(PQ) = (jl(Pl)_27 s 7jki—1(P1)_27.jki(P1)_2)7
since k; is the size of the largest Jordan block corresponding to each
distinct p; € C.

It is clear, for each p;, J,,(P), R(FP2) and L(P,) are integer partitions
and the skew-symmetry of P; is preserved.

Thus, we get the above integer partitions corresponding to P, from integer
partitions corresponding to P; by removal of two longest(=lowest) row of
coins from the integer partition corresponding to Jordan blocks of P; for all
eigenvalues. Assume a total of 2k coins have been removed, add 2 more to
this set of 2k coins. Firstly, distribute k + 1 coins to 7,, p = 0,...,¢ and [,
q=0,...,k—t—1such that all (existing) columns of R(P;) and L(P;) get at
least 1 coin. Finally, distribute the remaining £+1 coinstor,, p=0,...,k-t-1
and l4, ¢=0,...,1.

The backward implication of the theorem is similar to that of Theo-
rem [3.2) except the fact that, here, we consider Rules I-IV instead Rules
1-4. O

An illustration of each coin move is given in Example[3.7] From Theorem
we derive the following theorem that presents rules for upward naviga-
tion in the orbit stratification graph. Note that Theorem had rules for
downward navigation in the graph.

Theorem 3.6. Let P, and Py be two skew-symmetric matriz pencils. Then
p, covers Ofp, if and only if Py can be obtained from Py by applying one of
four types of structure transitions:

o Type 1: My & My ~ M; @ My, 1<j<k, such that k—-j = min{{kl—
Joka =g, YUk =jik—ja, ... 3}, Gi <k
o Type 2: Hij(p)® Hy(11) ~ Hj (1) ® Hya (1), 1< 5 <k and peC, such

tha,tk—j:min{{k’l—j,kQ—j,...}U{kz—jl,k—jg,...}}, jy < k and
J < ku;

and j < ky;

o Type 3: M; ® Hy1 (1) ~ Mj & Hi(p), 7.k =0,1,2,... and p € C,
such that k+1 and j are the sizes of the largest H-block and M -block
respectively, provided that j¥, (Py) = 2;

o Type 4: My ® M, ~ &L, Hy, (1), if p+q+1=XL ki, p and q are the
sizes of the largest M-blocks in Py and k; is the the size of the largest
Jordan blocks corresponding to each distinct pu; € C in Py.

18



Following [10], 11l 17, 18], define dimension of O%_, as the dimension of
the tangent space to O%_,5 at A— AB. The codimension of O%_,p5 is n? -n
minus the dimension of the O%_,5. From now onwards, codimension will be
denoted as cod. Below, we give two examples demonstrating the main result
of the paper.

Example 3.7. In this example, all the orbits are considered under congru-
ence transformation. In Figure [3, we present the orbit stratification graph
of 6 x 6 skew-symmetric matriz pencils, where at each edge of the graph we
write the rule it was obtained from (one of Rules I-IV in Theorem[3.5). We
choose 4 distinct rules from the figure, written in bold font, and explain the
coin moves corresponding to each of them. The bullets (@) represent the coins
that are involved in the coin moves and the empty circles (0) represent the
coins that are not involved in the coin moves.

Coin move corresponding to Rule I: 2My ~ My & Ms.

Both R and L before Rule I: | Both R and L after Rule I:
ce o
o¥e) coe

JHi before Rule I, for any u;: | J* after Rule I, for any p;:

Coin move corresponding to Rule II: Hs(p) ~ Hy(p1) @® Ha(p1)-

Both R and L before Rule II: | Both R and L after Rule 1I:
JHt before Rule II: Jm after Rule II:
°
°
(ONOXN ) (ON®)
(ONOXN ) (ON®)

Coin move corresponding to Rule III: My & My & Hy(p1) ~ 2Mo @ Ho(j11).

Both R and L before Rule III: | Both R and L after Rule III:
o) o)
oce o)
JHt before Rule I1I: JHt after Rule I11:
@) ce
o ce

Coin move corresponding to Rule IV: 2My @® 2H; (1) ~ 4Mo & Hi(111).
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Both R and L before Rule IV | Both R and L after Rule IV

°
°

o o

o o

JH before Rule IV J after Rule IV

o

o

° 0

° 0

Example 3.8. All the orbits are considered under congruence transformation
in this example. In Figure[3, we draw the orbit stratification graph of 7x7
skew-symmetric matrix pencil. Rules I-IV corresponding to each edge of the
graph are mentioned, as well as the codimensions of each orbit.

4. Relation between closure hierarchy graphs of different dimen-
sions

In this section, we discuss a result that helps us to draw the closure
hierarchy graph of size (n + k) x (n + k) from that of n x n and vice-versa.
Note that the method allows us to only draw a part of the graph which can
then be completed using the rules in Theorems and Also, note that
two orbits having the same codimension in one graph might not have the
same codimension in the new graph.

Theorem 4.1. Let P, and P, be two n x n skew-symmetric matrix pencils.
Then, two (n+1) x (n+1) skew-symmetric matriz pencils Q; are constructed
from P;, such that, under congruence, Q); is congruent to P; & My, for i €
{1,2}. O%, covers O%, if and only if Of, covers O, .

Proof. In Theorem , Rule 1: M ® My, ~ M;_1 & My1, k—j = min{{k:l -
Joko—3, ... yu{k—j1, k=ja, ... }}, je < k and j < ky, and Rule 3 Mj.1®Hy(p) ~
M; ® Hy 1 (1), 5,k=0,1,2,..., peC, do not effect the new summand M, in
P, ® My. Thus, P, ~ P, is equivalent to Py@My ~ P, & M,, for any Rule 1,
i€{1,2,3,4}. Hence, the result follows. ]

The above theorem can be illustrated by comparing the graphs in Fig-
ures 2] and [3] Using arguments similar to Theorem (4.1 analogous result for
matrix pencils under the equivalence transformation can be stated.
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Hsz(p1) Hy(p1) © Hi(p2) ® Hi(ps) Ha(p1) ®© Hi(p2) cod. 3

1V
v 1V
2M1 cod. 4
II I 17
Moy & Mo cod. 5
Hi(p1) @ Ha(pr) 117 2H:(p1) @ Hi(p2) cod. 7
Mo & M1 & Hi(p1) cod. 8
117
11 I1I
2Mo ® Ha(p1) 2Mo @ Hq(p1) @ Hi(p2) cod. 12
1V
3H1(p1) M1 @ 3My cod. 15
11
v
2Mo @ 2H1(p1) cod. 16
v
4Mo & Hy(p1) cod. 21
l v
6 Mo cod. 30

Figure 2: Orbit stratification for 6 x 6 skew-symmetric matrix pencils along with the
codimensions. Rules from Theorem [3.2] used for each structure transition are indicated
near the corresponding edge.
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M3

117 l

Mo @ Hi(p1)

/

My @ Ha(p1)
II7

Mo ® Hy(p1) ® Ha(p1)
x

17

My @3H1(p1)
II

1V

3My ®2H1(u1)

T

Mo @ Ha(p1) ® Hi(p2)

My ®2H (1)

11
11T

X

My ® H1(p1) @ Ha(p2)

117
117

Mo ® Hi(p1) ® Hi(p2) ® Hi(us)
v

v

Mo @ 2M,

2Mo & Mo

Mo @ 2H1(p1) ® Hi(p2)

/
11

2M0 @® My @Hl(ul)

i

3Moy @ Ha(p1)

3My @HI(HI) @Hl(p,g)

v
v

4Mo @ My

/

5Mo & Hi(u1)

Figure 3: Orbit stratification for 7 x 7 skew-symmetric matrix pencil along with the codi-
mensions. Rules from Theorem [3.2] used for each structure transition are indicated near

the corresponding edge.
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5. Result and future work

In this manuscript, we have presented a necessary and sufficient condition
for one orbit of a skew-symmetric matrix pencil to cover the orbit of another
skew-symmetric matrix pencil. The desired condition is presented in terms
of structure transitions for canonical forms and coin moves. We conclude
our paper with a technique to manually draw the whole or a part of the
stratification graph from a given stratification graph for pencils of different
dimensions. As part of our future research we plan to develop a character-
ization for closures of bundles of skew-symmetric pencils (similarly, as it is
developed in [9] for general matrix pencils, see also [12]) as well as to obtain
a cover relation for bundles of skew-symmetric matrix pencils. Extending
these results to skew-symmetric matrix polynomials and implementing all
the results in the Stratigraph software [31] are other directions for future
research.
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