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Abstract

We construct an extension of the proper orthochronous Lorentz subgroup SO(3, 1)%r
that includes space-time transformations for observers moving with superluminal relative
velocities in arbitrary direction. This extension is generated by the following realization of
the Klein four group Zs X Zs depending on polar and azimuthal angles identifying a spatial
direction:

Zw.g) =1, =1, Ao(0,0), —Ac(0,9)},

where A (6, ¢) are involutive matrices arising as infinite—velocity limits of superluminal
boosts and satisfy A2 = I, det A, = —1. The extension is:

Eext = (SO(?), :[)T+ NAdAoo ZQ) X ZQ

where Zs is {-1,1}, the nontrivial automorphism Ad,__ is conjugation by A (6, ¢) and con-
jugation with matrices corresponding to different values (6’, ¢') produces equivalent group
extensions. Lqxt has the same identity component SO(3, 1);r as the usual Lorentz group
but components +A., in place of parity and time-reversal of O(3,1). Each transformation
in this extended group preserves the Minkowski form up to sign and can exchange time-
like and spacelike directions. Passing to the extended Poincaré group Pext = R* % Lo,
we classify unitary irreducible representations (UIRs). The action of Lexy on momentum
space merges the timelike and spacelike SO(3, 1);r —orbits with invariants p*p, = £M 2 into
a single orbit |ptp,| = M?, while merges light-like SO(3, l)ﬁ—orbits with pg < 0 and pg > 0.
The resulting induced UIRs for M # 0 restrict to the ordinary Poincaré subgroup as a
multiplicity—one direct sum of a massive forward (py > 0,p*p, > 0), a massive backward
(po < 0,p*p, > 0) and a tachyonic (pp, < 0) Wigner’s UIR, while for M = 0 as direct sum
of forward and backward massless Wigner’s UIRs depending on a two valued parameter. We
then derive wave equations corresponding to solutions of the Casimir eigenvalue problem of
Poincare algebra obtained differentiating the above representations. This set of equations
contains all the wave equations known to date in quantum field theory together with new
wave equations describing tachyonic behaviour and a new class of massless representations.
We finally show that tachyonic wave functions provide a relevant representation theoretic
tool for interpretation of parity—violation phenomena in quantum field theory

*Email: marco.zaopo@gmail.com



Contents

(1 _Introduction|

2  Extension of Proper Orthochronous Group Beyond the Light Speed Limit|

2.1 Proper Orthochronous group| . . . . .. .. .. .. . ... ... ... .. .....

[2.2  Definition of Superluminal Lorentz Boosts| . . . . . . . . ... ... ... .....

[3 Unitary Representations of Extended Poincare Group|

[3.1  Extended Poincaré group| . . . .. .. ... o

13.2  Classification of UIRs and Relationship with Wigner’s Representations| . . . . . .

13.2.1 UIRs Corresponding to Non Lightlike Orbits| . . . . . . . ... ... ...

[3.2.2  UlRs Corresponding to Lightlike Orbits| . . . . . .. ... ... ... ...

[4 Extended Poincare Algebral

|4.2  Infinitesimal Restricted UIRs and Extended Poincare Algebral . . . . . . .. . ..

4.2.1  Massive Representations| . . . . . . . . . .. .. ... L.

[4.2.2  Tachyonic representations| . . . . . . .. .. ... oo

4.2.3  Massless Representations| . . . . . ... .. ... .. 0oL

[6 Tachyonic Representations and Parity Asymmetry in Electroweak Decay|

6 Conclusions]

A.1 Proof of

A.2 Proof of

25

A.3 Proof of

28

A.4 Proof of

119

A.5 Proof of

127))

13
13
14
16
17
17



1 Introduction

A first attempt to formally understand superluminal Lorentz transformations from a group
theoretical perspective is, in author’s knowledge, [16], where it is given a representation of sub-
luminal and superluminal Lorentz transformations employing complex space-time coordinates.
A first study of the same kind involving real space-time coordinates appears in [3] however
the authors of this paper only classify real representations of superluminal boosts with respect
to a static observer but do not classify representations of boosts between subluminal and su-
perluminal observers. In more recent years in [5] a first attempt to represent boosts between
subluminal and superluminal observers in real space-time coordinates has been done. In that
paper it is defined a transformation between a subluminal and a superluminal observer and is
called ”superflip”. In this paper, based on the above works, we define, for the first time in
author’s knowledge a full classification of subluminal and superluminal Lorentz transformations
in 4 dimensions employing real coordinates. Here we achieve this exploiting a symmetry of
matrices representing Lorentz boosts with respect to the following conformal transformation of

the boost speed vector v:
Uy Uy Uy

2
% —_— — —_
v R o o

The above is a particular case of a transformation known in geometry as ”6 Spheres Coordinates”
and is obtained by inverting the 3D Cartesian coordinates of the speed vector across the 2-sphere
of radius c¢. Exploiting the symmetry of Lorentz transformations with respect to the above we
are able to represent Lorentz boost for v in R3/{c} and not only in (—c,c) in real space-time
coordinates. We show that the set of matrices defined in this way form a group of space-time
transformations {A} such that:

Av> = 2> | =0T

where p is Minkowski metric and v a 4 vector. This group of transformations can send space-like
vectors into time-like vectors and vice-versa.

A quantum mechanical description of Tachyons has been subject of theoretical research
since the sixties. The first notable attempts in author’s opinion are [§] [4]. These attempts,
though very accurate studies, assume that unitary representations of tachyons coincide with
those of massive particles and are unitary representations of SO(3). In [I7] it is recognized that
those representations should be different and indeed tachyonic wavefunctions should come from
unitary representations of SO(2,1) and not SO(3) like standard particles. This conclusion is in
line with the original work done by Wigner in [21] but still lacks to give a complete representation
of tachyonic wavefunctions. We here show that by including involutive “infinite—velocity” limits
of boosts, labelled by a spatial direction (€, ¢), one obtains a finite semidirect-product extension
of the proper orthochronous group:

Lext = (SO(3, 1)}F Xady,, Z2) X L,

where Ay (6, ¢) are involutive matrices with det Aoc = —1 and A2, = I. This construction
respects local compactness and semidirect—product structure as discussed in harmonic-analysis
texts [11], [9].

We then proceed to the extended Poincaré group

4
Pext =R"x Eexta

and classify its unitary irreducible representations (UIRs) by applying Mackey induction tech-
niques in the presence of a finite extension. In doing so we find that the timelike and spacelike
orbits under the standard Poincaré group become unified under Lqy into a single orbit with
invariant |[ptp,| = M 2. The corresponding induced UIRs restrict to the usual Poincaré UIRs
(massive positive, massive negative, tachyonic) as a direct sum of multiplicity-one components.



Next, by differentiating the representation action we the generators of the extended Poincaré
algebra, including momentum and Lorentz operators, and thereby derives wave equations associ-
ated to the Casimir eigenvalue problems. These wave equations include the usual Klein—Gordon,
Dirac, Maxwell, as well as novel equations for tachyonic and new massless sectors permitted
by the extension. Finally, we demonstrate an application of the tachyonic wave functions to
reinterpret parity-violation phenomena in the weak interaction via representations of SO(2,1)
rather than SO(3).

2 Extension of Proper Orthochronous Group Beyond the Light
Speed Limit
2.1 Proper Orthochronous group

Lorentz transformations in special relativity are defined as a class of real 4 x4 matrices Ls(v, ©),
depending on a relative velocity vector v € R? and a set of spatial axis orientations ©, which
satisfy the following [6]:

o All entries of Ls(v, ©) are real;
e The matrix preserves the Minkowski metric p = diag(—1,1,1,1):
= Ly(v,0)nLs(v,0)7 (1)
e The component (Lg)go > 0;
e det Ly, =1.
The general form of such transformations is
Ls(v,0) = As(v) R(O), (2)

where A4(v) denotes a collinear Lorentz boost and R(O) a spatial rotation matrix. In Cartesian
coordinates, As(v) is given by

v Vy v
Vs —Vs ¢ ) Vs —Vs &
_ V. vz VzVy Vg Uz
Vse 1+ K [v]2 K [u]2 K [v]2
As(v) = v Vg Uy vz Vy Uz ) (3)

EVETI L N R A
with
Vs = ———, Ki=7,-1L (4)

The rotation matrix R(©) can be defined as
0 0 0

1

0 cos(a’,z) cos(z’,y) cos(a,z)
0 cos(y’,z) cos(y',y) cos(y’,z)
0 cos(z/,x) cos(2,y) cos(Z,z)

R(©) = : (5)

in terms of the full set of cosines. As is well known every rotation matrix needs only three
parameters in order to be fully specified, and using Euler angles parametrization with Z—-Y-7
convention may be written as:

1 0 0 0
- |0 cosacosBcosx —sinasiny —cosacosfsiny —sinacosy cosasinfj
R(© =a,f,x) = 0 sinacosfBcosy + cosasiny —sinacosfsiny + cosacosy sinasin
0 —sin S cos x sin 8sin x cos 3



Here, a € [0,27), 8 € [0, 7], and x € [0,27) are the Euler angles.
This class of transformations forms the proper orthochronous Lorentz group SO(3, 1)%F .
2.2 Definition of Superluminal Lorentz Boosts

We now define superluminal boosts by extending this representation to velocities V € R? with
|V| > ¢. The corresponding matrices take the form

s —’ys%‘; ] —'@%’ —ys% ]
astvy= | S0 TR Ko, Ka ) ()
V5o Kswp 1+Ksyep Ksypr
s Kstr  KsiR 1+ Ksyp)
with 1
Vs = W? Kg=nvs -1 (7)
c

These matrices satisfy:
e All entries are real;

e They reverse the sign of the Minkowski metric:

—p=As(V) pAs(V)™h; (8)
e The component (Ag)oo € R;
o detAg = —1.

A bijective correspondence between subluminal and superluminal boosts is realized via the
map:

2
c
V= BE (g, vy,02), U] < e, 9)
yielding the relations:
v c
'YS:’YsU :'Ysm (10)
ViVi gy
W = W, k',l =T,Y,z. (11)

Taking the limit Ao = lim Ag(V)|y| 00, We obtain the matrix:

[ 0o _Va Y _V:
V] V] V]
BRI
Ag(00) 1= Vy ViVy V2 V, Vs (12)
4 45 v v
Ve WV  _WVe g V2
L IVI V2 V2 V2

This limit matrix depends only on the angular direction of V, and can be expressed in terms of
polar and azimuthal angle the speed vector forms in three space exploiting spherical coordinates.
We first recall:

A

V; = sin 6 cos ¢
Vy = sinfsin ¢



V., = cos@
and then substitute the above relations into (|12)):

0 —sin 6 cos ¢ —sinfsin ¢ —cosf
—sinfcos¢ 1—sin?0cos?¢p —sin®?fcospsing —sinbcosf cos @
Aoo(97¢) = . . .9 . ) ) . . (13)
—sinfsing —sin“fcos¢gsing 1 —sin“fsin“¢ —sinfcosfsing
—cosf —sinfcosfcos¢ —sinf cosf sin P 1 —cos?6
A similar construction yields the matrix Ao (0,¢) = lim Ag(V)jy|——oo:
_ v, v, v
O W, W V]
Ag(—00) = v, WV, oL AR A (14)
4 v|? v V2
& _ Vacvz _ VUVZ 1 _ LZQ
LIV] 4K 4K V12 ]
and consequently:
0 sin § cos ¢ sin # sin ¢ cosd
sinfcos¢ 1 —sin?fcos®¢p —sin®fcospsing sinb cos b cos @
A,OO(Q, ¢) = . . .. 9 . ) ) . . (].5)
sinfsin¢g —sin“fcos¢gsing 1 —sin“f#sin“¢ sinfcosfsin @
cos —sinfcosOcos¢p —sinfcosfsing 1 —cos?f
we observe:
Ao(0,9) = Aoo(0,6) " = —A_oo(0,9). (16)
Thus, in particular, A (6, ¢) is an involution and satisfies:
Aoo(8,¢)* =T (17)

2.3 Extension of Relativistic Frames Transformations

We are now going to study the multiplicative structure of the matrices defined so far. The set
of matrices, defined given a pair of azimuthal and polar angles (6, ¢),

Z9,6) =L, —I, Aoo, = Ao } (18)

forms a discrete abelian group isomorphic to Zg x Zy where Zg = {£1}. In appendix it is
showed that:

As(V) = As(v)As(o0), (19)

where the subluminal velocity v and the superluminal velocity V' are related via the involutive
map @ Equation expresses the fact that an observer moving with velocity v relative to
a rest frame is related, via an infinite-speed boost, to an observer moving at velocity V = ¢2 /v
along the same direction. From ([14)), we note that the inverse of Ag(co) is not Ag(—oc0), but
rather —Ag(—o0). This is in contrast to ordinary Lorentz boosts, where the inverse of a boost
is given by reversing the sign of the velocity. Indeed, from , we obtain

—As(v) = As(V)Ag(—00), (20)

which shows that Ag(—o0) maps Ag(V') to —As(v). Consequently, the negative identity matrix
—1I is also an element of the closure of this set:

—I = Ag(c0)Ag(—00). (21)



This observation was previously noted in [16] for a restricted subgroup (corresponding to 6 =0
in expressed in complexified spacetime coordinates.

We now derive the multiplication table involving products of superluminal and subluminal
boosts. Let the following subluminal boost with velocity v = (0,0, v,)

Vz

Vs 00 —Vs¢
0 1 0 0
AS(U) = 0 0 1 0 Y
_75% 00 Vs

For a superluminal boost along z with speed vector parameter related to v by @D

s 0 0 —vs%
0 1 0 0
As(V) = 0 0 1 o |
—s%= 0 0 s

As already mentioned Ag exchanges timelike and spacelike vectors along the chosen axis, sending
a four vector z# such that z#z, >0 to 2" such that "z, < 0.
The infinite—speed limit along z is the involution

-1

o o O

O O = O
o = O O
o O O

—1

The above matrix swaps the ¢- and z-axes and leaves the z- and y-axes fixed. By direct
computation we have, using

As(V) = Aos(0,0)As(v) = As(v) A (0,0) (22)

Let v, v’ be subluminal collinear parameters along direction z, with sum v” given by the 1D
Einstein velocity addition [7]. By and

As(V) As(

AS

Ag

) = As(v) Moo As(v') Ao = As(v) As(v') A, = As(07),

14 %0
(v) As(V') = As(v) As(v') Moo = Ag(V"),

(V') As(v) = As(v') Ao As(v) = As(v) As(v)) Moo = Ag(V"),
Including the element —I for group closure define

s:=As(1), S:=Ag(), —s:=-As(-), —S:=-Ag("),

which multiply as:

-S| -S —-s S

the block (s vs S) is determined by the parity of the number of S factors and the overall
sign multiplies. The above multiplication table has been derived for a given choice of 6, ¢ but
it holds true independently of this choice. Indeed for arbitrary values of 6, ¢ pick a spatial



rotation R(6, ¢) € SO(3) such that R(f,¢)z = (sinfsin ¢, sin 6 cos ¢, cos§) where z = (0,0, 1).
Define R := diag(1, R(6, ¢)) and

As(v') := R, As(v) R71
As(V'):= R,Ag(V)R™!
Ao (0, ¢) := RAs(0,0) R

Then all identities above are preserved under conjugation by R, yielding the multiplication table
for As(v'), As(V"), Ao (6, ®) for collinear boosts along arbitrary directions, where vectors v,V
and v/, V' are related through o' = Rv, V' = RV, |V| = o V| = o

For boosts along different directions one recovers the usual Thomas precession [12]: the
product of two boosts (subluminal or superluminal) in different directions is a boost composed
with a spatial rotation R € SO(3) (see (2)). We thus can drop the subluminal/superluminal
distinction and write a generic transformation in this group generalizing as:

L(v,0) = A(v)R(©) |v] € R, (23)

The matrix group defined is freely generated by multiplication of matrices H = SO(3, 1);r ,
Ao, -1. We indicate it as:

£ext = <H, Aooa —I> (24)

From a group theoretic perspective the extended Lorentz group defined in is a realization

of a semidirect product extension [9] of H = SO(3, 1);r via the Klein’s four group Zs x Zs. In
appendix it is showed:

Eext = (50(37 1)? ><]AdAoo ZQ) X ZQ) (25)

Where 54,  denotes extension by semidirect product group where non trivial automorphism
Ady_, denotes conjugation with A, and is composed with extension with the first Zs factor
while the other extension factor acts trivially at the conjugation class level.

The four connected components correspond to the four cosets SO(3, 1)T+ , Ao SO(3, 1);r ,

(—=1)SO(3, 1)?, (—I)AxSO(3, 1)? and may be identified with labels in rows and columns of the
product table of extended group boosts above. A different Ao (6, ¢') produces an equivalent
extension as it is related to the one with A (6, ¢) by conjugation with an element of the group
(namely of the subgroup SO(3), i.e. a spatial rotation).

3 Unitary Representations of Extended Poincare Group

3.1 Extended Poincaré group

Let H = SO(3, 1)?’, T =R*and Z = {I, -1, Aw, —Aso}. The estended Poincaré group is the
semidirect product
Pext = T x [rext =T x (H >qAdAC>o Z) (26)

with multiplication
(h,a)- (W,d') = (hK, a+ hd),

where 7 = R? is translation group, h € Loy acts on T by the standard linear action on R*.
With the subspace topology from GL(4,R) on Ley and the Euclidean topology on T we
have:

1. Lext is a locally compact, separable Lie group (closed in GL(4,R)).

2. T = R* is locally compact and separable.



Local compactness and separability of Peyt are inherited from Leyt and 7 as it is defined via
semidirect product extension from those subgroups. The ordinary Poincaré group is

Poi=T x H (27)

which is itself a locally compact and separable topological Lie group.
In appendix [A.3] it is showed that:

Pext = 730 N Z (28)
where « is an automorphism of (h,a) € Peyt defined by:
ay(h,a) = (zhz_l, z-a), zeZ (29)

We will use this fact in next section to derive unitary irreducible representations of extended
Poincare group.

3.2 Classification of UIRs and Relationship with Wigner’s Representations
Let N =Py = (T xSO(3, 1)?‘), in . Define:
N = {Wigner’s UIRs of N} (30)

An element z € Z acts on N via automorphisms, namely its action on a given element n =
(h,a) € N with h € SO(3, l)T+ of the Poincare group:

n=z-n (31)

is such that it exists an automorphism of N, «.(n) such that
n' = a,(n) (32)
where «a is defined in ([29). This induces an action on the set of charachters (i.e. UIRs) of Pp:
z-m(n) =7(ay(n)) VneN (33)

The set N is constituted by UIRs of Poincaré group which have been classified by Wigner in
[21]. UIRs of Poincare group are classified by the value of the four momentum vector p = p,
together with the value of the invariant lenght |Ls - p|? associated to the orbit

Op = {Ls : p‘Ls € 50(37 1)?_} (34)

p is called the representative of the induced UIR of Poincaré group. Given choice of p, an
SO(3, 1)%|r -orbit representative in Wigner’s classification, its invariant could be p#p, # 0 or
p'py, = 0. Choosing a non massless (pHp, # 0) representative p, we have:

e Massive Representations: Unitary irreps of SO(3) for time-like orbits
o« =URs of { L e SO(3, 1)$|Lﬁpu =p, p'pp>0 po>0} (35)
Tass := UIRs of { L € SO(3, 1)?|Lﬁpu =p, P'pu>0 po <0} (36)

e Tachyonic Representations: Unitary irreps of SO(2,1) for space-like orbits

Tiach := UIRs of { L € SO, 1){ |Lip, =p, p'pu <0 } (37)



Choosing a massless (p"p, = 0) we have

e Massless Representations: Unitary irreps of ISO(2) for light-like orbits

Thwnssless := UIRs of { L € SO@3, 1)} |Lkp, =p, p'pu=0 p° >0} (38)

massless

Tonesless i= UIRs of { L € SO@3, 1)} |Lkp, =p, p'pu=0 p° <0} (39)

massless
Now, with reference to the action in define, given a representative m € N , its Z-orbit:
Or ={2m | z€Z} (40)
and the stabilizers
Zr={2€Z | zn(n) =m(n)} (41)

where n is in N = Py.
We have two different possibilities [18].
If Z; ={e} Vn(n) € N with e identity element of 7 then 3 U(z) such that

U(z)n(n)U(z) = (2 'nz) Vz€Z (42)

and the UIRs of Py (namely the set N ) consist of UIRs of the extended group too. In this case
UIRs which are inequivalent as representations of Py become equivalent for Peyt. This is due to
the fact that orbits of SO(3, 1)? in momentum space preserve p*p, with its sign while in Lext
the sign can change.

If, on the contrary, Z. # {e} for some 7 then its elements may give rise to inequivalent
UIRs depending on the action of z € Z; on 7 € N.

In what follows we are going to specialize these considerations to UIRs of the extended group
corresponding to non-lightlike and lightlike orbits.

3.2.1 UIRs Corresponding to Non Lightlike Orbits

For a given choice of momentum p,,, the possible non-lightlike z-orbits of the extended group
are those with p#p, # 0 and give rise to the following UIRs of the Poincare group Po:

N = {Trr—;ass’ Tmass ﬂtach} (43)

The stabilizers of the corresponding orbits in H, =e¢, Y7 € N and from We have:

U(AOO>7TIT1ass(n)U(AOO)_1 - Wgass(‘/\OOnAc:ol) = Ttach (44)
U(A—OO)TFI;aSS(n)U(A—OO)il - Trr;lass(A—OOnA:io) = Ttach (45)
U(i]l)ﬂ-r—gass(n)U(i]I)_l = 7Tr—ir_lauss((7]1)”(71[)) = 7Tr?lass (46)

We thus have that the set of UIRs in is a set of equivalent irreducible representations of
the extended group and to fully specify the UIR we need to explicit the intertwiners above.
Let Uy be the unitary operator corresponding to U(As) in . We look for an operator
such that:
UsoU(a, h)UL" = U(Aosoa, AsohAT)) (47)

Where U(a,h) with a € T and h € SO(3, 1)%F is an operator representing an element in

Tt ass With representative pg = (M, 0,0,0). Define the section:

ki(p) € SO(3,1)f ke(p)po=p (48)

10



and the corresponding Wigner rotation:

s(h,p) = ki(p) ' hke(h™'p) (49)

It can be easily verified that s applied to py gives pg so si(h,p) is in the (little) subgroup of
SO(3, 1)%F stabilizing po. The operator U (a, h) acts on wavefunctions as [20]:

Ula,h) : ¢(p) — [U(a, h)¢](p) (50)
where
[U(a, h)e)(p) = €U (s(h, p))¥(h™"p) (51)
and U(s(h,p)) is in 7/, which is an UIR of the stabilizer SO(3). Let qo = A !po and define
the section:

ks(AZ'p) == AL ke(p) (52)
and the corresponding Wigner rotation:
s(h,q) = ka(q) " hks(h™"q) (53)

it can be verified that s(h,q) applied to go = A !po gives qo thus s(h, q) is in the stability group
of gqo. Moreover we have the relations:

5(hy @) = Aoos(Asoh AL, p) AL (54)
Upon defining the action:
Use : ¥(p) = [Usc¥](p) := U(Aoo)¥ (AL D) (55)
where Us, is the operator corresponding to U(As) in we have:
[UseU (a, UL ) (p) = [UscU (a, )] (q) (56)
where
¢(q) = U(Aso)¥(q) (57)
Then from the above equation and
[U(a, h)¢)(q) = €U (s(h, q))$(h™"q) (58)
Finally using
[UssU (a, U $](p) = €7 U (s(Asch A, p)¥(Asch ™ ALID) (59)
Upon writing the following relations:
AP a=p-Asa Ach™ AL p= (A hAL) 'p (60)
we have :
[UsoU(a, UL ) (p) = [U (Moot Aoh A Y] (p) (61)

which is (7). The only other constraint on U(A) is that its square be I. Thus we can set
U(Ax) = I itself and set:

[Usct)(p) = ¥ (AL D) (62)
Following a similar reasoning for U(—1I) and U(—1I) we have:
[U(=1)¥](p) = ¥(-p) (63)

where U(—1I) = I. The induced UIR for non lightlike orbits is thus, given a representative p,
the set of equivalent UIRs in each occuring with multiplicity one (given that H,=e V),
the intertwiners U(As) and U(—Ay) transform an element of an UIR of a positive massive
and negative massive representations into an elemnent of a tachyonic representation (see ,
) while U(—1I) transforms an element of an UIR of a positive massive representation into
an element of an UIR of a negative massive representation (see (46])).

11



3.2.2 UIRs Corresponding to Lightlike Orbits

We now consider the lightlike z—orbit
Oy = {Lpo | L € SOB,1)f, p =0}, (64)
with the standard representative chosen as
po = (w,wsin b cos ¢, wsin sin ¢, w cos §), w > 0. (65)

The usual Wigner classification for the ordinary Poincaré group Py yields two massless UIRs,
denoted

corresponding to forward and backward light—cones (p) > 0 and pJ < 0). They are both induced
from unitary irreps of the Euclidean group I5S0O(2) (helicity or continuous—spin class) and are
inequivalent as representations of Pjy.

In the extended Lorentz group Lext the matrix A_,, = —A satisfies A_opo = po, hence
it lies in the stability subgroup of the chosen representative. Consequently, the geometric little
group at pg in Lext 1S

ISO(2) x {I,A_}. (66)

Let Uy be a unitary representation of the little group IS0O(2) associated with either helicity or
continuous—spin. The induced Poincaré action on wavefunctions v : Oy — Hg has the usual
form

[U(a’ hW](P) = e'Pe UO(SO(hvp)) ¢(h_1p)v (a’ h) € Po, (67)

and this construction gives the standard massless Wigner UIRs 74 and 7" depending on
the choice of representative on the forward or backward orbit.
In contrast to A_,, the transformation A maps pg to the backward representative

Aoo(97 ¢) bo = —Ppo, (68)

thus interchanging the forward and backward light—cones. In particular A., does not belong to
the geometric stabilizer of py. However, at the level of massless UIRs of Peyt, 7%9 and 7P%4 are
equivalent since the unitary operator representing U(Ay) is thus an intertwiner between 7gyq
and 7 bwd

U(Aoso) 7™(n) U(Aso) ™ = 7™(AtnAL) = 7™(n),  VneP,. (69)

Thus, under the action of the discrete factor Zg 4) = {I,—1,As,—Ax} on the dual space 77\0,
(i.e. the set of Wigner’s UIRs) the set IT = {74 7>¥d} constitute a single equivalence class of
UIRs in which the transformation U(A) is a non trivial stabilizer, namely:

AsIl =TI (70)

As a consequence, the induced massless UIRs of the extended Poincaré group Pext do not
live on a single copy of Hg, but rather on the direct sum

He = Hiwd S Howd, (71)

where Hpwaq and Hiwg carry 71V and 7P%9, respectively. Writing U = (Yyd, Ybwd) € Ha, the

extended action of (a, h) € Py is block-diagonal:

[U(a, n)¥](p) = ([Uwala, h)Yswal(p), [Ubwa (@, h)¢rwa] (p)), (72)

with each component governed by .
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The discrete elements of Ley act as follows. For Ao, we choose an operator U (Axo) on Hg
of the form B
[U(Aso)¥](p) = (U(Aco) Piwa(AP), U(Aoo) ™ Yrwa (AL D)), (73)

fw bwd

where C' implements the intertwining between ™4 and 7

section kg adapted as

as above. One checks, using a

ko(Ap) = AL ko(p), (74)
and the covariance relation
so(AschAsd, p) = Acoso(h, Atp) AL, (75)
that
U(Aoo) U(a,h) U(Aoe) ™ = U(Aooa, AschAL)), (76)

s0 U(A) correctly represents the extension.
Similarly, for —I we may choose

[U(—I)\I’](p) = (wbwd(_p)> ¢fwd(_p))> (77)

which exchanges forward and backward sectors and satisfies

U(-1)U(a,) U(=D)7" = U(~a, (=DA(-1)7"). (78)

The only further constraint on U(A) is that U(Aw)? = I. This restricts U(As) in
to a unitary with U(Aw)? = I on Ho, so that its eigenvalues are +1. Different signs for the
eigenvalues of U(Ay) lead to two inequivalent massless UIRs of the extended group for each
standard Wigner class (helicity or continuous—spin). In this sense, the lightlike orbit supports
a doublet representation

t fwd bwd
T~ @ v, € = =1,

where € labels the choice of sign in the representation of the extended little group of lightlike
momenta representatives.

4 Extended Poincare Algebra

4.1 Restriction of Extended UIRs to Poincaré UIRs

In previous section they have been characterized all possible UIRs of the extended Poincare
group. This classification differs from Wigner’s one of Poincaré group because:

e tachyonic and massive representations are inequivalent UIRs of Poincare group and be-
come equivalent representations of the extended Poincare group

e massless representation split into two inequivalent UIRs of the extended Poincare group
because of the action of U(Ay (6, ¢)) on the representation space of the UIR corresponding
to stabilizer subgroup (or little group) I50(2) x {A_, I} of Poincaré group.

The reason for this is that, as already mentioned at the end of section homogenous part of
Poincare group contains transformations which preserve Minkowski metric with its sign while for
extended group the sign can change (because of the action of Ao, on L € SO(3, 1)T+ ). This sign
change implies that homogeonous part of extended Poincare group can send time-like momenta
four vectors into space-like ones and in this extended framework the distinction between space
coordinates and time coordinate is observer dependent. This dependency gives rise to new
representations of the wavefunctions for the enlarged group according to the principle that, given
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¥(p) a wavefunction and (h,a) € Pex, the corresponding element of a unitary representation
U(h,a) sends 1 (p) in

[U(h,a)¢](p) = e®*U(s(h, p))p(h~'p) (79)
where U(s(h,p)) is a UIR of the stability group of the momentum representative choosen and
the latter wavefunction is a representation of ¥ (p) in the reference frame obtained multiplying p
by h € Lext and thus an allowed state. The classification of possible quantum states according
to this framework results by restricting UIRs of the extended group to UIRs of Poincare group.
This restricted representation in non massless case decomposes as:

z _
Indgg ) Tnon ml = 7-[-I—Ii_lass D Tmass > T'tach (80)
where [ ndggxz represents the restriction of a non massless UIR of the extended Poincare group

Tnon ml tO & Poincare group representation. For massless case:

PoxZ _ fwd bwd
Indp) ™" mm) = Tl'c ® Tl e (81)

where the definition Frfl‘ﬁds bwd depends through parameter e on the action of the finite group

{Ax(0,¢),I} on massless Poincaré UIRs.
4.2 Infinitesimal Restricted UIRs and Extended Poincare Algebra

Forh:]Iinwe have B ‘
[U(a,D)¢](p) = e""“(p) (82)

Writing U (a,T) = exp(ia*P,) and differentiating at a = 0 gives

5 U (& DY) (p) T ¥(p) =i (Put)(p), (83)
thus R
() (p) = putb(p) (84)
Starting from the induced action of the homogeneous Poincaré transformations,
[U(h)¢)(p) = U(s(h,p)) ¥ (h~"p), (85)

where U (s(h,p)) represents the little-group action for the choosen momentum representative.
Let h(w) = exp(%w/‘” mW) be an element of the Lorentz group near the identity, with

Y = —w"" infinitesimal. We expand

wH
U(h(w)) =T+ %w’“’ My, + O(W?), (86)

and determine M w by differentiating with respect to w*".
Differentiating gives

0

Owkv

U (s(h(w),p))
OwHv

O (h~"p)

Owrv

)l = ( ) w71 + UGs(he).p) (57)
The first term in depends on the variation of the little-group operator U(s(h, p)) which
in turn depends on the representative py (massless, non massless). We define

U (s(h(w),p))

OwHv ’ (88)

Y (p) =1
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so that, to first order,
i
U(s(h(w),p)) =1 — 5w B (p) +O0(w?). (89)

The matrices 3, (p) act on the indices of the wavefunctions coming from UIRs of stability
group of momentum representative.

The second term in encodes the change of the argument h~'p. Using the infinitesimal
Lorentz action on a four—vector,

(h™'p) = — 3™ (magp)’s (M D)’ = 1u"Ps — 1 Py, (90)
we find
= 3 (0O — P O ). o1)
Substituting and into , and comparing with , we obtain
(M) (p) = i (P Oy — Do O )0 (P) + Xy (p) (). (92)

Thus, for small wH”,

T h)l(p) = (14 £ 0N ) o), (93)

with

~

My = i(Pup = pvOpr) + Xy (p) (94)

The Poincaré algebra is generated by the momentum operators ]5” and the Lorentz genera-
tors My, and satisfy

[P, B,)] =0, (95)
[Mpm pu] = i(nuppa - nzwpp)» (96)
[Muw Mpo’] =1 (UVpM/w - nuprf + WUMWJ - nVUMMP) . (97)

The Pauli Lubanski vector is defined as

N

1 A A
W = o et07 BN, (98)

where e#F7 is the Levi-Civita symbol (with €%12% = 41 and metric 7, = diag(—1,1,1,1)).
Using the algebra - , we compute:

~ ~ 1 ~ ~ ~ ~ ~ ~
Vi, By = =ehveo ([pu, PAIM o + B, [M,o, PA]>

2
e B .
= §5M P7 P, (nApPo - 77/\0Pp)- (99)

The two terms cancel because of the antisymmetry of e#*? under p <> o, so that
[WH, By =0 (100)
This implies that all components of WH commute with all PA, and therefore the operators

Cy=PrB,,  Co=WH,,
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commute with each other and with all generators of the algebra. They are thus Casimir invari-
ants of the Poincaré algebra.

Because Cy and Cy commute with all ]5,“ one can find a common eigenspace of the repre-
sentation space spanned by wavefunctions ¢ (p) which are simultaneous eigenfunctions of these
operators:

Cip(p) = M*Y(p),  Coyp(p) = —M*Chipuiet(p), (101)

where Ciistle s the Casimir eigenvalue of the little group algebra depending on the representative
choosen (massless: two inequivalent UIRs of is0(2); non massless: three inequivalent UIRs, two
UIRs of s0(3) with pp > 0 and py < 0 resepctively and one UIR of s0(2,1) for tachyons).

Using the explicit form of the Lorentz generators (9 1.} we can write W* as

Wi = %5WWPV [i(PpOpe — PoOpr) + Xpo] - (102)

The first (orbital) part inside the brackets is proportional to p,p, — pop, = 0, and therefore
vanishes identically. Hence,
Wh = Levrr p, 3, (103)

The six Lorentz generators are decomposed into spatial rotations J; and boosts K;:

Ji = %Eijkzjk, Ki = EOi‘ (104)

Explicitng (103|) using we get:

WO = P1Yos + PoY31 + Ps¥1p = PiJy + PoJy + PsJs (105)
W = PyYos + PyY30 + PsXoo = PoJi — P K3 + P3Ko, (106)
W? = PyXa1 + P3S10 + Pi%o3 = PoJo — P3K; + P K, (107)
W3 = PyX19 + Pi1Xog + PoXo1 = PyJs — PLKy + P K. (108)

In compact vector form:

W=PRJ-PxK, W°=P.J. (109)

where V = (V1, Vi, V3) identifies boosts and rotations generators and spatial part of momentum
four vector.

We now evaluate this invariant in standard representative frames for the different classes of
orbits. This gives rise to all possible quantum wave equations of the Extended Lorentz Group
defined in this work.

4.2.1 Massive Representations

Particles: ptp, >0, po >0 P* =(M,0,0,0):

wl=0, W=MJ, (110)
Cy = P'P, = —M?, (111)
Co=WHW, = —=M?|J|* = =M*Cy3). (112)

where V = (V1,Va, V3), |J[2 = J2 + J2 + J2 is s0(3) Casimir operator and .J; satisfy:
(i, J5) = i€iji i, (K, K] = —i€jjnJ, [Ji, K] = i€ Ky (113)
and denotes generators of s0(3) algebra. The wave equations are
(PFP,+ M) =0,  (WHW, + M?s(s+ 1)) = 0. (114)

where s(s + 1) denotes s0(3) Casimir eigenvalue.
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Antiparticles: p*p, >0, po <0 For P* = (—M,0,0,0) one has
WH=(0,-MJ), Cy=-M?|JJ (115)
so the Casimir eigenvalues are identical; only the energy sign changes.
4.2.2 Tachyonic representations
Let n = (n',n? n3) be a unit spatial vector parametrized by spherical angles
7 = (sinf cos ¢, sin@sin ¢, cosb).
We complete this to a right-handed orthonormal frame with
é1 = (cosf cos ¢, cosBsinp, —sinb), éo = (—sin¢, cos ¢, 0),

so that (é1, é2,n) is orthonormal and é; x é3 = n.
We define the following combinations of Lorentz generators:

Ry=n-J=n"Jy+n’Js+n’Js (116)
Bl =é - K =elK| + 2Ky + €} K3 (117)
By =éy - K= 6%K1 + e%Kg + e%Kg (118)

It is showed in appendix [A-4] that the Poincare algebra Casimir becomes
Cy = M*[—(R,)* + B} + B3] (119)
where we define the Casimir of so(2, 1) built from {R,,, B1, B2} to be:
Coo(21) = Bf + B5 — R>. (120)

therefore the Pauli Lubanski invariant of Poincaré algebra in the tachyonic representation is
directly related to the Casimir of so(2,1):

Cy = —M? Cyo21) (121)
while
Cy = M? (122)
The wave equations are
(PP, — M*)p =0,  (WHW, + M?t(t + 1))y = 0. (123)

where t(t + 1) is the eigenvalue of Cyo(2,1) Which is the Casimir operator of s0(2, 1) algebra.

4.2.3 Massless Representations

Fix angles (0, ¢) and let
n=n(0,¢) = (sinf cos ¢, sinfsin¢p, cosh). (124)
Choose the massless momentum
ph = (w, wh), w >0, (125)

so phpoy = 0.
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Complete 7 to a right-handed orthonormal frame (é;, é2,n):
é1 = (cosf cos ¢, cosfsinp, —sinb), éo = (—sin¢, cos¢, 0).

Define the following linear combinations of Lorentz generators:

Joi=n-J,  Tgi=ée(K+nxJ), a=12 (126)
In appendix it is shown
[T, 1] = i T, [Jn, o) = —i 114, [Ty, T3] = 0, (127)

i.e. {Jn,Hl,HQ} = i50(2).
Using P* = pjj = (w,wn) and the identities above one finds for the components of the
Pauli-Lubanski vector:

WO =wn-J =wy, (128)
W:anﬁ+H1é1+H2é2] (129)

Since P? = 0 we have C} = PEP, = 0. For Cy = WHW:
Coy = —(WO2 4 [W|? = —w?J2 + 2 (J2 4+ 112 4 113) (130)

Hence
Co = w? (117 +113) (131)

Thus Cs depends only on the two commuting generators I1,.

For a massless representation with little group ISO(2) x {I, A}, the unitary operator
U(A) extending the representation to the enlarged Lorentz group must implement on the
little-group representation Uy the automorphism of IS0(2) induced by Ady_, namely

U(Aoo) Up(8) U(Aso) ™ = Up(Aos s AL, s € 1S0(2). (132)
The conjugation by A, acts on the little algebra as:
UAoo) JnU(Aoo) P = Jny, U(Ae) LU (Aoo) ' = -11, (a=1,2).

Geometrically this is a consequence of the fact that Ay, fixes the axis 7 and changes the signs
of parameters in the é; o directions.

Helicity representations In the helicity class of massless representations, the translation
generators Il, act trivially on the little group UIR space V ~ C,

Up(Ro) =™, Up(Ty) = I.
Hence the intertwining condition (132)) is automatically satisfied for any scalar operator
Uds) =cI, cec{£l}, UMAL)?=1I

The two sign choices correspond to the two inequivalent one-dimensional characters of the Zo
generated by Ao in the extended group.

Continuous—spin representations In the continuous—spin class, the II, act nontrivially,
and the operator U(As ) cannot be proportional to the identity if it is to satisfy . Consider
the standard realization of Uy on V = LQ(RE) with continuous-spin parameter p > 0:

[Uo(To) £](€) = €™ £(&),  [Un(Ra)f](€) = f(R-a&)- (133)
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Define the unitary reflection operator

[CFIE) = (=) (134)

A direct computation gives:
CUo(To) CTH (&) = O™ f(—€)) = T (&) = Up(T-a) £ (£), (135)
CUp(Ra) CTH(€) = O(f(R-a(=€))) = f(—R-a) = f(R-a(=£)) = Uo(Ra)f(£).  (136)
Thus C realizes the required intertwining property :
CU(s)C7' = Up(AsosAY)), s € E(2),
and satisfies C? = 1. Differentiating gives
CdUy(J,) C™r = dUy(J,),  CdUy(Il,) C~t = — dUy(11,),
Therefore, for continuous—spin representations the appropriate choice is
U(A) =¢C, e € {£1}, (137)

where ¢ labels two inequivalent extensions of the 1.50(2) representation, while C' provides the
nontrivial reflection of the translation generators II, required by the automorphism Adp__ .

5 Tachyonic Representations and Parity Asymmetry in Elec-
troweak Decay

The asymmetric angular distribution of electrons observed in the celebrated experiment of C.S.
Wu [22] following the proposal of Lee and Yang [14] and its analysis by Jackson, Treiman,
and Wyld [I3] is conventionally interpreted as evidence of parity non—conservation in weak
interactions. Within the present framework, however, the same experimental pattern arises as
a purely kinematical consequence of the covariance properties of wavefunctions transforming
under unitary irreducible representations (UIRs) of the non—compact group SO(2,1).

Let (0,¢) denote the spatial direction of the external magnetic field that defines the nu-
clear—spin quantization axis in the experiment. In the extended Poincaré framework developed
in previous sections, the momentum of a superluminal (tachyonic) decay product is obtained
from the timelike standard momentum py = (M, 0,0,0) by the transformation ¢, = A (6, ¢)pop-
The subgroup of the Lorentz group leaving the direction (6, ¢) invariant is isomorphic to
SO(2,1); its UIRs therefore govern the internal degrees of freedom of tachyonic states.

Inverting the sign of magnetic field along (6, ¢) corresponds to the following four vector
transformation:

B(0,sin 0 cos ¢, sin 0 sin ¢, cos §) — B(0,sin(0 + 7) cos ¢, sin(f + 7) sin ¢, cos(6 + 7))  (138)

Assuming particles emitted in electroweak decay belong to tachyonic representations (section

and since
Ao (m+0,0)po = — Ao (0, 0)po = —qo (139)

where pg = (M, 0,0,0), g is the momentum of the tachyonic particle emitted before the switch
and —qq is the momentum of the particle after the switch. The associated wavefunction comes
from an UIR of stability group SO(2,1) evaluated at space-like momenta ¢ and is invariant
under transformation gy — —¢qg; we thus conclude:

qjafter(‘]) = eiX\Ijbefore(Q)y X € R, (140)
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even though the four-momentum changes sign, qgfter = —qﬁefore so that the scalar B,g" stays
invariant. In consequence of the emitted particle is seen propagating along the same
spatial direction before and after magnetic field reversal in laboratory frame, reproducing the
experimentally observed asymmetry

A= (Ny—=N)/(Ny + N = 1 (141)

In this sense, what is conventionally called parity violation appears here as a manifestation of
the fact that spatial inversion is not represented by an inner automorphism of the non—compact
little group SO(2,1).

UIRs of SO(2, 1) are conveniently realized as square—integrable functions on the two—sheeted

hyperboloid x3 — 22 — 22 = 1, with coordinates

xo = cosh p, x1 = sinh pcos ), 2o = sinh psin 6.

In this model the Casimir operator acts as the Laplace operator, and the basis functions take
the form '
Urm(p,0) = Ram(p) €™,  meZ, (142)

where Ry, (p) are hypergeometric radial functions satisfying the eigenvalue equation Co ¥y, =
AUy, with A =¢(¢ + 1) [1L 15, 19, 10, 2]. The integer m labels the eigenvalues of the compact
generator J3 = —idy (denoted R,, in (116])).

For small p (corresponding to low transverse momentum), the lowest harmonics m = 0, +1
dominate the expansion of the wavefunction, whereas higher |m/| correspond to higher multipoles
suppressed in the decay amplitude. These first harmonics behave as

\IIO ~ R(](,O), \Il:lzl ~ Rl(p)eiwv

where the hyperbolic radial functions satisfy Rj(p) o sinh p near the origin [19, [2].
Writing the decay amplitude as the coherent superposition

A(0) = ag Ro(p) + a1 Ri(p) e + a_1 Ry(p) e, (143)

and expanding to lowest order in sinh p, one finds for the differential counting rate

dN 4%(a*a1R*R1)
— 0)]* ~ Ag[1 0 = e :
dQ) > ’A( )‘ 0[ +acos ]’ @ |a0R0|2—|—2\a1R1|2
Thus the interference between the isotropic (m = 0) and dipole (m = %1) components of the

SO(2,1) wavefunction generates a linear cosf term in the emission probability,

dN
dcost

in quantitative agreement with the empirical law found in Refs. [22] 13]. The emergence of
this term is a general feature of the discrete series representations of SO(2,1), whose angular
harmonics obey the addition theorem W,,(0)¥,,/(8) o cos[(m — m')f], and hence naturally
reproduce first—order angular asymmetries [19] 2].

In a compact SO(3) representation parity requires the angular distribution to be an even
function of 0, excluding linear cos § terms. For the non—compact SO(2, 1) symmetry appropriate
to tachyonic representations, no such constraint exists: inversion with respect to the quanti-
zation axis is not an inner operation of the little group, so that even and odd harmonics can
interfere. The observed parity asymmetry therefore emerges here not from an explicit violation
of Lorentz invariance, but from the intrinsic representation structure of the extended Lorentz
group, in which both ordinary and tachyonic sectors are unified.

Hence, within this group—theoretic framework, the characteristic cos angular dependence
of the emitted electrons is a direct signature of the SO(2,1) covariance of the decay wave-
function, and the so—called parity violation reflects the geometric properties of superluminal
representations rather than a fundamental asymmetry of the weak interaction.

(144)

x 14 acosb, (145)
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6 Conclusions

In this article we have introduced and analysed a new framework for relativity and quantum field
theory, by extending the proper orthochronous Lorentz group to include superluminal transfor-
mations in arbitrary directions. The extended group Leyxt and its associated extended Poincaré
group Pext remain locally compact and admit a well-defined induced representation theory. We
classified all unitary irreducible representations of Peyt by adopting Mackey induction in the
presence of the discrete extension, and we showed how each such UIRs restricts to a direct sum
of standard Poincaré UIRs.

Next we derived the generator-form of the extended Poincaré algebra via differentiation of
the representation action, and we solved the Casimir eigenvalue problems to obtain wave equa-
tions. These include all familiar relativistic wave equations (Klein-Gordon, Dirac, Maxwell,
Poca, etc.) and in addition provide new wave-equations describing tachyonic representations
and a novel class of massless representations implied by the extension. Furthermore, we pro-
posed an interpretation of parity—asymmetric phenomena in electroweak decays through the
representation theory derived from this new framework in which SO(2,1) rather than usual
SO(3) is the group underlying symmetry of the wavefunctions, thereby providing a purely kine-
matical group-theoretic alternative to parity violation.
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A Appendix
A.1 Proof of

To establish the identity , we verify the matrix equality component-wise, utilizing the sym-
metry properties of Lorentz boosts and the transformation rule @D, together with the identities
(10) and . We begin by verifying the diagonal entries, followed by the off-diagonal ones.

Diagonal Element (0,0)
We first show:

As(V)oo = [As(v)As(00)]oo- (146)
By direct computation:
Vs Cc
As A = zVx z2Vz) = Vstv1 — s 14
M) (00)lo0 = o (eeVe ¥y +0:12) = iz = 75 (147)

where in the first equality we use the explicit form of the composition, in the second we use the
identity v - V = ¢, and in the third the relation given in .
Spatial Diagonal Elements ([,[), with [ =1,2,3
To simplify notation, we adopt the following index conventions:
el=li=z,j=y k=2
e [=2:01=y, =z, k=2
e [=3i=zj=xk=y

We aim to verify:
As(V)u = [As(v)As(c0)]u- (148)

The right-hand side expands as:

Ui‘/; V2 fu2
A = Vg—— j —— 1 s — 1)—2
sV =g, *( |V|2>{ T )M

VU5 V;‘/] vvg ViV
— — — — : 149
(’YS )|U‘2 ’V|2 (75 ) ”U|2 |V|2 ( )
Substituting expressions from and , and regrouping terms, we obtain:
V2 2 V2
As(Vip=ysis + 1+ —= | (75 — 1)*—t5 — 1 —1)c?
SOV =50 + 1+ o | ~0n = D =1 (= e
1% V2
2 Y 2 Yk
—(vs — 1)e W — (s — e W (150)
Using the identity V2 + Vj2 + V2 = |V|?, the terms simplify to:
V2 V2 V2
As(Vip=vs=+1— =1 —1)—=*. 151
s(Vu W + Ve + (s )]V|2 (151)
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Off-Diagonal Terms (0,!) and ([,0), with [ =1,2,3

We now verify the symmetry relation:

As(V)or = As(V)io = [As(v)As(00)]or- (152)
Expanding the matrix product and using the previously adopted index conventions:
Vi v; 72 v; ViV v ViV
A :_572_ si 1-—- - SJZ] sil
sV = =g =% (1 ) + i o o
Vi oo Vil VERVEAWE
Vs |V| /-YSC|V |V|2
Vi Vi Vi
= —yy—r sc—(0) = —yg—, 153
v‘vﬁvc‘v‘() s (153)

where in the last step we used the identity from and the fact that V2 + ij + V2=V

Spatial Off-Diagonal Terms (I,m), | # m € {1,2,3}

Finally, we address the remaining components:

As(V)im = [As(v)As(00)]1m. (154)
We adopt the following index assignments:
e Im=(1,2):i=2a,j=y k=2
e Im)=(1,3):i=xa,j=2k=y
hd (lvm):(273) i=y,j=zk=x
The corresponding component reads:
v; Vi v2 ] ViV
As(V)im =vs—=5 — |14 (s — 1) 5 | 752
SV =257~ |1+ o= 0] 2
V; U5 V'2 ViV V‘Vk
8_1g 1— 2 | — 5—117]7~ 155
Using the identities , , and simplifying:
ViV, ViV; ViV | V2 Vioop2
As(V ) = YT ()L i 14 d k.
sWhm =1y~ ~ 0 =Dy |vp ~ ' wp e
ViV,
= —1)—2Z. 156
(’YS )’V|2 ( )

This completes the verification of all matrix components and thereby concludes the proof.

A.2 Proof of (25))

First we provide a definition and few facts regarding semidirect product extensions for locally

compact group (see also [I1]).

Let H and @ be locally compact groups and let a : Q — Aut(H) be a continuous homomor-
phism. The semidirect product of H by @) with respect to a, denoted G = H X, @, is the locally
compact group whose underlying manifold is H x @ with the product topology and group law

(h1,q1)(ha, g2) = (h1 ag, (ha), q1g2),
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(haq)_l = (aq*1 (h_l)a q_l)v (158)

and identity element (e, eq).

Then H is a closed normal subgroup of G, and the quotient G/H is isomorphic to Q. If Q
is finite, G is locally compact if and only if H is.

In order to prove let H := SO(3, 1)? and Q 1= Zg x Zy = {s,7 | s> =12 =1, sr = rs}.
Define a homomorphism

a:Q — Aut(H), a(s) = AdAOO’H, a(r) =idy.

Since A2 = I and —1I is central, « is well defined and a group homomorphism. The underlying
external product manifold H x @) inherits a semidirect product structure:

H %, Q with multiplication (h,q) - (k/,q¢) = (h a(q)(h), qq’).
The matrix subgroup of GL4(R) defined in is canonically isomorphic to H x4 @ via
D:H 2o Q — Loxt,  P(h,sr0) = (=1)° AL h, e,6¢€{0,1}.

Indeed the correspondence is surjiective since H = SO(3, 1)¥r is normal in Leyxt and —1 is central
while Ao HAZ! = H and every element of Ley lies in exactly one of the four cosets H, As H,
(=I)H, (—I)AsoH, hence has the form (—I)°AS_h. It is injective as different pairs (e, d) land
in different cosets, so if ®(h, s°¢?) = ®(h/, 55 ¢”') then (¢,6) = (¢/,8') and AS_h = AS_K, whence
h = h'. Moreover preserves group structure:
O(h,q) O(h.¢') = (~1)°AS h - (=1)" AW

1) AS (WASWASE) AL,
I)6+6’ A€+E (hOé(SE/)UL/))

In particular,
£ext = (50(37 1)? ><]AdAoo ZQ) X Z27 (159)

because the r-factor represented by d in ® acts trivially on SO(3, 1)%F .

A.3 Proof of (28)
Let Py =T x H with multiplication

Z acts on Py by automorphisms «a, defined by
a(d, hy) = (z-a', zhazfl), z € Z.

Define
G1:=(TxH) %, Z, Go:=T x (H x4 Z),

where the action of (hg,2) € Hx Z ona' € T is (ho,z) - a' := hg (z-a’). Then
U: G — Gy, ¥(((a, ho),2)) == (a, (ho, 2))

is a group isomorphism.
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Indeed in G; the product is
((a, ho),2) - ((d',hg), 2") = ((a, ho) - ez (a’, hy) , 22") = ((a—f—ho(z-a/), ho(zhgz1)), zz/>. (160)
In G5 the product is

(a, (ho, 2)) - (a, (h, #')) = (a+ (ho, 2) -, (ho,2)(hp, 7)) = <a+ho(z-a'), (ho(zhp="1), zz')).
(161)

Apply ¥ to the product in G1:
\If(((a + ho(z - d'), ho(zhhz™1)), z:/)) = (a + ho(z-a'), (ho(zhyz™1), zz/)) (162)

which is exactly the product (161) in Go of ¥((a, hg),z) and U((d',h{),z’). Hence VU is a
homomorphism.
The inverse map is

vl Gy — G1, lllil(a, (ho, Z)) = ((a, ho), z),

which is clearly two—sided inverse to W. Therefore ¥ is an isomorphism.

A.4 Proof of (119)

From the operators defined in (116])-(118]), using the Lorentz commutation relations, one com-
putes:

(R, Bi] = (i x &) - K = By (163)
[Rn, By = (i x &) - K = —Bj, (164)
[By,Ba] = —(¢1 x &) -J = —R, (165)
which is isomorphic to s0(2,1). Now let:
Q" = Ao, Py = (0, M sin 6 cos ¢, M sin 0 sin ¢, M cos 0) = (0, Mn) (166)

Explicit computation of the Pauli Lubanski vector components in gives:
WO =Q'i + Q%+ Qs =n-J =R,
Wh=Q K3 -~ Q°Kz,  W?=Q°Ki - Q'Ks, W’=Q'K»- QK.
Equivalently,

W= Q x K =nxK.
The Poincaré Casimir is
Oy = WHW,, = —(W°)? + (W2 + (W22 + (W32

From the above components,

(W9)? = (Rn)?
and
(WH2+ W22+ (W?)? = | x K = |K|* — (- K)?
Decomposing K into components along (é1,62,m),

I?:Blél—l-BQéQ—i-(ﬁR)ﬁ

we find

Thus:



A.5 Proof of (127)

Let

7 = (sinf cos ¢, sinfsin @, cosh)

be a unit spatial vector, and let (é1,é2,7) be a right-handed orthonormal triad satisfying
€1 X éo = n. We define the following combinations of Lorentz generators:

Jpi=id,  Ig=é (K+nxJ), a=12 (167)
We use the vector form of the Lorentz algebra (with i = 1):
[J-u, J-v] =1iJ(uxv), [J-u, K-v] =1K-(u X v), [K-u, K-v] =—iJ-(uxwv), (168)

for all u,v € R3.
We also introduce the transverse—plane conventions

€12 = +1, N X €4 = €qp Ep, €q X €p = €qp N,

which hold for any orthonormal triad.

From (167)) and (168),
[T, g] = [J-1, K-éq] + [J-1, J-(A x &3)]
=iK-(Axé)+iJ (R x (R xéy)). (169)

Since 71 X €, = €qp€p and 71 X (N X €4) = €qp(R X €p), We obtain
[Jn,Ha] =idep K€+ i€y J(ﬁ X éb) = i€ 1. (170)

Hence
[Jn, I1q] = i1y, [Jn, o] = — i 1.

Expanding the definition (167)),
[}, 1Io] = [K-é1, K-éa] + [K-é1, J-(R X é)] + [J- (1 x é1), K-éa] + [J-(R X é1), J- (7 X é2)].

Each term can be evaluated using (168)):

[K~é1,K-é2]:—iJ'(é1Xég):—iJ"fl:—iJn (171)

[K-é1, J-( x é2)] = —i K-((7 X &) x é1) =0 (172)

[J(ﬁ X él), K'éQ] = ZK((ﬁ X él) X ég) = O, (173)

[J-(n x é1), J- (A xé)]=iJ-((Nxé1)x (nxé))=+iJn=+1iJy,. (174)

Summing all contributions, we find
[, o) = (—iJy) +0+ 0+ (+iJ,) =0.
The commutation relations of the set {.J,,,II;,II2} are therefore
[Jn, I11] = i g, [Jn, o] = — i1y, [II1,115] = 0, (175)

which coincide with those of the Euclidean algebra iso(2).
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