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Minimum time consensus for damped second order

agents using Gröbner basis
Akansha Rautela, Deepak U. Patil, Ameer Mulla and Indra Narayan Kar

Abstract—A problem of achieving minimum time consensus for
a set of N second-order LTI system agents with bounded inputs
and fuel constraints is considered. Unlike most other works,
here the damping effect in agent dynamics is included. First,
the attainable set for each agent with fuel budget constraints is
characterized, and its boundary equations are derived. Then,
using the convexity property, the minimum time at which
attainable sets of all agents have a non-empty intersection is
computed. By applying Helly’s theorem, the computation reduces
to finding the minimum time to consensus and the corresponding
consensus point for each of the NC3 triplets separately.

Index Terms—Linear systems, fuel optimal control, multi-agent
systems, distributed control, Gröbner basis.

I. INTRODUCTION

Control of a multi-agent system for various goals such as

consensus, synchronization, formation, etc. has been studied

extensively in the literature [1]–[6]. In consensus problems, a

control law is sought such that each agent aims to match its

state with that of the neighboring agent to reach a common

agreement or point [7], [8]. This article considers the problem

of computing a consensus point that a class of second-order

agents with damping can reach in minimum time, subject to

bounded control inputs and a limited fuel budget. Limitations

on fuel budget bring in several restrictions with respect to

agent initial states and thereby pose several difficulties in

achieving consensus. We characterize a region of initial con-

ditions from where consensus can occur and also a region of

consensus points.

The speed of achieving consensus improves with increasing

graph connectivity (the second smallest real eigenvalue of

the Laplacian matrix, known as the Fielder eigenvalue) [2].

However, constraints on system resources, such as operational

time restrictions and fuel or energy usage, lead to limitations

on input [9]–[11], which must be taken into account. Recently,

input, state, and energy constraints have been considered in

consensus control laws in [3], [5], using model transformations

and LMI-based approaches. However, optimal control objec-

tives such as time and fuel have been recently explored in our

previous articles [12]–[16] for double integrator agents. Our

approach in these articles is set-based, wherein we characterize

attainable set boundaries and compute the intersection of the

attainable set of all agents. In this letter, a similar set-based
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approach is used to compute the minimum time to consensus

and the corresponding consensus time for second-order agents

with a damping term.

Usually, in literature and also in our previous articles, the

double integrator model is used due to its simplicity. However,

it lacks a damping term that typically appears in situations

where drag or friction is present. In this letter, we extend

the results presented in [14] to the case where a damping

term is present in the agent model. The presence of damping

terms leads to difficulties in computing the intersection of

attainable sets. We need a solution to boundary equations of

the attainable set, which are described by equations consisting

of exponential terms when a damping term is present. We

make use of a simple substitution for converting exponential

terms to polynomials and use Gröbner basis to solve these

boundary equations systematically.

Three main contributions of this work are – 1) a procedure

for computing minimum time to consensus and corresponding

consensus state for a set of N identical class of damped second

order agents each having a fixed fuel budget is developed

using Gröbner basis and Helly’s theorem, 2) the attainable

set is algebraically characterized in terms of its boundary

equations and inequalities, and 3) Initial conditions for agents

from where consensus is possible and the region in the state

space where consensus occurs is also characterized.

II. PROBLEM FORMULATION AND PRELIMINARIES

A. Problem Formulation

Consider a set of N agents described by the second-order
system with damping,

ẋi = Axi +Bui, xi(0) = x0,i for i = 1, . . . , N (1)

We assume without loss of generality, A = diag(0,−b),

B = [b−1,−b−1]⊤ and the damping coefficient b > 0. The

system states are xi =
[

x1,i x2,i

]⊤
∈ R

2. The control

input to agent ai satisfies the constraint |ui(t)| ≤ 1 for

all t ≥ 0. The fuel consumed by agent ai at time tf is

F (ui(t), tf ) =
∫ tf

0
|ui(t)|dt. In comparison to pure double

integrator dynamics, this model includes the damping. Let the

maximum allowable fuel consumption be given as β; then the

fuel budget constraint is written as F (ui(t), tf ) ≤ β.

Definition 1. A multi-agent system is said to achieve con-

sensus if for all i, j ∈ {1, . . . , N}, where i 6= j, ||xi(t) −
xj(t)|| → 0 as t → tf > 0 and xi(t) = xj(t) for all t ≥ tf .

The time tf is called the time to consensus, and the point

xi(tf ) = x for i = 1, . . . , N is the corresponding consensus
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point. The consensus is said to be achieved in finite time if

t̄f < ∞.

Problem. For a set of N agents given by (1), compute

the minimum time to consensus tf and the corresponding

consensus point x ∈ R
2 such that xi(tf ) = xj(tf ) = x and

F (ui(t), tf ) ≤ β for all i, j ∈ {1, 2 . . . , N} with i 6= j.

B. Preliminaries

Let the set of admissible control inputs be defined as:

Uβ := {u(t) s.t. |u(t)| ≤ 1, F (u(t), tf) ≤ β} (2)

Definition 2. The Attainable Set Aβ
i (tf ,x0,i) is the set of

all the states that an agent ai can reach from x0,i ∈ R
2

using admissible control ui(t) ∈ Uβ at time tf > 0. Thus,

Aβ
i (tf ,x0,i) := {eAtfx0,i +

∫ tf
0
eA(tf−τ)Bui(τ )dτ,∀ui(t) ∈ Uβ}

Note that the set Aβ(tf ,x0) with Aβ(tf ,0) are related by

Aβ(tf ,x0) = eAtfx0 +Aβ(tf ,0) [17].

Definition 3. Reachable Set Rβ
i (tf ,0) is the set of initial

conditions from which an agent ai can reach the origin 0 ∈ R
2

using admissible control ui(t) ∈ Uβ in time tf > 0. Thus,

Rβ
i (tf ,0) :=

{

∫ tf
0
e−AτBui(τ )dτ,∀ui(t) ∈ Uβ

}

The Aβ
i (tf ,x0,i) is also obtained from Rβ

i (tf ,0) by using

Aβ
i (tf ,x0,i) = eAtf (xi0 + Rβ

i (tf ,0)) [17]. The points on

the boundary of the set Rβ
i (tf ,0) are those initial conditions

which require F (ui(t), tf ) ≥ β amount of fuel to reach the

origin at time tf . Thus, the control inputs that characterize

the Rβ
i (tf ,0) are obtained by minimizing the functional

F (ui(t), tf ). The following lemma from [18], [19] gives the

optimal control inputs.

Lemma 1. [18], [19] For the system given by (1), control

ui(t) that steers state-trajectory xi(t) of agent ai from an

initial condition x0,i ∈ R
2 to the origin with minimum fuel

i.e., F (ui(t), tf ) and in finite time tf is of the form

ui(t) =











γ1, t ∈ [0, t1]

0, t ∈ [t1, t2] 0 ≤ t1 ≤ t2 ≤ tf < ∞

γ2 t ∈ [t2, tf ]

(3)

where γl ∈ {+1,−1} for l = 1, 2.

Inputs (3) are represented as sequence (γ1, 0, γ2). The

two fuel optimal control sequences from Lemma 1 are

s1 = (+1, 0,−1) and s3 = (−1, 0,+1). These sequences

satisfy the necessary conditions of Pontryagin’s maximum

principle [20]. However, for (1), there are initial conditions

for which the initial co-states are such that the optimal

control exists, but is indeterminable. For these initial co-

states the control sequences of the form s2 = (−1, 0,−1)
and s4 = (+1, 0,+1) are also optimal [19]. These con-

trol sequences have a zero level making the control remain

inactive for a finite duration, consuming no fuel. The fuel

consumption for all the sequences up to time tf is then

F (u(t), tf ) = tf − t2 + t1. Since Aβ
i (tf ,x0,i) = eAtf (x0,i +

Rβ
i (tf ,0)), the fuel optimal control sequences sp, p =

1, 2, 3, 4 also characterize the attainable set Aβ
i (tf ,x0,i). To

characterize the boundary of the set Aβ
i (tf ,x0,i) we take

F (ui(t), tf ) = β which signifies the full utilization of the

fuel budget. Now, let Ûβ := {ui(t) s.t. (3) and F (ui(t), tf ) ≤
β}. Then, the attainable set becomes Aβ

i (tf ,x0,i) =
{

eAtfx0,i +
∫ tf

0
eA(tf−τ)Bui(τ)dτ, ∀ui(t) ∈ Ûβ

}

1) Attainable Set Characterization: The states obtained
from x0,i at time tf using the input profile (3) are

xi(tf ) = e
Atfx0,i +

(

γ1

∫ t1

0

+ γ2

∫ tf

t2

)

e
A(tf−τ)

Bdτ. (4)

Further, ensuring tf − t2 + t1 = β gives the boundary of the

set Aβ
i (tf ,x0,i). Expanding the equation (4) for all sequences

s1, s2, s3, s4, we obtain boundary expressions for Aβ
i (tf ,x0,i).

For notation purpose, we denote t1, t2 as t
sp
1 , t

sp
2 for sequences

sp,where p = 1, 2, 3, 4 and drop the subscript i for brevity.

On expanding (4), we get both polynomial and exponential

terms in expressions. To convert the exponential terms into

polynomial terms, we substitute

qf = e−btf , w1 = e
b2

2
x1 , l1 = e

b
2
(β−bx10), l2 = e

−b
2

(β+bx10)

(5)
Further, denote L := (l1, l2). Then for s1 sequence the relation
between x0 = [x10, x20], x = [x1, x2], tf and β in terms of
the substituted variables is Γs1

(L,x20)
(w1, x2, q1) = 0 where

Γs1
(L,x20)

(w1, x2, qf ) = x2 − qfx20 +
1

b2
qfw1l1 −

qf

b2
−

1

b2
+

w1l2

b2
(6)

Also, the switching times in sequence s1 are ts11 =
β+b(x1−x10)

2 and ts12 = tf + ( b(x1−x10)−β

2 ). Similarly, for
control input sequence s3, we get Γs3

(L,x20)
(w1, x2, q1) = 0

Γs3
(L,x20)

(w1, x2, qf ) = w1x2−w1qfx20−
qf

b2l2
+
qfw1

b2
+
w1

b2
−

1

l1b2
(7)

and the switching times are ts31 = β−b(x1−x10)
2 , ts32 = tf −

(β+b(x1−x10)
2 ).

For control input s2, we directly have x1 = x10 −
β
b

and

hence in terms of substituted variables Γs2
(L,x20)

(w1, x2, qf ) =
0 with

Γs2
(L,x20)

(w1, x2, qf ) = w1 −
1

l1
(8)

x2 = qfx20 +
−qf + 1 + qf e

bt1 + e−b(β−t1)

b2
(9)

and the switching time instances are

ts21 =
1

b
ln

(

x2b
2 − qfx20b

2 + qf − 1

qf − e−bβ

)

(10)

ts22 = tf − β + ts21 (11)

Similarly for the sequence s4, we get x1 = x10 +
β
b

and thus,

Γs4
(l,x20)

(w1, x2, qf ) = 0

Γs4
(l,x20)

(w1, x2, qf ) = w1 −
1

l2
(12)

x2 = qfx20 +
ebt1

w2
10l

2
1b

2
+

qf − 1− qfe
bt1

b2
(13)

where, w10 = e−
b2

2
x10 and

ts41 =
1

b
ln

(

x2b
2 − qfx20b

2 − qf + 1

−qf + e−bβ

)

(14)
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ts42 = tf − β + ts41 . (15)

The set of points x ∈ R
2 that satisfy equation (6) or (7)

forms a part of the boundary ∂Aβ(tf ,x0) for the two control
sequences s1 and s3 respectively. Let us denote these two parts
by the following sets

∂Aβ,s1 = {x s.t. Γs1
(l,x20)

= 0, 0 ≤ t
s1
1 ≤ t

s1
2 ≤ tf < ∞} (16)

∂Aβ,s3 := {x s.t. Γs3
(l,x20)

= 0, 0 ≤ t
s3
1 ≤ t

s3
2 ≤ tf < ∞} (17)

From equations (8) and (12) respectively, we see that this
part of the boundary has a fixed x1 coordinate. Thus,

∂Aβ,s2 =
{

x s.t. Γs2
(l,x20)

= 0, 0 ≤ t
s2
1 ≤ t

s2
2 ≤ tf < ∞

}

(18)

∂Aβ,s4 =
{

x s.t. Γs4
(l,x20)

= 0, 0 ≤ t
s4
1 ≤ t

s4
2 ≤ tf < ∞

}

(19)

The boundary of the set is Aβ(tf ,x0) =
⋃4

p=1 ∂A
β,sp . An

example of attainable set with tf = 1.4918 and β = 0.7 is

shown in Figure 1.
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Fig. 1: Attainable set

We list several important properties that hold true for

Aβ(tf ,x0), which are already explored in [14] in the form of

Lemma 2 (see also c.f. [19] for similar properties for reachable

set).

Lemma 2. (c.f. [14], [16]) For the attainable set Aβ(tf ,x0),
the following structural properties holds true:

(i) For every tf > 0 and β ∈ (0,∞], the set Aβ(tf ,x0) is

a convex subset of R2.

(ii) If the fuel budget satisfies β ≥ tf , then

Aβ(tf ,x0) = A∞(tf ,x0).

(iii) For any finite fuel budgets β′, β ∈ (0,∞) with β′ ≤ β,

Aβ′

(tf ,x0) ⊆ Aβ(tf ,x0) ⊆ A∞(tf ,x0).

Lemma 3. As the time tf → ∞, the attainable set converges

in the set-wise sense to Aβ(∞,x0), i.e.,

lim
tf→∞

Aβ(tf ,x0) = Aβ(∞,x0).

where, Aβ(∞,x0) = conv(∂Aβ,s1(∞,x0), ∂Aβ,s3(∞,x0)),
∂Aβ,s1(∞,x0) := {(x1, x2) s.t. x1 ∈ [x10−

β
b
, x10+

β
b
], x2 =

1
b2
(1 − e

b2

2
x1 l2)}, and ∂Aβ,s3(∞,x0) := {(x1, x2) s.t. x1 ∈

[x10 − β
b
, x10 + β

b
], x2 = 1

l1b2
(e

−b2

2
x1 − l1)}. Here conv is

convex hull.

Proof. The lemma follows by substituting qf = 0 in (6) and

(7).

III. REGION OF CONSENSUS

For consensus to be possible, we need
N
⋂

i=1

Aβ
i (τ,x0,i) 6=

∅. Now, let x1,max := max
i∈{1,..,N}

x10,i and x1,min :=

min
i∈{1,..,N}

x10,i denote, respectively, the maximum and min-

imum x1 co-ordinates among the initial conditions of all
agents ai, i = 1, .., N . Also, let the corresponding ini-
tial conditions be labeled as x0,max and x0,min respec-
tively. Accordingly, denote the corresponding attainable sets

as Aβ
max(tf ,x0,max) and Aβ

min(tf ,x0,min) respectively. Let

X β
c (tf ) := Aβ

max(tf ,x0,max) ∩ Aβ
min(tf ,x0,min). For some

tf < t̄f , X β
c (tf ) is empty. Also, as tf → ∞, the set

converges to X β
c (∞). The boundary of set X β

c (∞) consists
of two portions ∂X β,s1

c (∞,x0,min) := {(x1, x2) s.t. x1 ∈

[x10,max − β
b
, x10,min + β

b
], x2 = 1

b2
(1 − e

b2

2
x1 l2,min)}

and ∂X β,s3
c (∞,x0,max) := {(x1, x2) s.t. x1 ∈ [x10,max −

β
b
, x10,min + β

b
], x2 = 1

l1,maxb2
(e

−b2

2
x1 − l1,max)}. Then, the

entire set X β
c (∞) is the following convex hull (for e.g. see

Fig. 2).

X β
c (∞) = conv(∂X β,s1

c (∞,x0,min), ∂X
β,s3
c (∞,x0,max)) (20)
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Fig. 2: Region of Consensus

Theorem 1. Consensus is possible if and only if the set

X β
c (∞) is non-empty. The consensus point x̄ always satisfies

x̄ ∈ X β
c (∞).

Proof. It is clear that if X β
c (∞) = ∅ then consensus is not

possible. Further if X β
c (∞) 6= ∅, then since the set X β

c (∞)
is contained in the attainable set Aβ

i (∞,x0,i) for all agents

i = 1, .., N . Thus, consensus is possible.

This gives us the following corollary.

Corollary 1. Consensus is possible if and only if the initial

conditions of all agents are such that

x1,max − x1,min ≤
2β

b
(21)

Proof. The proof follows from Theorem 1 and the fact that

the set X β
c (∞) is non-empty if and only if x1,max − β

b
≤

x1,min +
β
b

.

Remark 1. Note that if x1,max − x1,min < 2β
b

then the set

X β
c (∞) is of non-zero Lebesgue measure. Thus, the set X β

c (tf )
also has non-zero measure at some finite time tf < ∞. Thus,

if x1,max−x1,min < 2β
b

then, minimum time to consensus will
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also be finite i.e., t̄f < ∞. On the other hand, if x1,max −
x1,min = 2β

b
, then X β

c (∞) = (x1,max −
β
b
, 0) and for any

finite time tf < ∞, X β
c (tf ) is empty. Therefore, consensus in

finite time is not possible.

Assumption 1. We assume that consensus is possible for some

tf < ∞ and thus, the initial conditions of all agents satisfy

x1,max − x1,min < 2β
b

.

IV. MINIMUM TIME CONSENSUS

Our goal is to find t̄f := min
N⋂

α=1

Aβ
α(τ,x0,α) 6=∅

τ and the

corresponding x̄ ∈
N
⋂

α=1

Aβ
α(t̄f ,x0,α). For this we require

N
⋂

α=1
Aβ

α(t̄f ,x0,α) which is combinatorially intractable. How-

ever, note that Aβ
i (tf ,x0,i) is a convex set. Thus, to make the

computation of the minimum time consensus point tractable,

we make use of Helly’s theorem, stated next.

Theorem 2. Helly’s Theorem [21]: Let F be a finite family

of at least n+ 1 convex sets on R
n. If the intersection set of

every n+ 1 members of F is non-empty, then all members of

F have a non-empty intersection.

In our problem, n = 2, the computation of the minimum-

time consensus point can be reduced to computing the

minimum-time consensus for all possible triplets of agents.

A. Minimum time consensus for a triplet

Let the minimum time to consensus for a triplet

{ai, aj , ak} be t̄ijk := min
⋂

α∈{i,j,k}

A
β
α(τ,x0,α) 6=∅

τ . Since, we

need
⋂

α∈{i,j,k}

Aβ
α(τ,x0,α) 6= ∅, for every pair of agents,

(ai, aj),(aj , ak) and (ai, ak), their attainable sets must in-

tersect first. Let t̄ij := min⋂

α∈{i,j}

Aβ
α(τ,x0,α) 6=∅

τ . Similarly, t̄jk

and t̄ik are defined for (aj , ak) and (ai, ak). Then, t̄ijk ≥
max{t̄ij , t̄jk, t̄ik}. WLOG t̄ij = max{t̄ij , t̄jk, t̄ik} and the

corresponding point of intersection x̄ij ∈ Aβ
i (t̄ij ,x0,i) ∩

Aβ
j (t̄ij ,x0,j). We now have two cases: 1) x̄ij ∈ Aβ

k (t̄ij ,x0,k)

and 2) x̄ij /∈ Aβ
k (t̄ij ,x0,k)

Case 1: We need to compute the solution to the expressions

defining the boundary of two attainable sets and check if it is

in the third agent’s attainable set. This is done by checking if

the point x̄ij satisfies inequalities associated with the boundary

of Aβ
k (t̄ij ,x0,k). Computing t̄ij := min⋂

α∈{i,j}

Aβ
α(τ,x0,α) 6=∅

τ along

with x̄ij requires the intersection
⋂

ν∈{i,j}

Aβ
ν (τ,x0,ν) 6= ∅. This

is possible in 2 ways i.e., ∂Aβ,s1
i ∩∂Aβ,s3

j or ∂Aβ,s3
i ∩∂Aβ,s1

j .

Now ∂A
β,sp
i for p = 1, 2, 3, 4 are given in (16), (18), (17) and

(19). Further, due to substitution (5), the boundary is in terms

of q1 = e−bτ , w1 = e
b2

2
x1 and x2. By maximizing q1 subject

to the constraints of ∂Aβ,s1
i ∩ ∂Aβ,s3

j or ∂Aβ,s3
i ∩ ∂Aβ,s1

j

gives us t̄ij . This maximization is done by solving simultane-

ously Γs1
(Li,x20,i)

(w1, x2, q1) = Γs3
(Lj,x20,j)

(w1, x2, q1) = 0 and

Γs3
(Li,x20,i)

(w1, x2, q1) = Γs1
(Lj ,x20,j)

(w1, x2, q1) = 0. In both

situations, the solution is obtained by using Gröbner basis with

lexicographic ordering of (x2 ≻ w1 ≻ q1). This allows us to

express q1 as a rational function of w1 which we maximize

w.r.t w1. Finally, the largest of the two solutions gives t̄ij and

the corresponding intersection point x̄ij . If x̄ij ∈ Aβ
k (t̄ij ,x0,k)

then t̄ij = t̄ijk and x̄ij = x̄ijk . However, if the condition of

case 1 is invalid, then we proceed to case 2.

Case 2: In case 2, even though for each pair of agents,

the corresponding attainable sets intersect at time t̄ij =
max{t̄ij , t̄jk, t̄ik}, but the intersection of all the three attain-

able sets is empty at t̄ij . Therefore, the first point of intersec-

tion will always occur on the boundaries of the attainable sets

all the three agents. We note that an intersection must exist at

some time t̄ijk > t̄ij on the boundaries of all three attainable

sets. Therefore, we must obtain all solutions tf that satisfy

∂Aβ
i (tf ,x0,i) ∩ ∂Aβ

j (tf ,x0,j) ∩ ∂Aβ
k (tf ,x0,k) 6= ∅. (22)

Then t̄ijk is chosen to be the least tf among all solu-

tions. Further, x̄ijk ∈ ∂Aβ
i (t̄ijk,x0,i) ∩ ∂Aβ

j (t̄ijk,x0,j) ∩

∂Aβ
k (t̄ijk,x0,k) is the only point in the intersection. Since

x̄ijk lies on the boundary of attainable sets, control inputs

of the form (3) are required to drive the states of all agents

to x̄ijk at time t̄ijk . Therefore, depending upon the structure

of the input, x̄ijk may lie on one of the four boundaries

of ∂Aβ
i (tf ,x0,i), ∂Aβ

j (tf ,x0,j) and ∂Aβ
k (tf ,x0,k). Solving

equation (22) requires computing solutions of a set of poly-

nomial equations with inequality constraints simultaneously.

Since there are 4 parts to the boundaries, there are 64 sets

of three equations to be solved for computing x̄ijk . Using

arguments and using Assumption 1 discussed in [14, Section

III-A], we only need to consider 18 cases to compute the

minimum time consensus point. Among all the 18 possibilities,

we discuss the solution of these polynomial equations for

specific possibilities.

1) ∂Aβ,s1
i ∩ ∂Aβ,s3

j ∩ ∂Aβ,s1
k : In the boundary equations

for ∂Aβ,s1
i , ∂Aβ,s3

j and ∂Aβ,s1
k , we substitute xi = xj =

xk = x̂1. We are solving the boundary equations for tf,1,

and x̂1 which has two components i.e., x̂1 = [x̂1,1, x̂2,1]
⊤.

Also, recall from the substitution (5) w1,1 = e
b2

2
x1,1 and

qf,1 = e−btf,1 . As a result, we solve the three equations

Γs1
(Li,x20,i)

(ŵ1,1, x̂2,1, qf,1) = Γs3
(Lj,x20,j)

(ŵ1,1, x̂2,1, qf,1) =

Γs1
(Lk,x20,k)

(ŵ1,1, x̂2,1, qf,1) = 0 simultaneously for qf,1, ŵ1,1

and x̂2,1 using the Gröbner Basis based elimination [22]. Since

there are three equations and three unknowns qf,1, ŵ1,1 and

x̂2,1, we use lexicographic ordering (ŵ1,1 ≻ x̂2,1 ≻ qf,1) to

arrive at the final expressions. The computation of the Gröbner

basis is performed using the Sagemath [23]. Subsequently, we

get a cubic equation in b3q
3
f,1 + b2q

2
f,1 + b1qf,1 + b0 = 0.

Among all the real solutions to the cubic equation, we choose

the one with the lowest real value in the interval (0, 1) as

qf,1. Then, the expression of time is tf,1 = − log(qf,1). The

corresponding expressions of states are given as:
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ŵ1,1 =
−(x̂2,1 − qf,1x20,k − qf,1 − 1))

qf,1l1,k + l2,k

x̂1,1 =
2

b2
log(ŵ1,1) (23)

x̂2,1 = −

(

q2
f,1(x20,il1,k − l1,ix20,k − l1,i + l1,k)− l2,i + l2,k

+ qf,1(x20,il2,k − l1,i − l2,ix20,k − l2,i + l1,k + l2,k)

)

qf,1(l1,i − l1,k) + l2,i − l2,k
(24)

At the computed time tf,1, these sets meet at a unique point

x̂1. An example of a unique intersection point with ∂Aβ,s1
i ∩

∂Aβ,s3
j ∩ ∂Aβ,s1

k is shown in Fig.3.
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Fig. 3: Intersection of Attainable sets

2) Scenario 7: ∂Aβ2,s3
i ∩∂Aβ2,s2

j ∩∂Aβ2,s1
k : Similarly, we

simultaneously solve equations, Γs3
(Li,x20i)

(ŵ1,7, x̂2,7, qf,7) =

Γs2
(Lj,x20j)

(ŵ1,7, x̂2,7, qf,7) = Γs1
(Lk,x20k)

(ŵ1,7, x̂2,7, qf,7) = 0
for qf,7, ŵ1,7 and x̂2,7.

The equation Γs2
(Lj,x20j)

(ŵ1,7, x̂2,7, qf,7) = 0 gives us

w1,7 = 1
l1j

. Then, from the substitution (5), we get x̂1,7 =

x10j−
β
b

. The expression for tf,7 and the corresponding states

obtained from

qf,7 =
−(ŵ2

1,7l2k − 2ŵ1,7 + l1i)

ŵ2
1,7l1k + ŵ1,7x20i − ŵ1,7x20k − 2ŵ1,7 + l2i

tf,7 = − log(qf,7)

(25)

x̂2,7 = −ŵ1,7qf,7l1k − ŵ1,7l2k + qf,7x20k + qf,7 + 1 (26)

The expressions of tf,m and x̂m for the remaining possibilities

(2 to 6 and 8 to 18) can be obtained similarly.

Now, the control input that can drive agent α ∈ {i, j, k}
from its initial state to x̂m at time tf,m is of the form (3). The

expressions for the switching time instances, i.e. tm,s1
1α , tm,s1

2α

and tm,s3
1α , tm,s3

2α for each agent α are obtained as follows. For

m = 1, 2, ..., 18, if x̂m ∈ ∂Aβ,s1
α , then the switching time

instances for aα are given as:

t
m,s1
1α =

β + b(x̂1,m − x10α)

2

t
m,s1
2α = tf +

b(x̂1,m − x10α)− β

2
.

(27)

Likewise, if x̂m ∈ ∂Aβ,s3
α then the switching time instances

are

t
m,s3
1α =

β − b(x̂1,m − x10α)

2

t
m,s3
2α = tf −

(β + b(x̂1,m − x10α))

2
.

(28)

For x̂m ∈ ∂Aβ,s2
α ,

tm,s2
1α =

1

b
ln

(

x̂2,mb2 − qf,mx20αb
2 + qf,m − 1

qf,m − e−bβ

)

tm,s2
2α = tf,m − β + tm,s2

1α .

(29)

Lastly if x̂m ∈ ∂Aβ,s4
α ,

tm,s4
1α =

1

b
ln

(

x̂2,mb2 − qf,mx20,αb
2 − qf,m + 1

−qf,m + e−bβ

)

tm,s4
2α = tf,m − β + tm,s4

1α .

(30)

Among all the possibilities, we pick the value of m, denoted

by m̄, for which the inequality 0 ≤ tm,•
1α ≤ tm,•

2α ≤ tf,m < ∞
holds for all α ∈ {i, j, k}, and tf,m is the least. Then,

the minimum time to consensus is t̄ijk = tf,m̄ and the

corresponding value of x̄ijk = x̂m̄ is the minimum time

consensus point for a triplet of agents ai, aj , ak.

B. Minimum time consensus for N agents

Now, for N -agent case, we need the following results which

follow using exactly the same arguments as given in [14], [16].

Lemma 4. c.f. [14], [16] Consider a triplet of agents

{ai, aj , ak} with initial conditions satisfying the inequality

(21) and the time tf > 0 s.t. Aβ
i (tf ,x0,i) ∩ Aβ

j (tf ,x0,j) ∩

Aβ
k (tf ,x0,k) 6= ∅ then for all time t′f > tf the intersection

of their attainable sets remains non empty i.e., Aβ
i (t

′
f ,x0,i)∩

Aβ
j (t

′
f ,x0,j) ∩ Aβ

k (t
′
f ,x0,k) 6= ∅.

From Helly’s theorem and Lemma 4, we get the following

result.

Theorem 3. c.f. [14], [16] Consider N agents with initial

conditions satisfying the inequality (21). Then the minimum

time to consensus t̄f = max
1≤i,j,k≤N

t̄ijk.

Theorem 3 gives us the minimum time to consensus t̄f and

the corresponding consensus point x̄ using all possible NC3

triplet of agents. Assuming all agents are communicating over

a connected graph, t̄f and x̄ are broadcast to all agents. Agents

compute and implement the control inputs to reach x̄ at t̄f .

Remark 2. The computation of t̄f can be implemented in

a distributed manner along similar lines as discussed in our

previous article [14].

V. EXAMPLE

Consider a set of initial conditions for six agents, a1,

a2, a3, a4, a5, and a6 i.e., x10 = [0.04, 0.1]⊤, x20 =
[0.39, 1.05]⊤, x30 = [0.3,−0.525]⊤, x40 = [0.5,−0.525]⊤,

x50 = [0.2,−0.2]⊤, x60 = [0.1,−0.05]⊤, respectively and

β = 0.7. Note that x1max = 0.5 and x1min = 0.04.

Thus, the set of initial conditions satisfies the inequality

(21). Among all 20 triplets, the minimum consensus time

is given by {a1, a2, a3}, which is the maximum among all

the other triplets of agents. Moreover, for {a1, a2, a3} triplet,

the consensus point satisfies x̄ ∈ ∂Aβ
i (t̄f ,x0,i) whereas

for remaining agents x̄ ∈ intAβ
i (t̄f ,x0,i). Now, to ensure
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i with x̄ = [0.2781, 0.0941]⊤ .

Fig. 4: State-trajectories, control profile and attainable set intersection for N = 6 agents

all agents reach the consensus point simultaneously at t̄f ,

the fuel budget β for remaining agent is recomputed. This

is done by substituting the computed values of t̄f and x̄

in Γs1
(Li,x20,i)

(w1, x2, qf ), or Γs3
(Li,x20,i)

(w1, x2, qf ) depending

on the satisfaction of the associated inequality constraints.

Subsequently, the corresponding switching instants are deter-

mined based on the recomputed β using equations (27),(29),

(28),(30), so that they reach the consensus point x̄ exactly

at t̄f . The control profiles, the phase plots, and the attainable

sets of respective agents are shown in Fig. 4a, Fig. 4b and Fig.

4c, respectively. The intersection of the attainable sets of all

agents indicates the minimum time consensus point which is

x̄ = [0.2781, 0.0941]⊤ ∈ X β
c (∞). The minimum time to reach

consensus t̄f is 1.4918. The control inputs and corresponding

fuel utilization for all agents are listed in Table I.

TABLE I: Fuel utilization and control profiles of N = 6 agents to
reach x̄ = [0.2781, 0.0941]⊤ at the minimum time t̄f = 1.4918.

Agent Fuel Used (β) Switching Times (t1, t2) Control Profile u(t)

a1 0.7000 (0.4690, 1.2609) {+1, 0, −1}

a2 0.7000 (0.4060, 1.1978) {−1, 0, +1}

a3 0.7000 (0.3390, 1.1309) {+1, 0, −1}

a4 0.2687 (0.0234, 1.2465) {+1, 0, −1}

a5 0.6009 (0.3395, 1.2304) {+1, 0, −1}

a6 0.6983 (0.4382, 1.2317) {+1, 0, −1}

VI. CONCLUSION

For a set of N second-order LTI agents, a method to com-

pute the minimum time to consensus and the corresponding

consensus point subject to a fixed fuel budget and bounded

inputs is presented. The key tool of our method, i.e., the

attainable set for each agent under fuel budget constraints, is

characterized. The convexity property of the attainable set al-

lows us to use Helly’s theorem for distributing the computation

required in our method. Initial conditions configurations for

which consensus is possible under bounded inputs and fixed

fuel budget constraints are also characterized. An extension

to a general class of n-order LTI systems is currently under

investigation and will be reported in the future.
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