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The dynamical evolution of neutrino flavor in supernovae can be modeled by an all-to-all spin
Hamiltonian with random couplings. Simulating such two-local Hamiltonian dynamics remains a
major challenge, as methods with controllable accuracy require circuit depths that increase at least
linearly with system size, exceeding the capabilities of current quantum devices. The eigenstate
thermalization hypothesis predicts that these systems should thermalize, a behavior confirmed in
small-scale classical simulations. In this work, we investigate flavor thermalization in much larger
systems using random quantum circuits as an empirical tool to emulate the non-local dynamics,
and demonstrate that the thermal behavior can be reproduced using a depth independent of the
system size. By simulating dynamics of over one hundred qubits, we find that the thermalization
time grows approximately as the square root of the system size, consistent with predictions from
semi-classical methods. Beyond this specific result, our study illustrates that near-term quantum
devices are useful tools to test and validate empirical classical methods. It also highlights a new
application of random circuits in physics, providing insight into complex many-body dynamics that
are classically intractable.

I. INTRODUCTION

In astrophysical scenarios marked by high temperature
and density, such as core collapse supernovae and binary
neutron star mergers, the emission of neutrinos in sub-
stantial fluxes plays a pivotal role in the dynamical evolu-
tion of the system and the nucleosythesis that takes place
in these environments [1–4]. Neutrinos interact through
weak currents with local nucleons, influencing the proton-
to-neutron ratio. A comprehensive understanding of neu-
trino flavor content is essential for detailed investigations
into the evolution of these systems [5–9]. In dense re-
gions, neutrinos can experience coherent forward scat-
tering, a process highly sensitive to their quantum me-
chanical flavor states. Flavor-dependent relative phases
may arise during scattering on charged leptons, leading
to the well-known MSW effect, but they can also be gen-
erated through neutral current interactions with other
neutrinos in the system [1, 6, 10]. In scenarios with a
sufficiently high neutrino number density, this flavor ex-
change effect is expected to dominate the neutrino gas’s
flavor evolution, giving rise to novel coherent phenomena
like flavor spectrum splits and swaps [11–13]. The phe-
nomenology of collective neutrino oscillations has been
traditionally explored by means of mean-field methods
(see [13–15] for reviews) but in recent years a renewed
interest in the role played by quantum correlations have
emerged (see [16–18] for recent reviews).

In this paper, building on Ref. [19], we focus on inves-
tigating the flavor evolution of a neutrino gas under the
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condition where the potential arising from coherent ν−ν
forward scattering prevails as the dominant effect. This
scenario is commonly referred to in the literature as the
“fast” flavor oscillation limit [20–25]. In this limit, the
redistribution of flavor among neutrinos is anticipated to
transpire over length scales of approximately one meter.
Our exploration is centered on this specific regime, aim-
ing to comprehensively analyze the associated dynamics.
We study this regime using randomized quantum simu-
lations strategies based on product formula, previously
tackled using standard Trotter Suzuki decomposition by
Refs [26, 27].

We carry out our computational investigations by
leveraging, besides classical benchmarks, the opportuni-
ties offered by state-of-the-art digital quantum simula-
tors [28, 29]. In recent years, this technology has ad-
vanced significantly, enabling the first so-called “quan-
tum utility” experiments [30, 31], in which noisy quan-
tum processors augmented by error mitigation tech-
niques successfully executed quantum circuits beyond the
reach of exact classical simulation. These pioneering
demonstrations marked the initial steps toward employ-
ing quantum computers as genuine research tools in fun-
damental physics, first to validate theoretical predictions
and eventually to explore regimes previously inaccessible
to classical methods. Several utility-scale experiments
have since been reported in high-energy physics [32, 33],
with a primary focus on simulating scattering dynam-
ics [34–39] and in general on lattice gauge theories [40–
42]. In this work, we introduce quantum simulation tech-
niques into the domain of neutrino physics, opening a new
research direction and presenting the first results at the
100-qubit scale in this context.
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The remainder of the paper is organized as follows.
Section II introduces the physical model and the ob-
servables of interest. Exact small-scale simulations us-
ing converged Trotterization are presented in Section III.
Section IV describes our randomization strategy, while
large-scale experiments are discussed in Section VA for
classical methods and in Section VB for implementations
on IBM’s superconducting quantum hardware.

II. MODEL AND THERMALIZATION

The ν − ν coherent forward scattering potential takes
the form of an all-to-all Heisenberg-like interaction [43,
44], and such Hamiltonians are generically expected to
be nonintegrable except in special cases [19, 45–48]. Fur-
thermore, non-integrable Hamiltonians are expected to
“thermalize” in the sense that expectation values of few-
body operators tend to equilibrate to a value that can
be predicted from an appropriate thermodynamic parti-
tion function (see [49] for a review). For the rest of this
work, we assume that the vacuum oscillation potential
is negligibly small relative to the other two potentials.
We also assume that the matter profile is uniform in the
regions of the environment under consideration, allowing
us to consider a corotating frame to remove its overall
effect on each neutrino. After these modifications, only
the ν − ν coherent forward scattering Hamiltonian re-
mains. We assume axial symmetry for the velocity cou-
pling term, enforcing that the velocity components or-
thogonal to the momentum symmetry axis (denoted by
z) average to zero. This leads to the following Hamilto-
nian for N neutrinos [43, 44]

Ĥνν =
µ

2N

∑

i<j

(1− vi · vj)ˆ⃗σi · ˆ⃗σj

≡ H0 +
µ

N

∑

i<j

(1− vi · vj)Pi,j .
(1)

Here, vk is a three-dimensional real vector containing

the velocity of the k-th neutrino, ˆ⃗σ is a vector of Pauli
operators, µ is the scale of the ν − ν interaction, Pi,j is
a swap operation which can be expressed as

Pi,j =
1

2
(1 + σ⃗i · σ⃗j), (2)

and H0 an irrelevant constant. Given a typical core-
collapse supernova flux at a radius of 50 km, a simple
estimate gives µ ≈ 1 cm−1. As it is the only dimen-
sional parameter in the problem, we hereafter measure
all distances and times in units of µ and set µ = 1.
We consider a forward peak distribution with vz ∼
1− 2√

πσ
Θ(x)e−x2/2σ2

with σ = 0.5. The remaining coor-

dinates are then fixed as

vx =
√
1− v2z cos θ

and vy =
√
1− v2z sin θ

where θ ∼ U(0, 2π).

(3)

This choices for modeling the angular distribution of neu-
trinos were previously used also in Ref. [19] where the
connection between the chaotic nature of the Hamilto-
nian and flavor thermalization was first investigated for
small systems with N ≤ 16. The rationale behind the
use of a random distribution for the velocities is twofold:
on one hand it captures the expectation for the geom-
etry of a core collapse supernova with mostly outgoing
neutrinos and, at the same time, allows to avoid possi-
ble spurious symmetries that can be introduced in the
calculation when using uniform grids of angles [19, 50].
In this work we are interested in the typical dynam-

ics generated by the neutrino interactions and, given the
presence of random couplings, we will consider an ensem-
ble of Hamiltonians {H(k)}k=1,...,NH

defined explicitly as
follows

Ĥ(k)
νν =

µ

N

∑

i<j

(1− v
(k)
i · v(k)

j )Pi,j ≡
∑

i<j

µ
(k)
i,j Pi,j , (4)

with the associated unitary time evolution denoted as

U (k)(t) = exp
(
−itĤ(k)

νν

)
. (5)

Previous work [19] estimated the thermalization time τth,
or at least a lower bound, using single-qubit observables
such as the flavor expectation value for a product state
|ψ0⟩:

Z
(k)
j (t) = ⟨ψ0|U (k)(t)†ZjU (k)(t)|ψ0⟩. (6)

A characteristic time was defined as the first inversion
point [51]. Additional estimates were obtained from
the time when the single-qubit entropy reached 95%
of its maximum, or from global measures such as the
Loschmidt echo,

L(k)(t) = |⟨ψ0|U (k)(t)|ψ0⟩|2, (7)

with τth identified from the first minimum of L(k)(t).
In contrast, the randomization approach used here

does not track individual neutrinos, but instead allows
us to evaluate observables invariant under qubit relabel-
ing. We therefore introduce the flavor variance,

V (k)(t) =
1

N

∑

j

Z
(k)
j (t)2 . (8)

Since every neutrino thermalizes to the same asymptotic
state, the variance vanishes at long times. As a proxy
for the typical time scale, we define τth as the first time
V (k)(t) drops below Γ = 0.1.
Fig. 1 shows the characteristic time of the single-

qubit observable, the entropy, as well as the variance
and Loschmidt echo, where the evolution is nearly exact
at using a converged Trotter decomposition with time
step δt = 0.5, acting on the domain-wall configuration,
|ϕ0⟩ = |0⟩⊗N/2 ⊗ |1⟩⊗N/2. The errorbars represent a
10%–90% confidence interval over different Hamiltonian
realizations.
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Figure 1: Trotterized dynamics. Scaling of the char-
acteristic time as function of the system size for the single
qubit observables (red), Loschmidt echo (purple), sin-
gle qubit entropy (orange) and variance (blue), alongside
square root and logarithm fits (dotted and dashed lines).
The calculation are performed with a converged second-
order Trotter product formula (δt = 0.5).

Two key observations emerge. First, the variance and
entropy exhibit consistent behavior, which is significant
since our random quantum channel only allows access to
permutation-invariant observables. Therefore, the vari-
ance is a reasonable observable to look for thermaliza-
tion, since it is consistent with the predictions using the
entropy. Second, in the absence of simulation of larger
systems, the current data is insufficient to distinguish
between a square-root and a logarithmic scaling; both
remain statistically compatible. Consequently, simula-
tions at larger system sizes are required to resolve this
ambiguity. Below we discuss several method to treat
approximately the problem on a NISQ devices, such as
Trotterization and our randomized channel. We do not
delve into asymptotical optimal methods such as Quan-
tum Singular Value Transformation [52] as the overhead
is too high for current platforms.

III. TROTTERIZED DYNAMICS

As was shown in previous works [27, 53] a Trotter
decomposition of the evolution operator can be imple-
mented on a qubit chain by using a SWAP network where
every pair interaction is followed by a SWAP. With this
strategy a full Trotter step requires N/2 layers of nearest
neighbor interactions. In order to express this construc-
tion in a compact way, let us first define a single layer

unitary which applies nearest neighbor Heisenberg inter-
actions on the N/2 even pairs followed by the N/2 − 1
odd pairs

W (t,h,p) =


 ∏

j even

e−ithjPj,j+1P
pj

j,j+1




×


∏

j odd

e−ithjPj,j+1P
pj

j,j+1


 ,

(9)

where the vector p has N − 1 components that can be
either zero or one: if pj = 1 then we perform a SWAP
operation between qubits j and j+1 while we implement
the interaction between them. Instead, the N − 1 com-
ponent vector h is used to retrieve the correct coupling
constants for interactions. Using the fact that Pi,j is
idempotent, a more convenient expression for W (t,h,p)
can be found to be

W (t,h,p) =


 ∏

j even

e−i(thj+pj
π
2 )Pj,j+1




×


∏

j odd

e−i(thj+pj
π
2 )Pj,j+1


 ,

(10)

which now makes it apparent that the addition of possible
SWAP operations does not need to incur in additional
gates being implemented [53]. Using this layer unitary
as building block, and for an even number of particles
N , a single first order Trotter step for the Hamiltonian
in Eq. (4) can then be written as

U (k)
T (t) =

N/2∏

l=1

W (t,h(k,l),1) , (11)

where 1 is a N − 1 component vector containing 1 in
every entry and the coupling constant vectors are given
by

h
(k,l)
j =

µ

N

(
1− v

(k)
i(j,l) · v

(k)
ip(j,l)

)
= µ

(k)
i(j,l),ip(j,l) . (12)

The label i(j, l) denotes the label of the neutrino associ-
ated to qubit j at the l − th layer and similarly ip(j, l)
denotes the label of the neutrino associated to qubit j+1
at the same layer. The mapping between i(j, l) and the
qubit j depends on the permutations that have been used
in previous layers, taking into account that for odd j we
have applied already the even qubit layer in W . For in-
stance, when N = 4 and we perform a SWAP at every
step, i.e. p⃗(l) = 1⃗, we have

i(0, 1) = 0 ip(0, 1) = 1 i(2, 1) = 2 ip(2, 1) = 3

i(1, 1) = 0 ip(1, 1) = 3

i(0, 2) = 1 ip(0, 2) = 3 i(2, 2) = 0 ip(2, 2) = 2

i(1, 2) = 1 ip(1, 2) = 2.

(13)
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The Trotter unitary can then be used to approximate the
correct time evolution operator leading to

∥∥∥U (k)(t)− U (k)
T (t/M)M

∥∥∥ ≤ t2

M
C(k) , (14)

where C(k) is a sum of norms of commutators [53], and
M is the number of so-called Trotter steps.

IV. RANDOMIZED DYNAMICS

Simulating the flavor dynamics of neutrinos using
product formulas like those described in the previous sec-
tion is challenging on current and near-term quantum
hardware due to the required depth growing at least lin-
early with system size [53]. In recent works, interacting
neutrino systems have been shown to display intricate
many-body correlations (see e.g. [24, 50, 54–58]) from a
phenomenological point of view however the most impor-
tant physical observables are single-neutrino properties
(these dominate reactions in the supernova and are those
measured on Earth). Our goal in this work is to design an
approximate method that is able to track the evolution of
single neutrino (qubit) observables in an efficient manner.
We shall think of our method as a physically motivated
ansatz, which is empirically able to capture permutation-
invariant observables using only a circuit depth of O(t)
—independent of the system size—at least up to inter-
mediate time [59]. Although rigorous guarantees are be-
yond the scope of this work, establishing them remains
an important avenue for future research.

From the discussion on the Trotterized dynamics in the
previous section it is apparent that the full evolution cir-
cuit is very similar to the evolution of a, time-dependent,
random Heisenberg chain. Correlations among the, oth-
erwise random, rotation angles are critical to allow to
uniquely associate a specific neutrino to an individual
qubit at any given point in the various layers. The

coupling constants µ
(k)
i,j in the Hamiltonian are random

and uncorrelated with the neutrino labels (i, j). Conse-
quently, when focusing on a single qubit, the evolution of
its density matrix depends solely on the number of par-
tial SWAP operations it has undergone since the initial
state at t = 0. However, because these partial SWAPs
only involve neutrinos with misaligned spins, the result-
ing qubit-level spin dynamics will generally depend on
the initial assignment of qubits to neutrinos, even when
the total flavor (i.e., the spin magnetization) is conserved.
For instance, if we consider two states

|ϕ0⟩ =|0⟩⊗N/2⊗|1⟩⊗N/2

|ϕ1⟩ = (|0⟩⊗|1⟩)⊗N/2
,

(15)

in the first layer of nearest-neighbor Heisenberg interac-
tion encoded in the unitary W from Eq. (10), only the
central qubits will evolve for the state |ϕ0⟩ while all of
them will be affected for the state |ϕ1⟩. The full Trotter

step U (k)
T (t) from Eq. (11) is invariant for relabeling of

qubits to neutrinos (at least for short times t in general)
so the final evolution is the same for both states.
Our strategy to compress the time-evolution unitary,

while keeping the average evolution of one-body observ-
ables correct, relies on randomizing the coefficients in the
individual layers whereW acts and looking at the result-
ing dynamics for a varying number of layers which is in
general now independent on the system size N . The re-
sulting unitary takes then the following form

U (k)
R (τ, L) =

L∏

l=1

W (τ, h̃(k,l),1) , (16)

where the components of the coupling constant vectors

h̃(k,l) are now chosen uniformly at random from the entire

N(N − 1)/2 components of the µ
(k)
i,j coupling matrix.

For a given choice of step size, the time parameter τ
is then connected to the actual total time evolution but
these two are not identical. Our rationale for decoupling

the number of layers in the evolution unitary U (k)
R (τ, L)

from the system size N is that, on average, each qubit
undergoes 2L random pairwise interactions across the L
alternating even–odd layers. Within the Trotterized dy-

namics, one application of U (k)
T (t) involvesN/2 sequential

layers, each implementing pairwise rotations with angles
of order O(µt/N). For systems described by initial states
with a constant fraction of orthogonal flavor state as a
function of N , the cumulative effect of these layers pro-
duces an overall flavor rotation of order O(µt). Since the
randomized protocol implemented using U (k)

R (τ, L) is de-
signed to approximate the average long-time dynamics,
in the limit of large L we expect to be able to reproduce
the overall rotation angle O(µt) using L layers of rota-
tion of magnitude O(µτ/N) = O(µt/L) each. In other
words, we expect a physical time evolution for time t will
correspond to a value of the time-parameter τ given by

τ = αt with α = O
(
N

L

)
. (17)

This argument however neglects the effect coming from
the fact that, as the partial swaps proceed, the qubits
progressively rotate away from their original polariza-
tion reducing the effect of the partial swaps. Indeed for
two neutrinos with the same flavor polarization, the par-
tial swap acts simply as the identity. We therefore ex-
pect that the total accumulated rotation angle will grow
slower than linearly in the depth and we expect that
α < N/L in practice. The actual dependence of α from
N and L also strongly depends on the initial state used
in the simulation as discussed previously when we con-
sidered the initial states in Eq. (15). In our simulations
we account for the dependence on the initial state by
performing, for each individual run, a random permuta-
tion to the qubits in the state |ϕ0⟩ obtaining a state |ϕs⟩.
Physical observable are then recovered by looking at the
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distribution of outcomes generated by sampling both the

Hamiltonian Ĥ
(k)
νν as well as the initial state.

For a given initial state and Hamiltonian we then eval-
uate the flavor variance as

V
(k,s)
R (τ, L) =

1

N

∑

j

(
⟨ϕs|U (k)

R (τ, L)†ZjU (k)
R (τ, L)|ϕs⟩

)2
.

(18)

The matching between the discrete values V
(k,s)
R (τ, L) to

the corresponding variance at a physical time t is ob-
tained through the proportionality constant α. In order
to find this factor we impose that for short times the
randomized expectation value

V
(k,s)
R (τ, L) = 1 + g

(k,s,L)
R

τ2

2
+O(τ3) (19)

matches the ideal variance

V (k)(t) = 1 + g(k)
t2

2
+O(t3) , (20)

where the linear term is zero by construction for our ini-
tial states while

g(k) ≡ d2

dt2
V (k)(t)

∣∣∣∣
t=0

=
1

2N

∑

ij

(
µ
(k)
i,j

)2
(1− ⟨Zi⟩⟨Zj⟩) ,

(21)

where the expectation values are evaluated on the ini-
tial state [60]. For more details on the derivation see
Appendix A and Refs. [19, 46]. Using this strategy, the
rescaling factor between t and τ is then

α(k,s,L) =

√
g(k)

g
(k,s,L)
R

. (22)

We show in Fig. 2 that the rescaling factor is in fact
constant as we increase the number of layers.

We now explore two separate protocols to perform this
short time matching which are equivalent in the asymp-
totics but behave differently in the intermediate regime
of interest. While our protocols share similarities in spirit
with the qDrift protocol [61–63], the key distinction lies
in the channel distance we are interested in minimizing.
The goal of the qDrift protocol is to implement a ran-

dom unitary channel ΛqDrift(t)[ρ] = VR(t)ρV†
R(t) whose

averages matches the exact unitary dynamics at fixed
couplings for short times
∥∥∥E [ΛqDrift(t)[ρ]]− U (k)(t)ρU (k)(t)†

∥∥∥ = O(t2) . (23)

In our case instead we are first only interested in the
distance between the following comvex superposition of
reduced density matrices

ρrnd[ρ] =
1

N !

∑

σ∈SN

N⊗

j=1

TrN/σ(j)[ρ] , (24)

where σ(j) is an arbitrary permutation of the qubit labels
taken for the symmetric group SN and TrN/σ(j)[ρ] is the
single qubit reduced density matrix for the σ(j) neutrino.
This is then a much weaker condition than reproducing
the full density matrix itself. The new distance reads

∥∥∥ρrnd
[
U (k)(t)ρU (k)(t)†

]
− El

[
ρrnd

[
U (k)
R (τ)ρlU (k)

R (τ)†
]]∥∥∥ ,
(25)

and the average is over initial states obtained by qubit
permutations, which give rise to the same final density
matrix under exact evolution. As explained above the
value of τ is found by matching the short time behavior
and the goal is for the randomized procedure to provide
a small value for this distance, at least one averaged over

the random set of Hamiltonians Ĥ
(k)
νν , for times compa-

rable to the thermalization time.
We will show below numerical evidence suggesting that

our choices for implementing the randomized channel in-
deed are able to keep the distance in Eq. (25) small. An
interesting and important extension of the present work
would be to provide more rigorous bounds on it.

A. Protocol A

The first possibility is to pick a fixed value of L for all
times t and consider

V
(k,s,L)
A (t) = V

(k,s)
R

(
t

L
α(k,s,L), L

)
. (26)

This approach resembles a Trotter decomposition with a
fixed depth where different evolution times are obtained
by changing the time-step t/L used for each individual
layer. In the limit L→∞ the randomized evolution ap-
proximates progressively well the exact evolution under
the average Hamiltonian. To see this we can look for the
effective generator Heff by expanding at small times since
we can write

U (k)
R

(
t

L
, L

)
=

M∏

m=1

U (k)
R

(
t

L
,
L

M

)
, (27)

and for L→∞ at fixed M we have

U (k)
R

(
t

L
,
L

M

)
=

2L/(NM)∏

l=1

N/2∏

n=1

W
( τ
L
, h̃(k,Nl/2+n),1

)

≈ 1− i t
L

2L/(NM)∑

l=1

N∑

i<j

µ
(k,l)
i,j Pi,j

(28)

so that we have as effective Hamiltonian,

Heff =

N∑

i<j




2L/(NM)∑

l=1

µ
(k,l)
i,j


Pi,j →

2L

NM
E[Ĥ(k)

νν ] . (29)
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This is then exactly the average Hamiltonian and we have

U (k)
R

(
t

L
, L

)
→ exp

(
−i2t
N

E[Ĥ(k)
νν ]

)
, (30)

for a sufficiently large number of layers. This provides
insight into the convergence of our random channel. Yet,
because the dynamics under the average Hamiltonian can
be completely characterized analytically and is in general
different from the correct dynamical evolution, we must
modify the protocol to capture the more interesting typ-
ical evolution of a random Hamiltonian.

B. Protocol B

This time, we instead fix a time-step δt and vary the
number of layers L to reach different final evolution times.
In this way, the physical flavor variance as a function of
time is estimated as

V
(k,s,τ)
B (t = lδt) = V

(k,s)
R

(
δtα

(k,s,l)
B , l

)
, (31)

for discrete times of step δt. The limit L → ∞ now
corresponds to t→∞ in steps of constant size.

C. Comparison between the two protocols

We aim to compute the variance of the neutrino fla-
vor for a typical Hamiltonian Ĥ ∼ H. To this end,

we repeatedly sample a Hamiltonian Ĥ together with
an initial state (a randomly shuffled wall configuration)
and evaluate the median and 25%-75% percentiles of the
resulting dynamics. Consequently, a randomly chosen
Hamiltonian from this family has a 50% probability of
lying within the shaded region. The simulation of the
time evolution is performed stochastically, as described
below.

We first analyze protocol A, shown in Fig. 3. We ob-
serve that the results converge, as the number of layers
increases (colors in the figure), toward the dynamics gov-

erned by the time-averaged Hamiltonian H̄ = E[Ĥ(k)
νν ]

(black dashed line). Moreover, the protocol remains ac-
curate even beyond the validity of the second-order Tay-
lor expansion (grey dashed line). However, protocol A
reproduces the dynamics of a typical Hamiltonian only
at short times.

We next consider protocol B, shown in Fig. 4. Here
too, the dynamics converge in the limit of a large num-
ber of layers to those of the time-averaged Hamilto-
nian (black dashed line) and remain accurate beyond the
breakdown of the second-order Taylor expansion (grey
dashed line). In contrast to protocol A, convergence oc-
curs more slowly, leading to a region around L = tend
where the protocol closely follows the exact dynamics up
to intermediate times. Thus, protocol B provides a useful
approximation for the dynamics of a typical Hamiltonian
within this intermediate-time regime. The behavior of
the evolution of the average Hamiltonian at N = 10 is
attributed to finite size effect.

V. RESULTS

We are interested in understanding the scaling of the
thermalization time in systems of forward-scattering neu-
trinos. While a rigorous lower bound of logN can be es-
tablished from the Lieb–Robinson velocity [64], a mean-
ingful upper bound remains unknown. To probe thermal-
ization, we define a practical proxy: the time required
for the system to reach a threshold value Γ = 0.1 (see
Eq. (8)). This criterion is analogous to the use of single-
qubit entropy as a thermalization indicator in Ref. [19].

In what follows, we systematically study this proxy for
thermalization as a function of system size. Our analy-
sis is carried out using the randomized protocol B with
L = t, implemented across multiple computational back-
ends: tensor-network simulations [65], Pauli propagation
methods [66], and quantum processing units (QPUs) pro-
vided by IBM. This multi-platform approach enables us
to benchmark the protocol’s performance, compare clas-
sical and quantum resources, and gain insight into the
scaling of thermalization in regimes beyond purely an-
alytic control. We will also compare our results with
the aforementioned phase-space approach, which differs
in that it does not simulate the randomized protocol di-
rectly, and is therefore an independent method.
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Figure 3: Protocol A. The variance of a single-qubit observable, denoted V (t), is shown as a function of time under
protocol A for different number of (fix) layers, time step τ = t/L and system sizes: (a) N = 10, (b) N = 16, (c)
N = 22. The black solid line represents the exact dynamics computed using a converged product formula, while the
colored line corresponds to the evolution with the randomized protocol. The shaded band around the latter indicates
the interquartile range across disorder realizations.
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Figure 4: Protocol B. The variance of a single-qubit observable, denoted V (t), is shown as a function of time under
protocol B for different number of layers L, time step τ = tend/L and system sizes: (a) N = 10, (b) N = 16, (c)
N = 22. The black solid line represents the exact dynamics computed using a converged product formula, while the
colored line corresponds to the evolution under the random channel. The shaded band around the latter indicates
the interquartile range across disorder realizations.

A. Classical simulation

When attempting to use a quantum computer, it is
prudent to first assess whether the same task can be ef-
ficiently and reliably performed on classical hardware.
In the following, we will review state of the art protocols

based on tensor network, phase space approximation and
pauli propagation.

a. Tensor networks methods provide a powerful
framework for simulating many-body quantum systems,
particularly those with limited entanglement. Among
these, matrix product states (MPS) [65] are especially ef-
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fective for one-dimensional systems due to their efficient
representation of quantum states with area-law entan-
glement. In essence, MPS encode a quantum state as
a sequence of tensors connected linearly, with the bond
dimension χ controlling the amount of entanglement the
representation can capture.

In the following, we present numerical results obtained
using MPS and demonstrate that this method is not suit-
able for our task, as the entanglement entropy grows lin-
early with time. We simulate our random channel us-
ing the quimb library [67], varying the bond dimension
χ ∈ 2{3,...,11}, and show in Fig. 5 that convergence re-
quires saturating the bond dimension to χ = 2N/2−1.
The inset instead shows the relative error between the
MPS simulation and the exact one, where for the larger
system casewe take the calculation with the largest bond
dimension as a proxy.

To mitigate this limitation, one can extrapolate observ-
ables to the limit 1/χ→ 0 in an attempt to approximate
the exact result. To this end, we fit the inverse bond di-
mension x⃗t = 1/χ to the variance yt = V (t;χ) using the
exponential form

f(χ) = a exp
(
−bχ−c

)
, with a, b, c > 0. (32)

To improve robustness, we repeat the fit over random
initial conditions and report the mean and standard de-
viation as a black dotted line in Fig. 5. Notably, the error
bars increase as entanglement builds up over time, indi-
cating that the extrapolation becomes unstable. Conse-
quently, we do not expect this approach to yield accurate
dynamics at larger system sizes or longer evolution times.
In Fig. 6, we compare the MPS simulation against the
other simulation protocols.

b. The Phase-Space Approximation (PSA) was
originally introduced in nuclear physics [68–70] to treat
many-body fermionic problems beyond the independent
particle approximation, also called the mean-field ap-
proximation. Instead of considering a single mean-field
evolution, consider a statistical ensemble of independent
mean-field evolutions that differ from their initial con-
ditions. In spirit, the PSA approach can be seen as a
mapping from a quantum problem to a classical problem
similar to what can be done with general quantum me-
chanical problems [71], except that here the mapping is
made at the many-body level. The main hypothesis of
the PSA is that (i) at initial time, a quantum system can
be mapped to the initial ensemble by imposing that at
least the first and second moments of one-body observ-
ables of the quantum systems match the statistical aver-
age over the ensemble. Eventually, higher moments can
also be imposed [72]; (ii) Each initial condition evolves in
time using the mean-field, which is considered here as the
most “classical” equation of motion for the set of interact-
ing particles; (iii) Since the trajectories are supposed to
be independent, interferences between trajectories that
might affect the long-time evolution are neglected.

Despite these assumption, the PSA turns out to sig-
nificantly improves over the mean-field approach by pro-

viding in general rather accurate evolution of both one-
and two-body observables evolutions for a wide range of
coupling strengths. It was successfully applied to a wide
range of physical systems ranging from permutation in-
variant systems presenting a quantum phase transition
[69, 73, 74], small superfluid systems, or electronic sys-
tems on a lattice [70].
As shown recently [75], this technique offers a compet-

itive approach to interacting-neutrino dynamics under
both time-independent and time-dependent couplings.
Most recent developments of the PSA include the pos-
sibility to treat an arbitrary number of neutrino beams
[72], assuming that each neutrinos have only two flavors,
or the more realistic case where neutrinos can have three
flavors [76]. One key aspect of the PSA is that it inherits
the simplicity of the mean-field approach, and the num-
ber of coupled equations to solve along each trajectory
scales linearly with the number of neutrinos N (as 3N
and 8N for the 2- and 3-flavor case). Since the trajecto-
ries are independent, it can also be easily parallelized on
a CPU farm. In Refs. [72] and [76], the approach was
shown to apply to simulations of several hundred inter-
acting neutrinos.
Here we use the PSA approach employing directly the

technique developed in Ref. [72] for multi-beams, with
the specific limit of one neutrino per beam. All technical
details are already given in [72] and here we only give the
results obtained using the random Hamiltonian proposed
in this article. Focusing first on the Hamiltonian (9), for
N neutrinos having two possible flavor states, the PSA
evolution along each path reduces to a set of 3N coupled
equation of motion given by:

∂tΣ⃗
λ
i (t) =

N∑

j ̸=i

µijΣ⃗
λ
j (t) ∧ Σ⃗λ

i (t), (33)

where Σ⃗λ
i (t) is associated to the neutrino i and has

three real components
[
Xλ

i (t), Y
λ
i (t), Zλ

i (t)
]
, where λ =

1, · · · , Nevt labels the events. Denoting generically by Pi

one of the Pauli matrices associated to the neutrino “i”,
within the phase-space approach any quantum expecta-
tion value of a Pauli string is replaced by a statistical
average over the events, i.e.,

⟨Pi1 · · · Pik⟩t
PSA←−−→ Pλ

i1
(t) · · · Pλ

ik
(t).

Pi in the left side denotes one of the Pauli operators,

while Pλ
i (t) denotes one of the Σ⃗λ

i (t) components. The
average on the right-hand side of a generic observable

A, denoted by Aλ stands for the statistical average over

events, e.g. Aλ = (Nevt)
−1
∑

λA
λ. The PSA trajecto-

ries given by (33) are solved assuming randomized initial
conditions, such that the statistical average over events
at initial time, reproduces at least the mean one-body ob-
servables and their fluctuations. The sampling method
we used assumes bi-valued probabilities as prescribed in
Ref. [72]. With this method, average evolution of one-
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Figure 5: MPS simulations. The variance V (t) is shown as a function of the number of layers using a fixed time
step δt = 1 for different bond dimension and system sizes N = 20 (a) and N = 32 (b). The insets shows the relative
absolute error with the exact evolution, where for the larger system we use the largest bond dimension as a proxy.

neutrino or two-neutrinos observables, as well as associ-
ated one- and two-neutrinos entanglement entropies have
been evaluated in general with good accuracy compared
to available exact results (see [72, 75]). In the present
work, we use the PSA method as a reference for classical
simulation of large scale systems. Even if PSA does not
have guarantees, it serves as an empirical independent
benchmark.

c. Pauli propagation (PP) [66] is another power-
ful classical simulation technique, which operates in the
Heisenberg picture by propagating observables backward
through the quantum circuit. The method approximates
the observable by expressing it as a sum over Pauli strings
and truncating the expansion by discarding terms whose
Pauli weight exceeds a maximum threshold W , or whose
coefficients fall below a fixed threshold ε.

We perform simulations for system size N = 20, cir-
cuit depth L = 15, and parameter choices W ∈ {4, 6}
and ε ∈ {10−4, 10−6}, shown in the left inset of Fig. 6.
The resulting absolute error remains large in the region
of interest, which is insufficient in this context. While
the use of this method out of the box does not yield sat-
isfactory results, a more systematic investigation would
be required to definitively assess the applicability of PP
in this setting.

We compare all of our numerical simulation strategies
in Fig. 6. In (a) we display the exact (black) MPS (blue),
Pauli Propagation (green), PSA (violet) and statevector
(red) for N = 20 while in (b) we show results on the
QPU without (orange) and with (red) error mitigation
compared to MPS (blue) for N = 32. We observe that
MPS is only accurate when the bond dimension satu-
rates the size of the Hilbert space (χ = 2N/2), whereas
PP captures only short-time dynamics and would require

higher-order terms to achieve useful accuracy in this set-
ting. On the other hand, PSA is able to reproduce the
exact evolution up to long simulation times, and is thus
expected to be a strong benckmark when scaling up to
larger systems.

B. Results on quantum hardware

Error mitigation is an essential technique for harness-
ing the computational capabilities of noisy quantum de-
vices. Our protocol builds on a noise renormalization
approach, which has demonstrated strong performance
in previous studies [77–79]. The core idea is to model
the noise as a depolarizing channel, estimate its param-
eters directly on hardware, and then invert its effect in
post-processing.
We recall that a depolarizing noise channel Np[·], pa-

rameterized by p, affects the expectation value of a Pauli
observable σ under a quantum state ρ as follows:

Tr (σNp[ρ]) = (1− p)Tr (σρ) . (34)

When the depolarizing parameter p is known, noisy ex-
pectation values can be corrected by dividing them by
the factor (1− p). In our implementation, we estimate p
using the all-zero initial state |0⟩⊗N ≡ |0̄⟩, which remains
invariant under the Hamiltonian evolution

⟨0̄|U(t)†ZjU(t)|0̄⟩ = 1. (35)

We can then use this initial state to estimate the sur-
vival probability (1 − p) and employ it to renormalize
the noisy estimates. Selecting an initial state that is in-
variant under the dynamics is, in general, a more robust
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Figure 6: Comparing different backend. The variance V (t) is shown as a function of the number of layers using
a fixed time step δt = 1 for different simulation methods. (a) we compare the exact (black), MPS (blue), Pauli
Propagation (green), PSA (violet) and statevector (red) for N = 20 while in (b) we show results on the QPU without
(orange) and with (red) error mitigation compared to MPS (blue) for N = 32.

strategy than attempting to invert the evolution using
U(t/2)U(−t/2). Indeed, such an inversion does not re-
produce the same set of Pauli paths as the forward evo-
lution in the target computation. As a result, the noise
acts differently on the system, which constitutes a signif-
icant limitation of this approach. It is also worth not-
ing that this method is most effective under the assump-
tion of depolarizing noise, which may not fully capture
the behavior of real quantum devices. Nevertheless, this
limitation can be alleviated through Pauli twirling [80].
Measurement (readout) errors are addressed via device
calibration [81] and by twirling the measurement chan-
nel [82].

To validate our error mitigation protocol, we evaluate
it on a smaller system with N = 32, as shown Fig. 6 (b).
This choice ensures that the MPS calculation is effec-
tively exact, as, at this size, we can work at the maximal
bond dimension. We find that our results successfully
reproduce the MPS benchmark within the error bars,
except for the last few points where accumulated noise
becomes dominant.

Finally, we compute the characteristic time of the vari-
ance for N ∈ {32, 48, 64, 80, 96, 112} on the 156 qubits
ibm devices ibm fez and ibm aachen, using the exper-
imental setting described in Tab. I. The characteristic
time is shown as a function of the system size in Fig. 7
for the different methods (exact in black, MPS in blue,
QPU in red, and PSA in orange), alongside square-root
(dotted) and logarithm (dashed) fits. We observe that
the PSA and QPU results are compatible with each other
within errorbars and exhibit a square-root scaling. For

small system sizes (N < 32), where exact classical simu-
lations are feasible, all methods (QPU, PSA, and MPS)
show excellent agreement. For larger N , the MPS re-
sults start to deviate and systematically underestimate Γ,
highlighting the difficulty of accurately simulating quan-
tum dynamics. For large system sizes, both the QPU and
PSA results continue to increase, exhibiting a scaling be-
havior compatible with

√
N . The PSA yields slightly

higher values of Γ than the QPU. It remains unclear
whether this discrepancy originates from the approxi-
mate nature of the PSA or from residual errors in the
QPU results despite mitigation. As indicated in Fig. 6
(b), unmitigated evolutions (orange curve) tend to un-
derestimate Γ, suggesting that imperfect error mitiga-
tion could account for the observed difference. Notably,
as seen in the inset of Fig. 7, the QPU data points (red)
systematically lie below the exact results (black) even for
small N .
We can nevertheless conclude from these results that

the scaling of the thermalization time obtained using
both PSA and our randomized methods is consistent, as
the quadratic fit is clearly the best in both cases.

VI. CONCLUSIONS

We have introduced a randomized quantum approach
capable of efficiently capturing global properties in typ-
ical random systems. Although we do not provide an
analytical proof, our numerical results for small systems
show that the method indeed reproduces on average the
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Table I: Experimental settings.

No. of configurations 10× L
No. of twirls (total) 75
No. of shots 500
Quantum devices used ibm fez, ibm aachen

Maximum number of layers L = 15
Time step τ = 1
CNOT depth 3× 2× L ≤ 90
Error mitigation overhead ×2
QPU time 22-24 [s] per config.
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Figure 7: Scaling of the thermalization time. The
characteristic time Γ is shown as a function of the system
size N for the different methods (exact in black, MPS in
blue, QPU in red, and PSA in violet), alongside square-
root (dotted) and logarithmic (dashed) fits.

exact flavor dynamics for single qubit observables while
requiring only a O(t) maximal circuit depth. Moreover,
we demonstrate that this class of problems is challeng-
ing for tensor-network methods such as MPS, due to the
linear growth of entanglement with time.

Applying our approach to systems of neutrinos in-
teracting only through forward-scattering we find that

the thermalization time scales as the square root of the
system size. This behavior is consistent with the the
semi-classical PSA approach and thus providing strong
supporting evidence for the validity of the semi-classical
treatment of this problem. This result illustrates how
NISQ devices can serve as empirical validators for classi-
cal approximation methods. Thanks to their better scal-
ing with system size, these semi-classical methods can
then be used to both explore larger systems or to tackle
more challenging simulation problems. In the context of
flavor evolution of neutrinos this includes both the exten-
sion to the full three flavor case [83–87] and the inclusion
of non-forward scattering between neutrinos [88].
More broadly, our work proposes a novel application

of random quantum circuits (RQC) in physics. While
RQC are known to be difficult to simulate classically [89],
they have so far found limited use in physical modeling.
Here, we demonstrate how RQCs can provide physical
insight by connecting them to the dynamics of random
Hamiltonians.
Finally, our results fit within quantum utility experi-

ments: using NISQ devices as experimental platforms to
test, benchmark, and refine empirical classical methods.
Although our current implementation is limited to spe-
cific observables and lacks rigorous guarantees, it opens
the door to extending such quantum-assisted benchmark-
ing to more complex quantities, such as two-point corre-
lation functions [90].
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with σ⃗ the vector of Pauli matrices, νij = µij/2 and
µij = µji. The flavor variance is

V (t) =
1

N

N−1∑

j=0

⟨Zj(t)⟩2. (A2)

We are interested in performing a Taylor expansion

V (t) = 1+
d

dt
V (t)

∣∣∣∣
t=0

t+
d2

dt2
V (t)

∣∣∣∣
t=0

t2

2
+O(τ3) . (A3)

We can compute the first derivatives as follows

d

dt
V (t)

∣∣∣∣
t=0

=
d

dt

1

N

N−1∑

j=0

⟨Zj(t)⟩2
∣∣∣∣∣∣
t=0

= − 2i

N

N−1∑

j=0

⟨Zj⟩⟨[H,Zj ]⟩,

(A4)

where the commutator can be expanded as

[H,Zk]

=
∑

i<j

(νij [XiXj , Zk] + νij [YiYj , Zk] + νij [ZiZj , Zk])

=i
∑

i<j

νij [δik (XiYj − YiXj) + δjk (YiXj −XiYj)] .

(A5)

The expectation value of this operator on a product state
in the Z basis is then identically zero. For the second
derivative we instead obtain [19]

⟨ϕ0|[H, [H,Zk]]|ϕ0⟩ = 4mk

∑

j,mj=−mk

µ2
kj

= 2mk

N−1∑

j=0

µ2
kj(1−mjmk)

(A6)

where |ϕ0⟩ =|0⟩⊗N/2⊗|1⟩⊗N/2 is the state at t = 0, the
factors mi are the eigenvalues of Zi on the initial state

Zi|ϕ0⟩ = mi|ϕ0⟩ , (A7)

and the sum is over all spins k with opposite polarization
as the k-th. Using these result we finally get

d2

dt2
V (t)

∣∣∣∣
t=0

= − 2

N

N−1∑

j=0

⟨Zj⟩⟨[H, [H,Zj ]]⟩

= − 4

N

N−1∑

j=0

N−1∑

k=0

µ2
jk(1−mjmk) ,

(A8)

where we used the symmetry µij = µji of the coupling
matrix. For the specific initial sate |ϕ0⟩ we use here this

simplifies to

d2

dt2
V (t)

∣∣∣∣
t=0

= − 8

N

N−1∑

j=0

m2
j

∑

k,mk=−mj

µ2
jk

= − 8

N




N/2−1∑

j=0

N−1∑

k=N/2

(
µ2
jk + µ2

kj

)



= −16

N

N/2−1∑

j=0

N−1∑

k=N/2

µ2
jk ,

(A9)

where we used the symmetry µij = µji of the coupling
matrix. For the full neutrino Hamiltonian we then expect
on average that

E

[
d2

dt2
V (t)

∣∣∣∣
t=0

]
= −4µ2

N
E [1− v1 · v2] , (A10)

where the vectors v1 and v2 are sampled from the distri-
bution in Eq. (3) of the main text.

When instead we apply a random channel U (k)
R (τ, L),

we will write for small times τ that

U (k)
R (τ, L) ≈ exp (−iτHeff(k, L)) , (A11)

where the effective Hamiltonian is given by

Heff(k, L) =

L∑

l=1

N−2∑

n=0

h̃(k,l)n Pi(n,l),j(n+1,l) , (A12)

where the indices i(n, l) and j(n+1, l) correspond to the
neutrino labels occurring at layer l for the n-the term in
the even/odd evolutions implement in W from Eq. (10)
in the main text. These labels can be reconstructed ef-
ficiently once a given circuit layout has been generated
by following the SWAP network and keeping track of the
indices. The effective Hamiltonian Heff(k, L) can then be
represented exactly as the generic H in Eq. (A1) with

µij =

L∑

l=1

N−2∑

n=0

h̃(k,l)n δi,i(n,l)δj,j(n,l) . (A13)

We will then expect that for the randomized unitary
dynamics, the second derivative of the flavor variance
should scale as

d2

dt2
VR(t)

∣∣∣∣
t=0

= O
(
µ2L

N2

)
, (A14)

which will then lead to a rescaling factor

α =

√√√√
d2

dt2V (t)
∣∣
t=0

d2

dt2VR(t)
∣∣
t=0

= O
(√

N

L

)
, (A15)

which is consistent with numerical results shown in Fig. 2.
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