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ABSTRACT. We present a direct construction of stationary set preserving forc-
ings that make w-cofinal all the members of some arbitrary set K of regular
cardinals kK > wy. In addition, it is made possible to ensure that no other un-
countable regular cardinals from the ground model acquire countable cofinality
in the forcing extension. Our method is elementary, being based on a combina-
torial argument from [4] together with generalizations of typical side-condition
arguments and needs no assumptions beyond ZFC.
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1. PRELIMINARIES

We make use of the following notation.

Notation 1.1. Let J# be a transitive model of ZFC™ and M < 7. If x € |J M,
we define

Hull(M,z) = {f(z) : f € M,z € dom(f)}
and for x C |J M, we define
Hull*(M,z) = {f(y) : f € M,y € zndom(f)}.
We define the expression
T [|w, M,
to mean that
Hull(M, z) Nw{¥ = M Nnw’.
For a regular cardinal § and a set z, we write z < 6 to indicate that 22 (2 (x)) € Hy.

The concept of strongly ssp forcing was defined in [1].
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2 BDB AND BV

Definition 1.2. Let P be a forcing notion and 6 > P a regular cardinal. Let
P € M < Hy. The P-condition p* is called (M, P)-semigeneric if for every g < p*
and every predense set D C P with D € M, there exists some r € D such that

r| ¢ and r ||, M.

The condition p* is called strongly (M, P)-semigeneric if for every g < p* there exists
tr(¢|M) € P such that tr(g|M) ||, M and for every r € Hull(M, tr(q|M)) NP,

r<tr(q/M)=rl] g

PP is said to be (strongly) semiproper with respect to M < Hy if for every p € PN M,
there exists p* < p such that p* is (strongly) (M, P)-semigeneric.

A set X C [Hy]¥ is projective stationary if for every stationary subset S C wy
the set {M € X : M Nw; € S} is stationary in [Hy]®.

Definition 1.3. A forcing P is strongly ssp if for every regular cardinal 6 which is
sufficiently large (6 > P), there exist projective stationary many countable M < Hy
such that P is strongly semiproper with respect to M.

If P is strongly semiproper with respect to M < Hy, then P is semiproper with
respect to M (see [1, Lemma 3.3]). Furthermore, the forcing P is ssp if and only if
for every regular cardinal 6 which is sufficiently large (6 > P), there exist projective
stationary many countable M < Hjy such that P is semiproper with respect to M
([3]). It follows that, as expected, strongly ssp forcings are ssp.

Throughout the construction of our forcings, we will keep the following notation
fixed.

Notation 1.4.

(1) Let’s fix a set K of uncountable regular cardinals with w; ¢ K.
(2) Define the cardinal

A = sup(K).

(3) Let Ry be the set of all uncountable regular cardinals £ < A.

2. GAMES

The forcings PY™(K), PN™(K) (to be defined below) have as side conditions
certain countable models M < H,, (for p regular and sufficiently large), which are
characterized by means of two games GYN™(M,K) and GN™ (M, K). In order to
prove that there are projective stationary many such models, we make use of a
combinatorial argument from [4], where closely related games have been analyzed.
We recall the relevant notions and results from [4].

Notation 2.1. If T is a subtree of A<* and o € T, we write T N o1 for the set

{reT:0C71}
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2.1. F-fully labelled trees.
We will make use of certain trees that were considered in Section 3 of [4] and first
introduce terminology related to those trees.

Definition 2.2. Let F : A<% — [R,]¥. An F-fully labelled tree is a pair (T,é) with
T a subtree of (A<%, C) and £ a function from T to Ry such that the following two
conditions are satisfied:
(a) for all 0 € T, the set {n € A: 0 ~n € T} is a cofinal subset of £(c),
(b) for all o € T and all k € F(0), there exist arbitrarily large n < w such that
(Vr e TNot N A") U7) = k.

Note that for every function F : A<% — [R,]* there exist F-fully labelled trees
(this is simply a matter of bookkeeping).

Definition 2.3. Let (’i‘, ¢) be an F-fully labelled tree and let T be a subtree of T.
For k € Ry, we say that

e & is a branching cardinality for T if (Vo € T)
lo)=rk=|{n€r:0~neT} =4L(0),
e k is a firing cardinality for T if (Vo € T)
lo)y=rk=>|{n€r:0~neT} =1

T C T is called an acceptable subtree of T if for every node o € T, the cardinal
£(0) is either a branching cardinality for T or a fixing cardinality for T.

Definition 2.4. If § > X is regular and M < Hy is a countable elementary sub-
model of Hy, then define Fj; : A<¥ — [R,]“ by

F]\/[(O') =R, ﬂHull(M, 0').
We shall abbreviate Fi;-fully labelled tree to M -fully labelled tree.

2.2. The Foreman-Magidor game.
We now recall the definition of a game defined in [4].

Definition 2.5 ([4, Proof of Lemma 9]). Let T be an acceptable subtree of an
F-fully labelled tree ('FIV‘J)7 let k € Ry be a branching cardinality for T, let § < &
and let B C [T] be a set of branches of T. The corresponding Foreman-Magidor
Game GFM(T, k, 6, B) is the following game played by players PI and PII.

Both PI and PII play ordinals in A. After round n has been concluded, a node
ona1 € T will be defined and, to get started, we set oo = ().

In round n, first PI has to play an ordinal p,, < ¢(0,) and then PII has to play
an ordinal 7, which is such that o, ~ n, =: 6,41 € T, where both players are
additionally respecting the following rules:

o if K < {(0,) and ¢(o,) is a branching cardinality for T
then PII has to play such that 7, > p,. Moreover, if ¢(0,) = &, then PI
has to respect p, < 9,

o clse (that is if ¢(0,,) is either a fixing cardinality for T or ¢(o,) < k), then
PI has to play p, such that o,, ~ p,, € T and PII has to play n, = pn,.

PII wins if and only if the branch b through T determined by the game (that is
b=, on) belongs to B.
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Definition 2.6. Let T be an acceptable subtree of an F-fully labelled tree (T, /),
let k € R be a branching cardinality for T, let § < k, and let B C [T] be a set of
branches of T. Suppose that ¥ is a winning strategy for PII in the corresponding
Foreman-Magidor game GFM(T, k, §, B). We say that a node o € T is X-compatible
if there exists a run of the game in which PII follows the strategy ¥ and in which
the branch determined by the run contains o.

Lemma 2.7 (Winning lemma, [4, Claim in proof of Lemma 9]). Fiz a regular
cardinal 6 > X\ together with a countable elementary Ny < Hy with K € Ny. Let T
be an acceptable subtree of an No-fully labelled tree (’f‘,f), let k € Ry be a branching
cardinality for T. For every 6 < s, let B§ be the set of those branches b through T
that satisfy

sup(Hull"(No, b) N k) < 4.

Then there are club many 6 < k such that PII has a winning strategy in the game
G; := GFM(T,k, 6, BY).

Proof. We show that there is no sequence (X, : « € S) such that:

e S C k is stationary,
e for every a € S, ¥, is a winning strategy for PI in the game G,,.

Because every game G, is determined, this implies the lemma.

Suppose, aiming for contradiction, that (X, : a € S) were such a sequence. Pick
an elementary submodel N of (Hp, €) such that [N| < k, NNk = € S and
moreover, Ny, (X, : € 5), T, £ € N.

We describe a run of the game Gy which is won by PII but in which PI plays as
dictated by 5. Note that it suffices to ensure that PII only plays ordinals which
are in N. Suppose this has been accomplished up to position o € T, we indicate
how to proceed.

Case 1: if there exists a unique 7 such that 0 ~ 7 € T, thenn € N (since inductively
o €N).

Case 2: if (o) < kK, then (since ¢(c) € N) both PI and PII play an ordinal < 4,
hence both ordinals are in N.

Case 3: if ¢(0) > &, we need to check that £(0) N N \ ¥s(o) is non-empty. This
suffices because N knows that for every n < (o), there exists ' € £(o) \ n such
that o ~ 1’ € T and therefore PII can continue playing ordinals in N. However it is
clear that £(c) N N \ 3s(o) is indeed non-empty because it follows from regularity
of £(o) that sup(E,(0) : € S) € £(c) N N.

Case 4: if (o) = k, note that, since Xs(o) is winning for PI in Gy, we have
Ys5(0) < 8. Then k NN \ Zs5(0) # 0 and it is possible to find n € kNN \ T;5(0)
such that 0 ~n € T. ]

Lemma 2.8 (Thinning lemma, [4, Lemma 9]). Fiz a regular cardinal 0 > X\ to-
gether with a countable elementary Ny < Hy with IC € Ny. Let T be an acceptable
subtree of an Ng-fully labelled tree ('T‘,E). Suppose that Kk € Ny is a branching
cardinality for T. Suppose in addition that S C Kk is stationary and contains only
ordinals of countable cofinality. Then there exists an acceptable subtree T' of T
such that the following conditions (1), (2), (3) hold:

(1) {£(o) : 0 € TV, £(0) is branching for T} \ {k} is the set of branching cardi-
nalities for T,
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(2) {£(o) : 0 € T, l(0) is fizing for T} U {k} is the set of fixing cardinalities
for T/,
(8) there exists § € S such that

sup(Hull*(No, b) N k) = 4,
for every branch b through T'.

Proof. Using the Winning lemma, pick § € S and a winning strategy X for PII in
the game G5 = GFM(T, «, 4, Bf). Fix a sequence (8,, : m < w) which is increasing
and cofinal in §. We define T/ N A™ recursively for n < w.
Let 0 ~n € TNAL If o ¢ TN A" or ¢ is not ¥-compatible, then we decide
that o ~n ¢ TN A"*L. Else, we separate different cases:
e if ¢(0) is a fixing cardinality for T, then {n/ € A: 0 ~ 7' € T} = {1} and
we let 0 ~ne T,
now suppose £(o) is a branching cardinality for T:
e if {(0) < K, then we let 0 ~n € T,
o if /(0) = K, let ¢ ~n € T/ N A" if and only if 7 is the response of ¥ to
PI playing d,, in position o in the game Gy,
o if /(o) > K, let 0 ~n € T/ N A" if and only if there exists p < ¢(o) such
that 7 is the response of ¥ to PI playing p in position o.
We now check that T’ satisfies 2.8(1), 2.8(2) and 2.8(3).

2.8(1): if o € T' and ¢(o) is a branching cardinality for T, not equal to %, then
either:
e lo)<kand {n<A:io~neTr={n<A:oc~neT} sollo)isalsoa
branching cardinality for T’,
e /(o) > Kk and then {n < A: 0 ~n € T'} is cofinal in ¢(0) since ¥ is winning
for PII.
2.8(2): if 0 € T/ and {(0) is a fixing cardinality for T, then it is also a fixing
cardinality for T', because there is a unique n € A such that 0 ~ n € T and this
o ~ 7 is also an element of T".
Kk is also a fixing cardinality for T because if ¢ € T’ and £(o) = &, then there
exists a unique 7 such that o ~n € T.
2.8(3): let b be a branch through T’, then there exists a run z of the game Gs in
which PII follows ¥ and such that z determines b.
Then, because ¥ is winning, Hull*(Ny, b) Nk C 4, so it suffices to show that for
every n < w, there exists k < w such that b(k) € K\ dy,.
Because T’ is an acceptable subtree of an Ny-fully labelled tree, there exists
k > n such that for every o € T/ N A¥, (o) = k. Then b(k) is the response of ¥ to
PI playing dx in position b [ k in the game Gy, hence b(k) € k \ 0. O

Definition 2.9. Given a regular cardinal § > X and A € M < Hp, the multiple
Namba game GY™ (M, K) for (M, K) proceeds as follows. Let My = M. In round
n < w, PI plays a pair (kn,v,), with k, € KN M, and v,, € k,. PII has to answer
by playing an ordinal &, € &, \ v, such that

Mn+1 Nwy = Mn mwh
with M,,4+1 defined in the following way:

M1 = Hull(M,, ).
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PII loses in round n of the game if PII fails to play such &,, else the game continues.
PII wins the game if PII does not lose in any round n < w of the game.

Notation 2.10. When r is a finite run of the game GY™ (M, K) consisting of n
rounds, let PII(r) denote the sequence (§; : i < n) of moves played by PIIin r.

Notation 2.11. If r is a finite run of the game GJ™ (M, K), consisting of n rounds,
then r defines a model M,,, namely the n-th model constructed during the game
G)™(M,K) as described in the above Definition 2.9. We then denote by M x r
this model M,, = Hull(M, PII(r)).

We are now ready to prove the following Proposition 2.12.

Proposition 2.12. For every set of uncountable regular cardinals K € Hy with
w1 ¢ K, the set of countable elementary submodels M < Hy for which PII has a
winning strateqy in the corresponding generalised Namba game GY™(M,K) is a
projective stationary subset of [Hyl®.

Proof. Let S C w; be stationary with Hull*(Ny, §) = § for all 6 € S. It suffices to
show that for any countable Ny < Hy with L € Ny, there exists 6 € S such that
PII has a winning strategy in the generalised Namba game G{™ (Hull*(Ny, §), K).

Let (T, ¢) be an No-fully labelled tree and use the Thinning lemma (Lemma 2.8)
to find an acceptable subtree T of T such that

e w; is a fixing cardinality for T,

e cvery element of I is a branching cardinality for T,

e there exists an ordinal § € S such that for every branch b through T it is
the case that Hull*(Ng,b) Nwy = 4.

Let M = Hull*(Ny,d) = U Hull(No, é,,), where (0, : n < w) is cofinal in 6. Then

n<w
M Nw; = 9§ € S and what remains is to describe a winning strategy for PII in the

multiple Namba game on M.

Suppose PI starts by playing (xo, ). Then kg € M, so there exists 79 € T such
that kg € Hull(No,To).

Then, there exists 6o € T N 7T such that £(59) = Kkg. PII answers

foimin{ﬂ<lio\l/055'0f\77€T}.

Put gy = 5’0 [ 50.
Suppose at move n > 0, PI plays (£, v,). Then for certain k < w,

Kn € HUH(NO, {5ka€05 B 7€n—1})7

so there exists 7, € T No,_1T such that x, € Hull(Ny, 7).
There in turn exists &,, € T N 7,7 such that (5,) = k. PII answers

& =min{n < kp \ vy : 6, ~n €T}

Put o, =6, ~ &,.
If 2= ((up :n < w), (& : n < w)) is the resulting run of the game, then the
corresponding (o, : n < w) determines a branch b of T such that

| Hull(M, &,) € Hull*(No, b).

nw
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From which it follows that
|J Hull(M, &) nw; =56

nw

3. MULTIPLE NAMBA FORCING

Recall that we have fixed a set of uncountable regular cardinals K not contain-
ing w; and A = sup K. We now also fix some p > A regular. We denote by W
the set of all countable models M < H,, with K € M for which PII has a win-
ning strategy in the game G{™ (M, K). As an application of the multiple Namba
game GIN™ (N, K), we construct a forcing PY™(K) that is strongly stationary set
preserving and collapses |H,,| = 2<* to w in such a way that for every x € IC,

IFPON’“(K:) Cf(lf) = W.
The forcing PY™ (K) has size 2<# and therefore forces (2<#)* to become the new ws.

Definition 3.1. A P)™(K)-condition is a finite set p that satisfies the following:
e every element of p is a three-tuple (M,r,X) with M € Wy, ¥ a winning
strategy for PII in the game G'™(N,K) and r a finite run of the game
GY™ (M, K) in which PII follows ¥,
e every two elements (Mi,r1,%¥1) and (Ma,re,¥s) of p that satisfy
M; Nwy = Ms Nwy are equal,
e for every two elements (Mp,r1,%1) and (Ma,r3,33) of p, if
M1 Nwp < MQ Nwq then (Ml,rl, 21) S M2 X ro.
If p, q are two P™(KC)-conditions, then q < p if and only if:
for every (M,r,X) € p there exists (M',r',¥') € ¢ such that
M = M’', ¥ = ¥’ and the finite run r’ of the game is an extension of
the run r.

Notation 3.2. If G C PY™(K) is a V-generic filter, define C“ to be the set of
all ordinals § < w; for which there exists (M,r,X) € p with p € G such that
§ = M Nw;. Note that C is clearly unbounded in wy, so let (6§ : @ < wy) denote
the increasing enumeration of C¢. Furthermore, for every o < wy, define M, aG to be
the union of all models of the form M x r with (M,r,¥) € p € G and M Nw; = §S.

Proposition 3.3. PY™(K) forces that for every k € KC, for all but countably many
a < wi, the w-sequence

U{PII(z) : (M,r,5) €p € G, M Nuw; =65}
is cofinal in K.

Proof. Given x € K, let p € PN™(K) such that there exists (M,r,¥) € p with
k € M (by Proposition 2.12 such p are dense in PN™(K)). It suffices to prove
that for every v € k there exists a PY¥™(K)-condition ¢ < p for which there is
(M,r,,%%,) € ¢ with ran(PII(x%,)) Nk \ v # 0. Let (N;,r;,%;) € p for i < k
enumerate the elements of

{(N, e}, 28) ep: M Nwy < NNuwi},

with N; Nw; < N1 Nw for each i < k — 1. Let px_1 be the PY™(K)-condition
strengthening p that is obtained by removing from p the triple (Ng_1, 151, Xg—1)
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and adding the triple (Ny—1,1}_1,2k—1), where rj_, is the extension of the game-
run ri_; by one round in which PI plays (k,v) and PII answers following the
strategy >i_1. If kK = 1 then the condition py_; already has the required property.
Else, go on to define PN™(K)-conditions py_1 > pr_2 > ... > po and finite game-
runs ry_q,Ti_o, ...,y as follows. Having defined the condition p;;1 and game-run
7,4, let p; be the condition obtained by removing from p; 41 the triple (N;,r;, %;)
and adding the triple (IV;, r}, ¥;), where r} is the extension of the game-run r; by
one round in which PI plays (k, v;), with v; the maximal ordinal below x which is
played by PII in r}, ,, and PII answers following the strategy ¥;. The thus defined

PN™ (KC)-condition py < p has the required property. O
Corollary 3.4. For every k € K,

Proposition 3.5. Let > p be a reqular cardinal. Then PY™(K) is strongly
semiproper with respect to every countable N < Hy such that N N H,, € Wj.

Proof. Let N < Hy such that NNH,, € Wy and p € N a PN™(K)-condition. Define
p*=pU{(NNH,D Xy)}, where Xy is an arbitrary winning strategy for PII in
the game G)™ (N N H,,,K). Given any ¢ < p, define tr(q|N) to be the P{™(K)-
condition {(M,r},,X9,) € ¢ : M Nw; € N}. There now exists some element of
¢ that has the form {(N N H,,r%,Xn)}. Note that Hull(V, tr(¢|N)) contains the
same countable ordinals as N, because X is a winning strategy for PII in the
game GN™(N N H,,K) and because tr(q|N) € N N H, x r%. Furthermore, for
every r € Hull(N, tr(¢|N)) N PY™(K), it is the case that r € (N N H,) x %, so if
also r < tr(¢|N), then
rU{(M,rrp,Epm) €Eq: NNuwy ¢ N}

is a mutual lowerbound for r and gq. O

By combining Proposition 2.12 and Proposition 3.5, we find that PY'™(K) is
strongly semiproper with respect to projective stationary many countable submod-
els of Hy, hence:

Corollary 3.6. The forcing PY™(K) is strongly ssp.

4. THE COFINALITY OF THE REMAINING CARDINALS

We further modify the forcing PY™(K) so that for every uncountable regular
cardinal & € A\ K the trivial condition will force that cf”“)(k) = w;. In order to
do this we need to adapt the Namba game G{'™ (M, K).

Definition 4.1. Given a regular cardinal § > X\ and A € M < Hy, the closed game
GNm (M K) proceeds as follows.

e Set My = M and set Promisey = 0.
e In round n < w,
— PI first plays a regular cardinal A,, € M,, with

w1 < Ap < Aand A, ¢ K.
— PII has to play a pair (A, 8,) with 5, € A, and we define

Promise, 11 = Promise,, U {(An, Bn)}
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— Then PI is again to play and plays a pair (ky, vy, ), with
kn € KN M, and v,, € k.
— PII has to answer by playing an ordinal §,, € k,, \ vy, such that
Myi1 Nwy = M, Nwy,
and such that also for every (k, 8) € Promise,, 41,
sup(Mp41 Nk) < B,
where again M, is defined in the following way:
M, 11 = Hull(M,,, &,).

e PII loses in round n of the game if PII fails to play such &,, else the game
continues. PII wins the game if and only if PII does not lose in any round
n < w of the game.

Remark here that the way the models M,, are defined in the game GN™ (M, K)
differs from the previously considered game GY™ (M, K), where all moves of PII
get automatically added to M,, in order to define M,, ;1. In the game GN™ (M, K),
PII plays first a pair (A, 3,) which doesn’t get added to M,, and then the ordinal
&, that gets added to M,,. The pair (\,, 8,) merely accounts for a promise of PII
not to add any ordinals in the interval A\, \ (8, +1) in any of the models M}, formed
in future moves. This is also reflected in the way we use the notation M X r when
r is a finite run of GN™ (M, K).

Notation 4.2 (Compare Notation 2.11). If r is a finite run of length n of the game
GNm ()M K), we write

M x r:= M, =Hull(M, (& : k <n)),
where M,, and & are as in Definition 4.1.

Lemma 4.3. For every set of uncountable reqular cardinals K € Hy with wy ¢ K,
the set of countable elementary submodels M of Hy for which PII has a winning
strategy in the corresponding game GN™(M,K) is a projective stationary subset

Of [Hg]w.

Proof. Let S C w;y be stationary and Ny < Hy. It suffices to show that there exists
§ € S such that PII has a winning strategy in the game GN™(Hull(Ny, §), K).

Let (T,E) be an Nyp-fully labelled tree and use the Thinning lemma to find an
acceptable subtree T of T such that

e w; is a fixing cardinality for Ty,

e cvery other element of Ry is a branching cardinality for Ty,

e there exists an ordinal § € S such that for every branch b through T it is
the case that Hull*(Ny, b) Nw; = 6.

Let M = Hull*(Ny,d) = U Hull(No, 6,), where (d,, : n < w) is strictly increas-
n<w
ing and cofinal in 6. Then M Nw; = § € S and what remains is to describe a

winning strategy for PII in the game GN™(M,K). Suppose PI starts by playing
the cardinal A\g € M NRy. Use the Thinning lemma to find an acceptable subtree
T{ of Ty such that
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e for every cardinal different from Ao, if it was a fixing cardinality for Ty it
still is for T{, and if it was a branching cardinality for Ty, it also still is
for T§,

e )¢ is turned from a branching cardinality for Ty into a fixing cardinality
for Ty,

e there exists an ordinal By € Ag such that for every branch b through Ty it
is the case that sup(Hull*(Ng,b) N Ag) = Bo.

PII then plays (Ao, 5p). Next, PI plays (ko,v9). Then kg € M, so there exists
70 € T such that kg € Hull(Ng, 79). There exists 69 € TyN7o7T such that £(5¢) = ko.
PII answers

fozmin{€<:‘€0\V025'()/'\§€T6}.
Define )
0p = 00 ™ 503
Ty ={r €X¥:50~& ~71€ Tyl
We now explain how PII survives round n > 0. Suppose that PI first plays the

cardinal A, € M,. Use the Thinning lemma to find an acceptable subtree T, of
T,, such that

e for every cardinal different from \,, if it was a fixing cardinality for T, it
still is for T/, and if it was a branching cardinality for T,,, it also still is
for T9,,

e if )\, was a branching cardinality for T,,, it is turned into a fixing cardinality
for T},

e there exists an ordinal 3, € A, such that for every branch b through T/, it
is the case that sup(Hull* (Hull(Ng, 0p—1),b) N An) = B

PII then plays (A, 8n). Suppose that PI plays next a pair (£, V). Then
Kn € Hull(Ng, 051 ~ T0),
for some 7,, € T/, so there exists &, € T}, N 7,7 such that {(o,_1 ~ 7p) = ky. PI
answers
& =min{n < kp \ vy : 6, ~neT,}

Define 0, = op_1 ~Gpn ~ény, Tnr1 ={7 €AY 10, ~T €T, }.

If z is a resulting play of the game in which PII has played (&, : n < w) and
((An, Brn) : n < w), then unioning the terms in the sequence (o, : n < w) determines
a branch b of T such that

| Hull(M, &,) € Hull*(No, b).
nw
From which it follows that
U Hull(M, &,) Nw; = 6.
n<w
Similarly, we see that for every n < w,

| Hull(M, &) N A < Bn.

n<w
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Now back to the problem of adding w-cofinal sequences through the cardinals
in K and simultaneously forcing the uncountable regular cardinals in A \ K to
get cofinality w;. Fix again g > X and denote W the set of all countable models
M < H, with K € M for which PII has a winning strategy in the game GN™ (M, K).

Definition 4.4. A PN™(K)-condition is a finite set p that satisfies the following
conditions:

e every element of p is a 4-tuple (M, r, X, d) with M € W, with ¥ a winning
strategy for PII in the game GN™ (M, K), with r a finite run of the game
GN™(M, K) in which PII follows ¥ and with d € H5¥,

e every two elements (M, r1,%1,d1) and (Ma, 12, ¥s,d2) of p that satisfy
M; Nwy = Ms Nwy are equal,

e for every two elements (Mj,ri,¥1,d;) and (Ma,re,¥a,d2) of p, if
M Nw; < My Nwy then (Ml,rl, E,dl) € My X 1.

If p, ¢ are two PN™(K)-conditions, then ¢ < p if and only if:
for every (M,r,X,d) € p there exists (M',r',¥,d") € ¢ such that
M =M% =% dCd, and the finite run r’ of the game GN™(M, K) is
an extension of the run r.

For generic filters G C PY™(K) we use the same notations C, (6 : a < w;) and
(Mg s« < wi) as introduced in Notation 3.2. In particular, for every a < wq, we
denote by MS the union of all models of the form M x r with (M,r,¥,d) €p € G
and M Nw; = 0S. Note that for every a < w; the set MS is a countable increasing
union of elementary submodels of Hl‘f and therefore itself a countable elementary
submodel of HX

Including the fourth coordinate d € H ;“ in the elements (M, r,¥,d) enables
one to run a standard density argument to show that the sequence (MS : a < w)
is continuous (and this is our sole intent for including these fourth coordinates).

Lemma 4.5. PN™(K) forces that the sequence (MS : a < w) is continuous.

We next establish that in case A = sup(K) is regular, PN™(K) forces that
VG (N) = wy.

Suppose therefore that the cardinal X is regular. Because (MS : a < wi) is
continuous increasing and the models MS together cover A, if we can show that
ME N\ is bounded in A for every «, it will readily follow that cfVICl (A) = wy. That

this is the case follows from the following simple observation.

Lemma 4.6. Suppose M < H,, and x < X\ both belong to M and X\ is a regular
cardinal. Then

sup(Hull(M, &) N A) = sup(M N A),
for all a < k.

Proof. For any o < k and any function f : k — A we have that if f € M, then
f(a) <sup(f) e MNA. O

Corollary 4.7. Suppose A = sup(K) is reqular. Suppose G is V-generic for
PN™(K). Let p € G and (M,x%,, 38, dh,) € p, and let a < wy such that
Mgﬁwl =M Nwy. Then

sup(M N A) = sup(MS N N).
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Lemma 4.8. Suppose G is V-generic for PN™(K). If A = sup(K) is reqular, then
in V[G] the ordinal A has cofinality wy.

Proof. 1t follows from Lemma 4.5 and Corollary 4.7 that
(sup(ME NN :a <w)
is a closed unbounded subset of A. (]
We can now summarize the main properties of the forcing PN™(K).

Theorem 4.9. The forcing PN™(K) has the following properties:

(1) if 0 > p is a reqular cardinal, then PN™(K) is strongly semiproper with
respect to every countable N < Hy such that N N H,, € Wi,

(2) PN™(K) is strongly ssp,

(3) for every k € K, forcing with PN™(K) changes the cofinality of k to w,

(4) for every reqular k € A\\KU{\}, forcing with PN™(K) changes the cofinality
of K to wy,

(5) forcing with PN™(K) makes (2<#)% into the new wo and changes the cofi-
nality of every reqular cardinal between A and 2<* to w.

Proof. The statements (1), (2), (3) follow from the proofs of respectively Proposi-
tion 3.5, Corollary 3.6 and Proposition 3.3, as these proofs remain, mutatis mutan-
dis, valid for the forcing PIN™(K).

The case K = X of (4) is just Lemma 4.8. To conclude the proof of (4), we prove
that if K € A\ K is regular, then PN™(K) forces the cofinality of x to become wy.
For this, we first establish that for every a < wy, the forcing PN™(K) forces that
ME Nk is bounded in k. Suppose otherwise. Then there would exist p € PN™(K)
and (M, rh,, 28 dY,) € p such that

(a) p forces that 0§ = M N w,

(b) p forces that MS Nk is cofinal in k.
This is however impossible because we can find ¢ < p with certain
(N,r%,2%.,d%) € ¢ such that p,x € N and such that in r% PII has made a
promise (k, 3) for some 3 < k. Then q forces that MS Nk C B, which is a contra-
diction. So sup(M& Nk) < k for every a and since (MS : o < wy) is continuous, it
follows that (sup(MS N k) : a < w;) is a closed unbounded subset of .

For statement (5), the continuous sequence (MS : o < wy) covers HY,so HY
acquires cardinality ®; in the forcing extension. Moreover, if « is a regular cardinal
with A < k <2< let X C H,, of size k and <x be a wellordering of X of ordertype
k. Then (Hull*(MS,A\) N X : a < wy) is a continuous sequence of ground-model
subsets of X of size A that together cover X. It follows that the map mapping
a < wy to the <x-supremum of Hull*(M$, \)N X is a continuous cofinal increasing
map from w;y to (X, <x). O

5. AN APPLICATION TO THE COUNTABLE-COFINALITY-CONSTRUCTIBLE MODEL

Recall that the countable-cofinality-constructible model C* introduced in [6] is
defined by

c* = UC’;, where

Co=0, C; = U C* when 3 is limit, and
a<f
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Cr, 1 is the set of all sets {a € C% | C% E ¢(a,b)} with ¢(.,b) an £(QZ)-formula
with parameters in C.

In [6] and [9], Namba forcings have been found useful for controlling C* through
the coding of countable sets by means of making specific regular cardinals w-cofinal.
Using the forcings PI™(K), also larger objects can be coded in this way.

Proposition 5.1. For every forcing extension of the constructible universe L C
L[G], there exists a further extension L|G] C L[G][H]| such that:
o C*(LIG|[H]) = LIG],

e and for every S C wlL[
L[G] E S is stationary < L[G|[H] E S is stationary.

Proof. Let P € L and let G be P-generic. Furthermore, let (k, : p € P) € L be
a sequence of regular (in L) cardinals > wy such that [P|X < k, # K, for every
two dinstinct p,q € P. In L[G], consider the set Ko = {k, : p € G} and let H be
L|[G]-generic for the forcing PN™(K).

Then indeed C*(L|G][H]) = L|G] because of the following two considerations.
Firstly, clearly G € C*(L[G][H]) because p € @G iff cfLCIH] (kp) = w. Secondly,
C*(L|G][H]) C L|G] because for every ordinal 3,

{a < B: cfHEH (o) = o}
—{a < B: (cfH ) = w) v (fH19 () = &, for some p € @)} € LG,
which by induction on « gives that C*(L[G][H]) C L[G] for every a. O

Corollary 5.2. FEvery theory T that consistently holds in a forcing extension of L,
consistently holds in C*.

6. SEMIPROPERNESS

As closing remarks, we mention the following further analysis of semiproperness
of PY™(K) and PN™(K).

Proposition 6.1. Suppose P is a forcing such that for every k € K, Ibp cf(k) = w.
Let 6 > P regular and M < Hy countable.

(1) If there exists p € P that is (M,P)-semigeneric, then PII has a winning
strategy for the game GN™ (M, K).

(2) If moreover also p IFp cf(k) > wy, for every uncountable regqular cardinal
Kk < A with k ¢ K, then PII has a winning strategy for the game GN™ (M, K).

Corollary 6.2.

(1) The forcing PY™(K) is semiproper if and only if for every reqular 6 > ),
there are club many countable M < Hy such that PII has a winning strategy
for the game GN™ (M, K).

(2) The forcing PN™(K) is semiproper if and only if for every reqular 6 > ),
there are club many countable M < Hy such that PII has a winning strategy
for the game GN™ (M, K).

We give the proof of part (2) of Proposition 6.1, the proof of part (1) is similar.
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Proof of Proposition 6.1. Let pg € P be (M,P)-semigeneric and suppose that
po IFp cf(k) > wi, for every uncountable regular cardinal k < A\ with k ¢ K.
Set My := M. For every k € K, let &, be a P-name such that pg IF &, : w — K is
cofinal, we can assume the sequence (&, : kK € K) belongs to M. We indicate how
PII wins the game GN™ (M, K).

In round n > 0, PI plays A\, € Ry N M,, with \,, ¢ K.

PII picks p, € P with p], < p,, and 3, € A, such that p), IF sup(M[G]NAy,) = Bn.

PI then plays (A, 8n)-

Next, PI plays «,, € XN M, and v, < k,. Then PII picks k, < w, &, < Kk, and
prn < pl, such that p, IF 2. (kn) = &n € Kn \ Vn-

PII wins this way because for every n, p, IF M, C MJ[G], so in particular
M,Nwy =MNw; and M N\, < B, for every n. [l

One natural situation in which the forcings PN™(K) and PY™(K) are semiproper
is the case in which all elements of I are measurable cardinals.

Proposition 6.3. If all elements of K are measurable, then for every countable
M < Hg, PII has a winning strategy for the game GN™(M, K).

Proof. In round n > 0, PI plays A, € Ry N M,, with \,, ¢ K.

PII plays (An,sup(M, N Ap)).

Next, PI plays k, € KN M, and v,, < k. Then PII uses measurability of k,, to
play some &, < Kk, such that &, > max(v,, sup(k, N M,)), and

Hull(M,,, &) N & = My N €n.

To see that PII wins this way, let’s suppose that PII loses in round n and infer a
contradiction. For PII to lose in this round, there would exist some ¢ < n such that

sup(Mp 1 0 A;) > sup(M, N N;).
If \; < Ky, then from A\; € M; we get \; < &, and it would follow that
Mpyia N =M1 NENN =M, NE NN =M, N A,

This is impossible and therefore A\; > x,,, but this would contradict Lemma 4.6. [
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