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Abstract. In this paper, we present the Distributed Inter-Strand Coupling Current (DISCC)
model. It is a finite element (FE) model based on a homogenization approach enabling efficient
and accurate simulation of the transient magnetic response of superconducting Rutherford
cables without explicitly representing individual strands. The DISCC model reproduces the
inter-strand coupling current dynamics via a novel mixed FE formulation, and can be combined
with the Reduced Order Hysteretic Magnetization (ROHM) and Flux (ROHF) models applied
at the strand level in order to reproduce the internal strand dynamics: hysteresis, eddy, and
inter-filament coupling currents, as well as ohmic effects. We first analyze the performance
of the DISCC model alone, as a linear problem. We then extend the analysis to include the
internal strand dynamics that make the problem nonlinear. In all cases, the DISCC model offers
a massive reduction of the computational time compared to conventional fully detailed FE
models while still accounting for all types of loss, magnetization and inductance contributions.
Rutherford cables homogenized with the DISCC model can be directly included in FE models
of magnet cross-sections for efficient electro-magneto-thermal simulations of their transient
response. We present two possible FE formulations for the implementation of the DISCC
model, a first one based on the h-ϕ-formulation, and a second one based on the h-ϕ-a-
formulation, which is well suited for an efficient treatment of the ferromagnetic regions in
magnet cross-sections.
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1. Introduction

Under transient electric and magnetic excitations, supercon-
ducting magnets exhibit loss [1], field distortions [2], and
differential inductance [3, 4]. These effects must be simu-
lated accurately to compute the load on cryogenic systems,
the temperature and stability margins, and the field errors.
Moreover, an accurate description of the transient effects
and a detailed understanding of their dynamics is crucial
for the design of efficient and robust quench protection sys-
tems, in particular for novel quench protection ideas that
rely on inducing a high current or field change rate in mag-
nets in order to rapidly transition a large part of them to the
normal state [5, 6, 7].

Computing the transient magnetic response of super-
conducting magnets is, however, challenging for two main
reasons. The first reason is that superconducting magnets
wound from Rutherford cables are multi-scale structures.
The cables contain typically 20-40 strands, compressed and
transposed together. Each strand is a composite structure
made of tens to thousands of superconducting filaments
twisted and embedded in a normal conducting matrix. The
transposition of the strands and twist of the filaments give
rise to non-trivial three-dimensional (3D) inter-strand (IS)
and inter-filament (IF) coupling current dynamics. The
second reason is that the behavior of superconducting ca-
bles is strongly nonlinear. Indeed, the hysteretic response
of superconductors combined with the IS and IF coupling
dynamics leads to rate-dependent hysteretic magnetization
and loss [1].

Due to these two reasons, brute-force finite element
(FE) models that include all the conductor details result in
extremely large computational costs. The problem sizes
are, at best, very impractical to solve and manipulate, and,
most often, completely out of reach even with modern
computer facilities. Hence, reduced order modelling
techniques, or homogenization techniques, describing the
problem in terms of the average fields and with two-
dimensional (2D) models that correctly capture the global
conductor response, must be considered [8]. However, due
to the hysteretic response of superconductors, conventional
homogenization strategies, such as the models in [9, 10, 11,
12], cannot be applied directly. Dedicated reduced order
models are necessary. The objective of this paper is to
propose such a model for Rutherford cables that can be
easily and directly implemented in a FE framework. The
goal is to enable efficient and accurate electro-magneto-
thermal transient simulations of magnet cross-sections [13],
eliminating the need to discretize strands and filaments
individually.

A number of numerical models describing the IS
coupling dynamics in Rutherford cables already exist, they
involve lumped elements or continuum models, such as
described in [17, 18, 19, 20, 21]. These models usually
have low computational costs and can be combined with
analytical models describing strand magnetization and

(b) CATI strand. (c) ROHM and ROHF strand.

(d) 3D cable.

(g) 2D magnet.

(a) 3D strand.

(f) Homogenized cable (DISCC, ROHM, and ROHF).

(e) Reference cable (CATI cable, ROHM and ROHF strands).

Figure 1: Sequence of models leading to a magnet cross-section
with homogenized cables. (b-c-e-f) Illustrative solutions with
external field and transport current excitation. Dashed arrows from
(a) to (b) and from (d) to (e) represent the reduction of the 3D
periodic structure of strands and cables to the 2D models with the
CATI method as done in [14] and [15], respectively. Solid orange
arrows from (b) to (c) and from (e) to (f) represent homogenization
steps, described in [16] and this paper, respectively. Solid black
arrows from (c) to (e) and from (f) to (g) illustrate the inclusion of
a homogenized model into a larger-scale model.

IF coupling [22, 23, 24]. However, these approaches
require simplifying assumptions, such as neglecting many
details about the conductor geometries or the non-uniform
external field distribution, neglecting hysteresis effects, and
neglecting coupling between different loss mechanisms.
For frequencies (or rates of field change) at which different
loss contributions are strongly coupled, these methods
could potentially result in lower accuracy. Moreover, the
above-mentioned models cannot be easily implemented in
FE frameworks.

Homogenized 2D FE models of cables are scarce, but
a few have been proposed. For example, in [25], authors
homogenize Rutherford cables and describe the IS coupling
current effects with a magnetization approach and an eddy
current approach. A similar magnetization approach is
used in [26], and is further coupled with homogenized
magnetization contributions from IF coupling currents and
persistent currents. Hysteresis effects, however, are not
considered in these models, and it was observed in [25] that
modelling IS coupling currents with a magnetization model
does not lead to accurate calculations of the magnetic field
distributions.

In this paper, we present a novel homogenized 2D
FE model for Rutherford cables. This model includes
all loss and magnetization contributions, and accounts for
their interplay. The original contribution of this paper is
a method that reproduces IS coupling current dynamics
via a Distributed Inter-Strand Coupling Current (DISCC)
model. Besides, the homogenized cable model reproduces
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the other magnetization and loss mechanisms (hysteresis,
eddy, IF, and ohmic) associated with external field and
transport current, via distributed versions of the Reduced
Order Hysteretic Magnetization (ROHM) and Flux (ROHF)
models [16, 27]. In this paper, the effect of an axial
field (parallel to the longitudinal cable direction) is not
considered, as the model is intended for magnets in which
the transverse field dominates. Also, for simplicity, thermal
effects are not considered. The temperature is assumed
uniform and constant.

The homogenized cable model is built upon a
series of recent contributions focusing on the modelling
of low-temperature superconducting (LTS) strands and
cables. This paper completes the homogenization sequence
summarized in Fig. 1. In the homogenized cable model,
parameters needed for the DISCC, ROHM, and ROHF
models are deduced from reference solutions obtained
with detailed strand and cable models using the CATI
method [14, 15], see Fig. 1(b) and Fig. 1(e), respectively.

The structure of the paper is summarized in Fig. 2.
We start in Section 2 by summarizing the different loss and
magnetization mechanisms in superconducting Rutherford
cables. Then, in Section 3, we describe a reference cable
model with homogenized strands modelled individually,
see Fig. 1(e). This model is based on [15], in which
the IS coupling currents are modelled with the CATI
method [14, 15]. The model is then extended by including
strand homogenization with ROHM and ROHF models to
account for the other loss and magnetization mechanisms.
This model serves as a reference for the homogenized
cable model, which we present in Section 4, see Fig. 1(f).
The homogenized cable model features DISCC as well as
distributed versions of ROHM and ROHF models. We
successively describe the strong form of the problem, derive
a weak form of it based on the h-ϕ-formulation, and discuss
its discretization and implementation in an FE framework.
Finally, we discuss the accuracy of the approach with a
verification analysis. First, in Section 5, we focus on the
DISCC model in a linear setting. Then, in Section 6,
we include all cable dynamics in a nonlinear setting and
we analyze the results with uniform and non-uniform
field excitations, and we verify the calculated differential
inductance. Finally, in Section 7, we consider a stack of
cables on which we apply the h-ϕ-a-formulation, a mixed
formulation suited for systems containing ferromagnetic
materials, that can be used as an alternative to the h-ϕ-
formulation.

The application of the homogenized cable model in a
magnet cross-section and its validation with experimental
measurements will be the subject of a future paper.

The homogenized cable model, containing the DISCC,
ROHM, and ROHF models, can be implemented in any
FE tool that allows for user-defined formulations and
constitutive laws. In this work, all the models are
implemented in open-source and free-to-use software.

1. Introduction

2. Loss and magnetization mechanisms

7. h-ϕ-a-formulation

3.1 Linear 3.2 Nonlinear

4.1 Linear (DISCC) 4.2 Nonlinear

5. Verification linear
6. Verification nonlinear

3. Reference cable model - Fig.1(e)

4. Homogenized cable model - Fig.1(f)

ohmhyst eddy IFIS

ohmhyst eddy IFIS
IS

8. Conclusion and outlook

Figure 2: Structure of the paper. The linear models contain only
the IS coupling current dynamics. The nonlinear models include
the IS coupling current dynamics as well as the internal strand
dynamics: hysteresis (hyst), eddy, IF, and ohmic (ohm) effects.

The FE models are implemented in GetDP [28] within
FiQuS (Finite Element Quench Simulator) [29]. FiQuS is
developed at CERN as part of the STEAM framework [30].
Geometries and meshes are performed by Gmsh [31].

2. Loss and magnetization mechanisms

In this section, we describe the different loss and
magnetization mechanisms in Rutherford cables. The
cross-section of a Rutherford cable is represented in Fig. 3.
See also Fig. 4(a) for another view. The cable is made
of composite strands, which consist of superconducting
filaments twisted and embedded in a conducting matrix.
Strands are compressed and transposed together along the
cable, as illustrated in Fig. 1(d) and 4(a). In practice, in
order to control the contact resistance between crossing
strands, a resistive strip, also referred to as a core, is
sometimes added between the top and bottom strand layers,
over the full cable width or a fraction of it [32].

pIS,c

phystpeddy

pIS,a

pIF

êx

êy
êz

Filament Matrix

Strip

Strand

pohm

Figure 3: Loss contributions in a Rutherford cable: adjacent IS
coupling loss pIS,a, crossing IS coupling loss pIS,c, hysteresis loss
physt, eddy current loss peddy, IF coupling loss pIF, and ohmic loss
pohm. The line between the two layers represents a resistive strip.
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In the following, for simplicity, we neglect the tilt
angle of the filaments with respect to êz due to the finite
filament twist pitch length, as well as the tilt angle of
the strands with respect to êz due to the finite strand
transposition length. Filaments and strands are assumed
parallel to the êz direction. We refer to currents flowing
along them as axial currents, and to currents flowing
perpendicular to them as transverse, or coupling, currents.

The Rutherford cable can be subject to a time-
varying transverse magnetic field and transport current,
which induce a non-uniform current density distribution.
This current density distribution causes field distortion,
differential inductance, and power loss. The power loss
is directly associated with the overall current density
distribution, but for easier interpretation, it is convenient to
split the loss into distinct contributions [1], each associated
with a different physical mechanism, see Fig. 3.

Between the strands, two loss contributions take place:
adjacent IS coupling loss pIS,a due to transverse currents
flowing across the contact resistances between adjacent
strands, and crossing IS coupling loss pIS,c due to transverse
currents flowing between crossing strands (between top and
bottom layers, possibly through a resistive strip). The sum
of these two contributions is the total IS coupling loss
pIS = pIS,a + pIS,c [17, 25].

Within each strand, we can define four types of loss
contributions: (i) hysteresis loss physt, due to axial hysteretic
currents flowing in superconducting filaments in under-
critical regime, (ii) eddy loss peddy, due to induced axial
currents flowing in the normal conducting matrix, (iii) IF
coupling loss pIF, due to transverse currents flowing in the
matrix [23], and (iv) ohmic loss pohm, due to axial resistive
currents flowing both in the filaments and the matrix as a
result of current sharing when (some parts of the) filaments
are in over-critical regime [33].

The total loss ptot is the sum of these contributions:

ptot = pIS + physt + peddy + pIF + pohm. (1)

The different loss contributions influence each other [1, 14]
and their interplay makes the calculation of the total loss
with analytical models particularly challenging to perform.
In the next section, we introduce a reference Rutherford
cable model that allows for a numerical description of the
different loss components, accounting for their interplay.
It is used as a reference model for the homogenized cable
model of Section 4.

3. Reference cable model

In this section, we present the reference cable model (see
Fig. 1(e)) that serves as a reference for the homogenized
cable model. We start in Section 3.1 with a linear
model reproducing the IS coupling currents, based on the
CATI method introduced in [15]. Then, in section 3.2
we complete the model by including the ROHM, ROHF,

and current sharing models in order to account for field
dynamics inside the strands.

We consider Maxwell’s equations in the magnetody-
namic (or magneto-quasistatic) regime [34]:

div b = 0,

curlh = j,

curl e = −∂tb,

with

{
b = µh,

e = ρ j, or j = σ e
(2)

with b the magnetic flux density (T), h the magnetic field
(A/m), j the current density (A/m2), e the electric field
(V/m), µ the permeability (H/m), ρ the resistivity (Ωm),
and σ the conductivity (S/m). In non-conducting domains,
ρ → ∞ and j = 0.

3.1. Linear model for IS coupling currents

We consider a Rutherford cable made of Ns strands,
compressed together and transposed with a transposition
length ps. The geometry is periodic along êz and has a
periodicity length ℓs = ps/Ns, see Fig. 4. The cable carries
a transport current It and is subject to a transverse magnetic
field (perpendicular to êz). We assume that the applied
magnetic field is independent of z, and that there is no axial
magnetic field (parallel to êz).
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(a) Rutherford cable schematic.

(b) FE mesh.

(c) Circuit coupling.
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Figure 4: Reference cable model for Ns = 10 strands.
Strands in (a) are represented without adjacent contacts for better
visualization. View (b) is a cross-section of the cable, with
FE mesh, along one of the green dash-dotted lines in (a). The
electrical circuit in (c) defines connections between axial and
transverse currents, with adjacent (Ra) and crossing (Rc) contact
resistances, these connections are assumed to be concentrated in
a cross-section of the cable along one of the orange dash-dotted
lines in (a). Arrows show the convention for positive currents.

Notations for the cable properties are gathered in
Table 1. The table also contains notations for the
homogenized model that are introduced later in Section 4.

Contacts between strands permit the flow of IS
coupling currents. We distinguish two types of contacts:
adjacent and crossing, pictured in blue and red, respectively,
in Fig. 4(a) and (c). The contact resistance between adjacent
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Number of strands Ns 36 -
Transposition length ps 100 mm
Cable width Wc 15.09 mm
Cable height Hc 1.48 mm
Strand cross-section As 0.5346 mm2

Crossing contact resistance Rc 20 µΩ
Adjacent contact resistance Ra 10 µΩ

Periodicity length ℓs ps/Ns m
Strand width Ws 2Wc/Ns m
Strand height Hs Hc/2 m
Cable cross-section Ac AsNs m2

Strand filling factor as Ac/(WcHc) -
Crossing contact resistivity rc Rc ℓsWs/2 Ωm2

Adjacent contact resistivity ra Rc ℓsHs Ωm2

Table 1: Notations for cable properties, with values used for Fig. 5
as well as for test cases in Sections 5, 6, and 7.

strands over periodicity length ℓs is denoted by Ra (Ω).
The contact resistance between crossing strands, i.e., the
resistance associated with the surface of one of the red
rhombuses in Fig. 4(a), is denoted by Rc (Ω).

The CATI method for the cable was introduced in [15],
as an extension of the CATI method for strands [14],
which itself was inspired by the work in [35]. The CATI
method for the cable solves for the axial current density
and transverse magnetic field using a 2D FE formulation,
e.g., on the mesh of Fig. 4(b). In this 2D FE formulation,
the strand currents and voltages are coupled with the IS
coupling currents and voltages via circuit equations that
encode the periodicity of the cable. The circuit coupling is
illustrated in Fig. 4(c). Compared to the circuit presented
in [15], the crossing contacts are now grouped into a
single connection per strand, hence the lumped resistance
value Rc/2 for the crossing resistors. This choice has a
minor influence on the numerical results and leads to more
accurate solutions for excitations in the êx direction§.

In [15], strands are modelled as massive conduc-
tors [36] with low resistivity. This was necessary to verify
the model with a conventional 3D FE reference model, in
which a massive conductor approach is required to allow
for IS coupling currents.

Here, by contrast with [15], the strands are homoge-
nized. This necessitates modelling them as stranded con-
ductors [36], in which the current density is uniform. In
reality, the current density distribution is not uniform due
to the composite structure of the strands, eddy currents, IF
coupling currents, and hysteresis currents dynamics. How-
ever, this non-uniformity is not described explicitly in the
model: only the average current density is represented as
a uniform field, whereas non-uniformity effects on magne-
tization, inductance and loss are handled carefully by the

§ With this modification, the transverse currents can be interpreted as
flowing midway between two successive - and identical, by periodicity
- cross-sections where the axial currents are solved, as is the case for the
CATI method applied on the strand [14].

ROHM and ROHF models [16], as described in Section 3.2.
We use the h-ϕ-formulation [37, 38] to solve for

the cable response and axial currents, because it is well
suited to handle the nonlinear functions introduced in
Section 3.2 [39, 16]. The numerical domain is denoted
by Ω, the strands domain by Ωs, and a coating domain
around the strands by Ωcoat. The coating domain enables
straightforward implementation of the CATI method and
clear separation of individual strand currents from the total
transport current, as was discussed in [15]. Its resistivity
ρcoat is fixed to a sufficiently high value to have a negligible
effect on the numerical solution. The conducting domain
Ωc is equal to Ωs ∪ Ωcoat, and its complementary non-
conducting domain is denoted by ΩC

c .
Denoting by (f , g)Ω the integral over Ω of the dot

product of any two vector fields f and g, the h-ϕ-
formulation reads [15, 36]: from an initial solution at t = 0,
find h ∈ Hs(Ω) such that, for t > 0 and ∀h′ ∈ Hs0(Ω), we
have (

∂t(µ0h) ,h
′)

Ω
+
(
ρcoat curlh , curlh′)

Ωcoat

= EtIt(h
′) +

1

ℓs

Ns∑
i=1

ViIi(h′), (3)

with µ0 = 4π× 10−7 H/m, and where Hs(Ω) is a subspace
of H(curl; Ω) containing transverse vector fields that are
curl-free in ΩC

c [37], that have a strand-wise uniform curl
in Ωs [36], and that fulfill appropriate essential boundary
and global conditions [14]. The space Hs0(Ω) is the same
space but with homogeneous essential boundary and global
conditions.

The functional Ii(h′) gives the circulation of h′

around strand i ∈ {1, . . . , Ns}, which is the net current
Ii (A) flowing in that strand for the (test) function h′. The
associated voltage difference accumulated over a length
ℓs is denoted by Vi (V). The functional It(h

′) gives the
circulation of h′ around the whole cable, i.e., the transport
current It (A) for the (test) function h′, and Et denotes
the associated voltage per unit length (V/m). Currents are
handled with cohomology basis functions [15, 40]. Strand
currents and voltages are coupled via the electrical circuit
shown in Fig. 4(c). Because the strands are modelled as
stranded conductors, no electrical resistivity needs to be
defined in Ωs.

The IS coupling current loss can be obtained by adding
the resistive loss taking place in every adjacent and crossing
resistor shown in Fig. 4(c).

Dynamics in individual strands (hysteresis, eddy, and
IF coupling currents) are included in Section 3.2. As a first
step, the problem defined by Eq. (3) enables the analysis of
the IS coupling current dynamics and is used as a reference
for the DISCC model that are introduced in Section 4.1.
As this model is linear, it can be solved in the frequency
domain, using complex phasors for the physical fields under
harmonic excitations.
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As an illustration, we show in Fig. 5 the strand and IS
currents induced in a cable with properties given in Table 1
(with ρcoat = 10−7 Ωm) by a harmonic transverse magnetic
field oscillating in two different directions. A magnetic
field along êy mainly induces crossing IS coupling currents
while a magnetic field along êx mainly induces adjacent IS
coupling currents.
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êy
êz
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Figure 5: Strand currents and IS coupling currents in the cable for
a sinusoidal transverse magnetic field excitation of amplitude of
10 mT in two directions: (top) along êy with frequency 10 Hz,
(bottom) along êx with frequency 1000 Hz. Values are those at
the time instant when the field is maximum. The results of the
reference cable model (with Ns = 36) with the CATI method
are shown. Two different scales are used in the upper plot for
better visibility. The legend is the same for both plots. The strand
currents and adjacent IS coupling currents are those of the top
layer of strands in the cable, as illustrated in the cable schematics
in the bottom right corner of the upper plot (the model describes IS
coupling currents as flowing in a middle cross-section). Currents
in the bottom layer can be deduced by symmetry, see also Fig. 7.

3.2. Nonlinear model with strand internal dynamics

In Section 3.1, we focused on the IS coupling current
dynamics only, assuming that strands behave as non-
magnetic and non-resistive stranded conductors. In reality,
this is not the case: strands exhibit a rate-dependent
hysteretic magnetization in presence of magnetic field
excitations, and their response to transport current is also
hysteretic and rate-dependent, and becomes ohmic in over-
critical regimes.

These responses can be simulated in detail with,
e.g., the CATI method proposed in [14], but in order to
increase the simulation speed, we rather describe strands
as homogenized materials, with a uniform current density

distribution (as described in the previous section). Then,
we use a magnetic constitutive law b = B(h) to reproduce
the average magnetization and the associated loss, and an
electric constitutive law for the relationship between the net
strand voltage Vi and the transport current Ii.

The law b = B(h) is given by the ROHM model [16],
a rate-dependent vector hysteresis model inspired by
energy-based models for ferromagnetic materials [41, 42,
43]. The ROHM model contributes to the hysteresis, eddy,
and IF loss. We refer to Appendix B.1 and [16] for details
about the ROHM model and its implementation.

The relation between strand current and voltage
consists of two parts. The first part accounts for nonlinear
inductive effects and is equal to the time derivative of the
hysteretic internal magnetic flux Φ stored in the strand.
The relationship between the strand current Ii and Φ is
described by the ROHF model [27]. It is similar to the
ROHM model, but it defines a scalar relationship and does
not contain a branch for IF coupling currents, as these can
be neglected for pure transport current excitations. The
ROHF model contributes to the hysteresis and eddy loss.
We refer to Appendix B.2 and [27] for details about the
ROHF model and its implementation.

The second part of the current to voltage relationship
reproduces resistive effects due to current sharing [33]
between saturating superconducting filaments, whose
resistivity is described by the power law [44], and the
normal conducting strand. The current sharing solution [45]
defines a nonlinear resistive contribution E(Ii) to the strand
voltage, for a given current Ii. It is associated with the
ohmic loss contribution. See Appendix B.3 for an example.

Introducing the ROHM and ROHF models, as well
as the current sharing model for the transport current, the
formulation in Eq. (3) can be generalized as(

∂tB(h) ,h′)
Ω
+

(
ρcoat curlh , curlh′)

Ωcoat

+

Ns∑
i=1

(
E
(
Ii(h)

)
+ ∂tΦ

(
Ii(h)

))
Ii(h′)

= EtIt(h
′) +

1

ℓs

Ns∑
i=1

ViIi(h′), (4)

where, for conciseness, we extend the notation b = B(h)
outside of the strands, where it is simply b = µ0h.

This problem is nonlinear and cannot be solved in the
frequency domain anymore. An implicit Euler scheme is
used for time-stepping, and a Newton-Raphson technique
is implemented as an iterative scheme. The Jacobian tensor
for the ROHM model is derived in [16] and the derivatives
dΦ/dI and dE/dI can be easily derived analytically. The
convergence criterion for the Newton-Raphson scheme is a
condition on the relative change of the instantaneous power
computed for two successive iterations.
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4. Homogenized cable model

In this section, we introduce the homogenized cable
model. In this model, the cable is no longer modelled
with individual strands and circuit connections for IS
coupling currents, as in Section 3, but rather as a
homogeneous material described with differential equations
that reproduce the IS coupling current dynamics, see
Figs. 1(f) and 6. The effect of contacts between strands
is modelled in a distributed manner, with the Distributed
Inter-Strand Coupling Current (DISCC) model. The key
assumption of the homogenized model is that strands are
numerous enough for a description in terms of distributed
field quantities to be sufficiently accurate.

êx

êy
êz

(a) Reference cable model.
Ωs

ΩC
c

Ωcoat

(b) Homogenized cable model.

êx

êy
êz

ΩC
c

Ωc
WcWs Hs

Hc

As

Gaps

Figure 6: FE meshes for reference and homogenized cable models.
The homogenized cable domain Ωc does not include the artificial
coating domain Ωcoat of the reference model. The homogenized
cable domain is the smallest rectangle (or trapezoid, see Appendix
A) that contains all the bare strands, and the gaps between them,
as represented in red in both subfigures.

For the homogenized cable model, equations are
written in terms of homogenized fields, which are spatially
averaged versions of the fields in the reference cable model.
For simplicity, however, we keep the same notations for the
fields as before, e.g., in this section, h and j refer to the
homogenized magnetic field and current density.

Because contacts between strands are treated in a
distributed way in the homogenized cable model, we
introduce contact resistivities ra and rc (Ωm2), defined as
the contact resistances multiplied by characteristic surfaces:

rc = Rc
ℓsWs

2
= Rc

psWc

N2
s

, (5)

ra = Ra ℓsHs = Ra
psHc

2Ns
. (6)

We also introduce the strand filling factor in the homoge-
nized cable: as = NsAs/(WcHc). Notations are summa-
rized in Table 1.

We first describe the DISCC model in a linear setting
in Section 4.1, focussing only on the IS coupling currents.
We then generalize the model to a nonlinear setting in
Section 4.2 by including hysteresis, eddy, and IF coupling
current effects via distributed versions of the ROHM,
ROHF, and current sharing models. The accuracy and
computational performance of the linear and nonlinear
models are discussed in detail in Sections 5 and 6,
respectively.

4.1. Linear model for distributed IS coupling currents

We start in a linear setting in which strands are considered
to be normal-conducting and non-magnetic materials with
negligible resistivity for axial currents. The IS coupling
currents constitute the only loss contribution in this case.
The other loss mechanisms are introduced in Section 4.2.

We present the DISCC model in a strong form in
Section 4.1.1. We then derive the weak form of the
equations in Section 4.1.2. Finally, in Section 4.1.3, we
describe the spatial discretization of the problem and its
implementation in a FE framework.

4.1.1. Strong form of the DISCC model For simplicity, we
consider flat cables with a rectangular cross-section. We
also assume uniform adjacent ra and crossing rc contact
resistivities in the cable. These simplifications are however
not necessary for the model, we discuss how to handle
keystone angle effects [46] and non-uniform resistivities
in Appendix A.

In absence of IS coupling currents, every strand carries
the same net transport current (we assume that the current
is uniformly shared among the strands at the termination
joints), such that the homogenized current density j must
therefore be uniform.

In presence of IS coupling currents, the net currents
carried by the strands are not identical and the homogenized
current density j is therefore no longer uniform. Any
spatial variation of j is directly related to IS coupling
currents. In order to describe the spatial variation of the
axial current density j from one strand to neighboring ones,
we introduce a distributed IS coupling current density field
i (A/m2), proportional to the curl of j:

i ≈ ±As

ℓs
curl j, (7)

where the sign depends on the transposition direction of the
strands (in the figures of this paper, it is a minus sign), and
with As the cross-section of a strand. We can interpret this
equation by analyzing the response of the reference cable to
a transverse magnetic field applied in the directions êy and
êx, see Figs. 5 and 7. In first approximation, the applied
magnetic field creates axial current density distributions
whose spatial variations along x and y are related to
transverse IS currents flowing along y and x, respectively.
More quantitatively, using the problem periodicity, for
crossing IS currents, Eq. (7) expresses that the difference
between axial currents in adjacent strands at positions x
and x + Ws, i.e., the difference Asjz(x + Ws) − Asjz(x),
is equal to the integral of the crossing IS current density
iy (component along êy) over the crossing contact surface
which scales as the product ℓsWs, where Ws is the strand
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width (see Fig. 6). That is, we have

ℓsWs iy ≈ Asjz(x+Ws)−Asjz(x),

⇔ iy ≈ As

ℓs

jz(x+Ws)− jz(x)

Ws
,

⇔ iy ≈ As

ℓs

∂jz
∂x

. (8)

ℓs

êx

êz

êy

(a) Magnetic field along êy. (b) Magnetic field along êx.

ḃḃ Ws

ℓs

Figure 7: Two excitation modes for the IS coupling currents, with
external field ramp applied along (a) êy , or (b) êx. This illustrates
that, in first approximation, (a) a variation of the strand currents
along êx is associated with crossing IS coupling currents along
êy , and that (b) a difference of the strand currents between both
layers (variation along êy) is associated with adjacent IS coupling
currents along êx (strands in the top schematics are represented
without adjacent contacts for better visualization). This justifies
the use of the curl operator on the axial current density to describe
IS coupling currents.

It is important to mention that Eq. (7) is only an
approximation. Indeed, non-zero adjacent IS coupling
currents (along êx) also take place for magnetic field
applied along êy , as can be seen in Fig. 5 and as discussed
in [47, 26]. We however keep Eq. (7) as an assumption,
and we account for these adjacent IS currents later in this
section (via the mixing parameter λa in Eq. (15)). The
accuracy of the results is discussed in Section 5.

Moreover, Eq. (7) has to be seen as a conceptual
relationship, which encodes the geometrical periodicity of
the cable in a distributed manner. When electromagnetic
fields are treated as differential forms [48, 49], it becomes
evident that the curl is not the proper operator to apply
on the current density (2-form). For now, we let aside
these considerations and we focus instead on presenting
intermediate steps leading to the weak form of the problem
in Section 4.1.2. In the final weak form, only valid operators
are applied on differential forms, i.e., Eq. (7) does not
appear explicitly.

To close the mathematical problem, we must now
express, in a distributed way, how the IS coupling current
density field i affects the axial electric field. For that, we
first introduce a vector field v (V), defined as

sv = i, (9)

where s is a tensor (S/m2), having the role of defining a
homogenized constitutive law. It is a function of adjacent
and crossing contact conductivities r−1

a and r−1
c (S/m2). In

terms of the x and y components of vectors v and i, we
define s as a diagonal tensor, such that(

r−1
a 0
0 r−1

c

) (
vx
vy

)
=

(
ix
iy

)
. (10)

The field v can be interpreted as a measure of the voltage
difference (in V) between neighboring strands, with an
x-component for the voltage difference between adjacent
strands driving adjacent IS coupling currents, and a y-
component for the voltage difference between crossing
strands driving the crossing IS coupling currents.

Then, we define a relationship between the vector field
v (V) and the axial electric field e (V/m). The axial electric
field e describes how the voltage changes along one strand.
Due to the periodicity of the problem, the integrated change
of any quantity over a distance ℓs along a strand is equal
to the change of that quantity between adjacent strands on
the same cross-section. Hence, for crossing IS coupling
currents, any net variation of the voltage vy along êx must
be related to an axial electric field e. This can be translated
into the following equation:

e ≈ ±Ws

ℓs

∂vy
∂x

êz, (11)

where the sign depends on the transposition direction of
the strands, as before. To maintain the symmetry in the
equations and also because it provides satisfying results for
adjacent IS coupling current dynamics (see Section 5), we
generalize Eq. (11) into

e ≈ ±Ws

ℓs
curlv. (12)

To simplify the upcoming equations, we introduce a
scaled vector field k = ±(Ws/ℓs)v. Using Eqs. (7) and (9),
this leads to

curl j ≈ ℓ2s
WsAs

s k =
2p2s
WcAc

s k, (13)

using ps = Nsℓs, Wc = NsWs/2, and the cable cross-
section Ac = NsAs. This equation contains several
approximations (as represented by the ≈ sign). For
example, (i) the exact shape of the strands is not accounted
for, (ii) the gaps between the strands are neglected, (iii)
the equation used to describe crossing IS coupling currents
is also used to describe adjacent IS coupling currents. To
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account for these approximations, we rewrite Eqs. (13) and
(12) as follows, with equality signs,{

σ̄IS k = curl j,
e = curlk,

(14)

with σ̄IS (S/m3) the tensorial parameter (interpreted as an
effective IS conductivity per cable area), defined by

σ̄IS =
2p2s
WcAc

(
γar

−1
a 0
0 γcr

−1
c + λar

−1
a

)
, (15)

in which we introduce three non-dimensional scaling
parameters: γc, γa, and λa.

Each parameter is associated with a distinct effect,
associated with the IS coupling current curves of Fig. 5.
The main crossing parameter γc quantifies the amplitude
of crossing IS coupling currents induced by a magnetic
field along êy (perpendicular to the wide face). The main
adjacent parameter γa quantifies the amplitude of adjacent
IS coupling currents induced by a magnetic field along êx
(parallel to the wide face). Finally, the mixing parameter
λa accounts for adjacent IS coupling currents induced by a
magnetic field along êy . This effect was missing in Eq. (7),
as mentioned before. The value of λa is typically small [47],
but it may become important in cases where rc/ra ≫ 1.

As will be shown in Section 5, these parameters can
be easily adjusted to accurately reproduce the frequency
response of the cable (see Figs. 8, 9 and 10, respectively).

Combining Eqs. (14) and Eqs. (2), we obtain
div b = 0,

curlh = j,

curl e = −∂tb,

with


b = µ0 h,

σ̄IS k = curl j,
e = curlk.

(16)

The entire DISCC model is therefore fully defined by the
tensor σ̄IS. This tensor depends on the geometry of the
cable (ps, Wc, and Ac), the contact resistivities between
adjacent and crossing strands (ra and rc), and the three non-
dimensional scaling parameters γc, γa, and λa.

The IS coupling loss density pIS (W/m3) can be
directly computed from the distributed vector field k and
the tensor σ̄IS. It is expressed as:

pIS = k · (σ̄IS k). (17)

4.1.2. Weak form of the DISCC model A well suited FE
formulation to handle the nonlinear constitutive laws that
are introduced in Section 4.2 is the h-ϕ-formulation [38,
39, 16]. It is a weak form of Faraday’s law. Assuming
homogeneous natural boundary conditions for conciseness,
its integral equation reads(

∂t (µh) ,h
′)

Ω
+
(
e , curlh′)

Ωc
= EtIt(h

′), (18)

with notations of Section 3.1 for Et and It(h
′). The electric

field e can be expressed in terms of k using Eq. (16):(
∂t (µh) ,h

′)
Ω
+
(
curlk , curlh′)

Ωc
= EtIt(h

′). (19)

The vector field k belongs to a function space K0(Ωc),
that we define as

K0(Ωc) =
{
k ∈ H(curl; Ωc) | k × n|∂Ωc = 0

}
, (20)

where n is the outwards unit normal vector to ∂Ωc, the
boundary of Ωc.

Multiplying curl j = σ̄IS k by a test function k′ ∈
K0(Ωc) on both sides and integrating over Ωc, we have(

curl j ,k′)
Ωc

=
(
σ̄IS k ,k

′)
Ωc

. (21)

Integrating by parts, we get(
j , curlk′)

Ωc
+

(
j × n ,k′)

∂Ωc
=

(
σ̄IS k ,k

′)
Ωc

. (22)

The second term, a surface integral, is equal to zero,
because (j×n)·k′ = −(k′×n)·j, and k′×n|∂Ωc = 0 from
the function space definition in Eq. (20). Using Ampère’s
law j = curlh, the final weak form reads: from an initial
solution at t = 0, find h ∈ H(Ω) and k ∈ K0(Ωc) such
that, for t > 0, ∀h′ ∈ H0(Ω), and k′ ∈ K0(Ωc),{(

∂t (µh) ,h
′)

Ω
+

(
curlk , curlh′)

Ωc
= EtIt(h

′),(
curlh , curlk′)

Ωc
−

(
σ̄IS k ,k

′)
Ωc

= 0,

(23)

where H(Ω) and H0(Ω) are the usual function spaces for
the h-ϕ-formulation [39].

This defines a mixed formulation, and the system takes
the form of a perturbed saddle point problem [50]. The
field k can be viewed as a Lagrange multiplier [51] whose
role is to control the non-uniformity of the axial current
density j over the cable cross-section. In the limit case
of an unperturbed system (σ̄IS = 0), no spatial variation
of j is allowed, hence no IS coupling current can flow. In
the perturbed system, a finite contact resistance between the
strands allows for non-uniform axial current density.

An alternative formulation, the h-ϕ-a-formulation, is
also presented in Section 7 as a recommended choice for
models including ferromagnetic materials (such as magnet
models with iron yokes).

4.1.3. Discretization and FE implementation The mag-
netic field h ∈ H(Ω) is discretized as usual for the h-ϕ-
formulation [39]. The transport current in the cable is han-
dled with a cohomology basis function [40]. We use only
the lowest-order Whitney shape functions [52] and combi-
nations of them.

The vector field k ∈ K0(Ωc) is expressed as a linear
combination of Whitney edge functions [52] associated
with edges in Ωc, excluding those on the boundary ∂Ωc,
in order to strongly enforce k × n|∂Ωc = 0. Mixed
formulations require careful choice of function space
discretization in order to avoid numerical instabilities
leading to spurious oscillations in the solutions [50, 53].
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When using lowest-order edge functions for k, we have not
observed any instability in the tested cases.

Note that, thanks to the integration by parts, from
Eq. (21) to Eq. (22), the regularity requirements on j (and
hence on h, since curlh = j) are reduced. This is
one of the advantages of the FE method. Indeed, with
lowest-order edge functions for h and a triangular mesh,
the current density j = curlh is element-wise constant,
and discontinuous across elements boundaries. Its curl can
only be computed in the sense of distributions [38], via the
weak form in Eq. (23).

4.2. Nonlinear model with strand internal dynamics

As was done in Section 3.2 for the reference cable
model, we can include the strand internal dynamics in the
homogenized cable model.

The rate-dependent hysteretic magnetization is still
described by the ROHM model, but because the areas of
strands and gaps are now homogenized (see Fig. 6), the
magnetization is weighted by the strand filling factor, as.

The axial electric field associated with the transport
current is described by a local ROHF model and a resistive
contribution accounting for current sharing. Similar models
as for the reference cable model can be used, but with scaled
parameters as they are now written in terms of the local
axial current density j (A/m2) and not the global strand
current Ii (A).

With the inclusion of the ROHM, ROHF, and current
sharing models, the model is nonlinear. The same time
integration (implicit Euler) and iterative (Newton-Raphson)
schemes as for the reference cable model are used.

5. Verification of the linear model

In this section, we evaluate the accuracy of the DISCC
model in a linear setting, focusing on the IS coupling
current dynamics only. We consider the reference cable
model of Section 3.1 and the homogenized cable model of
Section 4.1. The analysis is extended later in Section 6 by
including in both the reference and the homogenized cable
models the strand dynamics via the ROHM, ROHF, and
current sharing models.

We first describe in Section 5.1 how to tune the values
of the scaling parameters γc, γa, and λa, solely based on the
calculated loss per cycle. In Section 5.2, we then discuss
the accuracy of the homogenized model on both local fields
and global quantities. Finally, we show in Section 5.3 how
the results can be extrapolated for different cable properties.

Because the problem is linear, simulations can be
performed in the frequency domain in terms of phasor
fields. The phasor of the magnetic field is denoted by ĥ(x),
with x the position vector, and is related to the physical
magnetic field by h(x, t) = ℜ

(
ĥ(x)eiωt

)
, with i =

√
−1

and ω = 2πf , where f is the frequency. The phasor for k

is defined similarly and is denoted by k̂. Phasors are also
introduced for currents and voltages in Eqs. (3) and (23),
and time derivatives are replaced with iω.

For the reference model, the IS coupling current loss
per cycle and per unit length QIS (J/m) is directly computed
as the sum of the Joule loss in all the lumped resistors of the
electrical circuit of Fig. 4(c), that is,

QIS =
1

2f ℓs

∑
r∈ resistors

V̂ ⋆
r Îr, (24)

where Îr and V̂r = Rr Îr are the current and voltage phasors
associated with resistor r of resistance Rr, and where V̂ ⋆

r

denotes the complex conjugate of V̂r.
For the homogenized model, QIS is computed as

QIS =
1

2f

∫
Ωc

k̂
⋆
· (σ̄IS k̂) dΩc, (25)

where k̂
⋆

denotes the complex conjugate of k̂.

5.1. Parameter tuning: γc, γa, and λa

We start by adjusting the values of the scaling parameters
γc, γa, and λa for the tensor σ̄IS of the DISCC model in
order to best match the results of the reference cable model.
The parameter tuning can be easily performed based on
the curves of the global power loss QIS as a function of
frequency. We illustrate the effect of each parameter in
Figs. 8, 9, and 10.

For illustration, we consider the flat cable with the
properties given in Table 1. It has no keystone angle and the
IS contact resistivities are assumed to be uniform over the
cable. A uniform transverse magnetic field, described by a
phasor ĥapp = happθ̂, is applied in a direction θ̂ that makes
an angle θ with êx. We fix µ0happ = 10 mT (the equations
being linear, the actual amplitude does not matter). We
cover frequencies ranging from 10 mHz to 10 kHz.

10−2 10−1 100 101 102 103 104
10−3

10−2

θ = 90◦ĥapp
êx

êy
êz

Frequency f (Hz)

Q
IS

(J
/m

)

γc = 0.30

γc = 0.43

γc = 0.60

Figure 8: Effect of the main crossing parameter γc on QIS for an
applied field along êy (θ = 90◦). The dashed curve is from the
reference model. Solid curves are from the homogenized model.

For the main crossing parameter γc, we consider a field
directed along êy . Varying the value of γc results in a
frequency shift of the loss curve. The value of γc can be
adjusted in order to ensure that the homogenized loss curve
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best fits the reference loss curve. For the considered cable,
the value γc = 0.43 leads to an excellent match, at least
for frequencies below ≈ 500 Hz. The situation at higher
frequencies is discussed later in Section 5.2. The relative
difference between peak loss values is smaller than 0.5%.
The match between the loss amplitudes and between the
shape of the loss curves is a direct result of the DISCC
model which requires no further tuning.

10−2 10−1 100 101 102 103 104

10−4

10−3 θ = 0◦
êx

êy
êz

ĥapp

Frequency f (Hz)

Q
IS

(J
/m

)

γa = 0.40

γa = 0.53

γa = 0.80

Figure 9: Effect of the main adjacent parameter γa on QIS for an
applied field along êx (θ = 0◦). The dashed curve is from the
reference model. Solid curves are from the homogenized model.

For the main adjacent parameter γa, we consider a field
directed along êx. Variations of γa also lead to a frequency
shift of the QIS curve. For this cable, a good fit is obtained
with γa = 0.53. With that value, the maximum relative
difference between the loss calculated by both models is
11.6% in the simulated frequency range.

10−2 10−1 100 101 102 103 104
10−3

10−2

θ = 90◦ĥapp
êx

êy
êz

Frequency f (Hz)

Q
IS

(J
/m

)

λa = 0.001

λa = 0.006

λa = 0.020

Figure 10: Effect of the mixing parameter λa on QIS for an applied
field along êy (θ = 90◦) and rc/ra = 25. The dashed curve is
from the reference model. Solid curves are from the homogenized
model.

Finally, the mixing parameter λa quantifies the
amplitude of adjacent IS coupling currents for an excitation
along êy . To emphasize the influence of the λar

−1
a term in

σ̄IS of Eq. (15), we increase rc such that rc/ra = 25. As
before, changing λa leads to a frequency shift of the curve.
With λa = 0.006, a relative difference of 1.5% between the
peak loss values is obtained. The accuracy of the model in
that situation is further discussed in Section 5.3.

5.2. Result analysis

Using the scaling parameter values γc = 0.43, γa = 0.53,
and λa = 0.006, obtained in the previous section, we now

analyze the accuracy of the DISCC model in detail.

5.2.1. Applied field along êy We first consider an external
applied field ĥapp = hmaxêy (θ = 90◦). The complex field
phasors are decomposed in their in-phase components, in
phase with the applied field, i.e., they represent the solution
when the applied field is maximum, and their quadrature
components, which represent the solution a quarter of
period later, i.e., when the applied field is zero.

−j0 j0
jz (A/mm2)

In-phase component Quadrature component
êx

êy
êz θ = 90◦

f = 1 Hz

f = 10 Hz

f = 100 Hz

k

k

k

0 kmax

∥k∥ (µV)

f = 10 kHz

k

ĥapp

Figure 11: In-phase and quadrature components of the current
density (colored surfaces) and magnetic flux density lines (black
lines) obtained with the reference (top in the triplets) and
homogenized models (middle in the triplets), for a harmonic
external field along êy at four frequencies, as well as the k
vector field distribution for the homogenized model (bottom in the
triplets). The current density of the homogenized model is scaled
by the strand filling factor as = 86.2% for easier comparison with
the reference. Values of j0 in the color map are 100 A/mm2 for
f = 10 kHz, and 35 A/mm2 for the other frequencies . Values
of kmax in the color map are 1.5 µV for f = 1 Hz, 3 µV for
f = 10 Hz, 6 µV for f = 100 Hz, and 80 µV for f = 10 kHz.

The current density distribution and magnetic flux
density field lines computed by both the reference and
homogenized models are illustrated in Fig. 11 for four
frequencies. The k vector field distribution calculated by
the homogenized model is also represented in Fig. 11.
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êy
êz
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(a) Along line 1 mm above the cable.

-1 0 1

−10

0

10
f = 1 Hz

b x
or

b y
(m

T
)

-1 0 1

−10

0

10
f = 10 Hz

b x
or

b y
(m

T
)

In-phase bx Quadr. bx
In-phase by Quadr. by

-1 0 1

−10

0

10

êx

êy
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(b) Along line in the middle of the top layer of strands.

Figure 12: Magnetic flux density distributions of the homogenized model (solid colored curves) and of the reference model (dashed gray
curves) for a harmonic applied field of amplitude 10 mT along êy (θ = 90◦) of three frequencies. The dash-dotted lines in schematics
in the bottom subfigures illustrate where the field is sampled. The legend is the same for all subfigures (In-phase: in-phase component.
Quadr.: quadrature component). A fine mesh was used for both models to get these curves (twice as fine as mesh 5 of Fig. 13 for the
homogenized model).

Magnetic flux density distributions of both models are
compared in Fig. 12.

The agreement between both models is very good.
The homogenized model correctly reproduces the field
distortion induced by the IS coupling currents: as the
frequency increases, the current density is progressively
concentrated at the edges of the cable. Figure 12(b)
highlights how the homogenized model produces averaged
field distributions compared to the reference model inside
the cable. Results of the reference model show slight inter-
strand oscillations whereas results from the homogenized
model are smoother.

The agreement between the homogenized and refer-
ence models worsens at higher frequencies, at which the
current density distribution is concentrated in the strands at
the edges of the cable (see Fig. 11 for f = 10 kHz). Since
the reference model uses strand-wise uniform current den-
sity while the homogenized model has no notion of discrete
strands, a discrepancy is expected between both models at
high frequencies. As will be shown in Section 6, strand
loss contributions typically dominate at these frequencies

(mainly eddy currents, see Fig. 21), such that the impact of
this difference between the models on the total loss is small.
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Figure 13: Effect of the mesh resolution on QIS for an applied
field along êy (θ = 90◦). The dashed curve is from the reference
model. Solid curves are from the homogenized model. The mesh
used in the other figures is mesh 4 (except for Fig. 12).

The influence of the spatial discretization on QIS is
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illustrated in Fig. 13. From mesh 2 to mesh 5, the
relative difference between calculated peak losses is less
than 1.8%. This indicates that a relatively coarse mesh can
be chosen in practice, e.g., mesh 2 or 3. The difference
between the results increases with frequency, because the
field distributions become increasingly non-uniform and
concentrated at the edges of the cable when the frequency
increases (see Fig. 11).

5.2.2. Effect of the field angle The evolution of QIS when
the field angle θ varies is shown in Fig. 14. As the
field angle decreases, the contribution from crossing IS
coupling currents (associated with the peak around 2 Hz)
progressively decreases, and adjacent IS coupling currents
become dominant, with a significantly higher peak loss
frequency (around 2 kHz). Local field maps in the case
θ = 30◦ are illustrated in Fig. 15 at three frequencies. The
local field maps show that the homogenized cable model
reproduces faithfully the cable response.
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Figure 14: QIS from the homogenized model (solid curves) and the
reference model (dashed curves) for a magnetic field at different
angles with respect to êx.

5.2.3. Transport current and applied field The homoge-
nized model can also be used with a transport current excita-
tion without any further parameter tuning. The current den-
sity distribution and magnetic flux density lines obtained for
a harmonic transport current at f = 10 Hz and f = 100 Hz,
and no background field, are shown in Fig. 16. As the fre-
quency increases, the current density evolves from an al-
most uniform to a non-uniform distribution, with field con-
centration at the edges of the cable. The associated loss per
cycle and per unit length QIS is shown in Fig. 17. Any com-
bination of transport current and external field can be simu-
lated. The agreement between the homogenized model and
the reference model is very good in all cases, with a maxi-
mum error of 3.5% for f ≲ 500 Hz.

5.3. Influence of the cable properties

Finally, we show how the homogenized model predictions
can be extrapolated to different cable geometries and
properties. Indeed, thanks to the presence of geometrical
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Figure 15: In-phase and quadrature components of the current
density (colored surfaces) and magnetic flux density lines (black
lines) obtained with the reference and homogenized models, as
well as the k vector field distribution for the homogenized model,
for a harmonic external field at an angle of 30◦ with respect to êx

and at three frequencies. The current density of the homogenized
model is scaled by the strand filling factor as = 86.2% for easier
comparison with the reference. The color map limit value is j0 =
30 A/mm2 for the in-phase components and j0 = 1.6 A/mm2 for
the quadrature components. Values of kmax in the color map are
1.5 µV for f = 10 Hz, 3.5 µV for f = 100 Hz, and 15 µV for
f = 1000 Hz.

and electrical properties in Eq. (15), the effect of these
properties on the cable response can be directly analyzed
without requiring a new parameter tuning. We verify
this statement by illustrating the effect of varying selected
properties: the transposition length ps, the number of
strands Ns, and the rc/ra ratio.

5.3.1. Effect of the transposition length Figure 18
illustrates that the DISCC model parameter σ̄IS, Eq. (15),
allows to correctly capture the influence of the transposition
length ps on the response of the cable.

5.3.2. Effect of the number of strands The effect of the
number of strands Ns on QIS is also correctly captured
by the DISCC model via σ̄IS, Eq. (15). This is shown
in Fig. 19, where Ns is varied while keeping the strand
width Ws constant (hence the cable width Wc = WsNs/2
varies) and the periodicity length ℓs constant (hence the
transposition length ps = ℓsNs varies).
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Figure 16: In-phase and quadrature components of the current
density (colored surfaces) and magnetic flux density lines (black
lines) obtained with the reference and homogenized models, as
well as the k vector field distribution for the homogenized model,
for a harmonic transport current (amplitude 1000 A) at two
frequencies, and with no external field. The current density of
the homogenized model is scaled by the strand filling factor as =
86.2% for easier comparison with the reference. Values of kmax in
the color map are 5 µV for f = 10 Hz and 15 µV for f = 100 Hz.
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Figure 17: QIS as a function of the frequency in case of (i) a
harmonic external field of amplitude 10 mT along êy (θ = 90◦),
(ii) a harmonic transport current of amplitude 1000 A, or (iii) a
combination of both, in phase. Note that because the problem is
linear, the loss in case (iii) is the sum of the loss in cases (i) and
(ii). Dashed curves are from the reference model and solid curves
are from the homogenized model.

5.3.3. Effect of the rc/ra ratio Finally, the effect of the
rc/ra ratio on the cable response is illustrated in Fig. 20,
where ra is kept constant and equal to 2.06 × 10−11 Ωm2

while rc is varied. This illustrates the influence of a resistive
strip, or core, which is sometimes introduced between the
top and bottom layers of strands, as depicted in Fig. 3, in
order to increase rc [32].

The homogenized model captures the influence of
the rc/ra ratio to some extent. The peak loss value is
still accurately reproduced (relative difference of 1.5% for
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ps = 50 mm
ps = 100 mm
ps = 200 mm
ps = 500 mm

Figure 18: Effect of the transposition length ps on QIS for a field
along êy (θ = 90◦). The contact resistivities ra and rc are kept
constant. Dashed curves are from the reference model and solid
curves are from the homogenized model.
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Figure 19: Effect of the number of strands Ns on QIS for an applied
field along êy (θ = 90◦). The strand width Ws and periodicity
length ℓs are kept constant. Dashed curves are from the reference
model and solid curves are from the homogenized model.

rc/ra = 25), but as the ratio rc/ra increases, the difference
between the reference and homogenized model curves
increases after the peak of QIS. This is due to the adjacent
IS coupling currents becoming the dominant coupling
contribution when rc/ra ≫ 1, while the DISCC model
equations are primarily based on the crossing IS coupling
current dynamics for a field along êy , as mentioned in
Section 4.1.1.

6. Verification of the nonlinear model

In the previous section, the DISCC model was verified in
a linear setting. In this section, we extend the analysis
to a nonlinear setting, comparing results of the reference
and homogenized cable models including all the loss and
magnetization mechanisms as decribed in Sections 3.2
and 4.2, respectively. Both models are nonlinear, and
simulations are performed in the time domain. We consider
the same flat cable as in the previous section, described by
properties in Table 1. Inter-strand contact resistances are
still assumed to be uniform over the cable, with values given
in Table 1.
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Figure 20: Effect of the rc/ra ratio on QIS for an applied field
along êy (θ = 90◦). Dashed curves are from the reference model
and solid curves are from the homogenized model.

We describe the models for the internal strand
dynamics in Sections 6.1 and 6.2, for the reference and
homogenized cable models, respectively. We then verify
the homogenized cable model results in the case of a
uniform magnetic field excitation in Section 6.3, and
a non-uniform magnetic field excitation in Section 6.4.
Finally, we discuss and verify the differential inductance in
Section 6.5.

6.1. Reference cable model parameters

The magnetization and loss induced by the magnetic
field on the individual strands is reproduced via the local
constitutive relationship b = B(h), defined by the ROHM
model [16]. We use a chain of N = 5 cells, with parameter
values given in Table B1 in Appendix B.1.

The relationship between the strand voltage (per unit
length) and the strand current Ii, either due to a net imposed
transport current in the cable, or to a net strand current
associated with IS coupling currents, is described by a
combination of a ROHF model [27] of M = 5 cells, with
parameter values given in Table B2 in Appendix B.2, and a
current sharing relationship defined in Appendix B.3 which
describes a smooth transition between the power law and a
strand resistance in the normal state.

6.2. Homogenized cable model parameters

The inclusion of strand dynamics in the homogenized cable
model is done as described in Section 4.2. The ROHM
model is used as a local magnetic constitutive law, but
compared to the reference cable model, the mixture of
strands and gaps is homogenized. With the strand filling
factor as = 0.862, we therefore define:

b = as B(h) + (1− as)µ0h, (26)

using the same parameter values for the ROHM model
B(h) as for the reference cable. Note that, as the response
of a plain slab (as in the homogenized model) is different

to that of a layer of adjacent individual strands (as in the
reference model), as discussed in [54], it is possible that
for some cable geometries the time constants of the ROHM
model must also be adapted. With the cable presented in
Table 1, however, we have not observed a need for it.

Compared to the reference cable model, the relation-
ship between voltage per unit length (or electric field) and
strand transport current is replaced by an electric consti-
tutive law written in terms of the homogenized current
density. The same ROHF model can be used, but with
scaled coercivity values ξ̃k = as ξk/As, ∀k ∈ {1, . . . ,M}.
The current sharing relationship is adapted similarly, as de-
scribed in Appendix B.3.

The values of the scaling parameters of the DISCC
model obtained from the fitting procedure in the linear
regime can be used in the nonlinear regime. From Section 5,
we therefore have γc = 0.43, γa = 0.53, and λa = 0.006
for the tensor σ̄IS of Eq. (15).

6.3. Verification for uniform magnetic field excitation

A magnetic field h(t) = hmax sin(2πft)êy of various
amplitudes hmax and frequencies f is applied along êy .
Starting from a virgin state, the simulation is performed
from t = 0 to t = 1.5/f , using 120 equidistant time
steps. Iterations are performed with a Newton-Raphson
iterative scheme, using the analytical Jacobian matrices and
a convergence criterion of 10−6 (-) on the relative change of
the instantaneous power between two successive iterations.
Convergence was obtained in every simulation for all the
time steps.

The total power loss is decomposed into five distinct
contributions, according to Eq. (1) in Section 2. Power loss
densities (W/m3) are integrated over the cable cross-section
to obtain power loss per unit length (W/m), and then over
one period, from t = 0.5/f to t = 1.5/f , to obtain an
estimate of the loss per cycle and per unit length (J/m). We
have the following decomposition for the total loss per cycle
and per unit length Qtot:

Qtot = QIS +Qhyst +Qeddy +QIF +Qohm. (27)

The IS loss QIS is computed from the Joule loss in circuit
resistances for the reference cable model, and using Eq. (17)
for the homogenized cable model. The hysteresis loss Qhyst
and eddy loss Qeddy contain contributions from both the
ROHM and ROHF models. The IF loss QIF is computed
from the ROHM model. Finally, the ohmic loss Qohm is
obtained from the current sharing model.

Results are shown in Fig. 21 as a function of frequency
(interpolated from 25 frequency values) for 4 magnetic field
amplitudes. The agreement between both models on the
total loss Qtot is very good, with a relative difference smaller
than 10% for f < 5 kHz. It is worth emphasizing that, apart
from scaling the ROHM, ROHF and current sharing models
by the strand filling factor, no extra parameter tuning was
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Figure 21: Energy loss per cycle for an applied field along êy with
three different amplitudes as a function of frequency. Solid curves
are results from the homogenized cable model. Dashed curves are
results from the reference cable model.

necessary to include the full strand dynamics in the model
obtained in Section 5.

Figure 21 offers an overview of various regimes with
distinct dominant loss contributions that can be observed in
Rutherford cables. The ohmic loss Qohm strongly depends
on the magnetic field amplitude. At low amplitude, induced
currents do not saturate the strand, hence Qohm is negligible
with respect to other contributions. As the amplitude
increases, it becomes dominant in an increasingly large
frequency range and the associated saturation effect shifts
the peak of the QIS curve to lower frequencies.

A similar interplay can be observed in the strand dy-
namics between the hysteresis and IF coupling contribu-
tions, as was described in [14], where filament magneti-
zation evolves from uncoupled at low frequency to fully

coupled at higher frequency due to IF coupling currents.
At higher field amplitudes, saturation of the magnetization
shifts the QIF to lower frequencies.

The rate-dependency of the curve Qhyst is due to a
combination between uncoupled filament magnetization,
coupled filament magnetization, transport current hystere-
sis, and shielding by eddy currents at high frequencies. In
particular, the second peak in the Qhyst curve for µ0hmax =
0.2 T around 500 Hz is due to the ROHF model contribu-
tion, i.e., the hysteresis (and eddy) loss due to strand trans-
port currents flowing as a result of the IS coupling.

Note that the agreement between the QIS curves of the
reference and homogenized models at high frequencies is
better compared to the linear case, e.g., Fig. 18.

With the meshes used, the numbers of degrees of
freedom for the reference and homogenized models are
6 177 and 2 389, respectively, and each simulation with
the homogenized model is on average more than 20
times faster than the corresponding simulation with the
reference model. Aside from this computational speed-
up, the homogenized model is also considerably simpler
to implement due to a much simpler geometry definition
and mesh generation, as well as the absence of field-
circuit coupling in the weak formulation and simpler
function spaces for h. The ease of implementation of
the homogenized cable model enables it to be included in
magnet models with dozens of cables without difficulty.

6.4. Verification for non-uniform magnetic field excitation

To verify the homogenized model under a non-uniform
excitation, we consider the same cable as above, but subject
to the magnetic field generated by an excitation coil placed
in its vicinity, as represented in Fig. 22. The coil is made
of two parts of height 1.4 mm and width 5 mm, separated
by a 4 mm gap. The gap between the coil and the cable
is 1 mm. Each half of the coil carries a total transport
current Icoil(t) flowing in opposite direction (modelled as
stranded conductors [36]). Such a configuration is relevant
for the study of novel quench protection techniques such as
E-CLIQ [6].

(a) Reference cable model. (b) Homogenized cable model.

Icoil(t) −Icoil(t) Icoil(t) −Icoil(t)
It(t)

It(t)

Figure 22: Reference and homogenized model geometries for a
cable subject to a non-uniform field excitation generated by the
total current Icoil(t) flowing in the coil cross-sections, positioned
above the cable. The cable carries a total transport current It(t).

The cable carries a transport current It(t), which is
initially ramped up from virgin state to It,max = 10 kA,
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It(t) =


0, t ≤ −2 s,
It,max(t+ 2), −2 s < t ≤ −1 s
It,max, t > −1 s.

(28)

The total coil current Icoil(t) is defined as

Icoil(t) =

{
0, t ≤ 0 s,
Icoil,max sin (2πf t) , t > 0 s,

(29)

with Icoil,max = 2 kA and f ∈ {10, 100, 1000} Hz.
The instantaneous power loss per unit length Ptot

(W/m) and its different contributions according to Eq. (1),

Ptot = PIS + Physt + Peddy + PIF + Pohm, (30)

are shown in Fig. 23 for t ≤ 0 s, and in Fig. 24 for t > 0 s
at the three frequencies. Field distributions at t = 0.25/f
for the case f = 10 Hz are shown in Fig. 25.
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Figure 23: Instantaneous loss in the cable for t ≤ 0 s. Solid curves
are results from the homogenized cable model. Dashed curves are
results from the reference cable model.

Despite the strongly non-uniform field distribution,
the agreement between both models is excellent in all
cases. Field distributions in Fig. 25 illustrate how the
homogenized model reproduces the reference solution with
distributed vector fields, also for the magnetization vector
µ0m = b− µ0h described by the ROHM model.

Note that the staircase shape of the hysteresis loss
curve (and hence also of the total loss curve) is due to the
description of the magnetization and internal flux response
using a discrete number of cells N and M , with the ROHM
and ROHF models [16], respectively, see Fig. B1. These
cells are triggered one by one as the magnetic field or
transport current varies. If wanted, this staircase effect can
be reduced by increasing N and M .

6.5. Verification of the differential inductance

In addition to causing loss and field distortions, IS coupling
currents and internal strand dynamics affect the differential
inductance of Rutherford cables [3, 4]. This leads to
faster magnet discharges than what would be obtained with
an ideal inductor and this effect is therefore important to
quantify and evaluate for the design of quench protection
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Figure 24: Instantaneous loss in the cable for t > 0 s, induced
by the excitation coil current at three frequencies. Solid curves
are results from the homogenized cable model. Dashed curves are
results from the reference cable model.

systems. In this section, we verify the differential
inductance calculated by the homogenized model.

We define the differential inductance per unit length
Ld (H/m) as follows:

Ld =
Et

dIt/dt
, (31)

where Et (V/m) is the voltage per unit length obtained
from Eq. (4) for the reference model, and Eq. (23) for the
homogenized model and It is the transport current (A).

We consider the same cable as before. No external
field is applied and the transport current is imposed. From a
precomputed steady-state, It is ramped down linearly from
10 kA at t = 0 s to 0 A at t = 0.5 s. The differential
inductances calculated by both models are shown in Fig. 26,
including different types of dynamics in the models.

Case (i) mimics a pure inductor model without the
IS currents, while the ROHM, ROHF, and current sharing
models are disabled. As a result, the current density is
uniform and there is no magnetization, leading to a constant
differential inductance Ld = 0.662 µH/m. In this 2D case
with a single cable, the inductance value depends on the
radius of the numerical air domain, which is equal to 0.1 m
here.

In case (ii), we use the IS contact resistance values of
Table 1. The differential inductances computed by both
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Figure 25: Field distributions for a non-uniform excitation induced
by a nearby coil, at time instant t = 0.25/f for the frequency
f = 10 Hz. (Top) Magnetic flux density b, equal to B(h) inside
the strands or homogenized cable and equal to µ0h elsewhere.
(Bottom) Magnetization µ0m = b−µ0h inside the strands or the
homogenized cable, the amplitude is scaled by the strand filling
factor as = 86.2% for the homogenized model.
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Figure 26: Differential inductance during a current linear ramp
(10 kA at t = 0 s, 0 A at t = 0.5 s), including different types of
dynamic effects. Solid curves are results from the homogenized
cable model. Dashed curves are results from the reference cable
model.

models match very well and present an initial transient
with lower differential inductance, with a characteristic
decay time of approximately 12 ms, which is therefore
the natural time constant for the IS dynamics related to
transport current in this cable. Note that this time constant
is consistent with the peak frequency fc ≈ 13 Hz observed
in the loss curve of Fig. 17 in the case with transport current
only. Indeed, we have 1/(2πfc) ≈ 12 ms.

For case (iii), IF coupling (and eddy) dynamics is
added via the ROHM model while hysteresis effects are still
disabled (same parameters as in Table B1 but with µ0κ̄k =
0 T and µ0χ̄k ≫ 1 T, ∀k). This further decreases the
differential inductance with an additional time constant of
approximately 0.2 s, which is related to the time constants
τc,k of Table B1.

Finally, case (iv) includes all the internal strand
dynamics by enabling all components of the ROHM,
ROHF, and current sharing models. The effect of
filament hysteresis in the strands decreases the differential
inductance even further. This adds a very long time
constant that is due to the induced current in the strands that
flow predominantly in the superconductor. The agreement
between the reference and homogenized models is very
satisfying for both cases (iii) and (iv).

7. Stack of cables and h-ϕ-a-formulation

For the last analysis, we apply the homogenized model
on a stack of cables and we introduce an alternative FE
formulation for the DISCC model.

We consider a stack of 11 homogenized cables (each
spaced by a 0.52 mm gap) with an excitation coil placed on
the side, at a distance of 1 mm from the stack and centered
vertically, see Fig. 27. Cables are all identical and the same
as before. Each cable carries a transport current given by
Eq. (28). The excitation coil is the same as in Section 6.4
and carries a current defined by Eq. (29).

−90 90
jz − jz0 (A/mm2)

0 29
∥k∥ (µV)

(a) t = 0.25/f . (b) t = 0.5/f .

Figure 27: Current density (colored surfaces) and k vector
(colored arrows) field distributions obtained with the h-ϕ-a-
formulation in the stack of 11 homogenized cables subject to the
transient magnetic field generated by an excitation coil placed
on the right side of the stack and powered at a frequency f =
100 Hz. The deviation of the z-component of the current density
distribution with respect to the average value jz0 = 448 A/mm2

is shown (not scaled with strand filling factor here).
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The extension of the h-ϕ-formulation, Eq. (23),
to several cables brings no particular challenge. One
cohomology basis function has to be defined for each
cable [40], with corresponding degrees of freedom for the
cable currents and voltages. The right-hand side of the first
equation of Eq. (23) becomes a sum over all cables.

In some cases, however, the h-ϕ-formulation is not
the most convenient nor the optimal choice. For exam-
ple, in presence of ferromagnetic materials, other formu-
lations such as the a-formulation offer better convergence
properties [39]. In that case, in order to keep the DISCC
model equations unchanged, the mixed h-ϕ-a-formulation
can be used [39, 45, 53]. In the h-ϕ-a-formulation, one
part of the domain, Ωa, is solved by the a-formulation in
terms of the magnetic vector potential, a (with curla = b),
whereas the complementary part, Ωh, is solved with the h-
ϕ-formulation. Here, a simple choice consists in putting the
cables in Ωh, and all remaining regions in Ωa. The common
boundaries between Ωa and Ωh are the cable boundaries
Γc. In order to avoid stability issues on these boundaries,
second-order basis functions must be introduced on Γc for
either a or h [53]. Enriching a is simpler, in order not to
interfere with the DISCC model inside the cables. A local
enrichment with hierarchical basis functions supported only
by edges on Γc is sufficient [53].

Besides its improved convergence properties with
ferromagnetic materials, a practical advantage of the h-ϕ-a-
formulation is that cohomology functions do not need to be
defined outside of the cable. This can considerably simplify
the implementation of the model in case no automatic
cohomology solver is available in the FE framework.

The results obtained with both formulations are
compared in Fig. 28. The calculated power loss values
are almost identical, with a relative difference smaller
than 1%, which is due to the coarse spatial discretization.
Field distributions obtained with the h-ϕ-a-formulation are
shown in Fig. 27 (solutions of the h-ϕ-formulation are not
shown but are visually the same). For this example without
ferromagnetic material, the computational performance of
both formulations is similar.

8. Conclusion and outlook

In this work, we presented a Distributed Inter-Strand
Coupling Current (DISCC) model, which is a FE model
that describes the IS coupling current dynamics of
superconducting Rutherford cables without a need for
individual strand discretization.

The DISCC model involves three scalar scaling
parameters defining homogenized material properties. The
values of these parameters need to be tuned based
on reference solutions of a given cable geometry and
properties. The tuning procedure of the scaling parameters
is straightforward and can be performed without accounting
for the internal strand dynamics. The internal strand
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Figure 28: Instantaneous loss in the stack of cables induced by
the excitation coil. Solid curves are results from the homogenized
model with the h-ϕ-formulation. Dashed gray curves are results
from the homogenized model with the h-ϕ-a-formulation. Both
sets of curves are almost overlapping (relative difference ≤ 1%).

dynamics (hysteresis, eddy, IF, and ohmic effects) can then
be included in the homogenized model using the ROHM
and ROHF models, as well as a current sharing equation for
ohmic effects close to and above the strand critical current.

The resulting homogenized cable model contains
all loss and magnetization contributions, captures their
interdependency, reproduces differential inductance, and
offers an important reduction of the computational effort
with respect to conventional cable models. It also
provides accurate solutions in strongly non-uniform field
environments, in which analytical methods may have a
limited accuracy.

The homogenized cable model can be included in
complete models of magnet cross-sections for electro-
magneto-thermal simulations. We proposed two FE
formulations, a first one based on the h-ϕ-formulation
and a second one based on the h-ϕ-a-formulation. The
temperature dependence of the cable properties can be
directly included in the DISCC, ROHM, ROHF, and current
sharing model parameters. The analysis of the resulting
solutions and the comparison with measurements will be
the subject of future work.

Further work and improvements of the homogenized
cable model include its extension to a 3D model in order
to handle axial magnetic field excitations or situations
in which fields are not uniform along the longitudinal
direction. Also, the equations of the DISCC model are
mainly based on the crossing IS coupling current dynamics.
The loss associated with adjacent IS coupling currents is
also part of the model, but with a slightly lower accuracy.
There is room for improvement regarding adjacent IS
coupling currents for cases in which they are dominant.
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Appendix A. Keystone angle and non-uniformities

Rutherford cable are often manufactured with a keystone
angle [55, 56], such that the shape of their cross-section is
a trapezoid. As a result of the keystone angle, the contact
resistance as well as the strand filling factor may vary across
the cable [57]. A consequence of the variable strand filling
factor is that the steady-state homogenized current density
j might not be uniform.

A non-uniform contact resistance can be modelled in
the DISCC model by defining the tensor σ̄IS of Eq. (15) as
position-dependent.

A variable strand filling factor (or compaction factor)
can be modelled by introducing a position-dependent factor
in the formulation. If the steady-state homogenized current
density distribution is j(x) = f(x)j0êz , with x the
position vector and f(x) a given function, the second
equation of the DISCC formulation in Eq. (23) can be
rewritten as, for f(x) ̸= 0,(

1

f(x)
curlh , curlk′

)
Ωc

−
(
σ̄IS k ,k

′)
Ωc

= 0. (A.1)

This generalizes the situation for a flat cable (zero keystone
angle), for which f(x) = 1, ∀x. Correcting for this effect
is usually referred to as current density grading [58, 59].

Appendix B. Models for internal strand dynamics

Appendix B.1. ROHM model

To describe the strand magnetization and the associated loss
without discretizing the strand internal structure in detail,
we use the ROHM model [16]. It consists of a chain
of N hysteretic cells, as shown in Fig. B1(a). Each cell
k ∈ {1, . . . , N} defines a relation between the magnetic
field h and a magnetic flux density fraction bk, with weight
αk. The magnetic flux density b is obtained as a weighted
sum of the bk:

b = B(h) =

N∑
k=1

αkbk(h). (B.1)

Within each cell, h is decomposed into four contributions:

h = hrev,k + hirr,k + heddy,k + hIF,k. (B.2)

The field hrev,k is associated with stored magnetic energy
and is proportional to the magnetic flux density fraction
bk = µ0hrev,k. Each of the other three fields, hirr,k, heddy,k,
and hIF,k, is associated with a different magnetization and
loss mechanism in the strand. The irreversible field hirr,k
describes rate-independent hysteresis via an irreversibility
parameter κk (A/m). The eddy field heddy,k quantifies eddy
current effects in normal conducting parts of the strand
via a time constant τe,k (s). Finally, the IF coupling field
hIF,k describes IF coupling currents and the magnetization

κk

τe,k

τc,kχk

h
κN

τc,NχN

hrev,k

hirr,k

heddy,k

hIF,k

κ1

χ1

τe,1 τe,N

τc,1

bk = µ0hrev,k bN = µ0hrev,N
αk αN

b1 = µ0hrev,1
α1

ξk I
ξM

Irev,k

Iirr,k
ξ1

Φk = L0Irev,k ΦM = L0Irev,M
βk βM

Φ1 = L0Irev,1
β1

(a) ROHM model mechanical analogy.

(b) ROHF model mechanical analogy.

ηe,1 ηe,k ηe,M
Ieddy,k

Figure B1: Chains of cells for the ROHM and ROHF models.

of coupled filaments via two parameters: χk (A/m) and
τc,k (s).

The irreversibility parameters κk and χk are defined
as decreasing functions of ∥b∥ to account for the field de-
pendence of the critical current density in superconducting
filaments, and decreasing functions of the strand current to
account for the reduced cross-section available for magne-
tization currents in presence of transport current. Finally,
they are also function of the temperature. In this paper, for
simplicity, we neglect the dependence of the parameters on
the strand current and we consider a constant and uniform
temperature.

We refer to [16] for the equations governing the cell
elements as well as details regarding their implementation.
Note that compared to [16], the notation is changed from
hcoupling to hIF in order to make an explicit distinction
between IF and IS coupling currents.

The parameter values used for the ROHM model in
Sections 6 and 7 are given in Table B1. These values are
representative of a strand similar to the strand in [16] at a
temperature of 1.9 K.

Appendix B.2. ROHF model

To describe the hysteretic relation between the strand
current and its inductive voltage, we use the ROHF
model [27]. It consists of a chain of M hysteretic cells,
as illustrated in Fig. B1(b). In each cell, the total current I
is decomposed into three contributions:

I = Irev,k + Iirr,k + Ieddy,k. (B.3)
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k αk µ0κ̄k τe,k τc,k µ0χ̄k

(-) (-) (T) (ms) (s) (T)
1 0.23 0.00 0.1 0.00 0.0
2 0.31 0.00 0.1 0.18 1.5
3 0.29 0.25 0.1 0.35 0.7
4 0.13 0.50 0.1 0.35 1.2
5 0.04 0.75 0.1 0.35 1.2

Table B1: Parameters of the ROHM model with N = 5 cells.
Field-dependent coercivity values κk(b) = fκ(b)κ̄k and χk(b) =
fχ(b)χ̄k are defined with scaling functions fκ(b) and fκ(b) given
in [16].

The reversible current Irev,k is associated with a stored
magnetic flux fraction Φk = L0Irev,k with L0 = µ0/4π
a characteristic inductance per unit length (H/m). The total
magnetic flux is defined as

Φ(I) =

M∑
k=1

βkΦk(I), (B.4)

with βk (-) the weight for cell k. The time derivative ∂tΦ is
the voltage induced by the change of the stored internal flux.
The irreversible current Iirr,k describes rate-independent
hysteresis via an irreversibility parameter ξk (A), and the
eddy current Ieddy,k introduces rate-dependency via a time
constant ηe,k (s). Details about the ROHF model equations
and implementation are given in [27, 60].

With the stranded conductor model used for the
reference cable model in Section 3, the linear internal
inductance of conductors with a uniform current density
distribution is already accounted for. Indeed, as discussed
in [36], this contribution for strand i is equal to the integral(
∂tB(h) ,h′)

Ω
with the test function h′ for which Ii(h′) =

1 (see Eq. (4)). Therefore, to avoid accounting twice for
the linear contribution, only the difference between the
actual inductive voltage and the linear inductive voltage is
considered.

The parameter values used for the ROHF model in
the reference cable model of Sections 6 and 7 are given
in Table B2. These values are representative of a strand
similar to the strand in [16] at a temperature of 1.9 K.
The parameter values for the homogenized cable model are
identical, except for the irreversibility parameters ξk which
are rescaled as described in Section 6.2.

k βk ξk ηe,k

(-) (-) (A) (ms)
1 0.01 0 0.02
2 0.05 120 0.2
3 0.10 220 0.2
4 0.50 250 0.2
5 2.00 350 0.2

Table B2: Parameters of the ROHF model with M = 5 cells, for
the reference cable model.

Appendix B.3. Current sharing model

The following simplified current sharing relationship is
used for the strand resistive voltage of the reference cable
model in Section 6:

E(Ii) =


ec

(
|Ii|
Ic

)n

sign(Ii), if |Ii| ≤ Ith,(
ec

(
Ith

Ic

)n

+Req (|Ii| − Ith)

)
sign(Ii),

otherwise,
(B.5)

where ec = 0.1 mV/m, Ic = 350 A, n = 30, Req =
0.65 mΩ/m, and Ith is a threshold current (A) defined by

Ith =

(
ReqI

n
c

n ec

)1/(n−1)

. (B.6)

Equation (B.5) describes a smooth transition between the
power law and a normal state strand resistance per unit
length Req.

The equivalent equation for the homogenized cable
model, written in terms of the homogenized current density
j, is given by

e(j) =



ec

j̃c

(
∥j∥
j̃c

)n−1

j, if ∥j∥ ≤ jth,(
ec

(
jth

j̃c

)n

+ ρeq (∥j∥ − jth)

)
j

∥j∥
,

otherwise,

(B.7)

with j̃c = as Ic/As, ρeq = Req As/as, and jth = as Ith/As.
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