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ABSTRACT. We construct a positive measure on the space of positively oriented 2-vectors in R*, whose
barycenter is a simple 2-vector, yet which cannot be approximated by weighted Gaussian images of Lipschitz
Q-graphs for any fixed @ € N. The construction extends to positively oriented m-vectors in R"™ whenever
n —2 > m > 2. This geometric obstruction implies that the approximation result established in [19] is
sharp: all @ € N are indeed necessary to ensure the density of weighted Gaussian images of Lipschitz
multigraphs in the space of positive measures with simple barycenter. As an application, we prove that for
every (Q > 1 and p > 2 there exists a non-polyconvex @-integrand whose associated energy is weakly lower
semicontinuous in W'*. This also provides new insight into the question posed in [19, Remark 1.14].

1. INTRODUCTION

Given a function ¢ : R(r—m)xm _ [0,00) and an integer @ € N, we define the 1-energy of a weakly

differentiable Q-valued map f: B C R™ — Ag(R"™) as

(1.1) /Zw (Df@))de = [ Dfa)d

Although this definition depends on the value of @), we will omit this dependence from the notation for
simplicity. This energy was studied by De Rosa, Lei and Young in [19], and the definition is well posed,
as it is invariant under permutations of {1,...,Q}. Geometrically, Ey(f) is relevant as it represents the
1-anisotropic energy of the (Q-valued graph of f, interpreted as a current.

The functional Ey is a particular case of a broader class of energies associated with Q-integrands,
introduced by De Lellis, Focardi, and Spadaro in [11, Section 0.1]. A Q-integrand is a function F :
(R"=™)Q x (RP=m)xm)Q@ _; [0, 00) satisfying for every permutation o of {1,...,Q} the invariance

F(ai,...,aQ, X1, .., XQ) = F(as(1); -+ @o(Q)s Ax(1)s -+ Ax(@))-

Thus, such integrand induces an anisotropic energy functional on ()-valued maps via

F: f e Lip(B; Ag(R"™™)) — /BF((f(x))la---a(f(x))Qv(Df(x))lw-->(Df<33))Q) dz.

While the integrand 1 defined in (1.1) is indeed a Q-integrand, the converse is not generally true: not
every Q-integrand arises from a scalar function 1 as in in (1.1).

In the study of existence and regularity of minimizers [29, 3, 4, 22, 10, 14, 16]—and more generally, of
critical points—for anisotropic geometric variational problems, it is essential to impose suitable ellipticity
conditions on the anisotropic integrands; see, for instance, the survey [17].

For () = 1, the notions of polyconvezity and quasiconverity for 1) are classical in the nonlinear analysis
literature; see [26, Definition 4.2]. Polyconvexity corresponds to convexity in the space of d-vectors, as
clarified in [19, Remark 1.4], and plays a central role in the regularity theory of anisotropic minimal graphs
[20, 21, 34]. Quasiconvexity, on the other hand, is equivalent to the lower semicontinuity of the energy
Ey under growth conditions, and is therefore fundamental in establishing the existence of minimizers.
We refer the reader to the foundational works by Acerbi and Fusco [1], Fonseca [23], and Fonseca and
Miiller [24], and to the book [8] for details.

It is by now classical that polyconvexity implies quasiconvexity, but the converse fails in general. In
particular, Sverdk [32], and independently Alibert and Dacorogna [2], in the @@ = 1 setting constructed
a continuous function 1 : R?*2 — [0, 00) that is quasiconvex but not polyconvex. Earlier examples of
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quasiconvex quadratic forms on R3*3 that are not polyconvex can be found in [5, 30, 33]. However, it
is known that every quasiconvex quadratic form on R2*2 is polyconvex [30, 33], which highlights the
significance of the counterexamples in [32, 2].

The gap between polyconvexity and quasiconvexity is intimately related to the existence of positive
measures on positively oriented 2-vectors in R whose barycenter is a simple 2-vector, but which cannot be
approximated by weighted Gaussian images of Lipschitz graphs. We refer the reader to [27, Chapters 4,
5, 6] for an extensive discussion on Young measures that are not gradient Young measures, and the
connection with quasiconvexity.

For every (Q € N, the analogues of polyconvexity and quasiconvexity for Q-integrands were introduced
and studied by De Lellis, Focardi, and Spadaro [11], building on earlier work by Mattila [25]. The main
result of [11] establishes the equivalence between the quasiconvexity of continuous Q-integrands and the
lower semicontinuity of the associated energy functionals. As in the classical case, quasiconvexity is
thus the appropriate notion to ensure the existence of minimizers among @Q-valued maps. Already in
[25, Introduction], Mattila raised the question of the relationship between these ellipticity conditions for
@-integrands.

One of the main results of this paper is to show that, analogously to classical 1-integrands, the lower
semicontinuity of the energy functional associated to a lower semicontinuous @Q-integrand does not imply
polyconvexity. We state below the theorem, referring the reader to Section 2 for the relevant notation
and terminology:

Theorem 1.1. Let m = 2 and n = 4. For every Q > 1 and p > 2 there exists a non-polyconvex
Q-integrand whose associated energy is weakly lower semicontinuous in WP,

We do not claim that the integrand in Theorem 1.1 is quasiconvex. As previously mentioned, in the case
of continuous Q-integrands, quasiconvexity is equivalent to weak lower semicontinuity of the associated
energy [11, Theorem 0.2]. However, continuity of the integrand is not guaranteed in our setting, where the
integrand is constructed as an envelope (4.2) that may in general only be lower semicontinuous. For this
reason we formulate Theorem 1.1 directly in terms of lower semicontinuity of the associated energy. In
particular, the theorem shows that polyconvexity is not necessary for lower semicontinuity of the energy
in the Q-valued framework; see also the discussion below and Section 4.5.

Theorem 1.1 relies on our main technical contribution, which we state below, that establishes the
existence of a measure on positively oriented 2-vectors in R*, with simple barycenter, that cannot be
approximated by weighted Gaussian images of Lipschitz Q-graphs, for any fixed () € N. We again refer
the reader to Section 2 for the related notation:

Theorem 1.2. There exists a measure j on the positively oriented Grassmannian Grt(2,4) whose
barycenter is parallel to the simple 2-vector e1 N es, with the following property. For any fived Q € N,
the measure p cannot be approzimated (in the weak-* topology) by weighted Gaussian images of Q-graphs
associated to Q-valued Lipschitz functions f: B C R* — Ag(R?) with fLOB = QI0].

Theorem 1.2 should be compared with [19, Theorem 1.5], where De Rosa, Lei, and Young proved that
every measure supported on positively oriented m-vectors in R™, whose barycenter is a simple m-vector,
can be approximated by weighted Gaussian images of Lipschitz multigraphs, possibly involving all values
of Q. Our result thus shows that [19, Theorem 1.5] is sharp: the full range of values is indeed necessary
for the approximation to hold.

The applications of [19, Theorem 1.5] were twofold. First, it was crucial in the proof of [19, The-
orem 1.16], establishing that polyconvexity of geometric integrands is necessary for the validity of the
rectifiability theorem for anisotropic stationary varifolds proved by De Philippis, De Rosa, and Ghiraldin
[15, Theorem 1.2]. This strengthened the earlier result [18, Theorem A], which showed the necessity of
quasiconvexity for rectifiability. Second, [19, Theorem 1.5] played a central role in proving that a classical
integrand 4 is elliptic for multigraphs—i.e., the function 1) defined in (1.1) is a quasiconvex @Q-integrand
for every (Q € N—if and only if ¢ is polyconvex; see [19, Theorem 1.8].

It remains an open question whether there exists a fixed @ € N such that every continuous inte-
grand ¢ € CO(RM=™)*™ [0, 0)) is polyconvex if and only if ¢ is a quasiconvex Q-integrand; see [19,
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Remark 1.14]. Although Theorem 1.2 sheds light on this question, a complete answer requires a suitable
characterization in the sense of (1.1) of the quasiconvex envelope. In Remark 4.14 we provide compelling
evidence that this is a subtle and challenging task.

Structure of the paper. In Section 2, we collect the necessary preliminaries and fix the notation
used throughout the paper.

In Section 3, we prove Theorem 1.2, the first main result of the paper. More precisely, we construct

~—+
a measure y on the positively oriented Grassmannian Gr (2,4), whose barycenter is a simple 2-vector,
and which cannot be approximated—for fixed () € N-by weighted Gaussian images of Lipschitz Q-graphs.

While our construction is carried out in dimensions (2,4), it can be extended to Gr (m,n) for every
n — 2 >m > 2, as outlined in Remark 3.6.

This result is the multivalued graphical analogue of a theorem by Burago and Ivanov [6, Theorem 4],
which demonstrates the existence of measures on the oriented Grassmannian @(2,4) that cannot be
approximated by weighted Gaussian images of surfaces bounded by simple planar curves. In particular,
Theorem 1.2 shows that the approximation theorem [19, Theorem 1.5] is sharp: although [19] establishes

that every positive measure on a+(m,n) with simple barycenter can be approximated by Gaussian
images of Lipschitz multigraphs, this approximation requires allowing arbitrary values of ). Beyond
their intrinsic geometric significance, such filling results have key applications to the study of ellipticity
conditions for anisotropic integrands. Indeed, [19, Theorem 1.8] depends crucially on [19, Theorem 1.5],
just as the equivalence between elliptic and convex hulls in [6, Theorem 3] implies the approximation
result [6, Theorem 2].

In Section 4 we construct a non-polyconvex @-integrand with associated energy that is lower semi-
continuous. To this aim, we first define a 1-integrand 1 on R?*2, which vanishes on (and only on) the
support of the measure p constructed in Theorem 1.2. Then we would like to characterize the quasi-
convex envelope of the associated Q-integrand 1. However, carrying this out is technically challenging.
The key difficulty is that the usual explicit candidate A for the quasiconvex envelope (4.2)—in the spirit
of Dacorogna’s formula for quasiconvex envelopes of 1-integrands (see [8, Section 6.3], [7])—produces a
Q-integrand that in general may be just lower semicontinuous, rather than continuous. As discussed
in greater detail in Remark 4.9, if a sequence of QQ-matrices with @) distinct values of multiplicity one
converges to a Q-matrix supported on the same value with multiplicity ), there may be a lower semicon-
tinuity gap. Indeed the class of competitors for the envelope (4.2) evaluated at the limit is strictly larger
than the class of competitors for the envelope evaluated along the sequence. As a result, the continuous
framework developed in [11] cannot be directly applied. We thus undertake a careful analysis of the
envelope A of the integrand v, culminating in Theorem 4.10. In this result, we show that the integrand
A gives rise to a weakly lower semicontinuous energy on WP for every p > 2.

The potential loss of continuity motivates us to introduce a slight variation of quasiconvexity: Prop-
erty A. For lower semicontinuous integrands with the same type of dependence as A, this condition is
essentially equivalent to weak lower semicontinuity of the associated energy functional, as shown in Propo-
sition 4.11. In general, this condition is weaker than the quasiconvexity introduced in [11]. Nonetheless,
when the Q-integrand is continuous, Property A is equivalent to quasiconvexity.

A key technical tool we use in the proofs of Section 4 is the piecewise affine approximation Lemma 5.1,
proved in Section 5. Inspired by [9], it provides an approximation of the energy of a Lipschitz Q-valued
map by @Q-valued functions that are piecewise affine outside a set of arbitrarily small measure. This
lemma is instrumental in our study of quasiconvex envelopes for Q-integrands and we believe it is of
independent interest.
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Council (ERC), through StG “ANGEVA”, project number: 101076411. Views and opinions expressed
are however those of the authors only and do not necessarily reflect those of the European Union or
the European Research Council. Neither the European Union nor the granting authority can be held
responsible for them.
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2. NOTATION AND PRELIMINARIES

Let n,m € N with n > m. Throughout the paper we will mostly focus on m =2, n = 4.

We will use B to denote the unit open ball in R™, while B(z,r) denotes the open ball of center x and
radius r in R". We let D denote the unit cube (—3, 3)™ in R™ and D(z,r) = z+ (=5, 5)™. We will also
denote by {e;}i=1,. n the standard basis in R", and e;; = e; A e;.

Furthermore, for every z € R™ we denote by [z] the Dirac mass in x.

2.1. Currents. We recall some basic definitions of the theory of currents, referring to [31] for additional
material.

We denote by A"™R"™ the set of m-vectors in R™ and with Gr(m,n) the oriented Grassmannian of
oriented m-planes in R™. An m-current 7' is an element in the dual of the space C°(R™; AR") =:
2™ (R") of differential m-forms on R™. The boundary of a current 7" is the (m — 1)-current defined by
0T (n) := T(dn) for every n € 2™(R™). The mass of the m-current T is defined as M(T') := sup{T'(n) :
n € 2™(R"),|n| < 1}. We define a rectifiable m-current 7' € R™(R"™) as a couple T' = (M, 6wp),
where M is an m-rectifiable set in R", § : M — R is a locally H™-integrable positive function (the
multiplicity) and wp : M — A™(R™) is an H"™-measurable function (the orientation) such that for H™-
a.e. point z € M, wp(x) can be expressed in the form v; A - A vy, where vy, ..., vy, form an orthogonal
basis for T,M = P € Gr(m,n), the approximate tangent space to M at x. The orientation field is
P : M — Gr(m,n). We will often identify Gr(m,n) with unit simple m-vectors in A™R" by identifying
P with wp. We define an integer-rectifiable m-current (integral current) 7' € I™(R™) as a rectifiable
m-current T = (M, Qwp) where 0 takes only integer values. As a particular instance of integral current,
for every oriented m-dimensional rectifiable surface ¥ in R™ we denote the fundamental class of ¥, i.e.,
the multiplicity-one integral current associated to X, with [X] := (¥, wr,x) € I"(R"™), where wp,»(x) is
an m-vector representing the oriented tangent space to X at x.

We also recall the notions of push-forward and slicing of a current. Given an integer-rectifiable m-

current T = (M,fOwp) and a Lipschitz function f : R™ — R, we define the slice of T by f at H!'-a.e.
M

t € R by (T, f,t) := (My,0u) where My = f~1(t), 6, = (OMe) X gompr0y and wy = WPL%. For
H'-a.e. t € R the slice (T, f,t) is well-defined and is an integral (m — 1)-current. Given a Lipschitz map
f:UCR™ -V CR"with V open, if f is proper, i.e. it satisfies f ~1(K)Nspt(T) is a compact subset of
U whenever K is a compact subset of V the push-forward of T' € RY(R™) by f is the rectifiable /-current
on R" defined by fyT'(n) = [,,0(x (2)), (dfswp)(x)) dH () for every n € Z*(V'), where dfy denotes
the standard push- forward of K—Vectors 1nduced by the 1-form df.

Lastly, for a rectifiable m-current T' = (M, 0wp) € R™(R™), we define the weighted Gaussian image
yr € M(Gr(m,n)) of ¥ as the pushforward P;(§H™LM) of the measure §H™ LM under the orientation

field P : M — Gr(m,n).

2.2. Multivalued maps. For a given integer () > 1 we define the space of )-points in R™ as

Q
Ag(R"™) := {Z[xl} : x; € R for every i = 1,... ,Q} ,

=1

equipped with the following distance G. Given two Q-points z = ) .[z;],y = >_;[yi] € AgQ(R™) we denote

G(x —Urg?l%\/ZIxz Yo(i) |,

where Pg denotes the group of permutations of {1,...,Q}. We can identify Ag(R™) with the configu-
ration space (R¥)?/Sym(Q). Whenever clear from the context, we simply write Ag instead of Ag(R™).
Translations are well-defined in Ag only by points of full multiplicity. Given z € R"™ we denote by
72y = _;[y; + x| the translation by the point Q[z] € Ag.
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A (Lipschitz) @-valued function is a (Lipschitz) map from an open set U C R™ to Ag(R"™™). A
multigraph T is the graph of the Q-valued function f, defined by

Ty = {(z,y) € U x R""™,y € sptf(z)};

note that for all x, spt(f(z)) has cardinality at most ). A Lipschitz multigraph naturally supports an
integral current [13, Definition 1.10]. This can be defined using [12, Lemma 1.1], which ensures that,
for every Lipschitz Q-valued function f : U — Ag(R"™™) defined on a measurable subset U of R™,
there exists a countable measurable partition (U;);eny € U and Lipschitz functions f;-' :U; — R for
j=1,...,Q, such that fLU; = Z?:l[f;] Assuming that each f; is proper, one can define the integral
current Ty associated to the multigraph T as

Ty = (- fO)IUT = Y FO)IUIL
1]
We further refer to [13, 12, 11] for the relevant results concerning @-valued functions.

2.3. Anisotropic integrands. We now recall some notions concerning anisotropic energies defined on
multigraphs, following [11].

Definition 2.1. A measurable map F : (R* ™)@ x (R»=™)*m™)@ _, R is a Q-integrand if for every
permutation o € Py it holds

F(a1,...,aQ, X1, .., XqQ) = F(as(1); - @5(Q)> Xo(1)s -+ X (Q))-

In particular, we can evaluate a Q-integrand as above on elements (a, X) € Ag(R"™™ x R("*m)xm),
meaning that F(a, X) is the value of F at a selection representing (a, X) in (R*~™ x R(*=™)*m)Q  With a
slight abuse of notation in the following we will not distinguish between elements in (R™~" x R("*m)xm)Q
and Ag(R"™™ x R("*m)xm) when evaluating Q-integrands. In particular, given a weakly differentiable
Q-valued map f : R™ — Ag(R"™™), the expression F(f, V f) is well-defined almost everywhere. We then
define the notion of quasiconvexity and polyconvexity considered in [11].

Definition 2.2. We say that a locally bounded Q-integrand F : (R"™™)@ x (R(=m)>xm)Q@ _ R is
quasiconvex if for every @Q-valued affine map u(x) = Ejzl gjla; + X; - x] with aj # a; for i # j, it holds

(2.1) F(u(0), Vu(0)) < ]{DF(al,...,al,...,aJ,...,aJ,Vfl(J:),...,VfJ(:E))d:E,
a a

for every collection of maps f; € Lip(D, Ay, (R"™™)) satisfying f;L0D = gjla; + X -]LOD.

Here and in the following, with a slight abuse of notation, with fLdD = [a + X -|LOD for a € R*™™
and X € R(®™™)*X™ we mean that for every 2 € 4D it holds f(z) = [a + X - z].
Definition 2.3. Let 7(n—m,m) := Z;n:i?{n_m’m} ("5™) (') and define ad : R=m)xm _y RT(n—m.m) g
ad(X) = (X,adjy(X), ..., adjmin{n—m,m} (X)), where adj, X stands for the matrix of all £ x k minors of
X. A Q-integrand F : (R*)Q x (R(=m)*xm)@ _ R is said to be polyconvex if for every a € (R"~™)%
there exists a convex function g, : (R™*~""))Q — R such that

F(a,X1,...,X09) = ga(ad(X1),...,ad(Xg)).

The definition of polyconvexity in Definition 2.3 is equivalent to require that the integrand F'(a,-) can
be extended to a convex function on ((A” R™)T)%? C (A" R™)?, where (A™ R™)* denotes the subset of
m-~vectors whose projection to R™ C R" is positively oriented. This can be done in the following way.
Given a matrix X € R("=")*™ we can associate to it a simple m-vector considering

X
and defining the simple m-vector A M (X) := vy A -+ A Uy, where v1, ..., v, are the columns of M(X).
This procedure gives a map A M : R®=7)>m _ A™R" and one can calculate that the coordinates
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A\ M(X) in the standard basis of A" R™ are the minors of X of any order, which in turn coincide with
the m x m minors of M(X) i.e., ad(X). This procedure can be extended by linearity to elements in
(R(”*m)xm)Q, which can be identified with () copies of simple m-vectors modulo permutations.

The notion of quasiconvex @Q-integrand is particularly relevant, as in the case of continuous integrands
satisfying growth conditions it is equivalent to the lower semicontinuity of the associated energy. Indeed,
by [11, Theorem 0.2] the following characterization holds.

Theorem 2.4 ([11]). Letp € [1,400),U C R™ be a bounded open set and F : (R*)@ x (R(r=—m)xm)@ _,
R be a continuous Q-integrand. If F is quasiconvex and satisfies for some C' > 1:

0< F(a,X) < C(1+|al?+ |X|P) V(a, X) € (R""™)@ x (Rn-—m)xm)@
where ¢ =0 if p>m, ¢g=p" if p<m and q¢ > 1 is any exponent if p = m, then the associated energy

F: f € Lip(U, Ag(R"™™)) > ]{]F(f, V)

is weakly lower semicontinuous in WP (U, Aqg(R"™™)). Conversely, if F is weakly* lower semicontinuous
in WH(U, Ag(R"™™)), then F is quasiconvez.

As in the single-valued case, showing that an integrand is quasiconvex is not easy in general, while
polyconvexity may be easier to check. By [11, Theorem 0.5], we have the following implication.

Theorem 2.5 ([11]). Every locally bounded polyconvex Q-integrand is quasiconver.

Theorem 1.1 is one of the main results of this paper, and is in spirit a counterexample to the reverse
implication in Theorem 2.5. However, as noted in the introduction, in the following we will work with
semicontinuous integrands, hence the theory of [11] does not apply. Theorem 1.1 is a @Q-integrands
counterpart of the classical results for 1-integrands proved by Sverak [32] and Alibert and Dacorogna [2],
who showed the existence of a continuous 1-integrand ¢ : R?*? — R that is quasiconvex (for graphs of
single-valued Lipschitz functions) but not polyconvex.

We now compare Definition 2.2 and Definition 2.3 with [19, Definition 1.7] and [19, Definition 1.9]
respectively. The latter are tailored to the study of anisotropic integrands on rectifiable currents. Given
a l-integrand ¢ : R*=™)*m _, R we denote

Q
D) =Y w(X;),  forall Xy,...,Xq € RvTXm,
7j=1

which can be extended in the trivial way to (R"™)@ x (R("=™)*m)Q Tt is easy to see that this defines
a (Q-integrand.

Ifw: A"R" — (0,+00) is a 1-homogeneous function, an energy Fy on rectifiable currents can be
defined as follows: for every T'= (E, fwp) € R™(R") set

E@(T):/EQ(:JJ)\I/(wp(x))de(x).

Thanks to the operator A\ M previously introduced, the restriction of ¥ to the positively oriented unit
simple m-vectors can be seen as a 1-integrand on R"=™*™_If we let 1) : RM=)>Xm 5 (0, 00), (X)) :=
V(A M(X)) for all X, by the area formula for @-valued graphs [12, Corollary 1.11] we have

/U B(Vf) = Eg(T)

for any Lipschitz Q-valued function f : U C R™ — Ag(R"™™). It is therefore interesting to study the
quasiconvexity of v as it relates to the lower semicontinuity of the functional Fy defined on @Q-valued
graphs. This is indeed the focus of [19]. Hence, the notion of polyconvexity considered in [19] refers to

the classical polyconvexity [26, Definition 4.2] of 1, requiring the existence of a 1-homogeneous convex
function ¥ : (A™R")* — R such that ) = U o A,

Surprisingly, in [19, Theorem 1.8] it is proved the following;:
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Theorem 2.6 ([19]). Let ¢ € CORM=™*™ [0, +00)). Then 1 is polyconvexr if and only if ¥ is a
quasiconvex Q-integrand for every @ € N.

Intuitively, our Theorem 1.1 indicates that Theorem 2.6 is a peculiarity of “geometric” ()-integrands,
and not extendable to general Q-integrands. One could hope to use our non-approximability Theorem 1.2
to show that Theorem 2.6 fails if the value @ is fixed, however there is a fundamental obstruction in doing
so, that we discuss in Remark 4.14.

3. A NON-APPROXIMABLE (GRASSMANNIAN MEASURE: PROOF OF THEOREM 1.2

In the rest of the paper, for the sake of exposition we are going to assume n = 4 and m = 2, though all
results generalize to any n —2 > m > 2, as explained in Remark 3.6. We recall that we will often identify
A?R?* with the oriented Grassmannian (3’7"(2,4). Moreover, for brevity we denote by e;; the elements
e; A e; of the canonical basis of AZR?,

The goal of this section is to prove Theorem 1.2. The proof is inspired by [6, Theorem 4], where
Burago and Ivanov show how to construct a measure p which cannot be approximated by means of
smooth surfaces. We instead study the corresponding question with approximation by means of Lipschitz
multigraphs.

The measure will be defined as the sum of three atoms. The choice of the supporting 2-vectors is
rather delicate, as we need them to satisfy several constraints: the barycenter must be parallel to eqo, the
scalar products with €12 need to be strictly positive, and they all need to have same norm in order to be
able to use the identification of A?R* with G7(2,4). Indeed, this identification requires the 2-vectors to
be unitary, and in order to preserve the property of the barycenter, we need to renormalize the 2-vectors
with the same constant.

On top of these requirements, in order to use the measure p in combination with Proposition 3.5 to
prove Theorem 1.2, we need to find a linear transformation of R* that preserves the barycenter property
and the positive orientation, but maps two of the 2-vectors to be almost parallel to e12 and one of them to
be almost parallel to eg4. With all these constraints in mind, we make the following Ansatz, considering
the simple 2-vectors:

v = (561 + %(63 +52562)) A (562 + %(64 + 52561)),
(31) Vg = (561 — %(63 + 82(562)) VAN (562 — %(64 + 62561)),
V3 = %(64 + 82561) VAN (63 + 62562),

where the parameters €,0 > 0 will be chosen later, and we assume ¢ to be small. Note that, for every
€,6 > 0, the barycenter condition v; + vo + v3 = 2de12 is satisfied, since

V1 + vg = 26%€19 + %(63 + 52562) A (eq + 52661) = 26%e19 — v3.

One can also check by an explicit calculation that v; for i = 1,2,3 can be expressed in the form AM (X;)
for X; € R?*2, up to a multiplicative constant. We check this on vy, since for vo the computation is
analogous and for wvs it is trivial. We have

4
v = (52(1 — s1)612 + %625(—613 + 624) + %(5(614 — 623) + i€34.
1 2 —£?
Xi=———
=) (_52 2 ) ’

AM(X1) =e12 + 5(4%254)(_613 + e24) + ﬁ(em — e93) + mezﬂ,

We define

so that computing AM (X7) yields

which coincides with mvl. We now aim to find § as a function of € such that:

[or]l = l[oz]l = f[vsll;
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where the norm is the Euclidean norm induced on A?(R%) by the standard orthonormal basis e;;. Since

the expressions of v; and vy differ only by the sign of symmetric terms, we have ||vi|| = ||v2]]. Moreover
we can explicitly compute:
4 2 4
(3:2) ol = (1=5) 0"+ (3 +5) 0+ 4.
and
(3.3) [vs]|? = L (86 + 2e%6% +1).

We can now equate (3.2) with (3.3), and letting ¢ = §2, we get the quadratic equation:
(16 — 8c* — 3% t? + (8 —6sY)t — 3 =0,
which admits two distinct real solutions if and only if the discriminant
1
A=64(4-3") >0, & O0<e<(3)*.

On the same interval the second order coefficient 16 — 8% — 3¢® is positive, hence we have exactly one
positive root.

We conclude that, for every 0 < e < (%)1/4, there exists a unique d(¢) > 0 such that ||vi|| = ||vz2|| = [Jvs]|
and the value is:

6et — 84 /(8 — 6c4)2 +12(16 — 8% — 3¢B 841 4 1
5(e) = V ( ) _ [-8+16+0()

=—+0(eY.
2(16 — 8e* — 3¢8) 324 0(e) p TOE

As mentioned above, since v; and vy are not almost parallel to ejo, we will consider the linear trans-
formation R = diag(1,1,¢,¢), that maps v;,v9,v3 respectively in

wy = (de1 + & (ces +e%0ea)) A (Sea + 5 (ceq + £25er)),
(3.4) wo = (de1 — & (ces +e%0e2)) A (Sea — 5 (ceq + £25er)),
w3 = 5 (ceq +£6e1) A (ges + e%des).

It is straightforward to compute the following norms and scalar product, which are going to be useful:

2 et 1 4
(35) <w1,€12> =9 1— Z = 1 + 0(8 ),
et g2 ¢ gt 1
(3.6) Jwy ||* = (1 — 4) &t + (5 - §)52 + 5 16T O(£%),
2 1 gt
(3.7) (wsess) = =7 Jusll® = (& +¢'%)° = 7 +O().

Definition 3.1. The oriented plane associated to ejo, respectively esq, will be called horizontal (or h-
plane), respectively vertical (or v-plane). We let P, Py denote the orthogonal projection on the h-plane,

v-plane respectively. An oriented plane m € Gr(2,4) is said to be e-horizontal (resp. e-vertical) if Pyim
(resp. PyLm) is an orientation-preserving map, and its inverse is (1 + €)-Lipschitz.

We explicitly observe that an e-horizontal (resp. e-vertical) oriented plane is positively oriented with
respect to the oriented plane ejo (resp. the oriented plane ey3).

The following lemma will be useful for checking Definition 3.1 on the 2-vectors w; defined in (3.4):

Lemma 3.2. Let v be a simple 2-vector in R* associated to an oriented plane .
If v satisfies

(3.8) (v,e12) > (1+¢)7H .
then w is e-horizontal. Analogously, if v satisfies
(3.9) (v,e43) > (L+2) o],

then m is e-vertical.
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Proof. Without loss of generality we assume ||v]] = 1. We will prove just the first statement, as the
second one is equivalent, up to a rotation.

Let 6; < 603 € [0,7/2) be the principal angles between the oriented planes v and ej2. Since v and e
are unit simple 2-vectors, we have:
(3.10) (v, e12) = cos b cos By,
which combined with (3.8) implies that cos 61 cos 2 > (1+¢)~L. Recalling that cos(;) € [0,1] for i = 1,2,
this in turn implies that cos(6;) > (1 +¢)~! for i = 1,2.

In an appropriate orthonormal basis the restriction PpL7 is represented by the diagonal matrix

cos 01 0
0 cosfy /)’

Because cos; > 0, PyL7 is invertible. Moreover ||(PgL7) || = min{cos 1, cos 02}_1 <l+e. d

Thanks to Lemma 3.2, it is easy to observe that, for € small, the oriented plane associated with ws is
e-vertical, while those associated with wi,wsy are e-horizontal. Indeed, by (3.5),(3.6) and (3.7), it holds

g2

2
Remark 3.3. Given an e-horizontal plane 71, since the map (PguLm;)~! is (1 4 ¢)-Lipschitz, then the
Jacobian satisfies J(PgLmy) ™t < (1 +¢)2.

Given an e-vertical plane 7o, then the map PyLmo is v/ 3e-Lipschitz, and hence has Jacobian bounded
by 3e. Indeed, for every x € mo we use the orthogonal decomposition

(3.12) |22 = |Pya|® + |Pya|?

Since my is e-vertical, we have that (PyLm2)~! is (1 4 €)-Lipschitz, which implies

1
(3.11) (wg,exs) = = = (L+e) Mugll,  (wr,e12) = 7+ O 2 (1+€) o]

2]
I+e
Inserting (3.13) into (3.12) we obtain the desired bound:

(3.13) |Pya| >

2 2 1 _ 2 €2+¢) 2
Pual’ < Jof? (1= i) = lol? - gz < 3l
Analogously, the map (PyLma) ! is (1+¢)-Lipschitz, hence the Jacobian satisfies J(PyLma) ™! < (14¢)2,
and the map Py Lm; is v/ 3e-Lipschitz, and hence has Jacobian bounded by 3e.

We now fix f € Lip(B, Ag(R?)) with fLOB = Q[0]. We consider T and in this section we drop the
subscript f in Ty as the function f will be fixed. Let sptT C R* denote the support of T. Extend f on
R2\ B as Q[0], and consequently T. Let Ty denote the subset of points p € sptT of integer density for
T admitting a tangent plane.

Note that |(sptT) \ Tp| = O since f is Lipschitz, see [13, Theorem 1.13], and 7,7y is well-defined for
every p € Ty. We define

Ty, :=={p € Ty : T, Tp is e-horizontal}, T, :={p € T : T, 1 is e-vertical},

3.14
(3:14) TH .= T.T), TV .= T.T,, ™ .—T7_TH _TV,

We notice that T and TV are well-defined, since T is a rectifiable current and 7}, and Ty are measurable
subsets of Ty. Moreover, by definition the tangent planes in TV are positively oriented with respect to the
v-plane. Given p € R* and 7 > 0, we also denote B (p) = TPLB,(p), where the symbol O € {V, M, H}.

Lemma 3.4. There exists 1 > [ = 5(Q) > 0 with the following property. For e > 0 small enough in
(3.14), if M(BY (p)) > Br? and M(BY,(p)) < B(2r)%, then M(B)](p)) > 5r?.

Assuming Lemma 3.4, we prove a global estimate on the mass of the vertical part.

Proposition 3.5. For ¢ > 0 small enough in (3.14), there exists a universal constant C > 0 such that
M(TM) > CM(TV).
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Proof. We can assume without loss of generality that M(T") > 0. The proof follows from a covering
argument and Lemma 3.4. Fix 0 < f < 1 and € small as in Lemma 3.4. For every p € T, let r(p) be the
maximum radius r such that M(BY (p)) > 8r2. Note that 7(p) is uniformly bounded from above (since
sptT" is bounded as f is Lipschitz) and, since p is a density point, it is also strictly positive.

By Vitali’s 5-times covering lemma [31, Lemma 3.4] applied to the family { By, () (p) : p € Ty}, we find
a countable set Z of indices and a sub-family {Ba,, (p;) }icz of balls, where 7; := r(p;), such that

(3.15) U Bor(0i) = | Biory(®) and  Bay,(pi) N Bar, (p;) = 0,
i€ pETv

By definition of r(p) it holds M(Bg(p)) < Bp? for every p > r(p). In particular, we can apply Lemma 3.4
to the balls B (p;) and obtain

Boao 1 v
M(BY (p;)) > Zr2 > —M(BY,,. (pi
( QT‘Z(p )) - 2r’b - 200 ( 107"1(p ))’
where the second inequality follows from the choice of the radii in the cover. Using (3.15) we conclude
M(TM) > Z-M(TV). O

Proof of Lemma 3.4. In the proof we let ¢ denote a positive constant depending only on @, whose value
may change from line to line. We also assume wlog p = 0, since no assumptions on p have been made.
Assume by contradiction that

(3.16) M(B3) < 2777"2.
Step 1: We estimate from above the mass of the horizontal part of the graph.

We start recalling that the projection Py restricted to an e-horizontal plane is a bijection with inverse
being an orientation-preserving (1 + €)-Lipschitz map, see Definition 3.1.

Fix p € (r,2r). By the formula for the pushforward of a current [31], for every n € 22(R?) it holds

(3.17) (Pr)BH () = /T (0(Pa(a). (AP () o) e (o)

where w is the orientation of T and pr is the surface measure associated to the current T. Since on T},
the tangent planes to T are all e-horizontal, one can estimate thanks to Remark 3.3 |(dPy(x))jw(x)| >
(14 )72 > 1 — 2¢ for every = € Tj,. Thus, since by duality SUP|y|<1,nez?(r2) (N, W) = |w| for every vector
field w : R? — A%(R?), by the previous estimate and taking the SUD|y|<1,neg2(r2) i (3.17) we get

M((Pa)BY) > (1=2) | dpr(e) = (1= 20M(B]).

Note that we do not have cancellations in (PH)ﬁBf , as all the tangent planes in T* are positively oriented
with respect to the h-plane. Recalling that T is the current associated to the @-valued graph of f, we
deduce that Blpq projects onto the h-plane with multiplicity at most ). We conclude that

(3.18) Qmp* > M((Pr)¢Bl) > (1 — 2e)M(BJ).

Step 2: We estimate from below the mass of the vertical projection of the graph.

By the standing assumption on M(BY'), we can argue as in Step 1 to show that for every p € [r, 2r] it
holds

(3.19) M((P);BY) > 6

Indeed, we recall that the projection Py restricted to an e-vertical plane is a bijection with inverse being
an orientation-preserving (1 + ¢)-Lipschitz map, see Definition 3.1. By the formula for the pushforward
of a current we have

(Pv)iBy (n) = / (n(Py(x)), (dPy (z))sw(x))dpr(z),
T.NB,
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where w, ut are as above. Since on T, the tangent planes to T are all e-vertical, by Remark 3.3 one can
estimate |(dPy(2))yw(z)| > (14+¢€)72 > 1 — 2¢ for every z € T,. Thus, taking the sup over forms in
2?%(R?) with norm bounded by 1 and using the assumption of the Lemma, we conclude (3.19) as follows:

3
M((Py);B)) > (1 —2e)M(B)) > (1 — 25)§7rr2 > 1&"2
by taking € smaller than a universal constant.
Furthermore, we have

M((PV)ﬁBéw) < M(By) < M(B%) < §T2

M((Py);B)) < 3eM(B]) < 3:M(Bj..) < cer?,

where in the last line we used again the formula for the mass of the push-forward and that the Jacobian
of Py restricted to a e-horizontal plane is bounded by 3¢, see Remark 3.3. This, combined with TLB, —
By — Bf = BX, the subadditivity of the mass and the linearity of the pushforward, yields

(3820)  M((Pv);(TLB,)) = M((Py);BY) — M((Py)BY) — M((Py)BI) = 12(4 — ce),
and the right-hand side is positive taking ¢ small.

Step 3: We bound from below the mass of the mized part, deriving a contradiction with (3.16).

For a.e. p € (r,2r), we have that M(9(Py)s(TLB,)) is finite. This, combined with the fact that
(Pv)s(TLB,) is a 2-dimensional integer current in the 2-dimensional v-plane, allows to apply the decom-
position result [31, Theorem 27.6] to (Py)s(TLB,).

We consider the current (Py);(TLB,). Denoting 6 the (non-negative) density of such current, we define
¢ as the signed multiplicity of the current with orientation fixed to ey3, i.e. 6 = 0w Py)yT * €43, and we

extend it to zero on the whole v-plane outside spt(Py )3(TLB,). We consider the following 2-dimensional
finite perimeter sets in the v-plane:

Uj:={0>j}, V;:=Bp\U;j={0<j—-1}, forjecZ,
where Bp is a large ball containing the support of (Py);(TLB,). Hence OU; CC Bp for every j > 1 and
0V; CC Bp for every j < 0. Moreover, up to choosing R even bigger, we can guarantee that
|U;| < |Vj| for every j > 1, and |U;| > |V;] for every j <O0.
In particular, denoting with P; = P(U;, Bgr) = P(V}, Bg) the relative perimeter of the set U; in Bg, we
conclude from the isoperimetric inequality that
(3.21) Pj2 > c|Uj| for every j > 1, and PjQ > c|Vj| for every j < 0.
By [31, Theorem 27.6] it holds:
O((Pv)3(TLB,)) = > o[U;] = > _o[V;], and  M(3(Py);(TLB,)) = > P,
j>1 71<0 JEZ

Moreover'

M((Py);(TLB,) / D Xqozt + Xqo<—ip AH =D U+ D V1.

R j>1 7>1 7<0
Combining the previous two displayed equations with (3.21), we thus estimate

(322)  MOP)L(TB)? =Y. Pz e| |05+ 31Vl | = cM((Py),(TCB,)).
JEZL j=1 j<0

Let L (p) = M((T", d,, p)), for O € {H,V, M}, be the mass of the slice of T by the (Euclidean)
distance function to p. By the coarea formula [31, Lemma 28.5] it holds

2r
(3.23) / 19(p) dp < M(BZ.(p)).

IWe recall that the characteristic function yz of a set E is defined as xg(z) = 1 if z € E and xg(z) =0 if v ¢ E.
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Moreover we explicitly observe that, since T = T, then 0T = Q[0B], which is entirely contained in the
h-plane. Hence (Py)3(0T) = 0 and we deduce that

(3.24) (Pv):(A(TLBy)) = (Pv):((0T)By) + (T, dp, p)) = (Pv)4(T, dy, p)-
Combining (3.20), (3.22), (3.24), and using the sublinearity of the mass, we get

(3.25) ery/B/4 — ce < M(OPy4(TLB,)) = M((Py);((TLB,))) = M((Py)4(T, dp, p))

< ) M((P)(TY, dy,p) < Ly + L) + V3L,
Oe{V,H,M}

where in the last line we used again the fact that Py restricted to an e-horizontal plane is v/3e-Lipschitz
(as proved in Remark 3.3) and reasoned as in (3.18). Integrating this inequality from r to 2r and using
(3.23), we get

M(B;/r) + M(B%) + @M(Bg) > cr?\/B/4 — ce.

On the other hand, by (3.18) we have M(BZ) < ¢r2, and by assumption M(BY ) < 48r2. Therefore, for
08, ¢ small enough, we arrive at

M(BY) > r?(e\/B/4 — ce — e/e — 4B) > §r2
which contradicts (3.16) and thus concludes the proof. O

Remark 3.6. We remark that Theorem 1.1, and hence the consequent Theorem 1.2, can be generalized
to elements in Gr(m,n) for n —2 > m > 2. Indeed, in this case, for any 7 € Gr(m,n) there exists an
orthogonal m-plane my € Gr(m n) such that 71 Ny is at most (m — 2)-dimensional. Thus, by replacing
the h-plane and v-plane with 71, 72, one can still obtain (3.24), and one can show analogous bounds for the
Jacobians as in Remark 3.3. Although the Lipschitz bounds of the vertical projection of an e-horizontal
plane will hold just on a 2-dimensional subspace of the e-horizontal plane, this is enough to deduce the
required smallness of the Jacobian and in the estimate (3.25). For the latter, we observe that (T d,,, p)
will now be an (m — 1)-dimensional integer current, hence the tangential Jacobian will always be small, as
every tangent (m — 1)-plane of (T, dp, p) will have at least one direction which is orthogonal to w1 N .
On the contrary, this argument clearly fails in the codimension-one case Gr(n — 1,n). This is not a
surprise, as in codimension one Minkowski existence Theorem [28] guarantees that weighted Gaussian
images of Lipschitz graphs are dense in the space of positive measures on Gr(n—1,n). Hence Theorem 1.2
fails, and the notions of polyconvexity and quasiconvexity coincide with the notion of convexity [8]. In
particular, Theorem 1.1 fails as well.

With the previous results in hand we are able to prove Theorem 1.2.

Proof of Theorem 1.2. We first show a similar result for an atomic measure supported on the 2-vectors
w1, we,ws defined in (3.4), and then conclude the proof of the theorem via an affine transformation.
Throughout the proof, we will denote with P, , P, € Gr(2,4) the oriented 2-plane associated to v;, w;
fori=1,2,3.

Consider the atomic measure on Gr(2,4) defined by

3
o =3 llwil| [Py
=1

Consider Uy C évrr+(2, 4) the interior of the set of e-vertical planes and Uys the complement of the e-
horizontal and e-vertical planes. Note that, since P,,, P, are e-horizontal and P,,, € Uy as computed in
(3.11), it holds po(Ups) = 0 while po(Uy) > 0. For a given Q-valued Lipschitz map f : B — Ag(R?) with
froB = QI0], let Ty be the Q-valued graph associated to f and denote with vy, the weighted Gaussian
image of Ty. Then Proposition 3.5 implies that yr,(Un) > ey, (Uy), thus po cannot be approximated
by Gaussian images of the form yr,.
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Then consider the atomic measure p on 5;4(2, 4):

poi= Z [[oil[[Po,] = [lva] Z[PUJ-

Note that the barycenter of the measure p is the horizontal plane. We aim to show that p cannot be
approximated by Gaussian images of Lipschitz ()-valued maps, which would conclude the proof of the
theorem.

Let R = diag(1,1,¢,¢), identified with the linear map ]R4 — R*, which we recall satisfies R(P,,) =
fori =1,2,3. More precisely, recalling that v; = uz A uZ with ul,ul2 € R* defined in (3.1), and the
definition of w; in (3.4), we have
— (Ru}) A (Ru?).
This in particular implies that the tangential Jacobian of the linear map R with respect to P,, is:

|(Ruj) A (Rug)|| _ Jlwil]
dl

3.26 Jp, R =
(3:26) Fui |u} Au

In the following, we warn the reader that we will compute push-forwards sometimes in the sense of
currents and sometimes in the sense of measures. There is no risk of confusion, as for every instance
the correct interpretation depends on the object we push-forward. This will also determine whether we
obtain tangential Jacobians in the equations.

For every rectifiable current T = (T, fwp), we claim that

(3.27) YR, = RyY(urR)T

where JrR denotes the tangential Jacobian of the linear map R on 7. Indeed, recall that RyT =
(R(T), (B0 R‘l)wR(poR_1)). By the definition of Gaussian image and the area formula we have

v, = (R(Po R™1)y((0 0 R HALR(T)) = (R(P o R™1))y(R((JTR) 0 H*.T)) =
= Ry(((Po R™Y) 0 R)y((JrR) 0 M2 T) ) = RyPy((JrR) 0 HAT) = Re(spmy
Moreover, in the case of a current T associated to the Q-valued graph of f, it holds
(3.28) RyTy =T,y

Indeed, if f = Z?Zl[ fjl is a local selection of f at y € B then sptTy is locally around y given by

U?Zl{(y, fi(y))} € R* and its tangent space (defined for a.e. y € B) is given by the union of the planes
identified by AM(V f;(y)). Thus, the tangent planes in RyT¢ are locally the union of planes associated
to the 2-vectors AM(V(ef)) and thus one can explicitly compute R;T.

Finally, by the very definition of push-forward, for every P € 6’;(2, 4) it holds
(3.29) Ry{P] = [R(P)].

We now assume by contradiction that there exists a sequence of Lipschitz functions f* : B — .AQ(]RQ)
with fFLOB = Q[0] and such that

3
11, = u= Y iR
=1

In turn, by (3.26) this implies that

3 3
Yz BT Z lvill - (Te, R) [Po,] = llvill - (T, R) [Po,] =Y llwill [P,
=1 i=1
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where the first convergence holds since the tangential Jacobian is continuous as the tangent plane varies
continuously. Combining this convergence with (3.27), (3.28) and (3.29), we deduce the following contra-
diction with the non-approximability of pg:

VT ok = TRT i Rti')’(JT RT, — R4 Z [[will[Py;] Z [[ws|| Ry P,] Z [[wil[[Pu;] =

4. A NON-POLYCONVEX Q-INTEGRAND DEFINING A LOWER SEMICONTINUOUS ENERGY

The aim of this section is to prove Theorem 1.1. In the rest of the paper, we adopt the follow-
ing convention: indices of sequences are written as superscripts (e.g., u¥), while indices of elements of
decompositions are written as subscripts (e.g., a;).

4.1. Definition of the candidate integrand A. We consider the 2-vectors vy, vg,v3 (of equal norm)
introduced in (3.1) and define 1 : R2*? — R as follows

P(X)=0 if AM(X) is positively proportional to v; for some i = 1,2, 3,
P(X) = [[AM(X)]] otherwise.

Note that AM(X) is positively proportional to v; for some i = 1,2, 3, if and only if AM(X) = AMAM(X;)
for some ¢ = 1,2,3 and A > 0, where the matrices X; have been introduced in Section 3.

Definition 4.1. Given p € Ag(R’) for £ € N, we define a maximal decomposition of p as:
J
p= qu[pj], with p; # p; for every j # i.
j=1

The tuple (q1,-..,qs) is unique up to permutations. We say that two points p,p’ € AQ(RZ) have the
same maximal multiplicities if they admit a maximal decomposition of the form

J J
p=> qlp;] and p =) g
j=1

Jj=1

Definition 4.2. Consider (a, X) € Ag(R? x R?*?) with maximal decomposition ijl g¢;[(aj, X;)]. For
a given bounded open set U C R? we let

J
(4.1) T(a, X,U) =Y 7a,ux, )Wo' ™ (U, Ay, (R?))
7j=1

denote the family of all the functions ¢ € Lip(U, Ag(R?)) which admit a decomposition ¢ = 23'721 ©;
with ¢; € Lip(U, Ay, (R?)) and satisfy

0;L0U = gjla; + X -|LOU.
In particular, for every j =1,...,J it holds ¢; € T (g;[(a;, X;)],U).

Consider the following Q-integrand, in the sense of Definition 2.1, defined on Ag(R? x R?*?):
(4.2) A(a, X) := inf {][ P(Ve) 1 € T(a,X, D)} ,

where we recall that ¢(Y) = Z?Zl YY) it Y = ZZ Y] € Ag(R*X2).
Note that it is not clear whether A can be written in the form v’ for a l-integrand ¢/ : R>*? — R.
Thus, A does not fall in the framework studied in [19]. It would be interesting to show that A (or a

suitable modification) falls in the framework considered in [19]. We discuss this in more detail in Remark
4.14.
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Remark 4.3. We note that the value of A is invariant under translations and rescalings of the domain
D, that is, for every (a,X) € Ag(R? x R?**?), 2y € R? and A > 0 it holds

Aa, X) :inf{][ +)\D1ZJ(VQO) : (pE’T(a,X,xo—i—)\D)}.

Indeed, if f € Wol’oo(xo +AD, Ag) then f := A\"1f(zg+ \) € WOLOO(D,AQ). A change of variable in
(4.2) allows to conclude.

Remark 4.4. Thanks to the definition of the family 7, it is possible to link the definition (4.2) with the
classical Dacorogna’s formula for the quasiconvex envelope of a functional, see [8]. Indeed, for a given
(a,X) € Ap(R? x R?*?) with maximal decomposition (a, X) = E}Izl ¢;l(aj, X;)], we can write

J
A(a, X) := inf ][ Z@Z_)(TXJ.V%) D) € Wolvoo(D,qu) forj=1,...,J
D “
j=1

The dependence of the integrand on a is hidden into the choice of the maximal multiplicity for (a, X).

Remark 4.5. For any (a,X) € Ag(R? x R?¥2) the value of A is constant in the subset of points
(b, X) € Ag(R?xR?*2) having the same maximal multiplicities of (a, X). Indeed, consider b € (R?)? such
that (a,X), (b, X) admit maximal decompositions ijl ¢;[(aj, X;)] and Z;}:l q;[(bj, X;)] respectively.
Then for every j = 1,...,J, it holds 75, 4;)q; la;+ X -] = qj[bj+X;-]. Thus, every element in 7 (a, X, D)
differs from an element in 7 (b, X, D) by translations of elements of its maximal decomposition. Since 1)
depends only on the gradient variable, by (4.2) we conclude that A(a, X) = A(b, X).

Remark 4.6. For every ¢ < @, let A? be the functional defined as in (4.2) on A,. Consider (a,X) €
Ag(R? x R?*?) with maximal decomposition Z;-Izl g;l(aj, X;)]. Since in the definition of 7 (a, X, D) the

selections of each map in 74,4 x;, .)Wo1 (U, Ay (R?)) are decoupled and the extension 1) is linear, it holds
J
(4.3) A, X) =Y A% (g5((az, X;)]).
j=1

4.2. Basic properties of the integrand A. We are going to use the following interpolation result, in
the spirit of [13, Lemma 2.15].

Lemma 4.7. There exists a constant C(Q) > 0 with the following property. Let r > 0, o € (0,1) and
consider g € Lip(OD(114)r, Ag) and f € Lip(0D,, Aq) with Lipschitz constant Ly, Ly respectively. Then
there exists h € Lip(D(14.4), \ Dr, Ag) with Lipschitz constant Ly such that h.0D(i4q), = g, L.OD;, = f
and

(4.4) Ly < O(Li+ Lo+ sup G(f(x),g((1+0)2)).

OT xcoD,

Proof. By a scaling argument we can consider r = 1. We denote ¢y = £ o0 g and ¢ = £ o f, where
£:Ag — RY is Almgren’s bi-Lipschitz embedding, and consider the retraction p : RN — & (Ag). Denote
by Ly, L, the Lipschitz constant of 1), ¢ respectively. Consider two Lipschitz extensions 1, @ to the whole
R? of the functions 1), ¢ respectively, which can be chosen to have Lipschitz constants Ly, L,. For every
x € D14, \ D, we define

(4.5) o(z) = 2=l 4 (1 - Pllee=dy g )

and then h = € 1o p o ®. It is immediate to check that h.0D = f, hcdD (114 = g, we only need to
bound the Lipschitz constant of h. Since £ is biLipschitz and p is a retraction, it is enough to bound the
Lipschitz constant of ®.
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For z € R? we denote z;, € D and 2, € 0D1, the projection of z on 9D, and on OD1,,
respectively. For every x,y € D14, \ D, we estimate

et () — ) + By (1= Bty () — () — ) )|

SW%—l%w_yH(l_M)L o — ] + | el (5y) — ()

< (o4 L) o= 1+ 2 0500) — Bt) + 0 0e) — 20in) + 2lai) — 0)

< (Lo + Ly)la— vl + = (Lt LVEo + s [0(140)2) — (=)

< O(Ly+ Ly + 5 max (). g((1+ 0)2)) ol

where in the last line the constant C' > 0 depends on Almgren’s biLipschitz embedding.
O

We now study the continuity properties of A. Crucially, our integrand A turns out to be, in general,
only lower semicontinuous and not continuous.

Lemma 4.8. The integrand A defined in (4.2) is lower semicontinuous on Ag(R? x R?*2). Moreover,
for every sequence {(a®, X*)}ren of points in Ag(R? x R2*%) with the same mazimal multiplicities of
(a, X) € Ag(R% x R?*2) such that G((a*, X*), (a, X)) — 0 as k — +o0, it holds

(4.6) lim A(a®, X*) = A(a, X).
k—+4o0

Furthermore, the integrand A satisfies for some C(Q) > 0

(4.7) Aa, X) <O+ X]?).

Proof. Fix (a,X) € Ag(R? x R?*?) with maximal decomposition (a, X) = ijl g;l(aj, X;)]. We first
observe that for every f € Lip(D,R?) of Lipschitz constant Ly, then

(4.9 [ evn< [ 1amEpi e [ a9 < o+ 13),
where C' > 0 is a dimensional constant. In particular, (4.7) follows from this estimate testing the definition
of A with Zj:l q; [ij + X .

Consider then a sequence (a*, X*) in Ag(R? x R?*?) converging to (a, X). For k large enough (depend-
ing on min;; [(a;, X;) — (a;, X;)| > 0) there exists a maximal decomposition of (a*, X*) of the following
form

(4.9) (ak, X*) = qu (ak, X5,

where J*¥ > J and (up to a permutation) there exists indices ig = 0,41,...,i5-1,i5 = J¥ such that
q271+1+--'+qu =gq;forall j=1,...,J.
Set o1, == G((a,X), (a®, X*)) — 0 as k — +oo and denote ug := Z}]:1 gjla; + X;-] and wy, :=
k .
Z;]:l q}“[a? + XJ’-€ J]. In particular we get that || X*|| < || X|| + o}, and
(4.10) G(uo(z),ur(x)) < o, Vo € 0D.

For every j = 1,...,J, let h;‘? € Lip(D145, \ D, Ay;) denote the interpolation produced by Lemma 4.7
between
i
(4.11) gila; + X;].0D14, and Y qFlaf + Xf]LOD,
i=i;_ 141
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and denote h* = ijl hf . By (4.10) and the triangular inequality, for x € D it holds
G(ug(x),uo((1 + op)z)) < of + ox || X]||.

Therefore, denoting Ly, the Lipschitz constant of h*, the estimate (4.4) implies

(4.12) Ly < c(1+ HXH).

For § > 0 let ¢* € T(a*, X*, D) be such that A(a*, X*) > §,9(VeF) — 6. By definition of T, the
function ¢* admits a decomposition ¥ = Z;]:kl ok, with oF € Lip(D, Ax). In particular, by (4.9) the
function ¢* admits a decomposition

J L
oF = Zgﬁf where Z oF = gb? € Lip(D, Ay,) for every j =1,...,J.
j=1 i=1;_1+1

We define the following function on Dj,

J
77k = Z(h§XD1+ok\D + @?XD)
j=1

By (4.12), the function n* is Lipschitz and satisfies n*L.0D14, = uoLOD144,, thus n* € T(a, X, D14s,)-
By the choice of ¢*, (4.8) and (4.12), we can estimate
(@13) A@XY 2 f S0 == Dol £ SV = [ -

Diyoy, Di4o \D

2][ U(Vn*) = C|D1yo, \ DI (1 + L) = 6 Z][ V(Vn*) = Con(1 +[1X]%) - 0.
Dito,

D1+ok
Since n* € T (a, X, D140,), by the definition of A and Remark 4.3, we get
We conclude the lower semicontinuity of A by letting k — +o00 and using that ¢ is arbitrary.

The continuity of A on the subset of Ag(R? x R?**?) consisting of points with the same maximal
multiplicities of (a, X) follows essentially the same argument as before. The only difference is that, since
the maximal multiplicities of (a, X) and (a*, X*) now coincide, we can interpolate between ug on D
and uy on Diys, by means of a map h%, which admits a decomposition into J maps in N P
respectively. This allows to reproduce (4.13), starting from A(a, X), to establish the reverse inequality
and thus the desired (4.6).

0

Remark 4.9. We observe that the continuity of the integrand A is not expected in general. For instance
A(Q[(0,0)]) can be in general strictly smaller than the constant value A(a,0) evaluated on all (a,0) €
Ag(R? x R?*?) with the same maximal multiplicities (g1,...,qs), if J > 1. Indeed the family of test
functions in (4.2) for A(Q[0,0]) is strictly larger than the one for A(a,0), up to a translation. And it is
easy to approximate (0,0) € Ag(R? x R2*2) with a sequence (a*,0) as above.

This obstruction also occurs if one tries to prove upper semicontinuity of A, following the proof of
Lemma 4.8, but reversing the roles of the maps in (4.11). More precisely, consider the case where the
maximal decomposition of (a, X), (a*, X*) satisfies (4.9) and there exists j € {1,...,J} such that i; # 1.
Assume for simplicity that ¢; > 1. Then a test function ¢ € T (a, X, D) can be decomposed as J maps
®1,.--,¢7, each valued in A,,. But the map ) in general does not admit a Lipschitz decomposition
into 47 Lipschitz maps, each in Aq{c, . "Aqfl' In particular, the resulting map n* does not belong to

T(ak,X k,DHUk) since it does not admit the correct decomposition in Djis,. Therefore we cannot
conclude the reverse inequality of (4.13).
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4.3. Lower semicontinuity of the energy associated to A. The main goal of the section is showing
the following result.

Theorem 4.10. The lower semicontinuous Q-integrand A on Ag(R? x R?*?) defined in (4.2) gives rise
to the following energy on WLHP(D, Ag(R?)) for every p > 2

Flu) = ][ A(u(z), Vu(z)) dz Yu € WP (D, Ag(R?)),
D
which is weakly lower semicontinuous in W1?(D, Ag(R?)).

A crucial step of the proof of Theorem 4.10 is to show that A satisfies the following property.

Property A.Let F be a Q-integrand on Ag(R? x R?*2). We say that F satisfies Property A if the
following holds. Let (a, X) € Ag(R?*x R?*?) with maximal decomposition Z‘jjzl q;[(aj, X;)] with a; # ajy
for 7 # j'. In particular, there exists » > 0 such that the graph of z — ijl gjla; + X; z] coincides in
D, with the union of J affine planes with multiplicities, at positive distance one from the other in D,.
Then, for every f = Z}-Izl fj € T(a, X, D,) such that for every € D, the sets spt(f;(z)) are pairwise
disjoint for different indices j, it holds

(A) F(a,X) < ][

D,

F(f’ vf)'

In the proof of Theorem 4.10 we will actually show that the integrand A defined in (4.2) enjoys the
following slightly stronger property:

Property B. Let A be the Q-integrand on Ag(R? x R?*2) defined in (4.2). We say that A satisfies
Property B if the following holds. For every (a, X) € R? x R?*? and for every ¢ < @ and function
f € T(q[(a,X)], D), it holds

(B) A9(q[(a, X)]) < ]@ A9(f,Vf),

where the g-integrand A? is defined in Remark 4.6.

Thanks to Remark 4.6, Property B implies Property A. Indeed, assuming Property B and reasoning
as in Remark 4.3, for every A > 0 and ¢ < @ it holds

Al(ql(a, X)]) < i AI(f,Vf), VfeT(ql(a, X)],Dy).
A
Then, since for every € D,, spt(fj(x)) are disjoint for different indices j, by Remark 4.6 it holds
A(f(x),Vf(z)) = ijl A% (fj(x),V fj(x)) and the same holds for A(a, X). Thus, applying (B) to each
A% we get (A).

Proof of Theorem 4.10. We divide the proof in two steps.

Step 1: We show that F is weakly lower semicontinuous in WP (D, A(R?)), assuming that the integrand
A satisfies Property A. The proof of this step essentially follows the proof of [11, Theorem 0.2], specifically
the part showing the sufficiency of quasiconvexity for lower semicontinuity of the energy, and is based on
the blow-up procedure introduced in [24]. We recall briefly the main steps of the proof, highlighting the
main differences with the reference [11].

In order to show the lower semicontinuity of the functional F, we consider p € [2,400) and a sequence
v* converging to u weakly in W1P(U, Ag). Note that, by (4.7), the integrand A satisfies A(a, X) <
C(1 + || X||P) for every p > 2. By [11, Lemma 1.5], one can replace v* by u* such that: the functions u*
are in WH>(U, Ag) and are converging to u weakly in WP there exists limy F(u*) and the functions
uy, are equi-integrable, meaning that there exists a function ¢ : [0, +00] — [0, +00] superlinear at infinity
such that

sup/ o(|VulP) < +o00
k U
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To conclude, it is sufficient to show that F(u) < limy F(uy), which is, in turn, implied by showing that

d
(4.14) Alu(z), Vu(e)) < —Z5(a)
holds on a set of full measure U , w~here i is (up to subsequences) the weak-* limit of the measures
A(uy, Vug)L2U, see [24]. The set U is chosen in the reference [11] so that some density conditions for
ug, u hold on it. In particular, u is differentiable at every point = € U. The proof of (4.14) follows from
two claims, as in [11].

Claim 1: Let z9 € U and (u(xo), Vu(xo)) with maximal decomposition E‘le g;jl(aj, X;)]. Denote
§ = minj,; laj — ay| > 0 and o = min{1,/(8Q|Vu|(x0))}. Then there exist pp — 0 and {w*}reny C
Lip(D(xo, pr), Aq) such that:

(a) wk admits a decomposition w* = Z}]:l[w;“] with wf € Lip(D(zo, pr), Aq;), and for every z €

D(xo, pr) it holds G(w* (x), u(wo)) < 20|Vul(x0) p and G(w* (), u(wo))? = Y7_; G(wk (), g;la;))*;
(b) fD(Io,pk) gp(wk,Txou) = 0(P£)§
(€) W yoo (g apy) A(WF, V¥) = 13 (o).

Note the difference from the reference [11] in item (c). We recall the main steps of the proof.

As in [11], we can find radii pg which satisfy the following conditions:

dp
sup][ cp(|Vuk|p) < 400, ][ A uk,Vuk) — (z0),
k J D(zo,px) D(zo0,apr) ( d.2?
(4.15) ][ GP (ug,u) = o(p}) and ][ GP (uk, Towyu) = o(p}).
D(zo0,px) D(z0,px)

Set ry, = 2a max{|Vu|(z0),5/(8Q)}px and consider the retraction Jy : Ag — By, (u(zg)) C Ag con-
structed in [13, Lemma 3.7]. We define w”* := 9}, o u¥, and check that the claim holds.

Indeed, (a) follows since ¥y takes values in By, (u(zo)) C Ag. As for (b), the choice of 4 implies that
Vg 0 Tyou = Tyou on D(zo, apy,) since

(4.16) G(Teyu(), (o)) < [Vulao)| |z — o] < [Vu(zo) ap < .

By this, we reason exactly as in [11] to show that Ay = {w" # u*} satisfies |Ax| = o(p?). We thus show
item (c), since by the definition of Ay it holds

]i(xmapk) A <uk,Vuk> — ][D(Io’apk) A (wk,Dwk)

< 0421/3,% /Ak (A (uk,Vuk> + A (wk,Dwk)) < :%/Ak (1+ | Dw*|P + |Vuk|p).

By the previous estimate and the equi-integrability of Vu*, Vaw* we conclude using [11, Lemma 1.6].

k

Using Claim 1, one can “blow-up” the functions w”, as shown in the following claim.

Claim 2: For every v > 0, there exist {zF}reny C Lip(Dq, Ag), with the following properties. For each
k € N, ¥ admits a decomposition z* = ijl z;‘? in Lipschitz functions z]’? € Lip(Da, Ag;) such that, for

every x € Dy, Spt(,z;-C (x)) are disjoint for different indices j. Moreover, z¥ € T (u(xo), Vu(zg), Dy) and

(4.17) limsup][ A(zk,Vzk) < df?lf2 (zo) + .

k——+o0 o

To show Claim 2, as in [11], one starts with the functions w* of Claim 1. Since they have the same
multiplicity of u at zo, we can blow-up. Let ¢* := Z}]:1 CJ’? with the maps CJ’? € Lip(Dy, Ag;) defined by

Cjk = Tajplle—ajw?(xo + k)
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Note that for every j =1,...,J and x € D,, it holds
)
(4.18) G(¢f (@), ajlag]) < LG (wh(zo + pre), gjlaz]) < 20| V() < T

In particular, for every x € D, spt((]’-“(x)) are disjoint for different indices j. By a change of variable,
one also gets C]k — gjlaj + X -] in LP(Dq, Ay;) and

J
oAV = o A e ], V)
o T0,0Pk j=1

For every = € D(wo, apy), the maximal multiplicities of 7, png,aj [w;c

spt(w;‘? (x)) are disjoint for different j, also the maximal multiplicities of w*(x) and Z}-le Ta, p,;l’T,aj [w;c ()]
coincide for every z € D,. By Remark 4.5 we get

(z)] and wf(x) coincide. Since

J
A Ta 1 T—a, [Wh], VW& :][ A(w®, V).
][D(Io,apk) (]Z; e Y ) D(zo,0p))

Therefore, by item (c) in the previous claim we conclude

d
. k Ey _ ap
pm DQA(g V) = g (o).

The rest of the proof of Claim 2 follows as in [11], and amounts to employ Lemma 4.7 to match the
boundary data Ty, u.0D. The only difference is that we first define zf € Lip(Da, Ay;) for j =1,...,J
interpolating between C;&Dm and gjla; + X -]LOD,, and then 2% = Z}']=1 z;»“ € T(u(zo), Vu(zo), Da).
Here, the parameter r € (0,1) is chosen as in [11]. We now check that for every x € D,, spt(zjl?(:v)) are
disjoint for different indices j. If 2 € Di,q, then 2¥(z) = C]k () and Spt(CJ’?(az)) are disjoint for different

J
indices j. Consider now = € D, \ D,,. By definition of the interpolation ® in (4.5), we can estimate for

every P € Ay,

G(hj(x), P) < Lip(§ ") |po () — &(P)| = Lip(§ ")|po ®(x) — po &(P)| < Lip(§™)|®(z) — &(P)|

< Lip(¢™) Lip(€) (e max Glajla + X;0]. P) + (1 = GhHe) max 6(f(v). P))

< i 1 . T ' k .

< Lip(¢ ") Lip(§) max { max G(g;la; + X;v]. P). max G(c (). P)}

Considering P = gj[a;] and up to choose a smaller «, depending on ), we conclude that
G(h} (), gjlas]) < C(Q)20|Vul(zo) < §.

By Claim 2, we can test (A) with every z*, deducing

A(u(zo), Vu(wg)) < limsup/D A(zk,Vzk) < o (o) + 7,

k——+o0

which implies (4.14) by letting v — 0 and concludes the proof.

Step 2: We show that the integrand A defined in (4.2) satisfies Property A, showing Property B, that is
(B) holds for every ¢ < @ and every function f € T (q[(a, X)], D). Since the argument below does not
depend on the particular value of ¢ we choose, we fix ¢ = Q. We fix (a, X) € R? x R?*? and, with an
abuse of notation, we denote (a, X) = Q[(a, X)] € Ag.

Fix f € T(a,X,D) and § > 0. We first note that the energy of f can be approximated by the energy
of almost piecewise affine functions. In fact, denoting with L the Lipschitz constant of f, by Lemma 5.1,
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we find an L'(L, Q)—Lipschitz function g € T (a, X, D) for which there exists K € N piecewise disjoint
cubes D’ C D and points (a%, X*) € Ag(R? x R?*2) such that

K
|D\ U DY <6, gD’ =:g"is affine and ¢* € T(a, X*, DY),

where X = Vg, and ¢° is the Taylor expansion of f at a differentiability point for f in D’. Moreover

/DA(f,Vf)z/DA(g,Vg)—

We are thus left to show (B) for the function g.
We denote DY = 2 +rD for 2 € D, and recall that r € (0,4). In particular it holds

K K
_ 4
(4.19) /DA(g,Vg) > ;/De A(g,Vg) = E/DZA(Q,X ).

Since g° is affine, for every x € R2, the point (g*

(r),Vg*(x)) has the same maximal multiplicities of
(a*, X%). Thanks to Remark 4.5 it thus holds A(g (x

, X% = A(a*, X*) and (4.19) becomes

(4.20) /Ag,vg ) > > D" A(a’, X).
=1

For every £ = 1,..., K we consider ¢ € T(a’, X* DE) such that

(4.21) A(a, X5 > 4 (Vb)) — 4.
Dt
Note that gLOD! = ¢*LOD". Therefore, the following Q-valued map is in Lip(D, Ag):
K

P =Xk, pe T )P Xoe-

By (4.20) and (4.21) we get

/| A<g,vg>2§( [ e —ap) = [ o) -

(=1
where the positive constant C' depends on L', and thus on f. Since (a,X) = Q[(a, X)] and pLdD =

Qa+ X -]LOD, then ¢ € T(a, X, D). Hence we deduce from the previous inequality and the definition of
A in defined in (4.2), that

/ A(g,Vg) > A(a, X) — C4.
D

Since § was arbitrary, we conclude (B) and thus the proof.
O

An interesting consequence of the previous result is the following characterization. We consider a
bounded, open set U C R2.

Proposition 4.11. Assume that a lower semicontinuous integrand F on AQ(R2 x R2%2) satisfies
(4.22) F(a,X)=F(b,X) forall (a,X), (b, X) € Ag(R? x R?*?) with same mazimal multiplicities.

Then, if the associated energy F( f fU (f,Vf) is weakly—x lower semicontinuous in W (U, Ag),
the functional F satisfies Property A
Conversely, if F' satisfies Property A and for some p > 2,
Fla, X) < C(1+ [ X]P),

then the associated energy F is weakly lower semicontinuous in WP (U, Ag).
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Proof. Weak—x lower semicontinuity implies Property A. We assume that the functional F is weakly—sx
lower semicontinuous in WH(U, Ag). We fix (a, X) € Ag(R? x R?*?) with a maximal decomposition
ijl gjl(aj, X;)] and a; # a; for j # i. Let 9 € U and define the affine function u(x) := Zj:l gjla; +
Xz —x0))] = ijl uj(x). We can assume without loss of generality that 2o =0 € U. Let D, C U for
some 7 > 0. Note that for r small we can ensure that the graph of u over D, is the union of J affine
planes with multiplicities, at positive distance one from the other. Consider a Lipschitz test function
w = "7_ w;j € T(a,X,D,) such that for every = € D, the sets spt(w;(z)) are pairwise disjoint for

J
different indices j, as in the statement of Property A.

Set zj(y) = T (44X, »W;(y), so that z;L0D, = ¢;[0], and extend z; as an r-periodic map to the whole
. _ J
R2. We consider v;‘(y) = Ta,4x,y (k12 (ky)) and vF = D=1V
D,.
Note that v}“ — uj weakly—x in W'°°(D,, A,) as uniformly Lipschitz and converging in L>. Thus,
by the lower semicontinuity of F we get

(4.23) / F(u, Vu) < lim inf / F(vF, VoP)
T DT

;-“ for k£ € N. We replace v}“ by u; outside

k——+o0

Since w is affine, the maximal multiplicities of (u, Vu) = (u, X) are the same as those of (a, X). By (4.22)
and (4.23) we have

(4.24) |Dy|F(a, X) = / F(u, Vu) < lim inf / F(o®, VoP).
D, r

We now estimate the right-hand side in (4.24). First, for every z € D,, spt(vé-C (x)) are pairwise disjoint
for different indices j. Then, by definition the maximal multiplicities of v;-“ (z/k) and w;(x) coincide for

all x € D,.. Since Vo* is r-periodic in D, and so are the maximal multiplicities of v*, by periodicity and
a change of variable we get

J
(4.25) ][ F(o*, Vo) = ][ F(o*, voP) = ][ F(w(k-), Vok) = ][ F(w,ZTX]-sz),
r Dk Dy Dr j=1
where in the second equality we used (4.22). Since 7x,Vz; = Vw; by construction, we conclude

/TF(vk,Vvk) :/TF(w,Vw),

which, paired with (4.24), yields the conclusion.

Property A implies weak lower semicontinuity. Assume that the integrand F' satisfies Property A.
The result follows from Step 1 in the proof of Proposition 4.10 once we show that for every sequence
{(a*, X*)}ren € Ag(R?xR2¥2) with the same maximal multiplicities of (a, X), if G((a*, X*), (a, X)) — 0
then F(a*, X*) — F(a, X). Indeed, this convergence was used in Step 1 in the proof of Proposition 4.10
to deduce (4.14). Hence we are just left to show this convergence.

Let Z;-le q;l(aj, X;)], E;-le qj[(af, Xjk)] be a maximal decomposition for (a, X), (a¥, X*) respectively,
and let ug, uy be the affine functions defined by ZJJZI gjla; + X; -, ijl 4 [aé‘? + X ]k -] respectively. Note
that, since (4.14) needs to be checked at differentiability points of u, we can assume that a; # a; for
J# i

By lower semicontinuity of F', it suffices to show that

F(a,X) > limsup F(a®, X*).
k——+o0
To do so, we reason as in Lemma 4.8. Note that, for k sufficiently large, there exists r > 0 such that, for
each j, the graph over Dy, of the affine map = — a? + X ka is contained in a tubular neighborhood of
the graph of x — a; + X;x. Moreover, these neighborhoods are pairwise disjoint for distinct indices j.
Let o, = G((a, X), (a*, X*)). We build an interpolating function h* between uoLdD(j 14, ), and uFLOD,

by Lemma 4.7 which admits a decomposition h* = > i1 b

matching the decomposition of wug, u.
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Moreover, the graph of each h? is contained in the tubular neighborhood of the graph of z — a; + Xz,
and they are thus pairwise disjoint for different j. Reasoning as for (4.12), the Lipschitz constant of h*
is uniformly bounded as k — +o0o. We define on D(;,), the map ©* = upxp, + thD(1+o'k)'r\DT' Since

o* € T(a, X, D(140)r), using (A) we conclude

FaX)< ] Flehe") = D |P(a, X4 + Coy
D(1+(7k)r
for a positive constant C'. Sending k — 400 we conclude.
O

We conclude this section with the following lemma which relates the quasiconvexity introduced in [11]
and Property A for integrands satisfying (4.22).

Lemma 4.12. Consider a Q-integrand F on Ag(R? x R?*?) satisfying (4.22). If F is lower semi-
continuous, quasiconvexity of F implies Property A. If F is continuous, quasiconverity and Property A
coincide.

Proof. Let (a,X) € Ag and (a, X) = Z}'le ¢;[(aj, X;)] with aj # a; for j # i. We first note the following.
Consider (b, X) € Ag admitting a decomposition of the form

J/
(b7X):qu'[(bj7Xj)]7 bj#bi for j # 1,
=1

where J' > J and (up to a permutation) there exists indices ig = 0,41,...,iy_1,495 = J' such that
q{jAH +-- -—l—qgj =g;forall j=1,...,J. Then, if F is lower semicontinuous it holds F'(a, X) < F(b, X),
while if F' is continuous it holds F(a, X) = F(b, X). Indeed, let {(a*, X)}ren C Ag be a sequence with
the same maximal multiplicities of (b, X) and converging to (a, X). By semicontinuity of F' and (4.22)
we conclude that F(a, X) < liminf, F(a*, X) = F(b, X). If F is continuous we have instead F(a, X) =
F(b, X). Consider then w € Lip(D,, Ag) such that for every € D, the sets spt(w;(z)) are pairwise
disjoint for different indices j. If F' is lower semicontinous, for every x € D, where w is differentiable it
holds F(w(z), Vw(z)) > F(a, Vw(x)), from which we can conclude that the quasiconvexity (2.1) implies
Property A. If F is continous, F'(w(z), Vw(x)) = F(a, Vw(z)) and the two properties are equivalent. [

4.4. Proof of the main result. We are now ready to prove Theorem 1.1.

Proof of Theorem 1.1. We show that the Q-integrand A defined in Theorem 4.10 is not polyconvex. Recall
that the simple 2-vectors v; = ¢; A M(X;), i = 1,2, 3 introduced in (3.1), where ¢; = cg = 46 2(4 —¢?)~!
and c3 = 52252 satisfy vy + vg + v3 = 26%e12 = 262 \ M(0).

We fix a € (R?)? and f € T (a,0, D) with Lipschitz constant L. We recall the notation Ty, T#, TM TV
introduced in Section 3, where we again drop the dependence of T from f. Recall that each point p € Tj
is an integer density point for T admitting a tangent plane. We also recall that wy,ws are e-horizontal
while ws is e-vertical. Moreover, the 2-vectors v; are such that R(P,,) = P,, for i = 1,2,3, where
R = diag(1,1,¢,¢).

By the definition of ¢ we can estimate

(4.26) / (V) > M(Tp € Ty : TyTy # Py, for i = 1,2,3}).
D

Indeed, consider a point p € Tp of density 0(p). We denote p = (z,y) € R? x R?. Then

f(x) =0(p)[yl + 2

with y € R?, z € Ag-op) (R?) and d(y,sptz) > 0. In particular, choosing a ball B centered at z with a
small enough radius, we can ensure

d(y,sptz) > 0> 3(Q — 1)L diam(B),
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so that by [13, Proposition 1.6] the function f admits in B a decomposition into two L-Lipschitz functions
f1 € Lip(B, Agpy), f2 € Lip(B, Ag_s(p)) with disjoint graphs. Since there exists the tangent plane to
Ty at p, it also holds Vfi(z) = 0(p)X for some X € R?*2, If at such p the tangent plane to Ty is
different from P, , P,,, then ¥(V fi(p)) = 0(p)||AM(X)||, which shows (4.26) since |[AM(X)| > 1 for
every X € R?*2,

We now claim that a quantitative lower bound can be established for the right-hand side of (4.26).
We denote G := (R™!);T, which is still a multivalued graph, see (3.28), and Gy := R~!(1p). We also
denote GN° .= Gu{p € Gy : T,Goy # Py, fori = 1,2,3}, and G' = GuL{p € Gy : 1,Gy = P} for
i = 1,2,3, which are well-defined as restrictions of a rectifiable current on measurable subsets of the
support. Bounding the tangential Jacobian from above by 72, by the area formula

M(GN®) < e 2M(T{p € Ty : T, Ty # P, for i = 1,2,3}).

Moreover, since G = GV° + G! + G2 4+ G3, by the linearity of the pushforward it holds yg = Ygns +
2?21 Ygi- In particular, since 12 = [ wp dyg(P), we deduce that

Z /wp e34 dygi(P) = /wp -eq3 dygns(P) + /wp - eq3 dygs(P).

i=1,2
Recalling the definition (3.4), we have wy - e34 = wy - e34 = % and wsy - e43 = %, so that the previous
equality reads

2
<G3)+/C«)p-€43d’y NS(P).
4Hw1H Z 2w ¢

Since the pushforward of a measure is mass-preserving, we have ”)/GNS|(5;'<2,4))) = M(GY®), and by
lwp - eq3] < 1 for ygns-a.e. P, we conclude

2]wi]l g i 4Hw1H
(4.27) 0< Istll Z M(G?) M(GNS).

On the other hand, since projecting on the h—plane the multivalued graph G does not produces cancel-
lations, it holds

(4.28) QM(@G) = 3 M(G)+M(GS),
i=1,2,3
Summing left-hand sides and right-hand sides of (4.27) and (4.28), we get
2 4

3]l

Since ws is e-vertical it holds M(G?®) < M(G"), so that using Proposition 3.5 we arrive at

1 2]|wn ||
Q<1+
C [|ws]|

)M(GM) + (1 + 4H2021H>M(GNS)

Finally, since the planes associated to w1, w2, w3 are either e-horizontal or e-vertical, it holds M(GM ) <
M(GY?). All in all, we have concluded a quantitative lower bound for (4.26), which concludes the proof
of the claim.

Thanks to the claim, by the very definition of A we conclude that A(a,0) > 0. On the other hand,
denoting X; = (X;,...,X;) € (R¥*2)?Q for i = 1,2,3, we see that A(a, X;) = 0, as follows testing the
definition (4.2) with f = Z?:l[aj + X -]. This implies that the integrand A is not polyconvex, as A(a, -)
is not convex at 0, concluding the proof. ]
Remark 4.13. Referring to the previous proof, we note that, even if the integrand A is degenerate at
every point (a, X;) € Ag with X; = (X;,...,X;) € (R¥?)? for i = 1,2,3, we can always modify it to
produce a nondegenerate (Q-integrand fl, which is not polyconvex but whose associated energy is lower
semicontinuous. Indeed, for (a, X) € Ag(R? x R?*?) we could set A(a, X) := A(a, X) 48 || X||. This is a
nondegenerate Q-integrand (since || X|| =G (Z?:l[X 51, Q[0])) which is not polyconvex for ¢ small enough,
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as follows from the fact that 32> A(a, X;) < A(a,0). On the other hand, it is immediate to check that
A satisfies Property B thanks to the convexity of the norm.

4.5. Concluding remarks. In this final subsection we provide some observations and questions that
arose during the preparation of the work.

Remark 4.14. The envelope (4.2) provides a nonhomogeneous @-integrand. It is not clear if it is possible
to construct an integrand which depends on the gradient variable only. For all X € (R?*2)? one could
try to define the space of test functions as 7(X, D) = U,ecz)e 7 (a, X, D), but for such a choice it is
not clear whether the quasiconvexity of the envelope (4.2) holds. To be precise, Step 2 in the proof of
Theorem 4.10 fails, since it is not clear that ‘/LdD’ = gD’ and that the global competitor ¢ can be
defined.

Even more interesting would be to strengthen Theorem 1.1 to define a 1-integrand Ag which is not
polyconvex and such that the associated Q-integrand f_lQ is quasiconvex. If this was the case, Theorem 1.1
would also prove the question posed in [19, Remark 1.14]. One could imagine to define Ag as follows.
For every X € R2x?

. 1 -
(4.29) Ag(X) := inf {][ Y(Vf): fe T(q[X],B)}.

<Q | q JB
It is not difficult to see, following the proof of Theorem 1.1, that for every ) € N the 1-integrand Ag
is not polyconvex. Yet, it is not clear whether the energy functional associated to Ag is weakly lower

semicontinuous?, that is the validity of Theorem 4.10. The issue lies again in Step 2 in the proof of
Theorem 4.10, as we now sketch. Let X € R>*2 Q) € N be such that

(430)  inf { ]i B(VP):fe T(Q[XLB)} <inf { ]i BV FeT(Q- 1>[XLB>} |

ie., Ag(X) < Ag-1(X). If such X,Q did not exist, by [19, Theorem 1.8] the function ¢ would be
polyconvex. Now, consider a piecewise affine function g, and suppose that at a Lebesgue point x for
Vg it holds Vg = ¢[X] + Z}']:1 ¢;(X;], with ¢ < @ and X; # X. We need to approximate the energy
Ag(Vy(z)) = qAQ(X)+>_; 4jAq(X;), as we did in (4.21). Since Ag(X) < Ag-1(X), a @-valued function
[ is needed to approximate the value Ag(X) using (4.29). As there is left the term ) q;Aq(X;)
to approximate, we need to add to f at least one more value. Therefore, in order to approximate
Ag(Vg(z)), we need a function ¢ taking at least @ + 1 values. However, since in (4.29) we are only
allowed to use g-valued maps with ¢ < @, ¢ is not an admissible competitor. Hence we cannot conclude
the last inequality of the proof of Theorem 4.10. This argument also highlight that we cannot exclude
that for every l-integrand v the envelope

sup{¢ < 9 : the associated Q-integrand ¢ is quasiconvex}
coincides with the polyconvex envelope of 1.

Remark 4.15. We lastly present a comment on Property A, which replaces the quasiconvexity property
of Definition 2.2 introduced in [11]. As observed in Remark 4.9, we cannot expect in general the conti-
nuity of A. Hence the weak lower semicontinuity of the associated energy functional is not equivalent to
quasiconvexity of A. As shown in Proposition 4.11, under the assumption (4.22), the weak lower semi-
continuity of the energy turns out to be equivalent to Property A, which thus seems to be the natural
ellipticity condition for the existence of energy minimizers in this context. Moreover, when the integrand
A is in addition continuous, Property A is equivalent to the quasiconvexity of A by Lemma 4.12, and our
results match with those of [11].

2Note that, if that was true, a standard regularization by convolution would allow to find a smooth 1-integrand ¢q, close
to Ag and not polyconvex, but with 1g quasiconvex (see [6, pag. 479]).
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5. AN ALMOST-POLYHEDRAL APPROXIMATION RESULT

The aim of this last section is to establish the following approximation result, which we used in Sec-
tion 4. Essentially, we show that the energy associated to the integrand A defined in (4.2) for any
Lipschitz multivalued function f can be recovered through an approximating sequence of uniformly Lip-
schitz functions that are piecewise affine outside a set of small measure. Actually, the same proof works
for every integrand F' satisfying the assumptions of Proposition 4.11 and Property A. Specifically, Prop-
erty A can be used in (5.18) to conclude the proof of Lemma 5.2 below, instead of using the definition of
the integrand A.

Lemma 5.1. Let (a,X) € Ag(R? x R**%).  Consider f = Z}'le fi € T(a,X,D,) L-Lipschitz, for
r € (0,1) such that the sets spt(fj(x)) are pairwise disjoint for different indices j. Then there exist a
sequence of L'-Lipschitz functions {g*Yren C T (a, X, D), with L' = L'(L,Q) > 0, with the following
properties. For every k € N there exists Ly € N and pairwise disjoint cubes {DQF}ZL:’“1 C D, such that

Ly 9

DA\ Y Di| < 7

(5.1) }{ k
gkLDéC = Tzfl_Dé: for some point z € Déf of differentiability for f,  for everyl=1,..., L.

Moreover, it holds

: k k\ _
(52) Jm [ At v = [ A,

In order to prove Lemma 5.1, we first introduce the following notation. Consider an open bounded set
Q2 C R? . For r > 0, we define an r-cubic subdivision of €, if it exists, any finite union U of disjoint open
cubes contained in © whose side lengths are integer multiples of r, and such that |\ U| = 0. We can
then show the following intermediate result, which is reminiscent of [9, Lemma 4.2, 4.3].

Lemma 5.2. Let U C R? open and bounded, and f : U — Ag(R?) be L-Lipschitz. For every § € (0,1)
there exists r € (0,9) and an r-cubic subdivision {D(z¢,7)}¢=1,.. N, of a set D® C U such that

(5.3) U\ D% <6,
(5.4) D(z4,3r) cC U, for everyf =1,...,Ns

and for each £ =1,..., Nj there exists an affine function go : R* — Ag(R?) such that

(5.5) ge=T,f for some point z € D(zg,7) of differentiability for f ,
(5.6) sup G(f,g¢) < or,
D(Ze,’l”)
)
(5.7) ‘{Q(Vf, Vge) > a} N D(z,m)| < <1, Va € (0, +2).

Moreover, if ijl ¢;l(aj, X;)] is a mazimal decomposition for (f(z),Vf(z)), then f admits a Lipschitz
decomposition in D(zg, 3r) of the form

J
(5.8) f= ij, with f; € Lip(D(z¢,3r), Ag;) for every j =1,...,J.
j=1

Proof. Fix § > 0. Choose rg = r9(d) > 0 and a set Dy CC U such that Dy is the closure of the union
of pairwise disjoint translations of the square (0,79)%?. Assume in addition that each square composing
Dy satisfies (5.4) and that |U \ Dg| < 6/2. Then, for every r such that ro € rN, there exists a r-
cubic subdivision of Dy made of Io(r) cubes. We denote {D(z¢,7)}¢cr,(r) the elements of such a r-cubic
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subdivision of Dy. We define I(r) C Iy(r) as the set of indices ¢ € Ip(r) such that there exists an affine
function gy : R? — Ag(R?) coinciding with 7% f for some 2 € D(z¢,7) and satisfying
swp O(f.g) <or | G(V£Vg) <5
D(z¢,3r) D(z,3r)
We then let
(5.9) D° = U D(zg,r).
Lel(r)
As (5.4), (5.5) and (5.6) hold by construction, we are left to prove (5.3) and (5.7) for D?, and to control
the multiplicities of f,g.

We start by choosing radii 7(z) depending on the point z € Zo)o in the interior of Dy. First of all, for
every z € Dy there exists r(z) such that D(z,4r(z)) € Dy C U and we can furthermore take r(z) < .
Then, since f is Lipschitz, by Rademacher’s Theorem for multivalued functions [13, Theorem 1.13] for
a.e. z € Dy the Taylor expansion T, f of f at the point z is well-defined and satisfies

G(f(y), T2 (y)) = o]z = yI)-
In particular, for a.c. z € Dy there exists r(z) > 0 such that D(z,4r(z)) C Dy and

(5.10) sup  G(f,T.f) < dr.
D(z,4r(2))

We set 7(z) = 0 for all z at which f is not differentiable. Since almost every point z € Dy is a Lebesgue
point for V f, there exists a possibly smaller r(z) > 0 such that

9
(5.11) ]é( . G(VIVI() < 766, V0 <p<dr(e).

Additionally, denoting Z i 1 g¢jla;] a maximal decomposition of f(z), for r(z) small we can ensure that

(2
(5.12) laj —ajr| > 3L(Q — 1) diam(D(z,4r(2))), Vj#j'.
We choose r small enough so that the set A(r) := {z € Dy: r(z) <

0
(5.13) ()| < 5.

This can be done as A(r) \([),>q A(r) as r — 0, which has zero measure.

r} satisfies

We now prove that, the radius r chosen above satisfies the conclusions of the lemma.
To this end, we first claim that

(5.14) for each ¢ € Iy(r), if D(zp,7) € A(r), then £ € I(r).

Indeed, assume there exists z € D(z, 1) \ A(r) and let g, := T, f. In particular, 7(z) > 0, hence f is
differentiable at z. By definition of A(r) and r(z) we get
sup G(f,g0) < sup G(f T.f) <or.
D(z¢,37) D(z,4r(z))
Similarly
16
][ G(Vf,Var) < 9][ G(VF,Vf(z) <6
D(z¢,37) D(z,4r(z))
Therefore, ¢ € I(r) and we conclude the proof of (5.14).
Property (5.14) immediately implies that I(r) # 0, since for ¢ < |U| we have |Dy| > |A(r)| by (5.13).
The validity of (5.3) for our choice of r follows from |U \ Dy| < §/2 and the following estimate:
(5.14) (5.13) §

< Al < 5

5.9
Do\ D] = Dz, 1) <3

Ufelo(T)\I (r)
Then, using (5.11), for every ¢ € I(r) and a > 0 we get

2,

Rl=

’{Q(Vf, Vge) > a}n D(Zg,?“)’ <



28 D. DE GENNARO AND A. DE ROSA

which shows (5.7). As noted before, the properties (5.4), (5.5) and (5.6) hold by construction.
Moreover, by (5.5), the function gy is affine and (gy(z), Vge(x)) has the same maximal multiplicities
of (f(2),Vf(z)) at every point x € R2. Denoting ijl g¢jla;] a maximal decomposition for f(z), by
definition of r(z) the property (5.12) is satisfied and thus by [13, Proposition 1.6] the function f admits a
decomposition in D(z,4r(z)) as f = ijl [j, with f; L—Lipschitz taking value in A,, and with disjoint
supports. In particular, since D(zy, 3r) C D(z,4r(z)), the same decomposition holds in D(z, 3r), showing
that (5.8) holds.
O

We can now conclude the proof of Lemma 5.1.

Proof of Lemma 5.1. Let (a, X) € Ag(R?* x R?*?) and fix an L-Lipschitz function f € T(a, X, D,) with
Lipschitz decomposition ijl fj. Let Z}'le q[(aj, X;)] be a maximal decomposition for (a,X). Note
that by the assumption on the supports of f;, a; # a; for j # i. We divide the proof in two steps.

Step 1: We modify the functions produced by Lemma 5.2 in order to match the boundary data. For each
k € N, let {géf}g:L._ka denote the affine functions produced by Lemma 5.2 for the choice f,§ = 1/k,
with each géf defined on an element of an 7;-cubic subdivision {D(zf,rk)}g:h”’]\zk of a set D* C D,,
with r, < 1/k. Since min,;»; mingep, dist(sptf;(x),sptfj(x)) > 0, it holds T, f = Z}]:1 T.f; at every
differentiability point z € D, for f. Thus, by (5.5) the affine function géf admits a decomposition into J
affine functions géf’j =T,f; € Lip(R?, Aqy;). Inview of (5.6), for k large enough and for every = € D(zF,ry),
spt(gZ ;()) are disjoint for different indices j. In particular, (5.6) implies that for k large enough it holds

J
(5.15) s G(fah) =3 suwp G(fr k) < (re/k)
z€D(zF ) j=1 zeD(zf,rp)
For every j = 1,...,J we define hl;j as the function interpolating between f; on 8D(zé‘“', ) and gfj on

D(z}, (1 —1/k)ry) constructed by Lemma 4.7 for the choice 0 = 25, r = (1 — 7)r). In order to estimate
the Lipschitz constant of h¥ ;» we first note that for every « € 9Dy, and thanks to (5.15) it holds

G(fia + =), gk ,((1 = Do + )
< G(Fa+ 25, 51— Da+20)) +6 (o (1= P+ 2), (1 - Pa+26)) < L2+ K.

Thus, by (4.4) we conclude that hf ;18 L' —Lipschitz, for a constant L' not depending on k.
We define the following maps on D,:

J Ny,

k._ k k

g = Z [ijD\Dk - Z (h&J'XD(Z?,rk)\D(Z?(l*%)Tk) + ngXD(Zé“,(l,i)rk))] :
j=1 =1

By definition the function g* coincides with g§ on D(zf, (1 — 4)rg) and it has the same trace of f on

OD(zéf,rk), thus it is L'-Lipschitz in D. Moreover, since g* admits a Lipschitz decomposition with the

same multiplicities as the global decomposition of f, it holds ¢* € T (a, X, D,.).

By (5.3), and since Nj < é, it holds

Ny, Ng
(5.16) |D\ UDGE (- bm)| < 1+ | Dk \ DG - b
/=1 /=1

1
< HNeR(1-(-b) s>,

thus the function ¢* satisfies the properties listed in (5.1) for k large enough. Lastly, thanks to (5.16) and
(5.10) we have ¢¥ — f in measure. Similarly, by (5.7) we conclude that Vg* — Vf in measure. Passing
to a subsequence we also get (¢*, Vg*) — (f, Vf) pointwise a.e. in D,..
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Step 2: We now show (5.2) for the functions ¢* built in the previous step. By the pointwise convergence
a.e. and lower semicontinuity of A we already have that liminf;_, . A(g¥, Vg¥) > A(f, Vf) outside a
set of zero measure. In particular, Fatou’s lemma implies

/A(f,Vf)gnminf/D A(gF,vgh).

k—4o00

To conclude (5.2) it is sufficient to show the reverse inequality. In turn, by the definition of g*, to prove
the reverse inequality, it is enough to show that there exists C' > 0 only depending on f such that, for
every k large enough and every £ =1,..., Ny it holds

C
(5.17) | Ak vd < [ agvn+ D

Indeed, by (5.16), (4.7) and the uniform Lipschitz continuity of ¢*, f, all the remainders terms are
negligible as k — 4o00.

The proof of (5.17) is then very similar to the proof of Lemma 4.8. We fix k € Nand ¢ € {1,..., N},
and denote g, D' = D(2',r) the function gf and the cube Df(zéf, 1)) for simplicity. We consider z € D" such
that g =T, f asin (5.5). Let Zle g;la;] denote a maximal decomposition for f(z). Since f has a Lipschitz
decomposition ijl fj, with spt(f;(z)) that are pairwise disjoint for different indices j, then J > J. On
one hand, since z is a differentiability point for f, the point (f(2), V f(z)) admits a maximal decomposition
with the same multiplicities, i.e. (f(2),Vf(2)) = Zle gj[(aj, X;)] for some X; € R**2. In particular,
for every z € R? the maximal multiplicities of g(x) and f(z) are the same, thus g € T(f(z), V.f(2),D’).
On the other hand, since f admits a decomposition on D’ with the same multiplicities as g by (5.8), we
can employ Lemma 4.7 to find a Lipschitz function h defined on D'\ D(z’,(1 — +)r) and interpolating
between

gD’ and fLD(Z, (1 — %)7‘)
Arguing as in the previous step, the function A is L’-Lipschitz continuous, with L’ not depending on
k. We then note that the function & admits a decomposition into J multivalued Lipschitz functions in
Ags..., Ay, respectively. Hence, we can define a map h € T(f(z), Vf(z),D’) as:

h=hxpnpera-tym + FXpea-tn-
By the definition of A we conclude

- - C
G [ Ve = DIAGE.VIE) < [ ARTR < [ AgV+ D
where the constant C' > 0 depends on the Lipschitz constants of f. This shows (5.17) and concludes the
proof. O
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