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Abstract

We introduce and study Brownian motion on spaces of discrete regular curves in Euclidean
space equipped with discrete Sobolev-type metrics. It has been established that these spaces
of discrete regular curves are geodesically complete if and only if the Sobolev-type metric is of
order two or higher. By relying on a general result by Grigor’yan and controlling the volume
growth of geodesic balls, we show that all spaces of discrete regular curves that are geodesically
complete are also stochastically complete, that is, the associated Brownian motion exists for all
times. This provides a rigorous footing for performing data statistics, such as data inference and
data imputation, on these spaces. Our result is the first stochastic completeness result in shape
analysis that applies to the full shape space of interest. For illustrative purposes, we include
simulations for sample paths of Brownian motion on spaces of discrete regular curves. For the
space of triangles in the plane modulo rotation, translation and scaling, we further provide
heuristics which suggest that this space remains stochastically complete even for Sobolev-type
metrics of order zero and one.

1 Introduction

In shape analysis, we frequently consider spaces of parameterized shapes as infinite-dimensional
Riemannian manifolds and study the geometry of these spaces, see e.g. [1, 3, 4, 10, 11]. However,
in practice, we must discretize these infinite-dimensional spaces through various schemes, resulting
in finite-dimensional analogs of the considered spaces which are endowed with Riemannian metrics
that emulate the metric on the infinite-dimensional space.

In recent works, such as [2, 5] some effort has been devoted to studying the geometry of these
finite-dimensional manifolds to show consistency with known results in the infinite-dimensional
setting as well as to provide insights into properties of the finite-dimensional space which are
unknown in the infinite-dimensional setting.

In the present work, we obtain a stochastic completeness result for a discrete version of the space
of closed immersed curves in Rd equipped with the reparametrization invariant Sobolev metric of
order m ∈ Z≥0. This ensures long-time existence of Brownian motion on these spaces. It was raised
in [5] as a problem of interest. The only previously known stochastic completeness result in shape
analysis concerns the configuration space of exactly two landmarks in Rd and was established in [8].
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The space Imm(S1,Rd) of closed immersed curves in Rd for d ≥ 2 is an infinite-dimensional
Fréchet manifold that can be equipped with the reparametrization invariant Sobolev metric Gm

of order m ∈ Z≥0. For c ∈ Imm(S1,Rd) and h, k ∈ Tc Imm(S1,Rd) ∼= C∞(S1,Rd), this metric is
defined in terms of arc length integration by

Gm
c (h, k) =

∫
S1

(
⟨h, k⟩
l(c)3

+
⟨Dm

s h,Dm
s k⟩

l(c)3−2m

)
ds,

where ⟨·, ·⟩ denotes the Euclidean inner product on Rd, l(c) denotes the length of the curve c and Dm
s

denotes the mth-order derivative with respect to arc length. For further details, see e.g. [3, 4, 5, 11].
As a finite-dimensional analog of the space of closed immersed curves, we consider the space of

closed piecewise linear curves with n ≥ 3 breakpoints, which is exactly determined by the space
Rd×n of n ordered points in Rd, but where we disallow two adjacent vertices from coinciding. The
latter emulates the immersion property of Imm(S1,Rd), resulting in the discrete space

Rd×n
∗ =

{
(v0, . . . , vn−1) ∈ Rd×n : vi ̸= vi+1 for all i ∈ Z/nZ

}
.

Since this is an open subset of Rd×n, we have TvRd×n
∗ = Rd×n for v ∈ Rd×n

∗ . We denote the edges
of a piecewise linear curve determined by v ∈ Rd×n

∗ as ei(v) = vi+1 − vi for all i ∈ Z/nZ. The total
length of the piecewise linear curve v is then given by l(v) =

∑n−1
i=0 |ei(v)|, where | · | denotes the

Euclidean norm on Rd. We further define a discretization of the mth-order arc length derivative
of a tangent vector h ∈ TvRd×n

∗ by first setting D0
sh = h and then recursively through, for all

i ∈ Z/nZ,

Dm
s hi =


Dm−1

s hi+1 −Dm−1
s hi

|ei(v)|
if m is odd,

Dm−1
s hi −Dm−1

s hi−1
1
2 (|ei(v)|+ |ei−1(v)|)

if m is even.

With this at hand, we can define the discrete version gm, introduced in [5], of the reparametrization
invariant Sobolev metric Gm of order m ∈ Z≥0. Given v ∈ Rd×n

∗ and h, k ∈ TvRd×n
∗ , we set

gmv (h, k) =

n−1∑
i=0

(
⟨hi, ki⟩
l(v)3

· |ei(v)|+ |ei−1(v)|
2

+
⟨Dm

s hi,D
m
s ki⟩

l(v)3−2m
· µi

)
,

where

µi =


|ei(v)| if m is odd,

|ei(v)|+ |ei−1(v)|
2

if m is even.

It was shown in [5] that gm indeed defines a Riemannian metric on Rd×n
∗ for m ∈ Z≥0 and n ≥ 3,

see [5, Lemma 3.4], and that this discretization recovers the reparametrization invariant Sobolev
metric Gm on Imm(S1,Rd) in the limit n → ∞, see [5, Proposition 3.7]. Moreover, the work [5]
studied completeness properties of the space Rd×n

∗ equipped with gm for m ∈ Z≥0 and established
the following result, which is part of [5, Theorem 4.1].

Theorem 1 (Cerqueira–Hartman–Klassen–Bauer [5]). Suppose d ≥ 2 and n ≥ 3. Then the space
Rd×n
∗ equipped with gm is geodesically complete if and only if m ≥ 2.
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Let ∆d×n,m denote the Laplace–Beltrami operator of the Riemannian manifold (Rd×n
∗ , gm) for

d ≥ 2, n ≥ 3 and m ∈ Z≥0. Brownian motion on the space Rd×n
∗ of discrete regular curves equipped

with gm is then defined to be the stochastic process on Rd×n
∗ with generator 1

2∆
d×n,m. Numerical

simulations for Brownian motion on spaces of discrete regular curves are included in Section 3.
The Riemannian manifold (Rd×n

∗ , gm) is called stochastically complete if, with probability one,
the induced Brownian motion exists for all times. In this work, we derive the following broad
characterization.

Theorem 2. Suppose d ≥ 2 and n ≥ 3. Then the space Rd×n
∗ equipped with gm is stochastically

complete for all m ≥ 2.

We prove Theorem 2 by showing that whenever Rd×n
∗ equipped with gm is geodesically complete

then it is also stochastically complete. This is not necessarily guaranteed in general, and the recent
work [9] constructs a landmark configuration space that is geodesically complete but stochastically
incomplete by using a kernel not arising from a Sobolev operator. We also highlight that the
geodesic incompleteness of the space Rd×n

∗ equipped with gm for m ∈ {0, 1} need not imply its
stochastic incompleteness, with the punctured Euclidean plane being a prominent example of a
space that is geodesically incomplete yet stochastically complete.

Although the notions of geodesic completeness and stochastic completeness are not linked
straightforwardly, under additional control of the curvature or the volume growth of geodesic balls,
it is known that geodesic completeness implies stochastic completeness. Specifically, we make use
of the following characterization by Grigor’yan, see [6, Theorem 1] and [7, Theorem 9.1].

Theorem 3 (Grigor’yan [6, 7]). Let (M, g) be a finite-dimensional Riemannian manifold that is
geodesically complete. If, for some x ∈ M , the volumes V (r) of the geodesic balls with center x and
of radius r > 0 satisfy, for some a > 0, ∫ ∞

a

r dr

log V (r)
= ∞,

then (M, g) is stochastically complete.

In addition to establishing Theorem 2, we perform numerical simulations of Brownian motion
on the Riemannian manifold (Rd×n

∗ , gm) using the Euler–Maruyama discretization of the associated
stochastic differential equation. These simulations allow us to visualize stochastic evolution in the
space of parameterized curves and to compare the qualitative behavior induced by Sobolev-type
metrics of different orders.

What remains to be studied in future work is the stochastic completeness property of Rd×n
∗

equipped with gm for m ∈ {0, 1}. To provide some indication that these spaces might well remain
stochastically complete even for m ∈ {0, 1}, we include a heuristic discussion for the space of
triangles modulo rotation, translation and scaling. For this toy model, we can gain insight into the
geometry near singularities and, thereby, into both geodesic and stochastic completeness properties
of the space.

The paper is organized as follows. In Section 2, we first derive a control for the volume
growth of geodesic balls in the space of discrete regular curves equipped with discrete Sobolev-type
metrics of order two or higher and then deduce Theorem 2, which guarantees long-time existence
of the associated Brownian motion. Simulations for sample paths of Brownian motion on spaces of
discrete regular curves are included in Section 3. We close with a heuristic analysis in Section 4 of
geodesic completeness and stochastic completeness for the space of triangles in the plane modulo
rotation, translation and scaling.
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2 Stochastic completeness

We derive a control for the volume growth of geodesic balls in Rd×n
∗ equipped with gm for m ≥ 2,

which then together with the criterion by Grigor’yan given in Theorem 3 allows us to deduce our
stochastic completeness result stated in Theorem 2.

Lemma 4. Let h ∈ Rd×n be arbitrary. Then, for all v ∈ Rd×n
∗ and m ∈ Z≥0, we have that gmv (h, h)

is a rational function of the edge lengths |ei(v)| for i ∈ Z/nZ and the denominator of its reduced
form only has factors of the form |ei(v)|, |ei(v)|+ |ei−1(v)| and

∑n−1
i=0 |ei(v)|.

Proof. We start by observing that any integer power of l(v) =
∑n−1

i=0 |ei(v)| is a rational function
of the edge lengths |ei(v)| for i ∈ Z/nZ with a denominator of the claimed form. In particular, it
follows that

n−1∑
i=0

⟨hi, hi⟩
l(v)3

· |ei(v)|+ |ei−1(v)|
2

is also a rational function of the edge lengths |ei(v)| for i ∈ Z/nZ with a denominator satisfying
the claimed property. Moreover, for the higher-order term, that is,

n−1∑
i=0

⟨Dm
s hi,D

m
s hi⟩

l(v)3−2m
· µi,

it then suffices to establish that ⟨Dm
s hi,D

m
s hi⟩ for i ∈ Z/nZ is likewise a rational function of the

edge lengths with a denominator of the desired form. Formally, this can be shown via induction by
first using that D0

sh = h is a constant and then iterating through, for all i ∈ Z/nZ,

Dm
s hi =


Dm−1

s hi+1 −Dm−1
s hi

|ei(v)|
if m is odd,

Dm−1
s hi −Dm−1

s hi−1
1
2 (|ei(v)|+ |ei−1(v)|)

if m is even,

which componentwise takes the difference of rational functions whose denominators in reduced form
only have factors of the form |ei(v)| as well as |ei(v)|+ |ei−1(v)| for i ∈ Z/nZ, and then divides by
|ei(v)| or |ei(v)|+ |ei−1(v)|, respectively, thereby retaining the desired property.

Let volgm denote the volume form on Rd×n
∗ with respect to the Riemannian metric gm. If Gm is

the metric tensor of gm written in the standard Euclidean basis for Rd×n and dV is the Euclidean
volume form on Rd×n then

volgm =
√
detGm dV.

In particular, the following proposition, which is a consequence of Lemma 4, provides a control on
the volume form volgm .
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Lemma 5. For all m ∈ Z≥0, the function detGm(v) is bounded above by a rational function of
the edge lengths |ei(v)| for i ∈ Z/nZ whose denominator in reduced form only has factors of the
form |ei(v)|, |ei(v)|+ |ei−1(v)| and

∑n−1
i=0 |ei(v)|.

Proof. Applying Hadamard’s inequality for positive definite matrices to Gm = (Gm
kℓ)1≤k,ℓ≤dn, we

obtain

detGm(v) ≤
dn∏
k=1

Gm
kk(v).

Since each matrix entry Gm
kk(v) for k ∈ {1, . . . , dn} can be expressed as gmv (h, h), by letting h run

over the standard Euclidean basis for Rd×n, the claimed result then follows from Lemma 4.

In order to use Lemma 5, which gives a control of the volume form volgm on Rd×n
∗ in terms

of the associated edge lengths, to analyze the volume growth of geodesic balls in the space Rd×n
∗

equipped with gm, we need to know that the edge lengths cannot increase or decrease too rapidly
in growing geodesic balls. We let Bgm(v0, r) denote the geodesic ball in Rd×n

∗ , with respect to the
metric gm, with center v0 ∈ Rd×n

∗ and of radius r > 0.

Lemma 6. Let m ≥ 2 and fix v0 ∈ Rd×n
∗ . There then exist constants C0, C1 > 0 such that, for all

r > 0, all v ∈ Bgm(v0, r) and all i ∈ Z/nZ,

C0 exp
(
− r

2m−1

)
≤ |ei(v)| ≤ C1 exp

( r

2m−1

)
.

Proof. For v0 ∈ Rd×n
∗ fixed, we define the positive constants

C0 = min
i∈Z/nZ

|ei(v0)| and C1 = max
i∈Z/nZ

|ei(v0)|.

In [5, Proof of Lemma 4.4], it was derived that, for m ≥ 2 and v : [0, T ) → M with d
dtv(t)

∣∣
t=0

= h,∣∣∣∣ ddt log |ei(v(t))|
∣∣∣∣
t=0

∣∣∣∣ ≤ 1

2m−1
gmv (h, h). (1)

By integrating (1) along suitable geodesics, it follows that, for all v ∈ Bgm(v0, r) and all i ∈ Z/nZ,∣∣∣∣log( |ei(v)|
|ei(v0)|

)∣∣∣∣ = |log |ei(v)| − log |ei(v0)|| ≤
r

2m−1
.

This in turn implies that

C0 exp
(
− r

2m−1

)
≤ |ei(v0)| exp

(
− r

2m−1

)
≤ |ei(v)| ≤ |ei(v0)| exp

( r

2m−1

)
≤ C1 exp

( r

2m−1

)
,

which establishes the claimed result.

Combining Lemma 5 and Lemma 6, we obtain the following control for the volume Vgm(v0, r)
of the geodesic ball Bgm(v0, r) provided m ≥ 2. Note that the assumption m ≥ 2 is a consequence
of the derivation provided for (1) in [5] requiring m ≥ 2. The volume control we get is of the form
one observes on Riemannian manifolds which admit a lower bound on the Ricci curvature by a
negative constant.

Proposition 7. Fix m ≥ 2 and v0 ∈ Rd×n
∗ . There then exist constants D0, D1 > 0 such that, for

all r > 0,
Vgm(v0, r) ≤ (2r)dnD0 exp (D1r) .
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Proof. By Lemma 5, there exist polynomial functions P1 and P2 such that, for all v ∈ Rd×n
∗ ,

detGm(v) ≤ P1(|e0(v)|, . . . , |en−1(v)|)
P2(|e0(v)|, . . . , |en−1(v)|)

,

where the polynomial function P2 only has factors of the form |ei(v)|, |ei(v)| + |ei−1(v)| and∑n−1
i=0 |ei(v)|. Since detGm(v) > 0 everywhere, we may further assume that, for all v ∈ Rd×n

∗ ,

P1(|e0(v)|, . . . , |en−1(v)|) > 0 and P2(|e0(v)|, . . . , |en−1(v)|) > 0.

Due to the stated property of the polynomial function P2, it follows thanks to the lower bound in
Lemma 6 that there exist constants D2, D3 > 0 such that, for all r > 0 and all v ∈ Bgm(v0, r),

P2(|e0(v)|, . . . , |en−1(v)|) ≥ D2 exp (−D3r) .

The triangle inequality and the upper bound from Lemma 6 further show that there exist constants
D4, D5 > 0 such that, for all r > 0 and all v ∈ Bgm(v0, r),

P1(|e0(v)|, . . . , |en−1(v)|) ≤ D4 exp (D5r) .

Putting all bounds together implies that there exist constants D0, D1 > 0 such that, for all r > 0
and all v ∈ Bgm(v0, r), √

detGm(v) ≤ D0 exp (D1r) .

We conclude that, for all r > 0,

Vgm(v0, r) =

∫
Bgm (v0,r)

volgm(v) =

∫
Bgm (v0,r)

√
detGm(v) dV ≤ (2r)dnD0 exp (D1r)

to obtain the claimed result.

Finally, we use the volume growth control for geodesic balls provided by Proposition 7 to prove
Theorem 2.

Proof of Theorem 2. By Theorem 1, the space Rd×n
∗ equipped with gm is geodesically complete for

all m ≥ 2. Moreover, by using Proposition 7, we deduce that, for v0 ∈ Rd×n
∗ and a > 0,∫ ∞

a

r dr

log Vgm(v0, r)
≥

∫ ∞

a

r dr

D1r + dn log (2r) + log(D0)
= ∞.

The criterion by Grigor’yan stated in Theorem 3 then implies that, for all m ≥ 2, the space Rd×n
∗

equipped with gm is stochastically complete.

Our proof technique does not allow us to analyze the cases m = 0 and m = 1. It is also
unclear whether the result [12, Theorem 4.2] by Nenciu and Nenciu, which provides a criterion for
a geodesically incomplete Riemannian manifold to be stochastically complete, could be applicable
in this setting because the volume growth control obtained in Proposition 7 currently requires the
assumption m ≥ 2.
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3 Numerical simulations

We perform numerical experiments that approximately simulate Brownian motion on the space
Rd×n
∗ of discrete regular curves equipped with the Riemannian metric gm for various m ∈ Z≥0. The

Brownian paths are generated by using the Euler–Maruyama scheme to discretize the stochastic
differential equation for the stochastic process with generator 1

2∆
d×n,m.

Starting from an initial configuration v0 ∈ Rd×n
∗ , we want to construct a sequence (vk)k≥0

according to, for a suitable diffusion matrix σ and a drift term b,

vk+1 = vk +∆t b(vk) +
√
∆t σ(vk) ξk,

where ξk ∼ N (0, Id×n) are independent standard Gaussian random variables. For this to correspond
to Brownian motion on (Rd×n

∗ , gm), the diffusivity σ determined by the Riemannian metric gm needs
to satisfy σσ⊤ = (Gm)−1, which can be computed via the Cholesky factorization of the inverse
metric tensor (Gm)−1. Moreover, the drift term b which arises from the geometry of the Riemannian
manifold (Rd×n

∗ , gm) can be written, in terms of index notation, as

bj =
1

2

1√
det gm

∂

∂xi

(√
det gm(gm)ij

)
=

1

2

∂

∂xi
(gm)ij +

1

2
gij

∂

∂xi
log

√
det gm.

Hence, we can approximate b efficiently by computing ∇ log det(Gm) and ∇(Gm)−1 via automatic
differentiation. We present pseudo-code for the discussed approach in Algorithm 1.

Algorithm 1 Simulation of Brownian Motion on (Rd×n
∗ , gm) via Euler–Maruyama Scheme

Require: Initial configuration v0 ∈ Rd×n
∗ , time step ∆t, number of steps N

1: for k = 0 to N − 1
2: Compute the metric tensor Gm(vk)
3: Compute its inverse (Gm)−1(vk)
4: Obtain diffusion matrix σ(vk) via Cholesky factorization:

σ(vk)σ(vk)⊤ = (Gm)−1(vk)

5: Compute drift term b(vk)
6: ▷ Efficiently computed via automatic differentiation of log det(Gm) and (Gm)−1

7: Sample ξk ∼ N (0, Id×n)
8: Update configuration:

vk+1 = vk +∆t b(vk) +
√
∆t σ(vk) ξk

9: return {vk}Nk=0

3.1 Simulations of Brownian motion

We first visualize Brownian motion initialized at several different discrete regular curves. Figure 1
shows three examples in the space of discrete regular curves with respect to the metric g2. The
evolution of the centroid of each curve is plotted for t ∈ [0, 10] with step size ∆t = 0.01, along with
the corresponding trajectory modulo translation.
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Figure 1: Three examples of Brownian motion on the space of discrete regular curves with respect
to the metric g2. Top: Evolution of the centroid of each curve from t = 0 to t = 10 with step size
∆t = 0.01. Bottom: Corresponding trajectories of curves modulo translation. We plot every 10th
curve corresponding to the centroid highlighted in red on the top plot. (a) Initialization at a square
with n = 4 points. (b) Initialization at a smooth curve with n = 100. (c) Initialization at a shape
from the MPEG7 dataset (lizard) with n = 100.

3.2 Comparison of metric orders

To further investigate the effect of the metric, we compare Brownian motion on a space of discrete
regular curves in R2 for large n and endowed with the 1st-, 2nd-, and 4th-order Sobolev-type metric,
respectively. This experiment illustrates how the order of the metric influences regularity, diffusion
rate and the preservation of geometric structure. In Figure 2, we show qualitative examples of
Brownian motion initialized at the unit circle in R2 with n = 100 for the metrics g1, g2 and g4,
respectively. In addition, we plot the minimum edge length of the evolving curve over time across
multiple runs, providing empirical evidence supporting our theoretical results. Notably, even for
the metric g1, we have not observed collapse of edge lengths to zero over a time period from t = 0 to
t = 1000. This is in line with our subsequent heuristic discussion regarding stochastic completeness
for the space of triangles in the plane modulo rotation, translation and scaling.

4 Case study – Triangles modulo rotation, translation and scaling

We provide a heuristic discussion of the stochastic completeness properties for the space of triangles
modulo rotation, translation and scaling, which exploits a conformal structure underlying this
setting and which particularly covers the cases m ∈ {0, 1}.

As illustrated in the numerical simulations in the previous section, letting a discrete regular
curve evolve according to Brownian motion on a space Rd×n

∗ of discrete regular curves equipped
with a Riemannian metric gm results both in a random movement of the curve and a random
change of the edge lengths of the curve. If one is less interested in the random movement of the
curve itself, it can be beneficial to consider discrete regular curves modulo rotation, translation and
scaling. This constitutes a submanifold of the space Rd×n

∗ that can be endowed with a Riemannian
metric by restricting gm to the submanifold, which does not correspond to the inherited quotient
metric.

The space of triangles modulo rotation, translation and scaling gives rise to a nice toy example,
where one can gain insight into the geometry near singularities and, thereby, into both geodesic
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Figure 2: (a) Brownian motion on the space of discrete regular curves in R2 for n = 100 with respect
to 1st-, 2nd-, and 4th-order Sobolev-type metrics, initialized at the unit circle discretized with 100
points. (b) Evolution of the minimum edge length over time for 10 independent simulations from
t = 0 to t = 1000 each with respect to g1, g2 and g4.

and stochastic completeness properties. We keep the discussion heuristic as it exploits a conformal
structure which is not available in general. Moreover, while we expect our volume growth control
for m ≥ 2 to carry through to the spaces of discrete regular curves modulo rotation, translation
and scaling, their geodesic completeness properties have not been studied formally in [5].

When considering triangles in the plane modulo rotation, translation and scaling, we may take
v0 = (1, 0) after translation, |e2(v)| = 2 after scaling, and v2 = (−1, 0) after rotation. This

results in the discrete space R2×3
∗ = R2 \ {(1, 0), (−1, 0)}, with tangent spaces TvR

2×3
∗ = R2 for

v ∈ R2×3
∗ . By identifying h ∈ TvR

2×3
∗ with (0, h, 0) ∈ TvR2×3

∗ , we can determine the restriction

of the Riemannian metric gm to the submanifold R2×3
∗ . It turns out to be of the form fm(v)⟨·, ·⟩,

that is, a metric conformal to the Euclidean metric on R2 \ {(1, 0), (−1, 0)} with conformal factor
fm : R2 \ {(1, 0), (−1, 0)} → R≥0. For m ≥ 1, the conformal factor develops singularities at the
points (1, 0) and (−1, 0), which corresponds to the vertex v1 coinciding with v0 and v2, respectively.
We obtain

f0(v) =
|e0(v)|+ |e1(v)|

l(v)3
,

f1(v) =
|e0(v)|+ |e1(v)|

2l(v)3
+

(
1

|e0(v)|
+

1

|e1(v)|

)
1

l(v)
and

f2(v) =
|e0(v)|+ |e1(v)|

2l(v)3
+

(
2

|e0(v)|2(|e0(v)|+ 2)
+

2(|e0(v)|+ |e1(v)|)
|e0(v)|2|e1(v)|2

+
2

|e1(v)|2(|e1(v)|+ 2)

)
l(v).

We now study how these conformal factors behave near (1, 0) and (−1, 0). By symmetry, it
suffices to consider the case where the vertex v1 approaches the vertex v0, that is, where |e0(v)| = r
becomes small. We first observe that |e1(v)| = 2 + o(1) as r ↓ 0 and then further compute that, as
r ↓ 0,

f0(v) =
1 + o(1)

32
, f1(v) =

1 + o(1)

4r
and f2(v) =

8 + o(1)

r2
.

Thus, locally near (1, 0) and (−1, 0), respectively, the conformal factor corresponds to a perturbation
of a scaled Euclidean metric for m = 0, a standard cone with its tip at the singularity for m = 1
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and a cylinder for m = 2. The conformal factors f0, f1 and f2 are plotted in Figure 3, together
with an illustration of their behavior near the vertex v0 = (1, 0).

Figure 3: Plots of the conformal factors f0, f1 and f2 corresponding to the restrictions of the
metrics g0, g1 and g2 to the space of triangles with two fixed vertices. We display the conformal
factors on [−2, 2]× [−2, 2] as well as a small region around the singularity at v0 = (1, 0).

As each iteration in the definition of the metric gm introduces one additional division by |e0(v)|,
we expect that, more generally, for all m ∈ Z≥0, there exists a constant Cm > 0 such that, as r ↓ 0,

fm(v) =
Cm + o(1)

rm
.

In particular, for m ≥ 3, concentric circles around the singularity have increasing circumferences
as their Euclidean radius decreases, and the conformal factor corresponds to a perturbation of a
structure that opens up.

These observations that close to (1, 0) and (−1, 0) the space R2×3
∗ equipped with the restriction

of gm essentially looks like a plane for m = 0, a cone for m = 1, a cylinder for m = 2 and an
opening structure for m ≥ 3 is in line with the expectation that we have geodesic completeness if
and only if m ≥ 2 as well as stochastic completeness if m ≥ 2. However, what is intriguing is that

these correspondences also suggest that R2×3
∗ remains stochastically complete even for m ∈ {0, 1}

because both the punctured plane and a cone with its tip removed are stochastically complete,
despite them being geodesically incomplete. The work [9] provided a family of shape spaces that

are geodesically complete yet stochastically incomplete. We now have with (R2×3
∗ , g0) and (R2×3

∗ , g1)
first candidates for shape spaces that are geodesically incomplete yet stochastically complete. For
a rigorous analysis, it will also be important to study possible explosion towards Euclidean infinity.
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