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Abstract

Given a complemented poset P = (P,<,0,1), we can assign to every x € P
the set ™ of all its complements. We study properties of the operator ™ on P, in
particular, we are interested in the case when z* forms an antichain or when * is
involutive or antitone. We apply  to the set Min U(x, y) of all minimal elements of
the upper cone U(z,y) of z,y and to the set Max L(x,y) of all maximal elements of
the lower cone L(z,y) of x,y. By using ™ we define four binary operators on P and
investigate their properties that are close to adjointness. We present an example of
a uniquely complemented poset that is not Boolean. In the last section we study
the orthogonality relation induced by complementation. We characterize when two
elements of the Dedekind-MacNeille completion of P are orthogonal to each other.
Finally, we extend the orthogonality relation from elements to subsets and we prove
that two non-empty subsets of P are orthogonal to each other if and only if their
convex hulls are orthogonal to each other within the poset of all non-empty convex
subsets of P.
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1 Introduction

An element a of a complemented lattice L = (L,V,A,0,1) may have more than one
complement if L is not distributive. However, R. P. Dilworth [5] showed that in a dis-
tributive complemented (i.e. Boolean) lattice the complementation is unique. An element
of a modular lattice may have several complements and it may happen that for an ap-
propriate choice of these complements the lattice in question becomes orthomodular and
for another choice it need not become orthomodular. One can overcome the problem
of choosing an appropriate complement by considering for each a € L the set at of all
complements of a without preferring any single of them. Hence, * is in fact a unary
operator on L, see e.g. [1]. For some reasons concerning so-called unsharp logics, we are
interested in complemented posets instead of lattices, see e.g. [4]. In posets we usually
work with the sets Min U (z, y) and Max L(z,y) of all minimal elements of the upper cone
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U(xz,y) of the elements = and y and of all maximal elements of the lower cone L(z,y) of
x and y, respectively. These sets substitute the missing elements z V y and x A y in the
case when the supremum or infimum of x and y, respectively, do not exist. Of course,
in the case when x V y exists it coincides with Min U(z,y) and a similar situation occurs
for x A y. The operators Min U and Max L serve as logical connectives disjunction and
conjunction, respectively, in certain kinds of unsharp logics, see again [4].

Now it is a question whether also for a complemented poset P = (P, <,0,1) it makes
sense to define and study the operator ™ assigning to every element a of P the set of
all its complements, and moreover, whether this operator shares similar properties with
the corresponding operator in lattices. It makes no sense to study * for Boolean posets
since in this case every element a has a unique complement a', thus a™ = {a'} like in
Boolean lattices. However, we show that a finite uniquely complemented poset need
not be distributive and hence Boolean. We demonstrate the properties of * in several
examples of complemented posets being neither Boolean nor lattices. Finally, using this
operator we define other derived operators having similar properties like t-norms and we
investigate corresponding adjointness properties.

2 Basic concepts

Basic concepts on posets are included e.g. in [1]. Let us recall some well-known concepts
and let us define some additional ones.

Let P = (P, <) be a poset, a,b € P, A,B C P and ' a unary operation on P. Then
Max A and Min A denote the set of all maximal and minimal elements of A, respectively.
We define
A< Bifzr<yforall z € Aandall y € B,
L(A) :={x e P |z < A},
UA) ={zreP| ALz},
A< Bifz<yforallx € Aand y € B,
A <y B if for every x € A there exists some y € B with z <y,
A <, B if for every y € B there exists some x € A with z < y.
Hence (U, L) forms the Galois correspondence between the posets (27, C) and (27, C)
induced by the binary relation < on P.

Here and in the following we identify singletons with their unique element. Instead of
L({a}), L({a,b}), L(AU {a}), L(AU B) and L(U(A)) we simply write L(a), L(a,b),
L(A,a), L(A, B) and LU(A). Analogously we proceed in similar cases.

The subset A of P is called an
o upsetifx € A,y € P and x <y imply y € A,
o down setifx € A,y € Pand y <z imply y € A.

The smallest upset containing a is T a := {x € P | a < z} and the smallest down set
containing a is | a := {z € P | x < a}. The smallest upset including A is

Al = U (1 ) = {y € P | there exists some = € A with x < y}
z€A



and the smallest down set including A is

Ab = U (4 x) = {y € P | there exists some z € A with y < z}.
€A

The mappings A — A" and A — A} are closure operators on the poset (27, C), i.e. we
have

e ACAT, ACB= A" C B"; (AN = AT,

e AC AY; AC B = At C BY; (Ah)Y = A,
Moreover, it is easy to see

e A<, B& AC BYe AV C BY,

e A<, B& BC A« BTC AT

The poset P is called distributive (see e.g. [7]) if it satisfies one of the following equivalent
conditions:

L(U(z,y),z) = LU(L(x, z), L(y, 2)),
UL(U(a:, Y), z) ~ U(L(IL’, z), L(y, z))7

U(L(;E,y),z) ~ UL(U(m, z), U(y,z)),
LU(L(z,y),z) =~ L(U(x, 2),U(y, 2)).

The poset P is called bounded if it has a least element 0 and a greatest element 1. Such
a poset will be denoted by (P, <,0,1) and in the whole paper we assume that 0 differs
from 1, i.e. the bounded poset is non-trivial.

A reflexive and transitive relation on a set is called a quasiorder, in particular, the relations
<, and <, are quasiorders on the power set 2 of P.

If the supremum or infimum of A exists in the poset P, we denote it by \/ A and A A,
respectively.

Now let P = (P, <,0,1) be a bounded poset. Recall that b is called a complement of
aifavb=1and aANb = 0. We write @ L b in this case. This relation is consid-
ered as orthogonality. The poset P is called complemented if every element of P has at
least one complement. A distributive complemented poset is called a Boolean poset. A
unary operation ' on P is called an involution if it satisfies the identity (z')" ~ =z, it is
called antitone if x,y € P and x < y imply v < 2/ and it is called a complementation
if x L 2/ for all x € P. A complementation that is an antitone involution is called
an orthocomplementation. An ortholattice is a bounded lattice (P,V,A,’,0,1) with an
orthcomplementation.

The following result was already proved by the authors in [3]. For the reader’s convenience
we repeat the proof.

Proposition 2.1. Let (P,<,0,1) be a bounded distributive poset and a,b,c € P with
a L banda L c. Then b = ¢ and hence the complementation in a Boolean poset is a
unary operation that is an antitone involution (cf. [6]).
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Proof. We have

It was shown already by R. P. Dilworth [5] that a finite uniquely complemented lattice is
Boolean. By the previous Proposition 2.1, every complemented distributive poset has a
unique complementation and hence is Boolean. However, contrary to the case of lattices,
there exist finite uniquely complemented posets which are not Boolean, see the following
example.

Example 2.2. The poset depicted in Fig. 1

Figure 1. Uniquely complemented poset

15 evidently uniquely complemented but not Boolean since it is not distributive, e.qg.

L(U(c, f"),a) = LV, 1,a) = {0,a} # {0} = LU(0) = LU (L(c,a), L(f', a)).

It was proved by J. Niederle [6] that every pseudocomplemented and uniquely comple-
mented poset is distributive and hence Boolean. Example 2.2 is not in conflict with
this result because the poset depicted in Fig. 1 is not pseudocomplemented. Namely, we
have L(a,a’) = L(a, f") = 0 but there does not exist some =z € P with o/, f' < z and
L(a,z) =0.

3 The operator *

Let P = (P,<,0,1) be a bounded poset. We define the following unary operator on
subsets of P:

At ={reP|x Lyforallye A}
for A C P. Hence, if (P,<,’,0,1) is a Boolean poset then xt = 2’ for all x € P.
Obviously, (*,*) is the Galois correspondence between the posets (24,C) and (24, C)
induced by the symmetric relation L. From this fact we obtain immediately
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Lemma 3.1. Let P = (P, <,0,1) be a complemented poset and A, B C P. Then
(i) AC (AT)T,
(ii) A C B implies BT C A™,

)
)
(i) ((AF)F)" = A7,
(iv) A C B* is equivalent to B C A™.

Since P is non-trivial, we have ) = P and P = 0.

A subset A of P will be called closed if (AJF)Jr = A. Let CI(P) denote the set of all closed
subsets of P. Then clearly CI(P) = {A* | P}. Because of AT N AT = () for all
A C P we have that C1(P) := (CI(P),C P) forms a complete ortholattice with

orthocomplementation * and
+\ t
o (o))
iel iel
A=A

iel iel
for all families (A;;¢ € I) of closed subsets of P.

Observe that AT = (] 2™ for all A C P and that in case that P is uniquely comple-
€A
mented, in particular if P is Boolean, we have C1(P) = {0, P} U {z* | x € P}.
In the following let N5 = (IV5, V, A) denote the lattice visualized in Fig. 2.
1

-
+,0,

0
Figure 2. Non-modular lattice N

Of course, this lattice is complemented, e.g. we have bt = {a, c}. The lattice C1(Nj) is
depicted in Fig. 3.
N5

0
Figure 3. The lattice C1(Nj)
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Here we shortly write ac for {a, c}. Similarly we proceed in other figures.

Some basic properties of the operator ™ are as follows:

Proposition 3.2. Let P = (P, <,0,1) be a complemented poset and a € P. Then the
following hold:

(i) a € (a™)" and ((a+)+)+ =at,
(i) (z*, <) is an antichain for every x € P if and only if P does not contain a sublattice
1somorphic to Ny containing 0 and 1,
(iii) (a™, <) is conver,
(iv) if the mapping x — (z7)* from L to 2% is not injective then L does not satisfy the
identity (x7)T ~ x.
Proof.

(i) follows directly from above.

(ii) First assume there exists some b € P such that (b, <) is not an antichain. Then
b ¢ {0,1}. Now there exist ¢,d € b™ with ¢ < d. Since b ¢ {0,1} and b € ¢c"Nd* we
have ¢,d ¢ {0,1}. Because of |P| > 1 we have b ¢ {c,d}. Hence the elements 0, b,
¢, d and 1 are pairwise distinct and form an N5 containing 0 and 1. If, conversely,
P contains a sublattice (P, V,A) isomorphic to N5 and containing 0 and 1, say
P, ={0,e, f,g,1} with e < f then e, f € g* and hence (¢, <) is not an antichain.

(iii) If b,c € a*, d € P and b < d < ¢ then {1} C U(a,d) C U(a,b) = {1} and
{0} C L(a,d) C L(a,c) = {0} showing d € a™.

(iv) If the mapping « — (z™)% is not injective then there exist a,b € L with a # b and
(a™)* = (b*)" which implies b € (b*)* = (a™)* and b # a and hence (a™)* # a
showing that P does not satisfy the identity (x1)" ~ .

]

Next we present an example of a complemented poset (P, <,0,1) where (2, <) is an
antichain for each x € P.

Example 3.3. The complemented poset P = (P, <,0, 1) visualized in Fig. }

Figure 4. Non-distributive complemented poset P
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1s not distributive since
L(U(a,b),c) = L(e,1,¢) = L(c) # 0 = LU(0,0) = LU (L(a, c), L(b, c))
and does not contain a sublattice isomorphic to Ny containing 0 and 1. Accordingly to

Proposition 3.2 (i), (b%, <) = (¢*, <) = ({f, 9}, <) is an antichain. The lattice C1(P) is
depicted in Fig. 5.

| ), |

Figure 5. The lattice C1(P)
An example of a complemented poset which is not a lattice where (2, <) need not be

an antichain is as follows.

Example 3.4. The complemented poset P = (P, <,0, 1) visualized in Fig. 6

s

N

Figure 6. Non-distributive complemented poset

1s the horizontal sum of the poset from Fig. 4 and the four-element chain 0 < i < j <1
and hence it is not distributive. Moreover, P contains the sublattice {0, a,e,i} isomorphic
to N5 and containing 0 and 1, and hence (b™, <) = ({f, g,1,7}, <) is not an antichain in
accordance with Proposition 3.2 (ii).

Proposition 3.5. Let (P,<,0,1) be a finite complemented poset such that x — (x*)*

is injective and a € L and assume (a™)t # a. Then there exists some b € (a™)t with
(b)Yt =b.

Proof. Let a; € (a*)™ \ {a}. Then (aj)" C (a™)". Since a; # a and z + (z7)*

is injective we conclude (af)* & (a®)*. Now either (af)* = a; or there exists some
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ag € (af)*"\ {ai}. Then (a3)* C (af)*. Since ay # a; and z +— (x7)7T is injective we
conclude (az )™ G (af)*. Now either (a3 )" = ay or there exists some as € (az3)™ \ {az}.

Since P is finite and (af)* 2 (a3 )" 2 -+ there exists some n > 1 with |(¢})*] =1, i.e.
(aF)* = a, and we have a, € (¢])" C (a )T C--- C (af )" C (a™)T. O

A poset is said to be of finite length if it has no infinite chains. Let (P, <) be a poset
of finite length and A C P. Then Max A # (), Min A # (), U(A) = U(Max A), L(A) =
L(Min A), A <4 Max A and Min A <, A.

Lemma 3.6. Let P = (P, <) be a poset of fine length and A, B C P with A C B. Then
the following holds:

(i) Max A <; Max B and Max L(B) <; Max L(A),
(i) Min B <, Min A and MinU(A) <, MinU(B).

Proof. According to the remark at the beginning of this section we have A <; Max A.
Now Max A C A C B <; Max B and therefore Max A <; Max B. Finally we conclude
L(B) C L(A) and therefore Max L(B) <; Max L(A). This shows (i). The proof of (ii) is
dual to that of (i). O

In what follows we study connections among the sets MinU(z",y™), Max L(z ™, y™),
(Min U(:l:,y))jL and (MaxL(a:,y))Jr.

Theorem 3.7. Let P = (P, <,0,1) be a complemented poset of finite length and consider
the following statements:

(i) for all z,y € P, x <y implies y* < a7,

)
(ii) for all x,y € P, x <y implies y* <y a™,
(iii) for all x,y € P, x <y implies y© <y a™,

(iv) (Min U(:U,y))+ <y Max L(z™,y™") for all x,y € P,

(v) MinU(z ", y") <5 (Max L(z, y))+ for all z,y € P.
Then (i) implies (ii) and (iii). Moreover, (iv) implies (ii), and (v) implies (iii). If for all

.
x € P, x* has a greatest element xo then (1) implies (iv). If, finally, for all x € P, x™
has a smallest element x1 then (1) implies (v).

Proof. Let a,b € P.
That (i) implies (ii) and (iii) is clear.
If P satisfies (iv) and a < b then
b" = (MinU(a, b))+ <; Max L(a™,0") < a™.
If P satisfies (v) and a < b then

b* =MinU(a*,b") <, (Max L(a, b))+ =at.



Now assume (i) and that for allz € P, 2 has a greatest element z5. Let ¢ € (MinU((a, b))Jr
and d € MinU(a, b). Then a,b < d and hence d™ < a™,b" which implies ¢ < dy < a™,b".
Thus ¢ € L(a™,b") showing (MinU(a,b))Jr C L(a*,b%) whence (MinU(a, b))+ <
Max L(a™,b").

Finally, assume (i) and that for all z € P, x% has a smallest element x;. Let e €
(Max L(a, b))Jr and f € Max L(a,b). Then f < a,b and hence a*,b" < f* which im-
plies a™,b™ < f; < e. Thus e € U(a*,b") showing (Max L(a, b))Jr C U(a™,b") whence
Min U (a*, b*) <5 (Max L(a,b)) " O

The next example shows that the conditions (i) — (iii) of Theorem 3.7 are far from being
trivial, namely, we provide a complemented poset which is not a lattice where these
conditions are violated.

Example 3.8. Consider the complemented poset depicted in Fig. 7
1

0

Figure 7. Complemented poset
We have f <k, f* =1[b,n] and k™ = [c,0] and hence k™ £ T, kT £, fT and kT £y fT.

That the generalized De Morgan’s laws do not hold in general is shown by the following
lemma.



Lemma 3.9. Let P = (P,<,0,1) be a complemented poset of finite length that is not
uniquely complemented. Then the generalized de Morgan’s laws

(Mln U(I’, y))+ ~ Max L($+7 y+)7
(Max L(z, y))Jr ~MinU(z™", y™)
do not hold.

Proof. Since P is complemented, but not uniquely complemented, there exists some a € P
with |a*| > 1. Let b, ¢ € a™ with b # c. Suppose (MinU(z, y))+ ~ Max L(z*,y™) holds.
Then

at = (MinU(a, O))Jr = Max L(a™,0") = Max L(a™) C L(a™).

Since b,c¢ € a* we have b € a™ C L(a™) C L(c), i.e. b < ¢. From symmetry reasons

we have also ¢ < b and hence b = ¢, a contradiction. Now suppose (Max L(x,y))Jr =

MinU(z",y*) holds. Then
at = (Max L(a, 1))Jr =MinU(a*,17) =MinU(a™) C U(a™).

Since b,c € a® we have ¢ € a™ C U(a™) C U(b), i.e. b < c¢. From symmetry reasons we
have also ¢ < b and hence b = ¢, a contradiction. O

Example 3.10. The complemented poset (P, <,0,1) visualized in Fig. 8
1

e

LN,

0

Figure 8. Non-distributive complemented poset

does not satisfy the generalized De Morgan’s laws since

(MinU(a,0))" = a* = {¢,d, g,h} # {0} = Max L(a™) = Max L(a™, 0%),
(Max L(a, 1)>+ =a" ={c,d,g,h} # {1} =MinU(a™) = MinU(a*,17).

4 Derived operators

Using the operator © we define other important operators in complemented posets of
finite length as follows:
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Definition 4.1. Let (P,<,0,1) be a complemented poset of finite length and a,b € P.
Define

aob:= Max L(a,b),
a—b:=MinU(a",b),

a®b:= MaxL(b, U(a, b+)),
a < b:=MinU(a", L(a,b)).

Observe that e.g.
Min U (a*, L(a, b)) = Min (U(a*) N UL(a, b)) = Min (U(cﬁ) N U (Max L(a, b))> —
= MinU (a™, Max L(a,b)).
The following can be easily seen:

roy=yox,andrxoy=uxif v <y,
l—sz=z,andr —-y=1if x <y,
rOl=z,andyozr=xif x <y,
l—srx=x,andx —y=1ifz <.
The couple (o, —) is said to form an adjoint pair if
roy < zis equivalent to x <y — 2
for all z,y,z € P.

Definition 4.2. We call a binary operator x on a complemented poset (P, <,0,1) of finite
length

monotone from the left if x <y implies v *x z <y y * z,

monotone from the right if x <y implies z x x <o z x y,

weakly antitone from the left if x xy > 1 xy,

weakly monotone from the right if x xy <z x 1

(x,y,z € P).

Lemma 4.3. Let (P,<,0,1) be a complemented poset of finite height. Then the following
holds:

(i) o and ® are monotone from the left,

(ii) — and < are monotone from the right.

Proof. Let a,b,c € P with a <b.
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(i) We have L(a,c) C L(b,c) and hence
aoc= MaxL(a,c) <y Max L(b,c) =boc.
Moreover, we have {c} UU(b,c") C {c} UU(a,c") and hence
L(c,U(a,c")) € L(c,U(b,c"))

whence
a®c=MaxL(c,U(a,c")) <y Max L(c,U(b,c")) =boc.

(ii) We have U(c™,b) C U(c",a) and hence
c—a=MinU(ct a) <o MinU(c",b) = c — b.
Moreover, we have {¢*} U L(c,a) C {c¢*} U L(¢,b) and hence
U(c, L(e,b)) € U(c", L(c,a))

whence
¢ — a = Min U(c+, L{e, a)) <y Min U(c+, Le, b)) =c<—b.

]

On the other hand, weak monotonicity from the right of the operator ® yields that the
complementation of the poset in question is unique.

Lemma 4.4. Let P = (P,<,0,1) be a complemented poset of finite length and assume
® to be weakly monotone from the right. Then P is uniquely complemented.

Proof. Let a € P and b,c € a™. Then U(c,b") = 1 since a € b™ and ¢V a = 1. Hence
b=MaxL(b,1) = Max L(b,U(c,b%)) =coOb<coOl=c
Now ¢ < b follows from symmetry reasons. Together we obtain b = c. O

The next two results show how the properties of the pair (®, <) influence the behavior
of the pair (o, —).

Theorem 4.5. Let (P,<,0,1) be a complemented poset of finite length and a,b,c € P.
Then the following hold:

(i) If < is weakly antitone from the left then a o b < ¢ implies a < b — c.
(i) If ® is weakly monotone from the right then a < b — ¢ implies aob < c.

¢, L(a,b) < ¢. Moreover,
U(bt,c).

Proof. The following are equivalent: a ob < ¢, Max L(a, b)

<
the following are equivalent: a < b — ¢, a < MinU(b",¢), a <
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(i) If < is weakly antitone from the left and a o b < ¢ then
a=1<a<b—a=MnU(b" L a))
and L(a,b) < ¢ and hence
Ub*,e) CU(bT, L(a,b)) C Ula),
i.e. a < U(b",c) showing a < b — c.
(i) If ® is weakly monotone from the right and a < b — ¢ then
Max L(b,U(c,b")) =cOb<coOl=c
and a < U(b', ¢) and hence
L(a,b) C L(U(b",¢),b) C L(c),
i.e. L(a,b) < c showing aob < c.

]

Remark 4.6. In a Boolean poset (P, <,’,0,1) the operator — is weakly antitone from
the left and the operator ® is weakly monotone from the right since
= y=MinU (', L(z,y)) = MinUL(U(a',2),U(a',y)) = MinULU (2, y) =
= Min U(2/, y) >y=1<y,
rTOY = MaXL(y, ) Max LU(L( x), L(y, y')) = Max LUL(y,x) =
= Max L(y, ) m—x@l

Corollary 4.7. If P is a complemented poset of finite length, — is weakly antitone from
the left and ® is weakly monotone from the right then (o,—) form an adjoint pair.

Of course, in a Boolean poset (P, <,’,0,1) the operator < is weakly antitone from the
left since in such a poset we have

=y =MinU (2, L(z,y)) = MinU (L(z,y),2') = MinUL(U(z,2'),U(y,2")) =
=MinULU(y,2') = MinU(y,2') >y=1<=y.

However, we can present an example of a non-uniquely complemented poset that is not
a lattice and where < is weakly antitone from the left.

Example 4.8. The complemented poset (P, <,0,1) from Figure 8 is neither distributive
since

L(U(e, f),b) = L(1,b) = L(b) # 0 = LU(0,0) = LU (L(e, b), L(f,b))
nor a lattice since a NV b does not exist. Now let x,y,z € P. Then
P ifzx=1
Ua™) = { 1 OJ:fherwi;e,
rol=MaxL(z,1)=x
MinU(0,y) =y if x =1,
1 otherwise.

, MinU(0,L(1,y)) =y ifz =1,
x%y:Man(er,L(x,y)):{ 1 0.L0,9) = E)]ctherwise.

r—y=MinU(z", y) = {
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The assumption of (1) of Theorem 4.5 is satisfied since v — y >y =1 — y. Accordingly,
the conclusion of (i) of Theorem 4.5 holds:
Ifroy<zandy=1thenx=xo0l=2o0oy<z=1—2=y — 2.
Ifroy<zandy#1thenx <l=y— z.

We now turn our attention again to the adjointness of the operators o and —. In the
proof we use similar arguments as in [2].

Theorem 4.9. Let (P,<,0,1) be a complemented poset of finite length. If
U(1:+,L(:r,y)) CU(y) forallz,y € P (1)

then for all x,y,z € P
roy < z implies x <y — 2.

If
L(z,U(z*,y)) C L(y) for all z,y € P (2)

then for all x,y,z € P
xr <y —zimpliesxoy < z.

Proof. Let a,b,c € P. Then the following are equivalent:
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Moreover, the following are equivalent;

a<b—c,
a <MinU(b",¢),
a<U((b",c),
a € LU, ),
L(a) C LU(b,¢),
U(bt,c) CU(a).

If aob < cand (1) then U(c) C UL(a,b) and hence
Ubt,c) =UB)NU(c) CUDBT)NUL(a,b) = LU (b", L(a,b)) C U(a)
showing a < b — ¢. If, conversely, a < b — ¢ and (2) then L(a) C LU(b*,¢) and hence
L(a,b) = L(a) N L(b) € LU(b*,¢) N L(b) = L(U(b™, ), b) C L(c)
showing a © b < c. O
Example 4.10. The poset from Figure 8 satisfies (1) since

=U(y) ifx =1
U(xﬂL(fE,y)) { C U(ZJF) ={1} CU(y) otherwise.
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Remark 4.11. Every Boolean poset (P, <,’,0,1) satisfies (1) and (2) since

U(«', L(z,y)) = UL(U(«',2),U(2',y)) = ULU(2',y) = U(2',y) C U(y),
L(:zc, U(x’,y)) = LU(L(x,x'), L(m,y)) = LUL(x,y) = L(z,y) C L(y).

In the next theorem we prove a similar assertion as in Theorem 4.9, but for the operators

® and <.

Theorem 4.12. Let (P, <,0,1) be a complemented poset of finite length. If
U(:ﬁ,L(x,U(:ﬁ,y))) CU(y) forallz,y € P (3)

then for all x,y,z € P
Oy <z impliesr <y — z.

If
L(x, U(zt, L(x,y))) C L(y) for allx,y € P (4)

then for all x,y,z € P
r<y<—zimpliesr®y < z.

Proof. Let a,b,c € P. From the proof of Theorem 4.12 we have that a®b < ¢ is equivalent
to L(b,U(a,b")) C L(c) and that a < b < ¢ is equivalent to U (b™, L(b,c)) C U(a). If
a®b < cand (3) then L(b,U(a,b™)) C L(c) and hence

U(b*, Lb,c)) = U(b", L(b) N L(c)) C U(b*, L(b) N L(b,Ua, b+))) -
- U(b+, L(b,U(a, b+))) C U(a)

showing a < b < c. If, conversely, a < b < ¢ and (4) then U(b*, L(b,c)) C U(a) and
hence

L(b,U(a,b*)) = L(b,U(a) NUB*)) C L(b, U(b*, L(b,c)) N U(b*)) -
= (b.U(*, L)) € L(e)

showing a © b < c. O]

Remark 4.13. Every Boolean poset (P, <,’,0,1) satisfies (3) and (4) since

U(x’,L(:Jc, U(x’,y))) = U(w"LU(L(ﬂf,w’)»L(w,y))) = U(«', LUL(z,y)) =

=U(2/, L(z,y)) =UL(U(2,2),U(2',y)) = ULU(2',y) =
7', y) CU(y),

(
(2. ULU,2), U )) = L@, ULU( y)) =

15



The poset from Figure 8 satisfies (3) since

+ + = L(y) ifz=1
U(x Lz, Ul ,y))> { C U(Z”L) ={1} CU(y) otherwise.

Recall that a poset P = (P, <) is called modular if one of the following equivalent condi-
tions is satisfied:

U(L(x,y),z) = UL(:C,L(y,z)) for all z,y,z € P with z < z,
L(U(m,y),z) = LU(:C, U(y,z)) for all x,y,z € P with x < z.

The next result shows that stronger versions of modularity imply adjointness if ® and
—.

Corollary 4.14. Let (P,<,0,1) be a complemented poset of finite length. If
U(L(A,y),C) =UL(A,U(y,0)) for ally € P and all A,C € 2"\ {0} with C < A (5)

then for all x,y,z € P
Oy <z impliesr <y — z.

If
L(U(A,B),z) = LU(A, L(B, 2)) for all z € P and all A, B € 2"\ {0} with A < z (6)

then for all x,y,z € P
Oy <z impliesr <y — z.

Proof. We have that (5) implies
U<:E+,L(:1:,U(x+,y))> = U<L(U(:r+,y),93),x+> =UL(U(z*,y),U(z,z"%)) =
=ULU@z",y) =U(z",y) CU(y)
for all x,y € P, i.e. (3). Moreover, (6) implies
L<x, U(z*, L(z, y))) = L(U(L(x,y), x*),x) = LU(L(z,y), L(z*,z)) = LUL(z,y) =
= L(z,y) € L(y)

for all z,y € P, i.e. (4). Now Corollary 4.14 follows from Theorem 4.12. O

5 Orthogonality, Dedekind-MacNeille completion and
convex subsets
In this section we investigate the binary relation L of orthogonality introduced in Sec-

tion 2 within the Dedekind-MacNeille completion (see e.g. [1]) of a poset and within the
poset of non-empty convex subsets of a bounded poset.

Let P = (P, <) be an arbitrary poset. Put
D(P) := {L(A) | AC P}y ={B C P|LU(B) = B).
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Then D(P) := (D(P), C) is a complete lattice, called the Dedekind-MacNeille completion
of P. It is well-known that in D(P)

\/ Ai = LU (UAl),

el i€l
A=A
el el

Moreover, it is well-known that if a,a; € P for all ¢ € I then

L(a) = \/L(ai) if and only if a = \/ai,

iel iel
L(a) = /\L(ai) if and only if a = /\ai.
iel iel

Further, the mapping = — L(x) is an embedding of P into D(P), i.e. for all z,y € P,
x <y if and only if L(x) C L(y). If P has a smallest element 0 and a greatest element 1
then L(0) and L(1) are the smallest, respectively greatest element of D(P). Hence, if P
is bounded and a,b € P then a Lp b if and only if L(a) Lpwpy L(b).

We can characterize the orthogonality of two elements of the Dedekind-MacNeille com-
pletion of a bounded poset as follows.

Theorem 5.1. Let P = (P,<,0,1) be a bounded poset and A, B € D(P). Then the
following are equivalent:

(i) A Lpw B,
(i) Vp(AUB)=1andxz Ay =0 forallz € A and ally € B.

Proof. We have A Lpp) B if and only if A Vppy B = L(1) and A App) B = L(0).
Now the following are equivalent: AVppy B = L(1), LU(A,B) = L(1), U(A, B) = U(1),
Vp(AU B) = 1. Moreover A Appy B = L(0) if and only if AN B = {0}. Now assume
ANB = {0}. Ifae A/ be B,ce Pandc < abthena € A = LU(A) and
be B=LU(B). Hence c € LU(A)NLU(B) = ANB = {0}, i.e. ¢ =0 showing aAb = 0.
If, conversely t Ay =0forallz € Aandally e Bandd € ANBthend=dAd=0
showing AN B = {0}. So we finally obtain that AN B = {0} is equivalent to the fact
that t Ay =0 for all x € A and all y € B. m

Let P = (P, <) be a poset, a,b,c € P and A, B C P. Recall that A is called convez if
r,z € A,y € Pand v <y < z together imply 2z € A. Let Conv P denote the set of all
convex subsets of P. We define a binary relation C on 2° by

AC Bifand only if A <; B and A <, B.

Since the intersection of convex subsets of P is again a convex subset of P, there exists
a smallest (with respect to inclusion) convex subset A of P including A, the so-called
convex hull of A.

Lemma 5.2. Let (P, <) be a poset and A C P. Then
A= {x € P|there exist y,z € A withy < x < z}.
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Proof. Let a,c € A and b € P and assume a < b < ¢. Then there exist d,e € A with
d<aand c<e Nowd<b< e which shows b € A. We have proved A € ConvP. Now
let B € ConvP with A C B and let f € A. Then there exist g,h € A with ¢ < f < h.
Since g, h € B € ConvP we conclude f € B. This shows A C B completing the proof of
the lemma. O]

Observe that A = A' N AT. Moreover, let Conv* P denote the set of all non-empty
elements of Conv P.

Lemma 5.3. Let P = (P, <) be a poset. Then the following holds:
(i) Conv P := (Conv P, L) is a poset,
(ii) of P has a smallest element 0 and a greatest element 1 then
Conv*P := (Conv*P,C, {0},{1})
1 a bounded poset.

Proof.

(i) Since <; and <, are quasiorders, the same is true for C. Let A, B € Conv P, assume
AC Band BC A and let a € A. Because of B <y A there exists some b € B with
b < a, and because of A <; B there exists some ¢ € B with a < ¢. Since b <a < ¢
and b,c € B € ConvP we conclude a € B. This shows A C B. From symmetry
reasons we have also B C A, i.e. A= B.

(ii) According to (i), (Conv*P,C) is a poset. It is easy to see that {0} C C' C {1} for
all C' € Conv*P.

Example 5.4. For the bounded poset P depicted in Fig. 9

1

0
Figure 9. Bounded poset P

the bounded poset Conv* P is visualized in Fig. 10
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0

Figure 10. Poset of convex subsets of P
Here we write 0abl instead of {0,a,b,1}, and so on.

Let P = (P, <,0,1) be a bounded poset and A, B C P. Then we define

A lp Bifandonlyif x Lp y for all z € A and all y € B.

Finally, we show that two non-empty subsets of a bounded poset (P, <,0, 1) are orthog-
onal if and only if their convex hulls are orthogonal in the bounded poset of non-empty
convex subsets of P.

Theorem 5.5. Let P = (P, S,(Ll) be a bounded poset and A, B non-empty subsets of
P. Then A 1p B if and only if A Lconvip B.

Proof. First assume A Lp B. Let C' € Conv* P with A, BC C. Assume a € C. Then
there exist b € A and ¢ € B with b, ¢ < a. Hence there exist d € A and e € B with d < b
and e < ¢. Since d,e < a and dV e = 1 we conclude a = 1. Hence A Veonysp B = {1}.
Now let D € Conv*P with D C A, B. Assume f € D. Then there exist g € Aand h € B
with f < g, h. Hence there exist 1 € A and j € B with ¢ <7 and h < j. Since f < 4,7
and i A j = 0 we conclude f = 0. Hence A Agonyrp B = {0}. This shows A Lconv:p B.
Conversely, assume A Lconvip B. Let k € A, 1 € B and m,n € P with m < k,l < n.
Then | m C A, B C1 n and hence | m = {0} and 1 n = {1} whence m = 0 and n = 1.
This shows & Lp [. Since k and [ were arbitrary elements of A and B, respectively, we
get A lp B. O]
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