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Abstract. We define a perfect obstruction theory for a moduli of sym-
plectic Higgs sheaves (E, ¢) on projective surfaces S. Key to this is a mini-
mality assumption on ch(FE) that forces all E to be locally free. This might
have implications to define a virtual count and Sp(r)-Vafa-Witten invari-
ants.

1. INTRODUCTION

In [VW], Vafa and Witten discuss solutions to the supersymmetric Yang-
Mills equations and explain relations to the Euler characteristic of the in-
stanton moduli space of sheaves on a real 4-manifold, underlying a smooth
complex surface S. A mathematical definition for such a moduli space of
Higgs sheaves on S and an enumerative geometry yielding Vafa- Witten in-
variants has been proposed by Tanaka and Thomas [TT1] for the gauge
groups U(r) and SU(r).

Fixing invariants ch(FE), Higgs sheaves (E,¢) - where F is a torsion-free

sheaf on S of rank(F) = r and ¢ € Hom(E, E ® Kg) - appear in the stable

locus A" C T*[—1].# inside the (—1)-shifted cotangent bundle to the mod-

uli stack of torsion-free sheaves . .

Via spectral theory, .4 can equivalently be described as a moduli space for
1
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stable torsion sheaves £, on X = Tot(Kg) L, S, a non-compact Calabi-Yau
threefold. .4 admits a virtual cotangent bundle V* = [V—1 — VO] that
admits a (—1)-shifted symplectic structure
0:V* — VY1)
The corresponding Donaldson-Thomas type invariant comes from the asso-
ciated symmetric U(r)-perfect obstruction theory on .4,
1/1 Ve = L( W

In order to define a wvirtual count, one uses its natural C*-action

(E,¢) = (E,A¢)

and does equivariant localization to define the U(r)-Vafa-Witten invariant
as in [TT1], 3.18].

Unfortunately, this invariant turns out to be zero in many cases, so one
has to modify the moduli space, which is roughly done as follows: Taking
determinants

E — det(E),
we get a map
(1.0.1) oy ) pie(8) x T(Kg)
given by

(E,¢) = (det(E), tr(¢)).
As Pic(9) has trivial tangent bundle and H'(0s)* = H'(Kg), one may
think of [I.0.1] as an instance of a map

T[4 — T*[-1]Pic(S),

which, unfortunately, we have not yet succeeded in defining properly.

The sub-moduli space s,y C A relative Pic(S) x I'(Kg) admits again
a symmetric obstruction theory and defines a better invariant via C*-
localization, which gives access to more surfaces S, see [I'T1, 6]. This
invariant is given by

1
VW = / —
() X qvir
[JVS((:](T)} e(yvzr)

€Q

Here, the denominator is the Euler class of the virtual normal bundle vV
to the fixed locus A€ c 4.

In other words, this is an enumerative theory for Higgs bundles of gauge
group SL(r), i.e. those pairs (E, ¢) of 4", where det(EF) = L is fixed and
tr(¢) = 0. This has been computed by many authors, see e.g. the work of
[GK] and |[GKL] and for Enrique surfaces, recent work of [O].

In view of S-duality, we interested in defining similar invariants for Higgs
sheaves of other gauge groups, such as the orthosymplectic ones O(r) and

Sp(r).
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1.1. Outline of the paper. The idea is that bundles E of .# of gauge
group O(r) or Sp(r) can be expressed as fixed points of an involution

E— E*.

The involution gives an action on the deformation-obstruction complex at
each point,

RI(om(E, E)[1]) - RI'(om(E*, E*)[1]),

given by
¢ —¢".
Over A C T*[—1|.#, we get an action on stable sheaves given by

L (Ev ¢) = (E*a _¢*)

Fixed pairs of A" C .4 under this action are given by triples (E, ¢, f), with
a non-degenerate pairing

f:E= E*
intertwining ¢ with —¢*, i.e. there is a commutative square

E— 1 | p

s |-

E®Ks 212% B* o K.
It turns out (using that stable sheaves are simple) that f is either symmetric
f* = f and E is an O(r)-bundle together with a section ¢ of so(F) ® Kg
or f* = —f is symplectic and FE is an Sp(r)-bundle together with a section
¢ of sp(F) ® Kg. Accordingly, in Sec. {4 we will show that we get under
certain assumptions two components 45 (,) and gy of A™.
To address the virtual structure, we need to phrase this action in terms
of spectral sheaves £, on X, which is done in Sec. @ The deformation-
obstruction theory of spectral sheaves is symmetric

EXt1(8¢v 805) = EXt2(5¢a ‘S(f))*a
and we want to lift + to an action on the complex
e : RI(Hom(Ey, Ey)[1]) = RI(Hom(E_g+, E_g+)[1]).

This will be done directly in families of spectral families &, where will get
an action of ¢ on

T = 7OURZom,, (&, 8)[1],

compatible with the natural action on T 4 = LXV via the Atiyah class
Atg _y, see Sec. [7]
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1.2. Main result. This is enough to meet the requirements of equivariant
localization in the sense of [GP], where we replace C* by (). The final part
is analogous to [Sch], where we use the U(r)-obstruction theory of [TT1],
which is now t-equivariant and localize it to Ag,,y C A", This allows us
to set up a perfect obstruction theory on Ag, ), which endows it with a
virtual cycle [Ji{gp(r)]v", see Prop.

Key to all of this is an assumption on co(FE) when fixing ch(E) that assures
that all pairs of 4" are in fact locally free. Only this will make (E,¢) —
(E*, —¢™*) into a globally well-defined involution, see

1.3. Outlook. We are interested in generalizations to arbitrary ch(F) that
would include torsion-free sheaves as well. A different approach that we
would like to compare with involves replacing .4/ by a moduli space of
complexes and a different stability condition; see recent work of [B].
Furthermore, we would like to show that the virtual structure on g,
is again symmetric, so [,/qu(r)]“" is degree 0 and we can set up new Vafa-
Witten invariants using torus localization as in [TT1].

Finally, we remark that although under certain assumptions both O(r) and
Sp(r) appear in .4, we restrict to Sp(r) for this discussion. There are some
stability issues with O(r) and as Sp(2) = SL(2), Agp(2) has already a virtual
theory as discussed in [TT1] and [Sch].

1.4. Notation. The bounded derived category of .#" is denoted as D?(.4).
If .4 is endowed with a group action G, we denote the bounded derived cat-
egory of G-equivariant sheaves as D(A) see e.g. [R] for an introduction
to equivariant categories.

Furthermore, we use the notation

R omy, (6,8) := Rpx (R om(&,&)) € DU(AN),

with canonical projection px : X x A4 — 4. Notation will be simplified
whenever possible: For example, we will use for the map = : X — S and
its base change X x A4 — § X .4 the same notation. For the canonical
line bundle K¢ on S, we use the notation n*Kg for the sheaf on X and its
pullback to X x 4.

1.4.1. Duals. For coherent F, we define its dual as F* := J€om(F,0).
If V* is a complex of coherent sheaves, we denote by V*V the dual com-
plex. Furthermore, for spectral sheaves £, on X, we have duals EQ? =

Ext (Ey, m* K1) which we define similarly for families &

1.5. Acknowledgments. Special thanks to Richard Thomas for his ideas
and encouragement during early stages of this project.

Furthermore, we want to thank Tasuki Kinjo, Woonam Lim and Wik-
tor Vacca for reading and helpful comments and Martijn Kool and Georg
Oberdieck for inspiring discussions around the topic.
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2. HIGGS PAIRS

2.1. Higgs pairs. We fix a smooth projective surface S over C with polar-
ization Og(1). A Higgs pair

(E,¢)on S
is a coherent sheaf E together with a map
¢ €(énd(E) ® Kg) =Hom(E,E ® Kg).

If X := Tot(Kg) = S denotes the total space of the canonical bundle, the
spectral correspondence

Higgs(S) = Coh.(95),
identifies pairs (F, ¢) with their spectral sheaves
Eyon X,

which are compactly supported sheaves on X.
Higgs pairs (F, ¢) form an abelian category Higgs(.S), where a morphism

fi(E,0) = (E,¢)
is a morphism
f:E—FE
that intertwines ¢ with ¢/, i.e.
fo=4¢'f.

Given (E, ¢), we get £, as the sheaf of eigenspaces of ¢ acting on E, sup-
ported on the corresponding eigenvalues in Kg.
And given &, we recover

(E7 ¢) = (7r*8¢,7r*(7' : 1d))7

where 7 - id is the tautological endomorphism on X.
We refer to [TT1) 2.2] for the details of the spectral construction.

2.2. Resolutions. There is a natural resolution of &, in terms of (E,¢),
see [TT1) 2.11.]. Namely, if 7 denotes the tautological section of 7* Kg, this
is given by

1 7 é—rid

(22.1) 00— TE®Kg ™E —< 5 &, 0

Remark 2.2.2. An important observation is that if F is a bundle, £ has
projective dimension pd(E,) equal to 1.
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2.3. Different gauge groups. We start with some preliminaries:
For a locally free sheaf E with dual E* = J#om(FE, Os), we have a natural
isomorphism E* @ E* & J#om(E, E*) and taking duals f +— f* defines an
involution with 41 eigensheaves

SLym*(E*) & N°E*.
Sections of the former are symmetric f* = f and section of the latter skew
/=t
If F is endowed with a non-degenerate pairing

f:E>S EY

the triple (E, f,¢) is an orthogonal Higgs bundle or O(r)-bundle, if f is
symmetric and

¢ € D(s0(E) ® Ks) C [(€nd(E) ® Ks)

is a section of the Kg-twisted Lie algebra bundle of skew-symmetric endo-
morphisms.
We call the triple a symplectic Higgs bundle or Sp(r)-bundle if f is skew
and

pel(sp(FE)® Kg) CT'(&nd(F) ® Kg)
is a section of the Kg-twisted Lie algebra bundle of symmetric endomor-
phisms.
We refer to App. for some background.

2.4. SO(r). We call an O(r)-bundle (E, f, ¢) together with an orientation
o: 0 = AN"E an SO(r)-bundle, see [OT, Def.2.1]. For example, every
O(2)-bundle splits into its isotropic lines £ = L @ M. In this simplest case,
choosing an orientation is the same as fixing an isomorphism M =+ L*, such
that £~ L & L* and A’E = L ® L* and the map
0 Lo L2t prg L Y g

is given by 1 — —1.
2.5. Reflexive sheaves. We have an exact sequence

0 Etor E ev Enook7

where the first map E%" C E is the natural inclusion of the torsion sub-
sheaf and the second the canonical evaluation map e — ev.. That means,
ev: F — E* if F is torsion free. We call E reflexive, if ev is an isomorphism.
Clearly, this holds if E is locally free.

Definition 2.5.1. Throughout this discussion, E will be a torsion free sheaf
E of rank(F) = r.

Moreover, we recall (see e.g. [SPl Tag 0B3N]):

Lemma 2.5.2. Over a smooth surface S, E is reflexive precisely if it is
locally free.


https://stacks.math.columbia.edu/tag/0B3N
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Corollary 2.5.3. F — E** extends uniquely to a map of Higgs pairs
(E,¢) = (E™,¢™).

Proof. As E** is always reflexive, the lemma implies it is locally free. Fur-
thermore, as both F and E** are locally free in codimension 1, E**/E is

~Y *k

supported on points of S, so there is an open U where E|y = lu, to-
gether with an extension ¢** of ¢. As &nd(E**) ® Ky is again locally free,
it is reflexive, thus it is a Sg—sheajﬂ and ¢™* extends uniquely to a map on
all of E**. O

2.6. Stability.

Definition 2.6.1. Denoting H := ¢1(0s(1)) on S, we define the slope of E

to be
B deg(FE)

FE):=
HE) rank(E)’
where deg(F) := [gc1(F).H.
We call the pair (F, ¢) slope semi-stable or u-semi-stable, if
n(F) < p(E)
for all proper ¢-invariant subsheaves F' on S and we call (E, ¢) slope stable,
if the inequality is strict.
Definition 2.6.2. The reduced Hilbert polynomial of E is given by
rank(E)
and we call (E, ¢) Gieseker semi-stable if we have
pr(n) < pg(n) forn>> 0,
and we define Gieseker stability again by making the inequality strict.

Remark 2.6.3. If ¢;(F) = 0, pg is given by

pe(n) =

1
(2.6.4) Pr(n) =rx(0Os) — ca( E) + i(ranl(S) +r(r+ 1)n*H?),
which follows from simplifying the general formula of App. [10.2.1]
We recall the following standard fact, see [HLL 1.2.7]:

Lemma 2.6.5. Let f : (F,¢) — (E’,¢') be a non-zero map of semi-stable
Higgs pairs with pgp = ppr. Assume that (F,¢) is stable. Then f is an
isomorphism.

Claim 2.6.6. If (E, ¢) is stable, so is (E**, ¢™).

Proof. As c¢1(F) = c1(E**) =0, we have pu(F) = u(E*) = 0.

Assuming that (F,v) C (E**, ¢**) is a Higgs sub-sheaf, pulling back along
ev gives a Higgs sub-sheaf (E'N F,¢|gnr) of both (F, ) and (E, ¢).

Thus, as E**/E is supported on points, so is E/(ENF): we have ¢;(F).H =
ca(ENF).H <0, as (E, ¢) is stable, hence pu(F') < 0 as desired. O

IFor S, sheaves and extension of sections, we refer to 1.1.10 [HI] and 1.17 of [Schw].
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Remark 2.6.7. We further remark that slope stability implies Gieseker
stability, which implies slope semi-stability. Thus, if the invariants ch(FE)
are chosen such that slope stability agrees with slope semi-stability, we get
that Gieseker stability = slope stability.

2.7. Moduli spaces. Fixing invariants ch(E) such that slope semi-stability
implies stability, there is a quasi-projective moduli scheme

N = Nonm)

whose closed points Spec(C) — .4/ parametrize isomorphism classes of
stable Higgs pairs [(F, ¢)]. As stable sheaves are simple, we have

Aut(E, ¢) = C*.
We fix ch(E) = (1,0, c2) such that semi-stability implies stability.

Claim 2.7.1. Let c2(E) be of minimal degree such that .4 is non-empty.
Then all pairs (E, ¢) are locally free.

Proof. E is torsion free, we have a canonical embedding E — E** extending
uniquely to a map (E,¢) — (E**,¢™) by Cor. which is an isomor-
phism if and only if E is locally free by Lem. [2.5.2]

Assuming that E is not locally free, rank(F) = rank(E**) implies that
Pg < Pg++ by stability of (E, ¢). By the above expression for Hilbert poly-
nomials this implies c2(E) > co(E**), which contradicts minimality of
CQ(E). |

3. INVOLUTIONS

We want to express pairs (E,¢) of A4 of gauge group Sp(r) and O(r)
as fixed points of an involution. To make this into a well-defined action on
moduli spaces, we need to address stability. To keep it simple, the involution
will be first defined for single sheaves, then in families.

3.1. Single sheaves.

Definition 3.1.1. Fixing a Chern character ch(E) = (r,0,c2) with > 0
and co(E) minimal as above, we define
(B, ¢) = (E%, —¢"),
preserving ch(E).
We claim that this preserves stability:
Claim 3.1.2. If (E, ¢) is p-stable, so is (E*, —¢*).

Proof. Note that u(E) = p(E*) = 0. If (E,¢) is stable, let (E*, —¢*) —
(Q,v) be a Higgs quotient, so we need to show that deg(Q) > 0. By [HL,
1.2.6] we may assume that @ is torsion free. As E is reflexive, (Q*, —1*) C
(E,¢) is a Higgs sub-sheaf, so deg(Q*) < 0 by stability, thus deg(Q) =
—deg(Q*) > 0. O
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3.2. Universal families. We have a universal family of Higgs bundles
(E,®)on S x A,

flat over 4. Equivalently, this is a .4'-flat universal family of spectral
sheaves
EonX XN,

So in particular, for a closed point n : Spec(C) — .4, corresponding to &

on X, we have &|x, = &;.

As E is a bundle, there is a two-term resolution of locally frees ([TT1] 2.11]),
e =1L > 6

We further remark that universal families always exists locally and globally

perhaps only as a twisted universal family.
Furthermore, the deformation-obstruction complex

R om,, (&,8)[1] € DY(A)

is always a well-defined object.
3.3. Classifying maps. As stability of (E, ¢) implies stability of the pair
(E*, —¢*), the functor

t: (E,®) — (E*, —®"),
preserves flatness and induces a classifying map

L N =N,
such that
(id x ¢)*(E, ®) = (E*, —®™).

Thus, ¢ is point-wise given by

[(E, )] = [(E", —¢7)].

As bundles are reflexive, we immediately see that (> = id holds.

4. THE FIXED LOCUS

4.1. Fixed points. In this section, we describe fixed points of
vi(E ) = (B, —¢").
As 1 is a well-defined map on .4, we may consider its scheme-theoretic
fixed locus A" C A.
Such a fixed point [(E, ¢)] € A4 is given by an isomorphism f : E = E*
intertwining ¢ and —¢*, i.e. there is a commutative square

E— 1 g

e [-o
E®Ks 12% B* o K.

As stable sheaves are simple, Aut(E,¢) = (f), so f determines the auto-
morphisms of (E, ¢).
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4.2. In families. In terms of families (E, ®) of Higgs bundles, there is a
linearization map over the fixed locus X x A7,
f:(E,®) = (E*,—0%)

and we split

f=iq+aeT(Hom(E,E")|xx.r) 2 D(SLym*(E")|xxn0) & D(AE | xx.0)
into symmetric and skew-symmetric part.

4.3. Determinants. If £ =+ E* is a pairing, then taking determinants
gives that det(F) is 2-torsion. There is a determinant ma
det : A4 — Pic’(S),
sending
E — det(E),
thus we see that the restriction to 4" gives a map

N — Pic(5)[2] c Pic?(9)

mapping to the discrete set of 2-torsion line bundles. As we are only in-
terested in sheaves E with det(E) = Og, we choose the component of 4™
given by A4 Ndet™1([0s]).
For instance, if 7 = 2, this restriction

For the rest of this discussion, this will be dropped from notation and we
may simply assume all (-fixed bundles have trivial determinants.

Proposition 4.3.1. If (E,¢) is a -fixed Higgs bundle, then f is either
symmetric f = f* or skew f = —f* and (E, ¢) admits either an orthogonal
or symplectic structure.

Accordingly, we have two components of the moduli fixed locus

JVO(T) s N e/‘{gp(r).

Proof. Let f : (E,¢) — (E*,—¢*) be a fixed Higgs bundle. We write
f = q+ w as symmetric and skew and first assume that ¢ # 0. We get

99 +wd=—¢"q— ¢'w,
so taking duals of this equation and adding it to both sides results in

a9 = —¢"q.

Thus

q: (E7 ¢) — (E*7 _¢*)
is a non-zero map, so by Lem. q is invertible and defines a non-
degenerate pairing q : E = E*. Furthermore, we compute

(a0)" = ¢*¢" = ¢"q¢ = —q9,

s0 q¢ is skew, therefore ¢ € T'(so(F) ® Kg). As Aut(E, ¢) = C*, we must
have w = 0.

2For background on (derived) determinant maps, we refer to [STV].
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Conversely, for every orthogonal Higgs bundle (F, g, ¢), q¢ is skew (see App.

Cor. [10.3.4), thus g = —(q¢)* = —¢*q implies that it gives a (-fixed point.
Thus,

</Vo(2n):JVLQ{Q#O}:JVLQ{@:O}CC/VL

is both open and closed.
If ¢ =0, then f = w and (E,w, ¢) is a symplectic Higgs bundle: Indeed, as
we have w¢p = —¢*w, we find

(We)" = ¢'w" = —¢"w = w,

S0 w¢ is symmetric, hence ¢ € T'(sp(E) ® Kg). For the same reason as
before, any symplectic bundle (F,w, ¢) lies in A4 and we get

‘/’(S'p(Qn) :JVLD{C]:O}:‘/VLH{@#O}
is open and closed, so another component of 4. O

Remark 4.3.2. We conclude that orthosymplectic Higgs bundles appear in
U (r)-moduli spaces .4 as fixed points of an involution.

The virtual structures are induced by their deformation-obstruction theory,
which we want to phrase in terms of sheaves on X. For this we need to
formulate ¢ in terms of spectral sheaves &.

Definition 4.3.3. We decompose ¢ = D o ¢ into dualizing
D: (E,¢)— (E*, ¢%)

and the sign map

g (E7¢) = (E7_¢)

5. ACTION ON SPECTRAL SHEAVES

We start with some preliminaries. Both maps, D and o, act on the
resolution

1 mr¢—T-id

(5.0.1) 0 — TE®Kg ™E —< 5 &, 0

in a natural way and give us an explicit description of £_4-.

5.1. Duals. We start with the correct notion of duals for spectral sheaves:
Definition 5.1.1. We define the dual of £ to be the sheaf
5¢D = Entt (E4, T K ).
Lemma 5.1.2. If E is locally free, we have
R om(Ey, m* K" )[1] 2 EF.

Furthermore,
Eq? = coker(r*¢* — 7-id) @ T Kg"
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Proof. As E is locally free, the resolution implies that dh(&;) = 1.
As codim(Ey, X) = 1, &4 is an So-sheaf, thus &' (Ey, Ox) = 0 for i > 1
by [HL, 1.1.10]. As &, is pure torsion, J€om(Es, Ox) = 0 and we get
R om(Ey, Ox)[1] = Ent'(Ey, Ox). Tensoring both sides with 7K g ' shows
the first equality.

For the second, we apply RZom(_,0x) to and recall that for all
bundles F, &xt'(F, 0) vanish for i > 0, thus

coker(1*¢* — 7 -id) = Eut' (€4, Ox) @ T K.
[l
Corollary 5.1.3. The spectral sheaf €4+ associated to (E*, ¢*) is given by
5;? = &t (Ey, T Kgh).

5.2. (1) on fibers. We add the action (E,¢) — (E, —¢), starting again
with single sheaves £4: we recover ¢ = 7,(7 -id), where 7 is the tautological
section of 7" K, i.e. 7,4 =t for local coordinates (s,t) of X.

"(—1) on fibers" is the map given by

Definition 5.2.1.
o: X — X,
(s,t) — (s, —t).
Lemma 5.2.2. 0", = E_
Proof. We show that applying ¢* to the resolution [5.0.1]

T p—7-id
1 ¢

0 —— T"E® Ky ™ E ey Es 0

yields £_g.
It is clear that o™ preserves exactness. And as 0*7(, ;) = 7(5,_s), we have
7 (0*7 - id) = —¢. Thus,

o*coker(n*¢ — 7 - id) = coker(n*¢p — o*1 - id)
= coker(m*¢ + 7 - id) = coker(n*(—¢) — 7 -id) = E_4
gives us the result. O

Corollary 5.2.3. The spectral sheaf £_y4 of (E, —¢) is given by o*&,.

6. IN FAMILIES

In order to discuss the deformation-obstruction theory, we need to phrase
above maps for families & of spectral sheaves:
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6.1. Dualizing. Let &°* = [&~1 4 &Y be a locally free resolution for &.
Claim 6.1.1. &*V ®@ 7*Kg' is one for &P = &ut'(&, 7 Kg1).
Proof. We have an exact sequence

00— &L 4, g0 & 0,

where &7 is a locally free sheaf. Applying RJZ om(__, 0) and noting that
Hom(&,0) = Ext>1(&,0) = 0 gives

00— gov 4 p-lv Ent'(&,0) —— 0.

Tensoring by W*K§1 preserves exactness and gives the desired resolution
WV @m Kgt — &P, O
Thus, the functor
& &Y T KG!
preserves flatness and defines a classifying map
D: NN,
where we recover on closed points above dualizing action
D
€] = [€5]-
6.2. (—1) on fibres. For the same reason,
& — (o xid)*&*
defines a classifying map
o N =N,

on closed points given by

(o [5(75] — [U*5¢].

By the property of universal families, we get an isomorphism
(0 xid)*&* = (id x 0)*&*
over X x./" and, after applying (o xid)* again on both sides, the tautological
identification
E=(ocxo0)é,
where by abuse of notation, o is (s,t) — (s,—t) on the first factor and
[Eg) — [07Ep) on the second.

Definition 6.2.1. To keep everything simple, we denote the resulting map
as
0,1 E* 2 0"E%; a0,

*,2

Taking duals and using that c*? = id, this is equivalently given as o, : &V =

o*&V.
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6.3. ¢ for spectral sheaves. The invariants ch(E) of the moduli of stable
Higgs bundles .4 fix those for the spectral sheaves ch(£,). And since stabil-
ity of (E, ¢) coincides with the one of £, (see [TT1, 2.9]), 4" is equivalently
a moduli for stable spectral sheaves £; on X.

Definition 6.3.1. Accordingly, the involution
L N =N
is in terms of spectral sheaves given as
Ep = Entt (07 Ey, T KT,
and we sometimes write ¢(Ey) = E_g-.
Combining everything from this section, we find:
Proposition 6.3.2. The spectral sheaf of (E*, —¢*) is given by
E_gr = Ent' (07 Ey, T K1),
Prop. implies immediately:

Corollary 6.3.3. There is a commutative square relating the two notions
of v:

X x N 2 x N
lﬂxid lﬂ'xid

(6.3.4) ’
Sx N 22 S x N

Proof. We are left to show that U*Sf is the spectral sheaf for (E*, —¢*).
This can be seen by applying Grothendieck-Verdier duality to 7, which gives

R, RAom(c*Ey, m* Kg')[dim(r)] = R om(Rr.0*Ey, O).

By Lem. we have that RZom(0*Ey, m* Kg')[1] = &t (0" E4, 7 Kg")
and RZom(E, 0s) = E*. As 7, is affine, m 0o 0 = 7w and dim(7) = 1, the
duality simplifies to

Tt (Ey, T Kg)) = E*.

Furthermore, as the action of the tautological section (7 -id) on Sq? pushes
down to ¢*, we get that m,(c*(7 -id)) = —¢*. O

7. THE VIRTUAL DIFFERENTIAL

We split again ¢ = o0 o D and deal with each map separately. We start
with D.
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7.1. Duals. Recalling

Eyrr EP = Sut (4,77 K1),
we claim:
Claim 7.1.1. There is a lift of D to a map

R Com,, (&, 8)[1] — RAom,, (6P, 6P)]1],

compatible with the Atiyah class.
Remark 7.1.2. This gives a locally free resolution

&V F &£ - RAom (&, &),

where we assume that H'(X,,&*" ®F &°%x,) = 0 for i > 0. Then their
higher direct images R'px . vanish and their push-downs to .4 are again
locally free.

Corollary 7.1.3. RZom(&P,&P) is represented by & @ &%V,

As R om(&, &) is represented by &%V @ &°, above Lem. tells us
that R#Zom(&P, &P) is represented by

(éoo,\/(gm_*Kgl)\/@L(éoo,\/®ﬂ_*K§1) ~ (g).’v’v®7T*Ks®L@@.’v®7T*K§1 ~ (g:o@Léao,\/’

where we used the natural maps 7Kg ® m*Kg' = ¢ and &* = &%VV.

Definition 7.1.4. There is a dual action
R om(&,8) — RAom(EP, &P)
[ =1
In terms of the above presentations, this is swapping the factors
&V @l &0 5 o0 gl &V,
a®R®b— —b®a,

Thus, applying Rpx . to the dual action (swapping the factors) gives a
morphism

—(_)V : R#om,, (&,8)[1] — Ritom,, (&P, 6P)[1],

which we call the virtual differential of D (omitting the shift from notation).
Furthermore, this map is compatible with D, : T y — D*T 4 via partial
Atiyah Ate 4

Claim 7.1.5. The following diagram commutes

R A omy, (&, E)[1] —— L Rttom,, (60, &P)[1]

Atg,,A/T D*Atng

T, D+ D*T .
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Proof. It is a standard fact that Atep , = —(Ate, _s)" and the claim follows
from functoriality of Atiyah classes, as

(D*Atg y) o Dy = Atpeg vy = Atgp .

7.2. (—1) on fibres. We continue with lifting o to R7€om,, (&, &)[1].
As discussed, & = ¢*& defined in induces an isomorphism

&Vt &S o8V @t o 6.
Pushing down to .4 lifts o to an action on the virtual tangent complex
ox : Rom, (&,8)[1] = RA#omy, (c*&,0"E)[1].

This is compatible with Atiyah classes, as seen it [Schl 6.5.]. Here, o defines
a different action on the Higgs field, but this does not affect the proof in any
way. Alternatively, this can be seen as a special case of the C*-equivariance
of the Atiyah class, as proven in [R], 4.3].

Claim 7.2.1. o, is compatible with the differential map o, : T y — ¢*T 4
via Atiyah classes, i.e.

R Fom,, (8,8)[1] ——T——— RAom,, (6°8,0*&)[1]
(7.2.2) At&ﬂ 7t
T y = o*T y

commutes.

8. EQUIVARIANT SHEAVES

8.1. Equivariant objects. In order to describe the virtual structure on
A, we need a t-equivariant structure on the Atiyah class

(Atg_y : Ty — R omy, (&,&)[1]) € D)W

We briefly recall the notion of equivariant complexes on .4 in this concrete
setup for any involution ¢ on A4".

Definition 8.1.1. We call Ate t-equivariant if there is a commutative dia-
gram

R om,, (&,8)[1] ———— RAHomy, (*E,1*8)[1]
(8.1.2) Ath L*Atg]\
Ty ~ STy

such that the triangle of differentials



A VIRTUAL STRUCTURE FOR SYMPLECTIC HIGGS BUNDLES 17

TJV A L*TL/V

~ b

(") Ty

map to the virtual differentials

RHom,, (&,8)[1] —=— RHomy,, (1*&,1*E)[1]

\ e

RHomy,, (12*&,12*&)[1]

via Ate and (*Ate. Combining the claims and we conclude:

Corollary 8.1.3. Ate 4 is equivariant with respect to both actions o and
D.

We are left to show the same holds for « = D oo.

Lemma 8.1.4. We claim that the the lifts of o, D both to T 4 and TW
commute, i.e.
D,oo,=0,0D,

Proof. This is clear for the action on T 4. For the virtual action, we claim
that the following diagram commutes:

&oV oL &e O o* &SV QL g &
(8.1.5) J_(Jv J_Uv
&b & ———— 0% @L o &Y
Indeed, following the RHS gives
a®b— 0a®0b— —0bRowa=o0(—(a® b)t),

which agrees the LHS composition. The statement follows by applying
Rpx . to the diagram. O

Definition 8.1.6. We define the virtual action of ¢ to be
ty = Dyooy: Romy, (&,8)[1] = R om,, (V' E,0°E)[1]
Proposition 8.1.7. Ats 4 is t-equivariant in the above sense.

Proof. As we have shown the equivariance for both D, and o, it is clear
that both actions ¢, - the one on T 4 and the one on R #om,,, (&, &)[1] -

are compatible via Ats 4 and square to the identity, as
2 (Dy o 0*)2 = (DyoooD,o O'*)Q = Dz oo?=1id,

* T * T

by B.1.4} O
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9. THE LOCALIZATION FORMULA

We define a virtual structure for Sp(n)-Higgs bundles by identifying them
as fixed points
,/Kgp(T) A 4
and apply equivariant localization as in |[GP] and [Sch]. This requires

e a r-equivariant embedding .4~ C & into a smooth ambient space.
e a (-equivariant Atiyah class Ats 4 represented by complexes.

9.1. Smooth ambient space. We remark that .4 admits an embedding
into a smooth ambient space .4 C & that is compatible with ¢, see [Schl
1.2].

If 4/ C 0. denotes the ideal sheaf of this embedding, then this gives a
2-term equivariant representation of Illusie’s truncated cotangent complex

Ly =[7/7%= Q| 4] e D)D),
see [R 3.2].

9.2. (-equivariant representation. From the previous section after tak-
ing duals, we have an equivariant obstruction theory on .4 given by

(At y : R omyy, (&6,8)[2] = Ly) € D).

This obstruction theory can be made perfect, i.e. there is a 2-term repre-
sentation of locally frees

Ve =V 5V = rFYIRZom, (6, 6)[2),
which gives the U (r)-perfect obstruction theory on .4
veSL,,
see [TT1] 3.18]
By our previous considerations, we may choose V*® to be an equivariant
representation with respect to ¢, which together with the equivariance of

Ate 4 and representation of L, above gives a t-equivariant map of 2-term
complexes

(9.2.1) (V' =V 5 [/ 92 = Q) € DM )@,
where we refer to [Sch, 10.1] for details of the equivariant representation.

9.3. Equivariant localization. We adapt equivariant localization of [GP],
replacing C* by (:): Restricting V* to the component A,y C A" gives
a 2-term complex of O[(¢)]-modules V*°| = and the action of ¢ gives a
Z/2Z-grading

V.’JVSP(T) o et @y oMoV
into t-invariant part V** and moving part V*"%. Restricting to A5,
there is a natural map

L
L‘/VL/VSp(T) - L‘/VSP(T).
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The proof of the following is analogous to [Schl, 10.3.2], which works for any
involution ¢ and a t-equivariant obstruction theory. This is inspired by the
virtual C*-localization of |[GP, p.4-6], see also [K|, 4.1.41]. We remark that
taking fixed parts is exact ([Schl 1.1.18]) and that

Vet — [V—l,L N VO,L]
is again a 2-term complex of vector bundles. Furthermore, this gives us the

virtual cotangent bundle for .45,y according to the following proposition:

Proposition 9.3.1. The composition

o V' L
Vo= Lol = Lo,

defines a perfect obstruction theory on .45, equipping it with a virtual

vir

fundamental class [Ag; ()]

10. APPENDIX

10.1. Dual bundles. Let A, B be vector bundles over a variety S. Let A* =
Hom(A, 0) be the bundle of dual sections. Under the natural isomorphism
A*®@ B = #om(A,B), given by c @ b+— 01®b : a — o(a)b, taking duals
Hom(A, B) — Hom(B*, A*), ¢ — ¢* is the same thing as swapping the
factors 0 ® b — b ® o where a section b of B acts on a section 7 of B* via
ev: B = B**,

More precisely, the following diagram

A*® B —=— #om(A, B)
lswap lfo*
B® A* —= #om(B*, A*)
commutes.

Proof. Let a, T be sections of A, B* respectively.
As discussed above, following o ® b down the LHS gives the map

bu®o: 1+ [a— T(b)o(a)].
On the RHS, we get the map 7 +— (01 ® b)*7, given by
T la 1o (0a®0b)(a) =71(0(a)b) = o(a)7(b)].
O
In the case that we have B = A*, swapping the factors o1 ® 09 — 02 ® 01
defines an involution on #Zom(A, A*) = A* ® A*, splitting into £1 eigen-
sheaves
SLym?(A*) @ N2A*.
Sections of the former are symmetric (self-dual) maps 011 ® 02 = 021 ® 01

and sections of the latter anti-symmetric (skew) 011 ® 09 = —031® 01. We
remark:
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Remark 10.1.1. A map 011 ® 0o : A — A* is skew if and only if
Ul(a)dg(b) = —Ol(b)Ug(a).

10.2. Hilbert polynomials. Let E be a coherent sheaf on a smooth pro-

jective surface S. Let €/(1) denote a polarisation on S with H := ¢;1(0(1)).

Fixing invariants ch(E) = (r, c1(E), c2(5)), we set deg(E) := deg(c1(F).H).

The Hilbert polynomial Pg of E is given by

(10.2.1) Pi(n) =rx(05) + (e (B)er(S) + e (E)? — 2es(E))

+ MM (8) + 200 (B)) + T(T;DnQHQ))

10.3. Orthosymplectic bundles.

Definition 10.3.1. We call a pair (E, q) consisting of a rank-r vector bundle
E over S with a symmetric isomorphism

q: E = E*
an orthogonal bundle.
We call a pair (E,w) a symplectic bundle, if we replace ¢ by a skew-
symmetric isomorphism
w:E S B
We denote the associated pairing in both cases as e — €* = (e, ).

Remark 10.3.2. If £ = A ® A* where A C F is a rank-n sub-bundle, then
it admits both a natural symmetric ¢ and skew pairing w.
Here, the symmetric pairing

G- ADAN XN BN O
is given by
((a,0),(d’,b)) — o'(a) + a(b)
and we define w by replacing ” + ” by ” —” on the RHS.
10.3.1. Orthogonal is skew. We remark that we have a splitting
Hom(E, E*) = Sym*(E*) & N°E*
into symmetric maps f = f* and skew maps f = —f*.

Definition 10.3.3. Fixing an orthogonal bundle (F,q), we define the or-
thogonal group O(FE) C GL(E) to be those invertible maps f such that

(f(a), f(b)) = (a,b)
holds.

Accordingly, we define
so(F) C &nd(E)

to be the bundle of Lie algebras consisting of all endomorphisms ¢ with

(6(a),b) + (a, ¢(b)) = 0.
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Writing ¢ = 01 ® e, this means that
(¢(a),b) = o(a)e”(b)

is equal to
—(a,¢(b)) = —((b),a) = —a(b)e*(a).

Corollary 10.3.4. Let (E,q) be an orthogonal bundle. Then the isomor-
phism

¢« : End(E) = H#om(E, E*),
sending
ciR®er»oiRer,
identifies
s0(F) = A’E*.
Proof. By the above observation and Rmk. [I0.1.1} o1 ® e is a section of
s0(F) if and only if 04 ® e* is skew. O

10.3.2. Symplectic is symmetric.

Definition 10.3.5. Replacing the symmetric structure g by a skew symmet-
ric one w : E = E*, we have for a symplectic bundle (E,w) the sub-sheaf
of symplectic maps Sp(F) C GL(E), i.e. those maps f preserving w:

(f(a), f(b)) = (a,b).

We denote the corresponding bundle of Lie algebras as
sp(E) C &nd(E)
satisfying again
(¢(a),b) + (a, ¢(b)) = 0.
Corollary 10.3.6. The map
Wy : End(E) = Hom(E, E*)

identifies

sp(E) = Sym?(EY).
Proof. An endomorphism ¢ = o1 ® e is in sp(F) if

(¢(a),b) = a(a)e”(b)
is equal to

—(a,¢(b)) = (¢(b), a) = o(b)e*(a),

S0 04 ® e is in sp(F) if and only 0, ® e* is symmetric. O
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