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Stochastic Prize-Collecting Games: Strategic
Planning in Multi-Robot Systems

Malintha Fernando, Petter Ögren, Silun Zhang

Abstract—The Team Orienteering Problem (TOP) generalizes
many real-world multi-robot scheduling and routing tasks that
occur in autonomous mobility, aerial logistics, and surveillance
applications. While many flavors of the TOP exist for planning
in multi-robot systems, they assume that all the robots cooperate
toward a single objective; thus, they do not extend to settings
where the robots must compete in reward-scarce environments.
We propose Stochastic Prize-Collecting Games (SPCG) as an
extension of the TOP to plan in the presence of self-interested
robots operating on a graph, under energy constraints and
stochastic transitions. A theoretical study on complete and star
graphs establishes that there is a unique pure Nash equilibrium
in SPCGs that coincides with the optimal routing solution of an
equivalent TOP given a rank-based conflict resolution rule. This
work proposes two algorithms: Ordinal Rank Search (ORS) to
obtain the “ordinal rank” –one’s effective rank in temporarily-
formed local neighborhoods during the games’ stages, and
Fictitious Ordinal Response Learning (FORL) to obtain best-
response policies against one’s senior-rank opponents. Empirical
evaluations conducted on road networks and synthetic graphs
under both dynamic and stationary prize distributions show
that 1) the state-aliasing induced by OR-conditioning enables
learning policies that scale more efficiently to large team sizes
than those trained with the global index, and 2) Policies trained
with FORL generalize better to imbalanced prize distributions
than those with other multi-agent training methods. Finally, the
learned policies in the SPCG achieved 87% to 95% optimality
of an equivalent TOP solution obtained by mixed-integer linear
programming.

I. INTRODUCTION

The team orienteering problem (TOP) generalizes the clas-
sical traveling salesman problem (TSP) to compute a set
of “tours” that visit a subset of cities while maximizing a
collective utility [1]. It provides a unified framework for an
array of real-world applications, such as logistic networks,
and path planning [2], [3]. While several TOP variants exist,
e.g., TOPs with task deadlines [4], they share the notion
that all robots must maximize the collective return, thus
failing to model settings with heterogeneous or competing
objectives, e.g., competing individuals or teams in resource-
scarce environments. To address this gap, we propose a game-
theoretic variant of the TOP, played by self-interested robots
(agents), which we refer to as the Stochastic Prize-Collecting
Games (SPCG).

In multi-robot systems, significant research is underway
to design robotic teams to automate last-mile delivery and
hotspot monitoring, e.g., in surveillance and ocean monitoring.
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TOP: What is the most profitable tour 
for us?

SPCG: What is the most profitable tour 
for me?

Fig. 1. Left: A multi-robot prize-collecting problem on a graph. Here, S,D
denote the start and terminal nodes. One robot gets priority during conflicts. In
the TOP, the optimal policy (shown) routes the robots to maximizes the total
reward regardless of their ranks. However, when the robots are self-interested,
the senior robot must directly move to prize (2.5) ignoring the prize (1) to
prevent being cut-in-front, while the other must move to (1.5). Therefore, the
maximum total reward in the SPCG (4), is lesser than that of the TOP’s (5).
Right: A Manhattan road-network graph used for the experiments. The mean
prize at a node depends on the proximity to the center. Any dead-end node
may serve as a terminal, while S is randomized.

However, maintaining a large fleet of mobile robots is often
impractical for service providers, who may instead delegate
tasks to multiple externally-owned fleets with diverse capa-
bilities, i.e., carrying capacity and sensors. While the fleets
can route themselves to service the depots independently, they
may not coordinate their plans with the other fleets due to
the inherent misalignments in mode of operation, capabilities,
and the economic incentives. Therefore, conventional TOP-
based routing solutions, which assume cooperative robots with
a shared objective, are not directly applicable to systems of
heterogeneous and self-interested fleets, motivating a TOP
variant that accommodates individual objectives and strategic
interactions.

In the modern transportation industry, SPCGs also effec-
tively capture the bi-level, profit-driven nature of crowd-
sourced applications where rational operators, e.g., delivery
drivers, compete to maximize their individual profits among
other operators, when the service providers aim to maximize
their own profits while competing with similar other providers,
e.g., Uber, and Lyft.

Compared to the TOP, agents in an SPCG aim to maximize
their individual rewards rather than a collective utility given a
conflict-resolution rule: a rule that defines the prize distribution
when multiple robots serve the same node. Additionally, in the
SPCG formulation, the start and the terminal nodes need not
be fixed; robots may initialize randomly and choose between
multiple terminal nodes as time progresses. We prove that
when the graph is complete, there exists a unique pure Nash
equilibrium (PNE) that can be obtained under local informa-
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tion and rank-based conflict resolution. We propose two new
algorithms to obtain best-response strategies under the multi-
agent reinforcement learning (MARL) paradigm, showing that
the resulting strategies coincide with the Nash equilibrium in
complete graphs. Further, we quantify the Price-of-Anarchy
(PoA) –the ratio between the worst-case equilibrium and
the optimal routing solution obtained by solving a mixed-
integer linear program (MILP). In experiments conducted on
real-world graphs, we observe that when the robots’ local
observations are conditioned on their ordinal rank, learned
policies achieve 95% total team reward of the optimal routing
solution in an equivalent TOP, show better generalizability to
previously unseen prize distributions, and scale better with the
number of agents. Fig. 1 compares best-response strategies in
a prize-collecting game to the optimal strategy of an equivalent
TOP.

The key contributions of this work are,
1) introducing SPCGs for distributed decision-making in

competitive, stochastic graph-structured environments un-
der energy constraints, while proving the existence of a
unique PNE in certain graphs,

2) proposing two algorithms, 1) Ordinal Rank Search
(ORS), and 2) Fictitious Ordinal Response Learning
(FORL). The former finds the agents’ local rank within
temporally-formed neighborhoods, while the latter com-
putes stationary best-response strategy profiles in SPCGs
given the local observations, and

3) proposing a transformer-based architecture for modeling
the policies. We also conduct extensive numerical ex-
periments to evaluate the generalizability, and the Nash
properties of the policies in real-world road networks.

A. Related Literature
1) The Team Orienteering Problem: The TOP is a multi-

agent generalization of the TSP which does not necessitate the
salesmen to visit all the cities, rather a subset that maximizes
the collective reward given a maximum travel budget [4]. In
[5], authors formulate the multiple TSP as a Markov decision
process, where the salesmen contribute toward a common
global objective. The TOP has been extensively studied in
robotics for scheduling in stochastic environments. In [3],
authors consider a single agent orienteering problem with
stochastic prizes, while in [2], authors formulates the multi-
robot ocean monitoring under the TOP. The game-theoretic
variants of the TOP have only recently gained attention in
operational research. In [6], authors introduce a two-agent
game where a leader seeks to interdict the follower’s rev-
enue in pure competitive settings. A related game-theoretic
formulation is considered in [7] where the agents experience
a cost proportionate to the number of agents at a chosen
node. However, this formulation restricts the agents to observe
the same cost during conflicts. In [8], authors studied the
multi-robot prize-collecting game on a graph. However, the
agents must move one-after-the-other in their their Stackelberg
formulation as opposed to simultaneous moves in ours.

2) Game-Theoretic Task Assignment: Several recent works
propose MARL-based approaches for multi-robot task as-
signment (MRTA) in dynamic, stochastic environments in

cooperative [9], [10], [11], and competitive settings [12] for
manufacturing, transportation and emergency-rescue applica-
tions. Market auctions have also been studied as MRTA at the
presence of self-interested robotic agents where individuals
can propose task bundles they would like to execute by
minimizing an individual cost [13]. Oftentimes the auction-
based methods require a central arbitrator who evaluates the
robots’ proposals. This requires iterating through a number of
task bundles that is exponential in the number of nodes in the
graph –requiring extensive computation, while overlooking the
stochastic environmental transitions.

Finally, we draw parallels to resource-selection games
(RSG) in operations research [14]. We highlight that the
SPCGs differ from RSGs in two crucial ways: firstly, the
action space of an agent in SPCGs is constrained by the graph
structure, and secondly, SPCGs are an extensive-form game as
opposed to the RSG’s normal-form nature.

II. PRELIMINARIES

A. Stochastic Games

A stochastic game (SG) is a tuple ⟨N ,S,T, R, A, γ⟩, where
N = {1, . . . , n}, a set of agents, S is the state space. The joint
action space A = ×i∈[n]Ai where Ai is the action space of the
i-th agent, R = {R1, . . . , Rn}, the collection of the agents’
reward functions such that Ri : S ×A×S → R,∀i ∈ N . The
transition kernel T : S × A → ∆(S) defines the probability
distribution over S given the current joint state and the joint
action. Finally, γ is the discounting factor in i’s value function
V π
i (st) that is the total expected discounted cumulative reward

at any state st ∈ S under a joint strategy π = πi×π−i. Here,
we use −i to denote the set of all other agents except i. The
objective of an agent i in an SG is to find the strategy π∗

i that
maximizes its value function as

π∗
i ← argmax

πi(at
i|st)

V
πi,π−i

i (st)

for all t using its local observations.

Definition 1. (Nash Equilibrium) In a stochastic game, a joint
strategy π is called a Pure Nash Equilibrium (PNE) if no
player has an incentive to unilaterally deviate from it, i.e.;

V
πi,π−i

i (st) ≥ V
π′
i,π−i

i (st) (1)

for all i ∈ N , st ∈ S and π′
i ̸= πi [15].

An stage game is a one-shot game played by the agents
during a single timestep of the stochastic game.

III. STOCHASTIC PRIZE-COLLECTING GAME

Let G = (V, E ,W) define a weighted-undirected graph,
where V = {1, . . . , V }, E ⊆ {(u, v) : u, v ∈ V} are the sets of
nodes and edges. Here, W is a symmetric matrix that defines
the travel cost over an edge, without loss of generality, we
assume, W(u, v)∈ [0, w], for any (u, v) ∈ E .

Let ptu(βu) ∈ R≥ 0 denote the prize state at time t for each
node u ∈ V , where ptu(βu) is a random variable drawn from
distribution wu(βu) with βu being some sufficient statistics
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for the value distribution. We define the prizes vector pt(β) =(
ptu(βu)

)
u∈V .

An agent i’s state space is Si = V × R2
≥0, containing the

tuples < xt
i, l

t
i , i >, whose elements are xt

i ∈ V that is i’s
location at t, lti ∈ [0, Lmax] which is i’s remaining travel
budget under a common maximum budget Lmax and its index
i. Each agent has a starting node si and a destination node
di in V . We consider di = d,∀i in this work. The terminal
reward pd at d is fixed such that pd >> pu, ∀u ̸= d.

Next, we extend the definition of a SG by including G and
a conflict-resolution rule Ξ to define an SPCG, denoted by Γ.
The conflict-resolution rule Ξ defines a prize-sharing criteria
if multiple agents visit the same node, simultaneously.

An SPCG is represented as, Γ = ⟨G,N ,S,T, R,A, γ,Ξ⟩,
where S = ×i∈NSi × R|V| which include the states of the
agents and the prizes. For brevity, we ignore the time index
and define the action space of an agent as Ai = V . Note
that, the actions available for i at t is set of xt

i’s one-hop
neighbors. We refer this set as i’s reachable set at t such that
St
i = {v ∈ V : (xt

i, v) ∈ E}.
We focus on a rank-based conflict-resolution rule that allo-

cates the prize at a node wholly to the agent with the smallest
index (highest global rank). Let the index numbering reflect
the global rank of the agents. Then the highest prize value
an agent i receives by visiting a node v at t is ptv . The agent
may collect it fully given that either it has not already been
collected by another agent at a previous timestep, or no agent
with rank j (< i) visits v at t. Formally, for some i whose
xt
i = v,

Rt+1
i =

{
0 if ∃ j ∈ N , j < i, such that xt

j = v,

ptv otherwise.
(2)

Once collected, the prize gets set to 0, and re-drawn as below.

pt+1
v =

{
∼ ωu(βu) if pt = 0 ∧ ∃i ∈ N such that xt

i = v,

ptv otherwise,

Finally, we define Iti to indicate the availability of an agent
i at t, such that It+1

i = 1 if lti > 0∧xt
i ̸= d, or zero otherwise.

Then we can write the value function of an agent at t = 0 as

V π
i (s0) = E ai∼πi

a−i∼π−i

[ T∑
t=0

ItiγtRt
i(a

t
i, a

t
−i, s

t)|s0
]

(3)

where, s0 ∈ S is the initial state.

IV. EQUILIBRIA ANALYSIS

The SPCGs are highly combinatoric in nature as it re-
quire countering the others’ strategies, rendering them more
challenging to solve compared to conventional TOPs. In [8],
authors proposed a game where the agents reserve their full
routes between s and d in a leader-follower manner. The Stack-
elberg response of an agent in leader-follower formulation is
to choose the optimal route during its turn by excluding the
prizes on previously reserved routes by the senior agents. In
contrast, SPCG is a simultaneous-move game in which no
agent can reserve a tour; meaning, any pre-determined tour of

Fig. 2. A two-agent SPCG played on a graph defined by V = {s, 1, 2, 3, d}
without self-edges. The players start at s at t = 0, share the same destination
d. Consider W(u, v) = 1,∀(u, v) ∈ E , and Lmax = 3. The prize at each
node is indicated by pu. Consider ps = 0 and pd >> pu,∀u ∈ V\d. This
game does not have a PNE for any α ∈ (0, 1).

π1 π2 π3

π1 (3 + α, 0) (1, 2 + α) (3 + α, 2− α)
π2 (2 + α, 1) (2 + α, 0) (2 + α, 2− α)
π3 (2− α, 3 + α) (2− α, 2 + α) (2− α, 0)

TABLE I
PAYOFF MATRIX FOR THE 2-AGENT SPCG SHOWN IN FIGURE 2

an agent can be intercepted by another during the current or
a future stage of the game.

According to Nash’s existence theorem, there is at least one
Nash equilibrium in the mixed-strategies in an SPCG, since
the number of agents and the action space is finite. However,
a more interesting question is whether an SPCG played on
an arbitrary graph possesses a pure Nash equilibrium (PNE)?
We will show that the answer to this question depends on the
structure of the graph and the prize distribution. Here we only
focus on a single realization of prizes; p0(ωu) ∼ ×u∈Nωu,
without re-population.

Theorem 1. There is a unique pure strategy Nash equilibrium
for all p0(ωu), ∀ωu when G is complete, and a fixed rule is
available for breaking ties between multiple maximal reward-
ing strategies for an agent.

Proof: Consider some agent i ∈ N , |V| > n and the de-
scending order of prizes pdesc = (p1, . . . , pu, pu+1, . . . p|V|),
where pu ≥ pu+1, ∀u ∈ N . The best action for i during the
first stage game is to choose the i-th largest prize from pdesc.
Because, any deviation made by i to left in pdesc, (e.g., i−1-
th prize), will result in zero rewards since there is always a
senior agent, (i − 1), who can override i. Any deviations to
right will strictly reduce the reward. Therefore no agent can
do better than choosing the prize that matches their rank. In
case multiple maximal prizes are available, one may invoke a
tie-breaking rule that is known to everyone, e.g., agent with
the lower rank choosing the prize with the minimum travel
cost. Then, re-sort pdesc, and repeat the same procedure in the
subsequent stages. If the i-th prize is 0, or lti is not sufficient to
reach another prize, then move to d. This concludes the pure
Nash equilibrium strategy for any i for any p0. The uniqueness
of the solution is guaranteed by the uniqueness of pdesc if no
prize repeats, and by the tie-breaking rule, otherwise.

Remark 1. It is clear from Theorem 1 that the PNE under a
fixed tie-breaking rule also results in the PNEs in the stage
games. Also, the total team reward under the PNE is equal to
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that of the optimal solution obtained by solving an equivalent
TOP for a given L.

Next, consider Gs is a star graph, i.e., edge set Es =
{(w, u) : u ∈ V, u ̸= w}, where w is some staging node
that does not contain a prize. Then Theorem 1 also applies
for Gs: the PNE strategy for the i-th agent is moving to the
node with the i-th largest prize in every alternating stage.

Remark 2. It is sufficient for an agent to only know its rank,
the number of players, and the graph state to compute the
PNE, instead of the full state vector, st that includes the private
state components of the other agents.

Theorem 2. There exists some joint distribution of prizes
×u∈Vωu(p̄u) and a graph G, for which an SPCG played on
an arbitrary G does not possess a PNE.

Proof: This is a proof by counter-example. Consider the
SPCG shown in figure 2, played on a graph G. Consider two
players i, i+ 1, referred to as senior and junior, are at s, and
share the same destination d1 = d2 = d. Consider the pure
strategies available to each player: π1 = (1, 2), π2 = (2),
π3 = (3) (we use the superscripts to avoid confusing with
agents’ strategies πi). Here, a strategy (u, v), u, v ∈ V refers
to the path from s to d through the nodes in the strategy,
i.e., the path corresponding to strategy (1, 2) is s, 1, 2, d.
Given that Lmax = 3, no strategy that contain a moving-back
action will terminate at d, and is not profitable. Therefore, we
exclude all such strategies from the payoff matrix (Table I).
The rows indicate the strategies of the senior player. Since
all the strategies contain the terminal reward pd, we have also
omitted it. Now consider the strategy pairs that contain the best
responses of the junior player for any strategy of the senior
player: (π1, π2), (π2, π3), (π3, π1). Since no strategy of the
senior player in them is a best response to the junior player’s
strategy, this game does not contain a Nash equilibrium in the
pure strategies for any α ∈ (0, 1).

In [8], authors show that the leader-follower route-selection
game has a Stackelberg equilibrium for any G as long as a
fixed tie-breaking rule is imposed to handle multiple maximal
strategies. However, Theorem 2 shows that such a result does
not necessarily carry in SPCGs when agents move simultane-
ously regardless the graph is undirected or directed.

Next, referring to Remark 2, we generalize ordinal-response
playing to the stage games in incomplete graphs. On an
incomplete graph however, one’s global rank does not directly
correspond to the largest prize it can claim: an agent j with
a lower rank, j > 1, may still claim the highest prize in its
reachable set, as long as j is higher than its opponents’ ranks
in the neighborhood in the current stage game, i.e., immediate
opponents. Next, we make an interjection to introduce the
concept of localized-stage game to better clarify the concept
of one’s “immediate opponents”.

Consider the reachable sets S1, . . . , Sn (ignoring the time
index since we focus on a single stage). First, we define a
separating graph as a graph whose connected components
(partitions) represent a stage game that is localized to some
subset of agents. The formal definition follows below.

Definition 2. (Separating Graph) The separating graph is
defined as Ḡ = (N̄ , Ē) whose set of nodes N̄ = N , and
the edges Ē = {(i, j) : Si ∩ Sj ̸= ∅,∀i, j ∈ N̄}.

The set of connected components in Ḡ is Λ = {λy : λy ⊆
N̄ , y = 1, 2, . . . } where each λy is the largest connected
component such that there is no path between any node in
λy to any node in λz , for any λy, λz ∈ Λ, y ̸= z. Further, for
every i ∈ N , define a mapping λ(i) ∈ Λ such that i ∈ λ(i).
From the definition of Λ, λ(i) is well-defined.

Definition 3. (Localized-Stage Game) A subset of agents are
participating in a localized stage game y if and only if they
belong to the same connected component λy .

In other words, the actions of any agent in the subset λ(i),
except i has an immediate impact on i’s actions. Therefore, we
may refer to this subset of agents except i as i’s “immediate
opponents”. Finally, we introduce the concept of ordinal rank:
a concept that effectively summarize valuable information on
one’s immediate opponents.

Definition 4. (Ordinal Rank) For each agent i ∈ N , we define
its ordinal rank as

Ii = 1 + |{j : j ∈ λ(i), j < i}|. (4)

Implicitly, Ii embeds the location and rank information
of i’s immediate opponents. In turn, this allows an agent to
choose best-response actions to their immediate opponents
even without knowing the global rank, and the locations of the
others. Note that when G is complete, the separating graph has
only one connected component at any stage of the SPCG, and
thus, one’s ordinal rank is equivalent to its global rank. Cru-
cially, this approach helps us choose one’s observation vector
more carefully without sacrificing the quality of the solution.
Further, on an incomplete graph, it allows us see exactly which
information needs observing to reach a best-response solution
for myopic agents. In the experiments, we observed that the
strategies trained on local information conditioned on the OR
significantly outperforms those trained on the global state, or
conditioned on the global rank. In the next section, we will
provide a graph-search algorithm to calculate the ordinal ranks
of the agents.

V. APPROACH

As supported by Remark 2, we saw that the ordinal ranks
carry significant information that enable best-responding to
one’s immediate opponents. If the agents are myopic –meaning
they value immediate rewards more than those in future stages,
we have shown that incorporating ordinal ranks results in
best-responses to immediate opponents. In this section, we
will show that the ordinal rank enables learning stationary
strategies for the stochastic game, especially on graphs where
best-responding to the immediate neighbors coincides with the
PNE. When the game does not possess a PNE, we propose an
algorithm to find a set of stationary strategies that are best
responses to one’s higher-ranked opponents via an alternating
fictitious play approach.

Since an agent is now only required to best-respond to those
who engage in the same localized-stage, it is sufficient for one
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to know information about its localized game, and the prizes
pt, rendering SPCGs solvable with partial observations. Thus,
let oti ∈ Oi define a local observation vector obtained from the
mapping Oi : S → Oi, where by Oi we denote i’s observation
space.

In this section, we will use the term “policy” instead of
“strategy” to better align with the RL literature.

A. Ordinal Rank Search

Algorithm 1: ORS: Ordinal Rank Search
Input: Separating graph: Ḡ
Output: Groups of localized subsets: Λ ⊂ 2N̄

1 visited ← {}; Λ← {};
2 for i ∈ N do
3 if i /∈ visited then
4 stack ← {i}; λ← {};
5 while stack ̸= ∅ do
6 n ← pop(stack);
7 if n /∈ visited then
8 visited ← visited ∪ {n};
9 λ← λ ∪ {n};

10 stack ← stack ∪
{j : ∃(j,n) ∈ Ē , ∀j ∈ N̄};

11 end
12 end
13 Λ← Λ ∪ {λ} ;
14 end
15 end
16 return Λ

First, we proposes Ordinal Rank Search (ORS), outlined in
algorithm 1, for identifying the subsets of agents engaging
in localized stage games, and subsequently computing their
ordinal ranks. Note that the algorithm here is presented in a
centralized form, but it can also be decentralized if agents are
able to communicate with their multi-hop neighbors.

The algorithm iterates through all nodes in N̄ by keeping
track of the already visited ones in visited. For every unvis-
ited node, 1) a depth-first traversal is launched by inserting its
neighbors into the stack (line 10), 2) removing them one-at-
a-time while inserting them into a single connected component
λ (line 9). The pop operation retrieves and removes the top-
most element of the stack. Once all the neighbors are visited,
we insert λ into Λ (line 13). The final output Λ contains
all the connected components of Ḡ, each containing the set
of agents engaged in an independent localized game whose
actions directly depend on one-another. Once computed, it
is straightforward to find the ordinal ranks of each agent in
an component λ. ∈ Λ by sorting their global ranks in the
ascending order as per Eq. (4).

B. Fictitious Ordinal Response Learning

This subsection proposes an algorithm for learning sta-
tionary policies in SPCGs played on arbitrary graphs. In
the proposing method, we sequentially update the agents’

policies following their ranks one-at-a-time, assuming the
others’ policies remain stationary between updates —a concept
central to the fictitious-play in classical game theory [16].
We will empirically show that this alternating fictitious play
process will lead to best response policies against one’s senior
opponents when G is incomplete, and also yield PNE policies
when G is complete.

Algorithm 2 outlines the proposed method. During the
initial stage (bootstrapping stage), we only update the highest-
ranked agent’s policy, while the others follow the random
policy (parameterized by θ0. ). This stems from the intuition that
any agent must first learn to solve the underlying single-agent
orienteering problem under the environmental stochasticity
which incorporates the senior agents’ unknown actions, and
the distribution of the prizes. The confidence of a policy is
measured by its entropy that is, a policy with high entropy
has a low confidence about its actions, and vice-versa. Once
the highest-ranked agent’s policy learns to solve the stochastic
TOP with enough confidence, the learned parameters are
shared with the other agents, therefore eliminating redundantly
learning to solve the single agent OP. In the second stage
(fictitious-play stage), the agents update their parameters inde-
pendently, and sequentially by playing against the opponents’
“stationary” policies.

Algorithm 2 outlines the complete procedure. We first
initialize the algorithm with a hashmap Θ of random policy
parameters of the agents, entropy-decaying step size δh > 0,
an early-stopping entropy Hstop, and an initial freezing point
(IFP) H0. Further, 0 < Hstop < H0 < Hmax, where
Hmax is the highest possible entropy induced by the initial
uniform random action selection, prize distribution, and the
others’ random behavior. Ignoring the entropy contribution
of the others, and the prizes, it holds that Hmax ≤ H̄max

where H̄max = − ln 1
|V| , the entropy of the uniform random

policy. Let tmax be the number of timesteps to train. We use
step(at, st), and update(θj , rtj , o

t−1
j , atj , o

t
j) functions to

evolve the environment by a single timestep, and to update the
parameters of θj with stochastic gradient-descent.

At the beginning, j = 1’s policy is updated while the others
play randomly, until its entropy H[πθj

j ] reaches the IFP that is
H0 (line 6). Then the parameters of the first policy are shared
among the others, and the algorithm exits the bootstrapping
stage (line 8). Next, agent j = 2 enters the fictitious play
stage to update its policy playing against the updated policy
of j = 1, Θ[1], and the random policies of the others πθ0

N\[1,2].
This process repeats until the last agents’ policy reaches the
IFP (line 11). Then we reduce the entropy at the next freezing
point by δh amount (line 12), and repeat the procedure. The
algorithm terminates when the last agents’ policy reaches the
prescribed early-stopping entropyHstop or till the total number
of training timesteps tmax is reached (line 14, 20). Finally, the
hashmap of the most recent policies are returned (line 21).

When the game does not possess a PNE, the entropy of the
policies is unlikely to reach 0, assuming Hstop is set to 0.

The following proposition shows that Algorithm 2 always
terminates with a joint policy π∗ which is a PNE if one exists,
and otherwise provides confidence bounds on the quality of
the terminating policy.
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Algorithm 2: FORL: Fictitious Ordinal Response Learning

Input: H0, δh, Hstop, Θ = {i : θ0i ; ∀i ∈ N}
1 κ(t), j ← 1, Hκ(t) ← H0; ▷ Initialization
2 while t ≤ tmax do
3 θi ← Θ[i],∀i ∈ N ;
4 ati ← πθi

i [·|Oi], ∀i ∈ N ;
5 st, rt ← step(at, st−1); ▷ Environment step

Θ[j]← update(θj , rtj , o
t−1
j , atj , o

t
j);

6 if H[πθj
j ]≤Hκ(t) then

7 if j = 1 ∧ κ(t) = 1 then
8 Θ[i]← Θ[j] ∀i ∈ N ; ▷ Bootstrapping
9 end

10 j ← j + 1; κ(t)← t; ▷ Next policy
11 if j ≥ n then
12 Hκ(t) ← Hκ(t) − δh; ▷ Reduce entropy
13 j ← 1; ▷ Reset j for next round
14 if Hκ(t) < Hstop then
15 break; ▷ Exit while loop
16 end
17 end
18 end
19 t← t+ 1 ;
20 end
21 return Θ

Proposition 3. Suppose tmax is chosen sufficiently large and
Hstop = 0. Then algorithm 2 will terminate with a joint policy
π∗ = ×i∈Nπ

θ∗
i

i which satisfies
(1) if the game has a PNE, policy π∗ is a PNE.
(2) otherwise, the confidence of the terminating policy π∗

satisfies

H(πθ∗
i

i ) ∈ [Hκ(tmax+1),Hκ(tmax)],

for all i ∈ N .

Proof: (Case 1). If the game has a PNE, denoted by π# =

×i∈Nπ
θ#
i

i , then H[π#] = 0 since it is a pure strategy. The
algorithm will not terminate until reaching Hstop = 0 for a
large enough tmax. (Case 2). If there exist no PNEs, the Hstop

can not be reached, then the algorithm will terminate with
t = tmax steps. From the sequential property of the algorithm,
the relation

Hκ(t+1) ≤ H(πθt
j

j ) ≤ H(πθt
i

i ) ≤ Hκ(t),

holds for all j < i. This implies that when the algorithm exits
at t = tmax, the confidence

H[πθ∗
i

i ] ∈ [Hκ(t+1),Hκ(t)], ∀i.

Furthermore, as a direct consequence of the previous the-
orem, the following corollary shows that the hyperparameter
Hstop indicates the expected confidence level of the obtained
policy π∗.

Corollary 4. Given a large enough tmax, if Hstop is set
such that there exists a mixed NE policy π̃∗ = ×i∈Nπ

θ∗
i

i ,

and Hstop ≥ H[π̃∗], then Algorithm 2 terminates with a
terminating policy π∗ satisfying

H[π∗] ≤ Hstop.

In above, we use the maximum entropy principle to guar-
antee that FORL continues until either the last agent’s policy
meets Hstop or the maximum steps reached.

It is also possible to set H0 to Hmax. In this case, the
entropy of each policy must decay from Hmax to Hstop with-
out bootstrapping as opposed to decaying from H0 to Hstop

for all agents except for the first one. By setting H0 smaller
than Hmax, only the first agent’s policy needs updating until
H0, due to the bootstrapping. In the experiments, we used H0

between 0.8Hmax- 0.6Hmax. Further, due to the sequential-
nature of FORL, the experiences of the other agents except
for the one who is being trained are discarded; a pretext for
poor sample efficiency, especially with large batches. However,
compared to IPL, and parameter-sharing, FORL offered better
training throughput with medium-sized batches (∼ 2500).

C. Ordinal Rank Conditioning

We augment the agent’s policy πθi
i by incorporating the OR

into its observation space. Specifically, instead of conditioning
the policy solely on the local observation Oi, the policy is
now conditioned on the augmented input (Oi, Ii). Thus, policy
used here reads,

πθi
i

[
Ai|Oi, Ii

]
. (5)

The OR conditioning introduces “state-aliasing” to the learn-
ing process thus, preventing the policies overfitting to global
ranks: the same global rank may map to different ORs depend-
ing on one’s neighborhood in the stages increasing the vari-
ance, and providing better interpretability for the accumulated
experiences. This conditioning provides a particular advantage
when the policy parameters are shared between the agents, i.e.,
(θ1 = θ2 = · · · = θn): we observe that the policies generalize
much better to large team sizes compared to those conditioned
on the global rank. We attribute this behavior to the fact that,
even when a policy was deployed on an agent with a global
rank that was absent in the training, the policy may still have
encountered its OR in the stages, thus choosing the correct
ordinal response to its immediate opponents regardless of the
global rank.

D. Action Masking and Policy Modeling

The observation space of an agent i used for training
contains its local state Si, the prize state pt, ordinal rank Ii(t),
and an action mask mt

i ∈ {1, 0}|V| where

mt
i[u] =

{
0; if (xt

i, u) /∈ E ,
1; otherwise.

Here, mt
i[u] denotes the mask corresponding to the u-th node

u ∈ V . Then the policy outputs corresponding to masked nodes
are manually set to 0, and renormalized: πθi

i (ai = u|oti) ←
π
θi
i (at

i=u|oti)⊙mt
i[u]∑

u π
θi
i (at

i=u|oti)
for all u ∈ V , and ‘⊙’ is the element-wise

product between two vectors. Masking however, can result
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(a) (b)

Fig. 3. Stockholm (left) and Manhattan (right) road network graphs. The
graphs were obtained by applying the Fruchterman-Reingold algorithm on the
original road networks. The colors correspond to the mean prize (p̄u, u ∈ V)
at the nodes where p̄u ∝ 1/∥pos(u) − pos(ū)∥, and ū is the map center,
and pos(·) : R → R2.

(a) (b)

Fig. 4. (a) Convergence plots for a dynamic prize distribution graph with
5 competing agents. In each training method, “OR” and “GS” refers to local
observations with Ordinal Rank (OR), and the Global observations (GS). (b)
Training time for each method. The training was conducted on a computer
equipped with an Nvidia RTX 3090 GPU, and Intel 12700k CPU.

in a lower Hmax compared to the non-masked case which
is equivalent to the entropy of the uniform random policy
with support [0, |V|], as the actions corresponding to non-
neighboring nodes are explicitly ignored. Therefore, a safer
method for setting the H0 is to use the empirical maximum
entropy of the game at the beginning of the training process.

We adopt a Transformer-based neural network architecture,
TRXL-I (see [17] for details), to model the policies. Each
policy comprise of 6 transformer units that have been shared
between the policy, and the value network. Each transformer
unit has 6 attention heads of dimensionality of 128, and
an attention memory of 10 observations. The output of the
transformer sequence is passed to two linear layers in parallel:
one for estimating the value-function output, and the second
for computing the policy outputs.

VI. EXPERIMENTS AND RESULTS

A. Simulation Environment

We implemented the SPCG on custom multi-agent envi-
ronments defined on a 500m × 500m area of Stockholm,
Manhattan road networks, and on random graphs (see Fig.

(a) (b)

Fig. 5. (a) The optimality-gap between the SPCG and an equivalent TOP.
(b) Stage-specific rewards of the agents in a complete graph under FORL.

3). Each road network graph consists of 20 and 50 nodes,
where each dead-end (border) node served as a terminal node
d with equal payoffs pd. During an episode, the agents were
initialized randomly, i.e., each si, ∀i were chosen uniformly
from non-terminal nodes. The nodes in the random graphs
were sampled from the interval [(−10,−10), (10, 10)] on the
XY plane with fixed starting and destination nodes.

The prizes of non-terminal nodes were drawn from pt ∼
×u∈VUniformu(0, 10) whereas each pd were set to 15. The
policies were updated using the Proximal Policy Optimization
(PPO) algorithm with batches of 2500 observations, mini-
batches of 200, and 10 stochastic gradient descent iterations
per update.

B. Training Results

Fig. 4-(a) shows the training results for IPL, FORL, and
parameter sharing (PS) methods in the Manhattan environment
with dynamic prizes for a team of 5 agents. The policies
trained using IPL were provided with the global-state vector
(IPL-GS), FORL with the local information conditioned on
the OR following Eq. (5) (FORL-OR), PS using both global
and local information 5 vectors, denoted by PS-GS, PS-OR,
respectively. The OR-conditioned policies trained using FORL
converged to almost the same total reward profile as IPL-
GS, and PS-GS indicating that OR can indeed successfully
encode the global state in prize-collecting games. Interestingly,
parameter shared policies conditioned on the OR, PS-OR,
significantly outperformed PS-GS, and also the shared policies
conditioned on the global rank. While we do not show the
training curve of the latter for clarity, we provide a quantitative
comparison between the two on their generalizability in Fig.
6-(b). Generally, training methods where the parameters of
the policy or the value function are shared among the agents
tend to score higher total rewards compared to independent
learning methods such as FORL, IPL, due to agents being able
to reason about the others’ policies symmetrically. In addition,
state-aliasing lets the shared policy collect more experiences
for the same OR across the agents leading to more exploration,
and thus, better performances.

Fig. 4-(b) shows the training time for each method. No-
ticeably, our method takes much less training time to reach
approximately the same total team-reward profile as PS-GS,
and IPL, with a speed-up factors 1.56 and 2.2, to train for
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the same number of environment steps, and gradient descent
iterations.

In Fig. 5, we report total rewards in SPCGs played on two
graphs (complete and incomplete random graphs that has 12
nodes) with stationary prizes for each training method, and
compared them to an equivalent TOP whose solution was
obtained by solving a mixed-integer linear program (MILP)
as presented in [18] using Gurobi. In the complete graph, PS-
OR reports the highest total reward that is 95% the optimal
solution. In the incomplete graph, the worst case equilibria
was obtained with FORL with a total reward that is 87% of
the optimal solution –a quantity formally known as the “Price-
of-Anarchy” (PoA) in game theory.

Fig. 5-(b) shows the prizes collected by the agents at each
stage in a game 4 stages (L = 4), on a complete graph (only
the prizes of the first three agents trained using FORL are
shown). The PNE of the game states that the prizes collected
at each stage obey the agents’ ranks. Similarly, we observe that
the senior-most agent (robot 1), collecting the highest prize at
each stage, while robot 2 and robot 3 picking the second, and
the third largest prizes. In the final stage, all the agents reach
the terminal node receiving the terminal reward. Nearly zero
conflicts were observed during the evaluations.

C. Generalizability and Scalability

We evaluated the policies’ generalizability by zero-shot
transferring them onto an imbalanced prize distribution that
resembles a demand-driven taxi-fare distribution in a city,
i.e.,ptu ∼ Normal(βu, σ), where βu is the mean prize at a
node that is inversely proportional to the proximity to the map
center, whereas σ is the standard deviation. Fig. 3 shows the
joint distribution of the prizes in the two city graphs partitioned
into four and five price zones. The policies trained using FORL
outperformed both PS-OR, and IPL-GS in generalizing to
imbalanced prize distributions in both the cities, under both
the stationary and dynamic settings (see Fig. 6-a).

Finally, we evaluated the scalability of the shared policies
to different team sizes on the Manhattan environment with
dynamic prizes. Both of the considered policies were trained
using local information, but, conditioned on the ordinal rank
(PS-OR), and the global rank (PS-GR). The total reward under
PS-OR scaled linearly up to teams of 25 agents with only
marginal increment in the variance, whereas PS-GR showed
poor, sublinear, total-reward gains with much higher variance
for the same team sizes (see Fig. 6-b).

VII. CONCLUSION

We introduced SPCG, a Markov game formulation of the
TOP for planning in self-interested robot (agent) teams operat-
ing in stochastic, graph-structured environments. A theoretical
analysis conducted on complete graphs shows that there exists
a PNE that coincides with the optimal routing solution under
a rank-based conflict resolution. We propose two algorithms
to efficiently learn best-response policies: 1) ORS algorithm
computes the OR of a robot during the stages of the game
to induce state-aliasing to prevent policies from overfitting to
the global index thus resulting policies that scale linearly to

(a) (b)

Fig. 6. (a) Zero-shot transfer to region-specific, normally-distributed prizes.
Here “D”, “S” denote (D)ynamic and (S)tationary environments. (b) Scala-
bility of the shared policy with ordinal rank conditioning (PS-OR) compared
to the global rank conditioning (PS-GR).

different team sizes, 2) FORL sequentially updates the policies
which converges faster and generalizes better to imbalanced
prize distributions than IPL, and parameter sharing. Compared
to a MILP solution of an equivalent TOP, the learned equilib-
rium policies in SPCGs show a PoA of 87% 95%.
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