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Abstract

This paper investigates the maximum spectral radius of planar graphs with concrete fixed number of
vertices, providing some tight bounds on the maximum spectral radius of general planar graph resorting to
its order, and confirming that among all planar graphs containing dominating vertex with concrete fixed
order n ≥ 48, the join of P2 and Pn−2 attains the maximum spectral radius.
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1 Introduction

The study of planar graphs has a long history because of its good structural properties, topological properties,

algebraic properties, and so on. To questions in spectral extremal graph theory asking to maximize or minimize

eigenvalues over a fixed family of graphs, Boots and Royle, and independently, Cao and Vince conjectured that

the join of P2 and Pn−2 attains the maximum spectral radius among all planar graphs on n ≥ 9 vertices [2, 3].

This conjecture has been open for more than 30 years although many researchers tries to solve it. Just up to

2017, the study on this conjecture got a substantial development that Tait and Tobin proved the conjecture

holding for graphs of sufficiently large order [6]. Unfortunately, the conjecture for concrete fixed order is still

open. This paper investigates the maximum spectral radius of planar graphs with concrete fixed order, providing

some tight bounds on the maximum spectral radius of general planar graph resorting to its order, and confirming

that among all planar graphs containing dominating vertex with fixed order n ≥ 48, the join of P2 and Pn−2

attains the maximum spectral radius.

1.1 Notions and notations

All graphs considered in this paper are undirected and simple, i.e. neither loop nor multiple edge is allowed.

For a set S, |S| is employed to denote its cardinality. And for a graph G = (V,E) consisting of a nonempty

vertex set V = V (G) and an edge set E = E(G), n = |V (G)| is called the order, m = |E(G)| is called the edge

number.

Recall that in a graph G, for a walk W = v0e0v1e1 · · · ek−1vk, where ei = vivi+1 for 0 ≤ i ≤ k − 1 (possibly,

ei = ej for 0 ≤ i ̸= j ≤ k − 1, vi = vj for 0 ≤ i ̸= j ≤ k), written as W = v0v1 · · · vk or W = e1e2 · · · ek for

short, the integer k is called the length. A path is a walk in which the vertices are pairwise different; a circuit

is a closed walk; a cycle is a circuit in which the vertices are pairwise different. A cycle with length k is called

a k-cycle; k-walk and k-path are defined similarly. We sometime denote by Pk (Ck) a k-path (a k-cycle) for
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convenience. A cycle in a graph G is called Hamilton cycle if it contains all vertices of G. Denoted by Kn

a complete graph of order n, Ks,t a complete bipartite graph with one part of s vertices, the other one of t

vertices.

For two graphs H and G, H ∪ G is employed to denote the the graph obtained by V (H) ∪ V (G) and

E(H)∪E(G). In a graph G, for two subgraphs G1, G2 satisfying V (G1)∩V (G2) = ∅, E(G1, G2) is employed to

denote the edge set between V (G1) and V (G1). A vertex v is said to be incident with graph H if E(H, v) ̸= ∅.
Two graphs H, G are called disjoint or independent if V (H) ∩ V (G) = ∅, and there is no edge between

H and G. Denote by H ▽ G the join of two disjoint graphs H and G obtained from H ∪ G by adding edges

between every pair of vertices u, v where u ∈ V (H), v ∈ V (G).

For a graph G, we denote by G+ e (G− e) the graph obtained from G by adding a new edge e if e /∈ E(G)

(deleting an edge e ∈ E(G)); G[S] the subgraph induced by S ⊆ V (G); G − S the graph obtained from G by

deleting all the vertices in S and all the edges incident with the vertices in S; e(S) the number of edges in G[S];

G − v for G − {v} for short. For two subsets S1 ⊆ V (G), S2 ⊆ V (G), denote by E(S1, S2) the set of edges

between S1 and S2, e(S1, S2) = |E(S1, S2)|, G(S1, S2) the bipartite subgraph with parts S1, S2 and edge set

E(S1, S2). In a graph G, a vertex v (an edge e) is called a cut vertex (cut edge) if the component number of

G− v (G− e) increases. A 2-connected graph is a connected graph having no cut vertex.

In a graph, we denote by u ∼ v for vertex u being adjacent to vertex v. For a graph G, denoted by NG(v)

(dG(v) = |NG(v)|) the neighbor set (degree) of vertex v; NG[v] = NG(v) ∪ {v}, Gv = G[NG[v]]; ∆(G) or ∆ for

short (δ(G) or δ for short) the maximal degree (minimal degree). In a graph G with n vertices, a vertex v is

called dominating vertex if dG(v) = n− 1.

A graph is said to be planar (or embeddable in the plane), if it can be drawn in the plane so that its

edges intersect only at their ends. Such a drawing is called a planar embedding of the graph (see Fig. 1.1 for

example). A planar embedding of a planar graph G partitions the plane into a number of edgewise-connected

open sets. These sets are called the faces of G. The number of faces in a planar embedding of a planar graph

G, denoted by f or fG. Among the faces of a planar embedding, the outer one is called the outer face, and any

one of the other faces is called the inner face (see Fig. 1.1 for example). It can be seen that the boundary of

a face f in a planar embedding of a planar graph, dented by B(f), is a circuit. For a planar graph G, in its a

planar embedding G̃, we denote by OG̃ the outer face. As shown in Fig. 1.1, we can see that f1 − f5 are inner

faces, OG̃ = f6, B(f1) = v1v4v5v1.

r
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r
r
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v2

v3
v4

v5

Fig. 1.1. a planar graph G and its a planar embedding G̃
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f3

f4
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f6

A simple planar graph is (edge)maximal if no edge can be added to the graph without violating its simplicity,

or planarity.

A graph H is called a minor or H-minor of G, or G is called a H-minor graph if H can be obtained from

G by deleting edges, contracting edges, and deleting isolated (degree zero) vertices. Given a graph H, a graph

G is H-minor free (or H minor free) if H is not a minor of G.
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1.2 Overview of main results

Denote by AG the adjacency matrix of a graph G. It is known that AG is symmetric. The spectral radius

(or A-spectral radius) of graph G, denoted by ρ(G), is defined to be the maximum eigenvalue of AG. Let

ϱ = max{ρ(G)|G be a planar graph of order n}. Our study development on the spectral radius of planar graph

is as follows:

Theorem 1.1

(1) 1.359 +
√
2n− 15

4 < ϱ < 2 +
√
2n− 6 for n ≥ 10;

(2) 1.472 +
√
2n− 15

4 < ϱ < 2 +
√
2n− 6 for n ≥ 40;

(3) 1.478 +
√
2n− 15

4 < ϱ < 2 +
√
2n− 6 for n ≥ 50.

Theorem 1.2 Among all planar graphs containing dominating vertex with concrete fixed order n ≥ 48, P2∇Pn−2

attains the maximum spectral radius.

1.3 Outline of the paper

The layout of this paper is as follows: section 2 introduces some basic knowledge and working lemmas;

section 3 represents our results.

2 Preliminary

For the requirements in the demonstrations afterward, we need some prepares.

From graph theory (see [1] for instance), it is known that: (i) a graph is planar graph if and only if it is

K3,3 and K5 minor free; (ii) a maximal planar graph can be obtained from a non-maximal graph G by adding

new edges to G; (iii) a maximal planar graph G of order n ≥ 3 is 2-connected and δ ≥ 2; (iv) for a planar

graph G, f is invariant, i.e. f is constant for different planar embeddings of G; (v) in any planar embedding

of a maximal planar graph G of order n ≥ 3, B(f) is a 3-cycle (or called triangle) for every face f , where f is

called triangular face consequently; (vi) a planar graph is maximal if and only if in its any planar embedding,

B(f) is a 3-cycle for every face f ; (vii) for a planar graph G of order n ≥ 3, m(G) ≤ 3n− 6 with equality if and

only if G is maximal; (viii) for a bipartite planar graph G, m(G) ≤ 1 if n ≤ 2, and m(G) ≤ 2n− 4 if n ≥ 3.

For a graph G with vertex set {v1, v2, . . ., vn}, a vector X = (xv1 , xv2 , . . . , xvn)
T ∈ Rn on G is a vector that

entry xvi is mapped to vertex vi for i ≤ i ≤ n.

Denote by Rn
++ (R, Rn

≥0) the set of positive real (real, nonnegative real) vectors of dimension n. By the

famous Perron-Frobenius theorem [7,8], for AG of a connected graph G of order n, we know that there is unique

one positive eigenvector Y = (yv1 , yv2 , . . ., yvn)
T ∈ Rn

++ corresponding to ρ(G) satisfying
∑n

i=1 y
2
vi = 1, called

principal eigenvector; there is unique one positive eigenvector X = (xv1 , xv2 , . . ., xvn)
T ∈ Rn

++ corresponding

to ρ(G) satisfying max{xvi |1 ≤ i ≤ n} = 1, called noralized eigenvector.

Let A be an irreducible nonnegative n × n real matrix with spectral radius ρ(A) which is the maximum

modulus among all eigenvalues of A. The following extremal representation (Rayleigh quotient) will be useful:

ρ(A) = max
X∈Rn,X ̸=0

XTAX

XTX
,

and if a vector X satisfies that XTAX
XTX

= ρ(A), then AX = ρ(A)X.

Lemma 2.1

(1) [4, 5] For a connected graph G, e /∈ E(G). Then ρ(G+ e) > ρ(G).

(2) [4] If H is a proper subgraph of a connected graph G, then ρ(H) < ρ(G).
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Lemma 2.2 [9] Let A be an irreducible nonnegative square real matrix with order n and spectral radius ρ. If

there exists a nonzero vector Y = (y1, y2, . . ., yn)
T ∈ Rn

≥0 and a real coefficient polynomial function f such

that f(A)Y ≤ rY (r ∈ R), then f(ρ) ≤ r. Similarly, if f(A)Y ≥ rY (r ∈ R), then f(ρ) ≥ r.

With some modifications of the proof for Lemma 2.2, we get an improved Lemma 2.3.

Lemma 2.3 Let A be an irreducible nonnegative square real matrix with order n and spectral radius ρ. f is a

real coefficient polynomial function and Y = (y1, y2, . . ., yn)
T ∈ Rn

≥0 is a nonzero vector.

(1) If f(A)Y ≤ rY (r ∈ R), then f(ρ) ≤ r with equality if and only if f(A)Y = rY . Moreover, if there is

some yi such that (f(A)Y )i < ryi for some 1 ≤ i ≤ n, then f(ρ) < r.

(2) If f(A)Y ≥ rY (r ∈ R), then f(ρ) ≥ r with equality if and only if f(A)Y = rY . Moreover, if there is

some yi such that (f(A)Y )i > ryi for some 1 ≤ i ≤ n, then f(ρ) > r.

Proof. (1) By Lemma 2.2, it is enough to consider only the cases that the equalities hold. We first prove the

case for the equality holding in f(ρ) ≤ r.

Note that ρ(AT ) = ρ(A) = ρ, AT is also irreducible and nonnegative. Denote by X = (x1, x2, . . ., xn)
T the

principal eigenvector of AT .

Suppose f(A)Y = rY . Then f(ρ)XTY = (f(ρ)X)TY = (f(AT )X)TY = XT f(A)Y = rXTY. Hence it

follows f(ρ) = r. Then the sufficiency follows.

Suppose f(ρ) = r. If f(A)Y ̸= rY , then from f(A)Y ≤ rY , it follows that there is some yi such that

(f(A)Y )i < ryi. Then f(ρ)XTY = (f(ρ)X)TY = (f(AT )X)TY = XT f(A)Y < r
∑

j ̸=i xjyj + rxiyi = rXTY.

Thus it follows that f(ρ) < r, which contradicts f(ρ) = r. Then the necessity follows.

Furthermore, from the proof for the necessity, we get that if there is some yi such that (f(A)Y )i < ryi for

some 1 ≤ i ≤ n, then f(ρ) < r.

(2) is proved similarly. This completes the proof. 2

3 Maximum spectral radius of general planar grpah

In this section, we let Gn be a planar graph of order n satisfying ρ(Gn) = ϱ; D = {G|G be a planar graph

of order n ≥ 2 containing dominating vertex}, Gn ∈ D satisfy ρ(Gn) = max{ρ(G)|G ∈ D}.
Note that a connected planar graph can be obtained from a disconnected planar graph by adding some

edges. Using Lemma 2.1 gets the following Lemma 3.1 immediately.

Lemma 3.1

(1) Gn is connected.

(2) Both Gn and Gn are maximal.

Lemma 3.2

(1) In any embedding of Gn, for a vertex vi, then in Gvi
n , there is a cycle formed by all the vertices in NG(vi),

denoted by Ci = vi1vi2 · · · vijvi1 where j = dG(vi), NG(vi) = {vi1 , vi2 , . . ., vij}, and vi ▽ Ci is a subgraph.

(2) In any embedding of Gn, for a vertex vi, then in Gvi
n , there is a cycle formed by all the vertices in NGn

(vi),

denoted by Ci = vi1vi2 · · · vijvi1 where j = dGn(vi), NGn(vi) = {vi1 , vi2 , . . ., vij}, and vi ▽ Ci is a subgraph.

Proof. Suppose G̃n is a planar embedding of Gn. For convenience, we use some new labels for the vertices of

Gn. In G̃n, along clockwise direction, denote by wi1 , wi2 , . . ., wij the neighbors of vi. Note that in G̃n, every
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face of Gn is a triangular face; every pair of adjacent edges viwiι and viwiι+1 are in a common face (a triangular

face) for each 1 ≤ ι ≤ j− 1; viwij and viwi1 are in a common face. Thus in G̃n, wi1wi2 · · ·wijwi1 forms a cycle,

denoted by Ci, and vi ▽Ci is a subgraph. Let viι = wiι for 1 ≤ ι ≤ j. Then (1) follows. (2) is proved similarly.

This completes the proof. 2

Let ri(A) be the ith row sum of a matrix A, rv(AG) be the row sum of AG corresponding to vertex v for a

graph G.

Lemma 3.3 Let G be a planar graph on n ≥ 7 vertices. Then ρ(G) ≤ 2 +
√
2n− 6.

Proof. For any vertex v in G, noting that Gv is planar, we have e(NG[v]) ≤ 3(dv + 1) − 6, implying that

e(NG(v)) ≤ 2dv − 3. Note that G(NG(v), V (G) \NG(v)) is bipartite. If 2 ≤ dv ≤ n− 2, then e(NG(v), V (G) \

NG(v)) ≤ 2n− 4. Otherwise, if dv = 1 or dv = n− 1, then e(NG(v), V (G) \NG(v)) ≤ n− 1 ≤ 2n− 4 for n ≥ 3.

Thus

rv(A
2
G) =

∑
u∼v

du = 2e(NG(v)) + e(NG(v), V (G) \NG(v)) ≤ 4dv − 6 + 2n− 4 = 2n+ 4dv − 10.

It follows that rv(A
2
G) ≤ 2n + 4dv − 10, i.e. rv(A

2
G) ≤ 2n + 4rv(AG) − 10. Thus for vector Y = (1, 1, . . .,

1)T , we have (A2
G − 4AG − 2n+ 10)Y ≤ 0Y . Then by Lemma 2.3, it follows that ρ2(G)− 4ρ(G)− 2n+ 10 ≤ 0,

implying that ρ(G) ≤ 2 +
√
2n− 6. This completes the proof. 2

r

r
r

r

r
r

r

r
r r

r

r
v1 v2

v3

v4

vn−1

vn

Φ

v1 v2

v3

v4

vn−1

vn

H

Fig. 3.1. Φ, H

Let n ≥ 4, P = v1v2, C = v3v4 · · · vnv3, Φ = P ▽ C, H = Φ− v3vn (see Fig. 3.1).

Lemma 3.4 ρ(Φ) = 3
2 +

√
2n− 15

4 for n ≥ 5; ρ(H) ≥ 3
2 +

√
2n− 15

4 − 2

2n− 15
4 −

√
2n− 15

4
2

for n ≥ 5.

Proof. Let Y = (yv1 , yv2 , . . ., yvn)
T ∈ Rn

++ be the principal eigenvector of Φ. By symmetry, it follows that

yv1
= yv2 , yv3 = yv4

= · · · = yvn . Note that ρ(Φ)yv1 = yv2 + (n− 2)yv3 = yv1
+ (n− 2)yv3 ,

ρ(Φ)yv3 = yv1 + yv2 + yv4 + yvn = 2yv1 + 2yv3 ,

i.e.  (ρ(Φ)− 1)yv1
= (n− 2)yv3 ,

(ρ(Φ)− 2)yv3
= 2yv1 .

It follows that ρ2(Φ)− 3ρ(Φ)− 2n+ 6 = 0 and ρ(Φ) = 3
2 +

√
2n− 15

4 .
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From 2yv1 = (ρ(Φ)− 2)yv3 = (
√
2n− 15

4 − 1
2 )yv3 and

∑n
i=1 y

2
vi = 1, it follows that y2v3 = 1

2n− 15
4 −

√
2n− 15

4
2

.

Then we get

ρ(H) ≥ Y TAHY = Y TAΦY − 2yv3yvn =
3

2
+

√
2n− 15

4
− 2y2v3 =

3

2
+

√
2n− 15

4
− 2

2n− 15
4 −

√
2n− 15

4

2

.

This completes the proof. 2

Note that if positive integer n ≥ 2, then f(n) = 3
2 +

√
2n− 15

4 − 2

2n− 15
4 −

√
2n− 15

4
2

and 2n − 15
4 −

√
2n− 15

4

2

strictly increase with respect to n ≥ 4 increasing. Thus we get the following Corollary 3.5.

Corollary 3.5

(1) ρ(H) > 1.359 +
√
2n− 15

4 for n ≥ 10;

(2) ρ(H) > 1.472 +
√
2n− 15

4 for n ≥ 40;

(3) ρ(H) > 1.478 +
√
2n− 15

4 for n ≥ 50.

Note the maximality of ρ(Gn) and H is a planar graph. Combining Lemma 3.3 and Corollary 3.5, we get

the following Theorem 3.6.

Theorem 3.6

(1) 1.359 +
√
2n− 15

4 < ρ(Gn) < 2 +
√
2n− 6 for n ≥ 10;

(2) 1.472 +
√
2n− 15

4 < ρ(Gn) < 2 +
√
2n− 6 for n ≥ 40;

(3) 1.478 +
√
2n− 15

4 < ρ(Gn) < 2 +
√
2n− 6 for n ≥ 50.

Proof of Theorem 1.1. This theorem follows from 3.6. This completes the proof. 2

Note that H is also a planar graph containing dominating vertex. The next Corollary 3.7 follows from

Corollary 3.5 immediately.

Corollary 3.7

(1) ρ(Gn) > 1.359 +
√

2n− 15
4 for n ≥ 10;

(2) ρ(Gn) > 1.472 +
√

2n− 15
4 for n ≥ 40;

(3) ρ(Gn) > 1.478 +
√

2n− 15
4 for n ≥ 50.

Hereafter, we suppose that V (Gn) = {v1, v2, . . ., vn}, and degGn
(v1) = n − 1. Let X = (xv1

, xv2 , . . .,

xvn)
T ∈ Rn

++ be the normalized eigenvector of Gn.

Lemma 3.8 xv1 = 1 if n ≥ 3.

Proof. For v1, and any vertex vi where 2 ≤ i ≤ n, using ρ(Gn)(xv1−xvi) = xvi−xv1+
∑

3≤j≤n xvj −
∑

vj∼vi
xvj

gets that (ρ(Gn)− 1)(xv1 − xvi) =
∑

3≤j≤n xvj −
∑

vj∼vi
xvj ≥ 0. Note that Gn is maximal and Gn contains at

least one cycle in Gn. Then ρ(Gn) ≥ 2. Thus it follows that xv1 − xvi =

∑
3≤j≤n xvj

−
∑

vj∼vi
xvj

ρ(Gn)−1 ≥ 0. As a result,

it follows that xv1 ≥ xvi
. Note that X is the normalized eigenvector of Gn and the arbitrariness of vi. Then we

get that xv1 = 1. This completes the proof. 2

Next, we let 1 = xv1 ≥ xv2 ≥ · · · ≥ xvn for convenience.

Lemma 3.9 xv2 > 1
4 if n ≥ 10.

Proof. Let H = Gn − v1. Note that Gn is maximal, xv1 = 1 and note that for n ≥ 10, e(Gn) = 3n − 6,

dGn(v1) = n− 1, ρ(Gn) > 1.359 +
√

2n− 15
4 . Then

∑
i≥2 dH(vi) ≤ 2(2n− 5), and

ρ2(Gn)xv1 =
∑

vj∼v1

ρ(Gn)xvj = (n− 1)xv1 +
∑
i≥2

dH(vi)xvi ≤ (n− 1)xv1 + 2(2n− 5)xv2
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=⇒ (ρ2(Gn)− n+ 1)xv1 ≤ (4n− 10)xv2

=⇒ ρ2(Gn)− n+ 1

4n− 10
xv1 ≤ xv2

=⇒
1.846 + 2.718

√
2n− 15

4 + n− 11
4

4n− 10
xv1 < xv2 (∗1)

=⇒ xv2 >
1

4

This completes the proof. 2

Let f2(n) =
1.846+2.718

√
2n− 15

4 +n− 11
4

4n−10 . Taking derivation with respect to n gets

f ′
2(n) =

( 2.718

2
√

2n− 15
4

+ 1)(4n− 10)− 4(1.846 + 2.718
√

2n− 15
4 + n− 11

4 )

(4n− 10)2
< 0.

It follows that f2(n) =
1.846+2.718

√
2n− 15

4 +n− 11
4

4n−10 decreases strictly with respect to n ≥ 1 increasing. Then using

inequality (∗1) gets the following Lema 3.10.

Lemma 3.10

(1) xv2
> 0.3987 if n ≤ 50;

(2) xv2 > 0.375 if n ≤ 80.

r
r r

rr
Fig. 3.2. an outerplanar graph G and its an OP-embedding Ĝ

v1

v2

v3

v4
v5f1

f2
f3

f4

A simple graph G is outerplanar if it has an embedding in the plane, called outerplane-embedding (written

as OP -embedding for short hereafter), denoted by Ĝ, so that every vertex lies on the boundary of the unbounded

(outer) face. Similar to a planar embedding of a planar graph, an OP-embedding of an outerplanar graph G

partitions the plane into a number of edgewise-connected faces. Among the faces of Ĝ for an outerplanar graph

G, the outer one is called the outer face (see f1 in Fig. 3.2 for example), and any one of other faces is called

the inner face (see f2, f3, f4 in Fig. 3.2 for example). Similar to the notations for a planar graph, we denote

by B(f) the boundary of a face f in Ĝ of an outerplanar graph G. It can be seen that B(f) of a face f is a

circuit. For an outerplanar graph G, we denote by OĜ the outer face of its an OP-embedding Ĝ. As shown in

Fig. 3.2, we can see that OĜ = f1, B(f1) = v1v2v3v4v5v1.

A simple outerplanar graph is (edge) maximal if no edge can be added to the graph without violating its

simplicity, or outerplanarity.

Recall some facts (known results in graph theory, see [1] for instance) about outerplanar graph that (i) a

maximal outerplanar graph can be obtained from a non-maximal outerplanar graph G by adding new edges to

G; (ii) in a maximal outerplanar graph G of order n ≥ 3, δ(G) = 2 and there are at least two vertices with

degree 2; (iii) in an OP-embedding Ĝ of a maximal outerplanar graph G, the boundary of every inner face is a

3-cycle (or called triangle), where every inner face is called a triangular face similarly, the B(OĜ) is a Hamilton

cycle of G; (iv) an outerplanar graph is maximal if and only if there is an OP-embedding Ĝ such that the
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boundary of every inner face is a 3-cycle and the B(OĜ) is a Hamilton cycle of G; (v) for an outerplanar graph

G of order n, e(G) ≤ 2n− 3 with equality if and only if G is maximal.

From Lemma 3.2 and definition of outerplanar graph, it follows that both Gn − v1 and Gn − {v1, v2} are

outerplanar.

Let L = {v1, v2}, S = V (Gn) \ L.

Lemma 3.11 If n ≥ 81, then for any i ≥ 3, we have xvi <
xv2

2 .

Proof. We prove this result by contradiction. Suppose xvi ≥
xv2

2 for i ≥ 3. Then

(n− 2)
xv2

2
≤

∑
vz∈S

xvz =
1

ρ(Gn)

∑
vz∈S

ρ(Gn)xvz

≤ 1

1.478 +
√
2n− 15

4

∑
vz∈S

ρ(Gn)xvz

=
1

1.478 +
√
2n− 15

4

∑
vz∈S

∑
vy∼vz

xvy

=
1

1.478 +
√
2n− 15

4

∑
vz∈S

(
∑

vy∼vz,vy∈S
xvy +

∑
vy∼vz,vy∈L

xvy )

≤ 1

1.478 +
√
2n− 15

4

(xv22e(S) + (n− 2)xv1 + (n− 2)xv2) (∗2)

Note that Gn[S] = Gn − {v1, v2} is outerplanar. Then

(∗2) ≤ 1

1.478 +
√
2n− 15

4

(xv2(2(n− 2)− 3) + (n− 2)xv1 + (n− 2)xv2)

=
1

1.478 +
√
2n− 15

4

(xv2(3n− 9) + n− 2)

and

(n− 2)
xv2

2
<

1

1.478 +
√
2n− 15

4

(xv2(3n− 9) + n− 2). (∗3)

Note that if n ≥ 81, then 1.478 +
√
2n− 15

4 > 14.05. Combining Lemma 3.9, from (∗3), it follows that

xv2

2
≤

1

1.478+
√

2n− 15
4

(xv2(3n− 9) + n− 2)

n− 2
<

3xv2 + 1

1.478 +
√

2n− 15
4

<
xv2

2
. (∗4)

It is a contradiction. Thus our result follows. This completes the proof. 2

Combining Lemma 3.10 and inequality (∗4), and repeating the process in proof of Lemma 3.11, we get the

following Lemma 3.13.

Lemma 3.12 If 51 ≤ n ≤ 80, then for any i ≥ 3, we have xvi
<

xv2

2 .

Combining ρ(Gn) > 1.472 +
√
2n− 15

4 for n ≥ 40 in Lemma 3.7 and inequality (∗4), and repeating the

process in proof of Lemma 3.11 by replacing 1.478 +
√
2n− 15

4 with 1.472 +
√
2n− 15

4 , we get the following

Lemma 3.13.

Lemma 3.13 If 48 ≤ n ≤ 50, then for any i ≥ 3, we have xvi <
xv2

2 .
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Lemma 3.14 If n ≥ 48, then dGn(v2) = n− 1.

Proof. We prove this result by contradiction. Suppose dGn
(v2) ≤ n − 2, G̃n is a planar embedding of

Gn. For convenience, we use some new labels for the vertices of Gn. By Lemma 3.2, in G̃n, suppose C1 =

v2w1w2 · · ·wn−2v2 is a cycle where NGn
(v1) = {v2, w1, w2, . . ., wn−2}, and v1 ▽C1 is a subgraph. Suppose v2,

w1, w2, . . ., wn−2 are distributed along clockwise direction around vertex v1 in G̃n. Suppose NGn(v2) = {v1,

wi1 , wi2 , . . ., wiη} and 1 = i1 < i2 < · · · < iη = n − 2. For convenience to distinguish it + 1 and it+1 (it − 1

and it−1) easily, we use wi(t+1)
for wit+1

(wi(t−1)
for wit−1

) hereafter. Because dGn
(v2) ≤ n− 2, there exist wij

and wi(j+1)
such that i(j+1) − ij ≥ 2 where 1 ≤ j ≤ η − 1. This means that none of vertices wij+1, wij+2, . . .,

wi(j+1)−1 is adjacent to v2.

Note that Gn is maximal, and in G̃n, v2wij , v2wi(j+1)
are in a common triangular face. Then wijwi(j+1)

∈

E(Gn). By the facts about maximal outerplanar graph, H = Gn[{wij , wij+1, wij+2, . . ., wi(j+1)−1, wi(j+1)
}] is a

maximal outerplanar graph, C = wijwij+1wij+2 · · ·wi(j+1)−1wi(j+1)
wij is the Hamilton cycle of H.

Claim If i(j+1) − ij ≥ 3, then at least one of dH(wij ), dH(wi(j+1)
) is more than 2. With respect to G̃n,

noting the maximality Gn and H, we know that every inner face of H is a triangular face. Thus wijwi(j+1)
is

in a inner triangular face of H. Then in H, there is a vertex wς together with wij , wi(j+1)
forming a 3-cycle

wijwςwi(j+1)
wij , where ij+1 ≤ ς ≤ i(j+1)−1. Because i(j+1)−ij ≥ 3, then at least one of ς−ij ≥ 2, i(j+1)−ς ≥ 2

holds. Without loss of generality, suppose ς − ij ≥ 2. Note that {wijwi(j+1)
, wijwij+1, wijwς} ⊆ E(Gn). Thus

dH(wij ) ≥ 3. Consequently, the claim holds.

r
r rr r r rrr

v1

v2
w1

wi2
wij

wij+1

wi(j+1) wi(η−1)

wn−2r

Gn

r r r r r r
v1

v2 r
w1

wi2

wij wi(j+1)
wi(η−1)

wn−2rwij+1

rr
r

G′
n

Fig. 3.3. Gn, G′
n
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Case 1 i(j+1)− ij = 2. Note that H is maximal outerplanar, and note the facts about maximal outerplanar

graph. It follows that wijwij+1wi(j+1)
wij is a 3-cycle. It means that dH(wij+1) = 2. Let G′

n = Gn −wijwij+1 −

wij+1wi(j+1)
+ v2wij+1 (see Fig. 3.3). Then using Lemmas 3.11-3.13 gets XTAG′

n
X −XTAGnX = xwij+1(xv2 −

xwij
− xwi(j+1)

) > 0. It follows that ρ(G′
n) > ρ(Gn), which contradicts the maximality of ρ(Gn).

Case 2 i(j+1)− ij ≥ 3. By our above Claim, and the fact that a maximal outerplanar graph of order at least

3 has at least 2 vertices with degree 2, there is a vertex wz with dH(wz) = 2 where ij + 1 ≤ z ≤ i(j+1) − 1. Let

G′
n = Gn −wzwz+1 −wzwz−1 + v2wz. Similar to Case 1, we get a contradiction that ρ(G′

n) > ρ(Gn) contradicts

the maximality of ρ(Gn).

The above narrations demonstrate that dGn(v2) = n− 1. This completes the proof. 2

Theorem 3.15 If n ≥ 48, then Gn
∼= P2 ▽ Pn−2.

Proof. By Lemma 3.2, in a planar embedding G̃n of Gn, suppose C1 = v2w1w2 · · ·wκv2 is a cycle where

NGn
(v1) = {v2, w1, w2, . . ., wn−2}, and v1 ▽ C1 is a subgraph. Let P2 = v1v2, Pn−2 = w1w2 · · ·wn−2. By

Lemma 3.14, it follows that Gn = P2 ▽ Pn−2. Thus the result follows as desired. This completes the proof.

2

Proof of Theorem 1.2. This theorem follows from Theorem 3.15. This completes the proof. 2
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