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Abstract

Physical experiments and numerical simulations have revealed a remarkable stabi-
lizing phenomenon: a background magnetic field stabilizes and dampens electrically
conducting fluids. This paper provides a rigorous mathematical justification of this ef-
fect for the n-dimensional incompressible magnetohydrodynamic equations with partial
diffusion on periodic domains. We establish the global stability and derive explicit decay
rates for perturbations around an equilibrium magnetic field satisfying the Diophantine
condition. Our results yield the effective decay rates in all intermediate Sobolev norms
and significantly relax the regularity requirements on the initial data compared with
previous works (Sci. China Math. 41:1-10, 2022; J. Differ. Equ. 374:267-278, 2023,;
Calc. Var. Partial Differ. Equ. 63:191, 2024). Furthermore, the analytical framework
developed here is dimension-independent and can be flexibly adapted to other fluid

models with partial dissipation.
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The magnetohydrodynamics (MHD) equations describe the motion of electrically conduct-

ing fluids, such as plasmas, liquid metals, and electrolytes, and are fundamental in geo-

physics, astrophysics, and engineering (see, e.g., [1H4]). Mathematically, they share essential

features with the Euler and Navier-Stokes equations, while exhibiting additional structures

that give rise to rich phenomena and analytical challenges. In this paper, we consider the



incompressible MHD system on the n-dimensional torus T" (n > 2):

Ou — pAu+u-Vu+Vp=1>b- Vb,
Ob — vAb+u - Vb =b-Vu,
V-u=V-b=0,

u(z,0) =uo(x), b(x,0)=bo(x),

(1.1)

where u and b denote the velocity and magnetic field, respectively, p is the pressure, and
w, v > 0 are the viscosity and magnetic diffusion coefficients. Since dissipative mechanisms
fundamentally influence the long-time behavior of solutions, much of the mathematical
literature on has been devoted to the well-posedness problem under different dissipative

regimes, as briefly reviewed below.

(i) Full dissipation: g > 0, v > 0. The existence and uniqueness results for both weak
and strong solutions in 2D could be found in Duvaut and Lions [4] (see also [5,16]). However,

the corresponding problem in 3D remains open.

(ii) Only magnetic diffusion: ;= 0, v > 0. Lei and Zhou [7] established the existence of
global H'(R?) weak solutions via compactness arguments (see also [§]), while the smooth-
ness and uniqueness of such weak solutions remain open. A related but weaker result was
later obtained by Jiu, Niu, Wu, Xu, and Yu [9]. When the initial datum (ug, bo) is assumed
to be small, the first global well-posedness result is established by Wei and Zhang [10] in
H*(T?), assuming [ bodz = 0. Ye and Yin [11] later reduced the regularity requirement
to H*(T?) with s > 2. Nevertheless, the solutions in [I0, I} may grow in time, and in
particular |Vul||p~ can exhibit exponential growth. Consequently, the stability problem

near the trivial solution remains open even in the periodic setting.

(iii) Only viscosity: p > 0, v = 0. It remains an open problem whether global classical
solutions exist even in 2D for generic smooth initial data. Chemin, McCormick, Robinson

and Rodrigo [12] established local well-posedness in critical Besov spaces.

(iv) Vanishing or small dissipation: p = 0, v = 0. For the fully non-dissipative sys-
tem, it is largely unknown whether classical solutions can develop finite-time singularities,
even in 2D. Existing global well-posedness results are available only near nontrivial back-
ground magnetic fields (see [I3H19]). Bardos, Sulem, and Sulem [I3] first proved global
well-posedness for initial data close to a nontrivial equilibrium, observing that a sufficiently
strong magnetic field suppresses nonlinear interactions and prevents the formation of strong
gradients [14], 15]. Moreover, He, Xu, and Yu [16] (see also [17, [I§]) justified the vanishing
viscosity limit of the fully diffusive MHD system to the solutions constructed by [13] under



certain structural relations between p and v.

The above theoretical results are consistent with experimental and numerical evidence,
both indicating that a sufficiently strong magnetic field tends to stabilize electrically con-
ducting fluids (see, e.g., [20H26]). Motivated by this phenomenon, the viscous but non-
resistive case (u > 0,v = 0) attracted particular attention. An early conjecture suggested
that a non-vanishing background field could dissipate energy at a rate independent of ohmic
resistivity [27, 28]. Subsequently, rigorous results on global well-posedness were obtained
for perturbations around strong background magnetic fields (see, e.g., [29H38]). Parallel
progress was achieved for the complementary non-viscous but resistive case (u = 0,v > 0)
(see, e.g., [39-41]). Among these works, Deng and Zhang [36] derived explicit decay esti-
mates for the MHD system in R? with a strong background field b = (0,0,1)” within the
Lagrangian framework, revealing a clear dissipative mechanism. This naturally raises the
question of whether a similar stabilization effect can be understood directly in Eulerian

coordinates, which offer a simpler structure and avoid derivative loss.

In fact, beyond the strong background field b, another important candidate is a constant
magnetic field b satisfying the so-called Diophantine condition, which has recently attracted
considerable attention (see [42H51]).

Diophantine condition: For every nonzero vector k € Z" and r > n — 1, there exists a
constant ¢ > 0 such that

(1.2)

To see why this condition naturally arises, let us recall the proof of Deng and Zhang [36],
which was conducted in the Lagrangian framework. In Lagrangian coordinates, the pertur-

bation system takes the form
Yi— AY: R = F(Y),

with Oy, = by - V. A crucial step in their analysis was to introduce a coordinate transfor-
mation so that Jy, becomes b-V when by — b is small and compactly supported. In the
Fulerian setting on the torus T™, a similar straightening can be performed directly only if
b satisfies the Diophantine condition (see [52], p. 137), providing a natural motivation to
study this class of background fields in the periodic setting. Mathematically, the Diophan-
tine condition is satisfied for almost all b € R™, while it fails if the components of b are

rational or one component vanishes [42]. When the magnetic field b is close to b, it suffices



to consider the following perturbation system by writing b for b — b:

Ou— pAu—+u-Vu+Vp=>b-Vb+b- Vb,
b —vAb+u-Vb=0b-Vu+b-Vu,
V-u=V-b=0,

u(z,0) =ug(z), b(x,0)=by(x).

For system with 4 = 1,v = 0 or p = 0,v = 1, Chen, Zhang, and Zhou [42] first
studied stability in the 3D periodic domain T3, proving asymptotic stability in H4"+7(T3)
for 7 > n — 1, which was then improved to H(3+20)r+5+(e+28)(T2) for 2D periodic domain
T? and any o > 0, 8 > 0 by Zhai [43]. Recently, Xie, Jiu, and Liu [44] exploited a new
dissipative mechanism to significantly lower the regularity requirement compared with the
carlier works [42] 43], establishing stability in H®™*+3)" (T?) for general n, addressing both
linear and nonlinear stability with consistent decay rates. For brevity, we only recall the
nonlinear result here.

Theorem (Xie-Jiu-Liu, [44]) Letn > 2, r >n—1landp=1,v=00ru=0, v = 1.
Assume that (ug,bg) € H™(T™) for m > 3(r + 1) satisfying

/ uo dx:/ bo dx =0,

and there is a small constant € so that

ol g oy + [1B0 | oy < e

Then there exists a unique and global solution (u,b) € C([0,00); H™(T™)) of incompressible
MHD equations (1.3) such that for any t > 0,

and

m

()| rmy + B grsmy < C(L+8) 2670, for any r+1<s<m.  (14)

Later on, Jiu, Liu and Xie [45] extended this framework to the compressible isentropic MHD
equations without magnetic diffusion, obtaining analogous stability results in HGr3)" (T™).
Further developments along this direction can be found in the studies of compressible MHD
[46], [47] and other related fluid models with Diophantine background fields [48-50].

Building on the above works, two natural questions arise:

e Can the Sobolev regularity threshold on the initial data, namely m > 3(r+ 1) in [44],



be further lowered while still ensuring global stability?

e Can the decay estimate (1.4), which requires s > r + 1, be further relaxed?

In this paper, we continue this line of research for system with u >0, v=0o0r u =0,
v > 0, under a background magnetic field satisfying the Diophantine condition. Our main
novelty is twofold: first, we greatly reduce the Sobolev regularity required on the initial data
for stability and decay; second, we establish decay rates of (u,b) in H® for all s € [0,m],
building on the idea of [53, b4]. A discussion of the mechanisms behind these results is

postponed to Section [1.3

1.2 Major achievements

We now present the main results of this paper. The first two theorems concern the linearized
system of (1.3)) in the velocity diffusive case (u = 1,v = 0) and the magnetic diffusive case
(= 0,v = 1), respectively. We subsequently establish global existence and decay estimates

for the nonlinear system.

Theorem 1.1 (Linear stability I). Let n > 2, 7 >n—1, and = 1, v = 0. Suppose that b
satisfies the Diophantine condition, and that (Uy, Bg) € H™(T") for some m > 0, with

Let (U, B) be the corresponding solution to the linear system

U — AU =b-VB,

OB =1b-VU,

V-U=V.-B=0,

U(z,0) =Up(x), B(x,0)= By(z).

(1.6)

Then, for any s € [0, m], the following decay estimates hold:
_(l_’_m—sﬁ—l)
U@ s < C(A+1) \27 20 J[(Uo, Bo) || m,
IB(®)]|ms < C(1+ )" 205 || (Un, Bo)| -

Theorem 1.2 (Linear stability II). Let n > 2, r >n — 1, and =0, v = 1. Suppose that
b satisfies the Diophantine condition, and that (Up, By) € H™(T") for some m > 0, with

/ UodSL‘:O, / Bodl‘:O



Let (U, B) be the corresponding solution to the linear system

U =b-VB,

OB —AB=1b-VU,
V.-U=V-B=0,

U(z,0) =Up(z), B(z,0)= By(z).

Then, for any s € [0, m], the following decay estimates hold:

1U@)|zz= < C(L+ 1) 2057 ||(Uo, Bo) || s,

m—s+1

_(1
1B s < €1+ 6" FFEER) (U, Bl

Remark 1.1. Under the same zero-mean assumption, Xie, Jiu, and Liu [44] proved that

in the presence of either kinematic viscosity or magnetic diffusion,
1T, B) ()l sy < C(1+ 1) 2T |(Un, Bo)ll g rmy,  0< s < m.

Here, Theorem (with p =1, v = 0) improves the decay of U to

(1, m—s+l
0@l < C+0 " F30) | W, Bo e,

while Theorem (with u = 0, v = 1) yields the same sharper rate for B. Therefore, in

both degenerate cases, our results provide a faster algebraic decay than that of [44].

Our next two theorems address the nonlinear MHD equations, establishing global well-
posedness and time-decay estimates for both the magnetic diffusive case (u,v) = (0,1) and
the velocity diffusive case (u,v) = (1,0). The regularity thresholds on the initial data are

stated below, with a brief discussion of their differences postponed to Section [1.3

Theorem 1.3 (Nonlinear stability I). Let n > 2, r >n—1and p=0,v=1. Let m € N
satisfy

m>4—|—2r—|—g. (1.8)

Assume that b satisfies the Diophantine condition, and that the initial data (up,by) €
H™(T™) satisfy
divug = divbg = 0, / Uodl‘:/ bodx =0,

together with the smallness condition
l[uollzrm (ny + [l zrm (1ny < e, (1.9)
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for some sufficiently small constant € > 0. Then the incompressible MHD equations (|1.3])

admit a unique global solution (u,b) satisfying

Sap )H(w 0) ()|l zm +/O IVo(@)|[Fm dt < C|l (w0, bo)llrm, (1.10)
te|0,00

and the decay estimate
(11, B) ()| o rmy < C(1+1)"20F0  for any s € [0,m]. (1.11)

Theorem 1.4 (Nonlinear stability II). Let n > 2, r >n—1and p=1,v=0. Let m € N
satisfy

m>3+2r+g. (1.12)
Assume that b satisfies the Diophantine condition, and that the initial data (up,by) €

H™(T™) satisfy
divu():divb():o, / uodx:/ bodl‘:O,

and

l[woll grmrmy + 0ol zrm (rny < €, (1.13)

for some sufficiently small constant € > 0. Then the incompressible MHD equations (|1.3|)

admit a unique global classical solution (u,b) satisfying

up )H(u, b))l rm +/ IVu(®)[[Fm dt < C|(uo, bo) [, (1.14)
t€|0,00 0

and the decay estimate

(11, B) ()| ey < C(1+)"20F7  for any s € [0,m]. (1.15)

Remark 1.2. We compare our regularity assumptions with those in [44], where the condi-

tion m > 3(r 4+ 1) was imposed.

(1) Theorem |1.3| (pure magnetic diffusion) requires m >4 + 2r + §, r > n — 1. Taking
into account that m € N, for low dimensions n = 2,3, our regularity threshold covers that
of [44] when r € [3,3) U [3,+00) for n =2, and r € (2,§) U [%, +00) for n = 3; for higher
dimensions n > 4, our result completely includes that of [44] and is less restrictive in general.

(2) Theorem (pure viscosity) further relaxes the condition to m > 34 2r + &, under

which our regularity assumption again covers that of [44] for all n > 2.



In summary, our results not only encompass the previous regularity conditions in [44],
but also yield improved Sobolev thresholds for the initial data in all dimension n > 2, with
the advantage becoming more pronounced as either the spatial dimension n or the index r

increases.

Remark 1.3. Compared with [44], where the decay estimates are valid for Sobolev
indices r + 1 < s < m, our results fill the gap and extend the decay analysis to all Sobolev
spaces H® with 0 < s < m, thereby providing a complete picture of temporal decay from
L? up to H™.

Remark 1.4. A distinctive feature of the degenerate MHD system is also revealed: the
L? decay rate is enhanced for higher-order initial data, while the H™ decay rate remains
unchanged. This behavior is in sharp contrast with classical parabolic equations, for which

higher Sobolev norms typically decay faster.

Remark 1.5. Theorems [I.3] and hold for all n > 2, where the dimension n influences

both the minimal regularity and the decay rates.

Remark 1.6. The approach developed here is robust and dimension-uniform, providing
decay estimates and asymptotic stability in Sobolev spaces of much lower regularity. It can

be adapted to other partially dissipative PDEs on the periodic box T™.

Remark 1.7. We believe that it is a challenging problem to drop the Diophantine condition
(1.2) in our theorems.

1.3 On reduced regularity and decay mechanisms

In the following, we explain how we can greatly reduce the Sobolev regularity required for
stability and establish decay rates of (u,b) in H® for all s € [0, m|, compared with previous
works [42H44]. For clarity, we focus on the magnetic diffusive case y = 0 and v = 1 (Theorem
; the velocity-diffusive case p = 1, ¥ = 0 can be treated similarly. Finally, we briefly
discuss the origin of the different regularity thresholds in Theorems and (see
and ) and why Theorem allows for lower-order initial data.

A key step in establishing global stability of ([1.3)) with only magnetic diffusion in the

framework of H™(T™), the most important point is how to control the quantity

/0 (1) g gy + [V5() | e (z)) I, (1.16)

which appears in the energy inequality (5.1) and the relaxation of the regularity requirement

on m precisely originates from this control.



Previous works [42H44] derived decay estimates for (1.3) using the classical Sobolev
embedding
H*(T") — L*(T"), 5> 3,

which implies
[(Vu, Vb)[| oo < Cl(u,b)|[gs,  with s> 1+ 5.

Thus, controlling (1.16) reduces to choosing a Sobolev index s > 5 + 1 such that the
corresponding decay rate exceeds (1+¢)~!. In particular, Xie, Jiu, and Liu [44] established

the temporal decay estimate

_m—(r+1)
()l rerny + 16@) [y < CA+ 1) 2007,

which requires m > 3(1 + r) to achieve decay faster than (1 4 ¢)~!, lowering the Sobolev
regularity threshold compared with earlier works [42), 43]. However, the result in [44] is

valid only for s > r + 1 and provides no decay information below this level.

Here, instead of relying on Sobolev embedding, we analyze the key quantity (1.16) in

the frequency space:

T T T R
u oo [eS) < 12 .
/0 (I9u(®)]l = + 1760z )dt”kzﬂ/o K| <t,k>rdt+k2¢0/0 k] B2, k)] dt

Exploiting the system structure, the Diophantine condition, periodicity, Fourier analysis,

and a standard bootstrap argument, we obtain that for m >4 + 2r + 7,

T
/ (IVu)l e + IVb(t) || 2e) dt < Cl(uo, bo)|| g, VT >0,
0

see Proposition for details. Moreover, to extend decay rates of (u,b) in H® for all
s € [0,m], we employ a Poincaré-type inequality induced by the Diophantine condition
on b (Lemma , which ensures decay for low Sobolev norms. Combining this with the
boundedness of high norms from the global existence result then yields decay across the
entire range s € [0,m]. Finally, we clarify why the regularity threshold in Theorem
[1.4]is lower than that in Theorem [L.3|(see (1.8))). In the velocity diffusive case (u,v) = (1,0),

it suffices to control only
o0
| IV o

since the magnetic field b can be effectively controlled through its coupling with u. As a

result, the initial data can be taken in a lower-order Sobolev space (see Propositions

and .
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We emphasize that these mechanisms not only account for the reduced regularity thresh-
olds and decay results, but also illuminate the intrinsic anisotropic and degenerate structures

of the incompressible MHD system under the Diophantine condition.

1.4 Organization of the paper

The remainder of this paper is organized as follows. Section [2] collects preliminary lemmas
and tools, including Fourier multiplier estimates and properties of the Diophantine condi-
tion. Section [3|provides an integral representation of the solution via spectral analysis, with
the frequency space decomposed into subdomains to obtain detailed kernel estimates. Sec-
tion [4] establishes linear stability, while Sections [5] and [6] study the nonlinear problem in the
magnetic diffusion (u,v) = (0, 1) and velocity diffusion (i, v) = (1,0) regimes, respectively.
In both cases, uniform energy bounds are derived, yielding global existence, stability, and

time-decay estimates for the solutions.

2 Preliminaries

In this section we collect some analytic tools and inequalities used in the subsequent analysis.

We begin with the spatial averages of the solution (u,b).

Lemma 2.1. Let (u,b) be a smooth solution to ([1.3)) that satisfies
divug = divby = 0, / ugdr = bodx = 0.
n Tn
Then, for all £ > 0, it holds that

/n (e, ) de = / b, 1) da = (0, 1) = (0, 1) = 0. (2.1)

Proof. We integrate the first equation in (1.3 over T™:

d

— | wdz—p Audsc—l—/ w- Vudz + Vpdar:/ B-Vbdx—i—/ b-Vbdz.

n

By integration by parts, the divergence-free condition, and the periodic boundary condi-

tions, we obtain

Auda::/ u-Vudr = VPd:c:/ E-Vbda;:/ b-Vbdxr = 0.
Tn n Tn n n

11



Hence,

d
— dx = 0.
7 Tnu z=0

/n u(x,t)dx = /n up(x) dz = 0.

Similarly, integrating the second equation in (|1.3) and using the same arguments, we obtain

/n b(x,t) do = / bo(z) dz: = 0.

This completes the proof. ]

It follows that

With the mean-zero condition in hand, we now state the following Poincaré-type inequal-
ity under a Diophantine condition, which plays a key role in our setting with directional

transport effects.

Lemma 2.2. ([42, [45]) Let b € R™ be a given vector satisfying the Diophantine condition
(1.2). For any s € R, there exists a constant ¢ such that if f € H str+1(T") gatisfies
Jgn f dz =0, then

1 Narsmny < €llb V£l o ny. (2.2)

Proof. According to Plancherel’s theorem and ({1.2), it holds that

1=V flpeer = D (L (R0 kPF ()P
kezmn

= S @+ RPb-kPIF ()

kezZn\{0}

>c Y (L RPY TR ()P

keZ\{0}

>c > (A+[EP)IFER)P
kezn\{0}
= c|| fll3rs,

which completes the proof. O

The following lemma records a useful property of fractional operators acting on zero-

mean functions.

12



Lemma 2.3. Let u € §'(T") be a tempered distribution with zero mean, i.e.

/n u(z)dz = 0.

Assume the Fourier convention on the torus T"™ = [0, 27]™ given by

a(k) = — w(z)e T dg w(x) = (ke
k) = e [ u@e e (o) = Y alk)e,

kezn

If the fractional Laplacian A® is defined in the Fourier sense by
Rou(k) = [k[* a(k),

then for any s € R, we have

Au(z)dz = 0.
Tn

Proof. The zero-mean condition implies 4(0) = 0, so

u(z)= Y a(k)e*

kezZ\{0}

Applying the definition of A?® yields

Mu(z)= > [klPa(k)e™.

keZr\{0}
Integrating term by term gives

ANu(z)dr = Z ]k\sﬂ(k)/ e dg.

I keZm\ {0}

Since [r. e dx = 0 for every k # 0, each term in the above sum vanishes, and hence

/ Au(a)dr =0,

This completes the proof. O

Finally, we recall a commutator estimate and a calculus inequality, which will be used

to control nonlinear terms in the energy estimates and can be found in [55] [56].

Lemma 2.4. Let s >0, 1 < p,p1,p2,q1,¢q2 < oo and % = p% + qil = p% + q%. Then, there
exists an absolutely positive constant C such that

13



e for any f € WP N W42 and g € LP2 N W5~ bar,
IA*(fg) — FASglle < C(IVfllLes A gl + |l Le2 | A° F Loz )
o for f € I NW*™% and g € LP> N W59,

1A*(fg)lle < C(IfLr [A%gllLar + llgllLea [A° fl L2

3 Integral representation and kernel estimates

In this section, we derive an explicit integral representation for the solution of system
and establish upper bounds for the associated kernel functions using spectral analysis. For
clarity, we present the detailed derivation for the case ¢ = 1 and v = 0, where viscosity
is present but magnetic diffusion is absent; the complementary case u = 0 and v = 1 can
be treated similarly. Throughout this section, we use (-,-) to denote the standard inner

product on C" for any n > 2.

In contrast to [44], where the analysis relies on a hidden wave structure and produces
identical integral representations for u and b in the two degenerate cases, our spectral
approach yields distinct representations for v and b. These structural differences directly
affect the dissipation mechanisms acting on each component, resulting in different decay

behaviors for u and b in the two settings.

We first establish the integral representation of the solution in Proposition and
then derive upper bounds for the kernel functions in Proposition [3.3] which are essential for

quantifying the linear decay rates of u and b in the subsequent analysis.

Proposition 3.1. Let (u,b) be a solution to system (1.3)) with p = 1 and v = 0. Then

(u,b) can be estimated as follows

il < (1Rl + 1K) ol + [ (1Ralt = DINE) + Kale = DI ()] dr
t (3.1)
bl < (1K1 + K3 ) bl +/0 (1K= DN ()| + Kt = )lINa()] ) dr,

where 1y := (ug,bg)’, N = (N1, N2)T, Ny :=P(u-Vu—0b-Vb), Ny :=u-Vb—b-Vu and P

denotes the Helmholtz-Leray projection operator. The kernel functions [/(\1, Ky and I/{\g are

given by

A }e*)\—t _ e*M-t‘ — =N —
K| = N2+ 1D K2 = |G IAL2+ b k2,
A+ — A

14




—~ e At — e At ~ bk ~ ~ bk
IKﬂ=} | AP+ b k[P |S—| =[G AP+ k25—, (3.2)
Ay Ay
where G is Fourier multiplier operator
e At _ gt
G=—""""—7#— 3.3
W (33)
with Ay and A_ being the roots of the characteristic equation,
A —kPPA+1b-k>=0 (3.4)

or

k2 £ /K|t — 4] - k|?
A (k) = .

2

When Ay = A_, (3.1) remains valid if we replace G in (13.3) by their corresponding limit

form, namely
—A_t —Aqt
~ . € —€ _
G= lim ———— =te M
A=A Ap — Al

The proof follows from spectral analysis and will be given below. The complementary

case 4 = 0 and v = 1 is stated in the following Proposition.
Proposition 3.2. For system (1.3) with u =0 and v =1, the solution (u,b) satisfies
—~ —~ ~ t —_~ o~ —_~ —_—~
)] < (Bl + 1Kol + [ (1Rate =R+ 1Rale = )] [Fa(o))

) (3.5)
b(t)] < (K2 + | K1) 4| +/0 (1Kt = ) IN()] + |Ks(t = )| |Na(7)]) dr.

The proof is identical to that of Proposition [3.1] and is omitted.

Proof of Proposition . We start by separating the linear terms in ([1.3) from the non-
linear ones. Applying the Helmholtz-Leray projection operator P := Id — VA™!V- to the

15



velocity equation in ([1.3));. Then, (1.3 is converted into

du— Au—b-Vb+ Ni(u,b) =0,
A —b- Vu+ Na(u,b) =0,

(3.6)
divu = divd =0,
(u’ b)|t=0 = (UOa bO)a
where Np(u,b) and Na(u,b) are the nonlinear terms
Ni(u,b) =P(u-Vu—>b-Vb), Na(u,b)=u-Vb—10-Vu. (3.7)
Taking the Fourier transform to (3.6]), we find that, for k € Z™ \ {0},
; 20 (b k) k) (4 Vu—b-Vb) =
Bt + |k[2a — i(b- k)b + (I = ) (u Vau—b Vb) —0, .

Ob—i(b-k)a+u-Vb—b-Vu=0.

To better capture the dissipative mechanism and coupling effects, we rewrite the system in
vector form ¢ := (@, b)T, which yields

Ah + Map + N(u,b) = 0, (3.9)

k2 —ib-k " M
mee ¥ PR Ny = ). (3.10)
—ib-k 0 N2

By Duhamel’s principle, the solution to (3.9)) is

where

W = e Map, — / t e ME=T N (u, b) (1) dr. (3.11)
0

Mt

The fundamental solution matrix e™"* can be made more explicit via the eigenvalues and

eigenvectors of M. Since the characteristic polynomial of the matrix M is given by
det(M — XI) = A2 — |k|>X + |b - k|?,

it admits two eigenvalues Ay (k) with corresponding eigenvectors a4 (k), defined by

K[> = \/1k|* — 4] k[ At
Ae(k) = ,ax(k) = ( >

2

which satisfy the eigenvalue relation May (k) = Ay (k)as (k).
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Let

1 1 = b
A = ), Agi= AT = —— ik | = (4.
1 (a+ a ) 2 1 /\+ Y (_1 _)&) <bT>

Thus, the matrix M is diagonalizable with

Ay 0 _ .
M= A, ( 0* ) ) Ay =Xja b, + A a b .

Consequently, the matrix exponential e~ is given by

_ _ =T  _ =T
e M —¢ )‘+ta+b4r +e*ta_b

Then, by (3.11)), we get

t
P =e Map, — / e MI=IN dr
0

t
= e_’\+ta+BJTr1,b0 + e_’\*ta,gi't/)o — / (e_’\+(t_7)a+5ip_ + e_’\*(t_T)a,BT) N(7)dr
0
= 67)\+t<1:b0’ b+>a+ + 67A_t<12)07 b—>a—
t t
- / M=) (N (1), by )ay dr — / A=) (N (7). b_)a_ dr, (3.12)
0 0

where we have used the identity ab ¢ = a(c,b) = (c,b)a for any column vector a. However,
direct application of formula poses challenges due to the unbounded nature of |b|
in the neighborhood of the set {|k|* = 4]b- k|?}. To address this concern, we resort to the
following identity

A~

h=(e " =M gy bo)a + e M

t t
= [ eI F ) badr - [ MR ar
0 0

which effectively eliminates the singularity of |by|. Thus, the components of ) can now be

expressed as follows. For 13, we have

[; :<{p7 €2>
=(e™" — e M) (b, b a, ea) + e (g, e3)

- / t(e*A—<t*T>—e*M(t*T))(N(T),b_><a_,eg>dT— / t e M E(N(T), e0) dr. (3.13)
0 0

17



Similarly, for @, we observe that

<a*761> — —Zi)- k<a*7 2> A+ <a*7€2>;
which yields
(0 :<'l,Ab, 61>
ib - k N N
== (e = e Wy, bo) (s, e2) + e (g, e)
+

t '~' -~ t <
_ / li B (e o1 (R (), b a e) d — / e MUTHN(7), e1) dr.
0 + 0

(3.14)

With the representations (3.13)) and (3.14]) in hand, we derive
|l;| < ‘ <e_)‘ft _ e—)\+t> <1210,b,><a,, 62>‘ + )e—)\+t60‘
t - t N
+ / ‘ (e_)‘f(t—ﬂ') — e_)\+(t_7')> <N(T), b_><a_, €2>‘ d’T —+ / ‘e—/\+(t—T)N2 (T) d’T’
’ 0

and

N b
jaf <

i (e_A*t — 8_/\+t> ("LO’ b_)(a-,e2)

+

+/
0

From the definitions of b_ and a_, we compute for any f € C2, there are

+ ‘E_AM’LAL())

PR (20 o) (R, b (o)

t
d7+/ ’ef)"L(t*T)Nl(T) dr.
Ay 0

(et = e (E b a, e0)| <[ef = e boll(an, e2)]If]
2 1 1p. k|2
:‘e_At_e_Mt)\/P\H + 1b- k| £
A — A
= £ [ (k1) I,
and
b b-k
PR et e b e ea)| < e — e oo en) |5
Ay At

18



—A_t it
:|e pur:f\_,w\/m £
= [Ka(k, 1)]|f].
To simplify the notation, we define
Rt t)i= e Glkt) = o
and then
LEMWN=@%JMIM?+@%P,-@%¢N=@%JNIMP+kabf«

Thus, we get
A~ — ~ —_ ~ t —_ A~ t —_~ —_
o] < |K1||¢o|+IK3|!bo+/ K1(t—T)I\N(T)|dT+/ [K3(t — 7)||N2(7)| dr,
0 0
and
— ~ —_ t —_ o~ t — —_
jaf < |K2|\¢o|+IK3Hﬂo|+/ IKQ(t—T)HN(T)\dTJr/ [K3(t — 7)||N1(7)]| d.
0 0

This completes the proof of Proposition O

We now analyze the behavior of the kernel functions I/(\rf/(\g, which are anisotropic
and inhomogeneous Fourier multipliers. To accurately capture their decay properties, it is
natural to decompose the frequency space Z™ \ {0} into suitable subregions. The following

proposition establishes uniform upper bounds for I/(\rlf(\g in each of these regions.

Proposition 3.3. Partition the frequency space Z"\{0} into the following three subdomains:
Sy = {keZ"\{O} k[ — 4]b - k|2 go},
S = {k € Z"\ {0} : 0 < [k[* —4fb- k” < {JKI'}
Sy 1= {k € Z7\ {0} ¢ [kI* — 4[5 k2 > JIk[*},

where S1, So and S3 represent low frequency space, medium frequency space and high fre-
quency space respectively. Then, there exists an absolute constant C' > 0 such that,
(1) for any k € S1 U Sa,

Iio|2
|K1] ]KQ] <Ce sl
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(2) for any k € Ss,

—~ _ER?, b- k| —0R2,
|[Ki| < Ce 7, |Ky| <C EE e K

7

(3) for any k € 7™\ {0},

—~ —Mt
|K3|§€ 2 o

Proof of Proposition[3.3] To estimate K|, |K3|, and |K3|, we use their representations in
terms of the characteristic roots Ay, A_ and the Fourier multiplier CA}(kz), as given in (3.2]),

(3.4), and (3.3]). We proceed in steps.

Step 1: Estimate of |I/(\3| By definition (3.2)), K3 = e~*+!. Since RA4 > 1[k|? for all
k # 0, we immediately obtain

2

— k]
K3l <e 2!, forall ke zm\ {0}.

Step 2: Estimate for G(k,t). Recall that

—A_t _ ef)q_t

~ e
G(k,t) = SV

We now estimate C:’(k, t) for each frequency region Si, Sz, and Ss.

Case 1: k € S;. In this case, the characteristic roots A+ form a pair of complex conjugates.

Let
0= \/4]5- k|2 — |k|4,

so that Ay = @ +4%. Then, using Euler’s formula,

~ k2, i3l — i35t k2, sin (2t
G(k’t) :e_Tt~7 :te_?t. 0(2 )
10 5t
Since ‘%‘ <1 for all # € R, we have
LI

Gk, t)| <te™ 2.
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Applying the standard inequality
y'e ¥ <C,, forally>0, neN, (3.15)

with y = @t, n = 1, yields
Gk, 1)] < Cem IR,

Case 2: k € S9. Here the roots AL are real and distinct. Noting that

2 —|k|? = \/|k[* — 4]b- k2 2
B TIM [k|* — 4]b - k] o ke (3.16)

4 = °F 2 2
N VA Ll A0 GO
2 T 2 - 4

the mean-value theorem implies that for some ¢ € (—=Ay, —A_),

At _ oAt

A — M

(&

IG(k,t)| = = teSt

Since ¢ < —%|k/|?, it follows that
’@(k7t)| < t€_%|k|2t < C’kl‘ge—élk’lzt’

where we used again (3.15) with y = £|k|*t.

Case 3: k € S3. The root —\ satisfies

b- k)2
—|kP <A =—"11 1—4(

< —Z\k;? (3.17)

In contrast, the root —A_ may approach zero. To handle this, we rewrite it as

= _ (5.]@2
Y :_% 1— 1_4(b'k)2 — 2T
: 2 IRl N
VR

. . . 1 (b-k)?
Since k € S3 implies 7 <1 —4 e <1, we have

4(b - k)2 (b-k)? . 1
- <A < — Ay — Ao = \/|k|A —4b- K2 > Z|k)%
SEE S SR M k|* —4]b- k| > S |k|

21



Therefore, o o
(b-k) _ (k)

3 2 —
e~ 1lkl*t L o7 TR e IkZ

<
e e

Step 3: Estimates for |I/(\1| and |I/(\2| We first recall from (3.2) that

K = G (1042 + 15 k).
~ 2
bk
Ay

_ . N (3.18)
o = |G (1A + 16 kI?)

. 22
Thus, we need to estimate the quantities |[Ay|? + |b- k|? and ‘%’ in each region.

Estimate of |\, |? + |b- k|2

For k € S;: Since |k| is small and bounded away from zero, we have

M2+ 10- K2 =2b-k*> <C.

For k € Sy U Ss: From previous computations (3.16) and (3.17)), we obtain |Ay| ~ |k|2.
Then, it follows that
AL+ (b KP? < ORI

b |2
Estimate of ‘—/\' :
+

For k € Sy: Since [Ay|? = |b- k|2, we have

-2
b-k

— <.
At

For k € Sy: Using (B.16), |Ay| ~ |k[2, and |b- k| < C|k|, we get

i
Ay

k| 1
<Cis <C <C.
K[> = k]
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For k € S3: From (3.17)), |A\,| ~ |k|?, we estimate

b-k| _|b-k|
A | TR
Combining the above, we obtain
- 2
- C, ke Sy, . C, ke S U8y,
AL P+ 16 K* < ' bk - Lo (3.19)
Clk[*, ke SuUSs, | i, ke ss.

Substituting the bounds for \CAJ (k,t)| obtained in Step 2, together with the estimates (3.19)),
into (3.18)), we immediately arrive at

—~, = Ik |2
|K1|, |[Ka| < Ce™ 571, for k € S1 U So,
— _ (k)2 — 7o _(Bk)?
Kl <0 w7 Kyl < e ® L for ke sy
This completes the proof of Proposition O

4 Linear stability

In this section, we establish the linear stability and time decay estimates of system ([1.3)).
For clarity, we restrict to the case y = 1 and v = 0, corresponding to Theorem [1.1, The
complementary case ¢ = 0 and v = 1, stated in Theorem can be treated analogously

and will therefore be omitted. For the reader’s convenience, we recall the linearized system:
U —AU —b-VB =0,

OB —b-VU =0,

divU =divB =0,

(U, B)|t=0 = (Uo, Bo)-

(4.1)

\

Proposition provides an explicit representation of the Fourier transforms of (U, B), from

which we immediately obtain

U < (5ol + K1) o,

B2 < (|K1[? + | K3[?) )2,
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where ¢, := (Up, Bg)”. The estimate ), together with the kernel bounds established in
Proposition [3.3] will be used in the proof of Theorem [I.I] to derive decay properties for the

Sobolev norms of U and B.

Proof of Theorem [l Due to (L5), for any ¢ > 0, there holds [, U(z,t)dz =
Jn B(z,t) dz = 0 and therefore

U(0,t) =0, B(0,t)=0. (4.3)
Using (4.2)), (4.3), and the Plancherel theorem, we deduce that for any 0 < s < m,

1Bz, )%, = > [k[*|B(k, 1)

kez \{0}
< S IRPEIK LR ol + Y k2K o =2 L1 + I,
k#0 k#£0
and
U, 0)]1%,, < STIRP R P o2 + D 1k1% K32 ol =2 Iz + Is. (4.4)
k0 k0

From Proposition [3.3] it is clear that

= > IR ol < e IR bol* < e ol (4.5)
k£0 k0

Utilizing Proposition and the Diophantine condition (1.2]), we have

_ 206k,
=Y KPIE P doP <O D ke g 40 S e by 2
k0 kE€S1US, keSs
2 N
< Ce™ il (@) [} +C D~ e TRy
keSs
With the help of (3.15]), the second term can be estimated as
— 2.2 t ~
>
keSs
t T s - .
= Z \k|2+2r <|k;’2+27') t~ T+ |k|2(m 5)|k’25|¢0|2
keSs3
<t I o )| |< ! >
< v x)||%m sup e
’ ke Ss |2 r2r
<Ct™ 157 || o ()| %om
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and

—it ~ ~

e PR g |* < [KI** gbol .
It follows

_ 22 - m—s
S TR g 2 <C(1+ 1) (| (@)1
keSs3

Combining the above estimates, we obtain, for any 0 < s < m,
_t _m=s
1B, < e 4 lldolF. + COL+1)7 7 ||| Fm- (4.6)

It remains to estimate I, which is given by

=12, k%, A |[~7]€|2 _20bk2, .
I e e D D e R U T
k#0 keS1US2 keSs
By virtue of (3.15)), the second term admits the estimate
|b- k|2 —20k2, .
D TR kol
keS.
~ 9 - m—s+1 ~ _ m=—s+1
b- r+1 r+1
— Z 1 |bk|2t tfle_%t |bk‘2t |bk|2t ' |]€|2S‘(2)0|2
AN I o
- 5 ~ m—s—+1
1 b-k 2 —2|B'k‘ b-k 2 T+ _m=—s m—s+1 ~
DI (' o t) 1 t(‘ T t> £ R 2
kESs3
~ ~ 1 mfs+1)
oy mesi1y 206k b k|2 ( I+r )
:Zt (1+ 1+:r )6 k2 t ‘ T ¢ ’k‘Qm’¢0’2
keSs ’ ‘
~ ~ 1+m75+1)
m—s41 _2/b-k)? b k|2 ( THr
<t (T g @) sup e i (LA
keS3 ‘k‘

m—s+1

<ot~ 2 5) | g ()12,

As b is fixed, it follows that

b k|2 2k, - ~
| ’k4’ e K5 |* < (K[| bl
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Thus

b k|2 _2bk? . _ m—s+1
5 B R o < 01+ () gy @12

Hence, we arrive at, for any 0 < s < m,

_1 _ m—s+1
T2, < e 5llggll%. + C(1+ 1) 75 )||¢o||§;m,

which, together with the estimate for B(t) in (4.6)), completes the proof of Theorem O

5 Proof of Theorem [1.3

In this section, we establish the nonlinear stability result stated in Theorem The

analysis is divided into two subsections.

5.1 Global-in-time existence

The local well-posedness of system (|1.3]) can be established by standard methods, such as
the Friedrichs mollifier or Fourier cutoff techniques; see, for instance, [57H59]. Therefore, it

suffices to derive uniform a priori bounds to extend the local solution globally in time.

We start with the following energy inequality, which can be found in Lemma 4.1 of [44].
The proof is omitted for brevity.

Proposition 5.1. Let (u,b) be a smooth solution to (1.3) with p =0 and v =1. Then for
any s € [0,m] and t € [0,T], the following energy inequality holds:

@B + 19O < (1Tl + V0Ol e ) [ )W (5.1

We now turn to the proof of the global existence part of Theorem [I.3] Taking s = m in
(5.1) and integrating over [0, T yields

1Ct, )(T) |7 + /OOIIVb(t)II%m dt
0

T
<[I(uo, bo) I +Cts[lépT] 1w, b)(t)lﬁqm/O (IVu(t) ]| oo + [IVO(E) [ L= ) dt. (5.2)
€10,

To rule out possible blow-up and extend the solution globally, it remains to estimate the
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critical quantity in (5.2]), namely,

T
/0 (IVu(t)[ 2 + Vb)) dt.

Using the Fourier series representation, we obtain for ¢ > 0,

IVut)lle <C > Kt k), [VO@)lee <C Y [kI[b(E F),
kezZn\{0} kezZn\{0}
so that
T
| (vuti + 196 1=) d
<c > /\k||utk|dt+(} > /|ky|btk|dt
kezZ\{0} kezZ\{0}
Claim that
3 /]k\]utk\dt+ 3 /ykubtk|dt<cu(u0,b0)HHm
kezZn\{0} kezn\{0}
+Cp osup [(w,0)(O)lgm [ D /|k]|utk:\dt+ > /|k||btk|dt
te[0,T] kezm\{0} kezm\{0}

(5.3)

for some constant Cq > 0.

By choosing the initial data sufficiently small as in (1.9]), the last term on the right-hand
side of ([5.3) can be absorbed into the left-hand side via a standard bootstrap argument.
Hence we obtain

T
/ (IVu()|| zoe + [VO()|| o) dt < C||(uo, bo) ||z, VT > 0. (5.4)
0
Substituting (5.4} into ([5.2)) and using the smallness assumption ([1.9)) again, we deduce

ts[gp)H(u,b)(t)H%zm / V60| Fm dt < C|l (0, bo) || Frm, (5.5)
€(0,00

which establishes the global-in-time existence of smooth solutions and the uniform bound
(1.10)).

Finally, we justify the Fourier-side control claimed in (5.3]).
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Proposition 5.2. Let n > 2 and m > 4+ 2r + 5. Assume that (u,b) is a smooth solution
to (1.3]) with p =0 and v =1. Then there exists a constant C > 0 such that for all T > 0,

T T
3 /0 Kl 0t k)] di+ 3 /0 K] [b(t, k)] dt < C)(uo, bo)||

kezZ\{0} kez\{0}

T T
+C swp [l | Y /0 KoLk de+ S /0 k] (2, k)] dt

t€[0,7] keZr\{0} kezZm\ {0}
(5.6)
Proof. Applying Duhamel’s principle to (1.3),, we obtain
T ~
> / |k|lb(t, k)| dt < Io + Ir + Is + Iy, (5.7)
kezn\ {0} 0
where
T -
Ig= Y / k|e™* b (k)| dt,
kezm\ {0} °
T ot ) .
I= ) / / k|e =) Vb(r, k)| drdt,
kezm\{0} 70 70
T ot ) o
Ig:i= ) / / k|e =70 u(r, k)| drdt,
kezm\{0} 70 70
T ot ) R
L= 30 / / ele ") (b - k)a(r, k)| drdt.
kezn\{0} 70 7O
It is straightforward to estimate Ig. Indeed, we have
T I .
D D A TN S O]
kezr\{0} 0 keZn\{0}
where we used the elementary inequality
T
/ ae”%dt <1 for all «>0,T>0. (5.8)
0

Applying Hélder inequality and noting that m > %5, we further deduce

2

< Y lokI<| > k" Do EP™MBP | < C bl

kezZ™\{0} kezn\{0} kezZ™\{0}

N
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where C' > 0 is a constant depending only on n and m.

We now turn to the estimate of I7. Since V - u = 0, we may rewrite
- Vbt k)| = [V (@ b)(t, k)| < [kl |(@xB)(t, k)], k€ 2"\ {o}.

Substituting the above bound into the definition of I7, and then applying Young inequality
together with (5.8)), we obtain

LH<C Y //|/€] kP T)\k|‘u*b Tk"det

kezr\{0}
<C Z / dt.
kezr\{0}

Next, applying Young inequality for convolutions in the spatial frequency variable k € Z™,

and subsequently using Holder inequality, we get

T

r<o [ S |asbn)| dt</ att k) S (bt k)| dt
O kezr\{o} 0 kezm\{0} keZr\{0}
<Csup > at k)| D> / b(t, k)| dt
tEl0.T] kezm\ {0} keZm\ {0}

<C swp u@®)um | Y / e[, k)|t | |

te[0,7) keZm\ {0}
where we have used the Poincaré inequality in the last step since k # 0.

Similarly, for Is, we have

<C b*ﬂ)(t,k)‘dtgc sup ullgm [ S / Ik|[b(¢, k)| dt
0 keZ"\{O} te[0.T] keZm\ {0}

For Iy, we can see by Fubini’s theorem and (5.8) that

Iy < C(]b]) Z/ a(t, k) dt < C(pl) > /|k]|utl<;\dt

kezZn\{0} keZm\ {0}

29



Recall (3.5)); and write

T
> [ ) ar

kezn\{0}
T R T t P R
< ¥ /|kr|K1||¢o|dt+ 3 //|kr|K1<t—T>|N<T>rd7dt
kezn\{o} 7" kezn\{0} "0 0
T R T t P P
S /|kr|K3||¢o|dt+ 3 //|kr|K3<tT>|N1<T>|dfdt
kezn\{o} 7" kezn\{0} "0 0
=:lg1 + Igo + Ig3 + Io4. (5.9)

We begin by estimating Ig3. Proposition and (5.8 give

T _M R
s 3 [ e 0t <l

kezZn\{0}
For the term Ig4, we apply Proposition and proceed similarly to the estimate of I7,
which yields

T
Iy <C 3 (|(ﬂ*ﬂ)(t,k)| v |(8*13)(t,k:)|> dt
0 kezn\{0}

T T .
< C sup |[(u, b)(t)|[rrm </O Z!kllﬁ(t,k)ldH/o Zlkllb(t,k‘)ldt>-
k k

t€[0,T]

We now estimate Ig;. By Proposition the Diophantine condition, and the Poincaré

inequality, we derive

T - R T P R
< Y /0 KIIE (8 B)] b (R) dt + 3 /0 K138, B)] abo ()] dt

keS1US2 keS3
r k1%, 5 T kP,
<c Y / ke S o) dt +C 3 / ko™ W abo (k) dt
keS1US, Y0 keSs V0

) ‘/{:|3 T |l~)k:|2 JE:‘;t .
<C Y Habl+o Y R (/0 e dt) [Bolk)

keS1USs keSs3

<C Y o)+ C S IR b (k)]

kezZn\{0} keZ\{0}

< Cligpollzm-
Finally, to estimate Igo, we employ Proposition in conjunction with (3.7)), (3.10), and
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then apply Young, Poincaré, and Holder inequalities, which yield for m > 4 + 2r +

T t P N
> //\kHKl(t—T,k)]]N(T,k)\dfdt
0 0

keS1US2

T t
+Z/O ]k\/o |K1(t — 7, k)| |N (7, k)| drdt

keSs

T t _ﬁ PN T s
<C ), /O/Olk:le s (t )|N(T,k:)|d7-dt~|—CZ/0 k320 |N (¢, k)| dt

keS1US2 keSs

T t 2
R, e e
<C Z /0/06 5 (t )’k\(]u*u\—l—\b*lﬂ—i—\u*b\)(T,k)dq-dt

keS1US2

T
+c/ > k[ (|ﬂ*ﬂ|+\b*b|+|a*b|) (t, k) dt
0 keSs

T
gc/ > yk\4+27"(\a*a|+\b*by+|a*b|)(t,k)dt
0 kezn\{0}

T T .
< C sup ||(u,b)(t)[[rrm /0 > !kllﬁ(t,k)ldH/o > IKlIb(t, k)l dt

tG[QT} k‘GZ"\{O} kJEZ"\{O}

Combining the above estimate into (5.9)), which completes the proof of Proposition O

5.2 Temporal decay estimates

In this subsection, we establish the temporal decay part of Theorem We first focus on
deriving the temporal decay of [|(u,b)(t)|[z2(rn). Once the L? decay is established, higher-

order norms can be controlled using standard interpolation inequalities together with the
uniform bound (5.5)), which then yields the decay estimate stated in ([L.11)).

Proposition 5.3. Let n > 2 and m > 4+ 2r + § with r > n — 1. Let (u,b) be a smooth
global-in-time solution to (L.3) with p =0 and v = 1. Then there exists a constant C > 0
such that

HUH%Q(T") + ”b||%2(1rn) <C(l+1t) .
Proof. Since V-u =V -b =0, the L? energy identity reads

% (@172 + 16(ON72) = =2/ VBE)IZ-- (5.10)
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To capture additional dissipation, we will make use of the following cross-term estimate:

d - 1 - 1 .
—— [ (b-Vu) - Abdz < ( o+ (b7 ) [IVO]I72 = SIATHE- Vu)ll7a
+C (Vb + [[Vullzeo) (I1Bl[72 + lul72) , (5.11)

whose precise statement and proof are deferred to Proposition [5.4] at the end of this sub-

section.
Multiplying by A:=1(1+ |b| + |b2) and adding the result to (6-11), we arrive at
d 2 7 -2
= (AH(u, b)||2, — /Tn (b : vu) A bdx)
<~ 5 (IV0l3 + 147 G- Va)l2) + C (1Vull i + [98=) @ b)3 (5.12)
On the other hand, applying Lemmas [2.2] [2.3] and Poincaré inequality yield
IA™ ]z < e b VAT )|l < el|ATVT (0 V)l g = ¢ [ATHD - V)| 2.
By Poincaré inequality and , we have
bl 2 < V0| L2

Consequently, the differential inequality (5.12)) can be refined as

2 (A (I, )I2) - / (b vu) 'A‘dex>

<= S (IblZ: + 1A ul72) + C (IFullze + [V1e) 1 B2 (5.13)

where ¢* := min{1, ¢} and c is the constant appearing in ([1.2).

Let M > 0 be a parameter to be fixed later such that % < 1. By Plancherel’s theorem,

A ey A 290\ (a2
Sl = 1Al = 5 (57 - 72 ) ao)
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Moreover, Holder, Poincaré and Young inequalities yield

[el
2

< 1B] - [Jullz2 - [AT10] g2 <

/ (b-Vu)-A%bdx

(llull72 + l10]72) -
Then, the first term on the right-hand side of ([5.13)) turns to
c* ) 11— 2
7 (HbHLQ + a7 TUHL2)

c* ) c*A 2 c* A 2 11— 2
== bl = g lllZe + 7 (57 Ml = A7l

<= Tz UBliEs + llullE2) + — s AT 3.
c* C

< — = F(t) + — = [A™u] 3,

=~ SM ( )+ M1+m ” uHL2

where we set

F(t) = Al (u, b)]% — /Tn@. V) - A~2bda.

Substituting (5.15]) into (5.13)) gives

d C* C m 2 2
GFO <~ P+ —r A7l + C (Ve + Vbl . B)
Choosing
c*t m
M=A+S° '
BT R R g

and multiplying (5.16) by M/ together with (5.14) yields

dt

Integrating over [0, ¢], we deduce

m

t .
MIF(t) <ATF(0) + 0/ M7 ||| dr
0

e /0 MIF () (IVa(r)l|z~ + [V5(r) 1) dr.

Multiplying (5.17)) by (1 + t)ﬁmr_j and using (5.5)), we obtain

(1+)T F(t)

T

o [t , .
<C(1+ ) IAF©) + Ca 0T [ oI dr
0

c*r

8j

+C(1+t)ffrj/0(z4+ Y F(7) ([Vu(r)l| oo + [ Vb(7) || <) dr
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— (MIF(t)) < CM’ o A" |32 + CMIF(#)(|Vul| Lo + || VO] o).

(5.14)

(5.15)

(5.16)

(5.17)



<C+C(A+1)T I sup [|A™u(r)]2%
0<r<t
. . m t m
Lo+ T i / (1 + 1) T F(r) (| Vu()l|p= + V(1)) dr
0
t
<c+cC / (1 + 1) F(r) (| Vu(r)||p= + [V ) dr.
0

Moreover, ((5.4)) yields

[ vu i + [0 < €
It then follows from Gronwall’s inequality that
(1+ 1)1+ F(t) < C.
Recalling the definition of F(t) and using (5.14)), we have

F(t) > =) (u, b))

2
Consequently,
lu(®)lI72 + [B(1)]I72 < OO+ )T (5.18)
This concludes the proof of Proposition [5.3 O

Finally, interpolation between (5.18)) and the uniform H"-bound (j5.5)) yields, for any
s € [0,m],
(@)l s + [16() ]| 7s < C(L48)7 272,

Hence, Theorem [I.3] follows.

To conclude this subsection, we provide an auxiliary estimate (5.11]) that was used in
the proof of Proposition [5.3

Proposition 5.4. Let (u,b) be a smooth global solution to (1.3) with p = 0 and v = 1.
Then

—% 5 (- Vu) - A2bde < (; + |B|2> IVb]|2, — % HA—l (b va) Hi

+C(IVbllze + [[Vull ) ([0172 + llul72) - (5.19)
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Proof. By straightforward calculations, we have

d

_= b- A 2bdr = —
p Tn(b Vu) x /

n n

=: I4 -+ 15.
To estimate Iy, we apply (|1.3)); to express it as
I = / (b-V(b-Vo+POb-Vb—u-Vu)) - A"2bdz

= —/ (B-V)(B-Vb)-A_dem—/ (b-VP(b-Vb—u-Vu))-A2bdz
=: g1 + Iyo.
By integration by parts, (2.1]), and the inequality ||b||;2 < ||Ab|z2, we deduce

Iy = —/n(B.V)(E-w) A ?bdx

:/ (b Vb) - A2(b- Vb) da = [|A"2(b - Vb)||2

< B IATIVBIIZ: < (b [[b] 72 < B [[AD]I7
Using the boundedness of the Leray projection P on L?, one has
Iy = —/n(i) -VP(b-Vb—u-Vu)) - A 2bdz
:/n]@(b-w—u-vu)-A—Q(B-Vb)da;

< [Io- VA0l 2 (b~ Vbl g2 + ||u - Vul|2)
< C(B)Ioll 22 (198l oo 1ol 22 + [ Vull o ]l 2)

< O(B) (1Dl + [ Vullzee) (10172 + [lul72)
Thus,
14 < BPIABIZ: + C (190l g + 1900 goc) (IlullFe + (18122
For I5, one can use 2 and integration by parts to get

15:—/ (b- Vu) - A2 (B-Vu+Ab—(u-Vb—b-vu)) dz
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——\\Al(z}.vu)u;—/ (B-vu)-A2Abdx+/ A2(b-Vu) - (u-Vb—b-Vu)dz

n n

=: I51 + Is2 + Is3.

For I59, by Holder and Young inequalities, we have

52| =

/ (b-Vu) - A2Abdx

IN

IA™H (D - V)| 2| AD]| 2

IN

1, 1.~ 1
SIAT 6 Va3 + S IABE-.
For I53, we have

153:/ A2(b-Vu) - (u-Vb—b-Vu)dx

< Cllb- VA 2ul| 2 (JJu- Vbl 2 + [[b- Vul 2)
< (b)) lfull2 (1Bl zoe [l g2 + [Vl o< B 2)
< C(1B]) (IVBllze + [ Vullzoe) (1ol 72 + llull?e) -
The above estimates yield
Iy < — A7 6 V) + SN + C (I9ullzse + [98]5) (leliZs + 1013:) . (5.22)
Finally, substituting and into (5.20)), then is obtained. So far, the proof

of Proposition [5.4] is completed. O

6 Proof of Theorem [1.4l

In this section, we establish the nonlinear stability result stated in Theorem The

analysis is divided into three subsections.
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6.1 A priori estimates

To derive the a priori estimates, for the case up = 1, v = 0, we define the following modified

energy functional:
Qs(t) := all(u, b)(1)[|7+ — Z/ (b-Vb)(t) - A*2u(t) dz, s € [0,m], (6.1)
=0 /T"

where a > 0 is a suitably chosen constant. Our focus will be on the evolution of Qs(?).

We begin by analyzing the first term on the right-hand side of (6.1]).
Proposition 6.1. Let (u,b) be a smooth global solution to (1.3) with p=1,v =0. Assume
m >2+r+ 5. For any s € [0,m] and t € [0,T1], it holds that

1 d S S S S S
5 g 1A AL + A ullze < C ([Vullpe + [l 7m-s—r) (A, AD)[[72. (6.2)

In particular,

1d
syreICE b)) I7rm + I VulFrm < C (IVull oo + 10017pm—1-r) [| (1, ) (1)][7m- (6.3)
Proof. Applying the operator A® to both sides of (1.3); and (1.3)),, taking the inner products

of the results with A®u and A®b respectively, and then adding them together, we obtain

L (a4 A + A7l = 31,
j=1
where
I =— - A(u-Vu) - ANude, I, = - A%(b-Vb) - NMudz,
13:—/n A*(u-Vb) - A°bdex, I4:/nAS(b-Vu)-Ade:U,
I = /n(B-VAsb)~Asuda;, I = /n@- VA®*u) - A*bdz.

By direct computation and integrating by parts, we find

I5+16:/ (l;-VAsb)-Asudx—k/ (b- VA®u) - A*bdx = 0.

n
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Making use of Lemma and (|1.3))3, it follows that
I = —/ A (u-Vu) - Nude = —/ [A°(u-Vu) —u- VAu] - APude

< Ol Au] oIVl o,

I3 = —/ A*(u-Vb) - A°bdx = —/ [A°(u-Vb) —u-VA®Y] - A°bdx
< CA%b[ 2 ([[A%ul| 2]| V]| oo + [[A%D] 12Vl Lo ) ,
and

L+I= [ A(b-Vb) - Aude+ [ AS(b-Vau)-Abda
Tn Tn

:/ [AS(b-Vb) — b A*VD] - Nuda
+/ [A°(b-Vu) —b- A°Vu| - A°bdx

< Cl[A%ul[ 2| A%D]| 2| VO] Lo

+ ClIA%0] 2 ([|A%u]| 2|Vl Lo 4 [[A%D]] 2] V]| Loe ) -
Applying the Sobolev embedding

Vbl Lo < C|[bl|gpm1—r, withm > 2+ 7+ g (6.4)

and combining the preceding estimates, we obtain

53 (
2dt
<ONVule (1A%l + IABIE) + CIVBl e A%l A%

[A%ulZ2 + [ABIIZ2) + A ull7

S S S S n
<ClIVulpee (IAu]72 + A7) + Clollpmar—r [A%ull 2 [Abl L2, (> 247+ 3)

<C|Vullree (IIA%ullF2 + [A%Bl[72) + Cllbll prm1-r | A u] 2| AB] 2,

where, in the last step, we used ({2.1]), Plancherel’s theorem together with the Fourier mul-
tiplier property |k|* < |k|**! for all |k| > 1, which implies ||[ASul[z2 < [|ASul| 2.

Finally, applying the Young inequality with an arbitrary constant ¢ > 0, we conclude

|

(IA"ullZ2 + [1A%D]Z2) + [|A™F |2,

N |
QU

t
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<C|Vaullz ([A%ul72 + [A°BlIZ2) + el A a2 + Cellblgpm—r— [A°D]IZ2.

Absorbing the e-term into the left-hand side yields the desired estimate. This completes
the proof of Proposition [6.1 O

The norm ||b|| gm-1--, which appears in Proposition plays a key role in controlling
the nonlinear terms. To exploit how dissipation acts on b, we now turn to the second term
on the right-hand side of (6.1).

Proposition 6.2. Let m > 2+ r + 5, and let (u,b) be a smooth global solution to (|1.3)
with = 1,v = 0. Then, for any s € [0,m] and t € [0,T], there is

d < i 212 P2 R N P H2
_Z . . < _ - .
dt;/n(b Vb) - A udx_(1+yb| )HVuHHS 2HA b-v)|
+C 1w, )1 s (IVll oo + 101171+ (6.5)

where C' > 0 depends only on the fived parameters.

Proof. By straightforward calculations, we have

_4 (b-Vb) - A2y de = —/

. (b-Vob) - A2 2udx — / (b-Vb) - A229,udx
Tn

n n

=:1I; +1II5.

To proceed, we first focus on estimating II;. Due to its complexity, II; is further divided
into two parts, II1; and II15. After completing these estimates, we then turn our attention
to IIQ

Estimate of II;: Using 2, we rewrite it as
I, = —/n(B-V(I;-Vu—H)-Vu—u Vb)) - A2 dx
=— /n(l; V(b Vu) - A2 2ude — /n b-V(b-Vu—u-Vb)- A2 2udx
=: 1111 + II;0.

For I1;1, by integration by parts and using the commutation property

(b- V)AZ"2 = A2=2(h. V) foralll € R,
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which holds since b is a constant vector field, together with Plancherel’s theorem, we obtain

I, = — /n(i) . V)(l; -Vu) AP 2y dy = / (i) -Vu) - (5 . VA2Z_2’LL) dx

= / (b-Vu) - A*72(b - Vu) de = |[A7Hb - V)|,
< o[ A'ulZ2 < (B[ A w7,
To estimate II19, we distinguish the case [ > 1 and the case [ = 0.

Case [ > 1. We employ integration by parts, Hélder inequality, Lemma the Sobolev
embedding (6.4) and the Young inequality to control high-order derivatives.

Iy = —/ (b-V)(b-Vu—u-Vb) A* 2y dx

= —/ (b-V)(b- Vu—u-Vb) - A2(Aw) dz

<Cllb-VA=2(b- Vu — u - Vb)|| g2 || Alul| 12
< OB (1A b L2Vl oo + 1|l oo [|Alu]| 2) || A 2

+ OB (1A Yull 12 VBl oo + [l [ Al 2) [ A"l 2

- 1
< C(BDIIVullzoe (A w72 + [ABIIZ2) + FIA™ [ Za + ClIbIEm - ATl 72

Case [ = 0. In this case, the term A~2u involves a negative-order Sobolev norm, making
Lemma [2.4] inapplicable. To circumvent the associated singularity, we instead exploit the
L%-boundedness of the Riesz transforms R; = 9; A~} together with direct L? estimates.

Iyo = —/ (l;-V)(b‘Vu—u - Vb) - A 2udx

= — B@A‘l(bjajuk — ujﬁjbk) . A_luk dx
Tn

= / I;le(bﬁjuk — Ujajbk) . A_luk dx
< Olbllzoe (1| Rs(b;05un)ll 2 + 1Ri(ui0s00) || 12) | A k|2
(

< C(bIIb - Vull g2 Al g2 + C (B [ - Vbl 2| A™ | 2

< C(BD I Vallzeolbl 2|l 2 + COBDIVOll Lol 2| V] 2

- 1
< B [Vl (lullEa + 10132 ) + 7 1 9lE2 + C bl o Nl
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Thus, for any [ > 0

~ 1
1< (162 + ) DAl + € (19l + D0loier) (AUl + [ADIE) . (66)

‘We now turn our attention to II.

Estimate of II: Similarly, by using the first equation in (3.6) and integration by parts,

we get
I, = _/ (b- Vb) - A22 (B-Vb+Au—P(u-vu—b-Vb)) dz
= —|AY B - VD) |12, —/ (b-Vb) - A2 2 Audz +/ (b-Vb) - A22P(u - Vu — b - Vb) dx
"En n

=: o1 + a9 + Ila3.

For Ily2, by Holder and Young inequalities with a parameter € > 0, we obtain

|TIao| =

/ (b-Vb) - A2 2Audx

< AR V)l A | 2
1 -
< A )2 + A D)2
Choosing € = % yields

3 1 ~
Mza] < SIA" ) + 1A (- ) 32,

For Ilog, similar to II12, we distinguish between the cases [ > 1 and [ = 0.

Case [ > 1. Using the boundedness of the Leray projection P on L?, Lemma the
Sobolev embedding (6.4)), Poincaré and Young inequalities, we obtain

[Mos| < A (b V)| 2 l|A™ (- Vu — b V)| 2
< CINT G- VB)llga (A w2 1Vl oo -+ IA"B] g2 1] s )
< CBDIA| 2 A"l 2 [ Vull e + CIA (B - T0) | 2l A8l 2 ] v

- 1, . -
< COB) I Vulzo (1A w]32 + [AB]32) + 1A (B V)32 + C Ib]Fmscr | AB]2.

41



Case [ = 0. In this case, we proceed via direct L? estimates
o3 = / (b-Vb) - A2P(u-Vu —b-Vb)dzx

< A2 V)| 2 (llu- Vaull 2 + [|b - V0| 2)
< CIAT (b~ V)2 (IVul pe llull 2 + VD] oo [D] £2)

< COBNID]| 2 [l 2| Vull oo + CIIAT (b VB) || g2 |b]| -1 [1B]] 2
< C(b)IVullze (lulZ2 + 11blI72) + éIIA_l(B V)72 + C [[b] 1 bl 72
Combining the estimates for Ils1, 152 and Ils3, we conclude that for any [ > 0,
o] < S IA (- V)22 + S 1A )3,
+C (IVullzoe + 10l ) (IAI2 + [A']32) (6.7)
Thus, combining and , and using the assumption m > 2 +r + 5, we obtain

d ES 7 20—2 712 2 1 H —-1/7 ‘2

+C ) (Il e + 1ol 1)

This completes the proof of Proposition [6.2] O

With the help of Propositions [6.1] and we proceed to derive the energy estimates.

Define the energy functional

T T ~
E2(T) = sup ||(u, b)() |3 + / IV u(t)][3gm dt + / I~ (b~ VB (8) |2 .
t€[0,T 0 0

Then, the following proposition holds.

Proposition 6.3. Letn € N withn > 2, r >n—1, and m € N satisfying m > 2 +r + 3.
Assume that (u,b) is a smooth global solution to (1.3|) with p =1, v = 0. Then there exists
a constant C' > 0 such that

T
B3, (T) < C(1b]) || (uo, b0) I3 + CER(T) + CE'rQn(T)/O IVu(t)|| Lo dt, (6.8)

for all'T > 0.
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Proof. Recall the modified energy functional defined in (6.1)):

Qum(t) = al|(u, ) (1) [[Fm — Z/n(g - Vb)(t) - A u(t) da.
=0

Multiplying (6.3) by a :=1+ @ + ‘%‘2 and adding % , we obtain

1d 2 1 _1,7 2 1 |l~7|2 2

- < _ _Z . B el

5= Qn() < —al|Vullyn — 5 [AT G- V)| + <2+ o | IVl
+ Ol (w, D)7 (IVell oo + 10 Frn1)

1 o~ 2
= 1 (19l + 4726 98" ) + Il D (1 + 100
(6.9)

IN

To further control the nonlinear terms on the right-hand side, we apply Lemma [2.2] together

with the Poincaré inequality to deduce

bl g1 < €|[b- Vb gm—1 < C[|b- Vb -1

el -l i,
<c|at@ewn)|

m

so that inequality becomes

d

G0+ 5 (Ivull + a6 o)) )

Hm

<l (19l + |8 6w ). (6.10)

Using Hélder, Poincaré and Young inequalities, one has

S

< (Bl 1Al g2 - AT a2 < 5 (A, + A",

/ (b-Vb) - A2y dx

|

from which we obtain the bound

> / (b-Vb) - A2 2y dx
1=0 /1"

Integrating (6.10)) over [0,T], and using the estimate (6.11)), we arrive at (6.8). O

[b]
< S 1w ) 7 (6.11)
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6.2 Global-in-time existence

In this subsection, we establish the global existence part of Theorem The main difficulty

lies in controlling the critical term

T
/ V(8| oo dt,
0

which appears in the energy inequality . To handle this, we employ spectral analysis
to derive suitable upper bounds. The first step is given by the following proposition.

Proposition 6.4. Let n € N with n > 2, and choose m € N so that m > % Assume
that (u,b) is a smooth global solution to (1.3) with p =1 and v = 0. Then there exists a

constant C > 0 such that for all T > 0,

Z / |k||a(t, k)| dt < C’Hu0||Hm+C' sup ||u||Hm Z / |k||a(t, k)| dt

kezZ\{0} kez\{0}
+ <c sup ||b]|zm +0(\51)> > / b(t,k)|dt, (6.12)
tel0.1] keZm\{0}

where C(|b]) denotes a constant depending on |b).
Proof. Applying Duhamel’s principle to (3.8),, we obtain

> / \k||a(t, k)| dt < Jy + Jo + J3 + Ju, (6.13)
kezZn\{0}
where

h= ¥ / ele= ¥ 1o (k)| i,

kezZn\{0}

Joi= > / /|ky kP (T, k)| drdt,

kezZm\{0}

Jyi= > / / || %> (=) (5 Tb (7, k)| drdt,

kezZn\{0}

Ji= Y / / \kle =D (b - k)b(r, k)| drdt.

kezm\{0}

Here we have used the property that ]@(k)] < |f(k)| when estimating Jo and Js.
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It is clear that

ne Y / ke agldt < 37 Jiao(K)| < C o]l -

kezr\{0} kezr\{0}

For J4, we have

yeel) Z/ b(t, k)| dt.

kezZ\{0}

For J5 and J3, we can deduce

J+Js<C Y / (4% 0)(t, k)| dt +C Z/ (b b)(t, k)| dt

kezZm\{0} kezn\{0}

<C sw [lu@®)um | 3 /|kr|utk|dt

telo.1] keZm\{0}
+C s Bln [ Y / b(t, k)| dt
te[0.T] keZm\{0}

Collecting all the estimates Jq, J2, J3 and Jy leads to (6.13)), which completes the proof of
Proposition [6.4} O

In order to close the estimate in Proposition it remains to control the term involving
> / b(t, k)| dt.
kezZn\{0}
The following proposition provides the corresponding bound.

Proposition 6.5. Let n € N with n > 2 and m € N satisfying m > 3 + 2r + 5. Assume
that (u,b) is a smooth global solution to (1.3) with u =1 and v = 0. Then there exists a
constant C > 0 such that

> / b(t, k) |dt<C’||(uo,b0)||Hm+C Sup H(u Dllem > / \k||(t, k)| dt

kezZ\{0} kezZ™\{0}

+C sup [(w,b)[am Y / b(t, k)| dt, (6.14)

t€[0,7] keZm\ {0}

for all'T > 0.
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Proof. From (3.1)),, we obtain

> / b(t, k)| dt

kezn\{0}
< 3 /|K1||¢o|dt+ 3 //um—fwv( )| drdt
keZ”\{O} kezZm\ {0}

. /|K3||wo|dt+ 3 //|K3t7||N2< )| drdt
kezn\{0} kezZ\{0}

=:J5+ Jg + J7 + Js.

We first estimate J7; and Jg. By Proposition and (5.8]), we have

Jr < Z/ 4 by ()] dt < Clapy -

kezZn\{0}

For Jg, we proceed similarly to the estimate for Jy and use Proposition to get

Je < C (b * @) (¢, k)| di
0 keZ"\{O}

<c/ b(t, k)| > Jalt k)| | at
keZn\{O} kezZ\{0}

<C bup lw(t)|| gm Z / b(t, k)| dt.

telo,T keZm\ {0}

We now estimate J; and Jg. As the previous estimates, we have

< ¥ /|K1tk||¢o |dt+Z/ Bt k)] [aho (k) dt

keS USs2 keSs
LR,
<c > / s |¢0 ydt+CZ/ TR gy (k)| dt
keS1US2 kESs3
~ ’k‘|2 |b k|2 B.k22 .
<O N Wb+ Y R | [ e W e bk
kES1USs kesg‘ k| 0
<C Y Wk +C S P (k)]
kezm\{0} kezZn\{0}
SCH"/’OHHmv

46

(6.15)



and

Z / /|K1t—rk|\N7'k:]det+Z/ /]Kl (t — 7, k)| [N (7, k)| drdt

/CESlUSQ kESs3

<o Y // - T)|N(7'k:]d7'dt+02/ |22 [N (1, )| it
keS1USo keSs

<C ) // t_T)\k|<\u*u|+\b*b[+!u*b|>(T,k:)drdt
keS1US2

rC Z yk\3+27“ \u*u|+|b*b|+|u*b|) (t, k) dt

0 keSs3
<C Z \k:|3+2’"(A al + |5*13]+|a*3|)(t,k:)dt
0 kezn\{0}
<C s[up]Hub M gm (/ Z\k”utk dt+/ Z|btk\dt>
tel0,T

Combining the estimates for Js through Jg in (6.15) completes the proof of Proposition
O

We are now ready to prove the global existence part of Theorem [1.4l Recall the energy

inequality (6.8 .
_ T
E2(T) < C(1B)]|(up, bo) 3y + CE(T) + CE2,(T) / IV u(t)]| o~ dt. (6.16)
0

To preclude finite-time blow-up and extend the solution globally, it suffices to control the
last term on the right-hand side of (6.16[), namely,

T
/ 1Vu(t)|| oo dt.
0

Using the Fourier representation, we obtain for all t > 0,

IVut)lee <0 S0 [Klla(t k), b~ <C S

kezn\{0} kezZ\{0}
Hence,
/ (IVu®)| Lo + 6B |) dt < C > / Bl a(t, k)| dt +C > / b(t, k)| dt.
kezZn\{0} kezm\{0}
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Applying Propositions [6.4) and [6.5, we deduce that

> /]k\\utk\dt+ Z/ b(t, k)| dt < C||(uo, bo)| g

keZn\{0} kezm\ {0}

L0 s )@l | S /]kHutk\dH— 3 / bt k) dt |, (6.17)

t€[0,T] kezn\{0} kez\{0}
for some constant Cq > 0.

Taking the initial data sufficiently small as in ([1.13)), the last term on the right-hand
side of (6.17) can be absorbed into the left-hand side via a standard bootstrap argument.

Consequently,
T T

[ Ivu®limde < [ (19u@em + O)]) dt < Clluo,bo)lam, YT >0. (.19
0 0

Substituting (6.18]) into (6.16)) and invoking the smallness assumption ([1.13]) once again, we

infer that
E2(T) < C(Ib]) || (w0, bo) [77m + C2Ep, (T), (6.19)

for some constant Cy > 0.

To close the bootstrap, we make the a priori assumption

1

E2(T) <
( )_202

(6.20)

Then from (6.19)) it follows that
E2(T) < C(|b])E2,(0),  where E,,(0) := ||(uo, bo)||zm.

Moreover, if the initial data are sufficiently small such that

1

E2
(0) - 402

then E2,(T) < ﬁ, which is consistent with (6.20]) and thereby closes the bootstrap argu-
ment. This yields

sup H(u,b)(t)||%,m+/0 IVu(t)[[7m dt+/0 Ib() 171 dt < Cll(uo, bo) [[Fym,  (6:21)

te[0,00)

which implies the global-in-time existence of smooth solutions and the uniform bound (1.14])
in Theorem [L.4l
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6.3 Temporal decay estimate
In this subsection, we establish the temporal decay estimate stated in Theorem Let
(u, b) be a smooth global-in-time solution to ([1.3) with 4 =1,v = 0.

The proof relies on a time-weighted energy method applied to the modified energy
functional Qs(t) defined in (6.1). Following the argument in (6.2)), for any s € [0, m] with

m > 2+r+ 5, we have

1d
5 7 1@ OOz + [Vullzre < C (IVullpes + 1Bl Fm-1) (. D))l (6.22)

Combining (6.22)) with (6.5)), we deduce

1d 9 Ly, 1.~ 2 1 |B‘2 )
- < — - . L 1917
5 2rQu() < —al|Vulfy. — 7 [[A7 G- o)+ <2 + 5 | Ivul.
+Cll(w, 07 (1Vull oo + [181F7m-1-)
1 o~ 2
< -7 <||Vquqs + HA Lb- vb)HHS) + C(u, b) 175 (IVull oo + 1 Fpm1-r) -

(6.23)

Applying Lemma, Lemma [2.3] and Poincaré inequality, we have

N —1—7r 7 —1-—r
A7) e < A0 < o vea |
—c|ar@ v H < HA—l b Vb H :
i v, seae-wnl
where ¢ denoting the constant appearing in (|1.2)).

Moreover, by Poincaré inequality and (2.1)), we get
[ull s < IVull g -

Then the estimate (6.23]) can be refined as

d c* “A—r
2Qu(t) < = (Il + [A71705. ) + Cll Ol IVl + b 0), (6:24)

where ¢* := min{1, ¢; }.

Let M > 0 be a constant to be specified later such that 77 < 1. By Plancherel’s theorem,
it follows that

a s —1-r
A — 1A b,
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= 7 (bl = kP22 () P

|k|#0
a 2517 2
ST DI 0]

ﬁ>|k|—2—27‘

m m—s_j
_ (a1 M\ T 25— 2m+2-42r | 1.|12m—2—27 |7/ 1.) 2
()7 = (F)7 2722 )

ﬁ>‘k‘72727‘

C

e L4 2
M 1+r

a\ i —1—ry|2
<(57) IR <

Then, the first term on the right-hand side of (6.24)) turns to

= % (Il + [[A=*" 1)

*

¢ 9 c*a 9 c /a 9 12
= — 5 Wl = 57 IABIE2 + 5 (57 1A7BIE2 — A"l )
c*a 2 2 C 2
< - s+ |b ) bllgrm—1-r
< = Gzeg Ululles + I81re) + = bl
c* C
<— ——Q,(t A ——— 6.25

where we have used (6.11]) and ||b]| ;s < co||A®D||;2, which follows from the Poincaré in-

equality due to the mean-zero condition ([2.1)).

Substituting ((6.25)) into (6.24]), we obtain

d C* C 2 2 2
S t < - S t — b m—1—r C 7b s [e%s) b m—1—r) -
dtQ (t) < SMCOQ (t) + s 161 Frm—1-r + C N[ (w 0) 77 (IVtell oo + [l Fgm1-1)

(6.26)

We now take M = a + —<L— and multiply both sides of (6.26]) by M T+ to deduce

8coTrs

d m=s m—s
= (M Qu®) < C bl +C (MTF Q) (IVull o + 6l

Using Gronwall’s inequality and (6.21)), we conclude the decay estimate (1.15)). This com-
pletes the proof of Theorem
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