ON THE EFFECT OF RANDOMIZATION ON SUPERCRITICAL HEAT
EQUATIONS

ELISEO LUONGO

ABSTRACT. Recently, in [27], it has been shown that the focusing power nonlinearity heat
equation

Ou — Au = |uP~tu, p>1, (NLH)
in dimensions d > 3 has non-unique local solutions in L4(R?) for ¢ < d(p—1)/2 provided that
p < pjr, where pjy; denotes the Joseph-Lundgren exponent. In this paper we investigate
the effect of different randomizations on the well-posedness of the equation. First we show
that adding a forcing term white in time and colored in space in is not sufficient
to improve the solution theory: namely, we prove non-uniqueness for local-in-time mild
solutions of with additive noise. Second, we discuss how randomizing the initial
conditions of affects its well-posedness.

1. INTRODUCTION

Consider the Cauchy problem for the focusing power nonlinearity heat equation
{@u — Au = |ulP~u,

1.1
u(0, ) = uo, (L)

where u = u(t,z) € R, (t,x) € [0,00) x RY, d >3 and p > 1 + 2.

Definition 1.1. Let 1 < g < 00, ug € LY(R?) and T > 0. By a mild L?-solution to (1.1]) on
the time interval [0,7") we call a function

w e C(0,T), LY(RY) N L, ((0.T) x BY)

that is a distributional solution to (1.1)) on (0,7) x R? and for which u(0,-) = u.

In the context of well-posedness theory for (I.1), an important role is played by the
exponent
d(p—1)

2

as deeply discussed in [46] and recalled in the following.
It is known from the work of Weissler [55] that if ¢ > ¢. or ¢ = ¢. > 1, then for arbitrary
ug € LI(R?) there exists T > 0 and a mild L%-solution to on [0,7). Furthermore,
uniqueness in the space C([0,T), LY(R%)) holds as soon as ¢ > q., ¢ > por ¢ > q., q¢ > p, see
[55, 8]. However, neither of the techniques from the aforementioned two papers applies to

qc ‘= (12)
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q¢ = ¢. = p. In fact, uniqueness was later shown to fail in this case by Terraneo [48]. When
q < q. it is not, in general, possible to associate with every uy € LI(RY) a mild L9-solution
to (L.1). Indeed, we refer to [55] for a non-existence result under the assumption of non-
negativity of local solutions. In contrast, it is known that in certain cases there are initial
data that lead to multiple mild solutions. The earliest result goes back to [29], who showed
non-uniqueness for all 1 < ¢ < ¢. when the power p is sufficiently small, belonging to the
range

2 4
1+ - 1+ —--. 1.
+d<p< +d—2 (1.3)

The non-uniqueness of [29] follows by the existence of a non-trivial rapidly decaying expand-
ing self-similar solution for , which thereby arises from zero initial datum. Expanding
self-similar profiles with rapid decay exist, however, only in the energy-subcritical range
. Moreover, the construction of [29] is very special since it allows one to prove only non-
uniqueness arising from the trivial initial condition. Motivated by these reasons, recently
in [27] we showed that non-uniqueness (from non-zero initial data) holds for the following
range of powers

1+§l <p<pjL, (1.4)
where p; stands for the so-called Joseph-Lundgren exponent
00 it 3<d <10,
PIL=0 1+ ! if d>11.

d—4—-2Vd—-1

More precisely, we established the following result.

Theorem 1.2. [27, Theorem 1.2, Remark 1.5| Assume d > 3 and let p satisfy (1.4). Then
for any 1 < q < q. there exists a non-trivial radial initial datum vy € LY(RY) and r > q.
sufficiently large depending on p,d, q such that, for each radial initial datum vy € LI(R?) N
L"(RY), there is a time T > 0 for which there are two different mild Li-solutions to on
[0,T) starting from ug + vg.

The non-uniqueness of follows by the adaptation of the method introduced
in [36] to show non-uniqueness of Leray-Hopf solutions for the unforced incompressible 3d
Navier-Stokes equations. This approach is based on the assumption that there exists a
forward self-similar solution that is linearly unstable in similarity variables. However, while
for the 3d Navier-Stokes equation only numerical evidence of this holds, see [28], we showed
that this assumption is true for the equation for the range of powers p given by .
We refer to for the rigorous statement of the above claim. The initial profile
ug constructed in [27] is singular, satisfying

up(z) = 02 for some C >0, (1.5)

o777

near 0, it is uniformly bounded elsewhere and C?(R%\ {0}). [Theorem 1.2 also says that the

non-uniqueness from the singular initial data wug is robust enough that the non-uniqueness
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mechanism is preserved in the case of reqular perturbations, vy, of the singular initial condi-
tion, ug. In this paper, we go further in this direction to analyze the robustness of the non-
uniqueness mechanism described above and to understand whether possible randomizations
of may improve its well-posedness theory. Indeed, if the pathological behavior of
occurs only along exceptional trajectories and is not generic, a small random perturbation can
move the system away from them, thereby restoring uniqueness. The above heuristic had sev-
eral applications in the last 40 years both in finite and infinite dimensional systems: we refer
to the classical works [58] [54] and the more recent results |26}, 18], 17, 121 [45], [7, 51 [42], [15] 30 1]
including the lecture notes [25] for a review of this topic. This approach has as a final aim the
possibility, by letting the intensity of the noise approach 0, to select some special solutions
among the non-unique ones of the deterministic system. Even if this program seems very
appealing, it is really hard to see it in practice. We are aware of very few examples where it
has been completely settled [4], 3, 20, 21, 22] [16].

In this paper we follow two different approaches in order to randomize with the aim
to obtain a regularization by noise phenomenon. In the first case, in the same spirit of
[58, B4l 18, 17, [45] we study with additive noise, proving that perturbed by ad-
ditive noise, white in time and colored in space, still suffers from the same non-uniqueness
mechanism of [Theorem 1.2l We refer to [subsection 1.1] for the rigorous presentation of the
main result in this framework. Secondly, we decided to study without adding any
additional random force but providing a randomization of its initial conditions in the spirit

of [12], 13, 57, [44]. In this case we are able to construct a unique local mild solution for a

large set of initial data, we refer to [subsection 1.2 for the rigorous presentation of the main

result in this framework.

1.1. The case of additive noise. As discussed above, our first aim is to study the failure
of local well-posedness in L(R?), ¢ < q. for the stochastic evolution equation on R¢
du = (Au+ [uP~tu)dt + dW, (1.6)
u(0) = uo. '
Above W, is an infinite dimensional Brownian motion on a filtered probability space (€2, F,
(Ft)t>0, P). Similarly to the deterministic case, we are interested in studying mild solutions
of (1.6). For the sake of presentation, we postpone this definition, pretty analogous to
[Definition 1.1}, to [section 2| below. In we will be able to prove the following.

Theorem 1.3. Assume d > 3, |Assumption 2.1 and let p satisfy (1.4). Then for any 1 <
q < q. there exists a non-trivial initial datum uy € LY(R?) and a stopping time T > 0 for
which there are two different mild Li-solutions to (1.6) on [0, T].

Remark 1.4. The ug we will construct in{Theorem 1.3|is of the same form as ([1.5]). Similarly

to[Theorem 1.2| as will be apparent from the proof, the non-uniqueness mechanism we exhibit

persists under perturbations of ug that are radial and in L? N L" for certain r > ¢.. Note,

however, that such perturbations do not remove the singular behavior near zero.
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The non-uniqueness of is again based on the existence of a forward self-similar
solution that is linearly unstable in similarity variables for the deterministic unforced equa-
tion in the spirit of [36]. Therefore, shows that the non-uniqueness mechanism
of persists even in the presence of stochastic forcing, as long as the noise is
sufficiently regular in space, this being the only assumption imposed in [Assumption 2.1 In

particular, the addition of a stochastic forcing, does not spoil any of the parameters range
available in our previous deterministic result. Even if this goes in the opposite direction
to the papers quoted above, it is not completely surprising. Indeed, in the last few years
several deterministic non-uniqueness results, in particular those based on convex integra-
tion techniques for equations in fluid mechanics [10, 35, 1], have been extended to the
stochastic framework, allowing either for the additive structure of the noise as in , see
[32, 33], B1], 40], or multiplicative ones, see [0}, 31, 38, 56]. In this sense, [34, 9] are the most
similar results compared to [Theorem 1.3] They are based on the non-uniqueness for Leray-
Hopf solutions for the 3d Navier-Stokes equations [2], proving that the same holds for forced
3d stochastic Navier-Stokes equation with additive or linear multiplicative noise. However,
some differences arise. Similarly to [2], either [34] and [9] require adding a further external
forcing to produce the non-uniqueness. Moreover, the additional forcings differ from that of
[2], being in both cases proper stochastic processes. This is due to the fact that, while here
we do not force the unstable self-similar profile constructed in [27] to be a solution of (L.6),
see [subsection 3.2 this is done in [9, 34], leading to a different forcing for each realization

of the noise. Ultimately, also this difference seems caused by the fact that we were able in
[27] to verify the assumptions of the program proposed by Jia and Sverak in [36] without
the necessity to add an additional external forcing.

A natural conjecture, linked to the well-known motto the rougher the noise, the better the
reqularization, is that the failure of the regularization by noise mechanism and therefore the
persistence of the non-uniqueness for is hidden in [Assumption 2.1 It could be the case
that a rougher noise does not allow us to study and ultimately to restore uniqueness

for ((1.6)).

1.2. The case of randomization in the initial conditions. The non-uniqueness in (|1.1])
of is typical of nonlinear PDEs settled in supercritical spaces for which several
ill-posedness phenomena, like non-uniqueness or instantaneous lack of regularity, are possible
[14, 39]. However, the functions for which one can rigorously prove such a pathological
behavior are, usually, highly non-generic and one would expect that the ill-posedness is
indeed a non generic phenomenon. Therefore, a Gaussian measure on the space of initial
conditions should be able to recognize if there is a lack of the known ill-posedness results,
telling us if they are generic in terms of initial conditions or not. Starting from the seminal
works [12] I3] the above heuristic has been applied in several contexts, we refer for example
to [43, 57, [44] [4T] and the references therein for several applications of this principle. In the
context of [Theorem 1.2 given ug as the one in the statement, one can only show that for

each ¢ > 0 and radial initial condition ug . € LI(R?), there exists vy radial and smooth such
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[[to,« — to — vol[, <€

and with initial condition ug 4+ vy has non-unique solutions. Motivated by the above
considerations, we are interested in studying with random initial conditions.

Similarly to [41], 44] we randomize functions directly on Euclidean space via a unit-scale
decomposition in frequency space. More precisely, let ¢ € C>°(R%) be a real-valued function
such that 0 < p <1, ¢(&) = (&) and

© - 1 for £ e[—1/2,1/2)4
V00 foreg <11

For every k € Z% set or(€) = (€ — k) and define

_ ex(§)
eld) = Zlezd (Pl(f)'

Then 9, is a smooth function with support contained in k + [—1, 1] and 9 (£) = ¢_p(=&),

Yohezs Yi(§) = 1VE ERY
Secondly, let 7 € Z¢ be such that Z¢ = ZU (-Z) U{0}, TN (-I) = @ and {hy, hi }reojuz
be i.i.d. standard real Gaussian random variables Fy-measurable so that hj, = hi + ih? is a

(1.7)

complex Gaussian random variable Fy-measurable. Set also h, = h_j, for k € —Z. Lastly,
for f € .7'(R?) let us define

Pf = F (un(©)f(©) € 7/ (®Y. (18)

Above, we denoted by f the Fourier transform of f, which is well-defined since f is a tempered
distribution and by F~! the inverse Fourier transform.
Having this notation in mind we define the randomization of f, denoted by f“

£2 =" m(w)Pef. (1.9)

kezd

The definition of randomization of f above is strongly linked to the notion of modulation
spaces, M1%2(R%) 1 < q;,qs < 400, for which we refer to [24] for a review and standard
results. Indeed, not surprisingly, if f € M%4(R%), 1 < ¢ < 2 then f“ above is well-defined
and satisfies suitable integrability properties. We refer to below for details. We
just recall here, for the sake of presentation of [Theorem 1.5 that M>2(R%) = L2(R%) and
M2?9(RY) — LI(RY) for 1 < ¢ < 2.
Now we are ready to state our main result for (1.1)) with randomized initial conditions.

Denoting by €' the heat semigroup, in we shall prove the following result.

Theorem 1.5. Letd > 3, p > %4— i—i—%, q € (2—%@,%), r=(pVp)g,

MRS if g <2
"T\L2RYNLYRY) ifg>2
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and ug the randomization of ug given by (L.9). Then there is an event ¥ C Q with P(X) =1
and a stopping time T, such that T > 0 P — a.s. and for any w € X, the problem (1.1)) with
initial condition u§ has a unique mild solution u for 0 <t < T(w), satisfying

u — e®ug € C([0, T (w)]; LYRY) N L™ (RY)).

Moreover, u(t A'T) is an adapted process with values in L4(R®). Lastly, there exist constants

C’ip,r, Cg,p,q,r > 0 depending on theiwr subscripts and, for every 0 < T <1, an event Qp with
the property
_ Cgl,p,qﬂ'
1= Clype T I s g <
P(Qr) > dpre ’
_ d,p,r
1 2
such that, for every w € Qr, it holds T (w) > T.
Some remarks are in order.
Remark 1.6. Our restriction on ¢, namely the fact that ¢ > 2— —2— and we cannot reach the

d+dp
full range of parameters g € [1, ¢.) seems linked to similar issues appearing for randomization

in Navier-Stokes equations, see for example [43, Theorem 2.4|, [23, Theorem 1.1|, where no
arbitrarily low Sobolev regularity can be reached. Indeed, even working in the d-dimensional
torus, the space H~%(T%), having the same Sobolev index as L'(T¢), is not reached by the

quoted papers. Note in particular that the interval <2 — ﬁ, qc) is not empty as soon as

p > % + % + %. This is the reason behind the stronger restriction on p in the statement

compared to the more standard p > 1 + %l.

Remark 1.7. In the case of ¢ > 2 we require also ug € L*(R?). This is a technical assumption
that allows us to make sense to the series appearing in (1.9)) and to define ug as a random
variable with values in L?(R?). As below shows, u4 € LI(R?) in this case without
assuming ug € LY(R?). We preferred to state the result in this suboptimal way in order to
be somehow coherent to our purpose of studying the Cauchy problem of in LY(R%).
Note that this assumption is satisfied by the singular profile ug in according to

3).

Remark 1.8. We have the embedding WG~ 4(R%) < Mo9(RY) for ¢ < 2, [&7, 49]. More-
over, the ug of [Theorem 1.2| belongs to W%4(R%) for § < g — -2 according to (1.5). In

p—1
particular it is a proper initial condition for if
(d—2)(p—1)

(3—p)

p>3 or > q.

This interval is included in the whole (2 — ) as soon as p > 1+ é. The latter is

8
d+dp’ qc

slightly more restrictive than p > % + i + % assumed in [Theorem 1.5|
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The idea behind the proof, similarly to [12], is that, besides the fact that the randomization
does not allow to gain differentiability, see [12, Appendix B|, the L" properties are (almost
surely) much better than expected. This improvement allows the use of a fixed point method
after having singled out the linear evolution. This is easily transparent in case of ¢ > 2 in

view of [Lemma 4.1| and [Remark 4.2 below, slightly less in the case of ¢ < 2. Indeed, to the
best of our knowledge, all previous quoted results in the same spirit of were es-
tablished by exploiting the effect of the randomization in a Hilbert space framework. In case
q < 2, however, due to embedding M%4(R?) — L4(RY) — H~ o (R%) cf. [47,[49], we can
still recover a Hilbert space framework where it is possible to exploit the regularizing prop-
erties of the randomization and, at the same time, work with L¢ mild solutions for .

We regard as a complementary result to According to
[rem 1.5] the non-uniqueness scenario described in appears to be non-generic, and

the introduction of suitably chosen stochastic forcings should be able to regularize the sys-
tem. However, as shows, such stochastic forcings cannot be chosen too naively.
A more precise regularity threshold for the additive noise, or alternatively more refined noise
structures tailored to the features of , would be required. As already mentioned, the
ultimate goal of this program would be to establish selection criteria for the non-unique
solutions of . We consider this to be a problem of very high interest. Indeed, although
(1.1) is a simplified model for nonlinear parabolic systems, we believe that the techniques
needed to address the questions above could significantly enhance our understanding of how
noise interacts with nonlinear parabolic equations and, ultimately, contribute to a deeper
understanding of the dynamics of more complex and physically relevant partial differential
equations.

1.3. Plan of the paper. The content of the paper is as follows. In we settle
the notation that we follow throughout the paper, recalling, for the convenience of the
reader, some results from our previous paper [27] and on modulation spaces. The proof of

is the content of [section 3 while the proof of is the content of
[section 41

2. PRELIMINARIES AND NOTATION

2.1. Notation and Conventions. Let us start by introducing an appropriate functional
framework. For p € [1,+o00], we denote by LP(R?) the space of Lebesgue functions, by
C>(R%) the standard test space of smooth and compactly supported functions on R¢, by
7 (R?) the space of Schwartz functions on R? and by .#/(R¢) the dual of .7 (R?), namely
the space of tempered distributions. Let us also settle some standard notation for Sobolev
spaces. For s € R, p € [1,400] we denote by W*P(R%) the Sobolev—Slobodeckij space of
differentiability s and integrability p. In the case of p = 2 we simply write H*(R?) in place
of W*2(R%). We refer to the classical reference [50] for a detailed discussion and standard

results on Sobolev spaces.
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As already announced in [subsection 1.2 we also need to introduce modulation spaces
on R%. Let P, : ' (R?) — .#/(R) be the linear operator introduced in (L.8). For
p,q € [1,4+00], s € R we define the modulation space MP4(R?) as the space of tempered
distributions f € .#’(R%) such that the norm

1/q
1l ppe = (Z (1+|K[%)* ||Pkf||%p> (2.1)

kezd

is finite, with the usual modification if ¢ = +o00. Modulation spaces are Banach spaces,
moreover . (R?) is dense in MP? whenever p V g < +00. The definition is quite similar to
that of Besov spaces, the main difference being that, in the latter, the frequency space is
decomposed into dyadic annuli. When s = 0, we simply write MP?(R%) in place of M}*?(R?)
in case of s = 0. We refer to [24] for a detailed discussion on modulation spaces and their
standard properties including the embedding MPP(R™) < LP(R") for p < 2, which we shall
employ below.

Secondly, in order to deal with [Theorem 1.3 we need to introduce the framework of radial
functions, also to accommodate the results from [27] recalled in [subsection 2.3, For p > 1,

we define the space of radial Lebesgue functions

LP (RY) :={f :]0,00) — C | f is measurable and || f||.»

rad rad

@) = (- Dllzreay < 00}

We also need the spaces

orad(RY) = {f :[0,00) = C | f(|-]) € CZ(RM},
Zraa(R?) := {f :[0,00) = C | f(|-]) € Z(R)}.

For convenience, we will often shortly write LP for LP(R?) and analogously for the other
function spaces defined in this section. Now, for 1 <7 < v we define the radial intersection
Lebesgue spaceﬂ

L' = LR N L yRY), - pwa =1 lzngey + Looe) (v = DI+ [l rey-

Note that L™" = L7 .. Although we define spaces of radial functions on R? via their radial
profiles, for convenience we will at times interpret them as defined on R? via the identification
f(x) = f(|z]) for z € R,

Given a closed linear operator (L,D(L)) on a Banach space X, we denote by p(L) the
resolvent set of L, while o(L) := C\ p(L) stands for the spectrum of L.
Given a Hilbert space U, we denote by (U, X) the space of y-radonifying operators between
U and X. For estimates, we use the convenient asymptotic notation a < b to say that there
is some C' > 0 such that a < Cb. Sometimes, when it is obvious from the context, we omit
explicitly mentioning the parameters on which the choice of the implied constant C' does not

depend. To emphasize the dependence of C' on a parameter, say p, we will sometimes write
<

~p*

IWe decided, similarly to [27], to use the suggestive notation L™7, hoping it will not cause confusion with
the more standard usage in the context of Morrey or Lorentz spaces.
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2.2. Assumptions on the noise. Let us begin by introducing a complete filtered prob-
ability space (€, F, (Fi)i>0,P) with right continuous filtration such that F; contains all
P-negligible sets. For the Brownian motion W appearing in ((1.6]), we assume the following:

Assumption 2.1. Let U be a separable Hilbert space and By be cylindrical Brownian motion
on U,

Wi = JBi, J € y(U; LL,,(RY)) Ny (U; W) for some s = (C—l (1 e 12q )> — 1) V0.

q )(d+2q

Under these assumptions on W, according to [51, Theorem 10.18|, there exists a unique
mild (equivalently weak) solution to the stochastic heat equation on R?

{dz — Azdt + dW,

z(0) =0. (22)

Namely there exists a unique z € C.([0, +00); LY ,(R?)) solving the evolution problem ([2.2).
It is given by the mild formula

t
2(t) :/ et=D2qaw,
0

where we denote by e® the heat semigroup on RY. Moreover, according to [51, Chapter
10.3|, [52, Theorem 1.1|, [53, Theorem 1.2|, due to the regularizing properties of the heat
semigroup and the Sobolev embedding W*+14(R%) — e
p(p — 1)(d + 2q)

2
Note that this also implies that z € L ((0,+00) x R?) P — a.s.

With these definitions at hand, similarly to [Definition 1.1} we can introduce the notion of
mild solution for equation (|1.6]).

(R?) we also have

2 € Cioe([0, +00); L) VO <

P—a.s. (2.3)

Definition 2.2. Let uy € LY(RY) and T a stopping time. A progressively measurable
process u : Q x [0,4+00) — L4(RY) is a mild solution of (1.€) on [0,7T] if u belongs to
C([0, T); LYRY)N LY ((0,T) x RY) P-a.s., u(0) = up P-a.s. and v := u— z is a distributional
solution to

O — Av = v+ 2P (v + 2).

on (0,7) x RY P-a.s.

2.3. Useful results from [27]. As already mentioned insubsection 1.1} the non-uniqueness
of is a consequence of the existence of a forward self-similar solution that is
linearly unstable in similarity variables for the deterministic unforced equation.

A radial forward self-similar solution for ([I.1)) corresponds to a self-similar profile

w(t,r) = ——U (%) , (2.4)

toT
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with U satisfying the nonlinear ODE

2

According to [29], the above problem has a unique solution, up to fixing U(0) := a >
0, U'(0) = 0. More precisely, the following holds.

d—1 1
U+ (T ' E) Ut S U+ IUPU =0 (25)

Proposition 2.3 ([29]). Let d > 3 and p > 1+ 2. Then for every o > 0 there exists a
unique function U € C?_([0,00)) that satisfies (2.5) on (0,00) classically and U(0) := o >

loc

0, U'(0) = 0. Moreover, U is bounded and lim, p% U(p) exists and is finite.

To indicate the dependence on «, in what follows we denote the expanders from the
theorem above by U,. Furthermore, we denote

U(a) == lim p71Ua(p). (2.6)

p—00

To analyze stability of the constructed expanders, it is customary to rewrite ([L.1)) in variables
that are adapted to the self-similar nature of ([2.4]), the so-called (radial) similarity variables
r

p = %

7 :=Int,
By also scaling the dependent variable
o(r,p) = trTult, ),

from (|1.1) we arrive at an evolution equation for v

0-v = Lov + |[v|P~ 1o, (2.7)
where the linear operator L is given by
d—1 1 1
Ly=0"+——0,+ =pd, + ——.

Note that, by definition, expander profiles U, are now static solutions of (2.7). What we
did in [27], Section 2] is the (non)linear stability analysis of U,. Namely we studied the flow
of (2.7) near U, in spaces L. To this end, we set v(7, p) = U,(p) + w(7, p) in (2.7). This

then leads to an evolution equation for the perturbation w
0w = Low + N(w), (2.8)
where
L, :L0+Va7 Va:p|Ua|p_1;
and
No(w) = n(Us +w) = n(Us) = plUPw for n(f) =[f"7"f.
Stability of the forward self-similar solutions U, in similarity variables corresponds exactly

to spectral analysis for the operator L,. The main findings of [27], Section 2| can be summed
up by the following theorem.
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Theorem 2.4 ([27]). Let d > 3, p > 1+ 2, 1 < n < ~. Then for each o > 0 the
operator Ly : D(Ly) C L™ — L™ generates a one-parameter strongly continuous semigroup

(Sa(7)) 750 © LIL™). Assuming furthermore that
d(p — 1)

1<n< 5 (2.9)
then for the operator L, : D(Ly) C L™ — L™ the following statements hold.
1. The set
o(La) N{A € C | ReA > L5 — 5} (2.10)

consists of finitely many real eigenvalues.

2. If p < pyr then for every € > 0 there exists a > 0 such that L, admits at least one
positive eigenvalue, and furthermore all positive eigenvalues are smaller than €.

3. If p > py then for every a > 0 the operator L, admits no positive eigenvalues.

In particular the statement above implies, in the case p < p;r, and 1 < ¢., the existence of
a forward self-similar solution that is linearly unstable in similarity variables for the deter-

ministic unforced equation. Moreover, by choosing properly «, the most unstable eigenvalue
of L, can be fixed to be arbitrarily small. As a direct consequence of [Theorem 2.4} in |27,
Section 3] we proved the following result, which we shall also employ in the sequel.

Theorem 2.5. Assume
2
d> 3, 1+E<p<pJL7 I<n<q<~vy7v=pn

Let & > 0 be such that for the corresponding expander U the operator Lg : D(Lg) € L™ —
L™ admits a mazimal positive eigenvalue \g, and U"" the eigenfunction of Lg associated
with Ag. Then, for every sufficiently small € > 0 there is T' < 0 such that there exists an
ancient solution 1 € Cye((—00, T, L") to

0, = Lot + U+ PHU +4) = |[UP'U = plUP 'y,
()| ar =0 as 7T— —o00
for which

[ (T)[nn <,
and
1T || o
‘W(T)HLXZ > eAarde’
for T € (—o0,T.

The idea behind the program of [36], which we implemented in [27], is that in case @ > 0 is
such that Lz has an unstable eigenvalue, then the nonlinear problem (2.8)) admits a nontrivial
solution arising from 0 at 7 = —oo. Therefore, upon inverting the self-similar change of

variables, both Uz and Uz + w are distributional solutions of (1.1). They are not mild
11



solutions due to poor integrability properties. However, if the most unstable eigenvalue is
sufficiently small, a localization procedure can be performed to produce two mild solutions of

(1.1)) from the same initial data, thereby proving [Theorem 1.2, Consequently, [Theorem 1.3|
as we will describe in below, reduces to showing that an analogous localization

argument to that of [27, Section 4| can also be carried out in the presence of a stochastic
forcing that is white in time and sufficiently colored in space.

3. NON-UNIQUENESS FOR THE STOCHASTICALLY FORCED EQUATION

Let 1 < ¢ < ¢, as in[Theorem 1.3] Let € > 0 be such that

d(p—1 d(p —1
(p )_p<€< (=1
2q 2q

Then set r = (p + €)q and g, = 7. It follows immediately that

1<¢<@<g<r

Moreover, due to [Assumption 2.1) and consequently (2.3)), the stochastic convolution z con-
structed in lsubsection 2.2 satisfies

2 € Cloe([0, +00); L9P") P —a.s., z(0)=0.
Let U and 1 be from Theorem with 7 = 1 and v = pr. Then, for t € (0, ] we set

nlt ) = tﬁﬁ (%) ’

([0,00)) and

Recall that U € C?

oc

Up)=0 <p7%> as p — o0.

Theorem 2.5| furthermore ensures that 1) € Co.((—00, T], L**") and

Ulin .
[O(T) e <& and  [Jo(7)|zr, > eA&TH 2||Lmd

for 7 € (=00, T]. Both @; and @y are distributional solutions of (1.1)) starting from the same
initial data

However, @y (and consequently also @, @) fails to be in L(R?) due to poor integrability
properties at || — 400. The idea for constructing two solutions of (1.6 is to define

up(x) = to(x) 1 7(|z]), R >0
and look for

u1:z+ﬂ1—w1, u2:z+ﬂ2—w2
12



for some wy, wy which solve a certain nonlinear random PDE (3.1)) with initial condition
up—1ug. Then, a posteriori, we recover that u; and us constructed in this way are two different
mild solutions of ((1.6)). We split the program shortly described above into [subsection 3.1
and lsubsection 3.2

3.1. Localization Procedure. Since both u(t, z) := iﬁ(%) and u(t, x)+u/(t, x), ' (t,z) =
tp-1

——9(logt, <-) solve the deterministic nonlinear heat equation (1.1) and z is a solution of
tp—T1

the linear stochastic heat equation (2.2]), we obtain that w;, i € {1, 2}, solve
dw; = —du; + du + du;; + dz
= Awdt — [[u+ uf — w; + 2P @+ u) — w; + 2) — [u+ )P~ (T + uj)] di
+ plalP (w; — 2)dt — plafP~ (w; — 2)dt,
where v} = 0, u), = u/. In conclusion we are interested in studying the Cauchy problem

{&sw = Aw + plafP~tw + f(w),

3.1
w(0) = wy (3.1)

where

flw)y=—=[[u+v —w+zP " u+u —w+z2)— [u+d P w+d) +pluf ' (w - 2)]
—plafftz (3.2)
and wy € LT 4(R?). Equation (3.1)) resembles the one treated in [27, Section 4]. However,

rad
the nonlinearity is different and requires ad hoc treatment. Before stating the main result

of this section we need to settle some notation. For each T' > 0, we define the Banach space

77 = {w € L®((0,T),L%,4(RY) |

rad

sup 15 (5 |w(8) | zr < 00, Tim ¢35 ) fla(0) | e = 03,
tE(O,T) rad t—0 rad

equipped with its natural norm
d (p=1
Jwllzr = sup [w(®l,, + sup £5 05 o (8) | o

With this notation in mind, we are ready to prove the following well-posedness result for

B1).

Proposition 3.1. Let & > 0 be such that for the corresponding expander U the operator
Ls : D(Lg) C LYP" — LY admits a maximal positive eigenvalue \g that satisfies

Ay < —— — 2 3.3
Sp—1 2 (33)

13



Assume further that wo € L",,(RY) and v’ : (0,1) x R® — R is such that it can be written as

u'(t, ) = -4 U’ (lnt, I\)), where
=1

sup ||U'(7,)||pier < 00
T€(—00,T)

for some T' < 0. Then, whenever the above displayed quantity is sufficiently small, there is
a stopping time T" > 0 such that for P-a.e. w € Q there exists a unique w in Z* solution to
the Cauchy problem (3.1)-(3.2). Moreover, w € C([0,T"], L, ;,(R?)) P-a.s. and

rad

d (p=1
W]l e (o) + Doy T w(@ll S Jwoller, P—as., — (34)

rad ™ rad
d (p—1
Lm0 5 7 ) lw(®)|| e =0 P — aus. (3.5)
Proof. As in [27, Theorem 4.2|, we look for a solution of the form
w(t) = Slwo, 0](t) + S[0, f(w)](#),

where S(g, f) denotes the solution map for the linear problem

dw = Aw + plulPtw + f,

w(0) =g

given by [27, Lemma 4.1]. Let us denote by M = [|S[wy, 0]|| ,r and by Bays € Z™ the closed
ball in Z7" for T" > 0 with center 0 and radius 2M. We are looking for ¢ > 0 and 7" > 0
small enough such that

[(w) = S[wo, 0] + S[0, f(w)]

is a contraction on Bs);. First we need to show that I' maps Bs), into itself. We start by
observing that

f(w) = f(w) = pluf~',

fw)=lu+v —w+z2zPtu+v —w+2)—[a+d P u+o) —plaf(w— 2).
Moreover, by Hoélder’s inequality and the definition of u, we have
RO (3.6)
<Ol 1=l , - (3.7)

[ 20, < 155

[P~ 2(t)]
Since z(t) € C([0,€"]; LT,

llm <H|u )Pt (t)‘

Now we estimate the other terms in f(w) distinguishing between the case p € (1 + 2 2] and
p > 2. In the first case, due to [27, Lemma 3.2| with =@, y =/, 2 =4 — w + z we have

1f )l e, Sp lwllZr  + 10T+ M P el + 1P 2 e,

I1f (w)

L:ad
) and z(0) = 0 we have also

e+l t)Hngdt”%—ﬁ> —0.

LT
ra

Lra So N0l 1205+ /P lllag,,, + 1P 2]

rad

LT

rad’

14



Therefore, by exploiting relations [27, equations (4.25)-(4.26)-(4.35)], we obtain, thanks to
the fact that w € Byys and 2(t) € C([0,e]; L") with 2(0) = 0,

| f() i, S M+ Dellegormar, ) + (T (M 4+ 2o mar )
tlfw)ller,, S (M + H’ZHC([O,T’];LW)> + T2 0,00y + (1) S M?,
limg o tH?”""THf(w(t))Hngd =0, limyot[|f(w(®)|zr,, =0.
Therefore f(w) satisfies the assumptions of [27, Lemma 4. 2] and
[T (w)| gr < M + C{HZHC([O,T’];L:fr) +e M+ () (Mp + 112115, T'];L:g’;))}

< 2M,
whenever ¢ and T satisfy

CeP™1 <1/2,

. _d(p=1)
T' = inf {t >0:C <||z||c([0,t];L:f;) F e (e ||z||’é([0,t];L:$))> > M/z} AeT.

We are using again the continuity of z and the fact that z(0) = 0 to define 7”. In case of
p > 2, due to |27, Lemma 3.2| with x = @, y = «/, z = v — w + 2z and Young’s inequality
we have
1f(@)llpoe, Spllwll, 112015+ e [P ]l g, + [P 2] oo,
+ |HU!” 2IunlHngdJr =2/ 2]l| s, + M@=l paa, + @22 pao,,
1f @)llzr,, Sp llwller + 12lo + P ey, + [P 2] 2
+ |||U|p *uf ||W|||L:ad + a2 |2y, + a2 olPller,, + a1l e,
Therefore, by exploiting relations [27], equations (4.25)-(4.26)-(4.31)-(4.32)-(4.33)-(4.34)-(4.35)-
(4-36)|, we obtain thanks to the fact that w € Boys and z(t) € C([0,eT]; L™P") with z(0) = 0

tl"'%_ﬁuf( (t ))”Lmd < <M + ||Z||C ([0,77]; L:ad)>
+ (T 7% (M? 4+ MP + Izleqomniy, )+ 12leqo i, )
7Oz, S (M + lelloqoren)
+(T)77 % (M? + MP + 2o, + 1=0e o)

d __d_ .
lim o ¢35 || (w(t) ]| g, = 0. g t] £ (w(t))] 2z, = 0.

rad

rad rad

Therefore, in this case as well, f(w) satisfies the assumptions of [27, Lemma 4.2] and

[P ()l < M

+ C el ooz + M + (T)7TH M2+ MY+ a0 oo + ooz |
<2M,

15



whenever € and 7" are chosen such that

Ce<1/2,

T =inf {t > 0: C {2l ogoanam + 1775 (M2 + M7+ 21 g gz + 1200 arm) b < M2
Nel.

Now we show that I' is a contraction in Bgj;, possibly after reducing ¢ and T”. For w;, wsy €
By, we observe that

[(w;) — [(wsz) = S0, f(wr) — f(wa)].

We first consider the case p € (1 + 2,2]. Thanks to [27, Lemma 3.2] with 2 = @, y =
u —wi+ 2z, z=u —wy+ z, we get

£ wn) = Fw)lgan, < e P oy = wal e,
-1 —1 -1
(ol + loeall + 20120, ) llww = ol

< [l s — wol| 1y

rad

1f (w1) = f(wa)| 2y

rad

(ol + lhwallys! + 202050 ) oy = wsl ez,

rad

Therefore, |27, equations (4.25)-(4.26)-(4.35)] imply, thanks to the fact that wy, ws € Bay
and z € C([0,T7]; L™P"),

EEE (1) — Flwn(®) s, S M+ (@) (M2 M )
Hf(wr(0) = o)z, S M+ ()5 (M2 4+ M2 g )

lim; g tH_Z%_%Hf(wl(t)) — f(wa(t))|| g =0,

rad

limy o 2 f (w1 (2)) = fwa(t)) |z, = 0.

rad

Since f(wy) — f(wsq) satisfies the assumptlons of [27, Lemma 4.2] we obtain
d(p—1)
1T = Tl S (274 (@) 5 (M2 2y gy ) ) leon = wal] o

1
< 5”’601 — Wa| g

for ¢ and 7" small enough. Namely, denoting by C’ the hidden constant in the above
inequality, we require, in this case, that

C'eP™ < 1/4

T = f{t>0 c(|| ||C D 0.V LR |7 19 Lrpr))>2M/2}/\eT

(Mp S |1 o [oﬂ;m)> > 1/4}.

A inf {t >0: C”tl_
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In the case p > 2, by [27, Lemma 3.2| with z = @, y =« —w; + 2z, 2 = v —wy + 2z, and
using Young’s inequality, we obtain

1f (wi) = flwa)llpoe, Sp ' P~ fwr — wal|| 2o,

_ —1 —1
(105, + i+ sl oy = sl

rad

+ [P Jwy — ws [ e

rad

+ a2zl [wy — ws [ ae,

+ a2 (Jws| + |wal) [wy — walll g ,

1f (w1) = f(wa)llzr | Sp P~ wy — wol||zr

rad

(2l + ol + sl ) oy = wsl
+ [[afP~2 ' [Jwy — wallrr

+ a2zl wy — walllz;

rad

+ 1P~ (Jwi] + [wal) [wi — wol|2r

rad’
Therefore, by exploiting relations [27], equations (4.25)-(4.26)-(4.31)-(4.32)-(4.33)-(4.34)-(4.35)-
(4-36)|, we obtain thanks to the fact that w € Boys and z(t) € C([0,eT]; L™P") with z(0) = 0
d_d
£ e | fwa (1) = f (wa(t))] e,
SeM+ (T/)p ' 2TM(M+MP L 12Nl cqo,rrgsemy + 112 Hp C(oTE7)):
tLf (wi(t)) = fwa(8)]]

rad

< €M_|— (T/)p 1 27‘ M (M + Mp 1 + H HC [OT/] Lpr + HZHC([OT/ pr)) bl

limy o "3 20 | £ (w1 (£)) = f(ws(t)) |00 =0,
limy o 2] f(wi () = fw2 (1)) Lr,, = O

rad

We can then apply [27, Lemma 4.1] to conclude that
[T (w1) = T'(ws)]| g2
S (e + @7 F M + M7 + 2lloqozram + 12 Woizaran) ) o = wsll o
1
< §||w1 — wal| 51,

for ¢ and 7" small enough. Namely, calling C’ the hidden constant in the inequality above,
in this case we require

C'ePt < 1/4

. 1
T =inf {t > 0: C {2l ogoaram + 1775 (M2 + M7+ 21 g gz + 12100 arm) b < M/2)

17



. 1 _d _ _ 1
A inf {t >0:Cltr1 2 (M + M* L+ HZ“C([O,t];LTaW) + ’l’z”g([{),t];uw)) > 4_1} ne.

This completes the proof. O

As the proof above shows, by solving the Cauchy problem for w; and ws, we can construct
each solution up to the random time

Tii=T] = " AT Ainf{||zlloqogpiram > Cib i € {1,2),

Here, T; and C; are deterministic constants depending on i, p, and r, as well as on the
deterministic initial condition of the PDE, which is independent of ¢ € 1,2. Since z has

continuous paths in L9P", T; are stopping times. The w;, as defined in [Proposition 3.1} are

progressively measurable processes on (0, +o0c) with values in L™ N LP", once extended by
setting w;(t) = w;(7T;) for t > T;. Moreover, due to the continuity of w; in L", the w; are
defined for all times and consequently adapted processes on L". The choice of the extension
of the w; after the stopping times is not the only possible one. However, in the following,
we will show our non-uniqueness by considering the two solutions before 7; A T5. Therefore,
the latter choice does not affect the proof of our result, which is the content of the next
subsection.

3.2. Proof of [Theorem 1.3 Define wy := g — ug. We can now invoke and
[Proposition 3.1 to obtain two processes

ui(t,x) = 2(t, ) + tp%(? (%) —w(t, ),

1 = (|z] 1 ||
us(t,z) = z(t,z) + tﬁU (\/%) + tp%d} (lnt, \/f) wy(t, ),
which are weak solutions of on (0,71 ATs) for T; and 7 stopping times defined at the
end of the previous subsection. In particular, one can easily check that uy,us € L} ((0, 77 A
T2) x RY) P —a.s. We claim that they are, in fact, two different local mild L%solutions on
[0, 71 A T3] with the same initial datum ug. By construction, ug is compactly supported, and
therefore in LY(R?). It remains to show that ui,us € C([0, 71 A T3], LY(RY)) P — a.s., they

have the required measurability properties and u; # us. We show the first property in the

form of a lemma.

Lemma 3.2. Leti € {1,2}, u; € C(|0,T;], LY(R?)) P —a.s. for each 1 < q < q.. Moreover
u;(- A'T;) is an adapted process with values in LI(R?).

Proof. Since z € Cjo([0, +00); L4 (R?)) and has the required measurability properties, it is
enough to show that v; := u; — 2 belongs to C([0, T;], LY(R?)) and that the stopped process is
adapted. We prove the lemma only for vy, the other case being analogous and simpler. We

therefore write, for convenience, v (resp. w, T') in place of vy (resp. we, Tz). Let us introduce
18



a radially symmetric cut off y € C>°(R?) by
1 if 2] < 1
x) = - x) >0, z) < x(z) if |z| > 2.

@) {O fhos  XPZ0 AW SAE) ezl
Furthermore, for zo € R% R > 1, define y,,.r(z) := X (%) Due to the properties of
U, %, w, we have that for each zo € R4, R > 1

VXzo.r € C([0,T], LYRY)) N C((0,T], L"(RY)) P —a.s., (3.8)
and for each t,ty € (0, 7] with ¢y < ¢, that
t
V() Xag.r = e(t_tO)AU(tO)XxO’R + / et=9)4 (V(8$)AXwo.r — 2div(v(s)VXuo.r)) dS

to

+ / e 92y rlv(8) + 2(8) [P H(w(s) + 2(s))ds,

to
in LY(R%), where €' is the heat semigroup on R?. Considering the L? norm of the equation
above, by triangle inequality and the definition of x,, r we get easily that

t 1
‘LQ(]Rd)—i_ " 1+\/m HU<S>HLQ(BQR(900))dS
t
[ Palols) + 2 006) + 2(5)) 1o 5
to

the hidden constant above being independent of R, ¢y, t and xy. Let us analyze further the
last term. By interpolation and Young’s inequality, since r > pq, we have

[0 agB oy S [10(E0)Xao,r

_ 1 p
[l + 7 (009) + 2Dl S o), + 126 o
PN -n
< || Xa,rV(8) - lo(s)l 7 gay + 12 () 0 (gay
1/p q
S | Xao,r0(S) Lq(Rd)JrHU(S)HEr(Rd)JrH (S ey

1
S e X (L AR

Sa\p 1 27‘
+ ||wHé’([O,T],L7'(Rd)) + H’ZHZ([O,'T];L‘Z»T(]Rd)) :

Therefore

! 1
Hv(t)HLQ(BR(mO)) S; HU(tO)Xﬂﬂo,RHLq(Rd) +/ (1 + m) HU<S)HLQ(BQR(930)) ds

to

t 1
+ / 1+ ﬁdé‘.
to Sa(ﬁiﬁ)
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Since ug € LI(R?),

< L _ i) < 1, and the relation (3.8) holds, we can let tg — 0 to get

p—1 2r

t 1
[0 zoaeon S (Iollzagesy +1) + / (1 + F) 120 0 45

Now, let us introduce the function

vr(t) = sup V()| La(py (a0 -
:EoGRd

Obviously

10O | Lo (Bap(ae)y < VR(E)
and

! 1
16O ataon 5 (Holingen +1) + [ (14 =) wnohts

Taking the supremum in xg of the expression above and applying Gronwall’s inequality, we
get

vr(t) S lluoll pagay + 1,

for all t € [0,7]. By letting R — +o0, we get that v € L>((0,7), LY(R?)) P — a.s. and
consequently the same applies also to w. In order to show the continuity of w(t) in L7, we
use again the mild formulation for v(¢). Namely, for each 0 < ¢; <ty < T, we have that

U(t2>XaJ0,R - U(tl) = (e(tQ_tl)Av(h)Xxo,R - U(tl))

t2
- / eI (0(8) Ay, p = 21V (0(5) Ve 1)) ds

t1
to
b [ )+ 2006+ 6,
t1

in LY(R?). Taking the L?-norm of the expression above and letting R — oo, we obtain, by
analogous considerations to the ones employed to obtain the uniform bound on the L%-norm

[0(t2) = v(t0) |l pagay = imsup [[0(E2) Xao.r = V(1) || pagray
R——+o00

< He(tz—tl)Av(tl) - U(tl)HLq(Rd)
to
+ sup / elt=5)A (V(8)AXwo.r — 2div(v(s)VXuo.r)) dS
R>1 ty La(R4)
to
+ sup / "% ao ml0(s) + 2(8) [P (v(s) + 2(s))ds
r>1 ||y, La(Rd)

S e 20(t0) = o002 e

to 1 to 1
+/ <1+ ) vSs q d8+/ 1—|—T—d8
t /t2 — 3 || ( )||L (Rd) 6 SE(TL—%)
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Since we already proved that v € L>®((0,7; A Tz), L4(RY)) P — a.s., the continuity of v
follows from the last inequality, and consequently, so does the continuity of u.”

Concerning the measurability, due to the continuity of w € C([0,7T]; L9), it is enough to
show that for each ¢ € [0,400), v(t A T) is F; measurable. Therefore, according to [19,
Proposition 1.1], it is enough to show that for each ¢ € LY (R%), the real-valued random
variable vy 4 := [, V(¢ AT, x)¢(2)dx is Fi-measurable. Due to the comments below the proof
of [Proposition 3.1 we already know that the latter holds for any ¢ € L' (R?). However, by
dominated convergence

V= lim v P—a.s.
ta¢ r—s—+00 tu¢Xx0,r

Since QX € L, Vt,3xagr 15 Fi-measurable. Therefore, v, 4 is also Fi-measurable, as it is
the almost-sure limit and the filtration is complete. This completes the proof. 0

It remains to show that u; # us. Let us consider the L"-norm of u; — us. Thanks to [27,
Theorem 3.3], the regularity of z, [Proposition 3.1| and relation (3.3)), we get that for each
t<TiANT;

(.1 _d
lur(t) = wa ()l o ay = 5175 (W t) | o gy — e — well o 1o gy
‘Ullnl
2

1

> (o) 10 e

—1— 400 P-—a.s.
ast — 0.

4. ALMOST EVERYWHERE LOCAL WELL-POSEDNESS FOR RANDOM INITIAL DATA

4.1. Randomization Estimates. In this section we study the effect of the randomization
(1.9) to the regularity on the initial conditions u¢ and the linear flow e'®u%. This is addressed,
respectively, in [Lemma 4.1| and |[Lemma 4.3| below.

Lemma 4.1. If ug € M%9(RY) for q < 2, then ug € LY(RY) P—a.s. If ug € LI(RY) N L*(RY)
for ¢ > 2, then ug € LY(RY) N L*(RY) P — a.s.

Proof. In the case ¢ < 2, we have, by the embedding of M%%(R%) — L4(R?) cf. |37, Theorem
1.4] and Minkowski’s inequality

E [lu§l1za] So E (16 1 350.]

2/q
=E (Z | Prto]| 7 |hk!q>

kezd

<4 (Z (E [IIPruoll 7 rm)"”) N

kezd
2
= [Juoll3sa.a -

In the case ¢ > 2 we have instead for each p > 2 by ultracontractivity of Gaussian random

variables, see for example [12], Lemma 2.1| for a proof in this framework, Minkowski’s integral
21



inequality and unit-scale Bernstein estimate, see for example [41, Lemma 2.1|

1/2]|”
E(llugll7.) < " (ZIPWOP)

kezd e

p/2
<3 umuip)

kezd

/2
2
S ) ||Pkuo||L2> < P w72 -

kezd

The latter implies the claim by choosing p =2 or p =¢q > 2. 0

Remark 4.2. As the proof above shows, if uy € LI(R%) N L?(R%) for ¢ > 2 then uf €
LP(R?) P — a.s. for each p € [2,+00).

Lemma 4.3. Let T > 0 and ug € H *(R?) for some a > 0. Let 0; > 0y > 03 >2, 0 >0
and v € R such that

(04 a—27y)0; < 2. (4.1)
Then
||t7(] - A)U/QeAtu(g”LGl (Q;L93(O,T;Le2(Rd))) S CT V 91 ||u0||H*04 ’ (42)

for some Cr > 0 depending on T, «, 0,7, 0,05 and approaching 0 as T — 0. Moreover, by
calling

Extuy ={weQ: Ht”(] — A)”/Qemu‘gHLGS(&T;LQQ(R%) > A},
then there exist ¢, co independent of X\, ug such that
I R
P (Ergu,) < cre o (4.3)

Proof. Let us start by observing that (I — A)?/2¢!® and the randomization commute.
(I — A)(UJra)/?etAug — ((I _ A)(a+oz)/2€tAu0)“’
= 0 F )1+ 62 i () .

kezd
Therefore, by Minkowski’s integral inequality and ultracontractivity of Gaussian random
variables, see e.g. [I2, Lemma 2.1] for a proof in this framework, it holds by calling

up ,t) = F () (1 + Jgf2)erer 2ot B (),

o/2 tA, w a,o
[£7(1 = A) P2etug HL61(Q;L%(O,T;L%(Rfi))) = |1t w,” (2, 1) b (w)
kezd
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S

03/2
SJ \/91 / <t27 Z HU, (L’ t ||L‘92 Rd)>

kezd

Moreover, by unit-scale Bernstein estimate, see for example [41, Lemma 2.1], since 0 > 2
we have also [up” (2, )| o, gay Sos [ty (2, 8)|| f2(gay- Therefore

03/2 é;
o A w
Hﬂ (1 —A)7/%! Uo“ml(a L%(0,T;L% (R%))) 592 h / (t” Z I HL2(W))
0 kezd
The latter can be estimated directly. Indeed, using Parseval’s identity
oto,— 2¢ |a0(€)|2
> I ) sy = Z/ VRO I e T e
kezd keZd
2
—(o+a) Z |U0( )| de
(1 + ey
gat (o+a) ||UOHH (Rd) -
Consequently
2 tA T 9 93/2 %
Htvu_A)a/ uBJHL‘h ;193 (0,T;1%2 (R?)) ~a092 \/ HUOHH o(R4) (/0 (t V707&) )

Na 07,03 V T03 o |u0HH a(Rd)

under the assumption (4.1)). This relation readily implies (4.2 . Let us now move to .
First let us observe that trivially follows if A < /0y |lugl| ;;-« eCr for whatever choice
of ¢y and ¢; > €2%2¢°CT n case of \ > V02 ||uo|l o €Cr, setting 0, = HH/\W > 0y, by
Markov’s inequality o

P (Erruo) < A" (Crv/01 [Juoll )"

2 202
< el 0%

Therefore, the claim follows. O

4.2. Proof of [Theorem 1.5, Due to|Lemma 4.1} we already know that ue® € LY(R%) P-a.s.
Let us denote by 2(t) := e'®u¥. Therefore ,in order to construct a mild solution u of (1.1,

it is enough to find a solution in C([0, T]; L"(R?)) of the integral equation

o(t) = /0 =98 y(5) + 5(s)P~L(u(s) + (s))ds

for some stopping time 7. Then a posteriori we have to recover v € C([0,T], L(R%)). Let
us recall that

=q(Vy) > q.,
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Therefore C([0,77]; L"(R?)) is a subcritical space for (1.1). We divide the proof into two
steps according to the plan described above.
Step 1: Fized Point. Let us observe that in case of ¢ > 2, uy € L*(R?), while, in case of
q < 2, under our assumptions uy € H*°(R?) with
d2-q) _2

2q p
by Sobolev embedding. Therefore in both cases we can apply [Lemma 4.3]to properly estimate
2 when needed. Moreover, due to and standard regularizing properties of the
heat semigroup, we have 2 € Cjo.([0, +00); LI(R?)) N e ([g, +00); W4(R?)) P—a.s. for each
s,e > 0. We want to construct a fixed point of the map

mwwnzle“ﬂﬂw@+z@w*w@»+aﬁm8 (4.4)

in the closed ball of radius M of C([0,T]; L (R?%)) for sufficiently small M and T < 1. We
shall denote this closed ball by B), ; in the following and split the proof in two sub-cases if
q > 2 or not.

Step 1, Case 1: q > 2. First we show that I' maps B), 7 in itself. By ultracontractivity of
the heat semigroup and Young’s inequality we have

Tl @) - < Cd,p,r/o <(t% lo(s)Iz- + 112(s )Ilm>

— S) 2r

S —

< Cups (MPTl— T2z

L2p(0,T; LTP)) !

where Cy,,, is a finite constant, possibly changing value line by line. In the last step we
used the definition B, 7, the fact that r > ¢. and for a« = 0 = v = 0. Therefore

T[] < M if M, T are sufficiently small, for example
1 1/2 M
M = 20, " T = 1nf{t>0 Caprt’?2 ||L2P0tLTP)27 ‘

The latter is a stopping time due to the Fy measurability of ug. The continuity of I'[v](?)

follows similarly. Now we are left to show that I is a contraction. We employ the elementary
estimate

|z +ylP @ +y) = o+ 2P @+ 2)| Sp (I + [yl + 1270 Jy — 2] (4.5)

in the following. Let us analyze I'[v1] —T'[vg]. Inequality (4.5]) together with ultracontractivity
of the heat semigroup and Hoélder inequality imply

M@Mﬂ—mwwwygcmw/'mﬂﬂ“-HM@W‘+hm>P>wm> a3l

d(p—1)

(t—s) 2

p—1
(07T;Lr)> Hvl - UQHC([O,T];L’") :

<Cdpr< 17 ta Mp Lyt
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Therefore I'[v] is a contraction on By, 7 if M, T are sufficiently small, for example

1
(QOd’pm)l/(p—l)’

~ d(p— 1 M
fem {t >0 Caprt £ 7D HZHLT (0,L7) = 4} Aot {t >0 Cdprtlm HZHLQP(OtLTP) = 7} .

M =

Again, the latter is a stopping time due to the Fy measurability of u§. Let us call 7 = T , this

is the stopping time in the statement of [Theorem 1.5 Lastly, by the last part of [Lemma 4.3
up to renaming the constants appearing there, there exist two constants C} . C3%  such

7p7r ’ p T
that

_ C‘%ypﬂ‘ Cg,p,r
" (PZI_"—ZH)H 112 7T%n 112
uQ — uQ
P(T>T)>1-Cy, e 2 =1-Cp,.e L2

since by elementary computations one can check that
1 2 d
— S _
p - p—1 r—p+1

under the assumption 7 = ¢.(p V p/).

Step 1, Case 2: 2 — ﬁ < ¢ < 2. First we show that I' maps B, ; into itself. By

ultracontractivity of the heat semigroup, the definition B,,; and Hdélder’s inequality we

have
t 1 SYE(S)|P.,
ITIOl- < Cd”’"“/ (ﬁ [v(s)[I7- + w)
0 (t — S) 2r S

<0y (ijﬂlfid(g:l) + T%(l—wpﬁ) |t72(t)

P TY, O H Lap(o T Lrp ) Y

where Cy 4.0 is a finite constant if it is possible to find a € [1, +o0], v € R such that

r>aoa> 2,
(S0 —27)ap <2,
i < L
By setting
a—1 €
V= — 5
pa 2ap

for € > 0 the third condition is immediately satisfied and we are left to find o and e such
that

r>oa> 2,

a(—2+ sop) < —
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Since under our assumptions on ¢ we have (sop—2) < 0, all the conditions above are satisfied
choosing

a(2 — sop)
—

p
L2p(0,T;L7P)

In particular, due to the quantity above is always finite and ||T'[v](t)||,, < M
by choosing M, T sufficiently small, for example

1 A 2-s0p
M= (2C g p e )/ P17 7=t {t >0 Cpret

, 0<é<

/ 1 /
a=2, 6:2(2—80]))(1— ‘ ), ’yzu

2 — sop 2p
In conclusion we showed

sQpP— 1+e/

= 4(1)

d(p—1) ~ 2—50P
4

Tl < Capire (MPTl T

sop—1+€/
S 2p z

P M
. > ML
L2P(0,t;L7P) 2 }
The latter is a stopping time due to the Fy measurability of ug. The continuity of I'[v](¢)
follows similarly. Now we are left to show that I' is a contraction. Let us analyze I'[v;] —T"[vs].
By , ultracontractivity of the heat semigroup and Holder inequality we have, arguing
similarly as above,

IE{o1)0) = Flen))llr < Capr [ IS '“1<S>|p‘<t+_ \)<>I )oa() = va(lle
(4.6)

N L
thz

Lo’ (p=1)(0,T;L")

i e
Ay d(p—1) 1
S Cd,Pﬂ“ Tli gr Mpil + / o’ / d(p—1a dS
0 gar—17 (P—l)(t — §)T@D

X o1 = v2ll oo 7951m) -

According to the latter is a treatable quantity, finite P-almost surely, as soon as
we can find o/ and 4 such that

rza(p-1) =2
d(p—1)a’
2r(a’—1)

-1 <1
(so—27)d/(p—1) < 2.
Considerations analogous to the ones above allow us to find the choice of parameters
o —1 a(2—so(p—1)) —¢
- I - 0<e <ad(2— -1
_ 17 Y CYI(p_ 1) 2a(p_ 1) ) € CY( SO(p ))7

where p’ is the conjugate of p. In particular, under our choice of the parameters

<1

2

t 1 o 2—so(p—1)—e/a/—pvp,
ds S [ t2e-D
of /( 71) d(p—a ~ :
0 80/717 p (t _ S) 2r(a—1)
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By elementary computations one can check that

2 so(p—1) 22— >0
—so(p—1) - —=(p—-1) - >
pVy p pVyp

Therefore, if we choose

2 —s0(p—1) — =%, 2 _

0<e < ( )pWAd@—%@—MAgL—ﬂQ (4.7)
2a/ 2
estimate (4.6)) reduces to
ITa] () = Tloa] (0]l .
L2msop-D-2 el

~q d(p—1) _
< Ochp,r,q <T1_ gr MP 1 +T 1

Lo‘l(p_l)(O,T;Lr)) ||U1 - UQHC([O’T};LT) .

Therefore I'[v] is a contraction on B, ; if we choose M, T sufficiently small, for example

1

M = (2Cp, ) /D)

2
2—sg(p—1)——=—
0( ) p\/p’

~

T = inf {t >0:Cypgrt 4

/

~

p—1 1
Y3 g
L' e-D4Lm) — 4

P M
2 a (>
L2P(0,;L7P) 2

the latter being a stopping time due to the Fy measurability of u§. Let us call T = T. This is
the stopping time in the statement of [Theorem 1.5 Moreover, by the last part of [Lemma 4.3]

up to renaming the constant appearing there, there exist two constants C} C’im,r such
that

s

2—sgp

Ainf {t >0:Cgpret *

sop—1+e, .
S 2p z

7p7q77‘7

2
c 2
— d.p,v %d,p,q.r

L oG EOY (SR—
P(T>T)>1-Cl,e

—s0 Z 1 _C;pre T

ﬁ”*71’+1)Huoufr{ 012 sq.0

Step 2: u € C([0,T], L4(RY)) and it is an adapted process. A priori, since we are working
on R? the regularity of v does not imply that v € C([0,T], L9(R%)). However, arguing
similarly to and exploiting the regularity of e!®u% this can be proved. Since the
proof of this claim is pretty similar to [Lemma 3.2, we only sketch the details. We note that
2(t) == etuf € Croe([0,+00), LY(RY)) P — a.s. and it is adapted. Therefore it is enough
to show that the claim holds for v = u — 2. Let us introduce a radially symmetric cut off
X € CX(RY) by

1 oifjz| <1
T) = - x) >0, x) < x(2) if |z| > |2
X(z) {0 if 12 > 2. x(@) 20, x(z) < x(2) |z > ||

T—x0

Furthermore, for o € RY R > 1, define ., r(z) := X (T) . Due to the properties of v,
we have that for each 7o € RY, R > 1

VXzo.r € C([0,T], LARD) N C([0,T], L"(RY)) P —a.s., (4.8)
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and for each t,ty € (0,7) with ¢ty < t, that

t
U(t)X:voyR = e(t_tO)Av(tO)Xxo,R + / (t=) ( ( )AXJCO R ™ 2div<v(s)vao,R)) ds

to
t
+/ e 92y rlv(s) + 2(8) [P H(w(s) + 2(s))ds,
to
in LY(R?). Considering the L? norm of the equation above, by triangle inequality and the
definition of x,, r We get easily that

t 1 d
|Lq(]Rd) + o ]-+ \/m ||U(S)||L4(B2R(xo)) S
t
+ / meO,R|v(s) + 2(s) [P (v(s) + é(s))HLq(Rd) ds.
to

Here the hidden constant is independent of R, tg, t and xy. Let us analyze further the last
term. By interpolation and Young’s inequality, since r > pq, we have

R _ N 1 p
e o)+ 27 (0(5) + 2N gy S [P0+ 12 e
1 = 1:1‘1 r(p—1)
< [l 1 BN+ 1265 s

< ||U(3)||Lq(BQR(a:O)) + ||U||(E;([0,7~],Lr(Rd)) + ||2(3)||I£q,r(Rd) .
Therefore by [Lemma 4.3] arguing similarly to Step 1 above,

t 1
IOy 1+ lettomala + | (1+ )Hv<s>HLB oy ds.
L1(Bg(xo0)) 0,1l La(R%) " \/m 4(B2r(z0))

Possibly the hidden constant above depends on w, but this is inessential. Due to relation
(4.8), since v(0) = 0, we can let to — 0 to get

t 1
||U(t)||Lq(BR(xU)) Sl +/0 (1 + m) HU(S)”L‘](BM(JCO)) ds.

Therefore v € L>(0,T; L9(R?)) P — a.s. arguing verbatim as in the proof of [Lemma 3.2,
In order to show the continuity of v(¢) in L% we use again the mild formulation for v(t).
Namely, for each 0 < t; <ty < T, we have

U(t2)Xao,r — V(t1) = (27 20(t) Xy m — V(1))

2]
+ / e(t_S)A (U(S)AXJJU,R -2 diV(U(S)VXxU,R)) dS

t1

b [ alols) + 26 0l + 2,

t1
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in LY(R?). Taking the L?-norm of the expression above and letting R — oo, we obtain, by
analogous considerations to the ones employed to obtain the uniform bound on the L%-norm

[0(t2) = v(t)]| paggay = imsup [[o(E2) Xao.r = V(1) || Loy

R—+o00

< ||€(t2_t1)AU<t1) B U(tl)HLq(Rd)
to
+ sup / e(t=5)A (v(8) Axa.r — 2div(v(5)VXuo,r)) ds
Rz1 11/t La(R%)
to
+ sup / "% a0 m0(8) 4+ 2(8)[P 7 (v(s) + £(s))ds
R21 /1 La(R4)

< ||e(tzft1)Av<t1> . U(tlﬂqu(Rd)

to 1 to
+ 14+ —— ) [[v(9)]| ;4 d8+/ 2(8)||¥ g ds.
[ (1 =) W s [ 1001

Since we already proved that v € L>(0, T, LY(R%)) P—a.s., the continuity of v then follows

from the last inequality by and arguing as in Step 1 above.
Regarding measurability, the result follows exactly as in the last part of [Lemma 3.2]
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