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Abstract. Recently, in [27], it has been shown that the focusing power nonlinearity heat
equation

∂tu−∆u = |u|p−1u, p > 1, (NLH)

in dimensions d ≥ 3 has non-unique local solutions in Lq(Rd) for q < d(p−1)/2 provided that
p < pJL, where pJL denotes the Joseph-Lundgren exponent. In this paper we investigate
the effect of different randomizations on the well-posedness of the equation. First we show
that adding a forcing term white in time and colored in space in (NLH) is not sufficient
to improve the solution theory: namely, we prove non-uniqueness for local-in-time mild
solutions of (NLH) with additive noise. Second, we discuss how randomizing the initial
conditions of (NLH) affects its well-posedness.

1. Introduction

Consider the Cauchy problem for the focusing power nonlinearity heat equation{
∂tu−∆u = |u|p−1u,

u(0, ·) = u0,
(1.1)

where u = u(t, x) ∈ R, (t, x) ∈ [0,∞)× Rd, d ≥ 3 and p > 1 + 2
d
.

Definition 1.1. Let 1 ≤ q <∞, u0 ∈ Lq(Rd) and T > 0. By a mild Lq-solution to (1.1) on
the time interval [0, T ) we call a function

u ∈ C([0, T ), Lq(Rd)) ∩ Lp
loc((0, T )× Rd)

that is a distributional solution to (1.1) on (0, T )× Rd and for which u(0, ·) = u0.

In the context of well-posedness theory for (1.1), an important role is played by the
exponent

qc :=
d(p− 1)

2
(1.2)

as deeply discussed in [46] and recalled in the following.
It is known from the work of Weissler [55] that if q > qc or q = qc > 1, then for arbitrary
u0 ∈ Lq(Rd) there exists T > 0 and a mild Lq-solution to (1.1) on [0, T ). Furthermore,
uniqueness in the space C([0, T ), Lq(Rd)) holds as soon as q > qc, q ≥ p or q ≥ qc, q > p, see
[55, 8]. However, neither of the techniques from the aforementioned two papers applies to
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q = qc = p. In fact, uniqueness was later shown to fail in this case by Terraneo [48]. When
q < qc it is not, in general, possible to associate with every u0 ∈ Lq(Rd) a mild Lq-solution
to (1.1). Indeed, we refer to [55] for a non-existence result under the assumption of non-
negativity of local solutions. In contrast, it is known that in certain cases there are initial
data that lead to multiple mild solutions. The earliest result goes back to [29], who showed
non-uniqueness for all 1 ≤ q < qc when the power p is sufficiently small, belonging to the
range

1 +
2

d
< p < 1 +

4

d− 2
. (1.3)

The non-uniqueness of [29] follows by the existence of a non-trivial rapidly decaying expand-
ing self-similar solution for (1.1), which thereby arises from zero initial datum. Expanding
self-similar profiles with rapid decay exist, however, only in the energy-subcritical range
(1.3). Moreover, the construction of [29] is very special since it allows one to prove only non-
uniqueness arising from the trivial initial condition. Motivated by these reasons, recently
in [27] we showed that non-uniqueness (from non-zero initial data) holds for the following
range of powers

1 +
2

d
< p < pJL, (1.4)

where pJL stands for the so-called Joseph-Lundgren exponent

pJL :=

∞ if 3 ≤ d ≤ 10,

1 +
4

d− 4− 2
√
d− 1

if d ≥ 11.

More precisely, we established the following result.

Theorem 1.2. [27, Theorem 1.2, Remark 1.5] Assume d ≥ 3 and let p satisfy (1.4). Then
for any 1 ≤ q < qc there exists a non-trivial radial initial datum u0 ∈ Lq(Rd) and r > qc
sufficiently large depending on p, d, q such that, for each radial initial datum v0 ∈ Lq(Rd) ∩
Lr(Rd), there is a time T > 0 for which there are two different mild Lq-solutions to (1.1) on
[0, T ) starting from u0 + v0.

The non-uniqueness of Theorem 1.2 follows by the adaptation of the method introduced
in [36] to show non-uniqueness of Leray-Hopf solutions for the unforced incompressible 3d
Navier-Stokes equations. This approach is based on the assumption that there exists a
forward self-similar solution that is linearly unstable in similarity variables. However, while
for the 3d Navier-Stokes equation only numerical evidence of this holds, see [28], we showed
that this assumption is true for the equation (1.1) for the range of powers p given by (1.4).
We refer to Theorem 2.4 for the rigorous statement of the above claim. The initial profile
u0 constructed in [27] is singular, satisfying

u0(x) =
C

|x|
2

p−1

for some C > 0, (1.5)

near 0, it is uniformly bounded elsewhere and C2(Rd \ {0}). Theorem 1.2 also says that the
non-uniqueness from the singular initial data u0 is robust enough that the non-uniqueness
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mechanism is preserved in the case of regular perturbations, v0, of the singular initial condi-
tion, u0. In this paper, we go further in this direction to analyze the robustness of the non-
uniqueness mechanism described above and to understand whether possible randomizations
of (1.1) may improve its well-posedness theory. Indeed, if the pathological behavior of (1.1)
occurs only along exceptional trajectories and is not generic, a small random perturbation can
move the system away from them, thereby restoring uniqueness. The above heuristic had sev-
eral applications in the last 40 years both in finite and infinite dimensional systems: we refer
to the classical works [58, 54] and the more recent results [26, 18, 17, 12, 45, 7, 5, 42, 15, 30, 1]
including the lecture notes [25] for a review of this topic. This approach has as a final aim the
possibility, by letting the intensity of the noise approach 0, to select some special solutions
among the non-unique ones of the deterministic system. Even if this program seems very
appealing, it is really hard to see it in practice. We are aware of very few examples where it
has been completely settled [4, 3, 20, 21, 22, 16].
In this paper we follow two different approaches in order to randomize (1.1) with the aim
to obtain a regularization by noise phenomenon. In the first case, in the same spirit of
[58, 54, 18, 17, 45] we study (1.1) with additive noise, proving that (1.1) perturbed by ad-
ditive noise, white in time and colored in space, still suffers from the same non-uniqueness
mechanism of Theorem 1.2. We refer to subsection 1.1 for the rigorous presentation of the
main result in this framework. Secondly, we decided to study (1.1) without adding any
additional random force but providing a randomization of its initial conditions in the spirit
of [12, 13, 57, 44]. In this case we are able to construct a unique local mild solution for a
large set of initial data, we refer to subsection 1.2 for the rigorous presentation of the main
result in this framework.

1.1. The case of additive noise. As discussed above, our first aim is to study the failure
of local well-posedness in Lq(Rd), q < qc for the stochastic evolution equation on Rd{

du = (∆u+ |u|p−1u)dt+ dWt

u(0) = u0.
(1.6)

Above Wt is an infinite dimensional Brownian motion on a filtered probability space (Ω,F ,
(Ft)t≥0,P). Similarly to the deterministic case, we are interested in studying mild solutions
of (1.6). For the sake of presentation, we postpone this definition, pretty analogous to
Definition 1.1, to section 2 below. In section 3 we will be able to prove the following.

Theorem 1.3. Assume d ≥ 3, Assumption 2.1 and let p satisfy (1.4). Then for any 1 ≤
q < qc there exists a non-trivial initial datum u0 ∈ Lq(Rd) and a stopping time T > 0 for
which there are two different mild Lq-solutions to (1.6) on [0, T ].

Remark 1.4. The u0 we will construct in Theorem 1.3 is of the same form as (1.5). Similarly
to Theorem 1.2, as will be apparent from the proof, the non-uniqueness mechanism we exhibit
persists under perturbations of u0 that are radial and in Lq ∩ Lr for certain r > qc. Note,
however, that such perturbations do not remove the singular behavior near zero.
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The non-uniqueness of Theorem 1.3 is again based on the existence of a forward self-similar
solution that is linearly unstable in similarity variables for the deterministic unforced equa-
tion in the spirit of [36]. Therefore, Theorem 1.3 shows that the non-uniqueness mechanism
of Theorem 1.2 persists even in the presence of stochastic forcing, as long as the noise is
sufficiently regular in space, this being the only assumption imposed in Assumption 2.1. In
particular, the addition of a stochastic forcing, does not spoil any of the parameters range
available in our previous deterministic result. Even if this goes in the opposite direction
to the papers quoted above, it is not completely surprising. Indeed, in the last few years
several deterministic non-uniqueness results, in particular those based on convex integra-
tion techniques for equations in fluid mechanics [10, 35, 11], have been extended to the
stochastic framework, allowing either for the additive structure of the noise as in (1.6), see
[32, 33, 31, 40], or multiplicative ones, see [6, 31, 38, 56]. In this sense, [34, 9] are the most
similar results compared to Theorem 1.3. They are based on the non-uniqueness for Leray-
Hopf solutions for the 3d Navier-Stokes equations [2], proving that the same holds for forced
3d stochastic Navier-Stokes equation with additive or linear multiplicative noise. However,
some differences arise. Similarly to [2], either [34] and [9] require adding a further external
forcing to produce the non-uniqueness. Moreover, the additional forcings differ from that of
[2], being in both cases proper stochastic processes. This is due to the fact that, while here
we do not force the unstable self-similar profile constructed in [27] to be a solution of (1.6),
see subsection 3.2, this is done in [9, 34], leading to a different forcing for each realization
of the noise. Ultimately, also this difference seems caused by the fact that we were able in
[27] to verify the assumptions of the program proposed by Jia and Šverák in [36] without
the necessity to add an additional external forcing.

A natural conjecture, linked to the well-known motto the rougher the noise, the better the
regularization, is that the failure of the regularization by noise mechanism and therefore the
persistence of the non-uniqueness for (1.6) is hidden in Assumption 2.1. It could be the case
that a rougher noise does not allow us to study (3.1) and ultimately to restore uniqueness
for (1.6).

1.2. The case of randomization in the initial conditions. The non-uniqueness in (1.1)
of Theorem 1.2 is typical of nonlinear PDEs settled in supercritical spaces for which several
ill-posedness phenomena, like non-uniqueness or instantaneous lack of regularity, are possible
[14, 39]. However, the functions for which one can rigorously prove such a pathological
behavior are, usually, highly non-generic and one would expect that the ill-posedness is
indeed a non generic phenomenon. Therefore, a Gaussian measure on the space of initial
conditions should be able to recognize if there is a lack of the known ill-posedness results,
telling us if they are generic in terms of initial conditions or not. Starting from the seminal
works [12, 13] the above heuristic has been applied in several contexts, we refer for example
to [43, 57, 44, 41] and the references therein for several applications of this principle. In the
context of Theorem 1.2, given u0 as the one in the statement, one can only show that for
each ϵ > 0 and radial initial condition u0,∗ ∈ Lq(Rd), there exists v0 radial and smooth such
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that

∥u0,∗ − u0 − v0∥Lq ≤ ϵ

and (1.1) with initial condition u0 + v0 has non-unique solutions. Motivated by the above
considerations, we are interested in studying (1.1) with random initial conditions.
Similarly to [41, 44] we randomize functions directly on Euclidean space via a unit-scale
decomposition in frequency space. More precisely, let φ ∈ C∞

c (Rd) be a real-valued function
such that 0 ≤ φ ≤ 1, φ(ξ) = φ(−ξ) and

φ(ξ) =

{
1 for ξ ∈ [−1/2, 1/2]d

0 for ξ /∈ [−1, 1]d.

For every k ∈ Zd set φk(ξ) = φ(ξ − k) and define

ψk(ξ) =
φk(ξ)∑
l∈Zd φl(ξ)

. (1.7)

Then ψk is a smooth function with support contained in k + [−1, 1]d and ψk(ξ) = ψ−k(−ξ),∑
k∈Zd ψk(ξ) ≡ 1 ∀ξ ∈ Rd.

Secondly, let I ⊆ Zd be such that Zd = I ∪ (−I) ∪ {0}, I ∩ (−I) = ∅ and {h1k, h2k}k∈{0}∪I
be i.i.d. standard real Gaussian random variables F0-measurable so that hk = h1k + ih2k is a
complex Gaussian random variable F0-measurable. Set also hk = h−k for k ∈ −I. Lastly,
for f ∈ S ′(Rd) let us define

Pkf := F−1
(
ψk(ξ)f̂(ξ)

)
∈ S ′(Rd). (1.8)

Above, we denoted by f̂ the Fourier transform of f , which is well-defined since f is a tempered
distribution and by F−1 the inverse Fourier transform.
Having this notation in mind we define the randomization of f , denoted by fω

fω =
∑
k∈Zd

hk(ω)Pkf. (1.9)

The definition of randomization of f above is strongly linked to the notion of modulation
spaces, M q1,q2(Rd) 1 ≤ q1, q2 ≤ +∞, for which we refer to [24] for a review and standard
results. Indeed, not surprisingly, if f ∈ M q,q(Rd), 1 ≤ q ≤ 2 then fω above is well-defined
and satisfies suitable integrability properties. We refer to Lemma 4.1 below for details. We
just recall here, for the sake of presentation of Theorem 1.5, that M2,2(Rd) = L2(Rd) and
M q,q(Rd) ↪→ Lq(Rd) for 1 ≤ q < 2.

Now we are ready to state our main result for (1.1) with randomized initial conditions.
Denoting by et∆ the heat semigroup, in section 4 we shall prove the following result.

Theorem 1.5. Let d ≥ 3, p > 1
2
+
√

1
4
+ 4

d
, q ∈

(
2− 8

4+dp
, qc

)
, r = (p ∨ p′)qc,

u0 ∈

{
M q,q(Rd) if q < 2;

L2(Rd) ∩ Lq(Rd) if q ≥ 2
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and uω0 the randomization of u0 given by (1.9). Then there is an event Σ ⊆ Ω with P(Σ) = 1

and a stopping time T , such that T > 0 P− a.s. and for any ω ∈ Σ, the problem (1.1) with
initial condition uω0 has a unique mild solution u for 0 ≤ t ≤ T (ω), satisfying

u− et∆uω0 ∈ C([0, T (ω)];Lq(Rd) ∩ Lr(Rd)).

Moreover, u(t∧T ) is an adapted process with values in Lq(Rd). Lastly, there exist constants
C1

d,p,r, C
2
d,p,q,r > 0 depending on their subscripts and, for every 0 < T ≤ 1, an event ΩT with

the property

P(ΩT ) ≥


1− C1

d,p,re

−
C2
d,p,q,r

T
1
p∧( 2

p−1− d
r−p+1)∥u0∥2Mq,q if q < 2,

1− C1
d,p,re

−
C2
d,p,r

T
1
p ∥u0∥2L2 if q ≥ 2,

such that, for every ω ∈ ΩT , it holds T (ω) ≥ T.

Some remarks are in order.

Remark 1.6. Our restriction on q, namely the fact that q > 2− 8
4+dp

and we cannot reach the
full range of parameters q ∈ [1, qc) seems linked to similar issues appearing for randomization
in Navier-Stokes equations, see for example [43, Theorem 2.4], [23, Theorem 1.1], where no
arbitrarily low Sobolev regularity can be reached. Indeed, even working in the d-dimensional
torus, the space H− d

2 (Td), having the same Sobolev index as L1(Td), is not reached by the
quoted papers. Note in particular that the interval

(
2− 8

4+dp
, qc

)
is not empty as soon as

p > 1
2
+
√

1
4
+ 4

d
. This is the reason behind the stronger restriction on p in the statement

compared to the more standard p > 1 + 2
d
.

Remark 1.7. In the case of q > 2 we require also u0 ∈ L2(Rd). This is a technical assumption
that allows us to make sense to the series appearing in (1.9) and to define uω0 as a random
variable with values in L2(Rd). As Lemma 4.1 below shows, uω0 ∈ Lq(Rd) in this case without
assuming u0 ∈ Lq(Rd). We preferred to state the result in this suboptimal way in order to
be somehow coherent to our purpose of studying the Cauchy problem of (1.1) in Lq(Rd).
Note that this assumption is satisfied by the singular profile u0 in Theorem 1.2 according to
(1.5).

Remark 1.8. We have the embedding W d( 2
q
−1),q(Rd) ↪→ M q,q(Rd) for q < 2, [47, 49]. More-

over, the u0 of Theorem 1.2 belongs to W θ,q(Rd) for θ < d
q
− 2

p−1
according to (1.5). In

particular it is a proper initial condition for Theorem 1.5 if

p ≥ 3 or
(d− 2)(p− 1)

(3− p)
> q.

This interval is included in the whole
(
2− 8

d+dp
, qc

)
as soon as p ≥ 1 + 4

d
. The latter is

slightly more restrictive than p > 1
2
+
√

1
4
+ 4

d
assumed in Theorem 1.5.
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The idea behind the proof, similarly to [12], is that, besides the fact that the randomization
does not allow to gain differentiability, see [12, Appendix B], the Lr properties are (almost
surely) much better than expected. This improvement allows the use of a fixed point method
after having singled out the linear evolution. This is easily transparent in case of q ≥ 2 in
view of Lemma 4.1 and Remark 4.2 below, slightly less in the case of q < 2. Indeed, to the
best of our knowledge, all previous quoted results in the same spirit of Theorem 1.5 were es-
tablished by exploiting the effect of the randomization in a Hilbert space framework. In case
q < 2, however, due to embedding M q,q(Rd) ↪→ Lq(Rd) ↪→ H− d(2−q)

2q (Rd) cf. [47, 49], we can
still recover a Hilbert space framework where it is possible to exploit the regularizing prop-
erties of the randomization (1.9) and, at the same time, work with Lq mild solutions for (1.1).

We regard Theorem 1.5 as a complementary result to Theorem 1.3. According to Theo-
rem 1.5, the non-uniqueness scenario described in Theorem 1.2 appears to be non-generic, and
the introduction of suitably chosen stochastic forcings should be able to regularize the sys-
tem. However, as Theorem 1.3 shows, such stochastic forcings cannot be chosen too naively.
A more precise regularity threshold for the additive noise, or alternatively more refined noise
structures tailored to the features of (1.1), would be required. As already mentioned, the
ultimate goal of this program would be to establish selection criteria for the non-unique
solutions of (1.1). We consider this to be a problem of very high interest. Indeed, although
(1.1) is a simplified model for nonlinear parabolic systems, we believe that the techniques
needed to address the questions above could significantly enhance our understanding of how
noise interacts with nonlinear parabolic equations and, ultimately, contribute to a deeper
understanding of the dynamics of more complex and physically relevant partial differential
equations.

1.3. Plan of the paper. The content of the paper is as follows. In section 2 we settle
the notation that we follow throughout the paper, recalling, for the convenience of the
reader, some results from our previous paper [27] and on modulation spaces. The proof of
Theorem 1.3 is the content of section 3, while the proof of Theorem 1.5 is the content of
section 4.

2. Preliminaries and Notation

2.1. Notation and Conventions. Let us start by introducing an appropriate functional
framework. For p ∈ [1,+∞], we denote by Lp(Rd) the space of Lebesgue functions, by
C∞

c (Rd) the standard test space of smooth and compactly supported functions on Rd, by
S (Rd) the space of Schwartz functions on Rd and by S ′(Rd) the dual of S (Rd), namely
the space of tempered distributions. Let us also settle some standard notation for Sobolev
spaces. For s ∈ R, p ∈ [1,+∞] we denote by W s,p(Rd) the Sobolev–Slobodeckij space of
differentiability s and integrability p. In the case of p = 2 we simply write Hs(Rd) in place
of W s,2(Rd). We refer to the classical reference [50] for a detailed discussion and standard
results on Sobolev spaces.

7



As already announced in subsection 1.2, we also need to introduce modulation spaces
on Rd. Let Pk : S ′(Rd) → S ′(Rd) be the linear operator introduced in (1.8). For
p, q ∈ [1,+∞], s ∈ R we define the modulation space Mp,q

s (Rd) as the space of tempered
distributions f ∈ S ′(Rd) such that the norm

∥f∥Mp,q
s

=

(∑
k∈Zd

(
1 + |k|2

) sq
2 ∥Pkf∥qLp

)1/q

(2.1)

is finite, with the usual modification if q = +∞. Modulation spaces are Banach spaces,
moreover S (Rd) is dense in Mp,q

s whenever p ∨ q < +∞. The definition is quite similar to
that of Besov spaces, the main difference being that, in the latter, the frequency space is
decomposed into dyadic annuli. When s = 0, we simply write Mp,q(Rd) in place of Mp,q

0 (Rd)

in case of s = 0. We refer to [24] for a detailed discussion on modulation spaces and their
standard properties including the embedding Mp,p(Rn) ↪→ Lp(Rn) for p < 2, which we shall
employ below.

Secondly, in order to deal with Theorem 1.3, we need to introduce the framework of radial
functions, also to accommodate the results from [27] recalled in subsection 2.3. For p ≥ 1,
we define the space of radial Lebesgue functions

Lp
rad(R

d) := {f : [0,∞) → C | f is measurable and ∥f∥Lp
rad(Rd) := ∥f(| · |)∥Lp(Rd) <∞}.

We also need the spaces

C∞
c,rad(Rd) := {f : [0,∞) → C | f(| · |) ∈ C∞

c (Rd)},
Srad(Rd) := {f : [0,∞) → C | f(| · |) ∈ S (Rd)}.

For convenience, we will often shortly write Lp for Lp(Rd) and analogously for the other
function spaces defined in this section. Now, for 1 ≤ η ≤ γ we define the radial intersection
Lebesgue space1

Lη,γ := Lη
rad(R

d) ∩ Lγ
rad(R

d), ∥ · ∥Lη,γ := ∥ · ∥Lη(Rd) + 1(0,∞)(γ − η)∥ · ∥Lγ(Rd).

Note that Lη,η = Lη
rad. Although we define spaces of radial functions on Rd via their radial

profiles, for convenience we will at times interpret them as defined on Rd via the identification
f(x) = f(|x|) for x ∈ Rd.

Given a closed linear operator (L,D(L)) on a Banach space X, we denote by ρ(L) the
resolvent set of L, while σ(L) := C \ ρ(L) stands for the spectrum of L.
Given a Hilbert space U , we denote by γ(U,X) the space of γ-radonifying operators between
U and X. For estimates, we use the convenient asymptotic notation a ≲ b to say that there
is some C > 0 such that a ≤ Cb. Sometimes, when it is obvious from the context, we omit
explicitly mentioning the parameters on which the choice of the implied constant C does not
depend. To emphasize the dependence of C on a parameter, say p, we will sometimes write
≲p.

1We decided, similarly to [27], to use the suggestive notation Lη,γ , hoping it will not cause confusion with
the more standard usage in the context of Morrey or Lorentz spaces.

8



2.2. Assumptions on the noise. Let us begin by introducing a complete filtered prob-
ability space (Ω,F , (Ft)t≥0,P) with right continuous filtration such that F0 contains all
P-negligible sets. For the Brownian motion W appearing in (1.6), we assume the following:

Assumption 2.1. Let U be a separable Hilbert space and Bt be cylindrical Brownian motion
on U ,

Wt = JBt, J ∈ γ(U ;Lq
rad(R

d)) ∩ γ(U ;W s,q) for some s =
(
d

q

(
1− 2q

p(p− 1)(d+ 2q)

)
− 1

)
∨ 0.

Under these assumptions on W, according to [51, Theorem 10.18], there exists a unique
mild (equivalently weak) solution to the stochastic heat equation on Rd{

dz = ∆zdt+ dWt

z(0) = 0.
(2.2)

Namely there exists a unique z ∈ Cloc([0,+∞);Lq
rad(Rd)) solving the evolution problem (2.2).

It is given by the mild formula

z(t) =

∫ t

0

e(t−s)∆dWs,

where we denote by et∆ the heat semigroup on Rd. Moreover, according to [51, Chapter
10.3], [52, Theorem 1.1], [53, Theorem 1.2], due to the regularizing properties of the heat
semigroup and the Sobolev embedding W s+1,q(Rd) ↪→ L

p(p−1)(d+2q)
2 (Rd) we also have

z ∈ Cloc([0,+∞);Lq,θ) ∀θ < p(p− 1)(d+ 2q)

2
P− a.s. (2.3)

Note that this also implies that z ∈ Lp
loc((0,+∞)× Rd) P− a.s.

With these definitions at hand, similarly to Definition 1.1, we can introduce the notion of
mild solution for equation (1.6).

Definition 2.2. Let u0 ∈ Lq(Rd) and T a stopping time. A progressively measurable
process u : Ω × [0,+∞) → Lq(Rd) is a mild solution of (1.6) on [0, T ] if u belongs to
C([0, T ];Lq(Rd))∩Lp

loc((0, T )×Rd) P-a.s., u(0) = u0 P-a.s. and v := u−z is a distributional
solution to

∂tv −∆v = |v + z|p−1(v + z).

on (0, T )× Rd P-a.s.

2.3. Useful results from [27]. As already mentioned in subsection 1.1, the non-uniqueness
of Theorem 1.3 is a consequence of the existence of a forward self-similar solution that is
linearly unstable in similarity variables for the deterministic unforced equation.
A radial forward self-similar solution for (1.1) corresponds to a self-similar profile

u(t, r) =
1

t
1

p−1

U

(
r√
t

)
, (2.4)

9



with U satisfying the nonlinear ODE

U ′′ +

(
d− 1

ρ
+
ρ

2

)
U ′ +

1

p− 1
U + |U |p−1U = 0. (2.5)

According to [29], the above problem has a unique solution, up to fixing U(0) := α >

0, U ′(0) = 0. More precisely, the following holds.

Proposition 2.3 ([29]). Let d ≥ 3 and p > 1 + 2
d
. Then for every α > 0 there exists a

unique function U ∈ C2
loc([0,∞)) that satisfies (2.5) on (0,∞) classically and U(0) := α >

0, U ′(0) = 0. Moreover, U is bounded and limρ→∞ ρ
2

p−1U(ρ) exists and is finite.

To indicate the dependence on α, in what follows we denote the expanders from the
theorem above by Uα. Furthermore, we denote

ℓ(α) := lim
ρ→∞

ρ
2

p−1Uα(ρ). (2.6)

To analyze stability of the constructed expanders, it is customary to rewrite (1.1) in variables
that are adapted to the self-similar nature of (2.4), the so-called (radial) similarity variables

τ := ln t, ρ :=
r√
t
.

By also scaling the dependent variable

v(τ, ρ) := t
1

p−1u(t, r),

from (1.1) we arrive at an evolution equation for v

∂τv = L0v + |v|p−1v, (2.7)

where the linear operator L0 is given by

L0 = ∂2ρ +
d− 1

ρ
∂ρ +

1

2
ρ∂ρ +

1

p− 1
.

Note that, by definition, expander profiles Uα are now static solutions of (2.7). What we
did in [27, Section 2] is the (non)linear stability analysis of Uα. Namely we studied the flow
of (2.7) near Uα in spaces Lη,γ. To this end, we set v(τ, ρ) = Uα(ρ) + w(τ, ρ) in (2.7). This
then leads to an evolution equation for the perturbation w

∂τw = Lαw +N(w), (2.8)

where
Lα = L0 + Vα, Vα = p|Uα|p−1,

and
Nα(w) := n(Uα + w)− n(Uα)− p|U |p−1w for n(f) = |f |p−1f.

Stability of the forward self-similar solutions Uα in similarity variables corresponds exactly
to spectral analysis for the operator Lα. The main findings of [27, Section 2] can be summed
up by the following theorem.
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Theorem 2.4 ([27]). Let d ≥ 3, p > 1 + 2
d
, 1 ≤ η ≤ γ. Then for each α > 0 the

operator Lα : D(Lα) ⊆ Lη,γ → Lη,γ generates a one-parameter strongly continuous semigroup
(Sα(τ))τ≥0 ⊆ L(Lη,γ). Assuming furthermore that

1 ≤ η <
d(p− 1)

2
, (2.9)

then for the operator Lα : D(Lα) ⊆ Lη,γ → Lη,γ the following statements hold.

1. The set
σ(Lα) ∩

{
λ ∈ C | Reλ > 1

p−1
− d

2η

}
(2.10)

consists of finitely many real eigenvalues.

2. If p < pJL then for every ε > 0 there exists α > 0 such that Lα admits at least one
positive eigenvalue, and furthermore all positive eigenvalues are smaller than ε.

3. If p ≥ pJL then for every α > 0 the operator Lα admits no positive eigenvalues.

In particular the statement above implies, in the case p < pJL and η < qc, the existence of
a forward self-similar solution that is linearly unstable in similarity variables for the deter-
ministic unforced equation. Moreover, by choosing properly α, the most unstable eigenvalue
of Lα can be fixed to be arbitrarily small. As a direct consequence of Theorem 2.4, in [27,
Section 3] we proved the following result, which we shall also employ in the sequel.

Theorem 2.5. Assume

d ≥ 3, 1 +
2

d
< p < pJL, 1 ≤ η < qc < γ, γ ≥ pη.

Let ᾱ > 0 be such that for the corresponding expander Ū the operator Lᾱ : D(Lᾱ) ⊆ Lη,γ →
Lη,γ admits a maximal positive eigenvalue λᾱ, and Ū lin the eigenfunction of Lᾱ associated
with λᾱ. Then, for every sufficiently small ε > 0 there is T < 0 such that there exists an
ancient solution ψ ∈ Cloc((−∞, T ], Lη,γ) to{

∂τψ = Lᾱψ + |Ū + ψ|p−1(Ū + ψ)− |Ū |p−1Ū − p|Ū |p−1ψ,

∥ψ(τ)∥Lq̂,r̂ → 0 as τ → −∞

for which

∥ψ(τ)∥Lη,γ < ε,

and

∥ψ(τ)∥
L
γ/p
rad

> eλᾱτ
∥Ū lin∥

L
γ/p
rad

2
,

for τ ∈ (−∞, T ].

The idea behind the program of [36], which we implemented in [27], is that in case α > 0 is
such that Lα has an unstable eigenvalue, then the nonlinear problem (2.8) admits a nontrivial
solution arising from 0 at τ = −∞. Therefore, upon inverting the self-similar change of
variables, both Uα and Uα + w are distributional solutions of (1.1). They are not mild
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solutions due to poor integrability properties. However, if the most unstable eigenvalue is
sufficiently small, a localization procedure can be performed to produce two mild solutions of
(1.1) from the same initial data, thereby proving Theorem 1.2. Consequently, Theorem 1.3,
as we will describe in section 3 below, reduces to showing that an analogous localization
argument to that of [27, Section 4] can also be carried out in the presence of a stochastic
forcing that is white in time and sufficiently colored in space.

3. non-uniqueness for the stochastically forced equation

Let 1 ≤ q < qc as in Theorem 1.3. Let ϵ > 0 be such that
d(p− 1)

2q
− p < ϵ <

d(p− 1)

2q
− 1.

Then set r = (p+ ϵ)q and qa = r
p
. It follows immediately that

1 ≤ q < qa < qc < r.

Moreover, due to Assumption 2.1 and consequently (2.3), the stochastic convolution z con-
structed in subsection 2.2 satisfies

z ∈ Cloc([0,+∞);Lq,pr) P− a.s., z(0) = 0.

Let Ū and ψ be from Theorem 2.5 with η = 1 and γ = pr. Then, for t ∈ (0, eT ] we set

ũ1(t, x) =
1

t
1

p−1

Ū

(
|x|√
t

)
,

ũ2(t, x) =
1

t
1

p−1

Ū

(
|x|√
t

)
+

1

t
1

p−1

ψ

(
ln t,

|x|√
t

)
.

Recall that Ū ∈ C2
loc([0,∞)) and

Ū(ρ) = O
(
ρ−

2
p−1

)
as ρ→ ∞.

Theorem 2.5 furthermore ensures that ψ ∈ Cloc((−∞, T ], L1,pr) and

∥ψ(τ)∥L1,pr < ε and ∥ψ(τ)∥Lr
rad

> eλᾱτ
∥Ū lin∥Lr

rad

2

for τ ∈ (−∞, T ]. Both ũ1 and ũ2 are distributional solutions of (1.1) starting from the same
initial data

ũ0(x) =
ℓ(α)

|x|
2

p−1

.

However, ũ0 (and consequently also ũ1, ũ2) fails to be in Lq(Rd) due to poor integrability
properties at |x| → +∞. The idea for constructing two solutions of (1.6) is to define

u0(x) = ũ0(x)1[0,R](|x|), R > 0

and look for

u1 = z + ũ1 − w1, u2 = z + ũ2 − w2
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for some w1, w2 which solve a certain nonlinear random PDE (3.1) with initial condition
ũ0−u0. Then, a posteriori, we recover that u1 and u2 constructed in this way are two different
mild solutions of (1.6). We split the program shortly described above into subsection 3.1
and subsection 3.2.

3.1. Localization Procedure. Since both u(t, x) := 1

t
1

p−1
U( x√

t
) and u(t, x)+u′(t, x), u′(t, x) =

1

t
1

p−1
ψ(log t, x√

t
) solve the deterministic nonlinear heat equation (1.1) and z is a solution of

the linear stochastic heat equation (2.2), we obtain that wi, i ∈ {1, 2}, solve

dwi = −dui + du+ du′i + dz

= ∆widt−
[
|u+ u′i − wi + z|p−1(u+ u′i − wi + z)− |u+ u′i|p−1(u+ u′i)

]
dt

+ p|u|p−1(wi − z)dt− p|u|p−1(wi − z)dt,

where u′1 = 0, u′2 = u′. In conclusion we are interested in studying the Cauchy problem{
∂tw = ∆w + p|u|p−1w + f̃(w),

w(0) = w0

(3.1)

where

f̃(w) = −
[
|u+ u′ − w + z|p−1(u+ u′ − w + z)− |u+ u′|p−1(u+ u′) + p|u|p−1(w − z)

]
− p|u|p−1z (3.2)

and w0 ∈ Lr
rad(Rd). Equation (3.1) resembles the one treated in [27, Section 4]. However,

the nonlinearity is different and requires ad hoc treatment. Before stating the main result
of this section we need to settle some notation. For each T > 0, we define the Banach space

ZT := {w ∈ L∞((0, T ),Lr
rad(Rd)) |

sup
t∈(0,T )

t
d
2r (

p−1
p )∥w(t)∥Lpr

rad
<∞, lim

t→0
t

d
2r (

p−1
p )∥w(t)∥Lpr

rad
= 0},

equipped with its natural norm

∥w∥ZT := sup
t∈(0,T )

∥w(t)∥Lr
rad

+ sup
t∈(0,T )

t
d
2r (

p−1
p )∥w(t)∥Lpr

rad
.

With this notation in mind, we are ready to prove the following well-posedness result for
(3.1).

Proposition 3.1. Let ᾱ > 0 be such that for the corresponding expander Ū the operator
Lᾱ : D(Lᾱ) ⊆ L1,pr → L1,pr admits a maximal positive eigenvalue λᾱ that satisfies

λᾱ <
1

p− 1
− d

2r
. (3.3)
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Assume further that w0 ∈ Lr
rad(Rd) and u′ : (0, 1)×Rd → R is such that it can be written as

u′(t, x) = 1

t
1

p−1
U ′
(
ln t, |x|√

t

)
, where

sup
τ∈(−∞,T ]

∥U ′(τ, ·)∥L1,pr <∞

for some T < 0. Then, whenever the above displayed quantity is sufficiently small, there is
a stopping time T ′ > 0 such that for P-a.e. ω ∈ Ω there exists a unique w in ZT ′ solution to
the Cauchy problem (3.1)-(3.2). Moreover, w ∈ C([0, T ′], Lr

rad(Rd)) P-a.s. and

∥w∥L∞((0,T ′),Lr
rad)

+ supt∈(0,T ′) t
d
2r (

p−1
p )∥w(t)∥Lpr

rad
≲ ∥w0∥Lr

rad
P− a.s., (3.4)

limt→0 t
d
2r (

p−1
p )∥w(t)∥Lpr

rad
= 0 P− a.s. (3.5)

Proof. As in [27, Theorem 4.2], we look for a solution of the form

w(t) = S[w0, 0](t) + S[0, f̃(w)](t),

where S(g, f) denotes the solution map for the linear problem{
∂tw = ∆w + p|u|p−1w + f,

w(0) = g

given by [27, Lemma 4.1]. Let us denote by M = ∥S[w0, 0]∥ZeT and by B2M ⊆ ZT ′ the closed
ball in ZT ′ for T ′ > 0 with center 0 and radius 2M . We are looking for ε > 0 and T ′ > 0

small enough such that

Γ(w) = S[w0, 0] + S[0, f̃(w)]

is a contraction on B2M . First we need to show that Γ maps B2M into itself. We start by
observing that

f̃(w) = f(w)− p|u|p−1z,

f(w) = |u+ u′ − w + z|p−1(u+ u′ − w + z)− |u+ u′|p−1(u+ u′)− p|u|p−1(w − z).

Moreover, by Hölder’s inequality and the definition of u, we have∥∥|u(t)|p−1z(t)
∥∥
Lqa
rad

≤ t
d

2qa
− d

2r
−1
∥∥U∥∥p−1

Lr
rad

∥z(t)∥Lr
rad
, (3.6)∥∥|u(t)|p−1z(t)

∥∥
Lr
rad

≤ t−1
∥∥U∥∥p−1

L∞
rad

∥z(t)∥Lr
rad
. (3.7)

Since z(t) ∈ C([0, eT ];Lr
rad) and z(0) = 0 we have also

lim
t→0

(∥∥|u(t)|p−1z(t)
∥∥
Lr
rad

t+
∥∥|u(t)|p−1z(t)

∥∥
Lqa
rad

t1+
d
2r

− d
2qa

)
= 0.

Now we estimate the other terms in f̃(w) distinguishing between the case p ∈ (1 + 2
d
, 2] and

p > 2. In the first case, due to [27, Lemma 3.2] with x = u, y = u′, z = u′ −w + z we have

∥f(w)∥Lqa
rad

≲p ∥w∥pLr
rad

+ ∥z∥pLr
rad

+ ∥|u′|p−1|w|∥Lqa
rad

+ ∥|u′|p−1|z|∥Lqa
rad
,

∥f(w)∥Lr
rad

≲p ∥w∥pLrp
rad

+ ∥z∥p
Lrp
rad

+ ∥|u′|p−1|w|∥Lr
rad

+ ∥|u′|p−1|z|∥Lr
rad
.

14



Therefore, by exploiting relations [27, equations (4.25)-(4.26)-(4.35)], we obtain, thanks to
the fact that w ∈ B2M and z(t) ∈ C([0, eT ];Lr,pr) with z(0) = 0,

t1+
d
2r

− d
2qa ∥f(w(t))∥Lqa

rad
≲ εp−1(M + ∥z∥C([0,T ′];Lr

rad)
) + (T ′)

1− d(p−1)
2r (Mp + ∥z∥pC([0,T ′];Lr

rad)
),

t∥f(w(t))∥Lr
rad

≲ εp−1
(
M + ∥z∥C([0,T ′];Lpr)

)
+ T ′ ∥z∥pC([0,T ′];Lpr) + (T ′)

1− d(p−1)
2r Mp,

limt→0 t
1+ d

2r
− d

2qa ∥f(w(t))∥Lqa
rad

= 0, limt→0 t∥f(w(t))∥Lr
rad

= 0.

Therefore f̃(w) satisfies the assumptions of [27, Lemma 4.2] and

∥Γ(w)∥ZT ′ ≤M + C
{
∥z∥C([0,T ′];Lr,pr

rad ) + εp−1M + (T ′)
1− d(p−1)

2r (Mp + ∥z∥p
C([0,T ′];Lr,pr

rad )
)
}

≤ 2M,

whenever ε and T ′ satisfy

Cϵp−1 ≤ 1/2,

T ′ = inf
{
t > 0 : C

(
∥z∥C([0,t];Lr,pr

rad ) + t1−
d(p−1)

2r (Mp + ∥z∥p
C([0,t];Lr,pr

rad )
)
)
≥M/2

}
∧ eT .

We are using again the continuity of z and the fact that z(0) = 0 to define T ′. In case of
p > 2, due to [27, Lemma 3.2] with x = u, y = u′, z = u′ − w + z and Young’s inequality
we have

∥f(w)∥Lqa
rad

≲p ∥w∥pLr
rad

+ ∥z∥pLr
rad

+ ∥|u′|p−1|w|∥Lqa
rad

+ ∥|u′|p−1|z|∥Lqa
rad

+ ∥|ū|p−2|u′||w|∥Lqa
rad

+ ∥|ū|p−2|u′||z|∥Lqa
rad

+ ∥|ū|p−2|w|2∥Lqa
rad

+ ∥|ū|p−2|z|2∥Lqa
rad
,

∥f(w)∥Lr
rad

≲p ∥w∥pLpr
rad

+ ∥z∥p
Lpr
rad

+ ∥|u′|p−1|w|∥Lr
rad

+ ∥|u′|p−1|z|∥Lr
rad

+ ∥|ū|p−2|u′||w|∥Lr
rad

+ ∥|ū|p−2|u′||z|∥Lr
rad

+ ∥|ū|p−2|w|2∥Lr
rad

+ ∥|ū|p−2|z|2∥Lr
rad
.

Therefore, by exploiting relations [27, equations (4.25)-(4.26)-(4.31)-(4.32)-(4.33)-(4.34)-(4.35)-
(4-36)], we obtain thanks to the fact that w ∈ B2M and z(t) ∈ C([0, eT ];Lr,pr) with z(0) = 0

t1+
d
2r

− d
2qa ∥f(w(t))∥Lqa

rad
≲ ε

(
M + ∥z∥C([0,T ′];Lr

rad)

)
+ (T ′)

1
p−1

− d
2r (M2 +Mp + ∥z∥2C([0,T ′];Lr

rad)
+ ∥z∥pC([0,T ′];Lr

rad)
),

t∥f(w(t))∥Lr
rad

≲ε
(
M + ∥z∥C([0,T ′];Lpr)

)
+ (T ′)

1
p−1

− d
2r (M2 +Mp + ∥z∥2C([0,T ′];Lpr

rad)
+ ∥z∥p

C([0,T ′];Lpr
rad)

),

limt→0 t
1+ d

2r
− d

2qa ∥f(w(t))∥Lqa
rad

= 0, limt→0 t∥f(w(t))∥Lr
rad

= 0.

Therefore, in this case as well, f̃(w) satisfies the assumptions of [27, Lemma 4.2] and

∥Γ(w)∥ZT ′ ≤M

+ C
{
∥z∥C([0,T ′];Lr,pr

rad ) + εM + (T ′)
1

p−1
− d

2r (M2 +Mp + ∥z∥2C([0,T ′];Lr,pr
rad ) + ∥z∥p

C([0,T ′];Lr,pr
rad )

)
}

≤ 2M,
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whenever ε and T ′ are chosen such that

Cϵ ≤ 1/2,

T ′ = inf
{
t > 0 : C

{
∥z∥C([0,t];Lr,pr

rad ) + t
1

p−1
− d

2r (M2 +Mp + ∥z∥2C([0,t];Lr,pr
rad ) + ∥z∥p

C([0,t];Lr,pr
rad )

)
}
≤M/2

}
∧ eT .

Now we show that Γ is a contraction in B2M , possibly after reducing ε and T ′. For w1, w2 ∈
B2M , we observe that

Γ(w1)− Γ(w2) = S[0, f(w1)− f(w2)].

We first consider the case p ∈ (1 + 2
d
, 2]. Thanks to [27, Lemma 3.2] with x = ū, y =

u′ − w1 + z, z = u′ − w2 + z, we get

∥f(w1)− f(w2)∥Lqa
rad

≤∥|u′|p−1|w1 − w2|∥Lqa
rad

+
(
∥w1∥p−1

Lr
rad

+ ∥w2∥p−1
Lr
rad

+ 2∥z∥p−1
Lr
rad

)
∥w1 − w2∥Lr

rad
,

∥f(w1)− f(w2)∥Lr
rad

≤∥|u′|p−1|w1 − w2|∥Lr
rad

+
(
∥w1∥p−1

Lpr
rad

+ ∥w2∥p−1
Lpr
rad

+ 2∥z∥p−1
Lpr
rad

)
∥w1 − w2∥Lpr

rad
.

Therefore, [27, equations (4.25)-(4.26)-(4.35)] imply, thanks to the fact that w1, w2 ∈ B2M

and z ∈ C([0, T ];Lr,pr),

t1+
d
2r

− d
2qa ∥f(w1(t))− f(w2(t))∥Lqa

rad
≲ εp−1M + (T ′)

1− d(p−1)
2r

(
Mp +M ∥z∥p−1

C([0,T ′];Lr)

)
,

t∥f(w1(t))− f(w2(t))∥Lr
rad

≲ εp−1M + (T ′)
1− d(p−1)

2r

(
Mp +M ∥z∥p−1

C([0,T ′];Lpr)

)
,

limt→0 t
1+ d

2r
− d

2qa ∥f(w1(t))− f(w2(t))∥Lqa
rad

= 0,

limt→0 t∥f(w1(t))− f(w2(t))∥Lr
rad

= 0.

Since f(w1)− f(w2) satisfies the assumptions of [27, Lemma 4.2] we obtain

∥Γ(w1)− Γ(w2)∥ZT ′ ≲
(
εp−1 + (T ′)

1− d(p−1)
2r

(
Mp−1 + ∥z∥p−1

C([0,T ′];Lr,pr)

))
∥w1 − w2∥ZT ′

≤ 1

2
∥w1 − w2∥ZT ′

for ε and T ′ small enough. Namely, denoting by C ′ the hidden constant in the above
inequality, we require, in this case, that

C ′εp−1 ≤ 1/4

T ′ = inf
{
t > 0 : C

(
∥z∥C([0,t′];Lr,pr

rad ) + t1−
d(p−1)

2r (Mp + ∥z∥p
C([0,t];Lr,pr

rad )
)
)
≥M/2

}
∧ eT

∧ inf
{
t > 0 : C ′t1−

d(p−1)
2r

(
Mp−1 + ∥z∥p−1

C([0,t];Lpr)

)
> 1/4

}
.
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In the case p > 2, by [27, Lemma 3.2] with x = ū, y = u′ − w1 + z, z = u′ − w2 + z, and
using Young’s inequality, we obtain

∥f(w1)− f(w2)∥Lqa
rad

≲p ∥|u′|p−1|w1 − w2|∥Lqa
rad

+
(
∥z∥p−1

Lr
rad

+ ∥w1∥p−1
Lr
rad

+ ∥w2∥p−1
Lr
rad

)
∥w1 − w2∥Lr

rad

+ ∥|ū|p−2|u′||w1 − w2|∥Lqa
rad

+ ∥|ū|p−2|z||w1 − w2|∥Lqa
rad

+ ∥|ū|p−2 (|w1|+ |w2|) |w1 − w2|∥Lqa
rad
,

∥f(w1)− f(w2)∥Lr
rad

≲p ∥|u′|p−1|w1 − w2|∥Lr
rad

+
(
∥z∥p−1

Lpr
rad

+ ∥w1∥p−1
Lpr
rad

+ ∥w2∥p−1
Lpr
rad

)
∥w1 − w2∥Lpr

rad

+ ∥|ū|p−2|u′||w1 − w2|∥Lr
rad

+ ∥|ū|p−2|z||w1 − w2|∥Lr
rad

+ ∥|ū|p−2 (|w1|+ |w2|) |w1 − w2|∥Lr
rad
.

Therefore, by exploiting relations [27, equations (4.25)-(4.26)-(4.31)-(4.32)-(4.33)-(4.34)-(4.35)-
(4-36)], we obtain thanks to the fact that w ∈ B2M and z(t) ∈ C([0, eT ];Lr,pr) with z(0) = 0

t1+
d
2r

− d
2qa ∥f(w1(t))− f(w2(t))∥Lqa

rad

≲ εM + (T ′)
1

p−1
− d

2rM(M +Mp−1 + ∥z∥C([0,T ′];Lr) + ∥z∥p−1
C([0,T ′];Lr)),

t∥f(w1(t))− f(w2(t))∥Lr
rad

≲ εM + (T ′)
1

p−1
− d

2r M
(
M +Mp−1 + ∥z∥C([0,T ′];Lpr) + ∥z∥p−1

C([0,T ′];Lpr)

)
,

limt→0 t
1+ d

2r
− d

2qa ∥f(w1(t))− f(w2(t))∥Lqa = 0,

limt→0 t∥f(w1(t))− f(w2(t))∥Lr
rad

= 0.

We can then apply [27, Lemma 4.1] to conclude that

∥Γ(w1)− Γ(w2)∥ZT ′

≲
(
ε+ (T ′)

1
p−1

− d
2r (M +Mp−1 + ∥z∥C([0,T ′];Lr,pr) + ∥z∥p−1

C([0,T ′];Lr,pr))
)
∥w1 − w2∥ZT ′

≤ 1

2
∥w1 − w2∥ZT ′ ,

for ε and T ′ small enough. Namely, calling C ′ the hidden constant in the inequality above,
in this case we require

C ′εp−1 ≤ 1/4

T ′ = inf
{
t > 0 : C

{
∥z∥C([0,t];Lr,pr

rad ) + t
1

p−1
− d

2r (M2 +Mp + ∥z∥2C([0,t];Lr,pr
rad ) + ∥z∥p

C([0,t];Lr,pr
rad )

)
}
≤M/2

}
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∧ inf

{
t > 0 : C ′t

1
p−1

− d
2r (M +Mp−1 + ∥z∥C([0,t];Lr,pr) + ∥z∥p−1

C([0,t];Lr,pr)) >
1

4

}
∧ eT .

This completes the proof. □

As the proof above shows, by solving the Cauchy problem for w1 and w2, we can construct
each solution up to the random time

Ti := T ′
i = eT ∧ Ti ∧ inf

t≥0
{∥z∥C([0,t];Lr,pr) ≥ Ci}, i ∈ {1, 2}.

Here, Ti and Ci are deterministic constants depending on i, p, and r, as well as on the
deterministic initial condition of the PDE, which is independent of i ∈ 1, 2. Since z has
continuous paths in Lq,pr, Ti are stopping times. The wi, as defined in Proposition 3.1, are
progressively measurable processes on (0,+∞) with values in Lr ∩ Lpr, once extended by
setting wi(t) ≡ wi(Ti) for t ≥ Ti. Moreover, due to the continuity of wi in Lr, the wi are
defined for all times and consequently adapted processes on Lr. The choice of the extension
of the wi after the stopping times is not the only possible one. However, in the following,
we will show our non-uniqueness by considering the two solutions before T1 ∧ T2. Therefore,
the latter choice does not affect the proof of our result, which is the content of the next
subsection.

3.2. Proof of Theorem 1.3. Define w0 := ũ0 − u0. We can now invoke Theorem 2.5 and
Proposition 3.1 to obtain two processes

u1(t, x) = z(t, x) +
1

t
1

p−1

Ū

(
|x|√
t

)
− w1(t, x),

u2(t, x) = z(t, x) +
1

t
1

p−1

Ū

(
|x|√
t

)
+

1

t
1

p−1

ψ

(
ln t,

|x|√
t

)
− w2(t, x),

which are weak solutions of (1.6) on (0, T1 ∧ T2) for T1 and T2 stopping times defined at the
end of the previous subsection. In particular, one can easily check that u1, u2 ∈ Lp

loc((0, T1 ∧
T2)×Rd) P− a.s. We claim that they are, in fact, two different local mild Lq-solutions on
[0, T1 ∧T2] with the same initial datum u0. By construction, u0 is compactly supported, and
therefore in Lq(Rd). It remains to show that u1, u2 ∈ C([0, T1 ∧ T2], L

q(Rd)) P− a.s., they
have the required measurability properties and u1 ̸= u2. We show the first property in the
form of a lemma.

Lemma 3.2. Let i ∈ {1, 2}, ui ∈ C([0, Ti], L
q(Rd)) P− a.s. for each 1 ≤ q < qc. Moreover

ui(· ∧ Ti) is an adapted process with values in Lq(Rd).

Proof. Since z ∈ Cloc([0,+∞);Lq,pr(Rd)) and has the required measurability properties, it is
enough to show that vi := ui−z belongs to C([0, Ti], L

q(Rd)) and that the stopped process is
adapted. We prove the lemma only for v2, the other case being analogous and simpler. We
therefore write, for convenience, v (resp. w, T ) in place of v2 (resp. w2, T2). Let us introduce

18



a radially symmetric cut off χ ∈ C∞
c (Rd) by

χ(x) :=

{
1 if |x| ≤ 1

0 if |x| ≥ 2,
χ(x) ≥ 0, χ(x) ≤ χ(x′) if |x| ≥ |x′|.

Furthermore, for x0 ∈ Rd, R ≥ 1, define χx0,R(x) := χ
(
x−x0

R

)
. Due to the properties of

Ū , ψ, w, we have that for each x0 ∈ Rd, R ≥ 1

vχx0,R ∈ C([0, T ], Lq(Rd)) ∩ C((0, T ], Lr(Rd)) P− a.s., (3.8)

and for each t, t0 ∈ (0, T ] with t0 ≤ t, that

v(t)χx0,R = e(t−t0)∆v(t0)χx0,R +

∫ t

t0

e(t−s)∆ (v(s)∆χx0,R − 2 div(v(s)∇χx0,R)) ds

+

∫ t

t0

e(t−s)∆χx0,R|v(s) + z(s)|p−1(v(s) + z(s))ds,

in Lq(Rd), where et∆ is the heat semigroup on Rd. Considering the Lq norm of the equation
above, by triangle inequality and the definition of χx0,R we get easily that

∥v(t)∥Lq(BR(x0))
≲ ∥v(t0)χx0,R∥Lq(Rd) +

∫ t

t0

(
1 +

1√
t− s

)
∥v(s)∥Lq(B2R(x0))

ds

+

∫ t

t0

∥∥χx0,R|v(s) + z(s)|p−1(v(s) + z(s))
∥∥
Lq(Rd)

ds,

the hidden constant above being independent of R, t0, t and x0. Let us analyze further the
last term. By interpolation and Young’s inequality, since r > pq, we have∥∥χx0,R|v(s) + z(s)|p−1(v(s) + z(s))

∥∥
Lq(Rd)

≲
∥∥∥χ1/p

x0,R
v(s)

∥∥∥p
Lpq(Rd)

+ ∥z(s)∥p
Lq,r(Rd)

≤
∥∥∥χ1/p

x0,R
v(s)

∥∥∥ r−pq
r−q

Lq(Rd)
∥v(s)∥

r(p−1)
r−q

Lr(Rd)
+ ∥z(s)∥p

Lq,r(Rd)

≲
∥∥∥χ1/p

x0,R
v(s)

∥∥∥
Lq(Rd)

+ ∥v(s)∥
r
q

Lr(Rd)
+ ∥z(s)∥p

Lq,r(Rd)

≲ ∥v(s)∥Lq(B2R(x0))
+

1

s
r
q (

1
p−1

− d
2r )

(∥∥Ū∥∥ r
q

Lr(Rd)
+ ε

r
q

)
+ ∥w∥

r
q

C([0,T ],Lr(Rd))
+ ∥z∥p

C([0,T ];Lq,r(Rd))
.

Therefore

∥v(t)∥Lq(BR(x0))
≲ ∥v(t0)χx0,R∥Lq(Rd) +

∫ t

t0

(
1 +

1√
t− s

)
∥v(s)∥Lq(B2R(x0))

ds

+

∫ t

t0

1 +
1

s
r
q (

1
p−1

− d
2r )
ds.
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Since u0 ∈ Lq(Rd), r
q

(
1

p−1
− d

2r

)
< 1, and the relation (3.8) holds, we can let t0 → 0 to get

∥v(t)∥Lq(BR(x0))
≲
(
∥u0∥Lq(Rd) + 1

)
+

∫ t

0

(
1 +

1√
t− s

)
∥v(s)∥Lq(B2R(x0))

ds.

Now, let us introduce the function

vR(t) = sup
x0∈Rd

∥v(t)∥Lq(BR(x0))
.

Obviously

∥v(t)∥Lq(B2R(x0))
≲ vR(t)

and

∥v(t)∥Lq(BR(x0))
≲
(
∥u0∥Lq(Rd) + 1

)
+

∫ t

0

(
1 +

1√
t− s

)
vR(s)ds.

Taking the supremum in x0 of the expression above and applying Grönwall’s inequality, we
get

vR(t) ≲ ∥u0∥Lq(Rd) + 1,

for all t ∈ [0, T ]. By letting R → +∞, we get that v ∈ L∞((0, T ), Lq(Rd)) P − a.s. and
consequently the same applies also to u. In order to show the continuity of u(t) in Lq, we
use again the mild formulation for v(t). Namely, for each 0 ≤ t1 ≤ t2 ≤ T , we have that

v(t2)χx0,R − v(t1) =
(
e(t2−t1)∆v(t1)χx0,R − v(t1)

)
+

∫ t2

t1

e(t−s)∆ (v(s)∆χx0,R − 2 div(v(s)∇χx0,R)) ds

+

∫ t2

t1

e(t−s)∆χx0,R|v(s) + z(s)|p−1(v(s) + z(s))ds,

in Lq(Rd). Taking the Lq-norm of the expression above and letting R → +∞, we obtain, by
analogous considerations to the ones employed to obtain the uniform bound on the Lq-norm

∥v(t2)− v(t1)∥Lq(Rd) = lim sup
R→+∞

∥v(t2)χx0,R − v(t1)∥Lq(Rd)

≤
∥∥e(t2−t1)∆v(t1)− v(t1)

∥∥
Lq(Rd)

+ sup
R≥1

∥∥∥∥∫ t2

t1

e(t−s)∆ (v(s)∆χx0,R − 2 div(v(s)∇χx0,R)) ds

∥∥∥∥
Lq(Rd)

+ sup
R≥1

∥∥∥∥∫ t2

t1

e(t−s)∆χx0,R|v(s) + z(s)|p−1(v(s) + z(s))ds

∥∥∥∥
Lq(Rd)

≲
∥∥e(t2−t1)∆v(t1)− v(t1)

∥∥
Lq(Rd)

+

∫ t2

t1

(
1 +

1√
t2 − s

)
∥v(s)∥Lq(Rd) ds+

∫ t2

t1

1 +
1

s
r
q (

1
p−1

− d
2r )
ds.
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Since we already proved that v ∈ L∞((0, T1 ∧ T2), L
q(Rd)) P − a.s., the continuity of v

follows from the last inequality, and consequently, so does the continuity of u.”
Concerning the measurability, due to the continuity of u ∈ C([0, T ];Lq), it is enough to
show that for each t ∈ [0,+∞), v(t ∧ T ) is Ft measurable. Therefore, according to [19,
Proposition 1.1], it is enough to show that for each ϕ ∈ Lq′(Rd), the real-valued random
variable vt,ϕ :=

∫
Rd v(t∧T , x)ϕ(x)dx is Ft-measurable. Due to the comments below the proof

of Proposition 3.1, we already know that the latter holds for any ϕ ∈ Lr′(Rd). However, by
dominated convergence

vt,ϕ = lim
r→+∞

vt,ϕχx0,r
P− a.s.

Since ϕχx0,r ∈ Lr′ , vt,ϕχx0,r
is Ft-measurable. Therefore, vt,ϕ is also Ft-measurable, as it is

the almost-sure limit and the filtration is complete. This completes the proof. □

It remains to show that u1 ̸= u2. Let us consider the Lr-norm of u1 − u2. Thanks to [27,
Theorem 3.3], the regularity of z, Proposition 3.1 and relation (3.3), we get that for each
t ≤ T1 ∧ T2

∥u1(t)− u2(t)∥Lr(Rd) ≥ t−(
1

p−1
− d

2r ) ∥ψ(ln t)∥Lr(Rd) − ∥w1 − w2∥C([0,T ′],Lr(Rd))

≳ t−(
1

p−1
− d

2r
−λᾱ)

∥∥Ū lin
∥∥
Lr(Rd)

2
− 1 → +∞ P− a.s.

as t→ 0.

4. Almost Everywhere Local Well-Posedness for Random Initial Data

4.1. Randomization Estimates. In this section we study the effect of the randomization
(1.9) to the regularity on the initial conditions uω0 and the linear flow et∆uω0 . This is addressed,
respectively, in Lemma 4.1 and Lemma 4.3 below.

Lemma 4.1. If u0 ∈M q,q(Rd) for q < 2, then uω0 ∈ Lq(Rd) P− a.s. If u0 ∈ Lq(Rd)∩L2(Rd)

for q ≥ 2, then uω0 ∈ Lq(Rd) ∩ L2(Rd) P− a.s.

Proof. In the case q < 2, we have, by the embedding of M q,q(Rd) ↪→ Lq(Rd) cf. [37, Theorem
1.4] and Minkowski’s inequality

E
[
∥uω0 ∥

2
Lq

]
≲q E

[
∥uω0 ∥

2
Mq,q

]
= E

(∑
k∈Zd

∥Pku0∥qLq |hk|q
)2/q


≲q

(∑
k∈Zd

(
E
[
∥Pku0∥2Lq |hk|2

])q/2)2/q

= ∥u0∥2Mq,q .

In the case q ≥ 2 we have instead for each ρ ≥ 2 by ultracontractivity of Gaussian random
variables, see for example [12, Lemma 2.1] for a proof in this framework, Minkowski’s integral
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inequality and unit-scale Bernstein estimate, see for example [41, Lemma 2.1]

E [∥uω0 ∥
ρ
Lρ ] ≲ ρρ/2

∥∥∥∥∥∥
(∑

k∈Zd

|Pku0|2
)1/2

∥∥∥∥∥∥
ρ

Lρ

≲ ρρ/2

(∑
k∈Zd

∥Pku0∥2Lρ

)ρ/2

≲ ρρ/2

(∑
k∈Zd

∥Pku0∥2L2

)ρ/2

≲ ρρ/2 ∥u0∥ρL2 .

The latter implies the claim by choosing ρ = 2 or ρ = q ≥ 2. □

Remark 4.2. As the proof above shows, if u0 ∈ Lq(Rd) ∩ L2(Rd) for q ≥ 2 then uω0 ∈
Lρ(Rd) P− a.s. for each ρ ∈ [2,+∞).

Lemma 4.3. Let T > 0 and u0 ∈ H−α(Rd) for some α ≥ 0. Let θ1 ≥ θ2 ≥ θ3 ≥ 2, σ > 0

and γ ∈ R such that

(σ + α− 2γ)θ3 < 2. (4.1)

Then ∥∥tγ(I −∆)σ/2e∆tuω0
∥∥
Lθ1 (Ω;Lθ3 (0,T ;Lθ2 (Rd)))

≤ CT

√
θ1 ∥u0∥H−α , (4.2)

for some CT > 0 depending on T, α, σ, γ, θ2, θ3 and approaching 0 as T → 0. Moreover, by
calling

Eλ,T,u0 = {ω ∈ Ω :
∥∥tγ(I −∆)σ/2et∆uω0

∥∥
Lθ3 (0,T ;Lθ2 (Rd))

≥ λ},

then there exist c1, c2 independent of λ, u0 such that

P (Eλ,T,u0) ≤ c1e
−c2

λ2

CT ∥u0∥2
H−α(Rd) . (4.3)

Proof. Let us start by observing that (I −∆)σ/2et∆ and the randomization commute.

(I −∆)(σ+α)/2et∆uω0 =
(
(I −∆)(σ+α)/2et∆u0

)ω
=
∑
k∈Zd

F−1(ψk(ξ)(1 + |ξ|2)(σ+α)/2e−|ξ|2tû0(ξ))hk.

Therefore, by Minkowski’s integral inequality and ultracontractivity of Gaussian random
variables, see e.g. [12, Lemma 2.1] for a proof in this framework, it holds by calling
uα,σk (x, t) := F−1

(
ψk(ξ)(1 + |ξ|2)(σ+α)/2e−|ξ|2t û0(ξ)

(1+|ξ|2)α/2

)
(x),

∥∥tγ(I −∆)σ/2et∆uω0
∥∥
Lθ1 (Ω;Lθ3 (0,T ;Lθ2 (Rd)))

=

∥∥∥∥∥tγ ∑
k∈Zd

uα,σk (x, t)hk(ω)

∥∥∥∥∥
Lθ1 (Ω;Lθ3 (0,T ;Lθ2 (Rd)))
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≲
√
θ1

∫ T

0

(
t2γ
∑
k∈Zd

∥uα,σk (x, t)∥2Lθ2 (Rd)

)θ3/2
 1

θ3

.

Moreover, by unit-scale Bernstein estimate, see for example [41, Lemma 2.1], since θ2 ≥ 2

we have also ∥uα,σk (x, t)∥Lθ2 (Rd) ≲θ2 ∥u
α,σ
k (x, t)∥L2(Rd). Therefore

∥∥tγ(I −∆)σ/2et∆uω0
∥∥
Lθ1 (Ω;Lθ3 (0,T ;Lθ2 (Rd)))

≲θ2

√
θ1

∫ T

0

(
t2γ
∑
k∈Zd

∥uα,σk (x, t)∥2L2(Rd)

)θ3/2
 1

θ3

.

The latter can be estimated directly. Indeed, using Parseval’s identity∑
k∈Zd

∥uα,σk (x, t)∥2L2(Rd) =
∑
k∈Zd

∫
Rd

ψ2
k(ξ)(1 + |ξ|2)σ+αe−2|ξ|2t |û0(ξ)|2

(1 + |ξ|2)α
dξ

≲σ,α t
−(σ+α)

∑
k∈Zd

∫
Rd

ψ2
k(ξ)

|û0(ξ)|2

(1 + |ξ|2)α
dξ

≲α t
−(σ+α) ∥u0∥2H−α(Rd) .

Consequently∥∥tγ(I −∆)σ/2et∆uω0
∥∥
Lθ1 (Ω;Lθ3 (0,T ;Lθ2 (Rd)))

≲α,σ,θ2

√
θ1 ∥u0∥H−α(Rd)

(∫ T

0

(
t2γ−σ−α

)θ3/2) 1
θ3

≲α,σ,γ,θ3

√
θ1T

1
θ3

+γ−σ+α
2 ∥u0∥H−α(Rd)

under the assumption (4.1). This relation readily implies (4.2). Let us now move to (4.3).
First let us observe that (4.3) trivially follows if λ ≤

√
θ2 ∥u0∥H−α eCT for whatever choice

of c2 and c1 ≥ ec2θ2e
2C2

T . In case of λ >
√
θ2 ∥u0∥H−α eCT , setting θ1 = λ2

∥u0∥2H−αe2C2
T

≥ θ2, by
Markov’s inequality

P (Eλ,T,u0) ≤ λ−θ1(CT

√
θ1 ∥u0∥H−α)

θ1

≤ e
−λ2

∥u0∥2H−αe2C2
T .

Therefore, the claim follows. □

4.2. Proof of Theorem 1.5. Due to Lemma 4.1, we already know that u0ω ∈ Lq(Rd) P-a.s.
Let us denote by ẑ(t) := et∆uω0 . Therefore ,in order to construct a mild solution u of (1.1),
it is enough to find a solution in C([0, T ];Lr(Rd)) of the integral equation

v(t) =

∫ t

0

e(t−s)∆|v(s) + ẑ(s)|p−1(v(s) + ẑ(s))ds

for some stopping time T . Then a posteriori we have to recover v ∈ C([0, T ], Lq(Rd)). Let
us recall that

r = qc(p ∨ p′) > qc,
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Therefore C([0, T ];Lr(Rd)) is a subcritical space for (1.1). We divide the proof into two
steps according to the plan described above.
Step 1: Fixed Point. Let us observe that in case of q ≥ 2, u0 ∈ L2(Rd), while, in case of
q < 2, under our assumptions u0 ∈ H−s0(Rd) with

s0 =
d(2− q)

2q
<

2

p

by Sobolev embedding. Therefore in both cases we can apply Lemma 4.3 to properly estimate
ẑ when needed. Moreover, due to Lemma 4.1 and standard regularizing properties of the
heat semigroup, we have ẑ ∈ Cloc([0,+∞);Lq(Rd))∩Cloc([ε,+∞);W s,q(Rd)) P−a.s. for each
s, ε > 0. We want to construct a fixed point of the map

Γ[v](t) :=

∫ t

0

e(t−s)∆|v(s) + ẑ(s)|p−1(v(s) + ẑ(s))ds (4.4)

in the closed ball of radius M of C([0, T̂ ];Lr(Rd)) for sufficiently small M and T̂ ≤ 1. We
shall denote this closed ball by BM,T̂ in the following and split the proof in two sub-cases if
q ≥ 2 or not.
Step 1, Case 1: q ≥ 2. First we show that Γ maps BM,T̂ in itself. By ultracontractivity of
the heat semigroup and Young’s inequality we have

∥Γ[v](t)∥Lr ≤ Cd,p,r

∫ t

0

(
1

(t− s)
d(p−1)

2r

∥v(s)∥pLr + ∥ẑ(s)∥pLrp

)
ds

≤ Cd,p,r

(
MpT̂ 1− d(p−1)

2r + T̂ 1/2 ∥ẑ∥p
L2p(0,T̂ ;Lrp)

)
,

where Cd,p,r is a finite constant, possibly changing value line by line. In the last step we
used the definition BM,T̂ , the fact that r > qc and Lemma 4.3 for α = σ = γ = 0. Therefore
∥Γ[v](t)∥Lr ≤M if M, T̂ are sufficiently small, for example

M =
1

(2Cd,p,r)1/(p−1)
, T̂ = inf

{
t > 0 : Cd,p,rt

1/2 ∥ẑ∥pL2p(0,t;Lrp) ≥
M

2

}
.

The latter is a stopping time due to the F0 measurability of uω0 . The continuity of Γ[v](t)
follows similarly. Now we are left to show that Γ is a contraction. We employ the elementary
estimate∣∣|x+ y|p−1(x+ y)− |x+ z|p−1(x+ z)

∣∣ ≲p

(
|x|p−1 + |y|p−1 + |z|p−1

)
|y − z| (4.5)

in the following. Let us analyze Γ[v1]−Γ[v2]. Inequality (4.5) together with ultracontractivity
of the heat semigroup and Hölder inequality imply

∥Γ[v1](t)− Γ[v2](t)∥Lr ≤ Cd,p,r

∫ t

0

∥(|ẑ(s)|p−1 + |v1(s)|p−1 + |v2(s)|p−1) |v1(s)− v2(s)|∥Lr/p

(t− s)
d(p−1)

2r

ds

≤ Cd,p,r

(
T̂ 1− d(p−1)

2r Mp−1 + T̂ 1− d(p−1)
2(r−p+1) ∥ẑ∥p−1

Lr(0,T̂ ;Lr)

)
∥v1 − v2∥C([0,T̂ ];Lr) .
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Therefore Γ[v] is a contraction on BM,T̂ if M, T̂ are sufficiently small, for example

M =
1

(2Cd,p,r)1/(p−1)
,

T̂ = inf

{
t > 0 : Cd,p,rt

1− d(p−1)
2(r−p+1) ∥z∥p−1

Lr(0,t;Lr) ≥
1

4

}
∧ inf

{
t > 0 : Cd,p,rt

1/2 ∥z∥pL2p(0,t;Lrp) ≥
M

2

}
.

Again, the latter is a stopping time due to the F0 measurability of uω0 . Let us call T = T̂ , this
is the stopping time in the statement of Theorem 1.5. Lastly, by the last part of Lemma 4.3,
up to renaming the constants appearing there, there exist two constants C1

d,p,r, C
2
d,p,r such

that

P(T ≥ T ) ≥ 1− C1
d,p,re

−
C2
d,p,r

T
1
p∧( 2

p−1− d
r−p+1)∥u0∥2L2 = 1− C1

d,p,re

−
C2
d,p,r

T
1
p ∥u0∥2L2 ,

since by elementary computations one can check that
1

p
≤ 2

p− 1
− d

r − p+ 1

under the assumption r = qc(p ∨ p′).
Step 1, Case 2: 2 − 8

4+dp
< q < 2. First we show that Γ maps BM,T̂ into itself. By

ultracontractivity of the heat semigroup, the definition BM,T̂ and Hölder’s inequality we
have

∥Γ[v](t)∥Lr ≤ Cd,p,r

∫ t

0

(
1

(t− s)
d(p−1)

2r

∥v(s)∥pLr +
∥sγ ẑ(s)∥pLrp

sγp

)
ds

≤ Cd,p,r,γ,α

(
MpT̂ 1− d(p−1)

2r + T̂
α−1
α (1−γp α

α−1) ∥tγ ẑ(t)∥p
Lαp(0,T̂ ;Lrp)

)
,

where Cd,p,r,γ,α is a finite constant if it is possible to find α ∈ [1,+∞], γ ∈ R such that
r ≥ α ≥ 2,

(s0 − 2γ)αp < 2,

γp α
α−1

< 1.

By setting

γ =
α− 1

pα
− ϵ

2αp
.

for ϵ > 0 the third condition is immediately satisfied and we are left to find α and ϵ such
that {

r ≥ α ≥ 2,

α(−2 + s0p) < −ϵ.
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Since under our assumptions on q we have (s0p−2) < 0, all the conditions above are satisfied
choosing

α = 2, ϵ = 2(2− s0p)

(
1− ϵ′

2− s0p

)
, γ =

s0p− 1 + ϵ′

2p
, 0 < ϵ′ <

α(2− s0p)

2
.

In conclusion we showed

∥Γ[v](t)∥Lr ≤ Cd,p,r,ϵ′

(
MpT̂ 1− d(p−1)

2r + T̂
2−s0p

4

∥∥∥∥t s0p−1+ϵ′
2p ẑ(t)

∥∥∥∥p
L2p(0,T̂ ;Lrp)

)
.

In particular, due to Lemma 4.3, the quantity above is always finite and ∥Γ[v](t)∥Lr ≤ M

by choosing M, T̂ sufficiently small, for example

M =
1

(2Cd,p,r,ϵ′)1/(p−1)
, T̂ = inf

{
t > 0 : Cd,p,r,ϵ′t

2−s0p
4

∥∥∥∥s s0p−1+ϵ′
2p ẑ

∥∥∥∥p
L2p(0,t;Lrp)

≥ M

2

}
.

The latter is a stopping time due to the F0 measurability of uω0 . The continuity of Γ[v](t)
follows similarly. Now we are left to show that Γ is a contraction. Let us analyze Γ[v1]−Γ[v2].
By (4.5), ultracontractivity of the heat semigroup and Hölder inequality we have, arguing
similarly as above,

∥Γ[v1](t)− Γ[v2](t)∥Lr ≤ Cd,p,r

∫ t

0

∥(|ẑ(s)|p−1 + |v1(s)|p−1 + |v2(s)|p−1) |v1(s)− v2(s)|∥Lr/p

(t− s)
d(p−1)

2r

ds

(4.6)

≤ Cd,p,r

T̂ 1− d(p−1)
2r Mp−1 +

(∫ t̂

0

1

s
α′

α′−1
γ′(p−1)(t− s)

d(p−1)α
2r(α−1)

ds

)α−1
α ∥∥∥tγ′

ẑ
∥∥∥p−1

Lα′(p−1)(0,T̂ ;Lr)


× ∥v1 − v2∥C([0,T̂ ];Lr) .

According to Lemma 4.3, the latter is a treatable quantity, finite P-almost surely, as soon as
we can find α′ and γ′ such that

r ≥ α′(p− 1) ≥ 2
d(p−1)α′

2r(α′−1)
< 1

α′

α′−1
γ′(p− 1) < 1

(s0 − 2γ′)α′(p− 1) < 2.

Considerations analogous to the ones above allow us to find the choice of parameters

α′ = p′ ∨ 2

p− 1
, γ′ =

α′ − 1

α′(p− 1)
− α′(2− s0(p− 1))− ϵ′

2α(p− 1)
, 0 < ϵ′ < α′(2− s0(p− 1)),

where p′ is the conjugate of p. In particular, under our choice of the parameters∫ t

0

1

s
α′

α′−1
γ′(p−1)(t− s)

d(p−1)α
2r(α−1)

ds ≲

(
t

α′
2(α′−1)

)2−s0(p−1)−ϵ′α′− 2
p∨p′

.
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By elementary computations one can check that

2− s0(p− 1)− 2

p ∨ p′
> 2− 2

p
(p− 1)− 2

p ∨ p′
≥ 0.

Therefore, if we choose

0 < ϵ′ <
2− s0(p− 1)− 2

p∨p′

2α′ ∧ α′(2− s0(p− 1)) ∧ α(2− s0p)

2
(4.7)

estimate (4.6) reduces to

∥Γ[v1](t)− Γ[v2](t)∥Lr

≤ Cd,p,r,q

(
T̂ 1− d(p−1)

2r Mp−1 + T̂
2−s0(p−1)− 2

p∨p′
4

∥∥∥tγ′
ẑ
∥∥∥p−1

Lα′(p−1)(0,T̂ ;Lr)

)
∥v1 − v2∥C([0,T̂ ];Lr) .

Therefore Γ[v] is a contraction on BM,T̂ if we choose M, T̂ sufficiently small, for example

M =
1

(2Cd,p,r)1/(p−1)
,

T̂ = inf

{
t > 0 : Cd,p,q,rt

2−s0(p−1)− 2
p∨p′

4

∥∥∥sγ′
ẑ
∥∥∥p−1

Lα′(p−1)(0,t;Lr)
≥ 1

4

}
∧ inf

{
t > 0 : Cd,p,r,ϵ′t

2−s0p
4

∥∥∥∥s s0p−1+ϵ′
2p ẑ

∥∥∥∥p
L2p(0,t;Lrp)

≥ M

2

}
,

the latter being a stopping time due to the F0 measurability of uω0 . Let us call T = T̂ . This is
the stopping time in the statement of Theorem 1.5. Moreover, by the last part of Lemma 4.3,
up to renaming the constant appearing there, there exist two constants C1

d,p,q,r, C
2
d,p,q,r such

that

P(T ≥ T ) ≥ 1− C1
d,p,re

−
C2
d,p,r

T
1
p∧( 2

p−1− d
r−p+1)∥u0∥2

H−s0 ≥ 1− C1
d,p,re

−
C2
d,p,q,r

T

1
p∧( 2

p−1− d
r−p+1)∥u0∥2Mq,q .

Step 2: u ∈ C([0, T ], Lq(Rd)) and it is an adapted process. A priori, since we are working
on Rd, the regularity of v does not imply that u ∈ C([0, T ], Lq(Rd)). However, arguing
similarly to Lemma 3.2 and exploiting the regularity of et∆uω0 this can be proved. Since the
proof of this claim is pretty similar to Lemma 3.2, we only sketch the details. We note that
ẑ(t) := et∆uω0 ∈ Cloc([0,+∞), Lq(Rd)) P − a.s. and it is adapted. Therefore it is enough
to show that the claim holds for v = u − ẑ. Let us introduce a radially symmetric cut off
χ ∈ C∞

c (Rd) by

χ(x) :=

{
1 if |x| ≤ 1

0 if |x| ≥ 2,
χ(x) ≥ 0, χ(x) ≤ χ(x′) if |x| ≥ |x′|.

Furthermore, for x0 ∈ Rd, R ≥ 1, define χx0,R(x) := χ
(
x−x0

R

)
. Due to the properties of v,

we have that for each x0 ∈ Rd, R ≥ 1

vχx0,R ∈ C([0, T ], Lq(Rd)) ∩ C([0, T ], Lr(Rd)) P− a.s., (4.8)
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and for each t, t0 ∈ (0, T ) with t0 ≤ t, that

v(t)χx0,R = e(t−t0)∆v(t0)χx0,R +

∫ t

t0

e(t−s)∆ (v(s)∆χx0,R − 2 div(v(s)∇χx0,R)) ds

+

∫ t

t0

e(t−s)∆χx0,R|v(s) + ẑ(s)|p−1(v(s) + ẑ(s))ds,

in Lq(Rd). Considering the Lq norm of the equation above, by triangle inequality and the
definition of χx0,R we get easily that

∥v(t)∥Lq(BR(x0))
≲ ∥v(t0)χx0,R∥Lq(Rd) +

∫ t

t0

(
1 +

1√
t− s

)
∥v(s)∥Lq(B2R(x0))

ds

+

∫ t

t0

∥∥χx0,R|v(s) + ẑ(s)|p−1(v(s) + ẑ(s))
∥∥
Lq(Rd)

ds.

Here the hidden constant is independent of R, t0, t and x0. Let us analyze further the last
term. By interpolation and Young’s inequality, since r > pq, we have∥∥χx0,R|v(s) + ẑ(s)|p−1(v(s) + ẑ(s))

∥∥
Lq(Rd)

≲
∥∥∥χ1/p

x0,R
v(s)

∥∥∥p
Lpq(Rd)

+ ∥ẑ(s)∥p
Lq,r(Rd)

≤
∥∥∥χ1/p

x0,R
v(s)

∥∥∥ r−pq
r−q

Lq(Rd)
∥v(s)∥

r(p−1)
r−q

Lr(Rd)
+ ∥ẑ(s)∥p

Lq,r(Rd)

≲ ∥v(s)∥Lq(B2R(x0))
+ ∥v∥

r
q

C([0,T ],Lr(Rd))
+ ∥ẑ(s)∥p

Lq,r(Rd)
.

Therefore by Lemma 4.3, arguing similarly to Step 1 above,

∥v(t)∥Lq(BR(x0))
≲ 1 + ∥v(t0)χx0,R∥Lq(Rd) +

∫ t

t0

(
1 +

1√
t− s

)
∥v(s)∥Lq(B2R(x0))

ds.

Possibly the hidden constant above depends on ω, but this is inessential. Due to relation
(4.8), since v(0) = 0, we can let t0 → 0 to get

∥v(t)∥Lq(BR(x0))
≲ 1 +

∫ t

0

(
1 +

1√
t− s

)
∥v(s)∥Lq(B2R(x0))

ds.

Therefore v ∈ L∞(0, T ;Lq(Rd)) P − a.s. arguing verbatim as in the proof of Lemma 3.2.
In order to show the continuity of v(t) in Lq, we use again the mild formulation for v(t).
Namely, for each 0 ≤ t1 ≤ t2 ≤ T , we have

v(t2)χx0,R − v(t1) =
(
e(t2−t1)∆v(t1)χx0,R − v(t1)

)
+

∫ t2

t1

e(t−s)∆ (v(s)∆χx0,R − 2 div(v(s)∇χx0,R)) ds

+

∫ t2

t1

e(t−s)∆χx0,R|v(s) + ẑ(s)|p−1(v(s) + ẑ(s))ds,
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in Lq(Rd). Taking the Lq-norm of the expression above and letting R → +∞, we obtain, by
analogous considerations to the ones employed to obtain the uniform bound on the Lq-norm

∥v(t2)− v(t1)∥Lq(Rd) = lim sup
R→+∞

∥v(t2)χx0,R − v(t1)∥Lq(Rd)

≤
∥∥e(t2−t1)∆v(t1)− v(t1)

∥∥
Lq(Rd)

+ sup
R≥1

∥∥∥∥∫ t2

t1

e(t−s)∆ (v(s)∆χx0,R − 2 div(v(s)∇χx0,R)) ds

∥∥∥∥
Lq(Rd)

+ sup
R≥1

∥∥∥∥∫ t2

t1

e(t−s)∆χx0,R|v(s) + ẑ(s)|p−1(v(s) + ẑ(s))ds

∥∥∥∥
Lq(Rd)

≲
∥∥e(t2−t1)∆v(t1)− v(t1)

∥∥
Lq(Rd)

+

∫ t2

t1

(
1 +

1√
t2 − s

)
∥v(s)∥Lq(Rd) ds+

∫ t2

t1

∥z(s)∥pLpq ds.

Since we already proved that v ∈ L∞(0, T , Lq(Rd)) P−a.s., the continuity of v then follows
from the last inequality by Lemma 4.3 and arguing as in Step 1 above.
Regarding measurability, the result follows exactly as in the last part of Lemma 3.2.
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