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The surface code represents a promising candidate for fault-tolerant quantum computation due to
its high error threshold and experimental accessibility with nearest-neighbor interactions. However,
current exact surface code threshold analyses are based on the assumption of independent and iden-
tically distributed (i.i.d.) errors. Though there are numerical studieds for threshold with correlated
error, they are only the lower bond ranther than exact value, this offers potential for higher error
thresholds.Here, we establish an error-edge map, which allows for the mapping of quantum error
correction to a square-octagonal random bond Ising model. We then present the exact threshold
under a realistic noise model that combines independent single-qubit errors with correlated errors
between nearest-neighbor data qubits. Our method is applicable for any ratio of nearest-neighbor
correlated errors to i.i.d. errors. We investigate the error correction threshold of surface codes and
we present analytical constraints giving exact value of error threshold. This means that our error
threshold is both upper bound and achievable and hence on the one hand the existing numerical
threshold values can all be improved to our threshold value, on the other hand, our threshold value

is highest achievable value in principle.

INTRODUCTION

Quantum error correction codes are crucial for realiz-
ing quantum computation with noise[1-5]. Surface code
is a leading candidate due to two key advantages: it
enables fault-tolerant computation using only nearest-
neighbor gates in 2D, and it has a high error threshold[(—

|]. These properties make surface codes the basis for
many quantum computer architectures across different
platforms.[11-19].

The threshold of the surface code reflects its maximum
fault-tolerant capability and serves as a key technical in-
dicator for quantum computing. Many studies have sim-
ulated surface code thresholds under realistic noise using
decoding algorithms such as maximum likelihood decoder
or minimum-weight perfect matching (MWPM)[20-25].
Though numerical studies exist for thresholds with corre-
lated error[26, 27], they provide only lower bounds rather
than exact values, suggesting that higher error thresholds
may be achievable.

Knowing the precise threshold values plays a funda-
mentally important role in quantum error correction.
Thresholds under correlated errors are particularly inter-
esting because realistic quantum devices inevitably expe-
rience spatially and temporally correlated noise sources,
such as qubit crosstalk during parallel operations[28,

|, leakage propagation between qubits[l], and non-
Markovian environmental[30, 31]. These correlations can
significantly deviate from the commonly assumed inde-
pendent and identically distributed (i.i.d.) error models
used in theoretical analyses[30, 32, 33].

A well known major problem is to work out the
exact threshold values for surface codes under inter-

qubit correlated errors. While i.i.d error models have
well-established thresholds through connections to two-
dimensional (2D) random-bond Ising model (RBIM)[6—

, 34, 35], the threshold result for inter-qubit correlated
errors remains missing.

In this work, we present exact threshold of surface
codes under inter-qubit correlated errors. In particular,
we study an inter-qubit correlated error model that com-
bines nearest-neighbor correlations between data qubits
with i.i.d errors on individual qubits. To manage the
challenge arises from the difficulty of directly computing
the probability of error chains, we first propose the error-
edge mapping (EEM) method to model the probability
of error chains. Using our EEM method, we can map
the probability of successful error correction to partition
function of a square-octagonal random bond Ising model.
Give this fact, the problem of seeking the error thresh-
old is transformed to calculate the critical point of the
statistical mechanical model.

The paper is organized as follows: In Sec., we review
the error correction of surface codes and their relation-
ship to critical phase transitions in statistical mechanics.
In Sec. we introduce the correlated error model under
consideration. In Sec., we demonstrate how to map the
surface code error correction problem with correlated er-
rors to the phase transition problem of a statistical me-
chanical model. In Sec., we numerically calculate an ex-
ample with correlated errors using Monte Carlo methods.
Finally, we conclude the paper with a summary of our re-
sults.



ERROR CORRECTION IN SURFACE CODES

The surface code is a topological quantum error
correcting code that encodes logical qubits in a two-
dimensional array of physical qubits arranged on a square
lattice[6, 36, 37]. Data qubits are placed on the edges,
while ancilla qubits are located at vertices and plaquettes
to measure stabilizer generators. The stabilizer group S
is generated by X-stabilizers A, = Hie/\/(v) X; and Z-
stabilizers B, = HjEN(p) 7, where v denotes a vertex, p
denotes a plaquette, and N (-) represents the set of neigh-
boring data qubits. The logical operators are defined as
X = HieFx X; and Z = Hjer Z;, where I'y and I'z
are chains spanning opposite boundaries.

Let G denote the stabilizer group of the surface code,
which is generated by the X-stabilizers A, and Z-
stabilizers B, i.e., § = (A,, Bp). The centralizer C(G)
is defined as the set of all Pauli operators that commute
with every element in G, i.e., C(G) = {P : [P,g] =0,Vg €
G}. This centralizer includes all stabilizer elements, log-
ical operators, and their products.

When a Surface code experiences an error E, this er-
ror fails to commute with specific stabilizer generators g,
which gives rise to a detectable syndrome pattern. The
syndrome S can be mathematically expressed as a bi-
nary vector where each component satisfies {s; € S :
Vgl‘ € Q,ETgiE = Sigi}-

The goal of quantum error correction is to determine a
recovery operation E’ that generates an equivalent syn-
drome that produced by the original error E. Crucially,
exact correspondence between E’ and FE is not required—
any recovery operation satisfying E'E € C(G) will exhibit
syndrome equivalence.

The success or failure of error correction depends on
E'E. When E'E belongs to C(G)\G, the decoding pro-
cedure introduces a logical error, indicating correction
failure. In contrast, successful error correction occurs
precisely when E'E € G.

CORRELATED ERRORS BETWEEN DATA
QUBITS

We consider a noise model that combines i.i.d er-
rors with correlated errors between nearest-neighbor data
qubits. Since X errors and Z errors are corrected inde-
pendently in surface codes, we focus our analysis on sce-
narios with only Z errors. The error model are described
as follows:

e i.i.d phase flip error: Each data qubit indepen-
dently experiences a Pauli error with probability

p1.

Ep)=010—-m)p+mZpZ! (1)

qi—1,j+1 Qit1,5+1

qi+2,5

FIG. 1: Error model. (a) p; represents the probability
of a single qubit Z error due to the channel in Eq.(1) ,
while py represents the probability of ZZ error
(enclosed by the pink ellipse) due to the channel in
Eq.(2). In this diagram, neighboring ancilla qubits are
connected by edges named in I5 and 1%, defined in the
main text letter around Eq.(5). For example, there are
two edges of 1§ (in red) and 1§ (in green). (b)Four
qubits are are denoted as q; j, ¢i—1,j+1, Gi+1,j+1, Gi+2.,;
where the subscripts represent the spatial coordinates of
each qubit’s position, and they have be used in the
main text around Eq.(2).

e Correlated errors between nearest-neighbor
data qubits: Each nearest data qubit pairs
{aij>qi-1,j+1} and {qi j,Git1,j+1} has a probabil-
ity po of experiencing phase flip errors, which can
be described as:

E(p) = (1 —p2) p+p2ZiZipZ) Z] (2)

In our model, both types of errors can occur simultane-
ously, and the resulting error patterns may overlap. The
error model are depicted in Fig.(1).

MAPPING CORRELATED ERRORS TO A
STATISTICAL MODEL

The success probabilities of quantum error correction
can be expressed as partition functions of statistical me-
chanical models, establishing a direct mapping between
error thresholds and classical phase transitions[0, 7].
First, the success probabilities of quantum error correc-
tion are:

ZE’EGQ P(E/)
Psuccess = P(E/|S) = (3)
E;g Y pecg) P(E')

where F is a set of errors acting on the qubits and P(E)
is its corresponding probability of occurrence. However,
our model contains complex inter-qubit correlated error,
it is difficult to work out the probability p(E) because
P(E) is a summation over numerous terms. For exam-
ple, the total probability of generating the errors Ej in
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FIG. 2: An example of error-edge map. Four pink diamonds indicate Z errors on the corresponding qubits. The
figure shows 3 error sets containing different qubits, corresponding to 5 error chains. The error chains (red polylines)
Fig.2(a) and (e) are the same, and we use F/ to indicate them. Consequently, the errors (pink diamonds) depicted
in Fig.2(a) and Fig.2(e), they belong to the set A; according to our definitions for Ej, A;. Although the errors in
Fig. 2(a), (b), and (c) occur on identical qubits, they belong to distinct equivalence classes A;.

Fig.2(a),(b),(c) is:
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Below we introduce the error-edge map developed in this
work to simplify P(FE).

Error-edge map: With the example shown in
Fig. 1, we connect the nearest neighboring ancilla qubits
of the surface code by thick black lines. We use I%
to denote a diagonal edge (from upper-left to lower-
right), and I5 to denote an anti-diagonal edge (from
upper-right to lower-left). Here the lowerscripts 2,3
represent the edge types and the superscript k repre-
sents the edge index. When correlated Z errors oc-
cur on either qubit pair {¢; ;,¢i—1,,+1} or qubit pair
{qi+17j+1, qi+27j} (each with probabﬂity pg), ’fLE/(lS) =1.
When correlated errors happen on both pairs simultane-
ously (with probability p3), they form a stabilizer op-
erator Ziji1+12i+2,;2i,j%i+1,j+1, and hence we treat
this case as having no error. Similarly, when corre-
lated Z errors occur on either qubit pair {g¢; ;, ¢i+1,j+1}
or {¢i-1j+1,%i+2}, the green edge 1§ is marked with
ng (I1§) = 1; when correlated errors occur on both pairs,
we regard this case as having no error.

Before presenting the simplified expression of P(E) by
our error-edge map, we first introduce some mathemati-
cal notations. We use [¥ to denote a horizontal edge or a
vertical edge, ng(I¥) to indicate whether an error occurs
on the data qubit at edge I, then we have:

np(lh) = {0 Léb (5)

P(El) o

1 ek

where i € {1,2,3} and E denotes the set of edges contain-
ing qubits that experience errors. The notation ng(I¥)
will be used later in Eq.(6). With these notations we
are ready to write the simplified expression of P(E) by
our error-edge map. Applying the rule in the paragraph

above to all qubits surrounding each plaquette, we obtain
the probability of recovery chain E’ can be written as:

ey I1 T1(2 )Wm 0

i€{1,2,3} 1¥ 1=
where py = p1,p2 = 2(1 — pa)pa,ps = 2(1 — ps)ps, E'
denotes the set of edges that satisfy ng/(I¥) = 1. Next,
we will prove that

S pE) = Y pE) (7)

E'+Ee{C} E'E€G
SopEY =Y pE). (8)
E'+Ee{L} E'E€C(9)\G

Here C represents a closed cycle, and L denotes a line
traversing the surface code, as shown in Fig.3.

Proof: Suppose that the syndrome S is fixed, F; is a
set of errors that lead to the syndrome S. Let Z,, be the Z
errors occurring on the qubit or qubit pair corresponding
to u, where u is the index of a qubit or a qubit pair that
experiences errors. For example, as shown in Fig.2(a),
E ={Z,u € {(1,2),3,4}}, Z(1,2) represents that qubit
pair (1,2) experiences Z error with probability ps, and
Zs, Z4 represents that qubits 3 and 4 experience Z error
with probability p;. We define A; = {&;, E;}, where

& = {7\, §) st Zu g € Ei} (9)
and Sl(i’j) is

(10)
where Z; jy is the correlated error in FE; induced by Eq.
(2). Taking Fig.2 as an illustrative example, we can read-
ily observe that A; contains errors that share the same
error chain E’ (as indicated by the red polylines in Fig.2).
An example is given in the caption of Fig.2.



After taking the error-edge map as stated earlier, we
obtain P(E'|S) = > mrea, P(E'S). Note that elements
in A; can differ from each other only by a stabilizer.
Therefore, given any two errors Ey, Fy € A;, it follows
that they must be in the same coset of G which is defined
in Sec.. Therefore

S pEIS) =YY pES) (1)

E/+E€{C} X EcA;

where X = A)|AJE € G, A/ E represents the new set
obtained by multiplying each element in set A; with E.
This completes the proof of Eq. (7).

To carry out the mapping that follows, we introduce 7

and wu:
1 I¢F
&y = R 12
ne(l;) {_1 ek (12)
1 IF¢FE+E
15y = i 13
u(ly) {—1 IFeF +FE (13)

lk

Substituting ng: (I¥) to 7z (1¥), we have

p(E') H H (1 —pi)ény(l?)

i€{1,2,3} I¥ pi

= exp

IR DELIS(N )

i€{1,2,3} 1k

Here J; = In (17_—’7) Observe that:

Di
e (1) = ul)ne(f) (15)
Then Eq.14 can be written as

S Y Laamea)) ()

i€{1,2,3} Ik

p(E’) X exp

Consider placing a lattice point o ; € {1} at the center
of each triangular in Fig.3. This gives us the dual lattice
structure illustrated in Fig.4. With this we can define

our map M through Eq.17:

2,9
3

4 1 . k . .

oi.0: . . if ¥ is a horizontal edge
u(lh) | Ti%ra 8
0307 i1

if I¥ is a vertical edge

M
u(l§) — —%(U}yjaﬁj — 1)(0%0%— -1 +1
u(lf) — f%(a}’joig’j - 1)(0%0?’]- -1+1

(17)

Given map M, the cycle E + E' = C corresponds to
domain walls on the dual lattice, as shown in Fig.3. Af-
ter mapping, the partition function contains unwanted
terms, as shown in Fig.3(b). Therefore, we impose con-
straints by Eq.(18) to eliminate the unwanted terms so

FIG. 3: Example of error correction on a surface code.
Pink diamonds indicate Z errors occurring on the
corresponding qubits, while green diamonds represent
Pauli Z operators for recovery of the respective qubits.
Red lines represent the error chain E, and green lines
represent the recovery chain E’. The dashed circles
represent virtual ancilla qubits. After performing our
error-edge map, connected error chains corresponding to
connections between two virtual nodes (dashed dots)
will produce line L that span the surface code. At the
centers of triangulars, Ising spins take values in {£1}.
(a) E 4+ E’ = C represents a perfect error correction
example, where C encloses a domain with spin value
—1. (b) An example of ising spins corresponding to
unwanted terms obtaining in partition function mapped
by M. (c) A failed error correction example where
E + E' = L and L span the surface code.

FIG. 4: Mapping a surface code to a square-octagonal
lattice.

as to ensure the mapped partition function yields correct
results:

1 2 3 4
03,j%,j%:,i%i,; = 1 (18)

Applying map M (Eq.(17)) to Eq.14 with the constraint
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FIG. 5: Finite-size correlation length &,,,/L as a function of temperature T for different error probabilities. The

temperature range is T' € [0.5,1]. (a): p = 0.025. (b): p =0.030. (c): p

= 0.031. (d): p =0.032. For p < p. there is

clear evidence of a phase transition (curves for different system sizes L cross) whereas for p > p. the transition
disappears.

of Eq.18, we have
p(E") < Z[Ji,ne(1})]

1
=S { Gns )tk + atyosi)
k.

(19)

1,7 ’L2j 3’4')

1
+2J277E(12)(

1
g uns() (oot + 0?08 |
Eq.19 describes the partition function of square-
octagonal random bond ising model. Parameter 1z (I¥)
determines whether these interactions are attractive or
repulsive.

Computing the exact threshold of the surface code
can be transformed into calculating the phase transition

point given by Hamiltonian H. According to Eq. (19)
and (18), we obtain:
H=- Z [”E(lf)(aijggﬂ,j +0707541) (20)

-5j
+J277E(l2)( zg ZJ+J’LJ0-;1])

+ J377E(l3)(01 ]UZ ] +0; ]U’i])

L o2 0% 08 =1

with constraints: o; ;07 ;07 0, ; =

here J) = J3/J1,J5 = J3/J1. When py approaches 0,
both Jg and J3 tend to positive infinity, which implies
that o} i o? i 0’?],04 ; must have the same value, either
+1 or —1, and hence the statistical model degenerates
to the random bond Ising model with i.i.d. disorder as
shown in [6].

The free energy cost of non-trivial domain walls is

A;(1)=pPF(K,7;) — BF(K,7) =In (%) (21)

where 8 = 1/T is the inverse temperature, 8 = J; =
—3In({2 ;1), which corresponds to the Nishimori line.

Here K represents the coupling strength Jj, J; apearing

in Eq.19, and 7; denotes the configuration with a domain
wall inserted compared to the reference configuration 7.
The transition free energy cost in Eq.21 diverges as L —
oo in the ordered phase, while it converges to a finite
constant in the disordered phase.

If the error rate is below threshold, the system is in
the ordered phase. Forming a non-trivial domain wall
requires infinite free energy according to Eq.21, which
prevents logical operators from penetrating through the
surface code and hence corresponds to successful error
correction. If the error rate is above threshold, thermal
fluctuations dominate, resulting in a disordered phase,
which means non-trivial domain walls can be created
without energy cost, leading to error correction failure.

CALCULATING THRESHOLDS WITH MONTE
CARLO METHODS

Here we consider the case where both error rates
present in Sec. are equal: po = p; = p. We perform
parallel tempering Monte Carlo simulations across vari-
ous system sizes and temperature ranges[38—10], with the
parameters detailed in Table I. The critical temperature
is determined through finite-size scaling analysis of the
correlation length. We define the wave-vector-dependent
magnetic susceptibility as [6, 7, 41]:

2

i

where L is the linear system size, s; are the Ising spins,
7; denotes the spatial position of site 7, and (-) represents
thermal and disorder averaging.

The finite-size correlation length is then computed by:

B 1 x(0)

where ki, = (2r/L,0) is the minimal non-zero wave
vector.

-1
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FIG. 6: Logical error rate of the d = 9,15, 21 surface
codes as a function of error probability p. The dashed
lines (square points) represent the decoding results
when error correlations are ignored and correlated
errors are simply treated as i.i.d. errors, with a
threshold of approximately 1.9%. The solid lines
(circular points) represent the decoding results using a
decoder specifically designed for correlated errors, with
a threshold of approximately 2.4%.

Near the phase transition, the normalized correlation
length exhibits finite-size scaling below:

§N 1/v
>~ f|T-T) (22)

where f is a dimensionless scaling function, v is the
correlation length critical exponent, and T, is the crit-
ical temperature. At the critical temperature T., /L
in Eq.(22) becomes size-independent, causing curves for
different system sizes to intersect, as shown in Fig. 5(a).
Absence of such intersections indicates no phase transi-
tion in the studied temperature range. To determine if
the system has reached equilibrium, we use logarithmic
binning of the data and perform an equilibrium test ev-
ery 10,000 sweeps[12, 43]. The simulation is terminated
early if two consecutive tests are passed. Following this,
we perform 200,000 measurement sweeps, collecting data
every 5 sweeps. The results are shown in Fig.5. The
calculated threshold is 3%.

To compare our calculated exact threshold with exist-
ing decoding methods, we take Pymatching 2.0[44, 45].
In running Pymatching 2.0, we take p; = po, as calcu-
lated in Monte Carlo results by our own method. We take
two ways in applying pymatching decoding. We first ig-
nore the correlated errors in the system and directly use a
decoder designed for i.i.d. noise in decoding, the thresh-
old is 1.8%. We then use Stim’s detector error model to
generate minimum weight matching graphs under corre-
lated errors for decoding, the threshold is 2.4%. This

TABLE I: Simulation parameters. L : linear system
size. Ng, : the number of disorder samples, toq = 20:
maximum number of equilibration sweeps. The
simulation is stopped earlier if our equilibrium criterion
is met., Tinin (Tmax) : the lowest (highest) temperature,
Nr: the number of temperatures used. We use
L =1{12,15,18,21,24}.

p L Nsa b Tmin Tmax NT
0.025 12,15,18 600 21 0.3 1 30
0.025 21,24 600 21 0.5 1 20
0.035 15,18 600 21 03 1 30
0.035 21,24 600 21 0.5 1 20
0.045 15,18 600 21 0.3 1 35
0.045 21,24 600 21 0.5 1 20

0.030-0.034 15,18 800 21 0.5 1 25
0.030-0.034 21,24 22021 05 1 25

remains 0.5% lower than our calculated threshold 3%,
indicating significant room for improvement in decoding
correlated errors.

CONCLUSION

In this work, we have investigated the error correction
threshold of surface codes under a realistic noise model
that combines independent single-qubit errors with spa-
tially correlated errors between nearest-neighbor data
qubits. By employing the statistical mechanical mapping
approach, we mapped the quantum error correction prob-
lem onto a square-octagonal random bond Ising model,
enabling exact threshold calculations independent of spe-
cific decoding algorithms.

Our numerical simulation shows that existing decoders
still exhibit a significant gap from our exact threshold in
the presence of correlated errors. This indicates plenty of
room for existing decoders to be further improved when
correlated errors exist.
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