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Abstract. We construct examples of discontinuity of Lyapunov exponent in the spaces of quasiperi-
odic SL(2,R)-cocycles for fixed irrational frequencies. Especially, we prove that the Gevrey space
G2 is the transition space of continuity for all strong Diophantine frequencies. We also construct
examples of discontinuity for other frequencies in less smooth spaces, which show that the more
difficult it is to approximate the frequency with rational numbers, the more likely it is to exhibit
discontinuity in smoother spaces.
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1. Introduction.

Let X be a C l compact manifold, A(x) be a SL(2,R)-valued function on X and (X,T, µ) be
ergodic with µ a normalized T -invariant measure. Dynamical systems on X × R2 given by

(x,w) 7→ (Tx,A(x)w)

are called a SL(2,R)-cocycle over (X,T, µ) and denoted by (T,A). We call the special case X = S1,
µ being Lebesgue measure on S1 and T = Tα : x 7→ x+α with α irrational, quasiperiodic SL(2,R)-

cocycles, denoted by (α,A) for simplicity. If A(x) = SE,v(x) :=

(
E − v(x) −1

1 0

)
, we call them

Schrödinger cocycles.
The nth iteration of the cocycle is given by

(α,A)n = (nα,An),

where

An(x) =


A(Tn−1x) · · ·A(x), n ≥ 1;
Id2, n = 0;

(A−n(Tnx))
−1

, n ≤ −1.

The average exponential growth of the norm of An(x) is measured by the Lyapunov exponent (LE
for short)

L(α,A) = lim
n→∞

1

n

∫
S1
log ∥An(x)∥dx.

The existence and non-negativity of L(α,A) are guaranteed by subadditivity of the sequence
{
∫
S1 log ∥A

n(x)∥dx}n≥1 and the fact that An(x) ∈ SL(2,R). Moreover, by Kingman’s subaddi-
tive ergodic theorem

L(α,A) = lim
n→∞

1

n
log ∥An(x)∥,

for µ-almost every x ∈ S1.
In Bourgain-Jitomirskaya’s seminar paper [4], they prove that the LE is jointly continuous in

(α,E) ∈ R\Q× R for Schrödinger cocycles SE,v(x) when v(x) is analytic and fixed. It is a corner-
stone of the analytical theory of quasiperiodic Schrödinger operators, and many significant results,
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including the solution to the Ten Martini Problem and Avila’s global theory, have been established
based on it. Later, the continuity in (α,A) ∈ R\Q× Cω(S1, SL(2,R)) was proved in [11, 12, 13].

For a long time, people expected the continuity could be extended to larger spaces, such as the
Gevrey spaces defined by G s(S1, SL(2,R)) = {A(x) : ∥A (k)(x)∥ < C(k!)sRk, C > 0, R > 0} where

A (k)(x) denotes the k-order derivative of A(x), which lies in between C∞ and Cω, even more larger
spaces Ck, k = 1, 2, · · · ,∞. By approximation method, the continuity of L(α,A) was succeeded to
be extended to the Gevrey space Gs, 1 < s < 2 for Diophantine frequencies [5, 14]. It is also well
known that L(α, SE,v) could be continuous even for some C2 potentials [18]. However, L(α,A) has
been proved to be discontinuous in A ∈ C0(S1, SL(2,R)) by Furman [6] and Bochi [2, 3] for any
irrational frequency α at any nonuniformly hyperbolic cocycle, which implies that C0(S1, SL(2,R))
is too large for the continuity of LEs. So, identifying the largest space for continuity of LE, and
thus identifying the boundary of the “analytical theory” is certainly an important issue. People
in the community once expected that continuity holds in Ck(S1, SL(2,R)) for sufficiently large k
(similar to KAM theory). Unfortunately, it is not true due to counter-examples in C∞(S1, SL(2,R))
constructed by Wang-You [16, 17]. Later, it was proved that the Gevrey space Gs, s = 2 is the
transition space from continuity to discontinuity [5, 7, 14]. Both Wang-You [16, 17] and Ge-Wang-
You-Zhao [7] assumed that the frequency α is bounded type (see Definition 1.1), which is technically
crucial in their construction of counterexamples. However, it is well known that the set of bounded
type frequencies is of zero Lebesgue measure. So people in the community were curious if the
continuity can cross G2 for most frequencies as mentioned in Jitomirskaya’s ICM plenary talk [10]:
“This still leaves open the question whether continuous behavior of the Lyapunov exponents at
least for Schrödinger cocycles with regularity lower than G2 is possible if the frequency is not of
bounded type.”

In this paper, we show that G2 is in fact the transition space for almost all frequencies (more
precisely for all strong Diophantine frequencies), and we also construct counter-examples for other
frequencies in larger spaces. Before stating our results, we first present the following classification
on frequencies.

Definition 1.1. Let {pn/qn} be the fractional expansion of α. We say that

• α is bounded type if there exists M > 0 such that

qn+1 ≤ Mqn, ∀n ∈ N.
• α is strong Diophantine if there exist γ > 0 and τ > 0 such that

qn+1 ≤ γ−1qn(log qn)
τ , ∀n ∈ N. (1.1)

• α is Diophantine if there exist γ > 0 and τ > 1 such that

qn+1 ≤ γ−1qτn, ∀n ∈ N. (1.2)

• α is Brjuno if there exists 0 < δ < 1 such that

βδ(α) := lim sup
n→∞

log qn+1

qδn
< ∞.

• α is finite-Liouvillean if

β(α) := lim sup
n→∞

log qn+1

qn
< ∞.

• α is called super-Liouvillean if β(α) = ∞.

Denote by SDC(γ, τ) the set of all strong Diophantine numbers with (1.1), and by SDC =⋃
γ>0,τ>0 SDC(γ, τ). Denote by DC(γ, τ) the set of all Diophantine numbers with (1.2), and by

DC(τ) = ∪γ>0DC(γ, τ). It is known that SDC and DC(τ) are sets of full Lebesgue measure for
any τ > 1.
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Theorem 1.1. For any fixed α ∈ SDC, the Gevrey space G2 is the transition space of the continuity
of LE. That is, the Lyapunov exponent L(α,A) is continuous in Gs(S1, SL(2,R)) for 1 < s < 2,
while it has discontinuous points in Gs(S1, SL(2,R)) for s > 2.

Based on Theorem 1.1, we can obtain the transition space on potentials for quasiperiodic
Schrödinger cocycles by same argument as in [16] (See page 2367, proof of Theorem 2 in [16]).

Corollary 1.2. For any fixed α ∈ SDC and E ∈ R, L(α, SE,v) is continuous with respect to v in
Gs(S1,R) if 1 < s < 2, while there exists v0 ∈ Gs(S1) such that L(α, SE,v) is discontinuous at v0
in Gs(S1,R) if s > 2.

We also give counterexamples for all irrational frequencies except super-Liouvillean one.

Theorem 1.3. For any fixed Diophantine frequency α ∈ DC(τ), there exists D ∈ Gs(S1, SL(2,R))
such that the LE is discontinuous at D in Gs topology with s > τ + 1.

Theorem 1.4. Fixed any fixed Brjuno frequency, there exists D ∈ C∞(S1, SL(2,R)) such that the
LE is discontinuous at D in C∞ topology.

Theorem 1.5. Fixed any fixed finite-Liouvillean frequency, there exists D ∈ Cℓ(S1, SL(2,R)) such
that the LE is discontinuous at D in Cℓ topology for any ℓ ∈ Z+.

We now outline the central idea of our construction. The LE is a measure of the limiting
exponential growth rate of matrix production. To grasp this concept, consider the norm of the
product of two SL(2,R)-matrices. For two matrices A and B with large norms, the norm of their
product AB is determined by the norms of A and B, as well as the angle between the expanding
and contracting directions of A and B (see Lemmas 2.1 and 2.3). In essence, the norm of AB
increases when the angle is relatively large (non-resonant case), and conversely, it has cancelation
when the angle is relatively small (resonant case). For a finite set of matrices {A1, · · · , An} with
large norms, approximately λ ≫ 1, the norm of the product A1 · · ·An is roughly O(λn), provided
that the angles between adjacent matrices are not excessively small.

Our strategy involves inductively constructing a convergent sequence of cocycles {An, n = N,N+
1, · · · }, each of the form ΛRϕ(x), where Λ = diag{λ, λ−1} and ϕ(x) possesses a unique degenerate
zero, we call it the critical point, say at x = 0. Let In denote a decreasing, small neighborhood
around x = 0. Define the increasing function rn as the minimal first returning time of In under
the transformation Tα : x 7→ x+α. We observe that rn is dependent on both In and the fractional
expansion of α. Since ϕ(x+α), . . . , ϕ(x+ (rn − 1)α) are not very close to zero, as a result we have

∥A(x + (rn − 1)α) · · ·A(x)∥ = O(λ(1−ϵ)rn). Consequently, the finite LE of (α,An) up to order rn
is (1 − ϵ) log λ with ϵ arbitrarily small. This implies that the LE of the limiting cocycle (α,D) is
roughly (1 − ϵ) log λ which is obviously positive if λ is big although we do not yet know whether
the LE of (α,An) is positive or not.̇

Meanwhile, since all An possess a degenerate critical point, the degeneracy dictates the smoothing
class in which the counterexample will be constructed. This degeneracy enables us to perturb An to
Ãn in the vicinity of x = 0 in desired topological space. Such perturbations ensure that Ãn → D in
the smoothing class in which the counterexample will be constructed and all L(Ãn) are significantly
smaller than L(D), which in turn causes discontinuity.

The construction of {An} is given by an induction, more precisely, the construction of An+1

is based on the product of An along much longer orbits of Tα. However, since these orbits are
bound to enter In multiple times, each entry can potentially lead to a cancellation. The occurrence
of this cancellation is contingent upon how the orbits converge near x = 0, which is influenced
by the arithmetic properties of α, specifically the growth rate of qn, and the flatness of ϕ(x) in
the neighborhood of x = 0. To successfully construct the desired object, we must avoid these
cancellations. Consequently, ϕ(x) cannot be overly flat when α is more closely approximated by
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rational numbers (we term this “bad frequency”). This is the reason why counterexamples can only
be constructed within a larger space for “bad” frequencies.

Although the main framework of the proof is similar to those found in [7, 16, 17], this paper
introduces several innovations that allow us to extend the argument to its full potential. As a
result, we achieve not only the optimal result for all strong Diophantine frequencies (not limited to
bounded types) but also manage to construct counterexamples for other frequencies.

Now, we describe the innovations presented in this paper. The first key innovation is the design
of critical intervals In for each α based on the fractional expansion of α. This design ensures that
the returning times within these intervals can be accurately computed. More precisely, each interval
In is divided into two subintervals. One subinterval has a returning time of qn, while the other
subinterval has a returning time of qn+1 (as detailed in Lemma 3.5). Consequently, the norms of
the iterated cocycles are exactly given by O(λqn) for the phases within the first subinterval and
O(λqn+1) for the phases in the other subinterval. This development allows us to generalize the
results of [7] from bounded types to all strong Diophantine frequencies.

The second innovation lies in the strategic selection of degeneracy at the critical point of the
starting cocycle. This selection is optimized for economic efficiency. For constructing counterexam-
ples within the C l space, we employ a degeneracy order of |x|l+1 at the critical point. In the context

of C∞ space, we adopt a degeneracy of e−(− log |x|)δ , where δ is greater than 1. When dealing with

Gs, we utilize e−|x|−
1

s−1
as the degeneracy. This approach allows us to construct counterexamples

for other Diophantine and Liouvillean frequencies.
Our construction suggests that the process of constructing counterexamples within the domain

of cocycles with smoother topology requires a “more Diophantine” frequency. This means that the
closer the frequency is to be approximated by rational numbers, the more likely it is to display dis-
continuity in smoother spaces. This finding is somewhat counterintuitive, as many previous results
have shown that Diophantine properties are beneficial for the Hölder continuity of LE [8, 9, 15, 19].
It would thus seem reasonable to expect that these properties also facilitate the continuity of LE.
However, our investigation in this paper let us guess that the Liouvilleaness of the frequency may
actually aid in ensuring continuity, despite its known detrimental effects on Hölder continuity [1].
Our construction also hints that LE might be continuous in C∞ if the frequency α is very Liouvil-
lean. To this stage, we expect positive answer to the following problems.

Problem 1. Whether LE is continuous in Gs topology with 1 < s < 2 for all irrational frequencies?

Problem 2. Whether LE is continuous in Gs topology with s < τ +1 for all Diophantine frequencies
in DC(τ)?

Problem 3. Whether LE is continuous in Ck topology (k = 1, 2, · · · ) for super-Liouvillean frequen-
cies?

Problem 4. LE as a function of E in Schrödinger case is much more easy to be continuous when
both the frequency and the potential are fixed. We believe that LE is continuous for typical smooth
potentials. Both positive results besides and negative results are extremely interesting. So far, only
the big C2 cosine type potential case has been proved [18].

The rest of the paper is organized as follows. In Section 2, we introduce the nonresonant case,
which is used in Young’s inductive argument [20] to prove positive LE, and the completely resonant
case, which is the key to derive discontinuity of LE. In Section 3, we obtain sharp distribution of
the trajectory of the irrational shift and apply it to compute the returning times for single interval
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with suitable length. In Section 4 and Section 5, we construct {An} and {Ãn} in C l topology
and then prove discontinuity of LE for finite-Liouvillean frequency. We analyze the distribution of
trajectory to obtain refined estimates on norms and then establish Young’s inductive argument. In
Section 6 and Section 8, we follows the method in C l case to derive discontinuity in C∞ topology
and Brjuno frequency. Similarly, in Section 7 and Section 9, we prove discontinuity in Gs topology
and (strong) Diophantine frequency.

2. Angles and norms of product of SL(2,R)-matrices

In this section, we analyze of angles and norms for SL(2,R)-matrices and then introduce non-
resonant case and completely resonant case. In nonresonant case, the norms of a sequence of
matrices are accumulated, which is the core of Young’s inductive argument. In completely resonant
case, the norm of two adjacent hyperbolic matrices mutually cancel out, which is the key to prove
discontinuity.

Throughout the paper, we denote by c and C universal positive constants (the constants may
change in different estimates).

For θ ∈ S1, let

Rθ =

(
cos θ − sin θ
sin θ cos θ

)
.

Define the map
s : SL(2,R) → RP1 = R/(πZ)

such that s(A) is the most contracted direction of A ∈ SL(2,R). That is, for any unit vector
ŝ(A) ∈ s(A), it holds that ∥A · ŝ(A)∥ = ∥A∥−1. Abusing the notation a little, let

u : SL(2,R) → RP1 = R/(πZ)
be determined by u(A) = s(A−1) and û(A) ∈ u(A). Then by singular decomposition of A ∈
SL(2,R)\SO(2,R),

A = Ru ·
(

cos θ − sin θ
sin θ cos θ

)
·Rπ

2
−s,

where s, u ∈ [0, π) are angles corresponding to the directions s(A), u(A) ∈ R/(πZ).
Now consider the product E3(x) = E2(x) ·E1(x), where E1, E2 ∈ C1(S1, SL(2,R)\SO(2,R)) and

x ∈ S1. Then we have

E3 = E2 · E1 = Ru(E2)

(
∥E2∥ 0
0 ∥E2∥−1

)
Rπ

2
−s(E2)+u(E1)

(
∥E1∥ 0
0 ∥E1∥−1

)
Rπ

2
−s(E1).

We say |s(E2)− u(E1)| is the angle between E2 and E1. For ∥Ei∥ ≫ 1, i = 1, 2, it is not hard to
see that the norm of E2E1 approximately equals to ∥E2∥ · ∥E1∥ unless the angle tends to 0. We
say that it is nonresonant if

max
{
∥E1∥−1, ∥E2∥−1

}
≪ |s(E2)− u(E1)| .

The following basic lemma gives the norm estimates and angle estimates for E3(x) = E2(x) ·E1(x)
in the nonresonant case.

Lemma 2.1. Let E3(x) = E2(x) · E1(x). Denote

ej(x) = ∥Ej(x)∥, sj(x) = s(Ej(x)), uj(x) = u(Ej(x)), j = 1, 2, 3,

θ(x) = s2(x)− u1(x), e0 = min{e1, e2}.
For x ∈ I, suppose we have e0 ≫ 1 and |θ| ≥ e−η

0 with 0 < η < 10−2. Then we have

e3 = e1e2| sin θ|+O(e
− 1

2
0 ),
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|u3(x)− u2(x)| < e
− 7

4
2 , |s3(x)− s1(x)| < e

− 7
4

1 , x ∈ I.

Moreover, we could also obtain a Ck version of Lemma 2.1. For f ∈ Ck(S1,RP1), define

∥f∥Ck := max
j∈{0,1,2,···k}

max
x∈S1

∣∣∂jf(x)
∣∣ .

Lemma 2.2. Let ej, sj, uj (j = 1, 2, 3), θ, e0 and η be defined as in Lemma 2.1. Assume that

|∂k
xej | ≤ Ck · k! · e1+kη

j , |∂k
xθ| ≤ ekη0 , j = 1, 2, k = 1, 2, 3, · · · , l.

For x ∈ I, suppose

lη <
1

100
, eη0 ≥ C l3 , |θ| ≥ e−η

0 .

Then we have for k = 1, 2, 3, · · · , l,

|∂k
xe3| ≤ Ck · k! · e1+kη

3 ,

∥u3 − u2∥Ck ≤ Ck · k! · e−2+(k+1)η
2 , ∥s3 − s1∥Ck ≤ Ck · k! · e−2+(k+1)η

1 .

The proofs of Lemma 2.1 and 2.2 are essentially given in [16] (see the proof of Lemma 3.8), where
the bounded-type condition seems involved (in fact, it does not). The present form of Lemma 2.1
and 2.2 could be considered as a concise version which is independent of the frequency. To keep
the paper self-contained, we give simplified proofs of lemmas in the appendix.

On the contrary to nonresonant case, we say that it is completely resonant if the angle between
two matrices vanishes, i.e.

s(E2)− u(E1) = 0.

The next lemma, saying that the cancelation of the norms happens in the completely resonant case,
is the key to prove discontinuity of LE.

Lemma 2.3. Suppose that A and B are two hyperbolic matrices such that ∥A∥ = λm
1 and ∥B∥ = λn

2

with m,n > 0 and λ1, λ2 ≫ 1. If u(A) = s(B), then

∥BA∥ ≤ 2max{λm
1 · λ−n

2 , λn
1 · λ−m

2 }.

Proof. From the singular value decomposition, it holds that

BA = Ru(B)

(
λn
2 0
0 λ−n

2

)
Rπ

2
−s(B)+u(A)

(
λm
1 0
0 λ−m

1

)
Rπ

2
−s(A).

Note that we have s(B) = u(A). Then

BA = Ru(B)

(
λn
2 0
0 λ−n

2

)
Rπ

2

(
λm
1 0
0 λ−m

1

)
Rπ

2
−s(A)

= Ru(B)

(
0 −λn

2λ
−m
1

λm
1 λ−n

2 0

)
Rπ

2
−s(A).

Hence we have
∥BA∥ ≤ 2max{λm

1 · λ−n
2 , λn

1 · λ−m
2 }.

□

At the end of this section, we define µ-hyperbolic sequence of SL(2,R)-matrices, which is useful
in Young’s inductive argument. Given a sequence of SL(2,R)-matrices

{· · · , A−2, A−1, A0, A1, A2 · · · },
we denote

An = An−1An−2 · · ·A1A0, A−n = A−1
−nA

−1
−n+1 · · ·A

−1
−2A

−1
−1.
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Definition 2.1. For any 1 < µ ≤ λ, we say the block of matrices {A0, A1, · · · , An−1} is µ-hyperbolic
if

∥Ai∥ ≤ λ, ∥Ai∥ ≥ µi(1−ε), ∀ i ∈ {0, 1, 2, · · · , n− 1}, (2.1)

and (2.1) holds if A0, A1, · · · , An−1 are replaced by A−1
−n, · · · , A−1

−2, A
−1
−1.

3. Sharp estimates of the returning times

In this section, we will specially design a sequence of decreasing intervals In for each α, such
that the first returning times is clear.

3.1. Sharp distribution of the trajectory of the irrational shift. For any irrational α, we
consider its continued fractional expansion as follows. Define the map f : (0, 1) → (0, 1) by

f(x) =
1

x
−
[
1

x

]
,

where [x] is the largest integer such that [x] ≤ x. Let αn(n ≥ 0) be defined by

α0 = α− [α], αn = fn(α0) for n > 0.

Set
a0 = [α], an = α−1

n−1 − αn, ∀n ≥ 1.

Then, it yields that

α = a0 +
1

a1 +
1

. . .+ 1
an+αn

or α = [a0, a1, · · · , an + αn] for short.
The fractional expansion of α is defined by

pn
qn

= [a0, a1, · · · , an] = a0 +
1

a1 +
1

. . .+ 1
an

.

It is easy to identify the numerator and denominator of the n− th convergent with the sequences
{pn}n≥−2 and {qn}n≥−2 defined by:

p−2 = 0, p−1 = 1, and pn = anpn−1 + pn−2, ∀n ≥ 0,

q−2 = 0, q−1 = 1, and qn = anqn−1 + qn−2, ∀n ≥ 0.

It is well-known that qnα− pn > 0 for even n, and qnα− pn < 0 for odd n. Moreover, qnα− pn is
the best approximation of 0 as follows:

|qnα− pn| < |qα− p|, ∀ 0 < q ̸= qn < qn+1, p ∈ Z. (3.1)

Let
zn = qnα− pn = (−1)n∥qnα∥,

where
∥x∥ := min

n∈Z
|x+ n|, ∀x ∈ R.

It holds that
|zn−1| = an+1 · |zn|+ |zn+1|,
qn+1 · |zn|+ qn · |zn+1| = 1. (3.2)

Due to the fact that
1

qn(qn + qn+1)
< |α− pn

qn
| < 1

qnqn+1
, n ∈ N,
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we have
1

qn + qn+1
< ∥qnα∥ = |zn| <

1

qn+1
. (3.3)

Actually, compared to (3.1), we have some more precise descriptions for the distribution of the
set {qα− p} as follows:

Lemma 3.1. Let q ≥ 0, p ∈ Z, n ≥ 0. If qα−p is strictly between qnα−pn and qn+1α−pn+1, then
either q ≥ qn + qn+1 or p = q = 0.

Proof. Without loss of generality, we assume n is even. Let x = qα− p(q ̸= 0) is strictly between
qnα− pn and qn+1α− pn+1, i.e.,

qn+1α− pn+1 < qα− p < qnα− pn. (3.4)

Due to (3.1), we have
q > qn+1.

Now, we assume q < qn+1 + qn. Then, by (3.1) and (3.4), it implies that x > 0 and

|zn+1| = − (qn+1α− pn+1) < x = qα− p < zn = qnα− pn.

By noting that 0 < q − qn+1 < qn, we obtain from (3.1) that

|x− zn+1| = |(q − qn+1)α− (p− pn+1)| > zn,

which implies
|zn − x| < |zn+1|.

However, since 0 < q − qn < qn+1, we yield by (3.1) again that

|zn − x| = |(q − qn)α− (p− pn)| > |zn+1|.
□

Proposition 3.2. Consider the set Xn := {qα − p : 0 ≤ q < qn+1, p ∈ Z}, ordered as · · · < x−1 <
0 = x0 < x1 < x2 < · · · . Let xk = qα− p be an element of this set.

• If n is even, then

xk+1 =

{
xk + |zn|, q < qn+1 − qn;
xk + |zn|+ |zn+1|, q ≥ qn+1 − qn.

• If n is odd, then

xk−1 =

{
xk + |zn|, q < qn+1 − qn;
xk + |zn|+ |zn+1|, q ≥ qn+1 − qn.

Proof. We also consider only the case n is even, since the odd case is similar.
Let q < qn+1 − qn. We declare that xk+1 = xk + zn = (q + qn)α − (p + pn). Firstly, since

q + qn < qn+1, (q + qn)α− (p+ pn) ∈ Xn. Secondly, if there exists some x′k+1 = q′α− p′ < xk + zn
with 0 ≤ q′ < qn+1, it will be a contradiction by (3.1) that |x′k+1 − xk| = |(q′ − q)α− (p′ − p)| < zn.

Let q ≥ qn+1 − qn. We declare that

xk+1 = xk + |zn|+ |zn+1| = xk + zn − zn+1 = (q + qn − qn+1)α− (p+ pn − pn+1).

Firstly, since 0 ≤ q + qn − qn+1 < qn, (q + qn − qn+1)α − (p + pn − pn+1) ∈ Xn. Secondly,
if there exists some x′k+1 = q′α − p′ < xk + |zn| + |zn+1| with 0 < q′ < qn+1, it implies that
x′k+1 is between xk = (xk − zn+1) + zn+1 and xk+1 = (xk − zn+1) + zn. Due to the fact that
xk − zn+1 = (q − qn+1)α− (p− pn+1), we have by Lemma 3.1 that

q′ − (q − qn+1) ≥ qn + qn+1.

It will also be a contradiction with 0 < q′ < qn+1. □
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In summary, these points xk can be expressed more concise as follow

Corollary 3.3.

xk ≡ lα (mod 1), where l ≡ kqn (mod qn+1), 0 ≤ k ≤ qn+1 − 1.

From Proposition 3.2, we could derive a useful estimate for the upper bound of the first entering
time to an interval.

Lemma 3.4. Let x be arbitrary points in S1. Denote bn = (|zn| + |zn+1|)/2 and I := [−bn, bn).
Then

min
{
j ∈ N : T jx ∈ I

}
< qn+1.

In other words, the largest time of any trajectory entering I is smaller than qn+1.

Proof. By Proposition 3.2 and (3.2), the trajectory {T jx : 0 ≤ j < qn+1} approximates to a
sequence of points even distributed on [0, 1] with distance between adjacent points being |zn| or
|zn|+ |zn+1|. Thus there must be a j0 ∈ {0, 1, · · · , qn+1 − 1} such that T j0x ∈ I, which proves the
lemma. □

3.2. Sharp estimates of the returning times for a single interval. In this subsection, we
will create some intervals with suitable length, such that the returning time of these intervals are
very concise and simple.

For even n, we define

I0n = [0, |zn+1|),
Iin = [|zn| − (i− 1)|zn+1|, |zn| − (i− 2)|zn+1|), 1 ≤ i ≤ an+2,

I∗n = [|zn+1|, |zn+1|+ |zn+2|).
It is easy to see that

In := [0, |zn|+ |zn+1|) = I0n
⋃

I∗n
⋃ (

an+2⋃
i=1

Iin

)
.

Lemma 3.5. For x ∈ In, let r+n (x) be the first forward returning time to In, that is, r+n (x) =
min{j ∈ Z+ : T jx ∈ In}. Then it holds that

r+n (x) =

{
qn, x ∈ I0n;
qn+1, x ∈ In\I0n.

Proof. If x ∈ I0n = [0,−zn+1), then

x+ zn ∈ [zn,−zn+1 + zn) = I1n ⊂ In.

On the other hand, by (3.3) for 0 < j < qn, ∥jα∥ ≥ ∥qn−1α∥ = |zn−1|. Note that for any irrational
α, |zn−1| ≥ |zn|+ |zn+1|. So, due to Proposition 3.2 and the fact that zn−1 < 0, we have x+jα /∈ In.
This shows that for x ∈ I0n, r

+
n (x) = qn.

If x ∈ Iin = [|zn| − (i− 1)|zn+1|, |zn| − (i− 2)|zn+1|) ⊂ In\I0n, 1 ≤ i ≤ an+2, then

x+ zn+1 ∈ [|zn| − i|zn+1|, |zn| − (i− 1)|zn+1|) ⊂ In.

On the other hand, by (3.3) for 0 < j < qn+1, ∥jα∥ ≥ ∥qnα∥ = zn. However,

x+ zn ∈ [2|zn| − (i− 1)|zn+1|, 2|zn| − (i− 2)|zn+1|) ∩ In = ∅.

By Proposition 3.2, it holds that for any x ∈ Iin, r
+
n (x) = qn+1.

If x ∈ I∗n = [|zn+1|, |zn+1|+ |zn+2|) ⊂ In\I0n, then

x+ zn+1 ∈ [0, |zn+2|) ⊂ I0n ⊂ In,
9



and
x+ zn ∈ [|zn|+ |zn+1|, |zn|+ |zn+1|+ |zn+2|) ∩ In = ∅.

Thus, for any x ∈ I∗n, r
+
n (x) = qn+1. □

From the proof, we have more concise information of the first returning.

Corollary 3.6.

T qn(I0n) = I1n

T qn+1(Iin) = Ii+1
n , i = 1, 2, · · · , an+2 − 1

T qn+1(Ian+2
n ) ⊂ I∗n ∪ I0n

T qn+1(I∗n) ⊂ I0n.

Our improvement heavily relies on the special choice of In for each α, which makes the first
returning time is concise. Since α is irrational, it is impossible to have constant first returning time
for any interval. So Lemma 3.5 is the best outcome one can expect. The following lemma tells us
that I0n is similar to In:

Lemma 3.7. For x ∈ I0n, the returning time to I0n forward is either qn+2 or qn+2 + qn+1.

Proof. Due to Proposition 3.2 and the fact that |I0n| = zn+1, we obtain that for any x ∈ I0n, the
returning times could not be smaller than qn+2.

Define

I0,in = [(i− 1)|zn+2|, i|zn+2|) , i = 1, · · · , an+3 − 1,

I0,∗n = [(an+3 − 1)|zn+2|, (an+3 − 1)|zn+2|+ |zn+3|)
I0,0n = [(an+3 − 1) |zn+2|+ |zn+3|, |zn+1|) .

It is easy to check that

T qn+2
(
I0,in

)
= [i|zn+2|, (i+ 1)|zn+2|) = I0,i+1

n ⊂ I0n, i = 1, · · · , an+3 − 2,

T qn+2
(
I0,an+3−1
n

)
= [(an+3 − 1)|zn+2|, an+3|zn+2|)
= [zn+1 − |zn+3| − |zn+2|, zn+1 − |zn+3|) ⊂ I0,∗n ∪ I0,0n ⊂ I0n,

T qn+2
(
I0,∗n

)
= [an+3 |zn+2| , an+3 |zn+2|+ |zn+3|)
= [|zn+1| − |zn+3| , |zn+1|) ⊂ I0,0n ⊂ I0n,

which implies that the returning time is qn+2 for any x ∈ I0n\I
0,0
n .

At last, for the interval I0,0n , it has that

T qn+2
(
I0,0n

)
= [an+3 |zn+2|+ |zn+3|, |zn+1|+ |zn+2|)
= [|zn+1| , |zn+1|+ |zn+2| ∩ I0n = ∅,

T qn+2+qn+1
(
I0,0n

)
= [0, |zn+2|) = I0,1n ⊂ I0n.

Thus, due to Lemma 3.1, we obtain that the returning time is qn+2 + qn+1 for any x ∈ I0,0n . □

It is easy to check that Lemma 3.5, Corollary 3.6 and Lemma 3.7 will also be valid for odd n, if
we redefine the intervals as follow:

In = (0, |zn|+ |zn+1|],
I0n = (|zn|, |zn|+ |zn+1|],
Iin = ((i− 1)|zn+1|, i|zn+1|], 1 ≤ i ≤ an+2,
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I∗n = (|zn| − |zn+2|, |zn|].
If we consider the first backward returning time

r−n (x) = min{j ∈ Z+ : T−jx ∈ In},
then we have similar results as Lemma 3.5, Corollary 3.6 and Lemma 3.7.

4. Proof of Theorem 1.5: Discontinuity of LE in C l topology

In this section, we prove Theorem 1.5 with two convergent sequences of cocycles {An}, which have

increasing norms in inductive process and converges to Dl in C l topology, and {Ãn}, which have
cancelation on norms and also converges to Dl in C l topology. Under finite-Liouvillean condition on
frequency, we prove positivity of L(Dl) by Young’s inductive argument and then derive discontinuity
of L(Dl) through cancelation on norms and sharp estimates of returning times.

Firstly, we give the following settings.

• The frequency: Let α be a finite-Liouvillean number, i.e.

β(α) := lim sup
n→∞

log qn+1

qn
< ∞,

where pn/qn be the fractional expansion of α.

• The critical interval: In = [−bn, bn), where bn = |zn|+|zn+1|
2 and zn = qnα− pn.

• The first returning time: For x ∈ In, we denote the smallest positive integer i with T ix ∈ In
(respectively T−ix ∈ In) by r+n (x) (respectively r−n (x)).

• The sample function: Fix δ0 > 0 small and l ∈ Z+. The 2π-periodic smooth function
ϕ0 ∈ C l(S1) is defined as

ϕ0(x) =

{
|x|l+1, |x| ≤ δ0;

such that δl+1
0 < |ϕ0(x)| < π

2 , |x| > δ0.

For any C ≥ 1, we denote by In
C the sets [− bn

C , bnC ). Let Λ =

(
λ 0
0 λ−1

)
. Fix ε > 0 arbitrary

small. Let N be sufficiently large such that

bN ≪ δ0,
∑
n>N

(l + 1)q
− 1

2
n+1 ≤

ε

8
. (4.1)

Assume that λ is sufficiently large such that

λ > q
100ε−1(l+1)
N+1 . (4.2)

Recall that qN+1 ≤ b−1
N ≤ 4qN+1. Hence λ > b

−50ε−1(l+1)
N . Inductively, we could define λn (n ≥ N)

as

log λn :=

{
log λ+ (l + 1) log bN , n = N ;(
1− 2(l + 1)q

− 1
2

n−1

)
log λn−1, n ≥ N + 1.

(4.3)

Clearly, the sequence λn decreases to some λ∞ with λ∞ > λ1− ε
4 .

With above settings, we construct two sequences of cocycles in the following propositions, whose
proofs will be given in the next section.

Proposition 4.1. There exists λ0 = λ0(l, α, ϕ0) such that for λ > λ0 the following holds. There
exist functions ϕn(x) on S1 (n = N,N + 1, · · · ) such that

(1)n: The function ϕn(x) is exactly the same as ϕn−1(x) for x /∈ In, and moreover it holds
that ∥∥ϕn(x)− ϕn−1(x)

∥∥
Cl ≤ λ

− 1
3
qn−1

n , n > N.
11



(2)n: The sequence {An(x), An(Tx), · · · , An(T
r+n−1x)} is λn-hyperbolic for x ∈ In where An(x) :=

ΛRπ
2
−ϕn(x). Moreover, for x ∈ In

10 , 1 ≤ k ≤ l and 0 < η < 1
100·l ,∣∣∣∂k∥Ar+n

n (x)∥
∣∣∣ ≤ ∥Ar+n

n (x)∥1+kη.

(3)n: Let sn(x) = s(Ar+n
n (x)) and un(x) = s(A−r−n

n (x)). Then it holds that
(3.1)n: sn(x)− un(x) = ϕ0(x), for x ∈ In

10 ;

(3.2)n: |sn(x)− un(x)| ≥ 1
2 |ϕ0(x)| ≥

(
bn
20

)l+1
, for x ∈ In\ In

10 ;

(3.3)n: |∂k(sn(x)− un(x))| ≤ λqn·η, for x ∈ In and 1 ≤ k ≤ l.

Proposition 4.2. There exists λ0 = λ0(l, α, ϕ0) such that for λ > λ0 the following holds. There

exist functions ϕ̃n(x) on S1 (n = N,N + 1, · · · ) such that

(1′)n: The function ϕ̃n converges to ϕn in C l topology∥∥ϕn(x)− ϕ̃n(x)
∥∥
Cl ≤ q−2

n+1, n > N.

(2′)n: The sequence {Ãn(x), Ãn(Tx), · · · , Ãn(T
r+n−1x)} is λn-hyperbolic for x ∈ In, where

Ãn(x) := ΛRπ
2
−ϕ̃n(x)

.

(3′)n: Let s̃n(x) = s(Ãr+n
n (x)) and ũn(x) = s(Ã−r−n

n (x)). Then it holds that

s̃n(x) = ũn(x), x ∈ In
10

.

By (1)n in Proposition 4.1, (1′)n in Proposition 4.2 and the completeness of C l(S1, SL(2,R)),
there exists a Dl ∈ C l(S1, SL(2,R)) such that as n goes to infinity,

∥An −Dl∥Cl → 0, ∥Ãn −Dl∥Cl → 0.

Thus to prove Theorem 1.5, it suffices to prove

• The lower bound: L(Dl) ≥ (1− ε) log λ with ε very small;

• The upper bound: L(Ãn) ≤ (1− δ) log λ for sufficiently large n, with δ ≥ 1
300 ≫ ε.

4.1. The lower bound of LE. Fix ε > 0 arbitrarily small. Let

Bn =

[q
3/2
n+1]⋃
l=1

(
B(0, q−2

n+1)− lα
)
, n ≥ N. (4.4)

By (4.1), it is straightforward to compute that

meas

( ⋃
n≥N

Bn

)
≤
∑
n>N

q
− 1

2
n+1 ≤

ε

4
,

for N large enough.

Now we are going to estimate the norm of Ai
m(x) with m ≥ n and i = [q

3/2
n+1] for x /∈

⋃
n≥N Bn.

Consider the trajectory {T jx : 0 ≤ j ≤ i}, let i0 = i0(x) ≥ 0 be the first returning time to In, and
i1 = i1(x) ≥ 0 be the last returning time to In. By Lemma 3.4, we have that

i0, i− i1 ≤ qn+1 ≪ i.

By (4.4), we know that the trajectory {T jx : 0 ≤ j ≤ i} has not entered B(0, q−2
n+1), but has

entered In. Let i0 = j0 < j1 < · · · < jp = i1 be the returning times to In. Now we consider the
decomposition

Ai
m(x) = Ai−i1

m (T i1x) ·Ai1−i0
m (T i0x) ·Ai0

m(x),

Ai1−i0
m (T i0x) = A

jp−jp−1
m (T jp−1x) · · ·Aj2−j1

m (T j1x)Aj1−j0
m (T j0x). (4.5)

12



Since the trajectory has not entered B(0, q−2
n+1), we have

dist
(
T jlx, 0

)
> q−2

n+1.

Hence it holds that

|sn(T jlx)− un(T
jlx)| > 1

2
|ϕ0(T

jlx)| ≳ q
−2(l+1)
n+1 .

Due to the returning properties of In in Lemma 3.5, it holds that jt − jt−1 ≥ qn. By (2)n in
Proposition 4.1,

∥Ajt−jt−1
m (T jt−1x)∥ ≥ λjt−jt−1

m ≥ λqn
m , 1 ≤ t ≤ p.

Note that α is a finite-Liouvillean number, i.e. qn+1 ≤ Ceβqn for sufficiently large n. Then it holds
for λ sufficiently large,

∥Ajt−jt−1
m (T jt−1x)∥ ≥ λqn

m ≫ q
2(l+1)
n+1 . (4.6)

Then repeatedly applying Lemma 2.1 to (4.5) with (4.6), we obtain

∥Ai1−i0
m (T i0x)∥ ≥

p∏
t=1

∥Ajt−jt−1
m (T jt−1x)∥ ·

p−1∏
t=1

(
1

2
|ϕ0(T

jtx)| − λ−qn
m

)

≥
p∏

t=1

λjt−jt−1
m · Cp−1 ·

p−1∏
t=1

(
dist

(
T jtx, 0

) )l+1

≥ λ
jp−j0
m · Cp−1 · q−2(l+1)(p−1)

n+1 .

Due to the returning times of In given in Lemma 3.5 (In [0, qn+2], most of them are qn+1 and at
most one is qn), we have

1 ≤ p ≤ 2[q
1/2
n+1].

This implies that for x /∈ Bn,

∥Ai
n(x)∥ ≥ ∥Ai1−i0

n (T i0x)∥ · ∥Ai−i1
n (T i1x)∥−1 · ∥Ai0

n (T
i0x)∥−1

≥ λ
jp−j0
m · C2q

1/2
n+1 · q−4(l+1)q

1/2
n+1

n+1 · λ−2qn+1

≥ λ
jp−j0
m · λi·

(
−4(l+1)

log qn+1
log λ·qn+1

+ 2 logC
log λ·qn+1

)
· λ−2qn+1

≥ λi
m · λi·

(
−4(l+1)

log qn+1
log λ·qn+1

+ 2 logC
log λ·qn+1

−4q
−1/2
n+1

)
≥ λi

∞,

where we have used (4.1) and (4.3). Note i = [q
3/2
n+1]. Hence we have

1

[q
3/2
n+1]

log
∥∥A[q

3/2
n+1]

m (x)
∥∥ ≥ (1− ε

4
) log λ, x /∈ Bn, m ≥ n. (4.7)

Now we estimate the lower bound of L(Dl). By subadditivity, the finite LE of Dl converges.
Hence there exists a large N0 such that for N1 ≥ N0,∣∣∣∣ 1N1

∫
S1
log
∥∥DN1

l (x)
∥∥dx− L(Dl)

∣∣∣∣ ≤ ε

8
.

Fix N1 = [q
3/2
n+1] for some large n such that N1 ≥ N0. Since Am converges to Dl in C l topology as

m → ∞, there exists a large N2 > n such that for any m > N2,∣∣∣∣ 1N1

∫
S1
log
∥∥DN1

l (x)
∥∥dx− 1

N1

∫
S1
log
∥∥AN1

m (x)
∥∥ dx∣∣∣∣ ≤ ε

8
.
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On the other hand, by (4.7) we have

1

N1

∫
S1
log
∥∥AN1

m (x)
∥∥ dx ≥ (1− ε

4
)2 log λ− ε

4
log λ ≥ (1− 3

4
ε) log λ.

Hence we could conclude

L(Dl) ≥ (1− ε) log λ.

4.2. The upper bound of LE. Suppose that α is not bounded type (otherwise, everything was
proved in [16]). Then there exist infinitely many n’s satisfying n > N and

qn+2 ≥ 200qn+1. (4.8)

Let · · · < mj−1 < mj < mj+1 < · · · be the returning times of x ∈ I0n := [−bn,−bn + |zn+1|). By
Lemma 3.7, it holds that

mj+1 −mj = qn+2 or qn+2 + qn+1.

Let mj = nj0 < nj1 < nj2 < · · · < njp−1 < njp = mj+1 be the returning times of In. Here p = an+2

or an+2 + 1. By Lemma 3.5, it holds that

nj1 − nj0 = qn, nji − nji−1 = qn+1, 2 ≤ i ≤ p.

Also note that for 2 ≤ i ≤ p, |Tnjix−Tnji−1x| = |zn+1|. Thus there exist integers s and t such that
2 ≤ s ≤ p, 2 ≤ t ≤ p, t− s ≥ p

15 and

Tnix ∈ In
10

, ∀i ∈ [s, t] ∩ Z.

By (4.8), we have an+2 ≥ 150, and hence t− s ≥ 10. Now for any i ∈ [s, t− 1]∩Z, we are going to

estimate ∥Ãni+2−ni
n (Tnix)∥. By Proposition 4.2, it holds that

λqn+1
n ≤ ∥Ãni+1−ni

n (Tnix)∥ ≤ λqn+1 ,

λqn+1
n ≤ ∥Ãni+2−ni+1

n (Tni+1x)∥ ≤ λqn+1 ,

s(Ã
ni+1−ni
n (Tnix))− u(Ã

ni+2−ni+1
n (Tni+1x)) = 0.

Then we could conclude from Lemma 2.3 that

∥Ãni+2−ni
n (Tnix)∥ ≤ λεqn+1 .

This implies that

∥Ãnjt−njs
n (Tnjsx)∥ ≤ λ([ t−s

2
]ε+1)qn+1 ≤ λ2qn+1 .

We then consider

Ã
mj+1−mj
n (Tmjx) = Ã

mj+1−njt
n (Tnjtx) · Ãnjt−njs

n (Tnjsx) · Ãmj+1−mj
n (Tmjx).

Its norm is smaller than

∥Ãmj+1−mj
n (Tmjx)∥ ≤ λqn+(p−t+s)qn+1+2qn+1 ≤ λ

299
300

(mj+1−mj),

where we used

(t− s)qn+1 ≥
pqn+1

15
≥ qn+2

30
≥ mj+1 −mj

60
in the last inequality. Note that j is arbitrary. This implies

L(Ãn) ≤ (1− δ) log λ, δ =
1

300
.
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5. Proof of Proposition 4.1 and 4.2.

In this section, we construct two convergent sequences of cocycles {An} and {Ãn}. Firstly, we
inductively construct {An} with increasing iterated norms through gradually adjustments on the
angles in each step. Secondly, we perturb the cocycles {An} to another convergent sequence of

cocycles {Ãn} such that the angle between adjacent blocks vanishes, which leads to cancelation on
norms. We stress that under weak Liouvillean condition on frequency, we require sharp estimates
on the angles and norms, which are given by the precise distribution of trajectory.

5.1. Proof of Proposition 4.1. We are going to prove the proposition by induction.

5.1.1. The N th step. Let A(x) = Λ ·Rπ
2
−ϕ0(x). Consider the decomposition

Ar+N (x) = A(T r+N−1x) · · ·A(Tx)A(x).
Note that T jx /∈ IN for 1 ≤ j ≤ r+N (x) and hence

dist(T jx, 0) ≥ bN , |ϕ0(T
jx)| ≥ bl+1

N .

Moreover, by (4.2), we have

∥A(T jx)∥ = λ ≥ b
−100(l+1)
N ≫ b

−(l+1)
N .

Then we successively apply Lemma 2.1 to Aj(x) = A(T j−1x)Aj−1(x) for j = 2, 3, · · · , r+N . Then
we have

∥Aj(x)∥ ≥ λj · b(l+1)j
N = λj

N , 2 ≤ j ≤ r+N .

Hence it holds that

{A(x), A(Tx), · · ·A(T r+N−1x)} is λN − hyperbolic, ∀x ∈ IN . (5.1)

Let sN (x) := s(Ar+N (x)) and uN (x) := u(A−r−N (x)). Moreover, by repeatedly applying Lemma 2.1
and Lemma 2.2, we have

∥sN − ϕ0∥Ck ≤ λ−2+kη, ∥uN∥Ck ≤ λ−2+kη, (5.2)∣∣∣∂k∥Ar+N (x)∥
∣∣∣ ≤ ∥Ar+N (x)∥1+kη, 1 ≤ k ≤ l. (5.3)

Define eN (x) to be the following 2π-periodic function:

eN (x) =

 ϕ0(x)− (sN − uN )(x), x ∈ IN
10 ;

h±N (x), x ∈ IN\ IN
10 ;

0, x ∈ S1\IN ,

where h±N (x) is a C l-function satisfies

djh±N
dxj

(
±bN
10

)
=

djϕ0

dxj

(
±bN
10

)
+

dj(sN − uN )

dxj

(
±bN
10

)
,

djh±N
dxj

(±bN ) = 0, i = 1, 2, j = 0, 1, 2, · · · , l.

From (5.2), we have for x ∈ IN
10 and 1 ≤ k ≤ l, ∥eN (x)∥Ck ≤ λ−2+kη. By Cramer’s rules, we have

∥h±N (x)∥Ck ≤ λ−2+kη, 1 ≤ k ≤ l.

Hence it holds that for x ∈ S1 and 1 ≤ k ≤ l,

∥eN (x)∥Ck ≤ λ−2+kη. (5.4)

Now define
ϕN (x) = ϕ0(x) + eN (x), AN (x) = Λ ·Rπ

2
−ϕN (x),
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sN (x) = s(A
r+N
N (x)), uN (x) = s(A

−r−N
N (x)).

Then by (5.4) we have

∥ϕN − ϕ0∥Ck = ∥eN∥Ck ≤ λ−2+kη, x ∈ S1.

Note that for 1 ≤ i ≤ r+N − 1 and x ∈ IN , T ix ∈ S1\IN . This implies AN (x) = A(x) for x /∈ IN .
Then we have for x ∈ IN ,

A
r+N
N (x) = Ar+N (x) ·

(
A−1(x)AN (x)

)
= Ar+N (x) ·R−eN (x). (5.5)

Similarly, it holds that

A
−r−N
N (x) = R

−eN (T
−r−

N x)
·A−r−N (x), x ∈ IN . (5.6)

Note that rotation does not change the norm of a vector. Then combining (5.1), (5.3), (5.5) and
(5.6), we have

{AN (x), AN (Tx), · · ·AN (T r+N−1x)} is λN − hyperbolic, ∀x ∈ IN ;∣∣∣∂k∥Ar+N
N (x)∥

∣∣∣ ≤ ∥Ar+N
N (x)∥1+kη, 1 ≤ k ≤ l.

Moreover, direct computation from (5.5) and (5.6) shows

eN (x) =
(
sN (x)− uN (x)

)
−
(
sN (x)− uN (x)

)
, ∀x ∈ IN .

Due to the definition of eN (x), it holds that

sN (x)− uN (x) = ϕ0(x), ∀x ∈ IN
10

,

∥sN (x)− uN (x)− ϕ0(x)∥Ck < λ−2+kη, ∀x ∈ IN\IN
10

.

This also implies that for x ∈ IN and 1 ≤ k ≤ l,

∥sN − uN∥Ck < ∥ϕ0∥Ck + λ−2+kη ≤ λη·qN .

Until now we have verified all the conditions in Proposition 4.1 for the Nth step.

5.1.2. The nth step. Now we assume that AN , · · · , An−1 satisfy all the conditions in the proposition.

Define sn−1(x) := s(A
r+n−1

n−1 (x)) and un−1(x) := u(A
r−n−1

n−1 (x)) for x ∈ S1. Then

{An−1(x), An−1(Tx), · · ·An−1(T
r+n−1−1x)} is λn−1 − hyperbolic, ∀x ∈ In−1; (5.7)

sn−1(x)− un−1(x) = ϕ0(x), x ∈ In−1

10
; (5.8)

|sn−1(x)− un−1(x)| ≥
1

2
|ϕ0(x)| ≥

(
bn−1

20

)l+1

, x ∈ In−1\
In−1

10
. (5.9)

Moreover, from assumption we have that for x ∈ In−1

10 and 1 ≤ k ≤ l,∣∣∣∂k∥Ar+n−1

n−1 (x)∥
∣∣∣ ≤ ∥Ar+n−1

n−1 (x)∥
1+kη; (5.10)

|∂k(sn−1(x)− un−1(x))| ≤ λrn−1·η. (5.11)
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Lemma 5.1. Let x0 = x, x1, · · · , xm be a T -orbit with x0, xm ∈ In and xi /∈ In for 0 < i <

m. Then {An−1(x0), · · ·An−1(xm)} is λn-hyperbolic. Moreover, letting sn(x) := s(Ar+n
n−1(x)) and

un(x) := u(A−r−n
n−1 (x)), we have for x ∈ In and 1 ≤ k ≤ l,

∥sn − sn−1∥Ck , ∥un − un−1∥Ck ≤ λ− 1
3
rn−1 ,∣∣∣∂k∥Ar+n

n−1(x)∥
∣∣∣ ≤ ∥Ar+n

n−1(x)∥
1+kη.

Proof. By assumption, x0, xm ∈ In and xi /∈ In for 0 < i < m. This means m = r+n (x). By
Lemma 3.5, we have m = qn or qn+1. If m = qn, then r+n (x) = r+n−1(x) = qn. It follows from the
assumption that {An−1(x0), · · ·An−1(xm)} is λn-hyperbolic and the required estimates are trivial.

Now assume that m = qn+1. Let 0 = j0 < j1 < · · · < jp = m be the returning times to In−1.
Then it holds that jt − jt−1 ≥ qn−1. Moreover, due to the precise analysis on the returning time in
the proof of Lemma 3.5, there exists s ≈ p/2 such that

jt − jt−1 = qn, for t ̸= s+ 1,

js+1 − js = qn−1, |T jsx| ≥ bn−1

4
, |T js+1x| ≥ bn−1

4
.

By the inductive assumption (5.7) – (5.11), we have for t ̸= s+ 1,

∥Ajt−jt−1

n−1 (T jt−1x)∥ ≥ λ
jt−jt−1

n−1 ≥ λqn
n−1,∣∣∣∂k∥Ajt−jt−1

n−1 (T jt−1x)∥
∣∣∣ ≤ ∥Ajt−jt−1

n−1 (T jt−1x)∥1+kη.∣∣∣s(Ajt+1−jt
n−1 (T jt−1x))− u(A

jt−jt−1

n−1 (T jt−1x))
∣∣∣ ≥ 1

2
|ϕ0(T

jt−1x)| ≥ bl+1
n .∣∣∣∂k(s(A

jt+1−jt
n−1 (T jt−1x))− u(A

jt−jt−1

n−1 (T jt−1x))
∣∣∣ ≤ λ(jt+1−jt)·η.

By finite-Liouvillean condition,

λqn
n−1 ≥ λ(1−ε)qn ≫ (100qn+1)

l+1 ≥ b−(l+1)
n .

Hence we have verified the conditions of Lemma 2.1 and Lemma 2.2 to the decomposition

Ajs
n−1(x) = A

js−js−1

n−1 (T js−1x) · · ·Aj2−j1
n−1 (T j1x)Aj1

n−1(x).

Applying these lemmas inductively, we have

∥Ajs
n−1(x)∥ ≥ λjs

n−1 ·
∏

1≤t≤s−1

1

2
|ϕ0(T

jtx)|, (5.12)

∣∣∣∂k∥Ajs
n−1(x)∥

∣∣∣ ≤ ∥Ajs
n−1(x)∥

1+kη,

∥u(Ajs
n−1(x))− u(A

js−js−1

n−1 (T js−1x))∥Ck < λ−(2−kη)qn+1 .

Recall the proof of Lemma 3.7 that {T jtx} is orderly arranged with a step size |zn|. Hence

s ≤ bn−1

|zn|
≤ 4

qn+1

qn
,

and we have

|T j1x| ≥ bn ≥ 1

4
q−1
n+1,

|T j2x| ≥ bn + |zn| ≥
1

2
q−1
n+1,

|T j3x| ≥ bn + 2|zn| ≥ q−1
n+1, · · · ,

17



|T js−1x| ≥ bn + (s− 2)|zn| ≥
s− 2

2
q−1
n+1.

This leads to ∏
1≤t≤s−1

1

2
|ϕ0(T

jtx)| ≥ 1

4
q−1
n+1 ·

∏
1≤t≤4qn+1/qn

1

2
·
(
t

2
q−1
n+1

)l+1

≥ 1

4
q−1
n+1 ·

(
1

4
q−1
n+1

) 4(l+1)qn+1
qn

·
((

4qn+1

qn

)
!

)l+1

.

Then we apply Stirling’s formula to the righthand side, and thus obtain∏
1≤t≤s−1

1

2
|ϕ0(T

jtx)| ≥ 1

4
q−1
n+1 ·

(
8πqn+1

qn

) l+1
2

· (eqn)−
4(l+1)qn+1

qn

≥ λ−qn+1·Sn , (5.13)

where

Sn :=
1

log λ
·
(
log(4qn+1)

qn+1
+

4(l + 1) log(eqn)

qn

)
.

Then by (5.12) and (5.13), we have

∥Ajs
n−1(x)∥ ≥ λjs

n−1 · λ
−qn+1·Sn .

Similar as above, we could obtain

∥Am−js+1

n−1 (T js+1x)∥ ≥ λ
m−js+1

n−1 · λ−qn+1·Sn ,∣∣∣∂k∥Am−js+1

n−1 (T js+1x)∥
∣∣∣ ≤ ∥Am−js+1

n−1 (T js+1x)∥1+kη.

∥s(Am−js+1

n−1 (T js+1x))− s(A
js+2−js+1

n−1 (T js+1x))∥Ck < λ−qn+1(2−kη).

On the other hand, by the inductive assumption (5.7) – (5.11), we have

∥Ajs+1−js
n−1 (T jsx)∥ ≥ λ

js+1−js
n−1 = λ

qn−1

n−1 ,∣∣∣∂k∥Ajs+1−js
n−1 (T jsx)∥

∣∣∣ ≤ ∥Ajs+1−js
n−1 (T jsx)∥1+kη,

|s(Ajs+1−js
n−1 (T jsx))− u(A

js−js−1

n−1 (T js−1x))| ≥ 1

2
|ϕ0(T

jsx)| ≥
(
bn−1

8

)l+1

,

|s(Ajs+2−js+1

n−1 (T js+1x))− u(A
js+1−js
n−1 (T jsx))| ≥ 1

2
|ϕ0(T

js+1x)| ≥
(
bn−1

8

)l+1

.

By finite-Liouvillean condition,

λ
qn−1

n−1 ≥ λ(1−ε)qn−1 ≫ (100qn+1)
l+1 ≥

(
bn−1

8

)−(l+1)

.

Now we have verified all the conditions in Lemma 2.1 and Lemma 2.2 to the decomposition

Am
n−1 = A

m−js+1

n−1 (T js+1x)A
js+1−js
n−1 (T jsx)Ajs

n−1(x).

Applying these lemmas twice with (4.3), we could obtain

∥Am
n−1(x)∥ ≥ λm

n−1λ
−2qn+1·Tn ≥ λm

n , Tn = Sn +
1

log λ
· (l + 1) log(20qn)

qn
,

which shows that

{An−1(x0), · · ·An−1(xm)} is λn-hyperbolic, ∀x0, xm ∈ In,
18



And moreover, we have for x ∈ In

∥sn − sn−1∥Ck , ∥un − un−1∥Ck ≤ λ− 1
3
rn−1 ,∣∣∣∂k∥Ar+n

n−1(x)∥
∣∣∣ ≤ ∥Ar+n

n−1(x)∥
1+kη.

□

Define en(x) to be the following 2π-periodic function:

en(x) =

 (sn−1 − un−1)(x)− (sn − un)(x), x ∈ In
10 ;

h±n (x), x ∈ In\ In
10 ;

0, x ∈ S1\In,

where h±n (x) is a C l-function satisfies

djh±n
dxj

(
± bn
10

)
=

dj(sn−1 − un−1)

dxj

(
± bn
10

)
+

dj(sn − un)

dxj

(
± bn
10

)
,

djh±n
dxj

(±bn) = 0, i = 1, 2, j = 0, 1, 2, · · · , l.

From Lemma 5.1, we have for x ∈ In
10 and 1 ≤ k ≤ l, ∥en(x)∥Ck ≤ λ− 1

3
rn−1 . By Cramer’s rules, we

have
∥h±n (x)∥Ck ≤ λ− 1

3
rn−1 , 1 ≤ k ≤ l.

Hence it holds that for x ∈ S1 and 1 ≤ k ≤ l,

∥en(x)∥Ck ≤ λ− 1
3
rn−1 . (5.14)

Now define
ϕn(x) := ϕn−1(x) + en(x), An(x) := Λ ·Rπ

2
−ϕn(x),

sn(x) := s(Ar+n
n (x)), un(x) := s(A−r−n

n (x)).

Similarly as in the Nth step, we could easily verify that for x ∈ In,

Ar+n
n (x) = Ar+n

n−1(x) ·R−en(x), A−r−n
n (x) = R

−en(T−r−n x)
·A−r−n

n−1 (x),

en(x) = (sn(x)− un(x))− (sn(x)− un(x)) . (5.15)

Then combined with Lemma 5.1 and the fact that rotations do not affect the norms of the matrices,
we have

{An(x), An(Tx), · · ·An(T
r+n−1x)} is λn − hyperbolic, x ∈ In;∣∣∣∂k∥Ar+n

n (x)∥
∣∣∣ ≤ ∥Ar+n

n (x)∥1+kη,
∣∣∣∂k∥Ar−n

n (x)∥
∣∣∣ ≤ ∥Ar−n

n (x)∥1+kη.

Moreover, by (5.14), (5.15) and Lemma 5.1 we have∣∣∣∂k (sn(x)− un(x))
∣∣∣ ≤ ∣∣∣∂k (sn−1(x)− un−1(x))

∣∣∣+O(λ
− 1

3
rn−1

n )

≤ |∂kϕ0|+
∑
n≥N

O(λ
− 1

3
rn−1

n ) ≤ 2∥ϕ0∥Ck .

And thus
∥sn(x)− un(x)∥Ck ≤ 2∥ϕ0∥Ck ≪ λqn·η.

Furthermore, we could easily verify that for x ∈ In,

∥ϕn(x)− ϕn−1(x)∥Cl ≤ λ
− 1

3
rn−1

n .

sn(x)− un(x) = ϕ0(x), x ∈ In
10

,
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|sn(x)− un(x)| ≥
1

2
|ϕ0(x)| ≥

(
bn
20

)l+1

, In\
In
10

.

Until now we have obtained all the conclusions in Proposition 4.1 for the nth step.

5.2. Proof of Proposition 4.2. Define en(x) to be the following 2π-periodic function:

ẽn(x) =


(sn − un)(x), x ∈ In

10 ;

h̃±n (x), x ∈ In\ In
10 ;

0, x ∈ S1\In,

where h̃±n (x) is a C l-function satisfies

dj h̃±n
dxj

(
± bn
10

)
=

dj(sn − un)

dxj

(
± bn
10

)
,

dj h̃±N
dxj

(±bn) = 0, i = 1, 2, j = 0, 1, 2, · · · , l.

From Proposition 4.1, for x ∈ In
10 and 0 ≤ k ≤ l, ∥sn−un∥Ck = O(q

−(l+1−k)
n+1 ). Hence from Cramer’s

rule we have that ∥h̃±n ∥Ck = O(q−1
n+1). This shows that for x ∈ S1,

∥ẽ±n ∥Ck = O(q−1
n+1).

Define

ϕ̃n(x) := ϕn(x) + ẽn(x), Ãn(x) := Λ ·Rπ
2
−ϕ̃n(x)

.

Hence it is clear that Ãn → Dl in C l topology. Moreover, since ϕ̃n(x) = ϕn(x) on S1\In and for

each x ∈ In, {An(x), An(Tx), · · · , An(T
r+n−1x)} is λn-hyperbolic (obtained by Proposition 4.1), we

have

{Ãn(x), Ãn(Tx), · · · , Ãn(T
r+n−1x)} is λn-hyperbolic, x ∈ In.

Define

s̃n(x) = s(Ãr+n
n (x)), ũn(x) = u(Ã−r−n

n (x)).

Similar to (5.15), it is also direct to verify that

s̃n(x)− ũn(x) = sn(x)− un(s)− ẽn(x).

Then it holds that for x ∈ In
10 ,

s̃n(x) = ũn(x).

Until now we have obtained all the conclusions in Proposition 4.2.

6. Proof of Theorem 1.4: Discontinuity of LE in C∞ topology

In this section, we prove discontinuity of LE in C∞ topology. Compared with [16], we define
the sample function as ϕ0(x) ≈ exp

(
−
(
log 1

|x|
)σ)

and proceed Young’s inductive argument with

Brjuno frequency. Our estimates are more technical and sharp due to the weaker condition on
frequency.

We first introduce the topology in C∞(S1). For any smooth function f defined on S1, let

∥f∥Ck := max
j∈{0,1,2,··· ,k}

max
x∈S1

|∂kf(x)|, k ∈ N.

It is clear that C∞(S1) is a complete metric space with the metric d(f, g) :=
∑

k∈N
2−k·∥f−g∥

Ck

∥f−g∥
Ck+1 .

Moreover, fn → f in C∞(S1) topology if and only if ∥fn − f∥Ck → 0 as n → ∞ for any k ∈ N.
We now give the following settings.
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• The frequency: Let α be a Brjuno number, i.e. there exists 0 < δ < 1 such that

βδ := lim sup
n→∞

log qn+1

qδn
< ∞.

• Critical interval In and first returning time r±n are defined as in Section 4.

• The sample function: Let σ > 1 be a constant satisfying σδ
1
2 < 1. The 2π-periodic smooth

function ϕ0 ∈ C∞(S1) is defined as for x ∈ [0, 2π),

ϕ0(x) = exp
(
−
(
log

8π

x

)σ −
(
log

8π

2π − x

)σ)
.

Fix ε > 0 small. Let N and λ be sufficiently large such that∑
n≥N

q
−(1−δ

1
2 )

n−1 <
ε

10
,

∑
n>N

q
− 1

2
n+1 ≤

ε

4
, λ > max

{
e(2βδ)

σ
, eq

qN
N

}
. (6.1)

Moreover, we inductively define λn by

λN−1 := λ, log λn := log λn−1 − 10q
−(1−δ

1
2 )

n−1 .

As n → ∞ the sequence λn decreases to some λ∞, which satisfies λ1− ε
10 < λ∞ < λ.

Proposition 6.1. There exist functions ϕn(x) on S1 (n = N,N + 1, · · · ) such that

(1)n: The function ϕn(x) is exactly the same as ϕn−1(x) for x /∈ In, and moreover it holds
that for 1 ≤ k ≤ log n,

∥ϕn(x)− ϕn−1(x)∥Ck ≤ λ
− 1

100
rn−1

n .

(2)n: The sequence {An(x), An(Tx), · · · , An(T
r+n−1x)} is λn-hyperbolic for x ∈ In, where

An(x) := ΛRπ
2
−ϕn(x).

(3)n: Let sn(x) = s(Ar+n
n (x)) and un(x) = s(A−r−n

n (x)). Then it holds that
(3.1)n: sn(x)− un(x) = ϕ0(x), for x ∈ In

10 ;

(3.2)n: |sn(x)− un(x)| ≥ 1
2 |ϕ0(x)| ≥ e−(− log(bn/20))σ , for x ∈ In\ In

10 .

Proposition 6.2. There exists λ0 = λ0(α, ϕ0) such that for λ > λ0 the following holds. There

exist functions ϕ̃n(x) on S1 (n = N,N + 1, · · · ) such that

(1′)n: The function ϕ̃n converges to ϕn in C∞ topology, i.e. for k satisfying 1 ≤ k ≤ logn,∥∥ϕn(x)− ϕ̃n(x)
∥∥
Ck ≤ q−2

n+1.

(2′)n: The sequence {Ãn(x), Ãn(Tx), · · · , Ãn(T
r+n−1x)} is λn-hyperbolic for x ∈ In, where

Ãn(x) := ΛRπ
2
−ϕ̃n(x)

.

(3′)n: Let s̃n(x) = s(Ãr+n
n (x)) and ũn(x) = s(Ã−r−n

n (x)). Then it holds that

s̃n(x) = ũn(x), x ∈ In
10

.

Remark 6.1. The proofs of Proposition 6.1 and 6.2 are given in Section 8.

Once the above two propositions established, we could adjust the parameters in Section 4 to

prove the discontinuity of LE for {Ãn}. Define Bn by

Bn =

[q
3/2
n+1]⋃
l=1

(
B(0, q−2

n+1)− lα
)
, n ≥ N.
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By (6.1), it is straightforward to compute that for N large enough,

meas

( ⋃
n≥N

Bn

)
≤
∑
n>N

q
− 1

2
n+1 ≤

ε

4
.

Let x /∈
⋃

n≥N Bn, m ≥ n and i := [q
3
2
n+1]. Consider the trajectory {T jx : 0 ≤ j ≤ i}, let

i0 = i0(x) ≥ 0 be the first returning time to In, and i1 = i1(x) ≥ 0 be the last returning time to
In. By Lemma 3.4, we have that

i0, i− i1 ≤ qn+1 ≪ i.

By the definition of Bn, we know that the trajectory {T jx : 0 ≤ j ≤ i} has not entered B(0, q−2
n+1),

but has entered In. Let i0 = j0 < j1 < · · · < jp = i1 be the returning times of x ∈ In−1. Now
consider the decomposition

Ai
m(x) = Ai−i1

m (T i1x) ·Ai1−i0
m (T i0x) ·Ai0

m(x),

Ai1−i0
m (T i0x) = A

jp−jp−1
m (T jp−1x) · · ·Aj2−j1

m (T j1x)Aj1−j0
m (T j0x).

As before, we are going to repeatedly apply Lemma 2.1 to obtain the lower bound of the norms.
This requires us to verify that the angles between matrices are larger than the errors of size

∥Ajl+1−jl
m (T jlx)∥−1. Note that from Lemma 3.5, either

jl+1 − jl = qn, |T jlx| ≥ q−2
n+1, or

jl+1 − jl = qn−1, |T jlx| ≥ bn−1

4
, |T jl+1x| ≥ bn−1

4
hold. By (3)n in Proposition 6.1 and definition of ϕ0,

|sn(T jlx)− un(T
jlx)| > 1

2
|ϕ0(T

jlx)| ≥
{

e−(2 log qn+1)σ , if jl+1 − jl = qn;

e−(log(8qn))σ , if jl+1 − jl = qn−1.

To verify the condition in Lemma 2.1, we require

e−(2 log qn+1)σ ≥ λ−ηqn ≫ λ−qn , e−(log(8qn))σ ≥ λ−ηqn−1 ≫ λ−qn−1 , η = q
−(1−δ

1
2 )

n−1 ,

i.e.
(2 log qn+1)

σ

qn · q−(1−δ
1
2 )

n−1

≤ log λ,
(log 8qn)

σ

qδ
1
2

n−1

≤ log λ. (6.2)

Recall that the frequency α is a Brjuno number, which means that for all large n, log qn+1 ≤ βδ ·qδn.
Since δ

1
2 · σ < 1, we have (2 log qn+1)σ

qδ
1
2

n

≤ (2βδ)
σ for all large n. Thus if N is sufficiently large, n ≥ N

and
λ ≥ e(2βδ)

σ
,

then (6.2) is satisfied and hence Lemma 2.1 is applicable. By the same argument in Section 4.1,
we could obtain

1

i
log ∥Ai

m(x)∥ ≥ (1− ε

4
) log λ, i = [q

3
2
n+1], x /∈ Bn, m ≥ n.

Finally, we could conclude that ∥An −D∞∥Ck → 0 as (ek ≤) n → ∞ and

L(D∞) ≥ (1− ε) log λ. (6.3)

Once Proposition 6.2 is established, we could follow the same argument in Section 4.2 to prove

that ∥Ãn −D∞∥Ck → 0 as (ek ≤) n → ∞ and

L(Ãn) ≤ (1− δ) log λ, δ =
1

300
. (6.4)
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Combining (6.3) and (6.4), we have proved that the LE is discontinuous at D∞ in C∞ topology.

7. Proof of Theorem 1.1 and 1.3: Discontinuity of LE in Gs topology

In this section, we prove discontinuity of LE in Gs topology with Diophantine frequency and
strong Diophantine frequency. Compared with [7], our proofs are more technical and sharp due to
the weaker condition on frequency.

For any smooth function f defined on S1, let

∥f∥s,K :=
4π2

3
sup
k∈N

(1 + k)2

Kk(k!)s
∥∂kf∥C0 , s > 1, K > 0,

Gs,K(S1) =
{
f ∈ C∞(S1,R) : ∥f∥s,K < ∞

}
, Gs(S1) =

⋃
K>0

Gs,K(S1).

It is clear that Gs,K(S1) is a Banach space. Moreover, Gs(S1) is equipped with the usual inductive
limit topology, i.e. fn → f in Gs(S1) topology if and only if ∥fn − f∥s,K → 0 as n → ∞ for some
K > 0.

7.1. Diophantine frequency and Gs (s > τ + 1) topology. We are going to prove Theorem
1.3. We first give the following settings.

• The frequency: Let α ∈ DC(γ, τ) with γ > 0 and τ > 1, i.e.

qn+1 ≤ γ−1qτn, ∀n ∈ N.

We also assume that α is not a bounded type number.
• Critical interval In and first returning time r±n are defined as in Section 4.
• The sample function: Let s > τ + 1. The 2π-periodic smooth function ϕ0 ∈ Gs(S1) is
defined as for x ∈ [0, 2π),

ϕ0(x) = exp
(
−x

−1
s−1 − (2π − x)

−1
s−1

)
.

Fix small ε > 0. Let N and λ be sufficiently large such that∑
n≥N

q
τ

s−1
−1

n <
ε

104
,

∑
n≥N

q
1
2
(1− s−1

τ
)

n <
ε

104
, (7.1)

λ > max
{
exp

(104
ε

γ−τ−1
)
, eq

qN
N

}
. (7.2)

Moreover, we inductively define λn and λ̃n by

λN−1 = λ̃N−1 := λ,

log λn := log λn−1 − 2 · 103q
τ

s−1
−1

n−1 , log λ̃n := log λn−1 + 2 · 103q
τ

s−1
−1

n−1 .

Since τ
s−1 − 1 < 0, as n → ∞ the sequences λn and λ̃n decrease respectively to some λ∞ and λ̃∞,

which satisfy λ1− ε
10 < λ∞ < λ̃∞ < λ1+ ε

10 .

Proposition 7.1. There exist functions ϕn(x) on S1 (n = N,N + 1, · · · ) such that

(1)n: The function ϕn(x) is exactly the same as ϕn−1(x) for x /∈ In, and moreover it holds
that for some K > 0,∥∥ϕn(x)− ϕn−1(x)

∥∥
s,K

≤ λ
− 1

100
qn−1

n , n > N.
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(2)n: The sequence {An(x), An(Tx), · · · , An(T
r+n−1x)} is λn-hyperbolic for x ∈ In, where

An(x) := ΛRπ
2
−ϕn(x). Moreover,∥∥∥∥Ar±n

n (x)∥
∥∥∥
s,K

≤ λ̃r±n
n ,

∥∥∥∥Ar±n
n (x)∥−1

∥∥∥
s,K

≤ λ−r±n
n .

(3)n: Let sn(x) = s(Ar+n
n (x)) and un(x) = s(A−r−n

n (x)). Then it holds that
(3.1)n: sn(x)− un(x) = ϕ0(x), for x ∈ In

10 ;

(3.2)n: |sn(x)− un(x)| ≥ 1
2 |ϕ0(x)| ≥ e−(bn/20)

−1
s−1

, for x ∈ In\ In
10 .

Proposition 7.2. There exists λ0 = λ0(α, ϕ0) such that for λ > λ0 the following holds. There

exist functions ϕ̃n(x) on S1 (n = N,N + 1, · · · ) such that

(1′)n: The function ϕ̃n converges to ϕn in Gs topology, i.e. for some K > 0,∥∥ϕn(x)− ϕ̃n(x)
∥∥
s,K

≤ q−2
n+1.

(2′)n: The sequence {Ãn(x), Ãn(Tx), · · · , Ãn(T
r+n−1x)} is λn-hyperbolic for x ∈ In, where

Ãn(x) := ΛRπ
2
−ϕ̃n(x)

.

(3′)n: Let s̃n(x) = s(Ãr+n
n (x)) and ũn(x) = s(Ã−r−n

n (x)). Then it holds that

s̃n(x) = ũn(x), x ∈ In
10

.

Remark 7.1. The proofs of Proposition 7.1 and 7.2 could be regarded as an improved version of
Proposition 3.1 and 3.2 in [7]. We give the sketches of their proofs in Section 9.

Once the above two propositions established, we could adjust the parameters in Section 4 to

prove the discontinuity of LE for {Ãn}. Define Bn by

Bn =

[q
1+a/2
n+1 ]⋃
l=1

(
B(0, q−a

n+1)− lα
)
, a =

s− 1

τ
, n ≥ N.

Note a > 1. By (7.1), it is straightforward to compute that for N large enough,

meas

( ⋃
n≥N

Bn

)
≤
∑
n>N

q
−a−1

2
n+1 ≤ ε

4
.

Let x /∈
⋃

n≥N Bn, m ≥ n and i := [q
1+a

2
n+1 ]. Consider the trajectory {T jx : 0 ≤ j ≤ i}, let

i0 = i0(x) ≥ 0 be the first returning time to In, and i1 = i1(x) ≥ 0 be the last returning time to
In. By Lemma 3.4, we have that

i0, i− i1 ≤ qn+1 ≪ i.

By the definition of Bn, we know that the trajectory {T jx : 0 ≤ j ≤ i} has not entered B(0, q−a
n+1),

but has entered In. Let i0 = j0 < j1 < · · · < jp = i1 be the returning times to In−1. Now consider
the decomposition

Ai
m(x) = Ai−i1

m (T i1x) ·Ai1−i0
m (T i0x) ·Ai0

m(x),

Ai1−i0
m (T i0x) = A

jp−jp−1
m (T jp−1x) · · ·Aj2−j1

m (T j1x)Aj1−j0
m (T j0x).

As before, we are going to repeatedly apply Lemma 2.1 to obtain the lower bound of the norms.
This requires us to verify that the angles between matrices are larger than the errors of size

∥Ajl+1−jl
m (T jlx)∥−1. Note that from Lemma 3.5, either

jl+1 − jl = qn, |T jlx| ≥ q−a
n+1, or
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jl+1 − jl = qn−1, |T jlx| ≥ bn−1

4
, |T jl+1x| ≥ bn−1

4
hold. By (3)n in Proposition 7.1 and definition of ϕ0,

|sn(T jlx)− un(T
jlx)| > 1

2
|ϕ0(T

jlx)| ≥

 e−102q
a

s−1
n+1 , if jl+1 − jl = qn;

e−102q
1

s−1
n , if jl+1 − jl = qn−1.

Hence we require

e−102q
a

s−1
n+1 ≳ λ− ε

10
qn ≫ λ−qn , e−102q

1
s−1
n ≳ λ− ε

10
qn−1 ≫ λ−qn−1 ,

i.e.

qn+1 ≤
(ε log λ

103

) s−1
a
q

s−1
a

n , qn ≤
(ε log λ

103

)s−1
qs−1
n−1. (7.3)

Recall the frequency α is a Diophantine number, qn+1 ≤ γ−1qτn for all n ∈ Z+. If

λ ≥ exp
(103

ε
γ

−a
s−1

)
, s > 1 + τ,

then (7.3) is satisfied and hence Lemma 2.1 is applicable. By the same argument in Section 4.1,
we could obtain

1

i
log ∥Ai

m(x)∥ ≥ (1− ε

4
) log λ, i = [q

1+a
2

n+1 ], x /∈ Bn, m ≥ n.

Finally, we could conclude that there exists a Ds ∈ Gs(S1, SL(2,R)) such that ∥An −Ds∥s,K → 0
and

L(Ds) ≥ (1− ε) log λ. (7.4)

Once Proposition 7.2 is established, we could follow exactly the same process in Section 4.2 to

prove that ∥Ãn −Ds∥s,K → 0 and

L(Ãn) ≤ (1− δ) log λ, δ =
1

300
. (7.5)

Combining (7.4) and (7.5), we have proved that the LE is discontinuous at Ds in Gs topology.

7.2. Strong Diophantine frequency and Gs (s > 2) topology. The continuous part of Theo-
rem 1.1 has been proved by Theorem 6.3 in [5]. Here we only give the proof of the discontinuous
part, which follows the same process as in Subsection 7.1. Assume the frequency α ∈ SDC(γ, τ)
with γ > 0 and τ > 0, i.e.

qn+1 ≤ γ−1qn(log qn)
τ , ∀n ∈ N.

We also assume that α is not a bounded type number. Moreover, we define the critical set, critical
interval, first returning time and sample function (s > 2) as the previous subsection.

To determine the largeness of N and λ, we revise (7.1) and (7.2) as∑
n≥N

q
2−s

2(s−1)
n <

ε

104
,

∑
n≥N

q
2−s
2

n <
ε

104
, γ−1qn(log qn)

τ < q
s
2
n , ∀n ≥ N, (7.6)

λ > max
{
exp

(
103ε−1, eq

qN
N
)}

.

And we redefine λn and λ̃n by

log λn := log λn−1 − 2 · 103q
2−s

2(s−1)

n−1 , log λ̃n := log λn−1 + 2 · 103q
2−s

2(s−1)

n−1 .
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With these settings, we could prove Proposition 7.1 and 7.2 for strong Diophantine frequency and
s > 2. Now we redefine

Bn =

[q
1+a/2
n+1 ]⋃
l=1

(
B(0, q−a

n+1)− lα
)
, a =

2(s− 1)

s
, n ≥ N.

Let i := [q
1+a

2
n+1 ]. For x /∈

⋃
n≥N Bn and m ≥ n, we consider

Ai
m(x) = Ai−i1

m (T i1x) ·Ai1−i0
m (T i0x) ·Ai0

m(x),

Ai1−i0
m (T i0x) = A

jp−jp−1
m (T jp−1x) · · ·Aj2−j1

m (T j1x)Aj1−j0
m (T j0x).

As before, we will apply Lemma 2.1 to obtain the lower bound of ∥Ai1−i0
m (T i0x)∥ and ∥Ai

m(x)∥. To
apply Lemma 2.1, we should verify the condition that the angles are larger than the reciprocal of
the norms, which requires

qn+1 ≤
(ε log λ

103

) s
2
q

s
2
n , qn ≤

(ε log λ
103

)s−1
qs−1
n−1.

instead of (7.3). This is satisfied by strong Diophantine condition and (7.6). Finally, we could
conclude that there exists a Ds ∈ Gs(S1, SL(2,R)) such that ∥An −Ds∥s,K → 0 and

L(Ds) ≥ (1− ε) log λ.

On the other hand, by Proposition 7.2, we could prove that ∥Ãn −Ds∥s,K → 0 and

L(Ãn) ≤ (1− δ) log λ, δ =
1

300
.

Thus we have proved that the LE is discontinuous at Ds in Gs topology.

8. Proofs of Proposition 6.1 and 6.2.

8.1. Proof of Proposition 6.1. We prove the proposition by induction. For sufficiently large λ,

the construction for n = N holds (where we require λ ≥ eq
qN
N ), see [16] for more details. In the

following, we only consider n ≥ N + 1.
Inductively, we assume that ϕN , · · · , ϕn−1 have been constructed such that Proposition 6.1 holds

for N ≤ i ≤ n− 1. Moreover, we further assume the following properties.
(1)i. For 0 < k ≤ log i,

∥ϕi(x)− ϕi−1∥Ck ≤ λ
− ri−1

100
i .

Moreover, for k ∈ Z+,

|∂kϕi(x)| ≤ 4k log qi+1 · Ck2 · k! · φk
ri ,

φk
ri = eσk

σ
σ−1 · e2k·

(
(log qi)

σ · qi
qi−1

+···+(log qN+1)
σ · qN+1

qN

)
.

(2)i. For each x ∈ Ii, Ai(x), Ai(Tx), · · · , Ai(T
r+i −1x) is λi-hyperbolic. Moreover, for x ∈ Ii and

k ∈ Z+, ∣∣∣∂k∥Ar±i
i (x)∥

∣∣∣ ≤ ∥Ar±i
i (x)∥ · 4k log qi+1 · Ck2 · k! · φk

ri .

(3)i. We have

si(x)− ui(x) = ϕ0(x), x ∈ Ii
10

,

|si(x)− ui(x)| ≥
1

2
|ϕ0(x)| ≥ e−(− log(bi/20))

σ
, x ∈ Ii\

Ii
10

.

In this subsection, we will prove the above properties for i = n.

Firstly, we have a similar lemma as Lemma 5.1.
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Lemma 8.1. Let x0 = x, x1, · · · , xm be a T -orbit with x0, xm ∈ In and xi /∈ In for 0 < i <

m. Then {An−1(x0), · · ·An−1(xm)} is λn-hyperbolic. Moreover, letting sn(x) := s(Ar+n
n−1(x)) and

un(x) := u(A−r−n
n−1 (x)), we have for x ∈ In and 1 ≤ k ≤ log n,

∥sn − sn−1∥Ck , ∥un − un−1∥Ck ≤ λ− 1
3
rn−1 .

Moreover, for k ∈ Z+,

∥sn − sn−1∥Ck , ∥un − un−1∥Ck ≤ 8k log r+n · Ck2 · k! · ∥Ar+n−1

n−1 (x)∥
− 3

2 · φk
rn−1

,∣∣∣∂k∥Ar+n
n−1(x)∥

∣∣∣ ≤ 4k log r+n · Ck2 · k! · ∥Ar+n
n−1(x)∥ · φ

k
rn .

The proof of Lemma 8.1 is similar to the one of Lemma 5.1 if we note the angles are not small
with respect to the norms

e−(− log(bn/20))σ ≥ e−(log(80qn+1))δ
− 1

2

≫ λ−ηqn = λ−qδ
1
2

n ,

e−(log(8qn))σ ≥ e−(log(8qn))δ
− 1

2

≫ λ−ηqn−1 = λ−qδ
1
2

n−1 ,

where we have used the Brjuno condition log qn+1 ≤ βδq
δ
n for large n, σδ

1
2 < 1 and sufficient

largeness of λ. However, Lemma 2.2 is not sufficient to prove Lemma 8.1. Instead, we need a more
delicate analysis on the higher derivatives of norms and angles, which is given by Lemma A.1.

Lemma 8.2. Recall σ > 1 and for x ∈ [0, 2π),

ϕ0(x) = exp
(
−
(
log

8π

x

)σ −
(
log

8π

2π − x

)σ)
.

Then there exists a constant C > 0 such that for n ∈ N,

sup
x∈[0,2π)

|ϕ(n)
0 (x)| ≤ eCn

σ
σ−1

.

Proof. Equivalently, we consider

ϕ0(x) = e−
(
log 1

x

)σ
, 0 < x <

1

4
.

By Faà di Bruno’s formula (Lemma A.2)((
log

1

x

)σ)(n)
=

∑
k1+2k2+···+nkn=n
k=k1+k2+···+kn

n! · σ(σ − 1) · · · (σ − k + 1)

k1!k2! · · · kn! · 1k12k2 · · ·nkn

(
log

1

x

)σ ·
(−1

x

)n
.

And hence by Lemma A.3,∣∣∣(( log 1

x

)σ)(n)∣∣∣ ≤ ∑
k1+2k2+···+nkn=n
k=k1+k2+···+kn

n! · σn

k1!k2! · · · kn!
(
log

1

x

)σ ·
(1
x

)n
≤ n! · (2σ)n ·

(
log

1

x

)σ ·
(1
x

)n
.

Also by Faà di Bruno’s formula

|ϕ(n)
0 (x)| ≤

∑
k1+2k2+···+nkn=n
k=k1+k2+···+kn

n! · (2σ)n · ϕ0

k1!k2! · · · kn!
(
log

1

x

)kσ ·
(1
x

)n
≤ n! · (2σ)n ·

(
2 log

1

x

)nσ ·
(1
x

)n · e−
(
log 1

x

)σ
.
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Let y = log 1
x and

gn(y) := (2y)nσeny−yσ .

Since σ > 1, we know gn(y) reaches its maximum at y ≈ n
1

σ−1 and

sup
y≥1

gn(y) ≤ (2y)nσe(σ−1)yσ ≤ e(σ−1)n
σ

σ−1
.

Hence it holds that

sup
x

∣∣∣ϕ(n)
0 (x)

∣∣∣ ≤ n2 · σn · n! · e(σ−1)n
σ

σ−1 ≤ eσn
σ

σ−1
.

□

Proof of Lemma 8.1. By assumption, x0, xm ∈ In and xi /∈ In for 0 < i < m. This means
m = r+n (x). By Lemma 3.5, we have m = qn or qn+1. If m = qn, then r+n (x) = r+n−1(x) = qn.
It follows from the assumption that {An−1(x0), · · ·An−1(xm)} is λn-hyperbolic and the required
estimates are trivial.

Now assume that m = qn+1. Let 0 = j0 < j1 < · · · < jp = m be the returning times to In−1.
Then it holds that jt − jt−1 ≥ qn−1. Moreover, due to the precise analysis on the returning time in
the proof of Lemma 3.5, there exists s ≈ p/2 such that

jt − jt−1 = qn, for t ̸= s+ 1,

js+1 − js = qn−1, |T jsx| ≥ bn−1

4
, |T js+1x| ≥ bn−1

4
.

By the inductive assumption, we have for t ̸= s+ 1,

∥Ajt−jt−1

n−1 (T jt−1x)∥ ≥ λ
jt−jt−1

n−1 ≥ λqn
n−1,∣∣∣s(Ajt+1−jt

n−1 (T jt−1x))− u(A
jt−jt−1

n−1 (T jt−1x))
∣∣∣ ≥ 1

2
|ϕ0(T

jt−1x)| ≥ e−(− log(bn/20))σ .

By the definition of Brjuno frequency,

e−(− log(bn/20))σ ≥ e−(log(80qn+1))δ
− 1

2

≫ λ−ηqn = λ−qδ
1
2

n .

Hence we have verified the conditions of Lemma 2.1 to the decomposition

Ajs
n−1(x) = A

js−js−1

n−1 (T js−1x) · · ·Aj2−j1
n−1 (T j1x)Aj1

n−1(x),

A
m−js+1

n−1 (T js+1x) = A
jp−jp−1

n−1 (T jp−1x) · · ·Ajs+2−js+1

n−1 (T js+1x).

As proved in Lemma 5.1, we apply Lemma 2.1 in turn to Ajs
n−1(x), A

m−js+1

n−1 (T js+1x) and Am
n−1 =

A
m−js+1

n−1 (T js+1x)A
js+1−js
n−1 (T jsx)Ajs

n−1(x). Then it follows that{
An−1(x0), · · ·An−1(xm)

}
is λn-hyperbolic, ∀x0, xm ∈ In,

∥Ar+n
n−1(x)∥ ≥ λr+n

n , x ∈ In.

On the other hand, it holds by assumption that∣∣∣∂k∥Ajt−jt−1

n−1 (x)∥
∣∣∣ ≤ ∥Ajt−jt−1

n−1 (x)∥ · 4k log qn · Ck2 · k! · φk
jt−jt−1

,

φk
jt−jt−1

= eσk
σ

σ−1 · e2k·
(
(log qn−1)σ ·

qn−1
qn−2

+···+(log qN+1)
σ · qN+1

qN

)
,

|∂kϕn−1(x)| ≤ 8k log qn · Ck2 · k! · φk
rn−1

.

Then by repeatedly applying Lemma A.1, we have∣∣∣∂k∥Ar+n
n−1(x)∥

∣∣∣ ≤ ∥Ar+n
n−1(x)∥ · 4

k log qn+1 · Ck2 · k! · φk
rn ,
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φk
rn = eσk

σ
σ−1 · e2k·

(
(log qn)σ · qn

qn−1
+···+(log qN+1)

σ · qN+1
qN

)
,

∥sn − sn−1∥Ck , ∥un − un−1∥Ck ≤ 8k log qn · Ck2 · k! · ∥Ar+n−1

n−1 (x)∥
− 3

2 · φk
rn−1

.

Specially, if 1 ≤ k ≤ log n, then∣∣φk
rn

∣∣ ≤ eC1 logn·(log logn)
σ

σ−1 · e2 logn·
(
(log qn)σ · qn

qn−1
+···+(log qN+1)

σ · qN+1
qN

)
≤ eC1 logn·(log logn)

σ
σ−1 · e2qn·logn·

(
qδ

1/2−1
n−1 +qδ

1/2−1
n−2 · qn−1

qn
+···+qδ

1/2−1
N · qN

qn

)
≤ e

1
8
qn ,

where we have used Brjuno condition. This leads to

∥sn − sn−1∥Ck , ∥un − un−1∥Ck ≤ λ− 1
3
rn−1 .

□

Now we are ready for constructing ϕn(x) and verify (1)n – (3)n.

Construction of ϕn and An. Applying Lemma 8.1, we have that for x ∈ In,

An−1(x), An−1(Tx), · · · , An−1(T
r+n−1x) is λn-hyperbolic.

Let sn(x) := s(Ar+n
n−1(x)) and un(x) := u(A−r−n

n−1 (x)). Let en(x) be a 2π-periodic C∞-function such
that

en(x) := ϕ0(x)− (sn(x)− un(x)), x ∈ In.

Let fn be determined by Lemma 9.3 with ν = 2. Define for x ∈ S1,
ên(x) = en(x) · fn(x), ϕn(x) = ϕn−1(x) + ên(x), An(x) = Λ ·Rπ

2
−ϕn(x).

Verifying (1)n of Proposition 6.1. We could apply Lemma 8.1 to obtain

∥en∥Ck ≤ λ− 1
3
qn , ∀x ∈ In

10
, 1 ≤ k ≤ log n.

Here we have rn−1 = qn since the first returning time of x ∈ In
10 to In−1 is qn. By Lemma 9.3, we

have

sup
x∈In

|∂jfn| ≤
(Cqn+1)

j · (j!)2

1 + j2
.

Then we have for 1 ≤ k ≤ log n and x ∈ S1,

|∂kên| =
∑

i+j=k

k!

i! · j!
·
∣∣∂ien

∣∣ · ∣∣∂jfn
∣∣ ≤ λ− 1

3
qn · Cec logn·log qn+1 ≤ λ− 1

3
qn · Cec logn·q

δ
1
2

n ≤ λ− 1
100

qn .

Hence we have for 1 ≤ k ≤ logn,

∥ϕn − ϕn−1∥Ck ≤ λ
− 1

4
qn

n .

Moreover, for k ∈ Z+ (k large enough)

|∂kϕn| ≤ |∂kϕn−1|+
∑

i+j=k

k!

i! · j!
·
∣∣∂ien

∣∣ · ∣∣∂jfn
∣∣

≤ 8k log qn · Ck2 · k! · φk
rn−1

+
∑

i+j=k

k! · 8i log qn+1 · Ci2 · φi
rn · (Cqn+1)

j · j!

≤ 8k log qn+1 · Ck2 · k! · φk
rn .
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Verifying (2)n of Proposition 6.1. It is clear that An(x) = An−1(x)R−ên(x). Moreover, it holds

Ar+n
n (x) = Ar+n

n−1(x) ·R−en(x), A−r−n
n (x) = R

−en(T−r−n x)
·A−r−n

n−1 (x).

Since the rotations do not affect the norms, by Lemma 8.1 for each x ∈ In,

An(x), An(Tx), · · · , An(T
r+n−1x) is λn-hyperbolic,∣∣∣∂k∥Ar+n

n (x)∥
∣∣∣ ≤ 4k log rn · Ck2 · k! · ∥Ar+n

n−1(x)∥ · φ
k
rn .

Verifying (3)n of Proposition 6.1. It is clear that

sn(x)− un(x) = ϕ0(x), x ∈ In
10

.

Moreover, it holds that

|sn(x)− un(x)| ≥ |ϕ0(x)| − λ−qn
n ≥ Ce−(− log(bn/20))σ , x ∈ In\

In
10

.

8.2. Proof of Proposition 6.2. Let ẽn(x) = −(sn(x) − un(x)) · fn(x) be a 2π-periodic smooth
function such that it is −(sn(x)− un(x)) on

In
10 and vanishes outside In. Hence by Proposition 6.1,

ẽn(x) = −ϕ0(x) · fn(x) on In
10 . Define

ϕ̃n(x) = ϕn(x) + ẽn(x), Ãn(x) = Λ ·Rπ
2
−ϕ̃n(x)

.

Verifying (1)n of Proposition 6.2. By Lemma 9.3 with parameter ν = 2, we have

sup
x∈In

|∂jfn| ≤
(Cqn+1)

j · (j!)2

1 + j2
.

From the proof of Lemma 8.2,

|∂kϕ0(x)| ≤ k! · (2σ)k ·
(
2 log

1

x

)kσ ·
(1
x

)k · e−( log 1
x

)σ
.

And the function on the righthand side is decreasing on In. Then it implies for 0 ≤ k ≤ log n and
x ∈ In,

|∂kϕ0(x)| ≤ [log n]! · (2σ)logn · (4 log qn+1)
σ logn · qlognn+1 · e−(log qn+1)σ ≤ e−

2
3
(log qn+1)σ .

Hence for 0 ≤ k ≤ log n,

|∂k(ϕ̃n − ϕn)| = |∂kẽn| ≤
∑

i+j=k

k!

i! · j!
·
∣∣∂iϕ0

∣∣ · ∣∣∂jfn
∣∣

≤ 2logn · e−
2
3
(log qn+1)σ · (log n)2 logn · qlognn+1 ≤ e−

1
2
(log qn+1)σ ≤ q−2

n+1.

Verifying (2)n of Proposition 6.2. Since ϕ̃n(x) = ϕn(x) on S1\In and (2)n in Proposition 6.1,

we have that the sequence {Ãn(x), Ãn(Tx), · · · , Ãn(T
r+n−1x)} is λn-hyperbolic for x ∈ In.

Verifying (3)n of Proposition 6.2. Note that s̃n(x)− ũn(x) = sn(x)− un(x)− ẽn(x). Hence

s̃n(x) = ũn(x), x ∈ In
10

.
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9. Proofs of Proposition 7.1 and 7.2.

9.1. Preparation lemmas. Recall that for any f ∈ Gs(I),

∥f∥s,K :=
4π2

3
sup
k

(1 + |k|2)
Kk(k!)s

∥∂kf∥C0 .

We have the following lemmas, which is given in [7].

Lemma 9.1 (Proposition 2.1 in [7]). Assume f, g ∈ Gs,K(I) and ε > 0 is sufficiently small, we
have

(1): ∥fg∥s,K ≤ ∥f∥s,K∥g∥s,K .
(2): ∥∂f∥s,(1+ε1/2)K ≤ Kε−1.

(3): Assume ∥f − 1∥s,K ≤ ε, then

∥f−1 − 1∥
s,(1+ε(s+8)−1

)K
≤ ε1/12.

(4): Assume ∥f − 1∥s,K ≤ ε, then

∥f1/2 − 1∥
s,(1+ε(s+16)−1

)K
≤ ε1/12.

(5): Assume ∥f − 1∥s,K ≤ ε, then arcsin(f) ∈ Gs,4K(I) and

∥ sin f∥
s,(1+ε(s+8)−1

)K
, ∥ cos f − 1∥

s,(1+ε(s+8)−1
)K

≤ ε1/12.

Lemma 9.2 (Corollary 2.2 in [7]). Assume that 1 < ν < ∞ and

g(x) =

{
c exp

(
−x

−1
ν−1 − (2π − x)

−1
ν−1

)
, x ∈ (0, 2π);

0, x = 0.

then there is some C > 0 such that for any x ∈ S1, we have for all n ∈ N,

|g(n)(x)| ≤ Cn exp
(
−|x|

−1
ν−1 − |2π − x|

−1
ν−1

)
(n!)ν .

As a corollary, g ∈ Gν(S1).

Lemma 9.3 (A revised version of Lemma 2.3 in [7]). Assume that 1 < ν < s < ∞. For any
n ≥ N , there exist an absolute constant C and a 2π-periodic function fn ∈ Gs(S1) such that

fn(x)

 = 1, x ∈ In
10 ;

∈ (0, 1], x ∈ In\ In
10 ;

= 0, x ∈ S1\In,
and

∥fn∥s,C ≤ e(s−v)b
−1
s−ν
n .

Proof. Define

ϕ(x) =

{
exp

(
−x−

1
ν−1

)
, x > 0;

0, x ≤ 0,

w0(x) =
ϕ(x+ 2)

ϕ(x+ 2) + ϕ(−x− 1)
, w1(x) =

{
w0(−x), x > 0;
w0(x), x ≤ 0.

By Lemma 9.3, it is straightforward to compute w1 ∈ Gν(R). Then we define fn to be a 2π-periodic
functions such that

fn(x) = w1(10b
−1
n x), x ∈ [−π, π].
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Since w1 ∈ Gν(R), it holds that

sup
x∈In

|f (r)
n (x)| ≤ (Cb−1

n )r(r!)ν

1 + r2
.

Note that the function f(r) := arr−r reaches its maximum at r = ae−1. Thus

sup
x∈In

|f (r)
n (x)|(1 + r2)

Cr(r!)s
≤ b−r

n (r!)ν−s ≤
(
e−1rb

1
s−ν
n

)−r(s−ν)

≤ e(s−v)b
−1
s−ν
n .

□

Lemma 9.4 (A revised version of Lemma 4.1 in [7]). Suppose s > 2 and λ is sufficiently large. Let

E(x) =

(
e2(x) 0
0 e2(x)

−1

)
Rπ

2
−θ(x)

(
e1(x) 0
0 e1(x)

−1

)
,

e(x) := ∥E(x)∥, s(x) := s(E(x)), u(x) := u(E(x)),

where e1, e2, θ ∈ Gs,K(I) satisfying

inf
x∈I

|θ(x)| ≥ ce−b−σ
n ≫ min

{
inf
x∈I

e1(x), inf
x∈I

e2(x)

}− 1
100

, σ :=
1

s− 1
,∥∥∥∥ 1

sin θ

∥∥∥∥
s,K

, ∥ cot θ∥s,K ≤ Ceb
−σ
n , ∥ sin θ∥s,K , ∥ tan θ∥s,K ≤ C,

∥e−1
j ∥s,K ≤ Cλ− 1

3
qn−1 , j = 1, 2.

Then it holds that
e(x) ≥ c · e1(x) · e2(x) · θ(x),

∥e∥s,(1+η)K ≤ C2∥e1∥s,K · ∥e2∥s,K ,

∥e−1∥s,(1+η)K ≤ C2∥e−1
1 ∥s,K · ∥e−1

2 ∥s,K · eb
−σ
n ,

∥π/2− s∥s,(1+η)K ≤ ∥e−1
1 ∥3s,K · ∥e1∥2s,K , ∥u∥s,(1+η)K ≤ ∥e−1

2 ∥3s,K · ∥e2∥2s,K ,

with η = λ− 1
4000

qn−1.

Lemma 9.5 (A revised version of Lemma 4.2 in [7]). Consider a sequence of maps

Al ∈ Gs,K(I, SL(2,R)), 0 ≤ l < m− 1 ≤ qCn .

and their products
Am(x) = Am−1(x)Am−2(x) · · ·A1(x)A0(x),

A−m(x) = A−1
−m(x)A−1

−m+1(x) · · ·A
−1
−2(x)A

−1
−1(x).

Denote a(x) = ∥Am(x)∥, s(x) = s(Am(x)), u(x) = u(Am(x)) and al(x) = ∥Al(x)∥. Let 1 < ξ < 1
100

and θl(x) := u(Al−1(x))− s(Al(x)). Assume that

inf
x∈I

|θl(x)| ≥ ce−b−σ
n ≫ min

0≤l≤m−1

(
inf
x∈I

al(x)

)− 1
100

,

∥csc θl∥s,K , ∥ cot θl∥s,K ≤ Ceb
−σ
n , ∥ sin θl∥s,K , ∥ tan θl∥s,K ≤ C,

∥a−1
l ∥s,K ≤

(
∥al∥s,K

)−1+ξ

≤ Cλ− 1
3
qn .

Then it holds that

inf
x∈I

a(x) ≥ cme−2mb−1
n

m−1∏
l=0

inf
x∈I

al(x),
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∥a∥s,(1+η)K ≤ C2m
m−1∏
l=0

∥al∥s,K ,

∥a−1∥s,(1+η)K ≤ C2me4mb−σ
n

m−1∏
l=0

∥a−1
l ∥s,K ,

∥s(·)− s(A0(·))∥s,(1+η)K ≤ λ− 1
10

qn , ∥u(·)− u(Am−1(·))∥s,(1+η)K ≤ λ− 1
10

qn ,

with η = λ− 1
4000

qn.

Remark 9.1. The key estimate to prove of Lemma 9.4 and Lemma 9.5 is the following. Recall
α ∈ DCγ,τ and hence qn+1 ≤ γ−1qτn. Provided s > τ + 1, ν ∈ [1, s − τ) and λ sufficiently large, it
holds that

λ−c1qn · ec2b
−1
s−ν
n ≤ e4c2q

1
s−ν
n+1 −c1 log λ·qn ≤ e4c2γ

−1
s−ν q

τ
s−ν
n −c1 log λ·qn ≤ e−c3 log λqn = λ−c3qn ,

where c1, c2 and c3 are positive constants. Since the proofs are nearly the same as the one in [7]
whenever one use the above estimate, we omit them here.

Now we assume that 1 < ν < s1 < s2 and s2−ν > s1−1 > 0. We are going to prove Proposition
7.1 with s = s1 and Proposition 7.2 with s = s2. Since ∥f∥s2,K ≤ ∥f∥s1,K for any f ∈ Gs1,K , we
finish the proof by choosing s = s2.

9.2. Proof of Proposition 7.1. We prove the proposition by induction. For sufficiently large λ,

the construction for n = N holds, see [7] for more details (we require λ > eq
qN
N in this case). In the

following, we only focus on n ≥ N + 1.
Inductively, we assume that ϕN , · · · , ϕn−1 have been constructed such that Proposition 7.1 holds

for N ≤ i ≤ n− 1, i.e.

(1)i. Set ηi =
∏i−1

j=N (1 + λ− 1
8000

qj )− 1. Then

∥ϕi(x)− ϕi−1∥s1,(1+ηi)C ≤ λ
− qi−1

10
i .

(2)i. For each x ∈ Ii, Ai(x), Ai(Tx), · · · , Ai(T
r+i (x)−1x) is λi-hyperbolic. Moreover, for x ∈ Ii,∥∥∥∥Ar+i

i (x)∥
∥∥∥
Gs1,(1+ηi)K(Ii)

≤ λ̃
r±i
i ,

∥∥∥∥Ar+i
i (x)∥−1

∥∥∥
Gs1,(1+ηi)K(Ii)

≤ λ
−r±i
i .

(3)i. We have

si(x)− ui(x) = ϕ0(x), x ∈ Ii
10

,

|si(x)− ui(x)| ≥
1

2
ϕ0(x) ≥

1

2
e−cb

−1
s1−1
i , x ∈ Ii\

Ii
10

.

Now we construct ϕn(x) and verify (1)n – (3)n.
For any x ∈ In, Let 0 = j0 < j1 < · · · < jp = r+n (x) be the returning times to In−1. By Lemma

3.5, we have r+n (x) = qn+1 or qn. If r+n (x) = qn, then (1)n – (3)n hold by the previous step. If
r+n (x) = qn+1, then also by Lemma 3.5

p ≤ q−1
n qn+1. (9.1)

Construction of ϕn and An. By (2)n−1, it holds that∥∥Ar+n−1

n−1 (x)
∥∥ · e−cb

−1
s1−1
n ≥ λ

r+n−1

n−1 · e−cb

−1
s1−1
n ≥ λ

(1−ε)r+n−1

n−1 , x ∈ In−1.

Combined this with (3)n−1 to apply Lemma 9.5, we obtain that for each x ∈ In,
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An−1(x), An−1(Tx), · · · , An−1(T
r+n−1x) is λn-hyperbolic.

Let sn(x) := s(Ar+n
n−1(x)) and un(x) := u(A−r−n

n−1 (x)). Let en(x) be a 2π-periodic C∞-function such
that

en(x) := ϕ0(x)− (sn(x)− un(x)), x ∈ In.

Define for x ∈ S1,

ên(x) = en(x) · fn(x), ϕn(x) = ϕn−1(x) + ên(x), An(x) = Λ ·Rπ
2
−ϕn(x).

Verifying (1)n of Proposition 7.1. Let ηn =
∏n−1

j=N (1 + λ− 1
8000

qj )− 1, al(x) = ∥Ajl+1−jl
n−1 (T jlx)∥ and

I = In. Now we are going to verify the conditions of Lemma 9.5. By (2)n−1, we have

inf
x∈I

∥Ajl+1−jl
n−1 (T jlx)∥ ≥ λ

jl+1−jl
n−1 , 0 ≤ l < p.

By (3)n−1, we have

|θl(x)| = |s(Ajl+1−jl
n−1 (T jlx))− u(A

jl−jl−1

n−1 (T jl−1x))|

≥

 |sn−1(T
jlx)− un−1(T

jlx)| − Cλ−qn
n−1 ≥ e−b

−1
s1−1
n , if jl+1 − jl, jl − jl−1 = qn;

|sn−1(T
jlx)− un−1(T

jlx)| − Cλ
−qn−1

n−1 ≥ e−b

−1
s1−1
n−1 , if jl+1 − jl = qn−1 or jl − jl−1 = qn−1.

Also by (2)n−1, we have

∥al∥Gs1,(1+ηn−1)C · ∥a−1
l ∥

Gs1,(1+ηn−1)C ≤

(
λ̃n−1

λn−1

)jl+1−jl

≤ λ4ε(jl+1−jl) ≤ ∥al∥ξ
Gs1,(1+ηn−1)C

,

∥al∥−1+ξ

Gs1,(1+ηn−1)C
≤ λ

− 1
2
qn

n−1 .

By (1)n−1, we have

∥ϕn−1 − ϕ0∥Gs1,(1+ηn−1)C ≤ 2λ− 1
100 .

By Lemma 9.1, we also have

∥ sin θl∥Gs1,(1+ηn−1)C , ∥ tan θl∥Gs1,(1+ηn−1)C ≤ C,

∥ csc θl∥Gs1,(1+ηn−1)C , ∥ cot θl∥Gs1,(1+ηn−1)C ≤ Ceb
− 1

s1−1
n .

Then we could apply Lemma 9.5 and (9.1) to obtain∥∥∥∥Ar+n
n−1∥

∥∥∥
Gs1,(1+ηn)C

≤ C2pλ̃r+n
n−1 ≤ λ̃r+n

n ,

∥∥∥∥Ar+n
n−1∥

−1
∥∥∥
Gs1,(1+ηn)C

≤ C2pe4pb
− 1

s1−1
n λ−r+n

n−1 ≤ λ−r+n
n ,

∥en∥Gs1,(1+ηn)C ≤ λ
− 1

20
qn

n .

Moreover, by the definition of ϕn and Lemma 9.3, we have

∥ϕn − ϕn−1∥Gs1,(1+ηn)C ≤ ∥en∥Gs1,(1+ηn)C · ∥fn∥Gs1,(1+ηn)C ≤ λ
− 1

20
qn

n e(s1−ν)b

−1
s1−ν
n ≤ λ

− 1
40

qn
n .

Verifying (2)n of Proposition 7.1. It is clear that An(x) = An−1(x)R−ên(x). Moreover, it holds

Ar+n
n (x) = Ar+n

n−1(x) ·R−en(x), A−r−n
n (x) = R

−en(T−r−n x)
·A−r−n

n−1 (x).
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Since the rotations do not affect the norms, for each x ∈ In, An(x), An(Tx), · · · , An(T
r+n−1x) is

λn-hyperbolic.

Verifying (3)n of Proposition 7.1. It is clear that

sn(x)− un(x) = ϕ0(x), x ∈ In
10

.

Moreover, it holds that

|sn(x)− un(x)| ≥ |ϕ0(x)| − λ−qn
n ≳ e−b

−1
s1−1
n , x ∈ In\

In
10

.

9.3. Proof of Proposition 7.2. Let ẽn(x) = −(sn(x) − un(x)) · fn(x) be a 2π-smooth function.
Hence by Proposition 7.1, ẽn(x) = −ϕ0(x) · fn(x). Define

ϕ̃n(x) = ϕn(x) + ẽn(x), Ãn(x) = Λ ·Rπ
2
−ϕ̃n(x)

.

Verifying (1)n of Proposition 7.2. By Lemma 9.2 and Lemma 9.3, we have

∥ϕ̃n − ϕn∥Gs2,C = ∥ẽn∥Gs2,C ≤ ∥ϕ0∥Gs1,C · ∥fn∥Gs2,C ≤ e−b

−1
s1−1
n · e(s2−ν)b

−1
s2−ν
n ≤ e−

1
2
b

−1
s1−1
n ≤ q−2

n+1.

Here we choose ν > 1 sufficiently close to s2 such that s2 − ν > s1 − 1 > 0.

Verifying (2)n of Proposition 7.2. Since ϕ̃n(x) = ϕn(x) on S1\In and (2)n in Proposition 7.1, we

have that the sequence {Ãn(x), Ãn(Tx), · · · , Ãn(T
r+n−1x)} is λn-hyperbolic for x ∈ In.

Verifying (3)n of Proposition 7.2. Note that s̃n(x)− ũn(x) = sn(x)− un(x)− ẽn(x). Hence

s̃n(x) = ũn(x), x ∈ In
10

.

Appendix A. Higher derivatives for the angles and the norms.

Proof of Lemma 2.1. Let

D :=

(
e2 0
0 e−1

2

)
Rπ

2
−θ

(
e1 0
0 e−1

1

)
, s(x) := s(D(x)), u(x) := u(D(x)).

Then

s3 − s1 = s− π

2
, u3 − u2 = u, e3 = ∥D∥.

A direct computation shows that

DtD =

(
e21e

2
2 sin

2 θ + e21e
−2
2 cos2 θ (e−2

2 − e22) cos θ sin θ
(e−2

2 − e22) cos θ sin θ e−2
1 e−2

2 sin2 θ + e22e
−2
1 cos2 θ

)
.

First note

e23(x) + e−2
3 (x) = e21e

2
2 sin

2 θ + e21e
−2
2 cos2 θ + e−2

1 e22 cos
2 θ + e−2

1 e−2
2 sin2 θ.

If

e0 ≫ 1, |θ| ≥ e−η
0 ,

then we have e23 + e−2
3 ≥ e21e

2
2 sin

2 θ ≫ 1 and hence e3 ≫ 1. Then

e3 = e1e2| sin θ|+O(e
− 1

2
0 ).
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Next we compute s(x). Let a = e1e2 and b = e1e
−1
2 . It is straightforward to compute

tan s(x) =

√
U2

w2
+ 1 +

U

w
=

(√
U2

w2
+ 1− U

w

)−1

, (A.1)

where

w = 2(e22 − e−2
2 ) cos θ sin θ, U = (a2 − a−2) sin2 θ + (b2 − b−2) cos2 θ.

Hence

π

2
− s(x) = arctan

(√
U2

w2
+ 1− U

w

)
.

Then we have

U

w
=

e21e
2
2 − e−2

1 e−2
2

2(e22 − e−2
2 )

tan θ +
e21e

−2
2 − e−2

1 e22
2(e22 − e−2

2 )
cot θ

=
1

2
e21 · (1− e−4

2 )−1 ·
(
(1− e−4

1 e−4
2 ) tan θ + (e−4

2 − e−4
1 ) cot θ

)
.

Note |θ| ≥ e−η
0 . Then it is easy to compute that

U

w
≥ 1

2
e2−η
1 .

Hence we have ∣∣∣π
2
− s(x)

∣∣∣ ≤ e−2+η
1 .

This implies that

|s3(x)− s1(x)| ≤ e−2+η
1 .

Similarly, we could also obtain

|u3(x)− u2(x)| ≤ e−2+η
2 .

□

Lemma A.1. Let l be a finite positive integer or infinity, C be a universal constant and

ej(x) = ∥Ej(x)∥, sj(x) = s(Ej(x)), uj(x) = u(Ej(x)), j = 1, 2, 3,

θ(x) = s2(x)− u1(x), e0 = min{e1, e2}.
Assume that for x ∈ I,

|∂k
xej | ≤ Ck2 · k! · ej · φk

j , |∂k
xθ| ≤ Ck2 · k! · µk

k, j = 1, 2, k = 1, 2, 3, · · · , l,

inf
x∈I

e0(x) ≫ 1, |θ| ≥ e
− 1

100
0 .

Let

φ3 := max{φ1, φ2, max
1≤j≤k

µj · |θ|−2}, φ̃3 := max{φ1, φ2, max
1≤j≤k

µj}.

Then we have for k = 1, 2, 3, · · · , l and x ∈ I,

|∂k
xe3| ≤ 4k · Ck2 · k! · e3 · φk

3,

∥u3 − u2∥Ck ≤ 8k · Ck2 · k! · e−
3
2

2 · φ̃k
3, ∥s3 − s1∥Ck ≤ 8k · Ck2 · k! · e−

3
2

1 · φ̃k
3.

Proof. We first state some lemmas for higher derivatives.
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Lemma A.2 (The formula of Faà di Bruno). Assume f and g are two smooth functions in an open
interval (a, b), let h = g ◦ f , then

h(n)(x) =
∑

k1+2k2+···+nkn=n
k=k1+k2+···+kn

n!

k1!k2! · · · kn!
g(k)

(
f(x)

)(f (1)

1!

)k1(
f (2)

2!

)k2

· · ·

(
f (n)

n!

)kn

.

Lemma A.3. ∑
k1+2k2+···+nkn=n
k=k1+k2+···+kn

k!

k1!k2! · · · kn!
Rk = R(1 +R)n−1.

Now we start the proof. Note that

e23 + e−2
3 = e21e

2
2 sin

2 θ + e21e
−2
2 cos2 θ + e−2

1 e22 cos
2 θ + e−2

1 e−2
2 sin2 θ. (A.2)

Take nth derivative on both sides. Then by Faà di Bruno’s formula, we have for m = 1, 2, 3,

∂n
(
e2m
)
=

n−1∑
j=1

n! · e
(j)
m

j!
· e

(n−j)
m

(n− j)!
+ 2em · e(n)m ,

∂n(e−2
m ) =

∑
k1+2k2+···+nkn=n
2≤k=k1+k2+···+kn

n!(−1)k(k + 1)!

k1!k2! · · · kn!ek+2
m

(
e
(1)
m

1!

)k1(e
(2)
m

2!

)k1

· · ·
(
e
(n)
m

n!

)kn

− 2e
(n)
m

e3m
.

From Lemma A.3 and assumption∣∣∂n
xem

∣∣ ≤ Cn2 · n! · em · φn
m, m = 1, 2,

we have for m = 1, 2,∣∣∣∂n
(
e2m
)∣∣∣ ≤ 3Cn2 · n! · e2m · φn

m,
∣∣∣∂n
(
e−2
m

)∣∣∣ ≤ 3Cn2 · n! · e−2
m · φn

m. (A.3)

Moreover, we have

∂n(sin2 θ) =
∑

k1+2k2+···+nkn=n
k=k1+k2+···+kn

n! · (−2)k−1 cos(2θ + kπ
2 )

k1!k2! · · · kn!

(
θ(1)

1!

)k1(
θ(2)

2!

)k2

· · ·

(
θ(n)

n!

)kn

,

∂n(cos2 θ) =
∑

k1+2k2+···+nkn=n
k=k1+k2+···+kn

n! · 2k−1 cos(2θ + kπ
2 )

k1!k2! · · · kn!

(
θ(1)

1!

)k1(
θ(2)

2!

)k2

· · ·

(
θ(n)

n!

)kn

.

By assumption, we have |θ(n)| ≤ Cn2 · n! · µn
n. This gives that

|∂n(sin2 θ)| ≤ 3Cn2 · n! ·
(
max
1≤k≤n

µk

)n
, |∂n(cos2 θ)| ≤ 3Cn2 · n! ·

(
max
1≤k≤n

µk

)n
. (A.4)

Then we could obtain the estimates for the nth derivatives of e3 by induction

|∂ne3| ≤ 4n · Cn2 · n! · e3 · φn
3 .

In fact, assume that it holds for 1 ≤ n ≤ k − 1, we are going to prove it for n = k. Take nth
derivatives on each sides of (A.2),

∂n(e23) + ∂n(e−2
3 )

=
∑

n1+n2+n3=n

n!

n1!n2!n3!
∂n1(e21) · ∂n2(e22) · ∂n3(sin2 θ)
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+
∑

n1+n2+n3=n

n!

n1!n2!n3!
∂n1(e21) · ∂n2(e−2

2 ) · ∂n3(cos2 θ)

+
∑

n1+n2+n3=n

n!

n1!n2!n3!
∂n1(e−2

1 ) · ∂n2(e22) · ∂n3(cos2 θ)

+
∑

n1+n2+n3=n

n!

n1!n2!n3!
∂n1(e−2

1 ) · ∂n2(e−2
2 ) · ∂n3(sin2 θ). (A.5)

It is direct to see that the first term on the righthand side is the main term. By (A.3) and (A.4),
we have ∣∣∣ ∑

n1+n2+n3=n

n!

n1!n2!n3!
∂n1(e21) · ∂n2(e22) · ∂n3(sin2 θ)

∣∣∣
≤

∑
n1+n2+n3=n

n3 ̸=0

n! · 2n1Cn2
1 · e21 · φ

n1
1 · 2n2Cn2

2 · e22 · φ
n2
2 · 3Cn2

3 ·
(

max
1≤k≤n3

µk

)n3

+
∑

n1+n2=n

n! · 3Cn2
1 · e21 · φ

n1
1 · 3Cn2

2 · e22 · φ
n2
2 · sin2 θ

≤ 4Cn2 · n! · e21e22 ·
∑

n1+n2+n3=n
n3 ̸=0

φn1
1 φn2

2

(
max

1≤k≤n3

µk

)n3

+ 3Cn2 · n! · e21e22 · φn
3 · sin2 θ. (A.6)

By inductive assumption, we have∣∣∣∣∣
n−1∑
j=1

n! · e
(j)
3

j!
· e

(n−j)
3

(n− j)!

∣∣∣∣∣ ≤ 4n−1 · Cn2 · n! · e23 · φn
3 , (A.7)

∣∣∣∣∣ ∑
k1+2k2+···+nkn=n
2≤k=k1+k2+···+kn

n!(−1)k(k + 1)!

k1!k2! · · · kn!ek+2
m

(
e
(1)
3

1!

)k1(e
(2)
3

2!

)k1

· · ·
(
e
(n)
3

n!

)kn
∣∣∣∣∣ ≤ 4n−1 ·Cn2 ·n!·e−2

3 ·φn
3 . (A.8)

Also recall

e3 = e1e2 · | sin θ|+O(e−1
0 ) ≫ 1.

Then by (A.5), (A.6), (A.7) and (A.8), we have

|e−1
3 · ∂ne3|

≤ 4Cn2 · n!
∑

n1+n2+n3=n
n3 ̸=0

φn1
1 φn2

2

(
max

1≤k≤n3

µk

)n3 | sin θ|−2 + 3Cn2 · n! · φn
3 + 4n−1 · Cn2 · n! · φn

3

≤ 4Cn2 · n!
∑

n1+n2+n3=n
n3 ̸=0

φn1
1 φn2

2

(
| sin θ|−2 · max

1≤k≤n
µk

)n3 + 3Cn2 · n! · φn
3 + 4n−1 · Cn2 · n! · φn

3

≤ 4n · Cn2 · n! · φn
3 .

Hence it holds that

|∂ne3| ≤ 4n · Cn2 · n! · e3 · φn
3 .
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Next we consider the estimates for the angles. By (A.1), the explicit expression of s is given by

π

2
− s(x) = arctan

w
U√

1 + w2

U2 + 1
.

By Faà di Bruno’s formula, we have∣∣∂n(e−m
1 )

∣∣ ≤ ∣∣∣∣∣ ∑
k1+2k2+···+nkn=n
k=k1+k2+···+kn

n!(−1)k(m+ k − 1)!

k1!k2! · · · kn!(m− 1)!em+k
1

(
e
(1)
1

1!

)k1(e
(2)
1

2!

)k2

· · ·
(
e
(n)
1

n!

)kn
∣∣∣∣∣

≤ Cn2 · n! · e−m
1 · φn

1 .

Then by Leibniz formula, we have∣∣∂n
(
(1− e−4

1 e−4
2 ) sin2 θ + (e−4

2 − e−4
1 ) cos2 θ

)∣∣ ≤ Cn2 · n! · φ̃n
3 .

Again by Faà di Bruno’s formula, we have∣∣∣∣∂n
(
(1− e−4

1 e−4
2 ) sin2 θ + (e−4

2 − e−4
1 ) cos2 θ

)−1
∣∣∣∣ ≤ Cn2 · n! · φ̃n

3 . (A.9)

Recall

w

U
= e−2

1 · (1− e−4
2 ) sin 2θ ·

(
(1− e−4

1 e−4
2 ) sin2 θ + (e−4

2 − e−4
1 ) cos2 θ

)−1
.

Then combining (A.3), (A.4) and (A.9), we could apply Leibniz formula and Faà di Bruno’s formula
to w

U and then obtain ∣∣∣∣∂n

(
w

U

)∣∣∣∣ ≤ Cn2 · n! · e−2
1 · φ̃n

3 .

Then it follows that∣∣∣∣∂n

(
w2

U2

)∣∣∣∣ =
∣∣∣∣∣∣

n∑
j=0

n! · (w/U)(j)

j!
· (w/U)(n−j)

(n− j)!

∣∣∣∣∣∣ ≤ 3Cn2 · n! · e−4
1 · φ̃n

3 .

Again by Faà di Bruno’s formula,∣∣∣∣∣∂n

√
1 +

w2

U2

∣∣∣∣∣
=

∣∣∣∣∣ ∑
k1+2k2+···+nkn=n
k=k1+k2+···+kn

n!(−1)k(2k − 3)!!

k1!k2! · · · kn!2k
·
(w
U

)1−2k
(
(w2/U2)(1)

1!

)k1

· · ·
(
(w2/U2)(n)

n!

)kn
∣∣∣∣∣

≤ 4n · Cn2 · n! · e−
3
2

1 · φ̃n
3 , n ≥ 1.

Let f1 :=
1√

1+w2/U2+1
. Then

|∂nf1| ≤ 4n · Cn2 · n! · e−
3
2

1 · φ̃n
3 , n ≥ 1.

It follows from Leibniz formula that∣∣∣∂n
(w
U

· f1
)∣∣∣ =

∣∣∣∣∣∣
n∑

j=0

n! · (w/U)(j)

j!
· f

(n−j)
1

(n− j)!

∣∣∣∣∣∣ ≤ 4n · Cn2 · n! · e−
3
2

1 · φ̃n
3 , n ≥ 1.
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On the other hand, let f2(x) := arctanx. We have for any n ∈ Z+,

f
(n)
2 (x) =

(−1)n−1(n− 1)!

2i · (x− i)n
− (−1)n−1(n− 1)!

2i · (x+ i)n
,

where i denotes the image unit. Hence it holds that∣∣∣f (n)
2

(w
U

· f1
)∣∣∣ ≤ n!, n ≥ 1.

Recall that π
2 − s(x) = f2

(
w
U · f1

)
. Then from Faà di Bruno’s formula, we have

|∂ns| =
∣∣∣∂nf2

(w
U

· f1
)∣∣∣ ≤ ∣∣∣∂n(f2 ◦ f1)

(w
U

) ∣∣∣ ≤ 8n · Cn2 · n! · e−
3
2

1 · φ̃n
3 .

This implies that

∥u3 − u2∥Ck ≤ 8k · Ck2 · k! · e−
3
2

2 · φ̃k
3, ∥s3 − s1∥Ck ≤ 8k · Ck2 · k! · e−

3
2

1 · φ̃k
3.

□

Proof of Lemma 2.2. The condition of Lemma 2.2 is a bit different from Lemma A.1. However,
we could proceed the similar process to obtain the conclusion. Since the proof is nearly the same,
we omit it here. □
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