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ABSTRACT. We construct examples of discontinuity of Lyapunov exponent in the spaces of quasiperi-
odic SL(2,R)-cocycles for fixed irrational frequencies. Especially, we prove that the Gevrey space
G? is the transition space of continuity for all strong Diophantine frequencies. We also construct
examples of discontinuity for other frequencies in less smooth spaces, which show that the more
difficult it is to approximate the frequency with rational numbers, the more likely it is to exhibit
discontinuity in smoother spaces.
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1. INTRODUCTION.

Let X be a C! compact manifold, A(x) be a SL(2,R)-valued function on X and (X,T, ) be
ergodic with p a normalized T-invariant measure. Dynamical systems on X x R? given by
(z,w) —~ (Tz, A(z)w)

are called a SL(2,R)-cocycle over (X, T, 1) and denoted by (T, A). We call the special case X = S!,
u being Lebesgue measure on S! and T = T, : = +— = + o with « irrational, quasiperiodic SL(2, R)-

cocycles, denoted by («, A) for simplicity. If A(z) = Sg(z) := ( E _10(33) _01 >, we call them

Schrédinger cocycles.
The nth iteration of the cocycle is given by

(a7 A)n = (na7 An)’

where
AT z)---Az), n>1;
An(gp) — Idg, n:O;
(A=(T"z)) ", n<-—1.

The average exponential growth of the norm of A™(z) is measured by the Lyapunov exponent (LE
for short)

L(a, A) :Jinéoi/gl log || A™ () | dz-

The existence and non-negativity of L(a, A) are guaranteed by subadditivity of the sequence
{Jsilog |A™(z)||dx}n>1 and the fact that A™(z) € SL(2,R). Moreover, by Kingman’s subaddi-
tive ergodic theorem
1
L{a, A) = lim —log | A"(x)],

n—oo n
for p-almost every x € S'.
In Bourgain-Jitomirskaya’s seminar paper [4], they prove that the LE is jointly continuous in
(a, E) € R\Q X R for Schrédinger cocycles Sk ,(x) when v(x) is analytic and fixed. It is a corner-

stone of the analytical theory of quasiperiodic Schrédinger operators, and many significant results,
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including the solution to the Ten Martini Problem and Avila’s global theory, have been established
based on it. Later, the continuity in (a, 4) € R\Q x C¥(S!,SL(2,R)) was proved in [11, 12, 13].

For a long time, people expected the continuity could be extended to larger spaces, such as the
Gevrey spaces defined by G*(S',SL(2,R)) = {A(z) : [|[A®(z)|| < C(E!)*R*,C > 0,R > 0} where
A®)(z) denotes the k-order derivative of A(x), which lies in between C* and C*, even more larger
spaces CF, k= 1,2, -, 00. By approximation method, the continuity of L(c, A) was succeeded to
be extended to the Gevrey space G®,1 < s < 2 for Diophantine frequencies [5, 14]. It is also well
known that L(a, Sg,) could be continuous even for some C? potentials [18]. However, L(c, A) has
been proved to be discontinuous in A € C°(S!,SL(2,R)) by Furman [6] and Bochi [2, 3] for any
irrational frequency « at any nonuniformly hyperbolic cocycle, which implies that C°(S!, SL(2, R))
is too large for the continuity of LEs. So, identifying the largest space for continuity of LE, and
thus identifying the boundary of the “analytical theory” is certainly an important issue. People
in the community once expected that continuity holds in C*(S',SL(2,R)) for sufficiently large k
(similar to KAM theory). Unfortunately, it is not true due to counter-examples in C*°(S!, SL(2, R))
constructed by Wang-You [16, 17]. Later, it was proved that the Gevrey space G*,s = 2 is the
transition space from continuity to discontinuity [5, 7, 14]. Both Wang-You [16, 17] and Ge-Wang-
You-Zhao [7] assumed that the frequency « is bounded type (see Definition 1.1), which is technically
crucial in their construction of counterexamples. However, it is well known that the set of bounded
type frequencies is of zero Lebesgue measure. So people in the community were curious if the
continuity can cross G2 for most frequencies as mentioned in Jitomirskaya’s ICM plenary talk [10]:
“This still leaves open the question whether continuous behavior of the Lyapunov exponents at
least for Schrédinger cocycles with regularity lower than G2 is possible if the frequency is not of
bounded type.”

In this paper, we show that G? is in fact the transition space for almost all frequencies (more
precisely for all strong Diophantine frequencies), and we also construct counter-examples for other
frequencies in larger spaces. Before stating our results, we first present the following classification
on frequencies.

Definition 1.1. Let {p,/q.} be the fractional expansion of a. We say that
e « is bounded type if there exists M > 0 such that
Gn+1 < Mq,, VneN.
e « is strong Diophantine if there exist v > 0 and 7 > 0 such that
Gni1 <7 'gn(logqn)”, Vn €N. (1.1)
« is Diophantine if there exist v > 0 and 7 > 1 such that
Gni1 <7 Y0, VneN. (1.2)
« 18 Brjuno if there exists 0 < § < 1 such that
log ¢n+1

s(a) := limsu
Bs(c) msup— ;

< 00

« 1is finite-Liouvillean if
lo
B(a) := limsup O8n+l
n—00 qn

e « is called super-Liouvillean if B(a) = co.

Denote by SDC(v,7) the set of all strong Diophantine numbers with (1.1), and by SDC =
U050 SDC(7, 7). Denote by DC(v,7) the set of all Diophantine numbers with (1.2), and by
DC(1) = Uy>0DC(v, 7). It is known that SDC and DC(7) are sets of full Lebesgue measure for

any 7 > 1.
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Theorem 1.1. For any fized o € SDC, the Gevrey space G? is the transition space of the continuity
of LE. That is, the Lyapunov exponent L(a, A) is continuous in G*(S',SL(2,R)) for 1 < s < 2,
while it has discontinuous points in G*(St,SL(2,R)) for s > 2.

Based on Theorem 1.1, we can obtain the transition space on potentials for quasiperiodic
Schrodinger cocycles by same argument as in [16] (See page 2367, proof of Theorem 2 in [16]).

Corollary 1.2. For any fized « € SDC and E € R, L(c, Sg) is continuous with respect to v in
G5(SYL,R) if 1 < s < 2, while there exists vg € G*(S') such that L(a, Sg,) is discontinuous at vg
in G5(SY,R) if s > 2.

We also give counterexamples for all irrational frequencies except super-Liouvillean one.

Theorem 1.3. For any fized Diophantine frequency o € DC(7), there exists D € G*(S',SL(2,R))
such that the LE is discontinuous at D in G° topology with s > 7 + 1.

Theorem 1.4. Fived any fized Brjuno frequency, there exists D € C*°(S',SL(2,R)) such that the
LE is discontinuous at D in C™ topology.

Theorem 1.5. Fized any fired finite-Liowvillean frequency, there exists D € C*(S',SL(2,R)) such
that the LE is discontinuous at D in C* topology for any £ € Z...

We now outline the central idea of our construction. The LE is a measure of the limiting
exponential growth rate of matrix production. To grasp this concept, consider the norm of the
product of two SL(2, R)-matrices. For two matrices A and B with large norms, the norm of their
product AB is determined by the norms of A and B, as well as the angle between the expanding
and contracting directions of A and B (see Lemmas 2.1 and 2.3). In essence, the norm of AB
increases when the angle is relatively large (non-resonant case), and conversely, it has cancelation
when the angle is relatively small (resonant case). For a finite set of matrices {Ay,--- , A,} with
large norms, approximately A > 1, the norm of the product A; - -- A, is roughly O(A"), provided
that the angles between adjacent matrices are not excessively small.

Our strategy involves inductively constructing a convergent sequence of cocycles {4,,,n = N, N+
1,---}, each of the form AR4(z), where A = diag{\, A\"!} and ¢(z) possesses a unique degenerate
zero, we call it the critical point, say at © = 0. Let I, denote a decreasing, small neighborhood
around x = 0. Define the increasing function r, as the minimal first returning time of I,, under
the transformation T}, : x — = 4+ a. We observe that r,, is dependent on both I,, and the fractional
expansion of a. Since ¢(x + ), ..., ¢(x + (r, — 1)) are not very close to zero, as a result we have
|A(z + (rp — 1)a) --- A(z)|| = O(A\1=97). Consequently, the finite LE of (a, A,) up to order 7,
is (1 — €)log A with € arbitrarily small. This implies that the LE of the limiting cocycle (a, D) is
roughly (1 — €)log A which is obviously positive if A is big although we do not yet know whether
the LE of («, A,,) is positive or not:

Meanwhile, since all A,, possess a degenerate critical point, the degeneracy dictates the smoothing
class in which the counterexample will be constructed. This degeneracy enables us to perturb A,, to
A, in the vicinity of x = 0 in desired topological space. Such perturbations ensure that A, = Din
the smoothing class in which the counterexample will be constructed and all L(An) are significantly
smaller than L(D), which in turn causes discontinuity.

The construction of {A,} is given by an induction, more precisely, the construction of A,
is based on the product of A, along much longer orbits of T,. However, since these orbits are
bound to enter I,, multiple times, each entry can potentially lead to a cancellation. The occurrence
of this cancellation is contingent upon how the orbits converge near x = 0, which is influenced
by the arithmetic properties of «, specifically the growth rate of g,, and the flatness of ¢(x) in
the neighborhood of x = 0. To successfully construct the desired object, we must avoid these
cancellations. Consequently, ¢(x) cannot be overly flat when « is more closely approximated by
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rational numbers (we term this “bad frequency”). This is the reason why counterexamples can only
be constructed within a larger space for “bad” frequencies.

Although the main framework of the proof is similar to those found in [7, 16, 17], this paper
introduces several innovations that allow us to extend the argument to its full potential. As a
result, we achieve not only the optimal result for all strong Diophantine frequencies (not limited to
bounded types) but also manage to construct counterexamples for other frequencies.

Now, we describe the innovations presented in this paper. The first key innovation is the design
of critical intervals I,, for each a based on the fractional expansion of «. This design ensures that
the returning times within these intervals can be accurately computed. More precisely, each interval
I, is divided into two subintervals. One subinterval has a returning time of g,, while the other
subinterval has a returning time of ¢,11 (as detailed in Lemma 3.5). Consequently, the norms of
the iterated cocycles are exactly given by O(A%) for the phases within the first subinterval and
O(A?+1) for the phases in the other subinterval. This development allows us to generalize the
results of [7] from bounded types to all strong Diophantine frequencies.

The second innovation lies in the strategic selection of degeneracy at the critical point of the
starting cocycle. This selection is optimized for economic efficiency. For constructing counterexam-
ples within the C* space, we employ a degeneracy order of |z|"+1 at the critical point. In the context

of C'*° space, we adopt a degeneracy of e_(_log“”‘)é, where ¢ is greater than 1. When dealing with
1

G*, we utilize e71?I" ™ as the degeneracy. This approach allows us to construct counterexamples
for other Diophantine and Liouvillean frequencies.

Our construction suggests that the process of constructing counterexamples within the domain
of cocycles with smoother topology requires a “more Diophantine” frequency. This means that the
closer the frequency is to be approximated by rational numbers, the more likely it is to display dis-
continuity in smoother spaces. This finding is somewhat counterintuitive, as many previous results
have shown that Diophantine properties are beneficial for the Hélder continuity of LE [8, 9, 15, 19].
It would thus seem reasonable to expect that these properties also facilitate the continuity of LE.
However, our investigation in this paper let us guess that the Liouvilleaness of the frequency may
actually aid in ensuring continuity, despite its known detrimental effects on Holder continuity [1].
Our construction also hints that LE might be continuous in C*° if the frequency « is very Liouvil-
lean. To this stage, we expect positive answer to the following problems.

Problem 1. Whether LE is continuous in G° topology with 1 < s < 2 for all irrational frequencies?

Problem 2. Whether LE is continuous in G° topology with s < 7+ 1 for all Diophantine frequencies
in DC(1)?

Problem 3. Whether LE is continuous in C* topology (k=1,2,---) for super-Liouvillean frequen-
cies?

Problem 4. LE as a function of E in Schrodinger case is much more easy to be continuous when
both the frequency and the potential are fized. We believe that LE is continuous for typical smooth
potentials. Both positive results besides and negative results are extremely interesting. So far, only
the big C? cosine type potential case has been proved [18].

The rest of the paper is organized as follows. In Section 2, we introduce the nonresonant case,
which is used in Young’s inductive argument [20] to prove positive LE, and the completely resonant
case, which is the key to derive discontinuity of LE. In Section 3, we obtain sharp distribution of
the trajectory of the irrational shift and apply it to compute the returning times for single interval
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with suitable length. In Section 4 and Section 5, we construct {A,} and {4,} in C' topology
and then prove discontinuity of LE for finite-Liouvillean frequency. We analyze the distribution of
trajectory to obtain refined estimates on norms and then establish Young’s inductive argument. In
Section 6 and Section 8, we follows the method in C! case to derive discontinuity in C° topology
and Brjuno frequency. Similarly, in Section 7 and Section 9, we prove discontinuity in G* topology
and (strong) Diophantine frequency.

2. ANGLES AND NORMS OF PRODUCT OF SL(2,R)-MATRICES

In this section, we analyze of angles and norms for SL(2,R)-matrices and then introduce non-
resonant case and completely resonant case. In nonresonant case, the norms of a sequence of
matrices are accumulated, which is the core of Young’s inductive argument. In completely resonant
case, the norm of two adjacent hyperbolic matrices mutually cancel out, which is the key to prove
discontinuity.

Throughout the paper, we denote by ¢ and C universal positive constants (the constants may
change in different estimates).

For 6 € St let

Ry — < cos@ —sinf )

sinf  cosd
Define the map
5:SL(2,R) — RP! = R/(nZ)
such that s(A) is the most contracted direction of A € SL(2,R). That is, for any unit vector
3(A) € s(A), it holds that ||A-3(A)|| = ||A||~!. Abusing the notation a little, let
u: SL(2,R) — RP! = R/(n7Z)
be determined by u(A) = s(A~!) and 4(A) € u(A). Then by singular decomposition of A €

SL(2,R)\SO(2,R),
cosf) —siné
A_R”'< sinf cos@ > 'Rg—s,

where s,u € [0, 7) are angles corresponding to the directions s(A),u(A) € R/(7Z).
Now consider the product E3(z) = FEs(z) - E1(x), where Ey, By € CY(SY, SL(2,R)\SO(2,R)) and
x € St. Then we have
[E2fl 0 [Ea]l O
by = By - B = Ry(p,) < 0 | B || R%*S(EQ)JFU(EI) 0 1B ||~ Rgfs(Eﬂ‘

We say |s(F2) — u(FE7)| is the angle between Es and Ej. For ||E;|| > 1, i = 1,2, it is not hard to
see that the norm of EpF; approximately equals to || Ezl - ||[E1]|| unless the angle tends to 0. We
say that it is nonresonant if

max { | B1[| 71 B2 7'} < [s(E2) — u(Er)] -

The following basic lemma gives the norm estimates and angle estimates for F3(z) = Ea(x) - By (z)
in the nonresonant case.

Lemma 2.1. Let E3(x) = Es(x) - E1(z). Denote
ej(x) = [Ej@)l, si(x) = s(Ej(z)), wuj(x) =u(Ej(z)), j=1,2,3
O(x) = so(x) —ui(x), ep=min{e,es}.

For x € I, suppose we have eg > 1 and 0] > ey with 0 < n < 10=2. Then we have

1
e3 = erez|sinf| 4+ O(e, ?),
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_T _T
1 1

lug(z) —ug(x)| < ey, |ss(x)—si(z) <e *, zel.
Moreover, we could also obtain a C* version of Lemma 2.1. For f € C*(S', RP!), define

.=  max max|d f(z)].
Ifllcw = _ max  max|df()]

Lemma 2.2. Let ej, sj, uj (j =1,2,3), 0, eg and n be defined as in Lemma 2.1. Assume that
Oke;| < CF -kl el™ (ok0| < e, j=1,2, k=1,2,3, L.
For x € I, suppose
1 13 —
l?’]<m, egZC y ’9|2807].
Then we have for k=1,2,3,--- 1,
|0Fes| < CF - k- eyt

The proofs of Lemma 2.1 and 2.2 are essentially given in [16] (see the proof of Lemma 3.8), where
the bounded-type condition seems involved (in fact, it does not). The present form of Lemma 2.1
and 2.2 could be considered as a concise version which is independent of the frequency. To keep
the paper self-contained, we give simplified proofs of lemmas in the appendix.

On the contrary to nonresonant case, we say that it is completely resonant if the angle between
two matrices vanishes, i.e.
s(F2) —u(Ep) =0.
The next lemma, saying that the cancelation of the norms happens in the completely resonant case,
is the key to prove discontinuity of LE.

Lemma 2.3. Suppose that A and B are two hyperbolic matrices such that ||Al| = A" and ||B|| = \§
with m,n >0 and A\, A\ > 1. If u(A) = s(B), then

IBAI| < 2max{A7 - A" AT - A;™).

Proof. From the singular value decomposition, it holds that

A0 AT 0
BA = Ry < 02 A" )Rg_s(B)+u(A) ( 6 AT )Rg—s(A)-

Note that we have s(B) = u(A). Then
B DU AP0
a=tian (30 ) (7 0 ) moean

_ 0 =N
= Ry ( AT 0 Rz_s(a)-
Hence we have
|BAJl < 2max{Af" - A" A A;™}.
O
At the end of this section, we define p-hyperbolic sequence of SL(2,R)-matrices, which is useful
in Young’s inductive argument. Given a sequence of SL(2,R)-matrices
{' o 1A727A*1a AOa Ala A2 e }7
we denote

A" = Ay Ao A1Ay, AT =ATJAT) - ATIATH
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Definition 2.1. For any 1 < p < A, we say the block of matrices { Ao, A1, -+ , An—1} is pu-hyperbolic
if
||AZ” < >‘7 ||Az|| > Ni(l_g)a Vie {07 1727 N — 1}’ (21)

and (2.1) holds if Ag, Ay, -+, An_1 are replaced by A”), - - ,A:%,A:}.

3. SHARP ESTIMATES OF THE RETURNING TIMES

In this section, we will specially design a sequence of decreasing intervals I,, for each «, such
that the first returning times is clear.

3.1. Sharp distribution of the trajectory of the irrational shift. For any irrational «, we
consider its continued fractional expansion as follows. Define the map f: (0,1) — (0,1) by

1 1

r@ =13

r |z
where [z] is the largest integer such that [z] < . Let ay,(n > 0) be defined by
ap=a—[a], an = f"(ap) for n > 0.
Set
ap = la], a, = a;il —ap, Vn > 1.
Then, it yields that

1
a=ag + il
ay +
h -+ anian
or a = [(1/(], ai,--: ,0n + Oén] for short.
The fractional expansion of « is defined by

b 1
= = [aﬂualv'” ,(Ln] :a0+71,
qTL al _|_

e
It is easy to identify the numerator and denominator of the n — th convergent with the sequences
{Pn}n>—2 and {gn }n>_2 defined by:
p-2=0, p1 =1, and pp = anpn-1 + pn-2, ¥n =0,
g2=0, g1 =1, and ¢, = apgn_1 + gn—2, ¥Yn > 0.
It is well-known that g,a — p,, > 0 for even n, and ¢,a — p,, < 0 for odd n. Moreover, g,a — p,, is
the best approximation of 0 as follows:
[gner = pnl <lga—pl, V0 <q# gn < gny1, p € Z (3.1)
Let
Zn = qnot — pn = (=1)"||gnar|),
where
||| := min |z + n|, Yz € R.
nez
It holds that
|2n—1] = @nt1 - 20| + 2011l

Due to the fact that
1 Pn 1
——<|la—-—|< , neN,
Qn(Qn + Qn-‘rl) qn dngn+1



we have

1
— < ||gna|| = |25 < . 3.3
dn t dn+1 lgnall = ] Gn+1 (3:3)

Actually, compared to (3.1), we have some more precise descriptions for the distribution of the
set {ga — p} as follows:

Lemma 3.1. Let ¢ > 0,p € Z,n > 0. If qo — p is strictly between g, — pn and ¢pi10 — Ppy1, then
either ¢ > gn + gny1 orp=q=0.
Proof. Without loss of generality, we assume n is even. Let © = ga — p(q # 0) is strictly between
Gne — P, and @41 — Prt1, €.,

Q10 = Pry1 < g — P < g — Pn. (3.4)
Due to (3.1), we have

q > qnt1-
Now, we assume ¢ < ¢n+1 + ¢n- Then, by (3.1) and (3.4), it implies that > 0 and
’Zn+1| = - (Qn—i—la - pn-l—l) <ZT=gqa—p<2zp=(nQ — Pn.
By noting that 0 < ¢ — ¢n41 < ¢, we obtain from (3.1) that
’JZ - Zn—i—l‘ = ’(q - Qn-‘rl) o — (p - pn-i—l)’ > Zn,
which implies
|z — 2] < |z2n+t1].

However, since 0 < ¢ — ¢, < ¢n+1, we yield by (3.1) again that

|Z7l _‘T| = |(q_Qn)a - (p_pn)| > |Zn+1‘-

O
Proposition 3.2. Consider the set X, :== {qa —p:0 < q < gn+1,p € Z}, ordered as --- < x_1 <
O=z9g< 1 <T9 <---. Let x, = gqa — p be an element of this set.
e Ifn is even, then
Tpt1 = ok + |2nl, q < qnt+1 — qn;
- $k+‘2n‘+’2n+1|, q 2 qni1 — qn.
o Ifn is odd, then
Tp—1 = 2k + |2l 4 < Gn+1 — Gn;
- $k+‘2n‘+’2n+1|, q 2 qni1 — qn.

Proof. We also consider only the case n is even, since the odd case is similar.

Let ¢ < gn+1 — gn. We declare that xp1 = zx + 2, = (¢ + gn)a — (p + pn). Firstly, since
4+ qn < qut1, (@ + gn)o— (p+ pn) € &y. Secondly, if there exists some x| = ¢'a —p' <z + 2,
with 0 < ¢’ < gny1, it will be a contradiction by (3.1) that |2}, —xx| = |(¢' — ¢)a — (p' —p)| < zn.

Let ¢ > gpny1 — ¢n. We declare that

Tht1 = Tk + | 20| + |2n41] = Tk + 20 — 2001 = (@ + @n — ny1)a — (P + Pn — Prt1)-

Firstly, since 0 < ¢+ gn — @n+1 < @ny (@ + @n — 1) — (P + P — Pnt+1) € X, Secondly,
if there exists some 7., = ¢'a —p' < xg + |2n| + [2p41] With 0 < ¢’ < gny1, it implies that
x4, is between xp = (2 — 2zn41) + Znt1 and 2p1 = (T — 2nt1) + 2. Due to the fact that
Tk — 2n+1 = (¢ — Gn+1) @ — (P — Pnt1), we have by Lemma 3.1 that

q/ - (q - Qn-‘rl) 2 Gn + Qi1

It will also be a contradiction with 0 < ¢ < g, 1. O
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In summary, these points x; can be expressed more concise as follow
Corollary 3.3.
zr = la (mod 1), where l = kg, (mod ¢nt1), 0 <k < @py1 — 1.

From Proposition 3.2, we could derive a useful estimate for the upper bound of the first entering
time to an interval.

Lemma 3.4. Let x be arbitrary points in S'. Denote b, = (|zn| + |2n41])/2 and I := [~by,,by).
Then '

min{j e N: Tz € I} < gny1.
In other words, the largest time of any trajectory entering I is smaller than gn11.

Proof. By Proposition 3.2 and (3.2), the trajectory {T7z : 0 < j < gn11} approximates to a
sequence of points even distributed on [0, 1] with distance between adjacent points being |z,| or
|2n| + |2ns1|. Thus there must be a jo € {0,1,--- ,¢us1 — 1} such that T7°z € I, which proves the
lemma. U

3.2. Sharp estimates of the returning times for a single interval. In this subsection, we
will create some intervals with suitable length, such that the returning time of these intervals are
very concise and simple.

For even n, we define

o= [0,]zanl),
I, [[2n| = (0 = Dlzns1ls [2n] = (0 = 2)[2n41]), 1< < ango,
I;’i [|Zn+1|¢ |ZTL+1| + ’Zn+2|)-

It is easy to see that

an+2
In = [0, |zn| + |2n41]) = Ig U I U < U I%) .

i=1

Lemma 3.5. For x € I, let v} (x) be the first forward returning time to I, that is, .} () =
min{j € Zy : T9x € I,}. Then it holds that

+ dn, S I’?L;
ry(x) =
n (@) { Gns1, © € L\IC.
Proof. If x € I? = [0, —2p+1), then
T+ 2p € (20, —2Zng1 + 2n) = I} C I,,.
On the other hand, by (3.3) for 0 < j < gn, ||ja|| > ||gn—1¢|| = |2n—1]. Note that for any irrational
a, |zn—1| > |2n|+|2n+1]- So, due to Proposition 3.2 and the fact that z,—1 < 0, we have z+ja ¢ I,.
This shows that for z € I, r;f (z) = gn.
Ifz € Irzz = Uzn| - (Z - 1)’2n+1|7 ’Zn| - (Z - 2)‘2n+1’) C In\Iga 1<i< an+2, then
T+ znt1 € [|zn| = t|zngals 20| = (0 = D]znta]) C I
On the other hand, by (3.3) for 0 < j < gn+1, |7l > |lgne|| = z,. However,
T+ zn € 2|zn| — (0 — D)|znt1], 2|2n] — (@ — 2)|2n41]) N I, = 2.
By Proposition 3.2, it holds that for any = € I%, r,F (2) = gni1.
If o € I} = [|2n41l, [zns1] + |2n42]) C L\, then

T+ 2pt1 € [0, [zn42]) C Ig C In,
9



and
T+ 2y € [|2n| + [2n41ls [20] + |2041] + [2042]) N I = @.
Thus, for any z € I}, v} (z) = gn41. O

From the proof, we have more concise information of the first returning.

Corollary 3.6.

L) = I,

TQn-‘rl(I;{L) — Iril+17 i=1,2,-+ ,apo—1
T+ (I0n+2) C XUl

T+ (I 1D

Our improvement heavily relies on the special choice of I, for each «, which makes the first
returning time is concise. Since « is irrational, it is impossible to have constant first returning time
for any interval. So Lemma 3.5 is the best outcome one can expect. The following lemma tells us
that 10 is similar to I,:

Lemma 3.7. Forx € Ig, the returning time to Ig forward is either qny2 07 Gnio + qny1-

Proof. Due to Proposition 3.2 and the fact that |I?| = z,,1, we obtain that for any = € I?, the
returning times could not be smaller than g,2.

Define
% = [ = Dlzusel dlznrel), i =1 anss — 1,
I = [(anss = Dlznsol, (@nss = 1lznsel + z04s])
L0 = [(anss = 1) [zns2] + [zns3l, [2n41]) -

It is easy to check that
Tan+2 ([2#‘) =

Tn+2 (Ig,an+3 -1 )

[il2nral, (i + Dlznsol) = [ C I, i= 1, anys — 2,
[(an+s — D)|zn+2|; ants|znt2])
= [2n+1 — [2n+3] = |2nt2l, 2041 — |2n43]) C Ig’* U Ig’o - Ir??
T2 (Ig’*) = [ant3|znt2l, ane3 [2nsa] + |2n43])
= |

‘Zn—I—l’ - ’Zn-‘r?)‘ ) ‘Zn—i-l’) C I’r?’o C Igu

which implies that the returning time is g,42 for any x € IQ\IS’O.
At last, for the interval 1270, it has that

T (1—2,0) = [an+3 |2nt2] + [2n43ls 21| + [2n42])
= [lznt1ls |znt1| + 2042l N 12 =9,
Tt (109) = [0, zqeal) = 19 C 1D
Thus, due to Lemma 3.1, we obtain that the returning time is ¢p42 + gn+1 for any = € 00, O

It is easy to check that Lemma 3.5, Corollary 3.6 and Lemma 3.7 will also be valid for odd n, if
we redefine the intervals as follow:

I = (0, |zn| + [2n41l],
Ig = (lznl, 20| + [2n41l],
1711 = ((2 - 1)‘zn+1|ai‘zn+1”7 1 S ] S An+2,

10



I, = (2l = [2nt2ls [2nl]-
If we consider the first backward returning time
ro () =min{j € Zy : Tz € I,},

then we have similar results as Lemma 3.5, Corollary 3.6 and Lemma 3.7.

4. PROOF OF THEOREM 1.5: DISCONTINUITY OF LE IN C' ToPOLOGY

In this section, we prove Theorem 1.5 with two convergent sequences of cocycles { A, }, which have
increasing norms in inductive process and converges to D; in C! topology, and {gn}, which have
cancelation on norms and also converges to D; in C? topology. Under finite-Liouvillean condition on
frequency, we prove positivity of L(D;) by Young’s inductive argument and then derive discontinuity
of L(D;) through cancelation on norms and sharp estimates of returning times.

Firstly, we give the following settings.

e The frequency: Let a be a finite-Liouvillean number, i.e.

B(a) := limsup 108 Gn+1 < 00,
Nn—00 dn

where p,,/q, be the fractional expansion of a.
e The critical interval: I,, = [~by,by), where b,, = WA and 2, = ¢goo — pPn.
e The first returning time: For = € I,,, we denote the smallest positive integer i with Tz € I,

(respectively T~z € I,) by r,f (x) (respectively r,, (x)).
e The sample function: Fix §p > 0 small and [ € Z,. The 2w-periodic smooth function

¢o € CL(S!) is defined as

® (x) _ ‘$|l+17 ’.’L‘| < do;
O 7\ such that Sht < |¢o(z)] < 5, || > do.

A0

For any C > 1, we denote by %" the sets [—%”, %") Let A = < 0 A\l

>. Fix € > 0 arbitrary
small. Let N be sufficiently large such that
_1 I3
by < 0o, > (I+1)g, P < 5 (4.1)
n>N

Assume that A is sufficiently large such that
100e~1(1+1)

A> Gy . (4.2)
Recall that g1 < b]_\,1 < 4gns1. Hence X > 6&50671(l+1). Inductively, we could define \,, (n > N)
as
log A+ (14 1)logbn, n=Nj;
log A, := -1 4.
08 An (1-20+1)g,2 ) log An1, n=N+1. (43)

Clearly, the sequence \,, decreases to some Ay, with Ay, > AT
With above settings, we construct two sequences of cocycles in the following propositions, whose
proofs will be given in the next section.

Proposition 4.1. There exists \g = Ao(l, @, ¢o) such that for X > o the following holds. There
exist functions ¢p(x) on S' (n=N,N +1,---) such that

(1)n: The function ¢n(x) is exactly the same as ¢p—1(x) for x ¢ I, and moreover it holds
that

_1
qun(x) - an—l(x)HCl < )\n3qn71, n > N.
11



(2)n: The sequence {Ap(z), Ap(Tx), - ,An(T“fflx)} is Ap-hyperbolic for x € I, where A, () :=
ARg_%(x). Moreover, for x € {—8, 1<k<landd<n< ﬁ,

4145 @)l| < 1143 @)+,
(3)n: Let sp(z) = s(A;:;f (7)) and uy(x) = s(A;™ (z)). Then it holds that

(3.1)n: sp(x) —up(z) = ¢o(x), for x € %,’

(3.2)n: |sn(z) —up(z)| > %|¢)o(a:)| > (%)H_l, forx € In\{—g;
(3.3)n2 0% (sn(z) — un(x))| < N forx € I, and 1 < k < 1.

Proposition 4.~2. There exists \g = Ao(l,c, pg) such that for X\ > X\g the following holds. There
exist functions ¢p(x) on S' (n = N,N +1,---) such that
(1")n: The function dn converges to ¢, in C' topology
(@) = Su(@)]| i < @r1s n>N.
(2),: The sequence {Ay(z), Ap(Tx),- - - ,Avn(Trz_lx)} is Ap-hyperbolic for x € I,, where

An(a:) = ARgign(x)
(3")n: Let $p(x) = S(AVZTJ{ () and U (z) = s(A;™ (). Then it holds that
(@) = (), € %

By (1), in Proposition 4.1, (1'),, in Proposition 4.2 and the completeness of C!(S!,SL(2,R)),
there exists a D; € C'(S', SL(2,R)) such that as n goes to infinity,

lAn — Dil|ct = 0, ||An — Dy]|ce — 0.
Thus to prove Theorem 1.5, it suffices to prove
e The lower bound: L(D;) > (1 —€)log A with e very small;

e The upper bound: L(A,) < (1 —§)log\ for sufficiently large n, with 6 > ﬁ > e
4.1. The lower bound of LE. Fix € > 0 arbitrarily small. Let

3/2
[qn{t,_ﬂ

B,= |J (B(0,g;},)—1la), n>N. (4.4)
I=1
By (4.1), it is straightforward to compute that

_1 I3
meaS< U Bn> <> g4 < vk
n>N n>N
for N large enough.

Now we are going to estimate the norm of A% (z) with m > n and i = [qifl] for z ¢ U,> y Bn-
Consider the trajectory {77z : 0 < j < i}, let ig = ip(z) > 0 be the first returning time to I,,, and
i1 = i1(x) > 0 be the last returning time to I,,. By Lemma 3.4, we have that

10,1 — 11 < i1 K 1.
By (4.4), we know that the trajectory {T7z : 0 < j < i} has not entered B(O,q;il), but has
entered I,,. Let ig = jo < j1 < --- < jp = 11 be the returning times to I;,. Now we consider the
decomposition ‘ - - A
A a) = Ay (T0) - A3 (T00) - Al o),
Ab=io(Thog) = ARR™P=H(Toe-1g) . . A2 (T g) AlY 9o (Toy). (4.5)
12



Since the trajectory has not entered B(0, q;_zl), we have
dist (leaz, 0) > q,;fl.
Hence it holds that .
j j —2(1+1
[su(T7'2) = un (T)| > Zloo(T72)| Z g, 5.
Due to the returning properties of I,, in Lemma 3.5, it holds that j; — j:—1 > gqn. By (2), in

Proposition 4.1,

[T = (T )| = N = M, 1<t <p.

Note that « is a finite-Liouvillean number, i.e. ¢,11 < CeP? for sufficiently large n. Then it holds
for A sufficiently large,

| Ad I ()| > M s g2, (4.6)
Then repeatedly applying Lemma 2.1 to (4.5) with (4.6), we obtain
D p—1 1 ‘
||A“ i0 Tzo H |A]t Jt—1 TJt 1 )” . H <2|¢0(T]tx)’ _)\;an>

t=1 t=1
p p—1 ‘ .
H Ni=Je—1 . cop=l H (dist (T]t$,0)) 1
= t=1

> )\% jo Loty —2(1+1)(p—1)

In+1
Due to the returning times of I,, given in Lemma 3.5 (In [0, ¢,42], most of them are ¢,11 and at
most one is ¢, ), we have
1/2
1<p <2/
This implies that for = ¢ B,

1A @) > AR T - | AT (T )| 7 A (T0w)]|

> )\jP_JO Cf2q7ll/2 qq:i(ll+1>qulfl . )\—Qanrl

> )\%_jo . )\i-<f4(l+1)li‘;g;;:+ll 10;;?§f+1) 21
>, AR T e )

> N

where we have used (4.1) and (4.3). Note i = [qi/fl] Hence we have

log HAq"“ ) =@a-- log)\ x ¢ B,, m>n. (4.7)

[qfi/fﬂ

Now we estimate the lower bound of L(D;). By subadditivity, the finite LE of D; converges.
Hence there exists a large Ny such that for Ny > Ny,

1
o 18 1D @) dz = 1) <

<t
8

Fix Ny = [qi/fl] for some large n such that N7 > Ny. Since A,, converges to D; in C! topology as
m — 00, there exists a large Ny > n such that for any m > Na,

1 1
E /Sl log HDlNl (x)”da; — ﬁl /Sl log HA%l (x)H dz
13

€
< -
-8




On the other hand, by (4.7) we have

N

Hence we could conclude

1 3
/ log || AN (2)|| dz > (1 — =)*log A — = log A > (1 — ) log \.
o 4 4 4

L(D;) > (1 —¢)logA.

4.2. The upper bound of LE. Suppose that « is not bounded type (otherwise, everything was
proved in [16]). Then there exist infinitely many n’s satisfying n > N and

qn+2 > 2OOQ7L+1- (48)

Let --- < mj_1 < mj < mjs1 < --- be the returning times of x € I9 := [~b,, —b, + |2n41]). By
Lemma 3.7, it holds that

Mjy1 — Mj = qnt2 O  Gni2 + Gni1.
Let m; = nj, <nj, <mnj, <---<nj_, <nj, =mj1 be the returning times of I,. Here p = an2
or ant+2 + 1. By Lemma 3.5, it holds that
Mgy = Njo = Gns - Njy = Ny = Gntls 2 S0 <P
Also note that for 2 < i < p, |T™ixz —T"-1x| = |2,41|. Thus there exist integers s and ¢ such that
2<s<p 2<t<p t—s> and
Y
Tz € 10’ Vi € [s,t] N Z.
By (4.8), we have a,+2 > 150, and hence t — s > 10. Now for any i € [s,t — 1] N Z, we are going to
estimate || Ay "> " (T™x)||. By Proposition 4.2, it holds that
/\zrzlnﬂ < ”gZerl—"z(Tnzx)H < NIt
e O EP U
(AR T (T)) — u( AT (T ) = 0.
Then we could conclude from Lemma 2.3 that
| A ()] < Ao,
This implies that
||,ZZJ’F”J’S (T"s ) || < A et Dan s < A2+t
We then consider
ZZ%‘H—mj (ij:v) _ A/:Lnijl_njt (T”J't:n) . A”ij—"js (Tnjsx) . gzljﬂ—mj (ijzv).
Its norm is smaller than
Hgnm#l*mj (T™iz)|| < A\ (P—t+8)gn+14+2¢n41 < /\%(mjﬂfmj)7
where we used
Pdn+1 > n+2 > Mj41 — My
5 = 30 — 60
in the last inequality. Note that j is arbitrary. This implies

(t - S)Qn—H >

1

Tye _
L(A,) <(1—=96)logA, o 300
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5. PROOF OF PROPOSITION 4.1 AND 4.2.

In this section, we construct two convergent sequences of cocycles {A,} and {A,}. Firstly, we
inductively construct {A,} with increasing iterated norms through gradually adjustments on the
angles in each step. Secondly, we perturb the cocycles {4, } to another convergent sequence of

cocycles {jn} such that the angle between adjacent blocks vanishes, which leads to cancelation on
norms. We stress that under weak Liouvillean condition on frequency, we require sharp estimates
on the angles and norms, which are given by the precise distribution of trajectory.

5.1. Proof of Proposition 4.1. We are going to prove the proposition by induction.
5.1.1. The Nth step. Let A(z) = A Rz _4(;). Consider the decomposition

AR () = A(T™N 1) - A(Ta)A(x).
Note that TVz ¢ Iy for 1 < j <r}(z) and hence

dist(T92,0) > by, |po(T9x)| > b
Moreover, by (4.2), we have

JA(TIz)|| = A > b0 s p (HD),

Then we successively apply Lemma 2.1 to A’(z) = A(TV"12)A7"Y(z) for j = 2,3, ,7%. Then
we have ' ‘ ' A

|47 @) 2 ¥ BT =0, 2 <5<
Hence it holds that

{A(z), A(Tz), - A(T"~'2)} is Ay — hyperbolic, Va € Iy. (5.1)

Let sy(z) := s(A”Jﬂ\Lf (7)) and Uy (z) := u(A~"~(x)). Moreover, by repeatedly applying Lemma 2.1
and Lemma 2.2, we have

153 = doller < A2 Jaylen < ATHH, (5.2)

F|A (@) < A @), 1< k<L (5.3)

Define ey (z) to be the following 27-periodic function:
do(z) — (Snv —un)(2), @ €

en(z) = hy(z), z e In\,
0, r € SN\ Iy,

where hi(z) is a Cl-function satisfies

dhy (b ddo ([ by | F(Gy —Tn) [ by
~|£t— | = — | +— — | =
dx’ ( 10) dx 0)7" dx 10 )7
i
dhE
dx?
From (5.2), we have for x € % and 1 <k <1, |lexn(z)||cx < A72T*. By Cramer’s rules, we have

I (@) or < A7HR 1<k <L
Hence it holds that for x € S' and 1 < k < 1,
len()llor < A72FR0. (5.4)

(£by) =0, i=1,2, j=0,1,2,--- 1

Now define

on(x) = ¢o(x) +en(z), An(z) =AM Rz_g (),
15



rt —TyN
sn(z) = s(AN'(z)), un(z)=s(Ay " (2)).
Then by (5.4) we have
lon = doller = llenllor <A™,z e S

Note that for 1 <i <7} —1 and = € Iy, Tz € S'\Iy. This implies Ay(z) = A(z) for = & In.
Then we have for x € Iy,

rt t _ t
AW (z) = AN (z) - (A" H2)An(7)) = AN () - R_¢\(@)- (5.5)
Similarly, it holds that
AN () =R _ CATN(z), xEely. (5.6)

—en(T™ "Nz)

Note that rotation does not change the norm of a vector. Then combining (5.1), (5.3), (5.5) and
(5.6), we have

{An(x), An(Tx), - -AN(TTE_I:L‘)} is Ay — hyperbolic, Vz € Iy;

+ +
FIAT @) < 143 @)+, 1<k <
Moreover, direct computation from (5.5) and (5.6) shows
en(z) = (sn(z) —un(z)) — (Sn(z) —un(z)), Vz€ln.

Due to the definition of ey (z), it holds that

sn(a) — (@) = do(a), Vo€ 1,

1
v (@) = un(2) = do(a)lor < A2, ¥ € In\ 75
This also implies that for x € Iy and 1 <k <1,
ls = unllen < ldollon + A28 < A,

Until now we have verified all the conditions in Proposition 4.1 for the Nth step.

5.1.2. The nth step. Now we assume that Ay, .-, A,_1 satisfy all the conditions in the proposition.
+ —
Define s,_1(z) := s(A."7 () and up_1(z) := u(A."7 (x)) for z € S*. Then

{An_1(2), Ap_1(T), - Ap_1 (T"-1"L2)} is Ap_1 — hyperbolic, Va € I,_1; (5.7)

In—l
Sp—1(z) —up—1(z) = ¢po(x), =z € <0 (5.8)

1 b1\ In_

501 (2) — w1 (2)] 2 L [gn(a)] > ( 201> Cwenn L (5.9)

Moreover, from assumption we have that for x € I’ial and 1 <k </,

o+ o+

AT @) ] < A7 @) (5.10)
0% (sp—1(x) — tp_1(x))] < N'n=17, (5.11)

16



Lemma 5.1. Let xg = z,x1,--- , &y be a T-orbit with xo,xy, € I, and z; ¢ I, for 0 < i <
m. Then {An,_1(x0), -+ An—1(xm)} is A\p-hyperbolic. Moreover, letting S,(x) := s(A;j”_l(x)) and
T () := u(A,"™ (x)), we have for x € I, and 1 < k <1,

150 = Sntllcns [ — un—1ller < A5,
+ +
AT (@)||| < AT ()],

Proof. By assumption, xg,z,, € I, and z; ¢ I, for 0 < i < m. This means m = r;}(z). By
Lemma 3.5, we have m = g, or gnt1. If m = gy, then r,f(z) = r" | (z) = gy. It follows from the
assumption that {A,—1(x), - Ap—1(zm)} is A\p-hyperbolic and the required estimates are trivial.

Now assume that m = g,1. Let 0 = jo < j1 < --- < jp, = m be the returning times to I,,_1.
Then it holds that j; — js—1 > gn—1. Moreover, due to the precise analysis on the returning time in

the proof of Lemma 3.5, there exists s &~ p/2 such that
Jt = Jt—1=¢qn, fort#s+1,

) by, . b,—
Jer1l — Js = Qn-1, |T]Sx| > nTl’ ’T]5+1x’ > n 1.

4

By the inductive assumption (5.7) — (5.11), we have for t # s+ 1,
JAR @) 2 T > A

n—1

H AL (|| < (A (|
o o , 1 .
(A () — (AT (@ )| > S lo(Ta)] = bl

OF (AT (19 )) = (AL (19 )) | < AU,
By finite-Liouvillean condition,
My > A7 s (100g,,11) ! > b, (D).
Hence we have verified the conditions of Lemma 2.1 and Lemma 2.2 to the decomposition
Ay (@) = AN (T ) AR (T ) AL (o),
Applying these lemmas inductively, we have

4@ =X [ Slee(T )], (5.12)
1<t<s—1

M AL ()| < ATy ()|,
(A5 () = u( AL (T ) o < A7,
Recall the proof of Lemma 3.7 that {77z} is orderly arranged with a step size |z,|. Hence

5 < bn—1 §4q"+1

N |Zn| qn

)

and we have )
T| > by > a5

4 1
Tz > by, + |25] > §Qn41rl’

T3z > by + 2|20 > qpty, o
17



. s—2 _
T 0] 2 b+ (5 = Dleal = 2y,

This leads to
I+1
1 . 1 1 t 4
11 Sloo(T2)l = aniy 11 3 <2qn+1>
1<t<s—1 1<t<4qn+1/qn
4(04+1)qpn 41

—nTo l
> lq—l . lq—l w (At o
= 4 n+1 4 n+1 In : .

Then we apply Stirling’s formula to the righthand side, and thus obtain
1+1

1 j L 8TqGn+1) 2 _ A0 41
H §|¢0(Tjtl‘)| > anil . ( n . (eqn) an
1<t<s—1 qn

—qn41-S,
> )\qul n7

where

_ 1 <10g(4(.7n+1) 4(1+1) log(eqn)>

0= : + :
log A Qn+1 an

Then by (5.12) and (5.13), we have

AT (@) 2 Xy AT,
Similar as above, we could obtain
i e [ i e
F A () || < A () |,
(AR (T )) = s(AR o0 (T4 ) ) o < A7 B0,

On the other hand, by the inductive assumption (5.7) — (5.11), we have

||A.T7;ji7]s (T]S:I:)H Z )\.le:r]lhfjs — )\Z’(L_7117

n—1

(OF AL (@) | < Af T (T

S . . . 1 ) by I+1
(A () = A )] 2 glonri) > (P5)

> i . . s . 1 . b _ l+1
(AL () — WA ()| 2 Glan(ra)| = ()
By finite-Liouvillean condition,

by 1 —(I41)
)

Now we have verified all the conditions in Lemma 2.1 and Lemma 2.2 to the decomposition

ATy = AN ([ g) AT T (T ) AT ().

n

AT > A=)t 5 (100gy,41) ! > <

Applying these lemmas twice with (4.3), we could obtain
1 (I +1)log(20g,)

JAT (2)]) > AP A2 T > \m T, = 5, 4 log \ tn

I

which shows that

{An—1(x0), - An—1(xm)} is Ap-hyperbolic, Vg, zp, € I,
18
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And moreover, we have for x € I,
50 = sntllos 1Tn = un-tlloe <A77,

i o
O AT ()| < AL (@)1,

Define e, (x) to be the following 27-periodic function:
(sn-1 = tn1)(2) = (30 — W) (@), @€ f5;
en(x) = hy (@), z € I\ {8
0, x € S'\Iy,

where hif () is a C'-function satisfies

FhE [ b\ (st —unt) [ ba\ & (En—Tn) [ b
— 2 = | = . +— — | £
dx’ ( 10) dx? 0)7" dx? 10/

dhE
dx?
1
From Lemma 5.1, we have for = € {—6 and 1 <k <1, |len(x)]|cr < A73"™1. By Cramer’s rules, we
have

(£by) =0, i=1,2, j=0,1,2,--,1

IBE(@)|or < A3, 1<k <.
Hence it holds that for x € S' and 1 < k < 1,
llen(@)||or < X731, (5.14)
Now define
bn(z) = Pn-1(x) +en(x), An(z):=A- R%—Gﬁn(:c)’
" —Tn
sn(r) = s(Ay (),  un(z) = s(A,"™ ().

n

Similarly as in the Nth step, we could easily verify that for x € I,,,
+ + i -
A () = Ay () - Ree,@), Ay (@) = R AT (@),

—en(T_T; z) n—1
en(2) = (sn(2) = un(x)) = (Sn(z) = Un(2)). (5.15)
Then combined with Lemma 5.1 and the fact that rotations do not affect the norms of the matrices,
we have .
{An(2), Ap(T2),--- Ay (T ~tz)} is A, — hyperbolic, = € I,;
ri rTJ{ Tn Tn
OF1 A5 @] < I1AzF @), [oFlAg @] < 4z ().
Moreover, by (5.14), (5.15) and Lemma 5.1 we have
—lTn_
0% (s0(@) = un(@))] < [0 (s0-1(2) = wn-a(@))] + OO )

<[00l + D 0™ < 2ol on-

n>N
And thus
[8n(2) — un(@)lon < 2 dollcr < AT
Furthermore, we could easily verify that for x € I,

16n(z) — dn1(@)llr < X",
5n(7) — un(w) = po(z), € %
19



1 b\ I,
sule) ~ uale)] 2 5lo0a) = (50) LA

Until now we have obtained all the conclusions in Proposition 4.1 for the nth step.

5.2. Proof of Proposition 4.2. Define ¢, (z) to be the following 2m-periodic function:

N £3n —up)(x), x€ 107
en(z) = hf(m), rel \10;
0, HAS Sl\Iny

where h(z) is a Cl-function satisfies

djﬁg Lbn _ @ lsn—un) [ bn ,
dxd 10 dxd 10

dhE _ ,
da:j (£b) =0, i=1,2, j=0,1,2--,L
From Proposition 4.1, for z € iz gand 0 <k <1, sy —upllcr = O(q;_gfl_k)). Hence from Cramer’s

rule we have that |2 . = O(an). This shows that for x € St

e llor = Olgni1)-
Define _ ~
On(x) = dn(x) +En(x), An(z) =A Re 3 ).

Hence it is clear that A, — D; in C! topology. Moreover, since d)n(m) = ¢n(z) on S'\I,, and for
each z € I, {An(x), An(Tx),--- 7An(T”;_laL‘)} is Ap-hyperbolic (obtained by Proposition 4.1), we
have
{Ap(2), Ap(Tx), -, Ap(T™ ~12)} is Ay-hyperbolic, = € I,,.
Define . N
sn(x) = s(Ay (2),  un(z) = u(4,™ (z)).
Similar to (5.15), it is also direct to verify that
Sn(x) — Up(x) = sp(x) — up(s) — en(x).
Then it holds that for z € 10,

Until now we have obtained all the conclusions in Proposition 4.2.

6. PROOF OF THEOREM 1.4: DISCONTINUITY OF LE IN C*° TOPOLOGY

In this section, we prove discontinuity of LE in C* topology. Compared with [16], we define
the sample function as ¢g(x) =~ exp ( — (log |71‘)0) and proceed Young’s inductive argument with
Brjuno frequency. Our estimates are more technical and sharp due to the weaker condition on
frequency.

We first introduce the topology in C*(S'). For any smooth function f defined on S!, let

= o f k€ N.
Ifller i= e max|97f(2)],

It is clear that C°°(S') is a complete metric space with the metric d(f,g) := ZkeN 7 Hgf‘ i”flk.
C
Moreover, f, — f in C*®(S!) topology if and only if ||f, — f|lcx — 0 as n — oo for any k € N.
We now give the following settings.
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e The frequency: Let a be a Brjuno number, i.e. there exists 0 < d < 1 such that

lo
Bs := lim sup g%"“ < 00
n—00 dn

+

- are defined as in Section 4.

e Critical interval I,, and first returning time r

e The sample function: Let ¢ > 1 be a constant satisfying o4 3 < 1. The 2m-periodic smooth
function ¢g € C*°(S) is defined as for = € [0, 27),

¢0(x):exp<—(log8%)a—(log ST )U>

2r —x
Fix € > 0 small. Let N and A be sufficiently large such that
1 1
—(1=62 (3 —= 13 o aN
Z anI ) < 10’ Z 0,0 < T A > max{e(%‘s) ,eln } (6.1)
n>N n>N

Moreover, we inductively define A, by

1
Av—1:= X, logA, i=log Ap_y — 10g, 5707

As n — 0o the sequence A, decreases to some Ao, which satisfies A1710 < Aoy < A.

Proposition 6.1. There exist functions ¢, (z) on S' (n =N, N +1,---) such that

(1)n: The function ¢n(x) is exactly the same as ¢p_1(x) for x ¢ I,, and moreover it holds
that for 1 < k <logn,
— L,
I6n (@) = dn-1(@)llcre < A ™"

(2)n: The sequence {An(x), An(Tx),--- ,An(T“T_lx)} is An-hyperbolic for x € I,, where
An(l’) = ARg, n(x)-

(3)n: Let sp(z) = s(Ag’t (7)) and uy(x) = s(A; ™ (z)). Then it holds that
(3.1)n: sp(x) —up(z) = ¢o(x), for x € {—6;
(3.2t [50(2) — un()] > Ldolz)] > e~ B2 for e [\ In.
Proposition 6;2. There exists \g = Ao(«, ¢o) such that for A > Xg the following holds. There
exist functions ¢p(x) on S* (n = N,N +1,---) such that
(1")n: The function q~5n converges to ¢, in C° topology, i.e. for k satisfying 1 < k <logn,
H‘lsn(z) - €Z~5n($)HCk < Q;-‘?-l'

(2')n: The sequence {A,(z), A (Tz), - -- ,gn(T’”i_lx)} is Ap-hyperbolic for x € I,, where

Ap(z) = AR%—&(z)'
(3")n: Let $p(x) = s(gﬁL (2)) and U (x) = s(A;™ (). Then it holds that
Sala) = dn(a), wE

Remark 6.1. The proofs of Proposition 6.1 and 6.2 are given in Section 8.

Once the above two propositions established, we could adjust the parameters in Section 4 to
prove the discontinuity of LE for {A,}. Define B,, by

[qifl ]

B,= |J (B(0,g;},)—1la), n>N.
=1
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By (6.1), it is straightforward to compute that for N large enough,

meas< U Bn> < Z q;%l < Z

n>N n>N

3

Let ¢ U,>n Bn, m > n and i := [¢2,,]. Consider the trajectory {TVz : 0 < j < i}, let
i9 = io(x) > 0 be the first returning time to I,,, and i1 = i1(xz) > 0 be the last returning time to
I,. By Lemma 3.4, we have that

10,7 — 11 < g1 K 1.

By the definition of B,,, we know that the trajectory {T7z : 0 < j < i} has not entered B(0, q;fl),
but has entered I,,. Let iy = jo < j1 < --- < jp = %1 be the returning times of z € I,,_;. Now
consider the decomposition

Ap(w) = A () - A0 (Ta) - A (a),
Air=io(Tiogy — ARt (Tdv-1g) . AT (T ) ATL 0 (THo ),
As before, we are going to repeatedly apply Lemma 2.1 to obtain the lower bound of the norms.
This requires us to verify that the angles between matrices are larger than the errors of size

||Af#lfjl (T7iz)||~1. Note that from Lemma 3.5, either
Ji+1 — JiL = Gn, |le$| > q;fp or

bn—l bn—l

Jia1 = J1 = o1, |TP2| > R [T | >

hold. By (3),, in Proposition 6.1 and definition of ¢y,

: A 1 , e~ (2logani1)” " if G — 5 = g
T‘]l _ T']l - T‘]l > - ) +1 l ny
5ulT2) = un(T0)| > lon(T0) 2 { gy ot AT

To verify the condition in Lemma 2.1, we require
1
e—(210gqn+1)o Z A—W‘In > )\_(In, 6—(10g(8‘1n))a 2 )\—WQn—l > )\—Qn—l, n= q;£11—52)

i.e.

2log g, 1 n)’

(2log +1)1 <log A, M <log A. (6.2)
—(1-62) 52

qn "4y Ap—1

Recall that the frequency « is a Brjuno number, which means that for all large n, log gn+1 < 85 qfl.

Since 62 - 0 < 1, we have M < (285)? for all large n. Thus if N is sufficiently large, n > N
a3’
and

A\ > 6(256)07

then (6.2) is satisfied and hence Lemma 2.1 is applicable. By the same argument in Section 4.1,
we could obtain

1 . € . 3
~log||Al (@) = (1= Dlogh, i=[g2,), @¢ B m=n.

4
Finally, we could conclude that ||A,, — Dsol|lcr — 0 as (eF <) n — oo and
L(Dy) > (1 —¢)log . (6.3)

Once Proposition 6.2 is established, we could follow the same argument in Section 4.2 to prove
that || A, — Doollcr — 0 as (¥ <) n — oo and
1

Tye _
L(A,) <(1—=96)logA, o 300
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Combining (6.3) and (6.4), we have proved that the LE is discontinuous at D, in C* topology.

7. PROOF OF THEOREM 1.1 AND 1.3: DISCONTINUITY OF LE IN G TOPOLOGY

In this section, we prove discontinuity of LE in G* topology with Diophantine frequency and
strong Diophantine frequency. Compared with [7], our proofs are more technical and sharp due to
the weaker condition on frequency.

For any smooth function f defined on S, let

42 (1+ k)2

k
S u K’f(k:') 10 fllco, s>1, K >0,

1flsxc =
G () = {f e S R)  fllx <o}, GU(8Y) = [ G (sH.

K>0

It is clear that G*%(S!) is a Banach space. Moreover, G*(S') is equipped with the usual inductive
limit topology, i.e. f, — f in G*(S') topology if and only if || f, — f||s,x — 0 as n — oo for some
K > 0.

7.1. Diophantine frequency and G° (s > 7 + 1) topology. We are going to prove Theorem
1.3. We first give the following settings.

e The frequency: Let a € DC(,7) with v > 0 and 7 > 1, i.e.
Gny1 <7 g, VneN.

We also assume that « is not a bounded type number.

e Critical interval I,, and first returning time 7= are defined as in Section 4.

e The sample function: Let s > 7 + 1. The 27-periodic smooth function ¢y € G*(S!) is
defined as for z € [0, 27),

oo(z) = exp <—a:9%11 — (27 — :1;)%1) .
Fix small € > 0. Let N and XA be sufficiently large such that

=l € (121
Z 4n < 1704, Qﬁ < W, (71)

n>N n>N

0t -
)\>max{exp< 0 v~ 1),eq?VN}. (7.2)
Moreover, we inductively define A, and Xn by
AN_1 = AN_1:= A,

log Ay, :==1log A1 — 2~ 103qn 1 1, log)\n =log A1 +2- 1O3qn 1 -

Since 73 — 1 < 0, as n — oo the sequences A, and /\n decrease respectively to some Ay, and Xoo,

which satisfy A\1710 < Ao < Aoo < ALT10.
Proposition 7.1. There erist functions ¢,(z) on St (n =N, N +1,---) such that

(1)n: The function ¢n(x) is exactly the same as ¢n_1(x) for x ¢ I,, and moreover it holds
that for some K > 0,

[6a(2) = b0t @), < AT, 0> N,
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(2)n: The sequence {An(x), An(Tx),--- ,An(T“tflx)} is An-hyperbolic for x € I,, where
Ap(z) = ARz _4, (z)- Moreover,

+
<A

+ ~.x +
AF@I, <3 i@
14z @], <% [iazf @

+

(3)n: Let sp(z) = s(Ar (z)) and up(z) = s(A " (x)). Then it holds that

n

(3. 1)t sp(x) —un(x) = Po(x), for x € 10; B
(3:2)nt |sn(x) — un(x)| > 3|do(x)| > e~ Cr/20°F for € I\ 11

Proposition 7.2. There exists Ao = Xo(«, o) such that for X > N\ the following holds. There
exist functions ¢p(x) on S' (n= N,N +1,---) such that

(1"): The function q?n converges to ¢y in G° topology, i.e. for some K > 0,
[6n(2) = on(@)|, ¢ < Gtr-

(2)n: The sequence {A(x), Ap(Tx),- - - ,gn(T"’fflx)} is An-hyperbolic for x € I, where

(3")n: Let $p(x) = S(‘ZZI () and Tin(z) = s(A;" (x)). Then it holds that
Sal@) = Tn(a), T E

Remark 7.1. The proofs of Proposition 7.1 and 7.2 could be regarded as an improved version of
Proposition 3.1 and 3.2 in [7]. We give the sketches of their proofs in Section 9.

Once the above two propositions established, we could adjust the parameters in Section 4 to
prove the discontinuity of LE for {4,}. Define B,, by

lante?)
A s—1

B, = U (B(0,q,%4) —lo), a= s n > N.
=1

Note a > 1. By (7.1), it is straightforward to compute that for N large enough,

a—1

meas( U > an_HZ §Z
n>N

n>N

Let « ¢ U,>ny Bn, m > n and i := [qijz] Consider the trajectory {T7z : 0 < j < i}, let
190 = ip(x) > 0 be the first returning time to I, and 73 = i1(x) > 0 be the last returning time to
I,,. By Lemma 3.4, we have that

10,7 — 11 < gpg1 <K 1.
By the definition of B,,, we know that the trajectory {T72 : 0 < j < i} has not entered B(0,¢,¢,),
but has entered I,,. Let ig = jo < j1 < --- < jp = i1 be the returning times to I,,_1. Now consider
the decomposition
An(x) = A (T ) - A= (Tx) - A (),
AR (Tog) = Al (TIv-1g) . A2 (T ) AL 0 (Tog).

As before, we are going to repeatedly apply Lemma 2.1 to obtain the lower bound of the norms.
This requires us to verify that the angles between matrices are larger than the errors of size
| A7t (T 2)|| 1. Note that from Lemma 3.5, either

Jirl — g1 =qn, |12 >q,{, or
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. ) ; bn—1 ; bp—1
Jiv1 = Ji = qn-1, |T"z] > n4 |To+1g| > "4
hold. By (3),, in Proposition 7.1 and definition of ¢y,
. ) 1 ) *102%“3.?1 if 4 i
|5 (TP ) — up (T)| > §|¢0(sz$>| > € %a L Ji+1 — J1 = qn;
102051 g .
e 1A fi — 1 = G

Hence we require

a 1
102,51 _ e _ 102,51 _ e _
e 10 9ni1 2 )\ 104n > )\ Q’n7 e 10gn Z )\ 10dn—1 > A Qn—l’

i.e.
elog A\ T+ ==t elog A\\s—1 .
< (Gar) "ot w<(So) ek (7.3)
Recall the frequency « is a Diophantine number, ¢,+1 <y~ !q" for all n € Z,. If
103 —a
)\Zexp( ’ys—1>, s>14T,
€

then (7.3) is satisfied and hence Lemma 2.1 is applicable. By the same argument in Section 4.1,
we could obtain

a

1 . € . 14 &
FloglAn (@) = (L= )logA,  i=la,47], @ ¢ Bn, m2n.

Finally, we could conclude that there exists a Dy € G*(S',SL(2,R)) such that |4, — Ds||sx — 0
and

L(Dy) > (1 —¢)log A. (7.4)
Once Proposition 7.2 is established, we could follow exactly the same process in Section 4.2 to
prove that ||A, — Ds|ls,x — 0 and
1
= 300"
Combining (7.4) and (7.5), we have proved that the LE is discontinuous at Dy in G* topology.

L(A,) < (1—6)logh, o (7.5)

7.2. Strong Diophantine frequency and G° (s > 2) topology. The continuous part of Theo-
rem 1.1 has been proved by Theorem 6.3 in [5]. Here we only give the proof of the discontinuous
part, which follows the same process as in Subsection 7.1. Assume the frequency a € SDC(~,7)
with v > 0 and 7 > 0, i.e.

Gnt1 <7 tan(logg,)”, Vn e N.

We also assume that « is not a bounded type number. Moreover, we define the critical set, critical
interval, first returning time and sample function (s > 2) as the previous subsection.
To determine the largeness of N and A, we revise (7.1) and (7.2) as

2

2(3_51) < 255 € -1 T 2
Yo <qgn 2w’ <qop 7 'a(loga)” <gi, Vn >N, (7.6)
n>N n>N
A > max { exp (1035_1, eq?\'N)}.
And we redefine \,, and Xn by

2—s -~ 2—s
log A\, :=log \p—1 — 2-10%°¢ %1V, log A, :=log \y—1 +2-10%¢ 1Y,
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With these settings, we could prove Proposition 7.1 and 7.2 for strong Diophantine frequency and
s > 2. Now we redefine

a3 2(s — 1)
B, = U (B(O,q;ﬁl) — la) , a=——> n>N.

s
=1
Let i := [‘Ll:u%] For z ¢ J,,> y Bn and m > n, we consider
Al (@) = Al (Tha) - A0 (T0x) - Al (a),
Alr=io(Tiogy — AJRTIe=Y(Tov-1g) ... ATt (T9 ) ATL 0 (THog;),
As before, we will apply Lemma 2.1 to obtain the lower bound of || A% =% (T%z)| and ||A¢, (x)|. To

apply Lemma 2.1, we should verify the condition that the angles are larger than the reciprocal of
the norms, which requires

clogA\\35 ¢ elog A\s—1 .
Gn+1 < ( 103 ) wy o < ( 103 ) 1
instead of (7.3). This is satisfied by strong Diophantine condition and (7.6). Finally, we could
conclude that there exists a Dy € G*(S!, SL(2,R)) such that |4, — Ds||s,x — 0 and

L(Dg) > (1 —¢)log A

On the other hand, by Proposition 7.2, we could prove that ||A,, — Dyls. x — 0 and
1
© 300
Thus we have proved that the LE is discontinuous at Dy in G* topology.

L(A,) < (1—0)log), 6

8. PROOFS OF PROPOSITION 6.1 AND 6.2.

8.1. Proof of Proposition 6.1. We prove the proposition by induction. For sufficiently large A,
the construction for n = N holds (where we require A > eq?VN), see [16] for more details. In the
following, we only consider n > N + 1.

Inductively, we assume that ¢y, - -+, ¢,—1 have been constructed such that Proposition 6.1 holds
for N < i <mn— 1. Moreover, we further assume the following properties.
(1);. For 0 < k <log1,

Tl
[6i(z) — diallen <A 1
Moreover, for k € Z,
0 i(a)| < aFlosat . OF k1 gt
(Pk = ecfkﬁ .e%'((bg%)a'qiq_il+"'+(10g‘1N+1)0'q]:;1)
ri .
(2);. For each z € I;, Ai(x),Ai(Tx),--- ,Ai(TTj_lx) is A\;-hyperbolic. Moreover, for z € I; and
ke Z+,

+ +
OHIAT @) < AT (@) - aFomar . 0F

(3)i- We have

Ii

10’

5i(0) = (@) = Jloo(@)] > e HOEO ge L,

In this subsection, we will prove the above properties for i = n.

si(z) —ui(x) = ¢po(z), =€

Firstly, we have a similar lemma as Lemma 5.1.
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Lemma 8.1. Let xg = z,x1,--- , &y be a T-orbit with xo,xy, € I, and z; ¢ I, for 0 < i <
m. Then {An,_1(x0), -+ An—1(xm)} is A\p-hyperbolic. Moreover, letting S,(x) := s(A;j”_l(x)) and
Tn(z) := u(A, "™ (x)), we have for z € I,, and 1 < k < logn,

1

_1
150 — sn-1llek, [Tn — un—1llcr < A73™L

Moreover, for k € Z,
_ _ + 2 + _3
150 = sn-tlloks I[En —un—1llce < 881°8™ - C¥ kU A (@) 72 - oF,
s klogry . k2 v k
TN A ()| < 478 - CF - k- || A ()] - o,

The proof of Lemma 8.1 is similar to the one of Lemma 5.1 if we note the angles are not small
with respect to the norms

[N
ol

e (2108(0n/20)7 > = (108(80an+1))° ¥ 5, \=man — y—a37

_1 1
e—(log(BQn))G 2 e—(log(SQ7L))6 2 >> )\—’Wn—1 — )\—szl’
where we have used the Brjuno condition logg,4+1 < ﬁgqg for large n, 062 < 1 and sufficient
largeness of A\. However, Lemma 2.2 is not sufficient to prove Lemma 8.1. Instead, we need a more

delicate analysis on the higher derivatives of norms and angles, which is given by Lemma A.1.

Lemma 8.2. Recall o > 1 and for x € [0,2m),

onta) = exp (= (10g )" — (o5 3 )").

™=

Then there exists a constant C' > 0 such that for n € N,

sup |5 ()] < 77T
z€[0,27)

Proof. Equivalently, we consider

¢o(z) = e_(log%)g, 0<z< i.

By Faa di Bruno’s formula (Lemma A.2)

1io\ (™ nl-olco—1)---(c —k+1) 1o ,—1\n
(“ng) ) - > k11k2!~-kn!-1k12k2..-nkn(log5) ()
k1+2ko+-4nkn=n
k=k1+ka+-+kn

And hence by Lemma A.3,

‘((log;)‘j ’ = Z m(log;)a. (;)”
Koy 42K+ tnky=n L2 n!
k=k1+ko+-+kn

<l (20)" - (log )"+ (2)"

Also by Faa di Bruno’s formula

(n) n!-(20)" - ¢o Like 1\n
k1+2ko+--4nkn=n
k=k1+ka+-+kn
n 1\ no 1.n _(10 l)a
l. . = (2" gz
<nl-(20)" - (2log :E) (x) e .
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Let y = log% and )
gn(y) = (2y)"7e™Y".

1
Since o > 1, we know g, (y) reaches its maximum at y ~ ne-1 and

Sup g (y) < (2y)"7el D" < glo—1noT
y>1

Hence it holds that .
sup ‘(b((]n) (1’)‘ <n?.o"-ploeleTnTT <o
X

O

Proof of Lemma 8.1. By assumption, xg,x,, € I, and x; ¢ I, for 0 < i < m. This means
m = r}(x). By Lemma 3.5, we have m = ¢, or ¢u+1. If m = g, then r}(z) = r\ (z) = qn.
It follows from the assumption that {A,_1(zg), - An—1(xm)} is A\p-hyperbolic and the required
estimates are trivial.

Now assume that m = g,+1. Let 0 = jo < j1 < --- < jp, = m be the returning times to ,,_1.
Then it holds that j; — j:—1 > g,—1. Moreover, due to the precise analysis on the returning time in

the proof of Lemma 3.5, there exists s ~ p/2 such that
Jt—Ji-1=¢n, fort#s+1,

bn—l

TIstip| >
R

. ) , bn—1
Js+1 — Js = Qn—1, ‘T]Sx’ > nTy

By the inductive assumption, we have for ¢t # s + 1,

AT (@) | = T = AR

n—1»

S(ATEH (T ) — (AT (T )| 2

= %|¢0(Tjt*1:r)| > ¢~ (~log(bn/20))7

By the definition of Brjuno frequency,
_1 1
e~ (=108(6n/20)7 5 —(0g(80an11))" * 5 \=man _ y=a3”

Hence we have verified the conditions of Lemma 2.1 to the decomposition
AL (x) = Agf__ljs‘l(Tjsfla:) . Aﬁf__fl(leac)Af;_l(x),

AP (D) = AR (T ) AL (T ).
As proved in Lemma 5.1, we apply Lemma 2.1 in turn to A,]';l(x), AT (TIst1x) and A™ | =
AT (TIse 1) AT (TIsx) A% (2). Then it follows that

{An,l(xo), . An,l(acm)} is Ap-hyperbolic, Vg, z, € I,

+ +
Ay (@) = A, @ € In.
On the other hand, it holds by assumption that
. . )
F AT @)l < AR @) ) - aFoE e OV kg

4N+1)

ok7 T .e%'((logqn71)"~Z:—:;+~-+(logqN+1)"- N

k _
Pje—je—1 — €
2
0" 1 (z)| < 8F1EI . CF gl oh
Then by repeatedly applying Lemma A.1, we have
e X klog gn k2 k
AT (@)l < AT ()] - 4bTom o O ok
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- . o._4n o IN+1
Soﬁn _ ok .62143 ((logqn) st (log an +1) 7= ),

_ _ 2 + _3
150 — sn—tllcks [T — un—i]lor < 8F108T . CF 1| AT (2)]| 72 - oF

Specially, if 1 < k <logn, then

I . 0. 4 o, IN+1
‘Sofn} < eC1 logn-(loglogn)o—T _e2logn ((loglIn) PR +(loggn+1) ST )

a 1/2_ 1/2_ _
< eC’l logn-(loglogn)o—1 _62%'108”'(‘1271 1+‘11i—2 bl

12
ookl AN

an
1
<est,
where we have used Brjuno condition. This leads to

1
Hgn - Sn_luck, Hﬂn - Un—l”c’k < )\t

Now we are ready for constructing ¢, (x) and verify (1), — (3)n.

Construction of ¢, and A,. Applying Lemma 8.1, we have that for z € I,
Ap—1(x), Apq(Tx),- - 7An,l(T“t_lyc) is Ap-hyperbolic.
Let 5,(x) := S(A;’t_l(x)) and Ty, (x) == u(A, "™ (). Let e,(z) be a 2r-periodic C®-function such
that
en(z) = ¢o(x) — Bn(x) —un(x)), =€ IL,.
Let f, be determined by Lemma 9.3 with v = 2. Define for z € S',

én(®) = en(®) - fu(2),  On(2) = dn1(z) + en(2), An(z) =A-Rz_g ().

2

Verifying (1), of Proposition 6.1. We could apply Lemma 8.1 to obtain

I
lenllow < A73%, Ve e 5, 1<k <logn.

Here we have r,_1 = g, since the first returning time of z € {—g to I,—1 is q,. By Lemma 9.3, we
have 4 )
. C i (5
sup |87 f| < (Can+1) .2(‘7) .
zely, 1+ J

Then we have for 1 < k <logn and = € St,

! . ) 1
|8kén| = E _'k',' : Wen\ . ‘8an‘ < )\7%‘1" . Ceclognloggn i1 < )\*%qn . C@ClOg"'qa‘iQ < /\*ﬁ%'
= ql. gl
i+j=k
Hence we have for 1 < k < logn,
1
1.
||¢n - ¢n—1”ck S )\n4 .

Moreover, for k € Z, (k large enough)

10" pn| < 10" p-1| + Z T 0%en| - |8 fn]
i+j=Fk
R TN SR AN
i+j=Fk

< ghlosanr . Ry oh

29



Verifying (2), of Proposition 6.1. 1t is clear that A,(z) = An—1(z)R_¢, (). Moreover, it holds

773,7

A (@) = AT @) Ry A (@)= R, (- AT (@),
Since the rotations do not affect the norms, by Lemma 8.1 for each x € I,,,
Ap(x), Ap(Tx), - - - ,An(T“J{_lzv) is Ap-hyperbolic,
[F AT @)ll| < 4F1oEre - CF kL AT (@) - 6,

Verifying (3), of Proposition 6.1. 1t is clear that

I,
Sn(x> - un(x) = ¢O(x)7 TE E

Moreover, it holds that

5n(2) — un(2)] > go()] = Azt > Ce™ B0 g g\ T

8.2. Proof of Proposition 6.2. Let ¢,(z) = —(sp(x) — up(z)) - fn(x) be a 27-periodic smooth
function such that it is — (s, (z) — u,(x)) on {2 and vanishes outside I,,. Hence by Proposition 6.1,

en(x) = —go(x) - fu(x) on %. Define v

bn(@) = $n(w) +En(2), An()=A-Ry_5 .

2

Verifying (1), of Proposition 6.2. By Lemma 9.3 with parameter v = 2, we have

; (Cgns1) - (51)2
S & ol < . )
xél}i‘ fal < 1+ 52

From the proof of Lemma 8.2,
ke ,1 (106 2)°
0" 60(w)| < k- (20)F - (210g =)+ (=) " e (log2)”
And the function on the righthand side is decreasing on I,,. Then it implies for 0 < k < logn and

x € I,

’akd)o(x)‘ S [log n]' . (20_)10gn . (4 log qn+1)010gn . q;ﬁ%? . 67(10an+1)0 S efg(lOanle)U'

Hence for 0 < k < logmn,
~ - k! . .
%0 = gu)l = 108l < D, - [0'0] - 0
i+j=k

2 o 1 o
< glogn e~ 3(logan+1)7 (log n)QIOSn . qi?_%{" < e~z (loggni1) < q;_?_l'

Verifying (2), of Proposition 6.2. Since ¢,(z) = ¢, () on S'\I,, and (2),, in Proposition 6.1,
we have that the sequence {A,(z), A, (Tx),- - ,An(TT'J{_laf)} is Ap-hyperbolic for = € I,,.

Verifying (3), of Proposition 6.2. Note that S, (x) — U, (x) = sp(x) — uy(x) — €,(x). Hence
1

sn(z) =up(z), =€ 0"
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9. PROOFS OF PROPOSITION 7.1 AND 7.2.

9.1. Preparation lemmas. Recall that for any f € G*(I),
42 “u (1+ k%)
3 WP TRRRY

We have the following lemmas, which is given in [7].

1f[]s 5 == 10" flco

Lemma 9.1 (Proposition 2.1 in [7]). Assume f,g € G¥5(I) and ¢ > 0 is sufficiently small, we
have

W+ 179l 1
(2): Hast,(lJrsl/Z)K < Ke™
(3): Assume ||f — 1|5,k <€, then

17 = Tl sty < 212
(4): Assume ||f —1||s,x <€, then
||fl/2 =1 (1es+16)"1) ¢ <e'/r,
(5): Assume ||f — 1||s.x < ¢, then arcsin(f) € G**5(I) and
|| sin f||s,(1+5(3+8)_1)K’ | cos f — 1] (et < /12
Lemma 9.2 (Corollary 2.2 in [7]). Assume that 1 < v < oo and

g(x) = { cexp (—xu%ll — (27 — x)fﬂ) , z€(0,27);

then there is some C > 0 such that for any x € S', we have for all n € N,
19" (@)| < C™ exp (—[al 7T — |27 — 2|71 (n))".
As a corollary, g € G¥(SY).

Lemma 9.3 (A revised version of Lemma 2.3 in [7]). Assume that 1 < v < s < oco. For any
n > N, there exist an absolute constant C' and a 2w-periodic function f, € G*(S!) such that

=1, T € {’6;
fn(x) € (07 1]’ T e I \10;
=0, r € SN\,

and
—1

| fulls,c < elsmba

Proof. Define

1

() = { exp (—x_ﬁ> , x>0

0, <0,

d(xr +2) wo(—x), x> 0;
1m@”‘ax+m+¢em—n’1“@”‘{wim) z <0.
By Lemma 9.3, it is straightforward to compute w; € GY(R). Then we define f,, to be a 2w-periodic
functions such that
fulz) = wi (100, 12), = € [-m, 7).
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Since w; € GY(R), it holds that

(") (Ch ) ()Y
sup [ @) < ==
Note that the function f(r) := a"r~" reaches its maximum at r = ae~!. Thus

UL s (e ™ g e
su <b "(r)P < (e rby" < els=v)bn "
STy =TS

0

Lemma 9.4 (A revised version of Lemma 4.1 in [7]). Suppose s > 2 and X is sufficiently large. Let

[ ea(x) 0 e1(x) 0
E(z) = ( 20 62(@—1 )Rg—G(cc) < 10 61(33)—1 ) )
e(x) = [|E@)]l, s(x):=s(E(r)), u(r):=u(E()),

where ey, ez,0 € GSK(I) satisfying

féfzw( z)| > ce™” > min {irégel(m),ilégez(x)} o ;o= i -
Sir119 o eotbllas < Cet’ |[sinblo . | tand||sx < C.
le; or < CAT31, j=1,2.
Then it holds that
e(x) > c-ei(x) - ez(x) - O(x),
ells.aemr < Cllerlls,re - lealls e
||e_1‘|s,(1+77)K < CQHele&K . ||651||3,K et
I7/2 = slls 11nx < ler M2 & - lleall? &, ullg (1me < les 112 x - lleall2

with n = A~ T000 %1,
Lemma 9.5 (A revised version of Lemma 4.2 in [7]). Consider a sequence of maps
Al e G35(I,SL(2,R)), 0<l<m—1<dC.
and their products
A" () = Am 1(33)Am 2(x) - Ax(x) Ao (),
AT (z) = AT () AT, (2) - ATy (2) AT (2).
s u(z

Denote a(x) = [|[A™(2)|], s(x) = s(A™ ( ), ) =u(A™(z)) and a;(z) = ||Ai(x)||. Let1 <& < ﬁ

and 0)(x) == u(A;—1(x)) — s(A4;(x)). Assume that

e ~ 100
inf |8 > cetn i f
inf |6,(z)] > ce ¢>O<ﬁ£;1<£qW<>) )

lescill, g [l cotO4llsic < C7, sinbylls s, |l tanbyllsx < C,

—1+€ )
mHmK<(mmx> < ox-ion,
Then it holds that

m—1

fete) 2ot [T nfaa),
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m—1

lalls,aemr < C*™ 1T Naills,ie
=0

m—1
Ha_ Yo < C2m€4mbn0 H |’a;1"s,K7

_1 1
15(-) = s(Ao () lls,emr < AT, lul) = w(Am—1())lls, 14 < A7T0%7,
with n = A~ w000

Remark 9.1. The key estimate to prove of Lemma 9.4 and Lemma 9.5 is the following. Recall
a € DO, and hence g1 < 7y g7, Provided s > 7+ 1, v € [I,s — 7) and ) sufficiently large, it
holds that

—1 1 T
A —C1dn _eCQbsill < 402qn+1 —c1log A-qn, < 640275 an Y —c1log A\qn <e —c3log A\gn __ )\~ G3dn

)

where ¢1, ¢o and c3 are positive constants. Since the proofs are nearly the same as the one in [7]
whenever one use the above estimate, we omit them here.

Now we assume that 1 < v < s1 < s9 and sg—v > s; —1 > 0. We are going to prove Proposition
7.1 with s = 51 and Proposition 7.2 with s = so. Since || f||s,. .6 < ||f]ls,.5c for any f € GVE | we
finish the proof by choosing s = s,.

9.2. Proof of Proposition 7.1. We prove the proposition by induction. For sufficiently large X,
the construction for n = N holds, see [7] for more details (we require A > eIN" in this case). In the
following, we only focus on n > N + 1.

Inductively, we assume that ¢y, - - -, ¢,—1 have been constructed such that Proposition 7.1 holds
forN<z'<n—1 ie
(1);. Set nZ—H N+ AT 8000‘1])—1. Then

4%i—1

¢s(x) = diillsy,1nye <A .
(2)i. For each z € I, A(x), Ai(T'x),--- A‘(T";L(g”)_1 ) is A-hyperbolic. Moreover, for x € I,

ot
H”Az H’ G (n) Ky = HHA ” 1) s1,(14m;) K < i
‘ ) Gs1 () K (1)
(3);- We have
I;
82(1') - uz(x) = ¢0($)> T € Ea
1 1 _Cb.sifll
si(x) — ui(z)] > §¢ o(x) > €, @ e I;\

Now we construct ¢, (z) and verify (1),

For any = € I,,, Let 0 = jo < j1 < -+ < j, = r;}(z) be the returning times to [,,_1. By Lemma
3.5, we have rl (z) = qny1 or qn. If rf(z) = gp, then (1), — (3), hold by the previous step. If
¥ (z) = gnt1, then also by Lemma 3.5

n

P <, qni1- (9.1)

Construction of ¢, and Ay,. By (2),—1, it holds that

_1 .
- s51-1 + =T oyt
A7 @) e > T > AT e,y

Combined this with (3),—1 to apply Lemma 9.5, we obtain that for each = € I,
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Ap_1(z), Apq(Tx), - - ,An_l(TT’fflx) is Ap-hyperbolic.
Let 5,(x) := s(A;’El(a:)) and Ty, (x) == u(A, "™ (z)). Let e,(z) be a 2m-periodic C*®-function such
that
en(z) := ¢o(x) — Gn(x) —un(x)), =€ I,.
Define for z € St,

en(®) = en(®) - ful@), on(@) = dpo1(z) +&n(x), An(z) =A-Rz_g ().

Verifying (1), of Proposition 7.1. Let n, = [];Z (1A 8000‘73) — 1, ai(z) = ||A£Llf11_j’ (T7x)|| and
I = I,,. Now we are going to verify the conditions of Lemma 9.5. By (2),,—1, we have

inf (| A7 ()| > X, 0<i<p.
By (3)5—1, we have
16:(2)| = |s(ATHT(Ttg)) — w( AT (T )

—1
y ) et N 71 . . . . .
|$n_1(T72) — wp_ 1 (Thz)| — CA9% > ebn' ; if Jiv1 — Ji, 01 — Jie1 = Gn;

s1—1

|$n—1(T2) — up_1 (Th2)] — CN\, 7" > e Pn=t | if iy — 1= qn1 OF 1 — ji_1 = qn_1.
Also by (2),—1, we have

3\* Ji+1—J
_ -1
|’alHG511<1+"n—1)C ’ ”al 1HG511(1+"7n—1)C < ()\: 1> < >‘4€(JH1 B < ||al||(;81 (+np—1)C

—1+ Qn
HalHGsl £l+nn 1)C S )\ 2 .

By (1)n-1, we have

Hgbnfl - ¢0||GS17(1+nn71)C < QA_ﬁ-
By Lemma 9.1, we also have
| sin elHGsla<1+nn—1)C’ | tan 0ngSla(1+nn_1)C <C,
SeT
leseOillgorasm ves  1|€otBillgeorain, v < Cetn
Then we could apply Lemma 9.5 and (9.1) to obtain

4z < CUNL <X

Gs1,(1+nn)C

1

[ < et I\ <\
Gs1,(1+nn)C
_ L
HenHGslv(lJrnn)C < 204 .

Moreover, by the definition of ¢,, and Lemma 9.3, we have
_%Qn (Sl_y)bsliy _%Qn
|én = On—1llgsr.aemre < lenllgsiarmc - | fall gst.atmmie < A2 e D

Verifying (2),, of Proposition 7.1. Tt is clear that A, (x) = A,_1(x)R_¢, (5. Moreover, it holds

oy o —Tn _ —Tn
Ann (J“) = Anfl(x) ’ R,en(x), An (1") - R—en(T*T;x) ’ Anfl (1‘)
34



Since the rotations do not affect the norms, for each = € I, A,(z), A, (Tx),--- ,An(T’"’tflx) is

An-hyperbolic.
Verifying (3),, of Proposition 7.1. Tt is clear that

Sn('r) - un(x) = (ZJO(J;)? rTe .

Moreover, it holds that

- —pt I,
8 (7) — un(2)| > [@o(x)] = A" Ze”™ , xel, 10

9.3. Proof of Proposition 7.2. Let €,(x) = —(sp(z) — un(x)) - fu(z) be a 2m-smooth function.
Hence by Proposition 7.1, €,(z) = —¢o(z) - fn(z). Define

On(2) = dn(z) + En(x), An(z) =A- R%_%(m)_

Verifying (1), of Proposition 7.2. By Lemma 9.2 and Lemma 9.3, we have
-1 -1 -1

~ e < ‘ < 7})5?1. (8271/)1)2277” 1,511
[¢n = Onllgsac = llenllgsac < lldollgsic - ([ fnllgsae < e e

-2
< < Ant1-
Here we choose v > 1 sufficiently close to sg such that ss —v > s; —1 > 0.

®
N

Verifying (2)n of Proposition 7.2. Since ¢n(z) = ¢n(z) on S'\I, and (2), in Proposition 7.1, we
have that the sequence {4, (x), A,(Tz),- - ,An(T“}L*lx)} is Ap-hyperbolic for = € I,.

Verifying (3), of Proposition 7.2. Note that s, (x) — uy(x) = sp(x) — up(x) — €,(x). Hence
1

Sp(x) =up(x), =€ 10

APPENDIX A. HIGHER DERIVATIVES FOR THE ANGLES AND THE NORMS.

Proof of Lemma 2.1. Let

D= ( 2 3 )Rg_g ( “ 6191 > s(x) = s(D(x)), u(x) = u(D(x)).

2
Then

S3— 8] =8 — us —uz =u, es=]|D]|.

2 9
A direct computation shows that

DD — ( etedsin? 0 + eZe;? cos? 0 (e5% —e3) cosfsinf >

(e5% —€3)cosfsin® e ey ?sin? 6 + ede; 2 cos? 6
First note
e3(x) + ez 2(w) = eledsin® 0 + efe; 2 cos® 0 + ep 2ed cos? 0 + e ey 2 sin? 6.
If

eo>1, 0] >e,”,

then we have €3 + e;2 > efe3sin? 0 > 1 and hence e3 > 1. Then

1
e3 = ejez|sinf| + O(e, ?).
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Next we compute s(x). Let a = ejez and b = 6162_1. It is straightforward to compute
—1
U? U U2 U
tans(a;):\/i-i-: ﬁ_ :
w? w w2 w

w=2(e3 —e;?)cosfsinh, U= (a®—a"?)sin? 4 (b*> — b 2) cos® .

E—s(x)—arctan \/U—Q—kl—g
2 B w? w )’

where

Hence

Then we have
2 2 -2 -2 2 —2 -2 2

v_ —61622_ at 722 tan 0 + —61622 - e£262 cot 0
w 2(e5 —ey”) 2(e5 —ey”)
1
= 56% (1 —eyhHt (1- ertes M) tan 4 (e;* — eg?) cot 9).

Note 0] > ¢,". Then it is easy to compute that

gl

2—
> —ey .

N

Hence we have
‘g — 5(1:)’ < e F.
This implies that
sa(x) = sa(@)] < e "
Similarly, we could also obtain

Jus(z) — ua(z)| < ey *17.

Lemma A.1. Let l be a finite positive integer or infinity, C be a universal constant and
ej(z) = [|E;(@)]l, sj(@) = s(Ej(z)), wuj(z)=u(Ej(@)), j=12,3,

O(x) = s2(x) —ui(x), ey = min{es,ea}.
Assume that for x € 1,

kel <OV kloe; -k, Jok0l <O Rk, j=1,2, k=1,2,3,-- 1,

1
inf eg(z) > 1, 0] > ey '™.
xel

Let

= 072 D3 1= i}
©3 maX{cm,soz,g%XkuJ 0177}, 3= max{pr, v, g%xkug}

Then we have for k=1,2,3,---,l andx € I,

|8I£63\ < 4F. oL es - golg,

o

2 -3 2 -3
uz —uallon < 8- CF - kley - @5 |ls3—s1llor < 8F-CF L El.e) 2 - &5,

Proof. We first state some lemmas for higher derivatives.
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Lemma A.2 (The formula of Faa di Bruno). Assume f and g are two smooth functions in an open
interval (a,b), let h =go f, then

i ! FON" @\
h" (z) = > kl!k;”kn!g(k)(f(a:)(l!) (2.> R el B

k14+2ko+--+nknp=n

Lemma A.3.

k!
) _® RF_ RO+ R
k1lko!- - kp!
k1 +2ka+-+nkn=n
k=ki+ko+-+kn

Now we start the proof. Note that

2.2

el + 63_2 = e2e2sin 6 + e%ef

-2 2

cos® 0 + e]2e3 cos? O + ey 2ey 2 sin” . (A.2)

Take nth derivative on both sides. Then by Faa di Bruno’s formula, we have for m = 1, 2, 3,

n—1 (9) (n—j)
ACTES I BT
e = nts ——- - Em * € s
m) =2 gy e
PP S G (R )] (eﬁi))’“ (e‘n?)’“ B (eﬁr’f)y 2ein
m /) = k+2 ! I I T e3
K142kt =11 kilko! - kpler 1! 2! n: €m
2<k=k1+ko+-+kn
From Lemma A.3 and assumption
}8;‘6,”‘ <c™onl. em - Pryy Mm=1,2,
we have for m = 1,2,
o" (e%)’ <3C™ -n!- 2, o, o (6;12)’ <3C" . nl- enl .. (A.3)

Moreover, we have

k1 ko kn
Lo (=2)k1 cos(20 + k™) [ p(1) (2) (n)

9" (sin” ) = Z - (Z2)" cos(26+ ) (67 ol I A ,
kilko!- - k! 1! 2! n!

k1+2ko+--+nknp=n
k=k1+ka+-+kn

k1 ko kn
o n!- 281 cos(26 + %”) @ @ . @
e =y MR es@ ) (00) () ()

k1+2ko+--+nk,=n
k=ki+ko+-+kn

By assumption, we have [#(")| < C"" . n!. u”. This gives that

0" (sin? 6)] < 3C™ -l - (max py)", 0" (cos? 6)] < 3C™ - ml - (max py)". (A.4)

Then we could obtain the estimates for the nth derivatives of e3 by induction
03| < 4™-C™ - nl- ez @l

In fact, assume that it holds for 1 < n < k — 1, we are going to prove it for n = k. Take nth
derivatives on each sides of (A.2),

0" (e3) + 0"(e5?)

n!
= > 0" (e}) - 0" (c3) - 9" (sin®f)
niy !ng!n3!
ni+nz2+n3z=n
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n! " N . )
s gt (€) - 9" (e”) - 07 (cos” 6)
ni1+ngs+n3=n

n! e 2 s 9 . )
T2 g ) O 0 cos0)
ni+nz2+nz=n
ni n1 AN (p—2) . AN3 (ain2
+ Z n1|n2|n3|a ( ) 0 (62 ) 0 (SlIl 9) (A5)

ni+nz2+nz=n

It is direct to see that the first term on the righthand side is the main term. By (A.3) and (A.4),
we have

|

S 0 () 07 (ed) - " (sin? )
nit+nz2+nz=n 11822783

< Z nl.2mcomi . et ot 21203 €3 - oh? L3075 - ( max uk)ng

1<k<ng
nit+nz+nz=n

n37#0
+ Z 30M . 2o 30™ . €3 - ph? - sin? 6
ni+nz2=n
<40 nl-fel- YT il ( max )™
ni+nz2+nz=n =r=re
n3#0
+3C" .l eled . ol - sin?4. (A.6)

By inductive assumption, we have

/) (n—3)

J
Z”' T
NCEE

y k! <“) (“) (”)

k2 \ 11 ! !
k1+2kg+--+nkn=n kol - - knlem 1 2 n
2<k=ki+ka+-+kn

<4rl.om’ nl-eg?-0h. (A.8)

Also recall
e3 = erez - |sinf] + O(ey ') > 1.
Then by (A.5), (A.6), (A.7) and (A.8), we have

le3 ! - 0"es|

2 . —92 2 -1 2
<4Cm .n!n+n§+:n :ngoi"lcpg (121:?( Mk) *|sin@| % +3C™ -n!- @ +4"1.C™ -nl- o}
1 nz;éos

<4C™ . p! Z e o5 (| sinf| ™2 - max )"+ 30 . pl. O 4471 el "
ni+n2+nz=n 1sksn

n3#0
<4r.cv -nl- @y,

Hence it holds that
|0"es| < 4™ - C™ nles- 5.
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Next we consider the estimates for the angles. By (A.1), the explicit expression of s is given by

g — s(z) = arctan

By Faa di Bruno’s formula, we have
> nl(=1)(m + k — 1) (eil))’“ (ef))’”...
Eilka!- - kp!(m — D)l 1! 21

k14-2ko+-+nkp=n
k=k1+ka+-+kn

2 _
<C" onl-el™ -l

0" (e1™)| <

Then by Leibniz formula, we have
’8n ((1— ertes ) sin? 0 + (eg* — e7 ) cos? 0)| <™ pl. @

Again by Faa di Bruno’s formula, we have

-1
o" ((1 — e e ) sin? 0 + (e5? — e7?) cos? 0) <c"onl 5. (A.9)

Recall
-1
% =e;? (1 —e;?)sin26 - <(1 —e;tey ) sin? 0+ (e5* — e ) cos? 0) .

Then combining (A.3), (A.4) and (A.9), we could apply Leibniz formula and Faa di Bruno’s formula
to {7 and then obtain

an(z?)‘gcﬁ'“!-efQ-@g.

Then it follows that

2 n () (n—j)
8”(§>\=Zn!-(wm WO e
=0

J! (n—j)!

Again by Faa di Bruno’s formula,

9] \ll—i—m

y  nCDRRE-d (w)l—%((w"’/lﬁ)‘”)kl » <<“12/U2>”>'“|

k14+2ko4--+nkn=n

_3
<4m.C™oplie @Y, n>1
N S
Let f1 := Ry Then
_3
oAl <am-Cm el 2 gE, n> 1

It follows from Leibniz formula that

(NI

w - (w/U)) fl(nfj) 2 -3
n( > — l. . < 4" . O™ . n!. . > 1.
o <U f1>‘ E n i (=) <4"-C™ -nl-eg? -3, n>1
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On the other hand, let fo(x) := arctanxz. We have for any n € Z,

_ED e -1 (=) (- 1)

% (z —i)" 2% - (x +i)"

where ¢ denotes the image unit. Hence it holds that

()| <

Recall that § — s(z) = f2(# - f1). Then from Faa di Bruno’s formula, we have

0" s| = ‘waz(% ' f1)‘ < ‘8"(]“2 o f1) (%) ‘ <8".C" .nl e 2Py,

This implies that

2 -3 - 2 — _
lus — ual|cx < g8k.Ck ke, ? -gplg, ||83—81\|Ck§8k-0k ke -golg.
[l

Proof of Lemma 2.2. The condition of Lemma 2.2 is a bit different from Lemma A.1. However,
we could proceed the similar process to obtain the conclusion. Since the proof is nearly the same,
we omit it here. ([l
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