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Surface acoustic waves (SAWs), as Rayleigh waves generated by elastic media, have been used
in gyroscopes for over 40 years due to their unique propagation characteristics. However, their
working principle, based on Coriolis effects, has become increasingly ineffective for addressing mod-
ern sensing challenges in complex scenarios. Fortunately, recent advancements in quantized SAWs
offer a promising solution: SAWs operating at extremely low pump powers (approximately at the
single-phonon level) can exhibit substantial quantum coherence, enabling investigations into the
fundamental limits of SAW gyroscopes as constrained by the Heisenberg uncertainty relation. In
particular, when multiple SAWs couple to a common waveguide at distinct locations, the nonlocality
arising from the spatial separation among coupling points induces directional coupling between the
SAWs. To elucidate this directionality, we propose a quantum gyroscope characterized by multiple-
point couplings. Unlike traditional single-point coupling designs, our gyroscope exhibits distinctive
time-delayed dynamics that depend on the system’s topologies. We emphasize that these dynamics
invalidate the Markovian approximation, even when the time delay is relatively small. Through a
comprehensive analysis of all possible topologies, we observe that the directional coupling implies an
inherent nonreciprocal transfer. This nonreciprocity confers significant advantages to our gyroscope
compared to traditional designs, notably enhancing both the signal-to-noise ratio and sensitivity.
Specifically, it enables the extraction of output signals that would otherwise be obscured by noise.
Consequently, our findings suggest that systems with multiple-point couplings and the associated
nonreciprocity can serve as valuable resources for advancing quantum sensing technologies.

I. INTRODUCTION

Surface acoustic waves (SAWs) are mechanical waves
generated by elastic media via the piezoelectric effect,
whose energy is concentrated near the surface or inter-
face of the media and propagates along that surface [1, 2].
The amplitude of SAWs decays exponentially with depth
into the material, typically diminishing within one or two
wavelengths. This distinctive propagation characteristic
makes SAWs an ideal platform for sensing applications,
particularly in gyroscopes used to measure angular ve-
locity [3, 4]. Due to not having any moving parts and
vulnerable suspensions, SAW gyroscopes offer better vi-
bration and shock resistance compared to traditional gy-
roscopes, such as rotator gyroscopes [5, 6] and MEMS
gyroscopes [7, 8]. Additionally, the straightforward fabri-
cation process of SAW gyroscopes provides a competitive
mass-production price [4]. However, these advantages
do not imply that SAW gyroscopes are without limita-
tions. Their working principle makes them increasingly
challenging to meet the ultra-high sensitivity demand in
complex scenarios, e.g., high-speed aircraft flying around
the Earth. SAW gyroscopes rely on the Coriolis effect in
a rotating frame [4], which requires not only high-power
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SAWs but also dominant Coriolis forces to suppress cen-
trifugal effects. In many modern sensing applications,
the Coriolis force does not always dominate. Therefore,
improving SAW gyroscopes to overcome these challenges
remains an open question.

In addressing the question above, the recent study [9]
offers a potential solution, wherein the authors utilize
quantized SAWs to construct an optomechanical-like gy-
roscope [10–15]. Different from classic SAWs with high
power, quantized SAWs with extremly low power (about
pW-nW magnitude) do not transport electrons or holes
in the semiconductor; instead, they transport phonons
[16]. This characteristic endows quantized SAWs with
remarkable quantum coherence [17–26], enabling explo-
ration of the quantum limit of sensitivity permitted by
the Heisenberg uncertainty relation [9, 27, 28]. In partic-
ular, when multiple SAWs couple to the same waveguide
at distant points, forming a so-called coupled quantum
giant system [24, 29–31], the inherent nonlocality aris-
ing from the separation of coupling points induces unique
time-delayed dynamics, rendering the Markovian approx-
imation inadequate [31, 32]. Consequently, these time-
delayed dynamics give rise to directional coupling among
SAWs [31]. This directional coupling implies nonrecip-
rocal transfer—that is, unequal transfer when reversing
the source and receiver [33, 34]—and depends on both
the system topology and the number of coupling points.
However, existing studies [24, 29–31] have focused ex-
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FIG. 1. (Color online) Schematic of the quantum gyroscope. (a) Toy model. The SAW cavity supports two orthogonal modes
x and y, and they couple together when the plate rotates at an unknown angular velocity Ω. Consequently, the SAW cavity
serves as a fundamental gyroscope configuration in the x − y plane. By coupling the x mode and the auxiliary cavity to the
same waveguide at distant points, we establish a coupled quantum giant-cavity system. To analyze the underlying directional
coupling, two detection ports, D1 and D2, are employed for readout. Port D1 connects to the auxiliary cavity, while port D2
couples to the x mode. (b) An accessible realization in experiments (without detectors). The whole setup is fabricated by
multiple-layer lithograph technology. The layer 1 consists of a sapphire substrate whose surface is covered with an aluminum
membrane. The aluminum membrane is used for etching the LC resonator (auxiliary cavity) and the waveguide, where the
multiple-point couplings between them is realized by multiple capcitors (not given). The layers 2 and 3 consist of elastic media
exhibiting the piezoelectric effect, used to generate SAWs in the x and y directions, respectively. Additionally, one can etch
interdigital transducers (IDTs) in layers 2 and 3 to form Bragg gratings, which truncate the traveling SAWs into standing
waves, thereby constructing a double-mode SAW cavity. Besides, one can also use multiple IDTs to construct the muliplt-point
coupling between x mode and the waveguide (not given).

clusively on specific topologies with two coupling points
and have relied on the Markovian approximation. This
approach not only neglects other possible topologies with
a greater number of coupling points but also leaves the
underlying nonreciprocity unexplored. Importantly, this
nonreciprocity could serve as a powerful resource for en-
hancing sensing capabilities [34]. Therefore, a detailed
and comprehensive analysis of the nonreciprocity induced
by different topologies, as well as its impact on sensing
performance, remains an open problem in coupled quan-
tum giant systems

To address these challenges, we propose a quantum gy-
roscope based on two coupled giant cavities, where the
SAW cavity serves as the fundamental gyroscope frame
in the x−y plane. Unlike previous investigations that re-
stricted the number of coupling points to two [24, 29, 31],
we systematically consider all possible topologies with a
greater number of coupling points and thoroughly ana-
lyze the resulting time-delayed dynamics. We further find
that the dynamics in multiple-point-coupling systems can
exhibit pronounced non-Markovian effects, rendering the
Markovian approximation inapplicable. We then com-
prehensively explore the underlying nonreciprocity across
various topologies and find that this nonreciprocity is an
intrinsic property of multiple-point-coupling structures,
guaranteed by the system’s causality. Furthermore, we
conduct a detailed analysis of the impact of nonreciproc-
ity on sensing performance, focusing on both the SNR
and sensitivity. Our results show that both indices can
be significantly enhanced due to nonreciprocity. Com-

pared to traditional single-point-coupling structures, the
improved signal-to-noise ratio (SNR) in our multiple-
point-coupling system not only renders previously noise-
overwhelmed output signals readable but also enhances
sensitivity under identical parameters. This indicates
that the multiple-point-coupling system and the asso-
ciated nonreciprocity it entails can serve as a powerful
resource for future quantum sensing applications.
The remainder of this paper is organized as follows:

In Sec. II, we present the model of the gyroscope and
conduct a comprehensive analysis of its time-delayed dy-
namics. Following a frequency analysis, we discuss the
transfer function and nonreciprocity in Sec. III and Sec.
IV, respectively. Discussions on sensing performances are
provided in Sec. V, and we compare our gyroscope with
traditional ones in Sec. VI. To guide experiments, we also
provide discussions on experimental feasibility of our gy-
roscope in Sec. VII. Finally, we conclude our work in
Sec. VIII.

II. MODEL OF THE GYROSCOPE AND ITS
TIME-DELAYED DYNAMICS

The gyroscope consists of double-coupled cavities
mounted on a rotating plate, where the SAW cavity
functions as a double-mode mechanical oscillator with
an effective mass m and frequency ωb, as illustrated in
Fig. 1 (a). When the plate rotates, its angular velocity
Ω becomes the coupling strength between the orthogo-
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nal modes x and y of the SAW cavity. Consequently,
the SAW cavity serves as the fundamental framework
for gyroscopes in the x − y plane. The coordinate sys-
tem applies to the entire setup, and our objective is to
measure the unknown angular velocity Ω using external
probes. Unlike traditional coupled-cavity gyroscopes [9–
11, 15, 35], the coupling between the auxiliary cavity and
the x mode is achieved by connecting them to a common
waveguide at distinct points, thereby forming a so-called
quantum giant system [22, 24, 29–32, 36–43]. Recent
advancements [31] indicate that this multiple-point cou-
pling can exhibit directionality if the coupling points fol-
low a specific topology. To thoroughly investigate this
underlying directionality, we have established two detec-
tion ports, D1 and D2, for readout: port D1 connects
to the auxiliary cavity, while port D2 couples to the x
mode. In experiments, the setup can be fabricated us-
ing multilayer photolithography technology, as shown in
Fig. 1(b). Layer 1 is used to etch the auxiliary cavity
and the waveguide and to transport the electromagnetic
field. Layers 2 and 3 consist of elastic media exhibiting
the piezoelectric effect, used to generate SAWs in the x
and y directions, respectively.

According to the model, the setup has the Hamiltonian

H = Hgyro +Hg (1)

with

Hgyro = ωaa
†a+ ωb(b

†
xbx + b†yby) + iΩ(b†xby −H.c.)

−i(
√
κaa

†αine
−iωdt −H.c.)

−i(
√
κbb

†
xβine

−iωdt −H.c.), (2a)

Hg =

∫
dω ω c†ωcω

−i

N∑
n=1

√
γn
2π

∫
dω(a†cωe

iωτn −H.c.)

−i

M∑
m=1

√
γ̄m
2π

∫
dω(b†xcωe

iωτ̄m −H.c.). (2b)

The Hamiltonian Hgyro denotes the basic Hamiltonian
of the gyroscope, consistent with traditional designs
[9, 12, 13]. In this context, the auxiliary cavity, the x
mode, and the y mode are denoted by the bosonic anni-
hilation operators a, bx, and by, respectively. The probe
field αine

−iωdt (βine
−iωdt) enters the auxiliary cavity a

(the x mode) from the port D1 (D2) with a strength
κa (κb). The Hamiltonian Hg describes the position-
dependent interaction between the auxiliary cavity and
the x mode, achieved by coupling them to a common
waveguide represented by the annihilation operator cω.
The corresponding coupling strengths between the cav-
ity and the waveguide are γn and γ̄m, respectively. Here,
the positions xn and x̄m are expressed as time delays
τn = xn/vg > 0 and τ̄m = x̄m/vg > 0 with group ve-
locity vg. For simplicity, we consider γn = γ̄m = γ in
following contents.

Without loss of generality, the mode x (y) is assumed
to be influenced by thermal noise fx (fy) with decay rate
γx (γy). Under a rotating frame with respect to the driv-
ing frequency ωd, the system satisfies the following time-
delayed Heisenberg-Langevin equation

ẋ(t) = Aox(t)−Bouin(t)

+ L(t; τn, τ̄m)− Lin(t; τn, τ̄m).
(3)

To avoid excessive mathematical detail in the main text,
we have placed its full derivation and detailed expres-
sions in Appendix A for easier reading. The first line
of Eq. (3) describes time-local dynamics with the mode
vector x = (a, bx, by)

T and the input vector uin(t) =
(αin(t), βin(t), fx(t), fy(t))

T , while the second line rep-
resents time-nonlocal dynamics. Notably, this nonlocal
component lies at the core of the considered multiple-
point coupling system, as it not only reflects a character-
istic non-Markovian time-delayed effect but also implies
an underlying directional coupling. It takes the form

L(t; τn, τ̄m) = Afxf (t; τn, τ̄m) +Acxc(t; τn, τ̄m),(4a)

Lin(t; τn, τ̄m) = Bccin(t; τn, τ̄m). (4b)

Here, the vectors

xf (t; τn, τ̄m) =

(
a(t; τn, τn′), bx(t; τ̄m, τ̄m′), by(t)

)T

(5a)

xc(t; τn, τ̄m) =

(
a(t; τ̄m, τn), bx(t; τn, τ̄m), by(t)

)T

(5b)

cin(t; τn, τ̄m) =

(
cin(t− τn), cin(t− τ̄m)

)T

(5c)

with the operator O(t;hi, sj) = O
(
t− (hi − sj)

)
and the

quantum noise input cin(t) =
1√
2π

∫
dω cω(0)e

−iωt led by

the waveguide, describe the time-delayed dynamics of the
system. The coefficient matrices

Af = diag(Γ(ωd; τn, τn′),Γ(ωd; τm, τm′), 0), (6a)

Ac =

 0 Γ(ωd; τn, τ̄m) 0
Γ(ωd; τ̄m, τn) 0 0

0 0 0

 , (6b)

Bc =

∑N
n=1

√
γeiωdτn 0

0
∑M

m=1

√
γeiωdτ̄m

0 0

 , (6c)

characterized by the effective decay rate Γ(ωd;hi, sj) =

−γ
∑

i

∑
j Θ(hi − sj)e

iωd(hi−sj) and the Heaviside step
function

Θ(hi − sj) =


1, hi − sj > 0
1
2 , hi − sj = 0

0, hi − sj < 0

, (7)

indicate the directional coupling between the auxiliary
cavity and the x mode.
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For the Heaviside step function in Eq. (6b), there are
two important points to note. (i) It takes different forms
in the nondiagonal terms of Eq. (6b), such that its cutoff
property renders the coupling between the modes a and
bx unidirectional for each pair of unequal coupling points
τn ̸= τ̄m. This implies that the mode at the former po-
sition can influence the latter, but not vice versa. We
emphasize that this directional coupling, resulting from
time delays, is guaranteed by the causality of the sys-
tem: when the a mode is at the former position, i.e.,
τn < τ̄m, the dynamics of the bx mode always lag be-
hind the a mode, such that the state of the a mode
unidirectionally transfers to the bx mode. (ii) Ignoring
the Heaviside step functions could lead to a misuse of
the Markovian approximation. In the Markovian ap-
proximation, the time-delayed terms are approximated
as Γ(ωd;hi, sj)O(t;hi, sj) ≈ −γ

∑
i

∑
j e

iωd|hi−sj |O(t).

Clearly, the Markovian approximation allows both bx(t−
(τn − τ̄m)) and a(t − (τ̄m − τn)) to play roles, indicat-
ing that the a ↔ bx coupling is bidirectional, regardless
of which mode is at the former position. However, Eq.
(6b) demonstrates that bidirectional coupling only oc-
curs under specific conditions, such as when the condition
τn = τ̄m strictly holds. Strictly speaking, the directional
coupling is essentially a non-Markovian effect, i.e., non-
local evolution in the time domain, while the Markovian
approximation is a local transformation that manually
eliminates this nonlocality [32]. Therefore, the Marko-
vian approximation does not apply to multiple-point-
coupling systems, even in the limit Markovian regime
τnm = |τn − τ̄m| → 0. In this regime, the relative time
delay τnm can be negligible, but this does not imply that
the coupling points τn and τ̄m strictly overlap; thus, the
coupling remains unidirectional due to the cutoff of the
Heaviside step functions.

Besides the equations of motion (3), the Heisenberg-
Langevin equation also gives us the input-output relation(

αout(t)
βout(t)

)
=

(
αin(t)
βin(t)

)
+

(√
κa 0
0

√
κb

)(
a(t)
bx(t)

)
. (8)

Notably, it describes the relationship between the two
ports, indicating that the time-delayed effect is only re-
flected in the system’s modes a and bx.

III. SOLUTIONS OF TRANSFER FUNCTION

Now, we focus on the solutions of the time-delayed
equations of motion (3). By utilizing the symmetric
Fourier transform of an arbitrary operator O

O(ω) =

∫
dt O(t)e−iωt, (9a)

O†(ω) =

∫
dt O†(t)eiωt = [O(ω)]†, (9b)

we can reorganize the solution of Eq. (3) and the input-
output relation in a simple form

x̃(ω) = A−1(ω)B(ω)ũin(ω), (10)

uout(ω) = G(ω)ũin(ω). (11)

Here, we have incorporated the by mode into the bx
mode, as we are not interested in the dynamics of the
by mode. As a result, the mode and input vectors be-
come as x(ω) → x̃(ω) = (a(ω), bx(ω))

T and uin(ω) →
ũin(ω) = (αin(ω), βin(ω), cin(ω), fx(ω), fy(ω))

T , and the
output vector reads uout(ω) = (αout(ω), βout(ω))

T .For
clarity, the detailed forms of the matrices A(ω) and B(ω)
are provided in Appendix A, and the transfer function
reads

G(ω) =
(
I2×2 02×3

)
+

(√
κa 0
0

√
κb

)
A−1(ω)B(ω). (12)

Notably, the matrices A(ω) and B(ω) satisfy the relation

A(ω) +A†(ω) + B(ω)B†(ω) ≡ 0, (13)

which further makes the transfer function G(ω) satisfy
the condition

|G(ω)|2 = G(ω)G†(ω) ≡ I. (14)

It indicates the energy conservation of the system under
gainless situations. In Ref. [44], the authors proved that
the condition (14) applies to all linear gainless quantum
systems with single-point couplings, provided the sys-
tem satisfies condition (13). Our results show that these
two conditions also hold for quantum giant systems with
multilple-point couplings. In fact, the conditions (13)
and (14) naturally arise if the equations of motion are
strictly derived from the Heisenberg-Langevin equation1.

IV. TOPOLOGIES AND THE UNDERLYING
NONRECIPROCITY

A. Topologies in the considered double-body
system

In the previous section, we presented the transfer func-
tion G(ω). We now examine the elemetents G21(ω)
and G12(ω), which represent a pair of cross responses:
αin(ω) ⇝ βout(ω) and βin(ω) ⇝ αout(ω). According to
Eq. (12), these two elements are proportional to the ma-
trix Ag(ω), and depend on the topologies that describe

1 In Ref. [44], the equations of motion are reformulated as
quantum stochastic differential equations (QSDEs), where the
integro-differential rule follows the Ito rule. In the standard
QSDE framework [45], the system must evolve locally in time,
implying the absence of non-Markovian memory effects. There-
fore, QSDE does not strictly apply to quantum giant systems.
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FIG. 2. (Color online) Schematic of the topologies between
modes a and bx. For the double-body system examined in
this paper, there are three types of topologies: (a) separated,
(b) nested, and (c) braided. The topologies labeled (ii) are
mirror images of those labeled (i).

the relative positions of the modes a and bx. For the
double-body system considered in this paper, the topolo-
gies can be categorized into three types: (a) separated,
(b) nested, and (c) braided. Although the topologies
in multiple-point-coupling systems have been studied in
previous works [29, 30, 32], these studies focus only on
two-point coupling cases, e.g., N = M = 2, which do
not consider topologies involving a greater number of
coupling points. Moreover, most of these existing works
[29, 30] employ the Markovian approximation. As men-
tioned in Sec. III, this approach would manually break
the inherent non-Markovian effects, thereby obscuring
the underlying directional coupling and nonreciprocity.
To address this limitation, we extend the analysis to
include more coupling points and consider all possible
topologies, and preserving the system’s non-Markovian
effects to explore topology-dependent nonreciprocity. All
possible topologies are illustrated in Fig. 2, where the
topologies labeled (ii) are mirror images of those labeled
(i).

Here, the topologies are subject to the following con-
straints:

• The coupling points associated with different
modes do not overlap, which necessitates the ex-
istence of a time delay between modes a and bx.
This is intended to ensure that the non-Markovian
effects resulting from the time delay do not disap-
pear in the limit Markovian regime, as discussed in
the last paragraph of Sec. II;

• The coupling points are distributed in the order
τn−1 < τn < τn+1, τ̄m−1 < τ̄m < τ̄m+1;

• The time delay is fixed as τ for the nearest-neighbor
coupling points, and it is incorporated into the
phase ϕ = (ωd − ω)τ .

Under the aforementioned constraints, although the cou-
pling matrix Ag(ω) differ acorss various topologies, they
all represent the sum of a geometric sequence. For sim-
plicity, we present the detailed derivations in Appendix
B.
(a) Separated. The separated topology is the most
fundamental, while the others can be viewed as various
combinations of multiple separated topologies. Its effec-
tive pattern is shown in Fig. 3 (a).
(b) Nested. Its effective pattern is shown in Fig. 3
(b), which is categorized into two types: separated (i)
and separated (ii). In the nested type (i), the coupling
points τ̄1 ∼ τ̄M are embedded between the points τn and
τn+1, necessitating that N − n ≥ 1. In the mirroring
topology (ii), the coupling points τ1 ∼ τN are embedded
between the points τ̄m and τ̄m+1, thereby requiring that
M −m ≥ 1.
(c) Braided. Strictly speaking, the braided topology
illustrated in Fig. 2 should be referred to as the general
braided topology, since some coupling points remain un-
interlaced when N ̸= M . In this work, we designate the
braided topology as strict braided when N = M . The
equivalent pattern of the general braided topology is de-
picted in Fig. 3 (c), which can be divided into a strict
braided component and a separated component. More-
over, the strict braided component is further categorized
into two sets of separated topologies: (i) and (ii). To dis-
tinguish between strict and general braided topologies,
we use the superscripts “S” and “G” to label the “strict”
and “general” respectively. In the main text, we focus
on the strict braided topology, while the general braided
topology is discussed in Appendix C as supplemental ma-
terial.

B. Nonreciprocities under different topologies

Based on Eq. (A16) and Eqs. (B1)-(B4), it can be
observed that the elements A21(ω) and A12(ω) are not
always equal. This discrepancy results in unequal trans-
fer function elements, specifically |G21(ω)| ̸= |G12(ω)|,
which indicates imbalanced responses between αin(ω)⇝
βout(ω) and βin(ω) ⇝ αout(ω). This phenomenon is
known as nonreciprocal transfer.
According to the reciprocity theorem, a system is con-

sidered reciprocal if its transfer magnitude remains un-
changed when the source and receiver are exchanged
[33, 34]. Consequently, nonreciprocity is the opposite
concept. Reciprocity applies to multiple-input-multiple-
output systems and requires the transfer matrix to sat-
isfy the condition |Gij(ω)| = |Gji(ω)|. 2 Furthermore,
we emphasize that the transfer function describes how

2 This does not imply that the transfer function must be complex
symmetric. A symmetric transfer function indicates that the
dimensions of the output and input vectors are equal. More
commonly, the dimension of the input vector may exceed that of
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⋯

τ̄1 → τ2
τ̄1 → τ̄2 → τ3

τ̄1 → τ̄2 → ⋯ → τ̄n → τn+1
τ̄1 → τ̄2 → ⋯ → τ̄N−1 → τN

separated (ii)

strict braided

(c) Effective Pattern of General Braided Topology
(i)

τ τ

a

bx

τ ττ ⇒

strict braided

separated (ii)

⇒
⋯

τ̄1 → τ1
τ̄1 → τ̄2 → τ2

τ̄1 → τ̄2 → ⋯ → τ̄m → τm

τ̄1 → τ̄2 → ⋯ → τ̄M → τM

separated (i) ⋯

τ1 → τ̄2
τ1 → τ2 → τ̄3

τ1 → τ2 → ⋯ → τm → τ̄m+1
τ1 → τ2 → ⋯ → τM−1 → τ̄M

separated (ii)

strict braided

τ1 τ2 τMτ̄1 τ̄2 τN⋯ τm ⋯τ̄Mτ̄m ⋯ τM+1

(ii)

FIG. 3. The effective patterns of topologies: (a) Separated, (b) Nested, and (c) Braided. In (a), the separated topology is the
most fundamental for the double-body system under consideration, while the other topologies can be viewed as combinations
of different separated topologies. In (b), the nested topology can be categorized as a combination of separated topology (i) and
separated topology (ii). In (c), the general braided topology can be divided into a strict braided component and a separated
component. In the strict braided component, the number of interlaced coupling points is N = M , and this component can be
further divided into two sets of separated topologies (i) and (ii).

outputs respond to inputs. Therefore, the unequal ma-
trix elements |G12(ω)| and |G21(ω)| indicate imbalanced
transfers between the pathways αin → a → bx → βout

and βin → bx → a → αout. This imbalance can be evalu-
ated by the nonreciprocal strength

σ(ω) =
|G21(ω)|2 − |G12(ω)|2

|G21(ω)|2 + |G12(ω)|2

=
|A21(ω)|2 − |A12(ω)|2

|A21(ω)|2 + |A12(ω)|2
,

(15)

where we have calculated the elements G21(ω) and
G12(ω) in the second line via the Eq. (12). Clearly,
the nonreciprocal strength σ(ω) ∈ [−1, 1] describes three
types of nonreciprocity:

• The right nonreciprocity, denoted as σ(ω) ∈ (0, 1],
indicates that the αin ⇝ βout response is greater
than the βin ⇝ αout response. As the nonrecip-
rocal strength σ(ω) varies from 0 to 1, the right
nonreciprocity is enhanced, and the βin ⇝ αout re-
sponse is completely truncated when σ(ω) = 1.

• The left nonreciprocity, denoted as σ(ω) ∈ [−1, 0),
which is the opposite of right nonreciprocity.

the output vector when the system involves control loops, where
additional inputs are utilized as control sources.

• The reciprocity, denoted as σ(ω) = 0, which means
a balanced transfer between the two responses.

The nonreciprocity in quantum giant systems is a fasci-
nating subject, yet it has received limited attention. To
our knowledge, only one study [46] involves this topic,
examining nonreciprocity (also referred to as chirality)
in a three-level giant atom. In their configuration, the
three-level atom can be modeled as two coupled two-level
atoms, each interacting with a waveguide at distinct loca-
tions. Notably, the nonreciprocity observed in their study
arises from the preset phases θ1 and θ2 rather than from
directional coupling. In contrast, the nonreciprocity in
our system primarily results from structural asymmetry,
as detailed in Eqs. (B1), (B2) and (B4). This asymmetry
facilitates directional coupling between the modes, which
manifests as nonreciprocity.
Based on the coupling matrix Ag(ω) (Eqs. (B1), (B2)

and (B4)), one can readily determine the nonreciprocal
strength σ(ω) of the topologies shown in Fig. 2. Be-
sides the topologies, it also depends on two paparmeters:
the phase ϕ and the number of coupling points N,M .
A special case is the separated topology, for which the
nonreciprocal strength is consistently −1 or 1, regard-
less of these two parameters, c.f. Eq. (B1). For other
topologies, the detailed nonreciprocal strength σ(ω) are
decipted as Eqs. (B3) and (B5), with which one acquire
nonreciprocity by tuning the phase ϕ for the given num-
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strict(i)
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0 0.5 1 1.5 2

-1.0
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0.0
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1.0

/π

σ
(0
)

FIG. 4. (Color online) The numerical simulation of the non-
reciprocal strength σ(0) under strict braided topologies. The
gridlines indicate the points σ(0) = {−1, 0, 1}. Due to de-
structive interference, the system exhibits reciprocity at the
phases ϕ = {0.5π, 1.5π}.

ber of coupling points N,M .
To encompass the topologies discussed in Ref. [29], we

set N = M = 2. Besides, we also provide a detailed
discussion on the number of coupling points in Appendix
C. Now, let us return to the main topic and analyze the
nonreciprocal strength σ(ω) of the topologies depicted
in Ref. [29]. For brevity, we assume that the system is
resonantly driven to a steady state with ∆1 = ∆2 = ω =
0. Under these assumptions, the nonreciprocal strength
σ(0) becomes

σ(0) =


1 separated (i)

0 nested (i)
2+2 cos 2ϕ
3+2 cos 2ϕ strict braided (i)

(16a)

σ(0) =


−1 separated (ii)

0 nested (ii)

− 2+2 cos 2ϕ
3+2 cos 2ϕ strict braided (ii)

(16b)

In the separated topologies (i) and (ii), Eqs. (16a) and
(16b) align with our intuition: energy is unidirectionally
transferred from mode a to mode bx when mode a is at
the former position, and vice versa. Furthermore, the
system consistently exhibits reciprocity in both nested
topologies (i) and (ii). The underlying reason for this
reciprocity is the balanced transfer between the pathways
a → bx and bx → a, rather than interference effects.
For instance, in nested topology (i), the a → bx transfer
occurs through two pathways: τ1 → τ̄1 and τ1 → τ̄2, c.f.
Fig. 3 (b) . Conversely, the transfer bx → a is facilitated
by the pathways τ̄1 → τ2 and τ̄2 → τ2. The pathway τ1 →
τ̄1 contributes equally to the pathway τ̄2 → τ2, as do the
pathways τ1 → τ̄2 and τ̄1 → τ2. This symmetry results in
a balanced energy transfer between the pathways a → bx
and bx → a, ensuring that the system remains reciprocal.
As illustrated in Fig. 4, the nonreciprocal strengths

σ(0) exhibit symmetry about the σ(0) = 0 axis, as the

strict braided topologies (i) and (ii) are mutually mir-
roring. It is important to note that the points of in-
terest occur at the phases ϕ = {0.5π, 1.5π}, where the
system maintains reciprocity. This phenomenon arises
due to destructive interference among the various trans-
fer pathways. For example, in strict braided topology
(i), destructive interference occurs between the transfer
pathways τ1 → τ̄1 and τ1 → τ̄2. In strict braided topol-
ogy (ii), destructive interference takes place between the
pathways τ̄1 → τ1 and τ̄1 → τ2. This destructive interfer-
ence enforces a balanced energy transfer between the two
modes. Aside from these two specific phases, the system
is generally nonreciprocal; however, it does not achieve
complete nonreciprocity of -1 or 1. This indicates that
the transfer magnitude in one direction is consistently
greater than that in the opposite direction, even though
the energy transfer between the two modes remains re-
versible.
Before the end of this section, we quote the results in

Appendix C to briefly illustrate the impact of the number
of coupling points on the nonreciprocal strength σ(0). As
the numbers of coupling points N and M increase, the
separated component introduces additional phasesAA

g (0)
to the matrix Ag(0), c.f. Eq. (C1). These additional
phases also contribute to the interferences, complicating
the interference and altering the reciprocal points.
In the end, we provide a brief summary of the nonre-

ciprocity induced by multiple-point couplings:

• The nonreciprocity in multiple-point coupling sys-
tems is an intrinsic property arising fundamentally
from directional couplings induced by time delays,
as described in Eq. (3). It represents a mani-
festation of non-Markovian effects. Consequently,
the Markovian approximation is inapplicable to
multiple-point coupling systems regardless of the
time delay magnitude, since this approximation ar-
tificially eliminates the non-Markovian behavior.
Therefore, as long as the coupling points do not
overlap, nonreciprocity must persist. This charac-
teristic implies that it is unnecessary to etch an
excessively long waveguide to achieve pronounced
non-Markovian effects and nonreciprocity, thereby
facilitating on-chip integration of the system.

• Although directional coupling can induce nonrecip-
rocal transfers, this does not necessarily imply that
the system is always nonreciprocal. Under certain
time delays, reciprocity can be restored due to de-
structive interference among various transfer path-
ways (see Figs. 4 and 11). This destructive in-
terference indicates the disappearance of the non-
Markovian effect.

• The nonreciprocity depends on the topology, al-
lowing one to adjust the structural parameters to
achieve varying degrees of nonreciprocal strength.
These parameters include the relative positions of
the cavities, the number of coupling points, the
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distances between these points, and the coupling
strengths to the waveguide.

V. IMPACTS OF NONRECIPROCITY ON
SENSING PERFORMANCES

A. The impact of nonreciprocity on SNR

After discussing nonreciprocity, we will now focus on
the role it plays in sensory perception. This process relies
on the output signal

Sϵ(ω) = |⟨ϵout(ω)⟩|2, (17)

where ϵ = {α, β} and the symbol ⟨·⟩ means taking the ex-
pectation value. In experiments, coherent lasers are typ-
ically utilized as probe fields. Consequently, the probe
field ϵin can be expressed as ϵin = ϵ + ϵqin(t), where ϵ
represents the classical amplitude and ϵqin signifies the
quantum vacuum input [27, 47]. Additionally, the system
often operates within a dilution refrigerator at temper-
atures approaching absolute zero [48, 49]. This further
leads to the following correlations of the quantum input
vector

⟨δũin(ω)⟩ = ⟨δũ†
in(ω)⟩ = 0, (18a)

⟨δũ†
in(ω)δũin(ω

′)⟩ = 0, (18b)

⟨δũin(ω)δũ
†
in(ω

′)⟩ = 2πδ(ω − ω′)I5×5, (18c)

where δO = O − ⟨O⟩ denotes the fluctuation of an ar-
bitrary operator O. Besides, the output signal is sur-
rounded by the quantum noise

Nϵ(ω) =
1

2

∫
dt e−iωt⟨[δεout(t), δε†out(0)]+⟩

=
1

2

1

2π

∫
dω′⟨[δεout(ω), δε†out(ω′)]+⟩, (19)

where the anti-commutation relation reads [O,O†]+ =
OO† + O†O. Based on Eq. (14), the quantum noise
satisfies

Nϵ(ω) ≡
1

2
. (20)

The constant 1
2 represents the so-called shot noise, which

delineates the minimum limit of quantum noise permitted
by the Heisenberg uncertainty relation [27, 34]. This limit
can be attained only when the quantum input vector is in
the vacuum state; the zero-Kelvin state is also considered
as the vacuum state. Unlike optomechanical systems [31],
the shot noise limit in this context cannot be surpassed
by configuring the input εqin(ω) to a squeezed state |ξ⟩ε =
e−

1
2 (ξε

q†
in (ω)εq†in (ω)−ξ∗εqin(ω)εqin(ω))|0⟩. However, this does not

imply that our system exhibits worse noise compared to
optomechanical systems. In optomechanical systems [31],
the minimum noise after squeezing, given by Nε(ω) =

1
2 [e

−2|ξ| + (e|ξ| + 1)2 − 1] ≥ 3
2 , remains greater than the

shot noise limit (20).
Using Eqs. (17) and (19), one can further derive the

SNR per photon, which is one of the most important
indices of sensors

Rα(ω) =
Sα(ω)

Nα(ω)|α|2
= 2|G11(ω) + reiθG12(ω)|2 (21a)

Rβ(ω) =
Sβ(ω)

Nβ(ω)|α|2
= 2|G21(ω) + reiθG22(ω)|2 (21b)

with the amplitude ratio r = |β/α| and the phase θ =
arg(β/α). The advantage of the definition on SNR lies
in the fact that the performance of the gyroscope de-
pends solely on the system itself, rather than on external
probes. Notably, the SNR per photon provides a read-
able condition Rϵ(ω) ≥ 1; otherwise the output signal
is overwhelmed by noise [9]. Unlike single-input-single-
output systems [9], this condition is easier to achieve in
double-input-double-output system, as one can consis-
tently obtain a higher SNR per photon by adjusting the
ratio r = |β/α| without altering the total input photon
number nin = |α|2 + |β|2. For fair comparisons, we set
r = 1, θ = 0, κa = κb = κ in the following sections.
As a gyroscope, its purpose is to readout the unknown

angular velocity Ω through its output signals. Conse-
quently, these output signals must inherently reflect the
angular velocity, regardless of the system’s parameters.
This requirement narrows the feasible topologies to only
the strict and general braided configurations that satisfy
this condition. In contrast, the output signals in other
topologies become independent of the angular velocity
under certain time delays. Under the same assumptions
ω = ∆1 = ∆2 = 0, the SNRs per photon in the strict
braided topologies read

Rα(0) =


2|1−

fs
1κ+γx+

4Ω2

γy

F s
1

κ
2 +F s

2 (
γx
2 + 2Ω2

γy
)]
|2 strict (i)

2|1−
fs
2κ+γx+

4Ω2

γy

F s
1

κ
2 +F s

2 (
γx
2 + 2Ω2

γy
)]
|2 strict (ii)

(22a)

Rβ(0) =


2|1− fs

2κ

F s
1

κ
2 +F s

2 (
γx
2 + 2Ω2

γy
)]
|2 strict (i)

2|1− fs
1κ

F s
1

κ
2 +F s

2 (
γx
2 + 2Ω2

γy
)]
|2 strict (ii)

(22b)

where fs
1 = 1 +

√
Co(1 − eiϕ + e2iϕ), fs

2 = 1 +
√
Co(1 −

2eiϕ + e2iϕ − e3iϕ), F s
1 = 1 + Co + 2

√
Co(1 + e2iϕ),

F s
2 = 1 +

√
Co(1 + e2iϕ), and Co = 4γ2/κ2 is the

double-photon cooperativity. According to experiments
[9, 20], we consider the conditions Ω ∼ γx,y ≪ κ and
Co ≪ 1. These parameters correspond to a realistic sce-
nario, where the gyroscope is implemented using a high-Q
cavity and operates in the weak coupling regime, with the
unknown angular velocity Ω treated as a weak perturba-
tion. Under these conditions, the numerical simulations
of the SNRs Rα(0) and Rβ(0) are provided in Fig. 5.
When comparing Eq. (22a) with Eq. (22b), a residual

term γx + 4Ω2

γy
appears in the numerator of Rα(0). This
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strict (i)

strict (ii)

(a1)

(b1)

(a2) (a3)

(b2) (b3)

Co = 0.1 Co = 0.2 Co = 0.5

Co = 0.1 Co = 0.2 Co = 0.5

FIG. 5. (Color online) The numerical simulations of the SNRs Rα(0) and Rβ(0) in strict braided topologies. Parameters used

for plotting are: γx = γy and κ = 10γx. Due to the residual term γx + 4Ω2

γy
, the SNRs Rα(0) and Rβ(0) do not strictly overlap

at the reciprocal points ϕ = {0.5π, 1.5π}. In panels (a1)-(a3), the system exhibits right nonreciprocity, except at the reciprocal
points, resulting in the SNR Rβ(0) being greater than the SNR Rα(0). More importantly, the SNR Rβ(0) in the interval
ϕ ∈ [0.5π, 1.5π] varies synchronously with the nonreciprocal strength σ(0), as shown in Fig. 4 (a). This synchronous variation
reveals that nonreciprocity can effectively enhance the SNR. Similar results are also observed in the mutual mirroring topology
(b1)-(b3), where the roles of the SNRs Rβ(0) and Rα(0) are reversed.

( Co=0.1
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Co=0.5
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Δ
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FIG. 6. (Color online) The numerical simulations of the sensitivity ratio ∆Ω2
β(0)/∆Ω2

α(0) under (a) strict braided topology
(i) and (b) strict braided topology (ii). In (a), due to the advantageous effects of right nonreciprocity, the sensitivity ratio
∆Ω2

β(0)/∆Ω2
α(0) is less than 1 and reaches its minimum at the maximum nonreciprocal points ϕ = {0, π, 2π}. In (b), the

sensitivity ratio ∆Ω2
β(0)/∆Ω2

α(0) remains less than 1, indicating that the output signal Sα(0) does not benefit from left

nonreciprocity in the sensitivity ∆Ω2
α(0). This limitation arises because the system operates within the weak coupling regime.

causes the SNR Rα(0) not to strictly overlap with Rβ(0)
at the reciprocal points ϕ = {0.5π, 1.5π}, as shown in
Fig. 5. If this residual term is ignored, both SNRs over-
lap at the reciprocal points. In the strict braided topol-
ogy (i), the system exhibits right nonrciprocity σ(0) > 0

except at the reciprocal points ϕ = {0.5π, 1.5π}, c.f. Fig.
4. This right nonreciprocity results in the SNR Rβ(0)
being globally greater than the SNR Rα(0), as shown in
Figs. 5 (a1)-(a3). Specifically, the SNR Rβ(0) varies syn-
chronously with the nonreciprocal strength σ(0) within
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the interval ϕ ∈ [0.5π, 1.5π], and both increase to their
maximum values at ϕ = π. Compared to the recipro-
cal points ϕ = {0.5π, 1.5π}, the right nonreciprocity en-
hances the SNR Rβ(0) at the phase ϕ = π. However,
this enhancement does not imply that the right nonre-
ciprocity amplifies the signal Sβ(ω), as the system con-
serves energy, c.f. Eq. (14). Indeed, it functions as a
valve, directing energy transfer more efficiently toward
the a → bx direction. Consequently, the signal Sβ(0)
is enhanced while the signal Sα(0) is suppressed. This
finding opens new possibilities for further improving the
SNR, specifically by constructing a system with higher
nonreciprocity to maximize the transfer of input to the
desired port. Similar results also emerge in the mirror-
ing topology (ii), but the roles of Rβ(0) and Rα(0) are
reversed, as depicted in Figs. 5 (b1)-(b3).

B. The impact of nonreciprocity on Sensitvity

We now shift our attention to sensitivity, another im-
portant index for sensors. Sensitivity, often referred to
as accuracy, denotes the minimum detectable change in
the quantity being measured [9, 50–52]. The sensitivity
is defined as

∆Ω2
ϵ(ω) = lim

Ω2→0

√
| Nϵ(ω)

∂Ω2⟨ϵout(ω)⟩
|2. (23)

Notably, the sensitivity ∆Ω2
ϵ(ω) is expressed in units of

Hz2, as the angular velocity Ω consistently appears in a
squared form within the output signals Sε(ω) (c.f. Eqs.
(22a)-(22b)). Under the conditions Ω ∼ γx,y ≪ κ and
ω = ∆1 = ∆2 = 0 that we used previously, the sensitivity
read

∆Ω2
α(0) ≃


γyκ
16|α| |

(F s
1 )

2

fs
2

√
Co

| strict (i)

γyκ
16|α| |

(F s
1 )

2

fs
1

√
Co(2+e2iϕ)

| strict (ii)
(24a)

∆Ω2
β(0) ≃


γyκ
16|α| |

(F s
1 )

2

fs
2F

s
2
| strict (i)

γyκ
16|α| |

(F s
1 )

2

fs
1F

s
2
| strict (ii).

(24b)

To illustrate the effects of nonreciprocity, we plot the
sensitivity ratio ∆Ω2

β(0)/∆Ω2
α(0) in Fig. 6. In the figure,

labels (a) and (b) denote the strict braided topologies (i)
and (ii), respectively.

Benefiting from the right nonreciprocity, the sensitiv-
ity ratio ∆Ω2

β(0)/∆Ω2
α(0) in the strict braided topology

(i) consistently remains less than 1, regardless of the co-
operativity. Especially it reaches minimum at the max-
imum nonreciprocal points ϕ = {0, π, 2π}, as shown in
Fig. 6 (a). This reveals that the right nonreciprocity
makes the output signal Sβ(0) more sensitive to changes
in angular velocity Ω. In particular, this effect becomes
more pronounced within the interval ϕ = [0.5π, 1.5π]
as the cooperativity Co increases: the sensitivity ratio

∆Ω2
β(0)/∆Ω2

α(0) decreases with the increasing nonrecip-

rocal strength σ(0). However, in the strict braided topol-
ogy (ii), the sensitivity ratio ∆Ω2

β(0)/∆Ω2
α(0) exhibits

different trends, as shown in Fig. 6 (b). Contrary to our
expectations, it does not exceed 1 and reaches a mini-
mum at the reciprocal points ϕ = {0.5π, 1.5π}, indicating
that the output signal Sα(0) does not benefit from left
nonreciprocity. The underlying reason is that a sensitiv-
ity ratio ∆Ω2

β(0)/∆Ω2
α(0) > 1 requires the cooperativity

Co > 1. If the cooperativity Co > 1 is satisfied, the out-
put signal Sα(0) would benefit from left nonreciprocity;
that is, the sensitivity ratio ∆Ω2

β(0)/∆Ω2
α(0) > 1 not

only exceeds 1 but also exhibits a completely opposite
trend compared to Fig. 6 (a). However, the condition
Co > 1 lies beyond the weak coupling regime considered
in this work. Therefore, strictly speaking, the results in
Fig. 6 (b) do not conflict with those in Fig. 6 (a).
Based on the results presented in Figs. 5 and 6, we can

conclude the significant role of nonreciprocity in sensing.
It compels energy to transfer more concentratedly in one
direction. In this direction, the output signal is enhanced,
making it more sensitive to changes in the quantities be-
ing measured.

VI. COMPARISON WITH TRADITIONAL
PROPOSALS

In Sec. V, we thoroughly discussed the role of nonre-
ciprocity in sensing applications. Now, we will compare
our gyroscope with traditional single-point-coupling gy-
roscopes to further illustrate the enhancements in sens-
ing performance due to nonreciprocity. The traditional
gyroscopes are realized by the following two structures:
(i) both modes a and bx couple to the waveguide at the
same point, i.e., N = M = 1 and τ = 0. (ii) mode a
directly couples to the mode bx with a Hermitian Hamil-

tonian Hg → Hd = i
√
Coκ
2 (a†bx − H.c.). In both cases,

the system is reciprocal.
Traditional System (i): The two modes couple to the
waveguide at the same point. Under the same conditions
Ω ∼ γx,y ≪ κ and ω = ∆1 = ∆2 = 0, the SNRs in this
structure read

Rα,s(0) = 2|1−
κ+ γx + 4Ω2

γy

κ
2 (1 +

√
Co) + (1 +

√
Co

2 )(γx

2 + 2Ω2

γy
)
|2

(25)

Rβ,s(0) = 2|1− κ
κ
2 (1 +

√
Co) + (1 +

√
Co

2 )(γx

2 + 2Ω2

γy
)
|2

(26)

which are simulated in Fig. 7, where we use the subscript
s to denote the “sing-point-coupling structure”. Due to

the residual term γx+
4Ω2

γy
, the SNRsRα,s(0) andRβ,s(0)

do not exhibit the same values, even though the system
is reciprocal. This result is analogous to Eqs. (22a) and
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FIG. 7. (Color online) The numerical simuations of the SNRs in the tranditional system (i). Both the SNRs Rα,s(0) and
Rβ,s(0) are less than 1, indicating that both output signals Sα,s(0) and Sβ,s(0) are unreadable.
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FIG. 8. (Color online) The comparison of the sensitivities between the multiple-point-coupling system and the traditional
system (i). In (a), the sensitivity ∆Ω2

ε(0) is set at the phase ϕ = π and selected from the strict braided topology (i). The right
nonreciprocity in the multiple-point-coupling structure induces the sensitivity ∆Ω2

ε(0) lower than sensitivity ∆Ω2
ε,s(0). In (b),

the sensitivity ∆Ω2
ε(0) is also set at the phase ϕ = π but selected from the strict braided topology (ii). The improvements on

the sensitivity led by the left nonreciprocity is reflected on the sensitivity ∆Ω2
α(0).

(22b). By comparing Fig. 7 with Fig. 5, we observe
that both SNRs Rα,s(0) and Rβ,s(0) are less than 1.
This indicates that the output signals Sα,s(0) and Sβ,s(0)
are unreadable under the same parameters. This finding
underscores significant advancements in nonreciprocity,
suggesting that it can transform unreadable signals into
readable ones.

Correspondingly, the sensitivities take the form

∆Ω2
α,s(0) ≃

γyκ

16|α|
|2(1 +

√
Co)

2

√
Co

| (27)

∆Ω2
β,s(0) ≃

γyκ

16|α|
| (1 +

√
Co)

2

1 +
√
Co

2

|. (28)

Here, we utilize the ratio ∆Ω2
ε(0)/∆Ω2

ε,s(0) to demon-
strate the enhancements in the sensitivities of nonre-
ciprocity, as simulated in Fig. 8. The sensitivity ∆Ω2

ε(0)
in Fig. 8 (a) and (b) is set at the phase ϕ = π and is

selected from the strict braided topologies (i) and (ii),
respectively. Benefiting from right nonreciprocity, the
sensitivity ∆Ω2

ε(0) in the strict braided topology (i) is
lower than the sensitivity ∆Ω2

ε,s(0), as shown in Fig. 8
(a). In contrast to the single-point coupling structure,
the nonreciprocity of the multiple-point coupling struc-
ture concurrently enhances the sensitivity of the output
signals Sε(0) in the strict braided topology (i). In partic-
ular, the maximum enhancement is approximately 38%
(corresponding to ∆Ω2

β(0)/∆Ω2
β,s(0) ≈ 0.62 at Co = 0.1).

In the strict braided topology (ii), this enhancement is
only reflected in the output signal Sα(0), as shown in
Fig. 8 (b). In this case, the sensitivity is maximally en-
hanced by 72% (corresponds to ∆Ω2

α(0)/∆Ω2
α,s(0) ≈ 0.28

at Co = 0.1). Based on the results presented in Figs. 7
and 8, we find that, compared to the reciprocal single-
point coupling structure, the nonreciprocity introduced
by the giant-cavity structure has a significant positive
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effect on sensing performance. It not only enhances the
SNR, making previously unreadable signals readable, but
also improves sensitivity.
Traditional System (ii): The two modes are directly
coupled with interaction Hamiltonian Hg → Hs =

i
√
Coκ
2 (a†bx − H.c.). Donimated by this interaction

Hamiltonian, the SNRs in this structure read

Rα,s(0) = 2|1−
(1 +

√
Co)κ+ γx + 4Ω2

γy

(1− Co)
κ
2 + γx

2 + 2Ω2

γy

|2 (29)

Rβ,s(0) = 2|1− (1−
√
Co)κ

(1− Co)
κ
2 + γx

2 + 2Ω2

γy

|2. (30)

Under the same parameters we used previously, only the
output signal Sα,s(0) in this structure can be utilized for
readout, as only the SNR Rα,s(0) is greater than 1, as
shown in Fig. 9. By further comparing Fig. 9 with Fig.
5, we observe that the SNR Rα,s(0) ≥ Rα(0) in both
topologies. This result shows that the nonreciprocity in
the multiple-point-coupling structure renders the other-
wise unreadable output signal Sβ,s(0) readable; however,
this comes at the expense of reducing the output signal
Sα,s(0).
Correspondingly, the sensitivity in this sturcture takes

the form

∆Ω2
α,s(0) ≃

γyκ

16|α|
| (1 + Co)

2

Co −
√
Co

| (31)

∆Ω2
β,s(0) ≃

γyκ

16|α|
| (1 + Co)

2

1−
√
Co

|. (32)

In Fig. 10, we also use the sensitivity ratio
∆Ω2

ε(0)/∆Ω2
ε,s(0) to show the role of nonreciprocity.

Similarly, the sensitivity ∆Ω2
ε(0) in Figs. 10 (a) and

(b) is evaluated at the phase ϕ = π and is de-
rived from the strict braided topologies (i) and (ii),
respectively. As illustrated in Fig. 10, both sensi-
tivity ratios ∆Ω2

α(0)/∆Ω2
α,s(0) and ∆Ω2

β(0)/∆Ω2
β,s(0)

can be less than 1, indicating that nonreciprocity en-
hances the sensitivity of the gyroscope. The maximum
improvement is approximately 70%, corresponding to
∆Ω2

β(0)/∆Ω2
β,s(0) ≈ 0.3 at Co = 0.5 in Fig. 10 (a) or

∆Ω2
α(0)/∆Ω2

α,s(0) ≈ 0.3 Co = 0.5 in Fig. 10 (b).
Based on the results in Figs. 7-10, we observe that

nonreciprocity positively influences sensing performance.
Compared to traditional reciprocal proposals, the nonre-
ciprocity not only enhances the SNRs making previously
unreadable signals readable, but also improves sensitiv-
ity. The least favorable outcome involves an increase in
sensitivity at the expense of SNR.

VII. EXPERIMENTAL FEASIBILITY

After discussing the performances, we now consider the
experimental feasibility of our gyroscope to provide prac-
tical guidance. In Fig. 1 (b), we have provided a possible

implementation for our gyroscope, which can be tested by
nowdays SAWs platform [17, 18, 20, 22, 48]. The whole
setup consists of three layers and two zones, fabricated by
multi-layer lithograph technology. Detailed fabriacation
procedure can be found in the Supplemental Materials
of Ref. [18]. Here, we provide a simple procedure. The
Layer 1 (gray block in Fig. 1 (b)) can be sapphire wafers
or metal materials, which is used to etch a mircowave
waveguide. An LC resonator is etched on the Layer 1’s
surface of the left zone, serving as the auxiliary cavity.
The right zone consists of the Layers 2 and 3 made of
piezoelectrical materials, e.g., AlN and GaAs, which is
used to generate SAWs from the electromagnetic wave of
the Layer 1. Notably, the Layers 2 and 3 can be different
materials to generate SAWs in different directions, but it
needs to ensure that the SAWs in both directions have the
same resonant frequency. Additionally, two IDTs should
be etched into both layers 2 and 3 to form Bragg grat-
ings, thereby creating a double-mode SAW cavity. The
multiple-point coupling between the auxiliary cavity and
the x mode of the SAW cavity can be realized by etching
multiple IDTs (see Fig. 1 of Ref. [22]).
As mentioned previously, our gyroscope exhibits non-

reciprocity, and this nonreciprocity depends on the
phaseϕ and the number of coupling points N,M . Once
the setup is fabricated, i.e., the number of coupling points
is determined, only the phase ϕ can be tuned to acquire
nonreciprocity. A simple method is adjusting the res-
onant frequency of auxiliary cavity ωa, which relys on
a frequency-tunable LC resonator [53]. In experiments,
one can replace the inductance L with a superconduct-
ing quantum inteference device (SQUID) to obtain this
tunability. Besides, the driving frequency ωd should be
tuned synchronously to ensure ωd = ωa, as the system is
resonantly driven ∆1 = ∆2 = 0.
Based on accessible parameters in nowadays SAW de-

vices [17, 18, 20, 48, 54], e.g., γ ∼ γx,y ∼ Hz and
κ/γ ∼ 10 − 100, our gyroscope provide a comparable

sensitivity
√

∆Ω2
ε ∼ 0.1− 10 rad/s to classical SAW gy-

roscopes based on Coriolis effects [4]. Nonetheless, the
performance can be further enhanced to exhibit a notice-
able advantage, when the quality factor of SAW cavity
Q is improved to 1010 − 1012. With this ultra high Q, a
SAW cavity operating at GHz has a thermal decay rate
γ lower than 10−3 Hz. As a result, the highest sensitivity
of our gyroscope can reach 10−5 − 10−3rad/s, enabling
us to measure the rotation slower than the hour hand of
a clock, such as self-rotating of the Earth. This is a wor-
thy expected Q factor in near future. A quantum SAW
cavity only has a Q ∼ 105 when it was first investigated
in 2012 [55], while it has reached 108 in 2017 [18].

VIII. CONCLUSION AND OUTLOOK

In conclusion, we present a quantum gyroscope based
on coupled giant cavities, where the double-mode SAW
cavity serves as the core component forming the funda-
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FIG. 9. (Color online) The numerical simuations of the SNRs in the tranditional system (ii). Compared to Fig. 5, only the
output signal Sα,s(0) in the coupling structure can be used for readout as only the SNR Rα,s(0) is greater than 1.
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FIG. 10. (Color online) The comparison of the sensitivities between the multiple-point-coupling system and the traditional
system (ii). In (a), the sensitivity ∆Ω2

ε(0) is set at the phase ϕ = π and selected from the strict braided topology (i). The right
nonreciprocity in the multiple-coupling structure can makes both the sensitivities ∆Ω2

ε(0) lower than ∆Ω2
ε,s(0) under suitable

cooperativities Co. In (b), the sensitivity ∆Ω2
ε(0) is also set at the phase ϕ = π but selected from the strict braided topology

(ii). Similarly, the left nonreciprocity improves both the sensitivities ∆Ω2
ε(0).

mental framework of the gyroscope in the x − y plane.
Unlike classical SAW gyroscopes, the SAWs used in our
proposal are quantized; thus, they transport phonons
rather than electrons or holes. This property provides
two key advantages: (1) it does not require a domi-
nant Coriolis force to counteract the effects of centrifugal
forces, and (2) it enables exploration of the quantum lim-
its (specifically, the shot noise considered in this work) at
extremely low pump power, i.e., the sensitivity limits per-
mitted by the Heisenberg uncertainty relation. Following
a standard quantum Heisenberg-Langevin equation, we
conduct a comprehensive analysis of the system’s time-
delayed dynamics, which we identify as a quintessential
non-Markovian effect. It is important to note that this
non-Markovian behavior is an inherent property of quan-
tum giant systems and renders the Markovian approxi-
mation inapplicable, regardless of the magnitude of the
distances between coupling points. Another consequence

of this non-Markovian effect is the induction of topology-
dependent nonreciprocal transfer. Although the topolo-
gies of coupled giant systems have been studied in pre-
vious works [24, 29–31], the nonreciprocity underlying
these systems is discovered here for the first time. Fur-
thermore, we extend the topologies from the two coupling
points considered in existing works [24, 29–31] to cases
with a greater number of coupling points. This exten-
sion allows us to elucidate the role played by the number
of coupling points: it complicates the interference effects
within the system, thereby altering the conditions for
reciprocity. Our further findings regarding sensing per-
formance clarify the role of nonreciprocity in sensing, as
it facilitates a more concentrated transfer of energy in
one direction. Consequently, the output signal in that
direction is not only amplified but also exhibits height-
ened sensitivity to changes in angular velocity. Com-
pared to traditional reciprocal designs, we demonstrate
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that nonreciprocity significantly enhances sensor perfor-
mance, notably improving the SNR, which renders pre-
viously unreadable signals discernible and enhances the
sensitivity. Under identical parameters, nonreciprocity
can enhance sensitivity by approximately 70%. The least
favorable scenario involves a trade-off, where sensitivity
is increased at the expense of SNR.

Limited by lithograph technology, nowadays SAW cav-
ities operating at GHz only has a quality factor Q ∼ 108,
resulting a high thermal decay. This makes our gyroscope
only provide a comparable sensitivity 0.1−10 rad/s to the
state-of-the-art classical SAW gyroscopes. Nevertheless,
we believe that future developments in SAW technology
will significantly enhance its quality factor, enabling our
multi-point coupling SAW systems to achieve noticeable
advantages in future gyroscopes.

Since the measurement proposal in this work is based
on the spectral height of the output signal, we mainly
consider the system’s steady-state behavior in the fre-
quency domain. For future studies, one can focus on
the non-Markovian time-delayed effect itself in coupled
giant systems. This would benefit to clarify how non-
Markovianity affect sensing capabilities, and more im-
portantly, it would be helpful to facilitate a real-time
control for future quantum coupled-giant systems.
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Appendix A: Derivations of the Hamiltonian,
equations of motion, and the transfer function

1. Hamiltonian of the double-mode SAW cavity in
a rotating coordinate system

In this section, we begin by introducing the Lagrangian
and then proceed to derive the Hamiltonian of a double-
mode SAW cavity in a rotating frame, following the stan-
dard procedure outlined in our previous work [9]. The co-
ordinate systems before and after rotation are illustrated
within the red box in Fig. 1(a). The xo − yo coordi-
nate system (inertial system, plotted in black) rotates
counterclockwise with an angular velocity Ω and then
transforms into the x−y coordinate system (non-inertial
system, plotted in red). After a time t, it has rotated by

an angle θ =
∫ t

0
dτ Ω. In doing so, the positions of the

SAW cavity (shaded box) in the two coordinate systems
are (xo, yo) and (x, y), respectively. These two coordinate
systems are related by the transformation(

x
y

)
=

(
cos θ(t) sin θ(t)
− sin θ(t) cos θ(t)

)(
xo

yo

)
. (A1)

The Lagrangian of the oscillator in the original system
reads

Lo = To − Vo (A2)

with the kinetic energy To

To(ẋo, ẏo) =
m

2
(ẋ2

o + ẏ2o)

and the potential energy Vo

Vo(xo, yo) =
1

2
[kx(x− xe)

2 + ky(y − ye)
2]

=
kx
2
[(xo − xoe) cos θ(t) + (yo − yoe) sin θ(t)]

2

+
ky
2
[−(xo − xoe) sin θ(t) + (yo − yoe) cos θ(t)]

2,

where kx(y) is the spring constant of the x(y) mode. Here,
xe, ye and xoe, yoe are the equilibrium positions in the
rotation system, while xoe and yoe represent the equi-
librium positions in the original system. The Eq. (A2)
further yields the Hamiltonian

Ho(xo, yo, po,x, po,y) =
1

2m
(p2o,x + p2o,y)

+
kx
2
[(xo − xoe) cos θ(t) + (yo − yoe) sin θ(t)]

2

+
ky
2
[−(xo − xoe) sin θ(t) + (yo − yoe) cos θ(t)]

2,(A3)

where the momenta px,o, py,o conjugate to coordinates
xo, yo read

px,o =
∂Lo

∂ẋo
= mẋo, (A4)

py,o =
∂L
∂ẏo

= mẏo. (A5)

These operators satisfy the basic commutation relation
[xo, px,o] = [yo, py,o] = iℏ.
In the rotating system, the Lagrangian of the SAW

cavity is given by

L = T (ẋ, ẏ)− V (x, y)

=
m

2
(ẋ2 + ẏ2)− 1

2
[kx(x− xo)

2 + ky(y − yo)
2]

+mΩ(−ẋy + xẏ) +
mΩ2

2
(x2 + y2), (A6)

where the first term in the second line represents the
translational kinetic energy, the second term is the po-
tential energy, the third term denotes the energy induced
by Coriolis forces, and the last term is the energy induced
by the centrifugal forces. The last two terms are fictitious
energy that arises from non-inertial forces. Notably, the
Coriolis force does not always dominate in many complex
scenario, such as a high-speed flying aircraft around the
Earth. So, one should keep the term of centrifugal force
to maintain integrity.
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Similarly, this Lagrangian (A6) gives the Hamiltonian

H(x, y, px, py) =
1

2m
[(px +mΩy)2 + (py −mΩx)2]

+
1

2
[kx(x− xo)

2 + ky(y − yo)
2]

−mΩ2

2
(x2 + y2), (A7)

where the momenta px, py conjugate to the coordinates
x, y are given by

px =
∂L
∂ẋ

= mẋ−mΩy, (A8a)

py =
∂L
∂ẏ

= mẏ +mΩx. (A8b)

The first term in Eq. (A7) is the kinetic energy in the
non-inertial system, the second term denotes the poten-
tial energy, and the third term represents the energy in-
duced by centrifugal forces.

Furthermore, based on Eqs. (A8a)-(A8b) and the re-
lation (

ẋ
ẏ

)
= Ω

(
− sin θ(t) cos θ(t)
− cos θ(t) − sin θ(t)

)(
xo

yo

)
+

(
cos θ(t) sin θ(t)
− sin θ(t) cos θ(t)

)(
ẋo

ẏo

)
(A9)

one can examine that the operators x(y), px(y) also satisfy
the basic commutation relation [x, px] = [y, py] = iℏ.
Using the creation and annihilation operators

x =

√
ℏ

2mωx
(bx + b†x), px = −i

√
mℏωx

2
(bx − b†x),

y =

√
ℏ

2mωy
(by + b†y), py = −i

√
mℏωy

2
(by − b†y),

we can rewrite the Hamiltonian (A7) as a

Hm = ℏωx(b
†
xbx +

1

2
) + ℏωy(b

†
yby +

1

2
)

+
iℏΩ
2

[η1(b
†
xby − bxb

†
y) + η2(b

†
xb

†
y − bxby)]

(A10)

with the coefficients η1 =
√

ωx

ωy
+
√

ωy

ωx
and η2 =

√
ωx

ωy
−√

ωy

ωx
, where the resonant frequency is ωx(y) =

√
kx(y)/m.

In the main text, we have assumed ωb = ωx = ωy in
order to eliminate the counter-rotating-wave term. For
brevity, we let ℏ = 1 and set the equilibrium positions
xo = yo = 0 for brevity in deriving Eq. (??). Under
these conditions, the Hamiltonian Eq. (??) reduces to
the second and third terms in Hgyro of Eq. (1).

2. Derivation of the equations of motion (3)

The equations of motion (3) is derived from a quantum Heisenberg-Langevin equation, where the operators’ dy-
namics read

ȧ(t) = (−iωa −
κa

2
)−

√
κaαin(t)e

−iωdt −
N∑

n=1

√
γn
2π

∫
dω cω(t)e

iωτn , (A11a)

ḃx(t) = (−iωb −
κb

2
− γx

2
)bx(t) + Ωby(t)−

M∑
m=1

√
γ̄m
2π

∫
dω cω(t)e

iωτ̄m −
√
κbβin(t)−

√
γxfx(t), (A11b)

ḃy(t) = (−iωb −
γy
2
)by(t)− Ωbx(t)−

√
γyfy(t), (A11c)

and

ċω(t) = −iωcω(t) +

N∑
n=1

√
γn
2π

e−iωτna(t) +

M∑
m=1

√
γ̄m
2π

e−iωτ̄mbx(t). (A12)

The Eq. (A12) can be formally solved as

cω(t) = cω(0)e
−iωt +

N∑
n=1

√
γn
2π

∫ t

0

dt′a(t′)eiω(t′−t−τn) +

M∑
m=1

√
γ̄m
2π

intt0dt
′bx(t

′)eiω(t′−t−τ̄m). (A13)
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Substitue this solution into Eqs. (A11a) and (A11b), one can obatin the following equations of motion of the system’s
modes

˙̃a(t) = (i∆1 −
κa

2
)−

√
κaα̃in(t)−

N∑
n=1

N∑
n′=1

√
γnγn′Θ(τn − τn′)eiωd(τn−τn′ )ã(t− (τn − τn′))

−
N∑

n=1

M∑
m=1

√
γnγ̄mΘ(τn − τ̄m)eiωd(τn−τ̄m)bx(t− (τn − τ̄m))−

N∑
n=1

√
γne

iωd c̃in(t− τn), (A14a)

˙̃
bx(t) = (i∆2 −

κb

2
− γx

2
)b̃x(t) + Ωby(t)−

√
κbβ̃in(t)−

√
γy f̃y(t)

−
M∑

m=1

M∑
m′=1

√
γ̄mγ̄m′Θ(τ̄m − τ̄m′)eiωd(τ̄n−τ̄m′ )b̃x(t− (τ̄m − τ̄m′))

−
N∑

n=1

M∑
m=1

√
γnγ̄mΘ(τ̄m − τn)e

iωd(τ̄m−τn)ã(t− (τ̄m − τm))−
M∑

m=1

√
γ̄meiωd c̃in(t− τ̄m)−√

γxf̃x(t),(A14b)

˙̃
by(t) = (i∆2 −

γy
2
)− Ωb̃x(t)−

√
γy f̃y(t), (A14c)

where the detunings are ∆1 = ωd − ωa and ∆2 = ∆1 + ωa − ωb. Here, we use O(t) = Õ(t)e−iωdt denotes the slowly-
varying form of the operator O. For simple notions, we still use O(t) without a tilde to lable its slowly-varying form
in the main text. Let γn = γ̄m = γ and reorganize the Eqs. (A14a)-(A14c) in a matrix form, one can obtain the Eq.
(3) in the main text with the coefficient matrices

Ao =

i∆1 − κa

2 0 0
0 i∆2 − κb+γx

2 Ω
0 −Ω i∆2 − γy

2

 , Bo =

√
κa 0 0 0
0

√
κb

√
γx 0

0 0 0
√
γy

 . (A15a)

3. Detailed form of the transfer function

In the frequency domain, the matrices A(ω) and B(ω) read

A(ω) = Ao(ω) +Ag(ω), B(ω) = Bo(ω) + Bg(ω), (A16)

with

Ao(ω) = diag
(
χ1(ω), χ2(ω)

)
, Ag(ω) =

(
Γ(ωd − ω; τn, τn′) Γ(ωd − ω; τn, τ̄m)
Γ(ωd − ω; τ̄m, τn) Γ(ωd − ω; τ̄m, τ̄m′)

)
,

Bo =

(√
κa 0 0 0 0

0
√
κb 0

√
γx − Ω

√
γy

i(−ω+∆2)−
γy
2

)
, Bg(ω) =

(
0 0

∑N
n=1

√
γei(ωd−ω)τn 0 0

0 0
∑M

m=1

√
γei(ωd−ω)τ̄m 0 0

)
,

where susceptibility functions are χ1(ω) = i(−ω +∆1)− κa

2 and χ2(ω) = i(−ω +∆2)− κb+γx

2 + Ω2

i(−ω+∆2)−
γy
2

.

According to Eq. (12), the general form of transfer function reads

G(ω) =

(
1 0 0 0 0
0 1 0 0 0

)
+

1

det A(ω)

(
κa[χ2(ω) + Γ(ωd − ω; τ̄m, τ̄m′)] −√

κaκb Γ(ωd − ω; τn, τ̄m) #13 #14 #15

−√
κaκb Γ(ωd − ω; τ̄m, τn) κb[χ1(ω) + Γ(ωd − ω; τn, τn′)] #23 #24 #25

)
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with

det A(ω) = [χ1(ω) + Γ(ωd − ω; τn, τn′)][χ2(ω) + Γ(ωd − ω; τ̄m, τ̄m′)]− Γ(ωd − ω; τn, τ̄m)Γ(ωd − ω; τ̄m, τn)

#13 =
√
κaγ {

N∑
n=1

[χ2(ω) + Γ(ωd − ω; τ̄m, τ̄m′)]ei(ωd−ω)τn −
M∑

m=1

Γ(ωd − ω; τn, τ̄m)ei(ωd−ω)τ̄m}

#14 = −√
κaγx Γ(ωd − ω; τn, τ̄m)

#15 = −√
κaγy Γ(ωd − ω; τn, τ̄m)

Ω

i(−ω +∆2)− γy

2

#23 =
√
κbγ {

M∑
m=1

[χ1(ω) + Γ(ωd − ω; τn, τn′)]ei(ωd−ω)τ̄m −
N∑

n=1

Γ(ωd − ω; τ̄m, τn)e
i(ωd−ω)τn}

#24 =
√
κbγx[χ1(ω) + Γ(ωd − ω; τn, τn′)]

#25 =
√
κbγy[χ1(ω) + Γ(ωd − ω; τn, τn′)]

Ω

i(−ω +∆2)− γy

2

.

Notably, the output signals Sϵ(ω), ϵ = α, β (13) only depend solely on the first two columns of the matrix G(ω). This
explains our exclusive focus on the elements G12(ω) and G21(ω) when discussing the nonreciprocal strength σ(ω).
Furthermore, since the angular velocity Ω is incorporated into the susceptibility function χ2(ω), the elements G12(ω)
and G21(ω) cannot be zero. This condition is essential to ensure that both output signals Sα(ω) and Sβ(ω) contain
the angular velocity Ω, which aids in distinguishing between separated and nested topologies.

Appendix B: The coupling matrix Ag(ω) and the topology-dependent nonreciprocal strength σ(ω)

In this Appendix, we provide the detailed form of coupling matrix Ag(ω).

(a) Separated. In this topology, the matrix Ag(ω) =

(
Ag,11(ω) Ag,12(ω)
Ag,21(ω) Ag,22(ω)

)
has the elements

Ag,11(ω) = −γ

{
N
2 +

∑N
s=1(N − s)esiϕ (i)

N
2 +

∑N
s=1(N − s)esiϕ (ii)

, Ag,12(ω) = −γ

{
0 (i)∑N

k=1

∑k+M−1
s=k esiϕ (ii)

,

Ag,21(ω) = −γ

{∑M
k=1

∑k+N−1
s=k esiϕ (i)

0 (ii)
, Ag,22(ω) = −γ

{
M
2 +

∑M
s=1(M − s)esiϕ (i)

M
2 +

∑M
s=1(M − s)esiϕ (ii)

.

(B1)

For ϕ = {0, 2π}, the matrix Ag(ω) read

Ag(ω) = −γ



(
N2

2 0

NM M2

2

)
(i)(

N2

2 NM

0 M2

2

)
(ii)

.

For ϕ ̸= {0, 2π}, it becomes

Ag(ω) = −γ



N
2 + eiϕ[N(1−eiϕ)−(1−eNiϕ)]

(1−eiϕ)2
0

eiϕ(1−eMiϕ)(1−eNiϕ)
(1−eiϕ)2

M
2 + eiϕ[M(1−eiϕ)−(1−eMiϕ)]

(1−eiϕ)2

 (i)N
2 + eiϕ[N(1−eiϕ)−(1−eNiϕ)]

(1−eiϕ)2
eiϕ(1−eMiϕ)(1−eNiϕ)

(1−eiϕ)2

0 M
2 + eiϕ[M(1−eiϕ)−(1−eMiϕ)]

(1−eiϕ)2

 (ii)

.

In this case, the nonreciprocal strength σ(ω) is consistently 1 or −1 irrespective of the phase ϕ.
(b) Nested. Accordingly, the elements of the matrix Ag(ω) take the form

Ag,11(ω) = −γ

{
N
2 + E1 (i)
N
2 +

∑N
s=1(N − s)esiϕ (ii)

, Ag,12(ω) = −γ

{∑N−n
k=1

∑k+M−1
s=k esiϕ (i)∑N

k=1

∑k+m−1
s=k esiϕ (ii)

,

Ag,21(ω) = −γ

{∑M
k=1

∑k+n−1
s=k esiϕ (i)∑M−m

k=1

∑k+N−1
s=k esiϕ (ii)

, Ag,22(ω) = −γ

{
M
2 +

∑M
s=1(M − s)esiϕ (i)

M
2 + E2 (ii)

,

(B2)
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with E1 =
∑n

s=1(n−s)esiϕ+
∑N−n

s=1 (N−n−s)esiϕ+
∑N−n

k=1

∑k+n−1
s=k e(s+M)iϕ and E2 =

∑m
s=1(m−s)esiϕ+

∑M−m
s=1 (M−

m− s)esiϕ +
∑M−m

k=1

∑k+m−1
s=k e(s+N)iϕ. For ϕ = {0, 2π}, the matrix Ag(ω) reads

Ag(ω) = −γ



(
N(N+1)

2 + (N − n)2 − n M(N − n)

Mn M2

2

)
(i)(

N2

2 Nm

N(M −m) M(M+1)
2 + (M −m)2 +m

)
(ii)

.

For ϕ ̸= {0, 2π}, it becomes

Ag(ω) = −γ



N
2 + eiϕ{N(1−eiϕ)−(1−eniϕ)+[eMiϕ(1−eniϕ)−1](1−e(N−n)iϕ)}

(1−eiϕ)2
eiϕ(1−e(N−n)iϕ)(1−eMiϕ)

(1−eiϕ)2

eiϕ(1−eniϕ)(1−eMiϕ)
(1−eiϕ)2

M
2 + eiϕ[M(1−eiϕ)−(1−eMiϕ)]

(1−eiϕ)2

 (i)N
2 + eiϕ[N(1−eiϕ)−(1−eNiϕ)]

(1−eiϕ)2
eiϕ(1−eNiϕ)(1−emiϕ)

(1−eiϕ)2

eiϕ(1−eNiϕ)(1−e(M−m)iϕ)
(1−eiϕ)2

M
2 + eiϕ{M(1−eiϕ)−(1−emiϕ)+[eNiϕ(1−emiϕ)−1](1−e(M−m)iϕ)}

(1−eiϕ)2

 (ii)

.

Correspondingly, the nonreciprocal strength σ(ω) is

σ(ω) =




n2−(N−n)2

n2−(N−n)2 ϕ = {0, 2π}
|1−eniϕ|2−|1−e(N−n)iϕ|2
|1−eniϕ|2+|1−e(N−n)iϕ|2 ϕ ̸= {0, 2π}

(i)
(M−m)2−m2

(M−m)2+m2 ϕ = {0, 2π}
|1−e(M−m)iϕ|2−|1−emiϕ|2
|1−e(M−m)iϕ|2+|1−emiϕ|2 ϕ ̸= {0, 2π}

(ii)

.

This further yields the condition for reciprocity

σ(ω) = 0 ⇒ sin
N

2
ϕ sin

N − 2n

2
ϕ = 0, (B3)

such that the phase ϕ should satisfy

ϕ =




arbitrary N = 2n
2π
N |N − 2n| = 1

{ 2π
N , 2π

|N−2n|}, N ̸= 2n, |N − 2n| ̸= 1

(i)


arbitrary M = 2m
2π
M |M − 2m| = 1

{ 2π
M , 2π

|M−2m|}, M ̸= 2m, |M − 2m| ̸= 1

(ii)

.

(c) Strict Braided. Correspondingly, the elements of the matrix AS
g (ω) are given by

AS
g,11(ω) = −γ

{
N
2 +

∑N
s=1(N − s)e2siϕ (i)

N
2 +

∑N
s=1(N − s)e2siϕ (ii)

, AS
g,12(ω) = −γ

{∑N−1
s=1 (N − s)e(2s−1)iϕ (i)∑M
s=1(M + 1− s)e(2s−1)iϕ (ii)

,

AS
g,21(ω) = −γ

{∑N
s=1(N + 1− s)e(2s−1)iϕ (i)∑M−1
s=1 (M − s)e(2s−1)iϕ (ii)

, AS
g,22(ω) = −γ

{
M
2 +

∑M
s=1(M − s)e2siϕ (i)

M
2 +

∑M
s=1(M − s)e2siϕ (ii)

.

(B4)

For ϕ = {0, π, 2π}, the matrix AS
g (ω) reads

AS
g (ω) = −γ



(
N2

2 −N(N−1)
2

−N(N+1)
2

M2

2

)
(i)(

N2

2 −M(M+1)
2

−M(M−1)
2

M2

2

)
(ii)

.
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For ϕ ̸= {0, π, 2π}, it takes the form

AS
g (ω) = −γ



N
2 + e2iϕ[N(1−e2iϕ)−(1−e2Niϕ)]

(1−e2iϕ)2
eiϕ[(N−1)(1−e2iϕ)−e2iϕ(1−e2(N−1)iϕ)]

(1−e2iϕ)2

eiϕ[N(1−e2iϕ)−e2iϕ(1−e2Niϕ)]
(1−e2iϕ)2

M
2 + e2iϕ[M(1−e2iϕ)−(1−e2Miϕ)]

(1−e2iϕ)2

 (i) N
2 + e2iϕ[N(1−e2iϕ)−(1−e2Niϕ)]

(1−e2iϕ)2
eiϕ[M(1−e2iϕ)−e2iϕ(1−e2Miϕ)]

(1−e2iϕ)2

eiϕ[(M−1)(1−e2iϕ)−e2iϕ(1−e2(M−1)iϕ)]
(1−e2iϕ)2

M
2 + e2iϕ[M(1−e2iϕ)−(1−e2Miϕ)]

(1−e2iϕ)2

 (ii)

.

The corresponding nonreciprocal strength σS(ω) takes the form

σS(ω) =




(N+1)2−(N−1)2

(N+1)2+(N−1)2 > 0 ϕ = {0, π, 2π}
|N(1−e2iϕ)−e2iϕ(1−e2Niϕ)|2−|(N−1)(1−e2iϕ)−e2iϕ(1−e2(N−1)iϕ)|2
|N(1−e2iϕ)−e2iϕ(1−e2Niϕ)|2+|(N−1)(1−e2iϕ)−e2iϕ(1−e2(N−1)iϕ)|2 ϕ ̸= {0, π, 2π}

(i)
(M−1)2−(M+1)2

(M−1)2+(M+1)2 < 0 ϕ = {0, π, 2π}
|(M−1)(1−e2iϕ)−e2iϕ(1−e2(M−1)iϕ)|2−|M(1−e2iϕ)−e2iϕ(1−e2Miϕ)|2
|(M−1)(1−e2iϕ)−e2iϕ(1−e2(M−1)iϕ)|2+|M(1−e2iϕ)−e2iϕ(1−e2Miϕ)|2 ϕ ̸= {0, π, 2π}

(ii)

.

In this case, the reciprocal points

σS(ω) = 0 ⇒ sin2 ϕ sin2 Nϕ = 0 (B5)

only occurs at the phase

ϕ =

{
{ π
N , π

N + π} (i)

{ π
M , π

M + π} (ii)
.

One can observe that the nonreciprocal strength σ(ω) is influenced by both the topologies and the number of coupling
points. Thus, even with the same topology, varying the number of coupling points alters the nonreciprocity of the
system.

Appendix C: Discussions on the general braided topology

1. The general form of matrix AG
g (ω) and the associated nonreciprocal strength σG(ω)

In the general braided topology, the matrix AG
g (ω) reads

AG
g (ω) = AS

g (ω) +AA
g (ω), (C1)

where the matrix AA
g (ω) results from the addtional seperated components, c.f. Fig. 3 (c). Here, the matrix AA

g (ω)
has the elements

AA
g,11(ω) = −γ

{
0 (i)∑N−M

s=1 (N −M − s)e2siϕ +
∑⌊N−M

2 ⌋
p=1

∑p+M−1
s=p e2siϕ +

∑⌈N−M
2 ⌉

q=1

∑q+M−1
s=q e(2s−1)iϕ] (ii)

AA
g,12(ω) = −γ

{
0 (i)∑⌈N−M

2 ⌉
p=1

∑p+M−1
s=p e2siϕ +

∑⌊N−M
2 ⌋

q=1

∑q+M−1
s=q e2(s+1)iϕ (ii)

AA
g,21(ω) = −γ

{∑⌈M−N
2 ⌉

p=1

∑p+N−1
s=p e2siϕ +

∑⌊M−N
2 ⌋

q=1

∑q+N−1
s=q e(2s+1)iϕ (i)

0 (ii)

AA
g,22(ω) = −γ

{∑M−N
s=1 (M −N − s)e2siϕ +

∑⌊M−N
2 ⌋

p=1

∑p+N−1
s=p e2siϕ +

∑⌈M−N
2 ⌉

q=1

∑q+N−1
s=q e(2s−1)iϕ] (i)

0 (ii)

where the ceiling (flooring) functions is ⌈⌉ (⌊⌋). If M −N = 2k, k ∈ Z+, ⌈(M −N)/2⌉ = ⌊(M −N)/2⌋. Notably, the
general braided topology (i) requires M −N ≥ 1, N ≥ 2 while its mirror image (ii) requires N −M ≥ 1,M ≥ 2.
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For ϕ = {0, π, 2π}, the matrix AG
g (ω) in the general braided topologies (i) and (ii) read

AG
g (ω) = −γ



(
N2

2 −N(N−1)
2

−N(N−1)
2

(M−N)(M−N−1)+N(N−1)+M
2

)
M −N = 2k − 1(

N2

2 −N(N−1)
2

−N(N+1)
2

(M−N)(M−N−1)+N(N+1)+M
2

)
M −N = 2k

(i), (C2)

and

AG
g (ω) = −γ



(
(N−M)(N−M−1)+M(M−1)+N

2 −M(M−1)
2

−M(M−1)
2

M2

2

)
N −M = 2k − 1(

(N−M)(N−M−1)+M(M+1)+N
2 −M(M+1)

2

−M(M−1)
2

M2

2

)
N −M = 2k

(ii). (C3)

Correspondingly, the nonreciprocal strength σ(ω) is

σ(ω) =



{
0 M −N = 2k − 1
(N+1)2−(N−1)2

(N+1)2+(N−1)2 M −N = 2k
(i){

0 N −M = 2k − 1
(M−1)2−(M+1)2

(M−1)2+(M+1)2 N −M = 2k
(ii)

. (C4)

For ϕ ̸= {0, π, 2π}, the matrix AG
g (ω) becomes

AG
g (ω) = −γ



 N
2 + e2iϕ[N(1−e2iϕ)−(1−e2Niϕ)]

(1−e2iϕ)2
eiϕ[(N−1)(1−e2iϕ)−e2iϕ(1−e2(N−1)iϕ)]

(1−e2iϕ)2

eiϕ[N(1−e2iϕ)+eiϕ(1−e2Niϕ)(1−e(M−N)iϕ−e(M−N+1)iϕ)]
(1−e2iϕ)2

M
2 +Φ1

 (i) N
2 +Φ2

eiϕ[M(1−e2iϕ)+eiϕ(1−e2Miϕ)(1−e(N−M)iϕ−e(N−M+1)iϕ)]
(1−e2iϕ)2

eiϕ[(M−1)(1−e2iϕ)−e2iϕ(1−e2(M−1)iϕ)]
(1−e2iϕ)2

M
2 + e2iϕ[M(1−e2iϕ)−(1−e2Miϕ)]

(1−e2iϕ)2

 (ii)

(C5)

with

Φ1 =
e2iϕ[M(1− e2iϕ)− (1− e2(M−N)iϕ) + (1− e2Niϕ)(e−iϕ − e(M−N−1)iϕ − e(M−N)iϕ)]

(1− e2iϕ)2

Φ2 =
e2iϕ[N(1− e2iϕ)− (1− e2(N−M)iϕ) + (1− e2Miϕ)(e−iϕ − e(N−M−1)iϕ − e(N−M)iϕ)]

(1− e2iϕ)2
.

Accordingly, the nonreciprocal strength σG(ω) reads

σG(ω) =


|N(1−e2iϕ)+eiϕ(1−e2Niϕ)(1−e(M−N)iϕ−e(M−N+1)iϕ)|2−|(N−1)(1−e2iϕ)−e2iϕ(1−e2(N−1)iϕ)|2
N(1−e2iϕ)+eiϕ(1−e2Niϕ)(1−e(M−N)iϕ−e(M−N+1)iϕ)|2+|(N−1)(1−e2iϕ)−e2iϕ(1−e2(N−1)iϕ)|2 (i)
|(M−1)(1−e2iϕ)−e2iϕ(1−e2(M−1)iϕ)|2−|M(1−e2iϕ)+eiϕ(1−e2Miϕ)(1−e(N−M)iϕ−e(N−M+1)iϕ)|2
|(M−1)(1−e2iϕ)−e2iϕ(1−e2(M−1)iϕ)|2+|M(1−e2iϕ)+eiϕ(1−e2Miϕ)(1−e(N−M)iϕ−e(N−M+1)iϕ)|2 (ii)

(C6)

which further yields the condition for the reciprocity σG(ω) = 0 in the general braided topology (i)

N sinϕ[cos(N − 1)ϕ+ cosNϕ− cosMϕ− cos(M + 1)ϕ] + sinNϕ[1 + cosϕ− cos(M −N)ϕ− cos(M −N + 1)ϕ] = 0

and in the general braided topology (ii)

M sinϕ[cos(M − 1)ϕ+ cosMϕ− cosNϕ− cos(N + 1)ϕ] + sinMϕ[1 + cosϕ− cos(N −M)ϕ− cos(N −M + 1)ϕ] = 0.

2. Numerical simulations at the number of
coupling points M = 3, N = 2 and N = 3,M = 2

To compare with strict braided topologies, we set
M = 3, N = 2 and N = 3,M = 2 to consider the gen-

eral braided topologies (i) and (ii), respectively. We also
assume that the system is resonantly driven to a steady
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general(i)

general (ii)

0 0.5 1 1.5 2

-1.0

-0.5

0.0

0.5

1.0

/π

σ
(0
)

FIG. 11. (Color online) The numerical simulations of the
nonreciprocal strength σ(0) in the general braided topologies.
The gridelines indicate the positions σ(0) = {−1, 0, 1}. The
coupling numbers are set as M = 3, N = 2 and N = 3,M = 2
to plot (i) and (ii), respecitively. Compared to Fig. 4, the
additional phase e2iϕ+e4iϕ contributed by the separated part
also participates in the destructive interference, resulting in
extra reciprocal points ϕ ≃ {0.41875π, π, 1.58125π}.

state with ∆1 = ∆2 = ω = 0. Under the above assump-
tions, the nonreciprocal strength σ(0) takes the form

σ(0) =


|2eiϕ+e2iϕ+e3iϕ+e4iϕ|2−1
|2eiϕ+e2iϕ+e3iϕ+e4iϕ|2+1

general (i)
1−|2eiϕ+e2iϕ+e3iϕ+e4iϕ|2
1+|2eiϕ+e2iϕ+e3iϕ+e4iϕ|2 general (ii)

. (C7)

Compared to Eqs. (16a) and (16b), the additional sep-
arated component in the general braided topologies in-
duces a phase e2iϕ + e4iϕ. This phase also contributes to
destructive interference, resulting in additional recipro-
cal points ϕ ≃ {0.41875π, π, 1.58125π}, as shown in Fig.
11.

Also, the SNRs Rα(0) and Rβ(0) read

Rα(0) =


2|1−

fg
1 κ+γx+

4Ω2

γy

F g
1

κ
2 +F g

2 ( γx
2 + 2Ω2

γy
)
|2 general (i)

2|1−
fg
2 κ+γx+

4Ω2

γy

F g
1

κ
2 +F g

2 ( γx
2 + 2Ω2

γy
)
|2 general (ii)

(C8a)

Rβ(0) =


2|1− fg

2 κ

F g
1

κ
2 +F g

2 ( γx
2 + 2Ω2

γy
)
|2 general (i)

2|1− fg
1 κ

F g
1

κ
2 +F g

2 ( γx
2 + 2Ω2

γy
)
|2 general (ii)

(C8b)

where fg
1 = 1+

√
Co(

3
2 + e2iϕ + e3iϕ), fg

2 = 1+
√
Co(1−

2eiϕ − e3iϕ − e4iϕ), F g
1 = 1 + Co(

3
2 + eiϕ + 1

2e
2iϕ +

e3iϕ) +
√
Co(

5
2 + eiϕ + 2e2iϕ + e3iϕ), and F g

2 = F s
2 =

1+
√
Co(1+e2iϕ). Compared to the strict braided topolo-

gies, the phase introduced by the additional separated
components enhances both SNRs outside the interval
ϕ ≃ [0.41875π, 1.58125π] but decreases them within this
interval, as shown in Fig. 12. Aside from this, the other
results are consistent with those presented in Fig. 5.
Correspondingly, the sensitivity are given by

∆Ω2
α(0) ≃


γyκ
16|α| |

(F g
1 )2

fg
2

√
Co

| general (i)

γyκ
16|α| |

(F g
1 )2

F g
1 −F g

2 fg
2
| general (ii)

(C9a)

∆Ω2
β(0) ≃


γyκ
16|α| |

(F g
1 )2

fg
2 F

g
2
| general (i)

γyκ
16|α| |

(F g
1 )2

fg
1 F

g
2
| general (ii)

(C9b)

as plotted in Fig. 13. As shown in Fig. 13 (a), the
sensitivity ratio∆Ω2

β(0)/∆Ω2
α(0) remains consistent with

that shown in Fig. 6 (a), despite the introduction of ad-
ditional separated components that add an extra phase.
This extra phase does not influence the sensitivity ra-
tio in the general braided topology (i). When comparing
Fig. 13 (b) with Fig. 6 (b), significant differences emerge
outside the reciprocal points ϕ ≃ {0.41875π, 1.58125π},
where the sensitivity ratio ∆Ω2
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α(0) in the gen-

eral braided topology (ii) exceeds 1, even though the sys-
tem remains within the weak coupling regime. This find-
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gular velocity Ω.
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plex interference and alters reciprocal points. Conse-
quently, this can enhance the output SNR to a certain
extent; however, the impact on sensitivity must be an-
alyzed specifically in relation to the number of specific
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