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We study magnetometry of gradients and homogeneous background fields along all three spatial axes using two
spatially separated spin ensembles. We derive trade-off relations for the achievable estimation precision of these
parameters. Dicke states, optimal for homogeneous field estimation, can be locally rotated into states sensitive to
magnetic gradients by rotating the spins in one subensemble. We determine bounds for the precision for gradient
metrology in the three orthogonal directions as a function of the sensitivities of the homogenous field in those
directions. The resulting partially flipped Dicke state saturates the bounds above, showing similar sensitivity
in two directions but significantly reduced sensitivity in the third. Exploiting entanglement between the two
ensembles, this state achieves roughly twice the precision attainable by the best bipartite separable state, which
is a product of local Dicke states. For small ensembles, we explicitly identify measurement operators saturating
the quantum Cramér-Rao bound, while for larger ensembles, we propose simpler but suboptimal schemes. In
both cases, the gradient is estimated from second moments and correlations of angular momentum operators.
Our results demonstrate how the metrological properties of Dicke states can be exploited for quantum-enhanced
multiparameter estimation.

I. INTRODUCTION

In recent years, quantum metrology has been applied in a
wide range of scenarios, from atomic clocks [1–3] and pre-
cision magnetometry [4–10] to gravitational wave detectors
[11–13]. Concerning metrological applications, it has been
found that spin-squeezed states of cold atoms and cold trapped
ions make it possible to overcome the shot-noise limit in pa-
rameter estimation [4, 14–21], while other quantum states,
such as Dicke states [22–26] and Greenberger-Horne-Zeilinger
(GHZ) states [27–36] enable, at least theoretically, to reach the
maximal Heisenberg scaling.

After extensive studies of the problem of estimating a single
parameter, recently, increased attention is dedicated to multi-
parameter estimation problems [37–58]. Estimating different
components of a magnetic field represents a paradigmatic mul-
tiparameter estimation problem whose complexity arises from
the non-commutativity of spin operators associated with each
component [43–46]. Even in scenarios where the Hamiltoni-
ans corresponding to different parameters commute, the prob-
lem can be highly nontrivial and very relevant for practical
applications. This is the case, for instance, when measuring
the gradient and the homogeneous background contribution of
a field component.

Magnetometry of this type can be realized with differential
interferometry with two particle ensembles, which has raised
a lot of attention in quantum metrology [5, 59–65]. Another
possibility is considering spin chains, which can be relevant in
trapped cold ions or optical lattices of cold atoms, where we
have individual access to the particles [66–68]. With magnetic
field imaging techniques, one can obtain the field strength at
various locations, from which, in turn, the field gradient can
be deduced [6, 8–10].

Gradient metrology has been considered for ensembles of
cold atoms [66, 69, 70]. However, an extension of the model
to spin-j Bose-Einstein condensates (BEC) showed that esti-
mating the gradient efficiently is not possible in such systems
[69]. Even if the BEC is trapped in a double-well potential, the
precision of the parameter estimation scales as (Δ𝜃)2 ∼ 1/𝑁 ,
which is the shot-noise scaling. This is true even if the quan-
tum state is highly entangled, for instance, a multiqubit Dicke
state or a GHZ state [69].

In this paper, we show that with simple local unitary op-
erations, one can obtain quantum states that can provide a
(Δ𝜃)2 ∼ 1/𝑁2 scaling for the precision of parameter estima-
tion, which means reaching the Heisenberg scaling. For the
Dicke state and the GHZ state these local operations are phase-
flips and bit-flips, respectively, for half of the particles. This
way, the Dicke state, useful for homogeneous magnetic field
estimation, can be turned into a state that is useful for gradient
magnetometry.

Based on these ideas, we will consider measuring the homo-
geneous field in the 𝑥, 𝑦 or 𝑧 directions as well as measuring
the gradient in those directions. We present relations that
bound the achievable maximal precision in these estimation
tasks. These extend the relations found in Refs. [43, 44] that
describe the trade-off when measuring the field in the 𝑥, 𝑦,
and 𝑧 directions, using the quantum Fisher information. Since
we consider an ensemble of particles divided into two groups,
our work is also relevant in recent efforts for quantum infor-
mation processing with spatially separated particle ensembles
in a BEC [71–73].

Our paper is organized as follows. In Sec. II, we present the
theoretical background needed to describe the system and its
metrological usefulness. In Sec. III, we review recent findings
that show that an efficient gradiometry with BECs is not possi-
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ble. In Sec. IV, we show that efficient gradiometry is possible
if we apply some local operations on the state before the dy-
namics. In Sec. V, we discuss the measurement candidates
found in order to infer on the gradient of the magnetic field.

II. THEORETICAL BACKGROUND

We briefly explain the separability concept of quantum
states, and we describe the Hamiltonian acting on the system.
We also present the main tool used to compute the achiev-
able precision, the multiparametric Cramér-Rao bound and its
properties.

A. Separability of quantum states

A quantum state of 𝑁 particles is fully separable if it can be
written as a statistical mixture of product states [74–77]

𝜚 =
∑︁
𝑘

𝑝𝑘 𝜚𝑘,1 ⊗ · · · ⊗ 𝜚𝑘,𝑁 . (1)

Otherwise, the quantum state is entangled.
Let us now divide the particles into two groups, ‘a’ and ‘b’.

A state is bipartite separable if it can be written as

𝜚 =
∑︁
𝑘

𝑝𝑘 𝜚𝑘,a ⊗ 𝜚𝑘,b, (2)

where 𝜚𝑘,a and 𝜚𝑘,b are quantum states of the two different
parties.

Whereas all fully separable states are bipartite separable,
the opposite statement is not always true. Bipartite separable
states might be entangled within the parties, thus they are not
necessarily fully separable.

B. Cramér-Rao bound for multiparameter quantum metrology

First, let us summarize briefly basic facts about single-
parameter metrology. In the most fundamental task in quantum
metrology, we have to consider a density matrix undergoing
the dynamics

𝜚𝜃 = 𝑈𝜃 𝜚𝑈
†
𝜃
, (3)

where the unitary is given as

𝑈𝜃 = 𝑒
−𝑖𝐴𝜃

. (4)

Based on measurements on 𝜚𝜃 ,we would like to estimate the
parameter 𝜃. The precision of estimating 𝜃 with an unbiased
estimator is bounded from below by the Cramér-Rao bound as
[78–88]

(Δ𝜃)2 ≥ 1
𝜈𝐹 [𝜚, 𝐴] . (5)

Here, the quantum Fisher information (QFI) is computed as
[78–82]

𝐹 [𝜚, 𝐴] = 2
∑︁
𝜆≠𝜇

(𝑝𝜆 − 𝑝𝜇)
2

𝑝𝜆 + 𝑝𝜇
|⟨𝜆 |𝐴|𝜇⟩|2, (6)

where the density matrix is given by its eigendecomposition
as

𝜚 =
∑︁
𝜆

𝑝𝜆 |𝜆⟩⟨𝜆 |. (7)

Moreover, in Eq. (5) 𝜈 is the number of independent repetitions.
The Cramér-Rao bound in Eq. (5) can be saturated, under
certain reasonable assumptions, in the large 𝜈 limit by an
optimal measurement and a suitable estimator. In the rest of
the paper, we will consider 𝜈 = 1 for simplifying our formulas,
however, the results for 𝜈 > 1 can straightforwardly obtained.

For two operators, the QFI is defined as

𝐹 [𝜚, 𝐴, 𝐵] = 2
∑︁
𝜆≠𝜇

(𝑝𝜆 − 𝑝𝜇)
2

𝑝𝜆 + 𝑝𝜇
⟨𝜆 |𝐴|𝜇⟩⟨𝜇 |𝐵 |𝜆⟩, (8)

which is linear in the second and third arguments, it is also
invariant under the permutation of 𝐴 and 𝐵. We can recover
the usual QFI by imposing 𝐴 = 𝐵. For pure states, Ψ̂ :=
|Ψ⟩⟨Ψ|, 𝐹 [Ψ, 𝐴, 𝐵] = 4(⟨{𝐴, 𝐵}/2⟩Ψ̂−⟨𝐴⟩Ψ̂⟨𝐵⟩Ψ̂), and hence
𝐹 [Ψ, 𝐴] = 4(Δ𝐴)2

Ψ̂
, that is, the QFI equals the variance times

four.
In the multiparameter case, the metrological performance of

the quantum state is given by the Cramér-Rao matrix inequality
[78–81, 88, 89]

𝑪 ⩾ 𝑭−1
, (9)

where the elements of the QFI matrix are given as

𝑭𝑖 𝑗 = 𝐹 [𝜚, 𝐴𝑖 , 𝐴 𝑗 ], (10)

and the covariance matrix is defined as

𝑪𝑖 𝑗 = Cov[𝜃𝑖 , 𝜃 𝑗 ] = ⟨𝜃𝑖𝜃 𝑗⟩ − ⟨𝜃𝑖⟩⟨𝜃 𝑗⟩. (11)

Here 𝜃𝑖 are the parameters and 𝐴𝑖 are the corresponding gen-
erating Hamiltonians. Note that the diagonal elements of 𝑪
are the variances (Δ𝜃𝑖)

2 of the unknown parameters.

C. Hamiltonian

For differential magnetometry, one has to take into account
the overall effects of an unknown homogeneous field. For
simplicity, we restrict the magnetic field to point towards a
single 𝑙-direction, where 𝑙 = 𝑥, 𝑦, 𝑧.Hence, for small distances
in a certain 𝑥-direction, the magnetic field can be described as
a linear function of 𝑥,

𝐵𝑙 = 𝐵0 + 𝐵1𝑥. (12)
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The simplest one-particle Hamiltonian for the field-particle
interaction looks like

ℎ = 𝛾(𝐵01 ⊗ 𝑗𝑙 + 𝐵1𝑥 ⊗ 𝑗𝑙), (13)

where 𝑗𝑙 and 𝑥 are the spin 𝑙-component operator and the po-
sition operator respectively, and 𝛾 = 𝑔𝜇B is the gyromagnetic
ratio which encodes the 𝑔-factor and the Bohr magneton. The
homogeneous field rotates the system globally, whereas the
gradient field acts differently depending on the position of the
particle.

The Hamiltonian of the whole system is simply the sum of
each of the one-particle Hamiltonians

𝐻 = 𝛾

(
𝐵01 ⊗ 𝐽𝑙 + 𝐵1

𝑁∑︁
𝑛=1

𝑥𝑛 ⊗ 𝑗𝑙,𝑛

)
, (14)

where 𝐽𝑙 is the 𝑙-component of the total angular momentum,
with 𝑙 = 𝑥, 𝑦, 𝑧, and 𝑁 is the total particle number.

The system is split in two ensembles along the 𝑥-direction,
and we place the origin such that the first ensemble is at 𝑥 = −𝑑
and second at 𝑥 = +𝑑. We can reformulate the Hamiltonian,
acting on the spin-subspace only, as

𝐻 = 𝛾
[
𝐵0𝐽𝑙 + 𝐵1𝑑 (𝐽𝑙,a − 𝐽𝑙,b)

]
, (15)

where ‘a’ stands for particles on the first well and ‘b’ for
particles on the second well. In general, the splitting might
not be even and we use 𝑁a to refer to the number of particles
in the well ‘a’ and 𝑁b for the well ‘b’, where 𝑁 = 𝑁a + 𝑁b.
Note also that 𝐽𝑙 = 𝐽𝑙,a + 𝐽𝑙,b.

The state evolves under the unitary operator𝑈 = exp(−𝑖𝐻𝑡),
where 𝑡 is the evolution time. The homogeneous phase-shift
and the gradient phase-shift imprinted on the state are

𝑏0 = 𝛾𝐵0𝑡, (16a)
𝑏1 = 𝛾(𝐵1𝑑)𝑡, (16b)

respectively. Note that the unknown parameter 𝑏1 encodes the
distance 𝑑. Finally, the unitary time-evolution operator takes
the form

𝑈 = exp
{
−𝑖

[
𝑏0 (𝐽𝑙,a+𝐽𝑙,b) + 𝑏1 (𝐽𝑙,a−𝐽𝑙,b)

]}
, (17)

where we identify 𝐽𝑙,a+𝐽𝑙,b as the homogeneous phase-shift
generator and 𝐽𝑙,a−𝐽𝑙,b as the gradient phase-shift generator.

The generators for the homogeneous and the gradient phase-
shifts„ 𝐽𝑙,a+𝐽𝑙,b and 𝐽𝑙,a−𝐽𝑙,b, are related to each other by a
“partial flipping” operation

𝑅⊥,b (𝜋) := 1a ⊗ exp(−𝑖𝜋𝐽⊥,b), (18)

which rotates by 𝜋 the spin of the particles in ‘b’ around the
⊥-axis perpendicular to 𝑙. Thus,

𝑅⊥,b (𝜋)
† (𝐽𝑙,a+𝐽𝑙,b)𝑅⊥,b (𝜋) = 𝐽𝑙,a−𝐽𝑙,b. (19)

For instance, we can have 𝑙 = 𝑧 and ⊥= 𝑥.

D. Gradient metrology in a two-well system

Let us now apply the formalism of quantum metrology pre-
sented in Sec. II B to the problem considered in our article.
For states insensitive to the gradient of the field, we have that
[𝜚, 𝐽𝑙,a−𝐽𝑙,b] = 0. Thus, the only parameter that can be esti-
mated is 𝑏0. Its achievable precision is calculated utilizing the
Cramér-Rao bound as

(Δ𝑏0)
−2 ⩽ 𝐹 [𝜚, 𝐽𝑙,a+𝐽𝑙,b], (20)

where the 𝐹 is the quantum Fisher Information (QFI).
On the other hand, for states insensitive to the homogeneous

field, [𝜚, 𝐽𝑙] = 0 holds. Thus, the achievable precision for 𝑏1
is

(Δ𝑏1)
−2 ⩽ 𝐹 [𝜚, 𝐽𝑙,a−𝐽𝑙,b] . (21)

From now on, we will use 𝐹𝑙,+ := 𝐹 [𝜚, 𝐽𝑙,a+𝐽𝑙,b] and 𝐹𝑙,− :=
𝐹 [𝜚, 𝐽𝑙,a−𝐽𝑙,b] for simplicity.

For states sensitive to both 𝑏0 and 𝑏1, instead of Eqs. (20)
and (21), we have a 2 × 2 Cramér-Rao matrix inequality(

(Δ𝑏0)
2 Cov[𝑏0, 𝑏1]

Cov[𝑏0, 𝑏1] (Δ𝑏1)
2

)
⩾ 𝑭−1

𝑙 , (22)

where Cov[𝑏0, 𝑏1] is the covariance between 𝑏0 and 𝑏1. The
QFI matrix elements are given by

(𝑭𝑙)0,0 = 𝐹𝑙,+ = 𝐹𝑙,a + 2𝐹𝑙,ab + 𝐹𝑙,b, (23a)
(𝑭𝑙)0,1 = (𝑭𝑙)1,0

= 𝐹𝑙,a + 𝐹𝑙,ab + 𝐹𝑙,ab − 𝐹𝑙,b
= 𝐹𝑙,a − 𝐹𝑙,b,

(23b)

(𝑭𝑙)1,1 = 𝐹𝑙,− = 𝐹𝑙,a − 2𝐹𝑙,ab + 𝐹𝑙,b, (23c)

where we use 𝐹𝑙,𝑟𝑟 ′ for 𝐹 [𝜚, 𝐽𝑙,𝑟 , 𝐽𝑙,𝑟 ′ ], 𝐹𝑙,𝑟 for 𝐹 [𝜚, 𝐽𝑙,𝑟 ]
for readability, and the properties of QFI (8) to rewrite and

simplify the matrix elements.
Hence, using the algebraic formula for the inverse of a 2× 2

matrix and from the diagonal terms in Eq. (22), the corre-
sponding precision bounds for 𝑏0 and 𝑏1 are

(Δ𝑏0)
−2 ⩽ (𝑭𝑙)0,0 −

(𝑭𝑙)
2
0,1

(𝑭𝑙)1,1
= 4

𝐹𝑙,a𝐹𝑙,b − 𝐹
2
𝑙,ab

𝐹𝑙,−
, (24a)

(Δ𝑏1)
−2 ⩽ (𝑭𝑙)1,1 −

(𝑭𝑙)
2
0,1

(𝑭𝑙)0,0
= 4

𝐹𝑙,a𝐹𝑙,b − 𝐹
2
𝑙,ab

𝐹𝑙,+
. (24b)

Since the two generators commute, it is possible to saturate
both bounds at the same time [90, 91]. Note that for homo-
geneous and gradient precision, we have in the denominator
the QFI that corresponds to the gradient and the homogeneous
parameter, respectively. It suggests that the better the state for
estimating the homogeneous field, the worse for estimating the
gradient of the field, and vice-versa.

Moreover, if 𝐹 [𝜚, 𝐽𝑙,a] = 𝐹 [𝜚, 𝐽𝑙,b], then the off-diagonal
elements of the QFI matrix, (𝑭𝑙)0,1 and (𝑭𝑙)1,0, vanish as can
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be seen in Eq. (23b). Hence, the QFI matrix is diagonal, and
we recover the precision bounds for 𝑏0 and 𝑏1 as

(Δ𝑏0)
−2 ⩽ 𝐹 [𝜚, 𝐽𝑙], (25a)

(Δ𝑏1)
−2 ⩽ 𝐹 [𝜚, 𝐽𝑙,a−𝐽𝑙,b] . (25b)

The bounds are the same as if the state was insensitive to the
corresponding second parameter, Eqs. (20) and (21), i.e., a
single-parameter estimation problem.

It is instructive to consider the extreme cases when either
𝑁a or 𝑁b is zero. In this case, all the particles are in one of the
wells and therefore, cannot be used for gradient magnetometry.
If 𝑁a = 0 then the Hamiltonian is simplified from Eq. (17) to
𝐻 = (𝑏0 − 𝑏1)𝐽𝑙 , and one can only estimate the value of the
field at wells ‘b’, and estimate 𝑏0 − 𝑏1. On the other hand,
if 𝑁b = 0 then the Hamiltonian simplifies from Eq. (17) to
𝐻 = (𝑏0 + 𝑏1)𝐽𝑙 , and one can only estimate the value of the
field at well ‘a’, and estimate 𝑏0 + 𝑏1, see Ref. [92].

We now analyze the joint performance for estimating both
parameters. Using the properties of the QFI given in Eq. (8),
we obtain the sum of the bounds in Eqs. (24) as

(Δ𝑏0)
−2 + (Δ𝑏1)

−2 ⩽
(
𝐹𝑙,+ + 𝐹𝑙,−

) [
1 −

(
𝐹𝑙,a − 𝐹𝑙,b

)2

𝐹𝑙,+𝐹𝑙,−

]
.

(26)

Note that the term in the square bracket on the right-hand side
of the inequality is equal to or smaller than one. Hence, we
can bound the sum of the achievable precisions by

(Δ𝑏0)
−2 + (Δ𝑏1)

−2 ⩽ 𝐹𝑙,+ + 𝐹𝑙,− = 2
(
𝐹𝑙,a + 𝐹𝑙,b

)
. (27)

We obtain the same inequality, if we add the inequalities for
single parameter estimation tasks given in Eqs. (20) and (21).

For fully separable states, the right-hand side of Eq. (27)
is tightly bounded from above by 2(𝑁a + 𝑁b) = 2𝑁 . Which
means that there are separable states for which

𝐹 [𝜚, 𝐽𝑙,a+𝐽𝑙,b] = 𝑁,
𝐹 [𝜚, 𝐽𝑙,a−𝐽𝑙,b] = 𝑁,

(28)

hold if 𝐹𝑙,a = 𝐹𝑙,b.
On the other hand, for entangled states, we have that

𝐹𝑙,+ + 𝐹𝑙,− ⩽ 2(𝑁2
a + 𝑁2

b ) ⩽ 𝑁
2
, (29)

where the second inequality is saturated for an evenly split
state, for which 𝑁a = 𝑁b. The inequality in Eq. (29) tells us
that the Heisenberg limit, (Δ𝜃)−2 ⩽ 𝑁

2, cannot be saturated
for estimating the homogeneous field and the gradient field at
the same time. Note also that the bound in Eq. (29) can be
saturated if the states is of the form |Ψa⟩ ⊗ |Ψb⟩, which are the
tensor product of two single-subsystem states. Nevertheless,
with such states one can only reach half of the precision limit
𝐹𝑙,± = 𝑁

2/2 for each of the parameters, since 𝐹𝑙,ab = 0.

III. IMPOSSIBILITY OF EFFICIENT GRADIENT
METROLOGY WITH BECS

We briefly review the findings of Ref. [69] concerning gra-
diometry with a single BEC. We show that the precision of
gradient metrology cannot surpass the shot-noise limit.

In a BEC all the particles share the same spatial state |Ψ⟩⟨Ψ|.
Hence, the whole state can be written as |Ψ⟩⟨Ψ|⊗𝑁 ⊗ 𝜚, where
𝜚 is the spin state. The Hamiltonian is of the form Eq. (14),
and

𝜇 = ⟨Ψ|𝑥𝑛 |Ψ⟩, (30a)

𝜎
2
= ⟨Ψ| (𝑥𝑛 − 𝜇)

2 |Ψ⟩ = ⟨Ψ|𝑥2
𝑛 |Ψ⟩ − 𝜇2 (30b)

are the mean position and the variance of the position of the
BEC, respectively. The corresponding multiparameter phase-
shift generators are 𝐽𝑙 =

∑𝑁
𝑛=1 𝑗𝑙,𝑛 and

∑𝑁
𝑛=1 𝑥𝑛⊗ 𝑗𝑙,𝑛. Note that

in this section the generators are different from the case consid-
ered in Eq. (23), where the generators were simply 𝐽𝑙,a±𝐽𝑙,b.
We compare the two systems at the end of the section.

The QFI matrix elements for pure states are

(𝑭𝑙)0,0 = 4(Δ𝐽𝑙)
2
, (31a)

(𝑭𝑙)0,1 = (𝑭𝑙)1,0

= 4

(
⟨𝐽𝑙

𝑁∑︁
𝑛=1

𝑥𝑛 ⊗ 𝑗𝑙,𝑛⟩ − ⟨𝐽𝑙⟩⟨
𝑁∑︁
𝑛=1

𝑥𝑛 ⊗ 𝑗𝑙,𝑛⟩
)

= 4𝜇(Δ𝐽𝑙)
2
= 0,

(31b)

(𝑭𝑙)1,1 = 4

(
⟨
( 𝑁∑︁
𝑛=1

𝑥𝑛 ⊗ 𝑗𝑙,𝑛

)2
⟩ − ⟨

𝑁∑︁
𝑛=1

𝑥𝑛 ⊗ 𝑗𝑙,𝑛⟩
2

)
= 4

(
𝜎

2⟨
𝑁∑︁
𝑛=1

𝑗
2
𝑙,𝑛⟩ + 𝜇

2⟨
𝑁∑︁

𝑛,𝑚=1
𝑗𝑙,𝑛 𝑗𝑙,𝑚⟩ − 𝜇

2⟨𝐽𝑙⟩
2

)
= 4

(
𝜎

2⟨
𝑁∑︁
𝑛=1

𝑗
2
𝑙,𝑛⟩ + 𝜇

2 (Δ𝐽𝑙)
2

)
(31c)

= 4𝜎2⟨
𝑁∑︁
𝑛=1

𝑗
2
𝑙,𝑛⟩,

where we set 𝜇 = 0 without loss of generality. Hence, the
achievable precision is bounded from above as

(Δ𝑏1)
−2 ⩽ (𝑭𝑙)1,1 −

(𝑭𝑙)
2
0,1

(𝑭𝑙)0,0
⩽ 4𝜎2⟨

𝑁∑︁
𝑛=1

𝑗
2
𝑙,𝑛⟩, (32)

which at the same time is bounded from above as (Δ𝑏1)
−2 ⩽

𝜎
2
𝑁 for spin- 1

2 particles.
Note that the upper-bound has a 𝜎2 prefactor. In order to

compare it with the results of this work, one should compute
𝜎

2 for the double well. For systems described with Eqs. (15),
the size of the system 𝜎

2 is computed by

𝜎
2
=

∑𝑁
𝑛=1 𝑑

2

𝑁
−

(∑𝑁a
𝑛=1 (−𝑑) +

∑𝑁b
𝑛=1 𝑑

𝑁

)2

= 𝑑
2 4𝑁a𝑁b

𝑁
2 , (33)
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where one can neglect 𝑑2 for being embeded into 𝑏1, Eq. (16).
Finally in order to compare upper-bounds between BECs and
double-well systems of the same size, one can consider that
the achievable precision for the BECs can be written as

(Δ𝑏1)
−2
BEC ⩽

4𝑁a𝑁b
𝑁

(34)

where 𝑁a and 𝑁b belong to the double-well system the BEC is
compared against. Finally for comparing between a BEC and
an evenly-split double-well system, we have that (Δ𝑏1)

−2
BEC ⩽

𝑁.

IV. FLIPPING OPERATOR AND PARTIALLY FLIPPED
DICKE STATE FOR GRADIOMETRY

Efficient gradiometry is still possible if we carry out sim-
ple local operations on the quantum state before the gradient
measurement. In particular, based on Eq. (18) and Eqs. (25a)
and (25b), one can apply the unitary flipping operator 𝑅⊥,b (𝜋)
over the states that have high sensitivity on the homogeneous
field to obtain states that have high sensitivity on estimating
the gradient of the field. The opposite is also true.

To illustrate this, one can take for example the Green-
berger–Horne–Zeilinger (GHZ) state with half of the particles
at each well to estimate magnetic fields pointing towards the
𝑧-direction. The GHZ state

|GHZ⟩ = 1
√

2
( |0⟩⊗𝑁 + |1⟩⊗𝑁 ) (35)

commutes with 𝐽𝑧,a−𝐽𝑧,b. Hence, the corresponding bound
for 𝑏0 is

(Δ𝑏0)
−2 ⩽ 4(Δ𝐽𝑧)

2
GHZ = 𝑁

2
. (36)

If we apply the flipping operator

𝑅𝑥,b(𝜋) = 1 ⊗ 𝜎⊗𝑁/2
𝑥 (37)

to the GHZ state along the 𝑥-direction, we obtain

|�GHZ⟩ = 1
√

2
( |0⟩⊗𝑁/2

a |1⟩⊗𝑁/2
b + |1⟩⊗𝑁/2

a |0⟩⊗𝑁/2
b ), (38)

which commutes with 𝐽𝑧 .
The corresponding bound for the estimation of 𝑏1 is optimal,

(Δ𝑏1)
−2 ⩽ 4[Δ(𝐽𝑧,a−𝐽𝑧,b)]

2�GHZ = 𝑁
2
. (39)

In the following we take this approach to construct states that
are sensitive to gradient fields based on states that are sensitive
to homogeneous fields [92].

A. Partially flipped Dicke states

The Dicke state can be used to measure the homogeneous
magnetic field. In this section, we will show, how to obtain a

quantum state from the Dicke state via local unitaries, that is
useful for gradient metrology.

In general, Dicke states are simultaneous eigenstates of 𝑱2

and 𝐽𝑧

𝑱2 | 𝑗 , 𝑚𝑧⟩ = 𝑗 ( 𝑗 + 1) | 𝑗 , 𝑚𝑧⟩,
𝐽𝑧 | 𝑗 , 𝑚𝑧⟩ = 𝑚𝑧 | 𝑗 , 𝑚𝑧⟩.

We are mostly interested in the Dicke state for which 𝑗 = 𝑁/2
and 𝑚𝑧 = 0,

|D𝑁 ⟩ ≡ |𝑁/2, 0⟩. (40)

As a state of an 𝑁-qubit system, |D𝑁 ⟩ is a symmetric state
with ⟨𝐽𝑧⟩ = 0 and (Δ𝐽𝑧)

2
= 0, and large variances (Δ𝐽𝑥)

2 and
(Δ𝐽𝑦)

2. Since it is a pure state, we have

𝐹 [𝜚, 𝐽𝑧] = 4(Δ𝐽𝑧)
2
= 0. (41)

Hence, the Dicke state is insensitive to rotations around the
𝑧-axis. On the other hand, for this state,

𝐹 [𝜚, 𝐽𝑙] = 4(Δ𝐽𝑙)
2
=
𝑁 (𝑁 + 2)

2
, (42)

for 𝑙 = 𝑥, 𝑦, is large, thus the state can be used for phase
estimation over rotations around the 𝑥- and 𝑦- axes, or any axis
in the 𝑥𝑦-plane.

For spin- 1
2 particles, the Dicke state |D𝑁 ⟩ can be written as

|D𝑁 ⟩ =
(
𝑁

𝑁/2

)−1/2 ∑︁
𝑘

P𝑘 ( |0⟩
⊗𝑁/2 |1⟩⊗𝑁/2), (43)

where the summation is over all distinct permutations of the
spins.

A Schmidt decomposition of the Dicke state given in
Eq. (43) corresponding a bipartitioning to 𝑁a and 𝑁b spins
can be written as [93]

|D𝑁 ⟩ =
𝑁a/2∑︁

𝑚=−𝑁a/2
𝑐𝑚 |𝑚⟩a |−𝑚⟩b, (44)

where we define the expression

𝑐𝑚 =

(
𝑁

𝑁/2

)−1/2
√︄(

𝑁a
𝑁a/2 + 𝑚

) (
𝑁b

𝑁b/2 + 𝑚

)
, (45)

and the coefficients appearing in Eq. (45) are usual Cleb-
sch–Gordan coefficients. We consider 𝑁a ⩽ 𝑁b without loss
of generality, and we used the notation |𝑚⟩a = |𝑁a/2, 𝑚⟩a and
|𝑚⟩b = |𝑁b/2, 𝑚⟩b.

Since the Dicke state is very sensitive to rotations around
the 𝑥- and 𝑦-axis, we will apply the flipping operator 𝑅𝑧,b (𝜋)
along the 𝑧-axis,

𝑅𝑧,b(𝜋) = 1 ⊗ 𝜎⊗𝑁/2
𝑧 . (46)

Hence, the partially flipped Dicke state, |D̃𝑁 ⟩ :=
𝑅𝑧,b (𝜋) |D𝑁 ⟩, can be used for gradient magnetometry along
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any direction perpendicular to 𝑧-axis. 𝑅𝑧,b(𝜋) acts only on
|𝑚⟩b, and based on Eqs. (18) and (44), we have

|D̃𝑁 ⟩ =
𝑁a/2∑︁

𝑚=−𝑁a/2
𝑐𝑚 (−1)𝑚 |𝑚⟩a |−𝑚⟩b. (47)

B. Gradient magnetometry with partially flipped Dicke states

For the task of estimating the three components of a mag-
netic field a quantum state cannot surpass the following preci-
sion bound [43, 44]∑︁

𝑙=𝑥,𝑦,𝑧

𝐹 [𝜚, 𝐽𝑙] ⩽ 4𝜆max (𝑱
2) = 𝑁 (𝑁 + 2), (48)

where 𝜆max (𝑋) is the maximal eigenvalue of the matrix 𝑋 .
The GHZ and Dicke states among others saturate this bound.

Observation 1. For differential magnetometry a similar fig-
ure of merit would be∑︁

𝑙=𝑥,𝑦,𝑧

𝐹 [𝜚, 𝐽𝑙,a−𝐽𝑙,b] ⩽ 𝑁 (𝑁 + 2) + 4 min(𝑁a, 𝑁b), (49)

which tells us how well a state 𝜚 can estimate the gradient
parameters over all directions. Note that the sum of the quan-
tum Fisher information terms corresponding to gradient mea-
surements in the three orthogonal directions in Eq. (49) can
be larger than the upper bound on the sum of the quantum
Fisher information terms corresponding to measurements of
the homogeneous magnetic field in the three directions given
in Eq. (48). For a proof, see Appendix A.

The states that maximize the left-hand side of Eq. (49) be-
long to the subspace in which the total spin number is minimal,
𝑗 = |𝑁a−𝑁b |/2. For an evenly split state, the total angular
momentum number is zero which corresponds to a bipartite
singlet state, see Appendix A.

It is easy to see that for the flipped GHZ the left-hand side of
the Eq. (49) gives us 𝑁 (𝑁 + 2). Whereas for the flipped Dicke
state, the expression on the left-hand side of the Eq. (49) is∑︁

𝑙=𝑥,𝑦,𝑧

𝐹 [𝜚, 𝐽𝑙,a−𝐽𝑙,b] = 𝑁 (𝑁 + 2) +
4𝑁a𝑁b
𝑁 − 1

. (50)

The flipped Dicke is closer to saturate the Eq. (49) than the
flipped GHZ state. See Appendix B for more details on com-
puting some expectation values for the Dicke and flipped Dicke
states.

If we flip the ensemble ‘b’ in the 𝑥, 𝑦 or 𝑧 basis, then the
sign of two of the 𝐽𝑙,b terms in Eqs. (48) or (49) changes, while
the bounds remain the same. Hence, we can reformulate the
entire set of six equations as∑︁

𝑙=𝑥,𝑦,𝑧

𝐹 [𝜚, 𝐽𝑙,a+𝑠𝑙𝐽𝑙,b]

⩽ 𝑁 (𝑁 + 2) + 4Π(𝑠𝑥𝑠𝑦𝑠𝑧) min(𝑁a, 𝑁b), (51)

Figure 1. Polytopes for different quantum states showing the al-
lowed values of 𝐹 [𝜚, 𝐽𝑙,a−𝐽𝑙,b] for 𝑙 = 𝑥, 𝑦, 𝑧, for given values of
𝐹 [𝜚, 𝐽𝑙,a+𝐽𝑙,b] for 𝑙 = 𝑥, 𝑦, 𝑧 and for 𝑁 = 8 particles, based on the
set of inequalities Eq. (52). (red), (green) and (blue) polygons corre-
spond to planes obtained by Eqs. (52a), (52b) and (52c), respectively.
(yellow ball) Actual values of 𝐹 [𝜚, 𝐽𝑙,a−𝐽𝑙,b] for 𝑙 = 𝑥, 𝑦, 𝑧 for the
given quantum state. (a) Dicke state. The ball is inside the cuboid,
indicating that the Dicke state does not saturate any of the bounds. (b)
GHZ state, saturating the inequality (52b) for 𝑖, 𝑗 , 𝑘 = 𝑥, 𝑦, 𝑧 respec-
tively. (c) Partially flipped Dicke state, saturating the inequality (52b)
for 𝑖, 𝑗 , 𝑘 = 𝑥, 𝑦, 𝑧 respectively. (d) Partially flipped GHZ state, sat-
urating the inequalities (52b) for 𝑖, 𝑗 , 𝑘 = 𝑦, 𝑧, 𝑥 and 𝑖, 𝑗 , 𝑘 = 𝑧, 𝑥, 𝑦,
and Eq. (52a) for the 𝑧-direction. For the partially flipped Dicke state,
the ball is closer to the blue plane than in the case of the flipped GHZ
state, as suggested by Eq. (50) (For details, see text). We compute
the values obtained in each case in Appendix C.

where 𝑠𝑙 = +1,−1 for 𝑙 = 𝑥, 𝑦, 𝑧, and we define the parity
function as Π(1) = 0 and Π(−1) = 1.

These inequalities in Eq. (51), together with the first in-
equality in Eq. (29), define a convex polytope which confines
the allowed values for 𝐹 [𝜚, 𝐽𝑙,a±𝐽𝑙,b] based on 𝑁a and 𝑁b.
Moreover, one can find upper-bounds for 𝐹 [𝜚, 𝐽𝑙,a−𝐽𝑙,b], the
ability of the state to sense the differential of the field, based
on 𝐹 [𝜚, 𝐽𝑙,a+𝐽𝑙,b], the ability of the state to sense the homo-
geneous magnetic field. We find the following upper-bounds,

𝐹𝑖,− ⩽ min
(
𝑁

2− 𝐹𝑖,+,
𝑁 (𝑁+2) + 4 min(𝑁a, 𝑁b) − 𝐹𝑗 ,+ − 𝐹𝑘,+

)
(52a)

𝐹𝑖,− + 𝐹𝑗 ,− ⩽ 𝑁 (𝑁 + 2) − 𝐹𝑘,+ (52b)
𝐹𝑖,− + 𝐹𝑗 ,− + 𝐹𝑘,− ⩽ 𝑁 (𝑁 + 2) + 4 min(𝑁a, 𝑁b) (52c)

where 𝑖, 𝑗 , 𝑘 take all permutations of 𝑥, 𝑦, 𝑧. We show this
polytope for the case of 𝑁 = 8 particles and for different states
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in Figure 1.

C. Precision bound for partially flipped Dicke state

We study the precision bound for the gradient parameter 𝑏1,
Eq. (24b), for a magnetic field pointing towards the 𝑦-direction
when the initial state is a flipped Dicke state given in Eq. (47).
First, we compute the quantities 𝐹𝑦,a, 𝐹𝑦,b and 𝐹𝑦,a,b appearing
in Eq. (24b)

𝐹𝑦,a = 4(Δ𝐽𝑦,a)
2
= 4⟨𝐽2

𝑦,a⟩ =
𝑁a [(𝑁a + 1)𝑁 − 2]

2(𝑁 − 1) , (53a)

𝐹𝑦,b = 4(Δ𝐽𝑦,b)
2
= 4⟨𝐽2

𝑦,b⟩ =
𝑁b [(𝑁b + 1)𝑁 − 2]

2(𝑁 − 1) , (53b)

𝐹𝑦,ab = 4 Cov[𝐽𝑦,a, 𝐽𝑦,b] = 4⟨𝐽𝑦,a𝐽𝑦,b⟩ = −
𝑁a𝑁b𝑁

2(𝑁 − 1) ,(53c)

where Cov[𝐴, 𝐵] = 1
2 ⟨{𝐴, 𝐵}⟩ − ⟨𝐴⟩⟨𝐵⟩. Then, the optimal

precision bound for 𝑏1 is obtained as

(Δ𝑏1)
−2
max =

2𝑁a𝑁b (𝑁
2 − 4)

𝑁 [𝑁 − 2 + (𝑁a−𝑁b)
2]
. (54)

For an evenly split state, we have

(Δ𝑏1)
−2
max =

𝑁 (𝑁 + 2)
2

(55)

as expected from Eq. (25b).
Observation 2. For a fixed number of particles 𝑁 , the best

metrological performance is attained if the ensemble is split
evenly. Let us consider states with not evenly split subsystems,
keeping in mind that 𝑁 must be even for the |D̃𝑁 ⟩ state. We
find that adding particles by pairs to one of the wells decreases
the achievable precision (54).

Proof. The first statement can be proved, since substituting
𝑁b by 𝑁 − 𝑁a in Eq. (54), we find its maximum at 𝑁a = 𝑁/2.
For the second statement, we need to substitute 𝑁a by 𝑁/2, 𝑁b
by 𝑁/2 + 𝑛, and 𝑁 by 𝑁 + 𝑛. Hence, we obtain

(Δ𝑏1)
−2
max =

𝑁 (𝑁 + 2𝑛) [(𝑁 + 𝑛)2 − 4]
2(𝑁 + 𝑛) (𝑁 − 2 + 𝑛 + 𝑛2)

, (56)

where 𝑁 is the original particle number and 𝑛 are the particles
added to one of the wells. For 𝑛 = 2 this function is smaller
than Eq. (54) and it monotonically decreases with an increasing
𝑛. For 𝑛 ≫ 1, we have that (Δ𝑏1)

−2
max = 𝑁 even though the

total particle number is now 𝑁 + 𝑛. ■
Finally, we find that for the product of two Dicke states,

the achievable precision is (Δ𝑏1)
−2
max = 𝑁/2(𝑁/2 + 2), which

is just twice the achievable precision obtained in one of the
wells for sensing the homogeneous field [69]. It is also two
times smaller than achievable precision obtained for a general
quantum state given in Eq. (55) for 𝑁 ≫ 1.

We have concluded the study of the partially flipped Dicke
state split into two parts. See Ref. [92] for the related problem
of multiparameter quantum metrology with an ensemble spit
in several subsystems.

V. MEASUREMENT OPERATORS FOR PARTIALLY
FLIPPED DICKE STATE

In this section, we will look for an operator M to estimate
the gradient parameter 𝑏1 that is not affected by the unitary
dynamics

exp[−𝑖𝑏0 (𝐽𝑦,a+𝐽𝑦,b)] (57)

generated by the homogeneous field parameter 𝑏0, c. f.
Eq. (17).

Thus, we impose the condition

[𝐽𝑦,a+𝐽𝑦,b,M] = 0. (58)

Based on the error-propagation formula, the achievable preci-
sion is

(Δ𝑏1)
−2
epf =

|𝜕𝑏1
⟨M⟩𝜚 |

2

(ΔM)2
𝜚

=
|⟨[𝐽𝑦,a−𝐽𝑦,b,M]⟩𝜚 |

2

(ΔM)2
𝜚

. (59)

Note that it would sufficient to require

⟨[𝐽𝑦,a+𝐽𝑦,b,M]⟩ = 0, (60)

for partially flipped Dicke states. However, even with the
more stringent condition in Eq. (58) we will obtain an optimal
operator, the calculations will be simpler, and our results will
be valid for any quantum state.

A. Optimal measurement operator

The procedure to find an optimal operator is as follows. Let
us define for a given 𝜚 (in this case the flipped Dicke state) a
set of 𝐾 operators

{𝑀𝑘}
𝐾
𝑘=1 (61)

that fulfill the conditions

[𝐽𝑦,a+𝐽𝑦,b, 𝑀𝑘] = 0, (62a)

(Δ𝑀𝑘)
2
𝜚 ≠ 0. (62b)

We require that the gradient phase-shift generator can be writ-
ten as 𝐽𝑦,a−𝐽𝑦,b =

∑𝐾
𝑘=1 𝑛𝑘𝑀𝑘 , and the optimal measurement

operator asMopt =
∑𝐾
𝑘=1 𝑚𝑘𝑀𝑘 , where n and m are𝐾-element

real vectors.
Then, based on Ref. [94], the optimal precision is obtained

as

(Δ𝑏1)
−2
opt = 𝒏T𝑪T𝚫−1𝑪𝒏, (63)

and the optimal measurement is characterized by

𝒎 = 𝛼𝚫−1𝑪𝒏, (64)

where 𝑪𝑘,𝑙 = −𝑖⟨[𝑀𝑘 , 𝑀𝑙]⟩𝜚 and 𝚫𝑘,𝑙 = Cov𝜚 (𝐻𝑘 , 𝐻𝑙).
We start by defining the set of 𝑀𝑘 operators. Let us con-

sider only the symmetric subspace in the two subsystems and
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the operators acting in this subspace, as such a basis will be
sufficient to find the optimal operators. They live in the space
determined by the basis states

|D(𝑚a )
𝑁a

⟩𝑦 ⊗ |D(𝑚b )
𝑁b

⟩𝑦 , (65)

where𝑚a = 0, 1, ..., 𝑁a, 𝑚b = 0, 1, ..., 𝑁b, and the Dicke states
of 𝑁 particles with 𝑚 excitations is defined as

|D(𝑚)
𝑁

⟩ =
(
𝑁

𝑁/2

)−1/2 ∑︁
𝑘

P𝑘 ( |0⟩
⊗(𝑁−𝑚) |1⟩⊗𝑚), (66)

and the 𝑦 subscript indicates that the Dicke states are in the
𝑦-basis, rather than in the 𝑧-basis. Equivalently, we can map
the problem to determine the operators acting on two particles,
as discussed in Appendix A. The operators must be given in
the

| 𝑗𝑦,a⟩𝑦 ⊗ | 𝑗𝑦,b⟩𝑦 (67)

basis, where | 𝑗𝑦,a⟩𝑦 are eigenstates of the 𝐽𝑦,a operator with
eigenvalue 𝑗𝑦,a, and they are given in the 𝑦-basis. The states
| 𝑗𝑦,b⟩𝑦 are defined analgously.

Since all operators must commute with 𝐽𝑦 ≡ 𝐽𝑦,a+𝐽𝑦,b as
expressed by Eq. (62a), they have a block diagonal structure
in the basis we use. The dimension of the state we have
to consider grows rapidly with the size of the system. This
implies that the number of operators one has to consider scales
with O(𝑁2

min𝑁max𝑁), see Appendix D. On the other hand, we
can consider the generator of the gradient phase-shift, 𝑀0 =

𝐽𝑦,a−𝐽𝑦,b, as an additional operator for the set Eq. (61). With
this choice 𝒏 = 𝛿0,𝑘 ≡ (1, 0, 0, ..., 0)𝑇 , in which case, the
calculation of Eq. (63) simplifies and only a single column of
the matrix𝑪𝑘,𝑙 needs to be computed as described in Ref. [94].
However, the method still works for relatively small systems
only.

Our method makes it possible to obtain explicitly the optimal
operator saturating the Cramér-Rao bound (54) for not too
large system sizes, see Figure 2. These results suggest that the
Cramér-Rao bound can be saturated with such operators, even
for large systems.

Figure 2. (a-d) Reconstruction of the optimal operator Mopt for
𝑁a = 𝑁b = 2, 4, 6, 8, respectively. (transparent-boxes) Zero elements.
(gray-boxes) Nonzero matrix elements. (gray-lines) Boundaries for
the different 𝑗𝑦 subspaces for the 𝐽𝑦,a+𝐽𝑦,b angular momentum. The
operator is a block-diagonal operator in the 𝐽𝑦,a+𝐽𝑦,b basis. All the
non-zero elements are in the 3rd, 5th, 7th, 9th, etc. diagonal blocks
and they are imaginary, while we have zero in the first and the last
blocks, which are of size 1 × 1.

B. Measurement operator based on moments of local angular
momentum operators

We analyze measurement operators as function of the lo-
cal angular momentum operators 𝐽𝑥,a, 𝐽𝑥,b, 𝐽𝑧,a and 𝐽𝑧,b in
order to make the estimation task more accessible for exper-
iments. Among all measurements that are insensitive to the
homogeneous field, we choose those that maximize the error-
propagation formula (59) for 𝑏1.

We identify one of such operators as

M = 𝐽𝑧,a𝐽𝑥,b − 𝐽𝑥,a𝐽𝑧,b. (68)

One can compute the derivative of the operator M with
respect to 𝑏1 at 𝑡 = 0 as

|𝜕𝑏1
⟨M⟩𝜚 |

2
= |⟨[𝐽𝑦,a−𝐽𝑦,b,M]⟩𝜚 |

2

= |−2⟨𝐽𝑥,a𝐽𝑥,b + 𝐽𝑧,a𝐽𝑧,b⟩𝜚 |
2

=

(
𝑁a𝑁b (𝑁 + 2)

4(𝑁 − 1)

)2
,

(69)

for the partially flipped Dicke state, see Appendix B for more
details. Then, in order to compute the variance (ΔM)2, one
can calculate first the expectation value of the first moment,

⟨M⟩𝜚 = ⟨𝐽𝑧,a𝐽𝑥,b⟩𝜚 − ⟨𝐽𝑥,a𝐽𝑧,b⟩𝜚 = 0 (70)

which is zero, due to that for partially flipped Dicke states given
in Eq. (47) the eigenvalues of the constituents |𝑚⟩a |−𝑚⟩b add
up to zero. |𝑚⟩a |−𝑚⟩b are eigenstates of 𝐽𝑧,a and 𝐽𝑧,b, and
when acting on them with 𝐽𝑥,a or 𝐽𝑥,b, the result is a linear
combination of |𝑚±1⟩a |−𝑚⟩b or |𝑚⟩a |−𝑚∓1⟩b,. Hence, the
state is orthogonal to the initial state. Therefore, the result of
Equation (70) must be zero. Moreover, all expectation values
with an odd number of 𝐽𝑙,𝑟 operators are zero for 𝑙 = 𝑥, 𝑦.

Finally, the variance is equal to the second moment of the M
operator,

(ΔM)2
𝜚 = ⟨M2⟩𝜚 = ⟨𝐽2

𝑧,a𝐽
2
𝑥,b⟩𝜚 −

− ⟨𝐽𝑧,a𝐽𝑥,a𝐽𝑥,b𝐽𝑧,b⟩𝜚 − ⟨𝐽𝑥,a𝐽𝑧,a𝐽𝑧,b𝐽𝑥,b⟩𝜚 + ⟨𝐽2
𝑥,a𝐽

2
𝑧,b⟩𝜚 =

=
𝑁a𝑁b𝑁 (3𝑁 − 10 + (𝑁a−𝑁b)

2)
32(𝑁 − 3) (𝑁 − 1) . (71)

See Appendix B for more details on the computation of the
expectation values.

Thus, the error-propagation formula ("epf") for M and over
the flipped Dicke states is

(Δ𝑏1)
−2
epf =

2𝑁a𝑁b (𝑁 − 3) (𝑁 + 2)2

𝑁 (𝑁 − 1) (3𝑁 − 10 + (𝑁a−𝑁b)
2)
. (72)

The relative precision compared with the achievable bound
(54) is

(Δ𝑏1)
−2
epf

(Δ𝑏1)
−2
max

=
(𝑁 + 2) (𝑁 − 3) (𝑁 − 2 + (𝑁a−𝑁b)

2)
(𝑁 − 1) (𝑁 − 2) (3𝑁 − 10 + (𝑁a−𝑁b)

2)
, (73)
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which for equal splitting becomes

(Δ𝑏1)
−2
epf

(Δ𝑏1)
−2
max

=
(𝑁 + 2) (𝑁 − 3)
(𝑁 − 1) (3𝑁 − 10) . (74)

In the 𝑁 → ∞ limit we obtain

(Δ𝑏1)
−2
epf

(Δ𝑏1)
−2
max

≈ 1
3
. (75)

Splitting the system into two different wells may introduce
an imbalance that depends on the partitioning procedure. To
model the partition noise we consider that 𝑁a = 𝑁/2 + 𝛿 and
𝑁a = 𝑁/2 − 𝛿. The variance for 𝛿, the particle imbalance, is
commonly modeled by (Δ𝛿)2

= 𝑁/4 [95], hence, we consider
(𝑁a − 𝑁b) ∝

√
𝑁 . In Eq. (73), the term (𝑁a − 𝑁b)

2 can
be substituted by 𝛼𝑁 , where the parameter 𝛼 quantifies the
partition noise. We obtain

(Δ𝑏1)
−2
epf

(Δ𝑏1)
−2
max

=
(𝑁 + 2) (𝑁 − 3) (𝑁 − 2 + 𝛼𝑁)
(𝑁 − 1) (𝑁 − 2) (3𝑁 − 10 + 𝛼𝑁) , (76)

which in the 𝑁 → ∞ limit becomes

(Δ𝑏1)
−2
epf

(Δ𝑏1)
−2
max

≈ 1 + 𝛼
3 + 𝛼 . (77)

For an increasing 𝛼, the right-hand side of Eq. (77) increases.
E.g., for 𝛼 = 1, the right-hand side of Eq. (77) is 1/2. As 𝛼
increases the relative difference is reduced between the error
obtained in Eq. (72) and the Cramér-Rao bound (54). Thus,
gradient estimation by measuring Eq. (68) is robust against
particle number imbalance, which indicates that our method
can be used in experiments.

VI. CONCLUSIONS

We studied gradient metrology with quantum states in a
two-sell system. It is known that we have a Bose-Einstein
condensate of two-states atoms, then the precision of gradient
metrology has a shot-noise scaling with the particle number.
We show that if one applies a simple single-particle opera-
tions in one of the wells, then gradient metrology is possible a
maximal precision corresponding to a Heisenberg scaling. We
consider measuring the gradient and the homogeneous mag-
netic field along 𝑥, 𝑦, or 𝑧 directions, and study the inequalities
describing the trade-off between these metrological tasks.
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Appendix A: Proof of Observation 1

Proof. Our system is split into two wells. Let us first assume
that the states are symmetric in each of the wells. In this case,
we can map the quantum state of the particles in the two
wells into the quantum state of two spins with 𝑗a = 𝑁a/2 and
𝑗b = 𝑁b/2. Hence, from angular momentum theory, the total
angular momentum spin number can have the following values

𝑗 = | 𝑗a− 𝑗b |, . . . , 𝑗a+ 𝑗b. (A1)

The minimum and maximum eigenvalues of the total angular
momentum operator are

𝜆min (𝑱
2) =

|𝑁a−𝑁b | ( |𝑁a−𝑁b | + 2)
4

,

𝜆max (𝑱
2) = 𝑁 (𝑁 + 2)

4
,

(A2)

where 𝜆min (𝑋) and 𝜆max (𝑋) denote the smallest and largest
eigenvalue of 𝑋, respectively. If we expand the square of the
total angular momentum with the angular momentum compo-
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nents of the two ensembles ‘a’ and ‘b’, we obtain

𝑱2
=

∑︁
𝑙=𝑥,𝑦,𝑧

(𝐽𝑙,a+𝐽𝑙,b)
2
=

∑︁
𝑙=𝑥,𝑦,𝑧

(𝐽2
𝑙,a + 𝐽

2
𝑙,b + 2𝐽𝑙,a𝐽𝑙,b)

=
𝑁a (𝑁a + 2)

4
+
𝑁b (𝑁b + 2)

4
+ 2

∑︁
𝑙=𝑥,𝑦,𝑧

𝐽𝑙,a𝐽𝑙,b.

(A3)

Thus, finding the largest and smallest eigenvalues of 𝑱2 means
maximizing and minimizing, respectively, the eigenvalues of
the sum of the correlations ⟨𝐽𝑙,a𝐽𝑙,b⟩. States maximizing ⟨𝑱2⟩
are living in the 𝑗 = (𝑁a + 𝑁b)/2 subspace, while states
minimizing ⟨𝑱2⟩ are living in the 𝑗 = |𝑁a − 𝑁b |/2 subspace.

Hence, we can find that the largest eigenvalue for∑︁
𝑙=𝑥,𝑦,𝑧

(𝐽𝑙,a−𝐽𝑙,b)
2

=
𝑁a (𝑁a + 2)

4
+
𝑁b (𝑁b + 2)

4
− 2

∑︁
𝑙=𝑥,𝑦,𝑧

𝐽𝑙,a𝐽𝑙,b (A4)

finding the smallest eigenvalue for the sum of the correlations
𝐽𝑙,a𝐽𝑙,b. We conclude that the states with the smallest eigen-
value for 𝑱2 maximize the eigenvalue of the operator defined
in Eq. (A4). Thus, from Eq. (A3) and for such states,〈

2
∑︁

𝑙=𝑥,𝑦,𝑧

𝐽𝑙,a𝐽𝑙,b

〉
=

|𝑁a−𝑁b | ( |𝑁a−𝑁b | + 2)
4

−
𝑁a (𝑁a + 2)

4
−
𝑁b (𝑁b + 2)

4
.

(A5)

Hence,

𝜆max

( ∑︁
𝑙=𝑥,𝑦,𝑧

(𝐽𝑙,a−𝐽𝑙,b)
2
)

=
𝑁a (𝑁a + 2)

2
+
𝑁b (𝑁b + 2)

2
−

|𝑁a−𝑁b | ( |𝑁a−𝑁b | + 2)
4

.

(A6)

Using that |𝑁a−𝑁b | = 𝑁a + 𝑁b − 2 min(𝑁a, 𝑁b) and 𝑁 =

𝑁a + 𝑁b, we arrive at

𝜆max

( ∑︁
𝑙=𝑥,𝑦,𝑧

(𝐽𝑙,a−𝐽𝑙,b)
2
)
=
𝑁 (𝑁 + 2)

4
+min(𝑁a, 𝑁b). (A7)

Thus, maximizing and minimizing ⟨∑𝑙=𝑥,𝑦,𝑧 (𝐽𝑙,a−𝐽𝑙,b)
2⟩

means minimizing and maximizing, respectively, the sum
of the correlations ⟨𝐽𝑙,a𝐽𝑙,b⟩. Clearly, states maximizing
⟨∑𝑙=𝑥,𝑦,𝑧 (𝐽𝑙,a−𝐽𝑙,b)

2⟩ are living in the 𝑗 = |𝑁a − 𝑁b |/2
subspace, while states minimizing it are living in the 𝑗 =

(𝑁a + 𝑁b)/2 subspace.
Let us now consider the case that the state of the particles

in the two wells are not in the symmetric subspace. Let us
consider the case when the state is in the eigenspace of

𝐽
2
𝑥,𝑙 + 𝐽

2
𝑦,𝑙 + 𝐽

2
𝑧,𝑙 (A8)

with an eigenvalue 𝑗𝑙 ( 𝑗𝑙 + 1) for 𝑙 = 𝑎, 𝑏 and 𝑗𝑙 can be smaller
than 𝑁𝑙 . Then, analogously to Eq. (A7), we obtain that

𝜆max

( ∑︁
𝑙=𝑥,𝑦,𝑧

(𝐽𝑙,a−𝐽𝑙,b)
2
)

= ( 𝑗a + 𝑗b) ( 𝑗a + 𝑗b + 2) + 2 min( 𝑗a, 𝑗b), (A9)

which is smaller than or equal to the right-hand side of Eq. (A7)
giving the upper bound for 𝑗a = 𝑁a/2 and 𝑗b = 𝑁b/2. Thus,
the largest eigenvalue is maximal if 𝑗a = 𝑁a/2 and 𝑗b = 𝑁b/2.

Let us now consider a general quantum state 𝜚 of the two
wells. Let us define

𝜚 𝑗a , 𝑗b
= 𝑃 𝑗a , 𝑗b

𝜚𝑃 𝑗a , 𝑗b
, (A10)

where 𝑃 𝑗a , 𝑗b projects to the eigenspace of Eq. (A8) with an
eigenvalue 𝑗𝑙 ( 𝑗𝑙 + 1) for 𝑙 = a, b. Then, it is easy to see that
with our angular momentum measurements our state is not
distinguishable from the state

𝜚 =
∑︁
𝑗a , 𝑗b

𝑝 𝑗a , 𝑗b
𝜚 𝑗a , 𝑗b

, (A11)

thus it is sufficient to consider quantum states of the form given
in Eq. (A11). Clearly, we obtain the bound〈 ∑︁

𝑙=𝑥,𝑦,𝑧

(𝐽𝑙,a−𝐽𝑙,b)
2
〉
≤ 𝑁 (𝑁 + 2)

4
+ min(𝑁a, 𝑁b), (A12)

where the bound can be saturated by some state. Thus, in order
to obtain the bound, it was sufficient to consider the case when
the state of each well is symmetric.

Finally, we have that∑︁
𝑙=𝑥,𝑦,𝑧

𝐹 [𝜚, 𝐽𝑙,a−𝐽𝑙,b] ⩽ 4𝜆max

( ∑︁
𝑙=𝑥,𝑦,𝑧

(𝐽𝑙,a−𝐽𝑙,b)
2
)
. (A13)

Hence, Eq. (49) follows. ■

Appendix B: Useful expectation values for Dicke states and
flipped Dicke states

Since we have

[𝑅𝑧,b(𝜃), 𝐽𝑧] = 0 (B1)

for all 𝜃, the partially flipped Dicke state is an eigenstate of 𝐽𝑧
with an eigenvalue 0, similarly to the Dicke state.

Moreover,

[𝑅𝑧,b(𝜃), 𝐽𝑙,𝑎] = 0 (B2)

holds, while we have

{𝑅𝑧,b(𝜃), 𝐽𝑙,𝑏} = 0 (B3)

for 𝑙 = 𝑥, 𝑦. Hence, we can obtain the relevant expectation
values for the flipped Dicke state from the expectation values
for the original Dicke state. First, all first moments of the
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angular momentum operators remain zero. Moreover, since
the Dicke state is an eigenstate of 𝐽2

𝑧 + 𝐽
2
𝑥 + 𝐽

2
𝑦 with eigenvalue

𝑁 (𝑁 + 2)/4, the flipped Dicke state is also an eigenstate of
𝐽

2
𝑧 + (𝐽𝑥,a−𝐽𝑥,b)

2 + (𝐽𝑦,a−𝐽𝑦,b)
2, and therefore,

⟨𝐽2
𝑧 ⟩ + ⟨(𝐽𝑥,a−𝐽𝑥,b)

2⟩ + ⟨(𝐽𝑦,a−𝐽𝑦,b)
2⟩ = 𝑁 (𝑁 + 2)

4
. (B4)

By expanding the terms above we arrive at

⟨𝐽2
𝑧,a⟩ + 2⟨𝐽𝑧,a𝐽𝑧,b⟩ + ⟨𝐽2

𝑧,b⟩ = 0, (B5a)

⟨𝐽2
𝑥,a⟩ − 2⟨𝐽𝑥,a𝐽𝑥,b⟩ + ⟨𝐽2

𝑥,b⟩ =
𝑁 (𝑁 + 2)

8
, (B5b)

⟨𝐽2
𝑦,a⟩ − 2⟨𝐽𝑦,a𝐽𝑦,b⟩ + ⟨𝐽2

𝑦,b⟩ =
𝑁 (𝑁 + 2)

8
. (B5c)

At this point, we can compute the expectation values ⟨𝐽2
𝑧,a⟩

and ⟨𝐽2
𝑧,b⟩ over one of the wells based on the definition of the

state |D̃𝑁 ⟩ given in Eq. (47) as

⟨𝐽2
𝑧,𝑟 ⟩ =

𝑁a/2∑︁
𝑚=−𝑁a/2

𝑐
2
𝑚𝑚

2
=

𝑁a𝑁b
4(𝑁 − 1) (B6)

for 𝑟 = a, b, where 𝑐𝑚 is given in Eq. (45). Note that ⟨𝐽2
𝑧,a⟩ =

⟨𝐽2
𝑧,b⟩ even if 𝑁a = 𝑁b. We obtain the same values for the

unpolarized Dicke state |D𝑁 ⟩, since certain terms cancel each
other. Then, from Eq. (B5a) and (B6) follows

⟨𝐽𝑧,a𝐽𝑧,b⟩ = −
𝑁a𝑁b

4(𝑁 − 1) . (B7)

Each subsystem belongs to the symmetric subspace,

⟨𝑱2
𝑟 ⟩ =

𝑁𝑟 (𝑁𝑟 + 2)
4

(B8)

for 𝑟 = a, b. Hence, we obtain the following relation

⟨𝐽2
𝑙,𝑟 ⟩ =

𝑁𝑟 (𝑁𝑟 + 2)
8

−
⟨𝐽2
𝑧,𝑟 ⟩
2

=
𝑁𝑟 (𝑁 (𝑁𝑟 + 1) − 2)

8(𝑁 − 1) , (B9)

for 𝑙 = 𝑥, 𝑦. We also obtain

⟨𝐽𝑙,a𝐽𝑙,b⟩ = −
𝑁a𝑁b𝑁

8(𝑁 − 1) (B10)

for 𝑙 = 𝑥, 𝑦.
Finally, we can compute the expectation value of the total

angular momentum operator as

⟨𝑱2⟩ =
𝑁 (𝑁 + (𝑁a−𝑁b)

2 − 2)
4(𝑁 − 1) ≈ 𝑁

4
, (B11)

where the last approximation is for 𝑁 ≫ 1 and 𝑁a − 𝑁b con-
stant.

For Sec. V B, we need fourth moments. First we obtain

⟨𝐽2
𝑙,𝑟 𝐽

2
𝑧,𝑟

′⟩ =
𝑁𝑟 (𝑁𝑟 + 2)

8
−

⟨𝐽2
𝑧,𝑟 𝐽

2
𝑧,𝑟

′⟩
2

(B12)

for 𝑙 = 𝑥, 𝑦 and 𝑟, 𝑟 ′ = a, b and 𝑟 ≠ 𝑟 ′. Then, we need

⟨𝐽2
𝑧,𝑟 𝐽

2
𝑧,𝑟

′⟩ =
𝑁a/2∑︁

𝑚=−𝑁a/2
𝑐

2
𝑚𝑚

4
=
𝑁a𝑁b (3𝑁a𝑁b − 2𝑁)
16(𝑁 − 3) (𝑁 − 1) . (B13)

By plugging in Eq. (B12) into Eq. (B13), we arrive at

⟨𝐽2
𝑙,𝑟 𝐽

2
𝑧,𝑟

′⟩ =
𝑁𝑟 (𝑁𝑟 + 2)

8
−
𝑁a𝑁b (3𝑁a𝑁b − 2𝑁)
32(𝑁 − 3) (𝑁 − 1) . (B14)

On the other hand, since both the Dicke state and the flipped
Dicke state are eigenstates of 𝐽𝑧 with eigenvalue zero, we have
that

⟨𝐽𝑧,a𝐽𝑥,a𝐽𝑥,b(𝐽𝑧,a + 𝐽𝑧,b)⟩ = 0, (B15a)
⟨(𝐽𝑧,a + 𝐽𝑧,b)𝐽𝑥,a𝐽𝑥,b𝐽𝑧,b⟩ = 0. (B15b)

Combining Eqs. (B15a) and (B15b), we arrive at

⟨𝐽𝑧,a𝐽𝑥,a𝐽𝑥,b𝐽𝑧,b⟩ = −⟨𝐽𝑧,a𝐽𝑥,a𝐽𝑧,a𝐽𝑥,b⟩ = ⟨𝐽𝑥,a𝐽𝑧,a𝐽𝑧,b𝐽𝑥,b⟩.
(B16)

Finally, we use the following facts. The angular momentum
component 𝐽𝑥,𝑟 can be decomposed as 2𝐽𝑥,𝑟 = 𝐽+,𝑟 + 𝐽−,𝑟 ,
where

𝐽+,𝑟 = 𝐽𝑥,𝑟 + 𝑖𝐽𝑦,𝑟 ,
𝐽−,𝑟 = 𝐽𝑥,𝑟 − 𝑖𝐽𝑦,𝑟 .

(B17)

Only the terms 𝐽+,a𝐽−,b and 𝐽−,a𝐽+,b contribute to the expecta-
tion value in Eq. (B16). Note that 𝐽±,a𝐽±,b sends the states from
|𝑚⟩a |−𝑚⟩b to |𝑚±1⟩a |−𝑚±1⟩b, that is, to a state orthogonal to
the initial state. Because of the symmetry of the coefficients
of the Dicke state and the flipped Dicke state the terms with
𝐽+,a𝐽−,b and 𝐽−,a𝐽+,b are equal to each other. Hence, we obtain

2⟨𝐽𝑧,a𝐽𝑥,a𝐽𝑥,b𝐽𝑧,b⟩ = ⟨𝐽𝑧,a𝐽+,a𝐽−,b𝐽𝑧,b⟩

=

𝑁a/2∑︁
𝑚=−𝑁a/2

𝑐
2
𝑚𝑚(𝑚 − 1) (𝑁a/2 + 𝑚) (𝑁b/2 + 𝑚)

=
𝑁a𝑁b (𝑁a − 2) (𝑁b − 2)𝑁

16(𝑁 − 3) (𝑁 − 1) . (B18)

Appendix C: Calculation of 𝐹 [𝜚, 𝐽𝑙,a+𝐽𝑙,b] and 𝐹 [𝜚, 𝐽𝑙,a−𝐽𝑙,b]
for GHZ state, Dicke state and their partially flipped analogs

GHZ states (35), Dicke states (43), partially flipped GHZ
states (38) and partially flipped Dicke states (47) belong to
the product of the symmetric subspaces on each of the wells.
Hence, the total angular momentum over each of the wells
must be conserved

⟨𝐽2
𝑥,𝑟 ⟩ + ⟨𝐽2

𝑦,𝑟 ⟩ + ⟨𝐽2
𝑧,𝑟 ⟩ =

𝑁𝑟 (𝑁𝑟 + 2)
4

, (C1)

for 𝑟 = a, b. They are eigenstates of 𝐽𝑧 too. As consequence,
they are invariant under the swap of the 𝑥 and 𝑦 axes.

Moreover, they are not only unpolarized states as a whole
but on each of the wells too, i.e., all first moments of the
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|GHZ⟩ |�GHZ⟩ |D𝑁 ⟩ |D̃𝑁 ⟩

𝐹 [𝜚, 𝐽𝑧] 𝑁
2 (𝑁a − 𝑁b)

2 0 0

𝐹 [𝜚, 𝐽𝑙] 𝑁 𝑁
𝑁 (𝑁+2)

2 {F }

𝐹 [𝜚, 𝐽𝑧,a−𝐽𝑧,b] (𝑁a − 𝑁b)
2

𝑁
2

{
4𝑁a𝑁b
𝑁−1

} {
4𝑁a𝑁b
𝑁−1

}
𝐹 [𝜚, 𝐽𝑙,a−𝐽𝑙,b] {𝑁} {𝑁} {F } 𝑁 (𝑁+2)

2

Table I. QFI for GHZ states, partially flipped GHZ states, Dicke
states and partially flipped Dicke states, where 𝑙 = 𝑥, 𝑦. Some QFIs
are computed directly from the definition of the states, Eqs. (35),
(38), (44) and (47). (curly-braces) The remaining ones are obtained
using the relations Eqs. (C1) and (C2). F is shown in the main text
in Eq (C3) due to lack of space.

following angular momentum operators are zero, ⟨𝐽𝑙,𝑟 ⟩ = 0.
Hence, in order to compute the QFIs, we have to compute the
second moments only. We also have that

⟨(𝐽𝑙,a±𝐽𝑙,b)
2⟩ = ⟨𝐽2

𝑙,a⟩ ± 2⟨𝐽𝑙,a𝐽𝑙,b⟩ + ⟨𝐽2
𝑙,b⟩. (C2)

In Appendix B, we already computed the second moments
for the unpolarized Dicke state and the partially flipped Dicke
state, Eqs. (B7) and (B10).

With all these relations and expectations values, we com-
plete the Table I. We have for Dicke and partially flipped Dicke
states that

F =
𝑁 (𝑁 + (𝑁a − 𝑁b)

2 − 2)
2(𝑁 − 1) ≈ 𝑁

2
, (C3)

where the last approximation is for 𝑁 ≫ 1 and 𝑁a − 𝑁b con-
stant. Equation (B11) shows a similar result from which the
equation (C3) could also be derived. Note that the partially
flipped Dicke state has similar expectation values if one ex-
changes the 𝑥- and 𝑦-axes. For the case shown on Figure 1,
𝑁a = 𝑁b = 4.

On the Table I, the first two rows of the partially-flipped
Dicke state |D̃𝑁 ⟩ correspond to four times the variance of
(Δ𝐽𝑧)

2 and (Δ𝐽𝑙)
2, respectively. Summing all the three vari-

ances one reaches to 𝑁/4 for large systems, which clearly
violates the entanglement criterion for singlet-like states [96–
99]

[Δ(𝐽a
𝑥+𝐽

b
𝑥)]

2+[Δ(𝐽a
𝑦+𝐽

b
𝑦)]

2+[Δ(𝐽a
z+𝐽

b
z )]

2 ≥
𝑁a
2
+
𝑁b
2
, (C4)

Clearly, for Dicke states the following entanglement criterion
is violated [73, 95]

[Δ(𝐽a
𝑥 − 𝐽

b
𝑥)]

2 + [Δ(𝐽a
𝑦 − 𝐽

b
𝑦)]

2 + [Δ(𝐽a
z + 𝐽

b
z )]

2 ≥
𝑁a
2

+
𝑁b
2
.

(C5)
In Ref. [95], a similar relation is used to detect entanglement
between two halves of a Dicke state of two-state atoms in a
Bose-Einstein condensate. Unlike, the partially-flipped Dicke
state |D̃𝑁 ⟩, the partially-flipped GHZ state |�GHZ𝑁 ⟩ does not
violate Eq. (C4). However, for 𝑁a = 𝑁b, it saturates the
entanglement criterion, thus the three collective variances are
still small for that state.

Appendix D: Number of independent Hermitian operators that
commute with 𝐽𝑦 when the product of two spins 𝑗a and 𝑗b is

considered.

Observation S1. The total number of independent Her-
mitian operators, 𝑀𝑘 , that commute with 𝐽𝑦 for a combined
system of two subsystems, 𝑗a = 𝑁a/2 and 𝑗b = 𝑁b/2, is

𝐾
∗
𝑁min ,𝑁max

= 1 + 𝑁min +
𝑁min (1 − 𝑁2

min)
3

+ (1 + 𝑁min)
2
𝑁max

(D1)
where 𝑁min ≡ min(𝑁a, 𝑁b) and 𝑁max ≡ max(𝑁a, 𝑁b). If we
impose that (Δ𝑀𝑘)

2
𝜚 = 0 for Dicke states given in Eq. (43),

the number is smaller

𝐾𝑁min ,𝑁max
=
𝐾

∗
𝑁min ,𝑁max

+ 𝑁min + 1
2

, (D2)

Proof. We will consider only the symmetric states in the
two subspaces a and b in order to reduce the number of op-
erators. As in Eq. (A1), the whole Hilbert space can be
considered as adding 𝑗a = 𝑁a/2 and 𝑗b = 𝑁b/2 angular
momentum subspaces. Thus, the dimension of the space is
(𝑁a + 1) (𝑁b + 1). Equivalently, from quantum angular mo-
mentum theory, the dimension is

∑ 𝑗max
𝑗= 𝑗min

2 𝑗 + 1, where there
are 𝑗max− 𝑗min+1 = min(𝑁a, 𝑁b)+1 independent total angular
momentum subspaces and 𝑗max = 𝑗a + 𝑗b and 𝑗min = | 𝑗a − 𝑗b |.

It is easy to see that the degeneracy of the eigenvalues of 𝐽𝑦
follow

𝑑 (𝑚𝑦) =
{

min(𝑁a, 𝑁b) + 1 if |𝑚𝑦 | ⩽ 𝑗min,
𝑁a+𝑁b

2 + 1 − |𝑚𝑦 | otherwise.
(D3)

Hence, in a degenerate subspace there are 𝑑 (𝑚𝑦)
2 independent

Hermitian operators which commute with the original opera-
tor, 𝑑 (𝑚𝑦) diagonal terms and 𝑑 (𝑚𝑦) [𝑑 (𝑚𝑦) − 1] real and
complex off-diagonal terms.

Thus, the total number of independent Hermitian operators
is

𝐾
∗
=

𝑗min∑︁
𝑚𝑦=− 𝑗min

[min(𝑁a, 𝑁b) + 1]2+

+ 2
𝑗max∑︁

𝑚𝑦= 𝑗min+1

(
𝑁a+𝑁b

2 + 1 − 𝑚𝑧
)2
, (D4)

where the factor of two appears in front of the the second sum
taking into account a summation for𝑚𝑦 = − 𝑗max, . . . ,−( 𝑗min+
1). Finally, using that

2| 𝑗a − 𝑗b | = max(𝑁a, 𝑁b) − min(𝑁a, 𝑁b), (D5)

we arrive at

𝐾
∗
=

1 + min(𝑁a, 𝑁b)
3

{
3 + min(𝑁a, 𝑁b) − min(𝑁a, 𝑁b)

2+

+ 3 max(𝑁a, 𝑁b) [1 + min(𝑁a, 𝑁b)]
}
, (D6)
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which is equivalent to Eq. (D1).
Our system consisting of a partially flipped Dicke state given

in Eq.(47), has non-zero overlap with eigenstates of eigenval-
ues 𝑚𝑦 = 𝑗max, 𝑗max − 2, . . . ,− 𝑗max + 2,− 𝑗max, which is the
case also for the Dicke state. In that case, only Hermitian
operators that act on such subspace may have (Δ𝑀𝑘)

2
𝜚 ≠ 0.

Therefore, the sum in Eq. (D4) reduces to

𝐾
∗
=

𝑗min/2∑︁
𝜇𝑦=− 𝑗min/2

(min(𝑁a, 𝑁b) + 1)2+

+ 2
𝑗max/2∑︁

𝜇𝑦= 𝑗min/2+1
( 𝑁a+𝑁b

2 + 1 − 2𝜇𝑧)
2
, (D7)

where we introduced a new summation variable 𝜇𝑦 = 2𝑚𝑦 and
changed the limits accordingly. Equation (D2) follows. ■

These two numbers, Eqs. (D1) and (D2), scale as
O(𝑁2

min𝑁max) for large 𝑁min and 𝑁max. Hence, the amount
of computations required for not so-large systems increases
rapidly.
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