Anti-concentration is (almost) all you need
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Until very recently, it was generally believed that the (approximate) 2-design property is strictly
stronger than anti-concentration of random quantum circuits, mainly because it was shown that the
latter anti-concentrate in logarithmic depth, while the former generally need linear depth circuits.
This belief was disproven by recent results which show that so-called relative-error approximate
unitary designs can in fact be generated in logarithmic depth, implying anti-concentration. Their
result does however not apply to ordinary local random circuits, a gap which we close in this letter,
at least for 2-designs. More precisely, we show that anti-concentration of local random quantum
circuits already implies that they form relative-error approximate state 2-designs, making them
equivalent properties for these ensembles. Our result holds more generally for any random circuit
which is invariant under local (single-qubit) unitaries, independent of the architecture.

Random quantum circuits are ubiquitous in quan-
tum information theory, touching a wide range of top-
ics from randomized benchmarking [IH5] to black hole
physics [0, [7]. Consequently, significant effort has been
devoted to studying the mixing properties of random
quantum circuits.

A particular focus of the community concerns the con-
vergence of random quantum circuits to approximate
(unitary or state) k-designs. These are probability distri-
butions on the unitary group or state space that appear
uniformly random given access to at most k copies. Early
works rigorously proved the convergence of random quan-
tum circuits to approximate 2-designs in depth O(n) on
n qubits [8,9]. The convergence was subsequently tied to
spectral properties of the k-copy twirling channel [10, [IT],
although tight bounds were still limited to k = 2. Since
then, a long line of works extended this result to higher
k [I12HI5], ultimately providing near tight bounds on the
k-dependence [I6] in this convergence.

At the same time, the linear dependence on the sys-
tem size was widely considered optimal. This however
changed very recently, when it was shown that random
quantum circuits already look Haar-random to forward-
in-time experiments at logarithmic depth [I7] [18].

In hindsight, the rapid onset of anti-concentration [19,
20] could be considered as a first hint for the logarith-
mic convergence of second moments. Anti-concentration
of a circuit ensemble v states, loosely speaking, that
the distribution of measurement outcomes obtained from
such circuits is typically ‘well spread’. This property is
a key ingredient in complexity-theoretic arguments for
sampling-based quantum advantage (see Ref. [21] for a
recent review). Anti-concentration is implied by a small
value of the (average) collision probability

Z, =Eu~|(0|U[0)]". (1)

Using a mapping to a statistical mechanics model [22-

24), it was shown in Refs. [19] 20] that random quantum
circuits with iid gates have a near minimal average colli-
sion probability already at log-depth.

The logarithmic-depth designs constructed in Refs. [I7]
18] can be seen as ‘coarse-grained’ brickwork circuits in
the sense that certain entangling blocks are deleted. This
raises the question whether this deletion is actually ad-
vantageous, or whether it is simply a remnant of the proof
technique. Intuitively, the insertion of random gates into
the circuit should not slow down the mixing time, but
such effects are known to occur in Markov chains. A sim-
ilar behavior was recently observed in quantum circuits
involving Haar-random unitaries that act on an extensive
number of qubits [25]. As such, the latter does however
not extend to local random quantum circuits.

In this letter, we provide the first evidence that stan-
dard random quantum circuit indeed converge as fast as
the coarse-grained circuits in Refs. [I7, [I8] by proving
the convergence of standard brickwork random quantum
circuits to so-called relative-error approximate state 2-
designs in logarithmic depth. In other words, we show
that in the case of the state 2-design property the extra
structure in Refs. [I7, (18] is not necessary and that the
result of Ref. [25] does not qualitatively apply to local
random quantum circuits. Our proof is remarkably short
and reduces the relative-error state 2-design property to
the convergence of the collision probability (i.e. anti-
concentration). Interestingly, the inverse implication is
always true [20], hence anti-concentration is all you need
for the here considered state ensembles. Finally, we also
briefly discuss the case of unitary designs and why anti-
concentration may generally not be enough there. These
intricacies are illustrated in parallel work [27] which also
gives evidence that anti-concentration may nevertheless
be enough for the unitary 2-design property in 1D brick-
work circuits.

Complementary evidence for the fast convergence of



unstructured random quantum circuits was recently
obtained in Ref. [28], which shows that the structure
of the coarse-grained circuits in Refs. [I7], 18] does not
change the relative entropy decay too much. This decay
then implies designs secure in non-adaptive experiments
in depth polylog(n), even for higher k.

Preliminaries. We consider a system of n qudits of
local dimension g. The collision probability is mini-
mal for circuits producing uniform outcome distributions
(e.g. a layer of Hadamards), Zun; = ¢~ 2", while for Haar-
random unitaries, we have Zg = 2¢7"(¢" +1)~1. We
say that v (strongly) anti-concentrates if Z, < aq™*"
for some a > 1. This implies that the outcome distri-
butions of such circuits anti-concentrate in the original
sense, i.e. a concentration of probability cannot happen
for at least a constant fraction of instances [26]. Although
being strictly weaker, anti-concentration is often equated
with the convergence of the collision probability in the
random circuits literature and we follow this convention
in this paper. While generally speaking any constant
a > 1 will do, we here consider the case Z, < (1 +¢)Zy
with € € [0,1). Previous results on anti-concentration
of random quantum circuits (RQCs) show that any con-
stant € can be achieved at the cost of a constant overhead
in the total number of gates [I9] 20].

A probability measure v on U(g") is called a relative-
error e-approrimate unitary k-design (or short relative-
error design) if the k-fold twirling channel My, :=
Ey~, USkE(-)UT®F fulfills the operator inequalities

(1 —¢e)Mpu <cp Mg,y <cp (1 +&)Min, (2)

where A <cp B iff B— A is completely positive (CP), and
the index H refers the integration w.r.t. the Haar measure
pup on U(g™). To see that ¢ is indeed a relative error,
consider positive-semidefinite (psd) operators A, B > 0.
Then, the definition implies that

tr(AMyo(B)) — tr(AMy 1 (B))
tr(AMpn(B)) <e. ()

i.e. all psd Haar moments are approximated within rela-
tive error €. Moreover, we say that the generated state
ensemble {U|0)}y.~, is a relative-error e-approvimate
state k-design if Eq. holds for any A > 0 and B =
|0)(0|®* (here 0 = 0™ denotes the all-zero state). Set-
ting k = 2 and A = B = (0)(0|®? in Eq. (3), we recover
the well-known fact that relative-error (state or unitary)
2-designs with error ¢ anti-concentrate with o = 2(1+¢).

In the following, we study such 2-designs in the
spirit of the statistical mechanics model of local RQC's
[19, 2224]. Here, a local RQC is a circuit which is
composed of Haar-random 2-local unitaries arranged
in a prespecified manner. We will assume the RQC is
invariant under local, single-qudit unitaries (LU)-this is
simply to avoid technicalities on the support of single

instances of the RQCs. This is true for many ensembles
and can be straightforwardly imposed by a layer of
single-qudit gates at the start of the circuit.

State designs. We show that if a local RQC anti-
concentrates, it also forms a relative-error state 2-design:

Theorem 1. Let v be the probability measure of a lo-
cal RQC on n qudits and suppose it anti-concentrates
in the sense that Z, < (1 + €)Zuy. Then, v gener-
ates a relative-error €' -approzimate state 2-design, where

N ~
€ —2qn7q =g ~ 4e.

The theorem immediately implies that local RQCs
in a 1D nearest-neighbor or all-to-all architecture form
relative-error state 2-designs in logarithmic depth.

The argument is simple, centered around a single ap-
plication of Holder’s inequality. For the sake of notation
we set M, = My, in the following.

Proof. We first establish some facts about the collision
probabilities Z, and Zy. Note that the LU invariance
implies that m, := M, (]0)(0|®?) commutes with (U; ®
- ® U,)®?% for U; € U(q). Thus, applying Schur-Weyl
duality locally on every qudit, we can expand m, in the
local permutation basis {1, F}®" where F is the flip
operator permuting two tensor copies of C%:

m, = z{: HIIE;7 (4)

weFy

with F, := @;_, F** and F5 is the binary field. Denot-
ing the canonical dual basis by {Fm}, we can write the
coefficients as m, = tr(ﬁ‘xml,). As any F, acts trivially
on [0)®?, we have the relation Z, = tr(|0)(0/®?m,) =
> wery Ma- Note that my = My (]0)(0|®?) only fea-
tures contributions from z = 0 and x = 1, the all-
zero and all-one bitstrings. We can thus expand Zy =
tr(Fomy) + tr(Fimpg) and use that My = MM, by the
invariance of the Haar measure. Then, we find

Zy = tr ((ﬁo + FI)MH(mV))

=S ((FO + Fl)MH(Fx)> tr(F,m,)
z€FY
=mo +my + Z Q)| My ()
z#{0,1}

where the last line follows from writing out My in the
local permutation basis (see the SM for details). Here,
Q| = % and |z| is the Hamming weight of the
binary vector x. Using that the maximum of « over x #
0,1 is attained at |x| =1 and Z, < (1 + €)Zy, we have

Z My = Z, — Moy — M1
z¢{0,1}

<(14e)Zu—Zu+ o Z my .
z¢{0,1}



With a3 < 1 we then find the following bound

€ g
< Zy=: —2Zu. 6
> me < g —Zu =57 (6)
z¢{0,1}

Explicitly, we have ¢/ = 2L EL_= _ where g"f; is

q"—q1l—q~
quickly converging to 1 from above and 17(1]_1 < 2. Thus,
for sufficiently large n (say n =~ 10), ¢’ = 4e.

Finally, we bound the relative error of tr(Am,) for
any psd operator A. Since (U|0)(0|UT)®? is left and
right invariant under permutations of the two tensor
copies, tr(Am,) and tr(Amy) only depend on the restric-
tion of A onto the symmetric subspace and we can as-
sume that A is supported there. In particular, we have
tr(Amy) = tr(A)Zy since my is proportional to the pro-
jector onto the symmetric subpace by Schur-Weyl duality.
For local RQCs, it was shown that m, = tr(Fzmy) >0
are non-negative numbers depending on the architecture
and depth of the circuit [19]. With this and the expan-
sions and , a simple application of Hdélder’s in-
equality yields

| tr(Am,) — tr(Amy)|

= ’ Z (tr(AFw) —tr(A)a‘x‘)mw
z¢{0,1}
<2tr(4) > my
x¢{0,1}
<é'tr(A)Zy =€ tr(Amy),

where we used Eq. @ in the last line and the fact that
tr(Amy) = tr(A)Zy since my is proportional to the pro-
jector onto the global symmetric subpace. This com-
pletes the argument. O

We think that the factor in front of € can be improved
to 1, as we can rather trivially upper bound tr(4Am,)
using Hélder’s inequality as follows:

tr(Am,) =Y tr(AF,)m, < tr(A)Z, < (1+¢) tr(Amg).

Obtaining the lower bound however requires a more care-
ful analysis.

We remark that our proof works for any measure v
for which the expansion has non-negative coefficients
mg. This is in particular the case for circuits composed
of Haar-random 2-local gates as we assumed in Thm.
but also for more structured circuits [29].

Unitary designs. Unfortunately, a straightforward ex-
tension of the ideas in the last section to the unitary 2-
design case is not possible. In fact, repeating the above
steps leads to an exponential blow-up in the relation be-
tween the collision probability and the design error. To
understand why such an argument might be difficult, we
will briefly discuss possible strategies in the following. To

do so, it will be convenient to change the basis to the one
given by the mutually orthogonal local projectors P, :=
@' 1Py, a € F} with Py = 3(1+F) and P, = (1 - F).
We denote their rank as D, = 27"¢"(¢—1)%l (g+1)"~lel.

Because of the local U(q) invariance and P, > 0, it is
sufficient to verify Eq. on the local projector basis (see
the SM for details). We thus aim to bound the expression

‘tr(Pa(Mu - M )(P ))|
€ < max tr(PaMH(;,,)) :

This already reduces the problem to bounding a finite
number of moments. However we found no easy way to
do so even for 1D brickwork circuits. Let us now make
the simplifying assumption that M, is a psd superop-
erator. This is true, for instance, for random circuits
composed of a single Haar-random local gate per layer,
for 1D brickwork circuits with an odd number of layers,
or more generally for ensembles that are invariant un-
der inverses (if one is willing to double the depth of the
circuit). Under this assumption, Belkin et al. [27] show
that it is sufficient to probe only the ‘diagonal’ elements
in the local projector basis, i.e. the relative error is given
by. In fact,

| tr(Pa(My, = Mu)(By))]

T w(PuMa(By)
tr(P,M, (P,
= max 7r( (Pa)) -1

X (M (7))
= ¢" max (q” + (_1)|a|> tr(PuMy (Fa))

e 1. (7)

Here, we used that M, — My is psd since it has the same
spectrum as M,,, except that two ‘1’ eigenvalues are set to
zero. Moreover, tr(P,My(P,)) = 2D2q~"/(q™ + (—1)l°l).

We remark that the term with a = 0 exactly
corresponds to the relative anti-concentration error
Z,/Zy — 1. A priori, it is not clear how this error
should bound the maximum over all a. Indeed, while
tr(P,M,(P,))/D, attains its maximum at a = 0 (see
SM), the remaining factor in Eq. is maximized at
a = 1 for large n. This leads to a competition between
these two terms and thus to a complex behavior that
is also reflected in the associated statistical mechanics
model. Numerical studies [27] show that the behavior
of the anti-concentration error and the relative design
error £ can be very different and generally depends
highly on the concrete random circuit ensemble and the
connectivity. This indicates that anti-concentation and
relative unitary designs might be less related than one
might hope from our results on state designs.

Discussion and outlook. In this letter, we show that
anti-concentration of local random quantum circuits al-
ready implies that these circuits generate relative-error
state 2-designs. Thus, anti-concentration marks the on-
set of second moment convergence in these ensembles and



can be considered a universal property for random quan-
tum states. Since anti-concentration has proven to be
simpler to analyze than more holistic design features,
our result significantly facilitates the future analysis of
local RQCs. Moreover, we can immediately promote a
number of past anti-concentration results to yield state
designs as well — most prominently for the notoriously-
hard-to-study brickwork circuits. We thereby provide the
first evidence that the deletion of local gates in Ref. [17]
does not provide an advantage over ordinary brickwork
circuits.

Interestingly, anti-concentration is not necessarily uni-
versal for local random circuits over more restricted gate
sets. For instance, if we choose the local gates to be or-
thogonal, these circuits generally anti-concentrate in log-
arithmic depth [30, BI], but relative-error state 2-designs
require linear depth [31I]. In contrast, our result clearly
holds for Clifford circuits. For symplectic circuits, how-
ever, the universality of anti-concentration remains open.

Although our results do not straightforwardly extend
to the unitary design case, we are confident that anti-
concentration is still sufficient in practially relevant ar-
chitectures such as brickwork circuits. This is supported
by the numerical findings in Ref. [27]. Finally, it would be
interesting to understand whether similar universal prop-
erties exist for higher moments. There, our approach fails
as it strongly relies on the non-negative statistical me-
chanics representation of local RQCs which is available
for second moments only.
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Anti-concentration is (almost) all you need
— Supplemental material —
EXPANSIONS IN THE LOCAL PERMUTATION BASIS

Using Schur’s lemma and the projectors onto the globally symmetric or antisymmetric subspaces P, /5 = %(]1 +F)
with dimensions Dy, = ¢"(¢" £1)/2, respectively, we find:

tr( P FT tr(P FT
Mu(F,) = %)Pv + %PA (T1)
\% A
_(tr(Fy) +tr(FLF) N tr(Fy) — tr(F1 Fy) o tr(Fy) +tr(F1Fy)  tr(Fy) — tr(F1Fy) P
- 4D, 4D, 0 4D, 4D, !
2n—|z| _ ,|z| n+lz| _ . n—|z|

q q q q

= q2n —-1 FO + q2n -1 Fl

: hO,:L’FO + hl,a:Fl

In particular,

h’ovx + hlvx - 2n - 2n - n
*r —1 *r —1 q"+1

We can write the dual basis explicitly by noting that the local permutation basis factorizes and by using the single-
qudit Weingarten matrix:

- 1 1 -1/q
Fy = Fa, s Fy, = Wy, Ly, s W= 57 :
gg | %; Y q2—1<—Uq 1 )

In particular, Fy = qz%l(]l — %F) and F = ﬁ(f%]l + F).

SOME IDENTITIES IN THE LOCAL PROJECTOR BASIS

We can decompose any psd operators A, B which are invariant under local unitaries (LU) by Schur’s lemma as

Aq
A;:E:IZR“ B= E:Afa
a€Fy beFy
Here, A, = tr(AP,) > 0 and By, = tr(BP,) > 0. Then, assuming that
[ 6(PMy (By)) — tx(PuM(Py)] < 8 tr(PMu(B),

we find using triangle inequality and positivity of the coeflicients:

|tr(AM,,(B)) — tr(AMy (B |<§:

J(Py)) — tr(PaMu(Py))] < 8 tr(AMy(B)).

As in Eq. (T1)), we can compute the Haar moments for A = P, and B = P, and find that the projectors have to
have support in the same global irrep, meaning that |a| and |b| have to be both even or both odd. Then,

Dyt if |al, |b] even
tl"(PaMH(Pb)) =D,D, x DXI if |Cl|7 |b‘ odd
0 else
We note that the LU-invariance of v also implies that tr(P,M,(P;)) = 0 whenever the parity of |a| and |b| are not

equal. To see this, note that by the definition of M,,, we have M, (F; B) = F1M, (B). Recall that F} is the global flip,
thus tr(P,M, (Py)) = tr(PoM, (P /s Py)) = tr(P, Py /aM, (Py)) where V/A is chosen according to the parity of b.



Note that the { P,} basis is orthogonal and Pa = P,/ D, is its dual basis. This basis is exactly the Fourier transform
of the local permutation basis {F, }:

n

a; a-x D 1 _ a-y 1
Pa:(_Xl)(H(fl) F) = EEWH) Fy, Po= 5 P = EEW(*I) VEy .
1= x 2 x 2

Hence the matrix representation of of M, in the local projector basis, Mg = tr(PaMl,(Pb)) = tr(P,M,(P))/D,, is
just the Fourier transform of its representation in permutation basis. The latter can be understood as a non-negative
function on Fy x Fy. We can thus invoke Bochner’s theorem to conclude that the matrix flg’db ‘= Matc,b+d 15 psd. In
particular, we have the non-negativity of the principal minor 1

0< mMo,0  Matebtd

9
~ ~ = mo 0~ m b+d
Matebrd 10,0 ' atebtd>

thus mg,0 > Mg for all a,b. We can then write Eq. of the main text as

¢ g (=D
€= "—maxMg,————— —
2 o %" 9D,
As we have shown above the term m, , is maximized by a = 0, while the maximum of the other, at least for large n,
is given by a = 1.
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