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Abstract

Since their introduction, Kolmogorov—Arnold Networks (KANs) have been
successfully applied across several domains, with physics-informed machine
learning (PIML) emerging as one of the areas where they have thrived.
In the PIML setting, Chebyshev-based physics-informed KANs (cPIKANs)
have become the standard due to their computational efficiency. However,
like their multilayer perceptron-based counterparts, cPIKANs face significant
challenges when scaled to depth, leading to training instabilities that limit
their applicability to several PDE problems. To address this, we propose
a basis-agnostic, Glorot-like initialization scheme that preserves activation
variance and yields substantial improvements in stability and accuracy over
the default initialization of cPIKANs. Inspired by the PirateNet architec-
ture, we further introduce Residual-Gated Adaptive KANs (RGA KANs),
designed to mitigate divergence in deep cPIKANSs where initialization alone
is not sufficient. Through empirical tests and information bottleneck analy-
sis, we show that RGA KANSs successfully traverse all training phases, unlike
baseline ¢cPIKANSs, which stagnate in the diffusion phase in specific PDE
settings. Evaluations on seven standard forward PDE benchmarks under
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a fixed training pipeline with adaptive components demonstrate that RGA
KANSs consistently outperform parameter-matched cPIKANs and PirateNets
— often by several orders of magnitude — while remaining stable in settings
where the others diverge.
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1. Introduction

The widespread adoption and integration of machine learning into com-
putational science has profoundly influenced the way complex physical phe-
nomena are modeled and analyzed. One of the most striking advances is the
Physics-Informed Machine Learning (PIML) framework [1, 2|, which offers
a compelling alternative to traditional discretization-based solvers for both
forward and inverse problems involving partial differential equations (PDEs).
Within the PIML framework, the governing equations, alongside boundary
and initial conditions, plus any observational data, are embedded into a dif-
ferentiable loss function, while a neural network parametrizes the unknown
solution field. Leveraging automatic differentiation [3] to evaluate differen-
tial operators exactly, PIML eliminates the need for mesh generation and
yields continuous, high-fidelity predictions with reduced computational cost.
As a result, it has found success across a broad spectrum of scientific and
engineering disciplines, from fluid mechanics [4, 5, 6, 7| and materials science
[8, 9] to medicine [10, 11, 12] and chemistry [13, 14].

While a variety of neural architectures have been explored within the
PIML paradigm, including convolutional neural networks (CNNs) [15], gener-
ative adversarial networks (GANs) [16], and long short-term memory (LSTM)
networks [17], the fully connected multilayer perceptron (MLP) is the pre-
dominant backbone. When an MLP parametrizes the solution field, the vari-
ant is conventionally termed a Physics-Informed Neural Network (PINN),
which is also the original formulation of PIML [18]. Despite their widespread
use, PINNs exhibit several well-documented shortcomings, including spectral
bias toward low-frequency modes [19], restricted interpretability and limited
scalability with depth, among other challenges in their training dynamics.
To address these issues, numerous mitigation strategies have been proposed,



ranging from architectural modifications [20, 21, 22, 23|, to adaptive train-
ing techniques [24, 25, 26]. A complementary approach is to forgo the MLP
backbone altogether in favor of alternative architectures that mitigate several
of these issues by design.

One such emerging alternative is the Kolmogorov—Arnold Network (KAN)
[27]. Whereas the expressivity of MLPs is supported by the universal ap-
proximation theorem [28], KANs are grounded in the Kolmogorov—Arnold
representation theorem [29]. In practice, a KAN layer replaces fixed non-
linear activations with a learnable linear combination of basis functions; the
original implementation employs B-splines, but other basis functions such as
radial basis functions [30], Chebyshev polynomials [31] and Rectified Linear
Unit (ReLU)-based functions [32] have also been explored. This design offers
several benefits, most notably in terms of enhanced interpretability [33] and
robustness against spectral bias [34|. These have motivated the development
of Physics-Informed Kolmogorov—Arnold Networks (PIKANs) [35, 36|, where
the MLP backbone is substituted by a KAN in the PINN framework. Ini-
tial studies have demonstrated that PIKANs can attain higher accuracy on
benchmark PDEs, or comparable accuracy with considerably smaller network
architectures than their MLP-based counterparts [27, 35, 37]. Consequently,
they have already seen practical deployment in a variety of scientific and
engineering contexts [38, 39, 40].

Despite their promising early results, PIKANs present their own chal-
lenges. Computational overhead is the most immediate: evaluating and dif-
ferentiating the B-spline basis in the original KAN formulation quickly be-
comes a bottleneck, leading most physics-informed implementations to adopt
the more efficient Chebyshev variant (cPIKAN) [35]. Scalability is another
concern; empirical studies report training instabilities as the number of net-
work parameters increases beyond a point [41, 42|, limiting applicability in
deep learning regimes. Similar issues are observed in deep PINNSs, although
the PirateNet architecture appears to mitigate them [23]. Methodological
gaps also persist. Weight initialization schemes are still largely ad hoc: each
basis family (B-spline, radial-basis, Chebyshev, etc.) provides its own de-
fault, yet no analogue to the well-studied Glorot initialization for PINNs [43]
has been empirically or theoretically analyzed. Systematic experimentation
with initialization schemes is at a nascent stage and has so far concentrated
exclusively on B-spline-based KANs [44]. The picture is similar for adap-
tive training strategies. While several PINN-oriented techniques have been
ported to PIKANS [37, 45, 46], a unified training pipeline, comparable to the
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one codified for PINNs [47], has yet to be established.

Motivated by these gaps, we concentrate on cPIKANSs, which are a fit-
ting choice for physics-informed applications in terms of their computational
efficiency and accuracy. We first observe that the reported depth-related
instabilities may be closely tied to weight initialization: an initialization
that preserves activation variance can prevent vanishing or exploding gra-
dients, just as the Glorot scheme does in MLPs. Accordingly, we derive a
“Glorot-like” initialization for KANs that makes no assumptions about the
specific basis and is therefore applicable to any KAN variant. On a series of
function-fitting and PDE benchmarks, we show that this initialization im-
proves optimization stability and yields significantly more accurate solutions
than the default initialization of Chebyshev-based KANs and ¢cPIKANS.

Building on this foundation, we address the depth-scaling issue. Because
each KAN layer carries multiple learnable basis coefficients, a KAN layer
of the same width as an MLP layer is substantially more parameter-heavy;
real-world tasks that need larger capacity must therefore rely on greater
depth, which in turn demands stable training. To this end, we introduce
a Residual-Gated Adaptive KAN (RGA KAN) architecture. We analyze
its training dynamics through the lens of the Information Bottleneck (IB)
framework [48| and empirically demonstrate that RGA KANSs remain stable
and train effectively at depths where baseline cPIKANs diverge.

Finally, using our proposed initialization scheme and the RGA KAN ar-
chitecture, we conduct extensive experiments on a suite of forward PDE
problems. RGA KANs are compared with parameter-matched PirateNets
and baseline cPIKANs under a standardized training pipeline that incorpo-
rates adaptive techniques drawn from PINN best practices. Ablation studies
are also performed to quantify the influence of each adaptive component of
the training pipeline, establishing a first set of depth-scalable benchmarks
for cPIKANs and demonstrating that our contributions jointly close much of
the performance and stability gap identified in earlier work.

In summary, the key contributions of this work are the following;:

e We derive a basis-agnostic, Glorot-like initialization scheme that im-
proves the accuracy of the studied KANs on both function-fitting and
PDE-solving tasks.

e We introduce RGA KANSs, designed to address the degradation in per-
formance observed during the training of deep cPIKANs. We further
analyze their training dynamics through the lens of IB theory.
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e We benchmark RGA KANs against baseline cPIKANs and PirateNets
on a suite of forward PDE problems, using identical adaptive training
techniques across all models.

e Through ablation studies, we quantify the individual contributions of
each adaptive technique to the overall performance of our proposed
architecture.

The remainder of this paper is structured as follows. Section 2 reviews the
theoretical foundations of our study, covering the PIML framework, KANs,
and the adaptive training methods applied herein. Section 3 presents the pro-
posed basis-agnostic Glorot-like initialization and demonstrates its clear ad-
vantage over the default cPIKAN initialization through small-scale function-
fitting and PDE benchmarks. Section 4 addresses the depth-scaling limita-
tions of cPIKANSs by introducing the RGA KAN architecture; we analyze its
training dynamics via the IB theory and show that it remains stable where
cPIKANSs diverge. Section 5 delivers a comprehensive empirical comparison
among RGA KANs, baseline cPIKANSs, and PirateNets on a suite of forward
PDE problems, supplemented by ablation studies that isolate the contribu-
tion of each adaptive training component. Finally, Section 6 summarizes our
principal findings and outlines promising directions for future research.

2. Theoretical Background
2.1. Problem Formulation
Without loss of generality, we consider PDEs of the form

Flu(t,x)]=f(t,x), t€[0,T], x€Q, (1)

defined over a bounded d-dimensional spatial domain 2 C R? with bound-
ary 02 and a temporal domain [0, 7], and subject to initial and boundary
conditions

u(0,x) =g(x), x €9, (2)
Rie [u(t,x)] =0, t €[0,T], x € 9. (3)

In the above expressions, F corresponds to an abstract differential operator,
Rpe is a boundary operator that imposes Dirichlet, Neumann, Robin, or



periodic boundary conditions, while wu (t,x) represents the solution of the
PDE. Additionally, f (¢,x) and g (x) are known functions corresponding to
the PDE’s source term and initial condition, respectively.

The core idea behind PIML is to approximate the unknown solution by
a neural network u (¢,x; ), where 8 denotes all trainable parameters of the
network. To this end, we define the PDE’s residuals as

Rpde [u(t,%;0)] = Flu(t,x;0)] — [ (t,x), (4)

and the initial condition’s residuals as

Ric [u(t,x;0)] =u(0,%x;0) — g (x). (5)

Then, the neural network is trained by minimizing the composite loss function

L(0) = ApdeLpde (0) + AicLic (0) + Ape Ly (0), (6)

where Apde, Aic, Abe are hyperparameters that allow the assignment of differ-
ent weights to each individual term of the composite loss function and

pde

Lo 8) = 57 D[R [ (X O] g
€ =1
£0(0) = 2 3[R o 0] ®
Ny )
L (6 =N Z [Rbe [t (the, Xbe: 0)]]5 - (9)

i=1

where |[|-||2 denotes the L? norm and { (#%,x%) }Z,V:&l, with £ being either “pde”,
“ic” or “bc”, correspond to collocation points used to calculate the PDE’s, ini-
tial condition’s and boundary conditions’ residuals, respectively. We remark
that the global A\-weights can either be defined based on domain knowledge
(e.g., |35]), or adjusted dynamically during the network’s training [24, 25, 42,
49]. Moreover, we note that the set of collocation points used to calculate
the PDE’s residuals can be sampled once from a fixed grid or adaptively

re-sampled throughout training [50, 51, 52, 53].



2.2. Kolmogorov-Arnold Networks

Until recently, the vast majority of the neural network architectures which
were chosen to approximate the PDE’s solution utilized MLPs as their back-
bone. In an MLP, the output of the [-th layer is recursively defined in terms
of the output of the (I — 1)-th layer as follows:

di—1
u (t,%:0) = o <Z wl ™V (8, x; ) + b§”> , (10)
=1

where wj(-?, b;l) represent the weights and biases of the [-th layer, d;_; is the
output dimension of the (I — 1)-th layer and ¢ is a non-linear activation
function — typically the hyperbolic tangent for PINNs. For the recursion to

be consistent, the first layer is assumed to perform an identity operation, i.e.,

t, =0,
ul? = (11)
Zj, ]E{l,,d}

For an MLP with an input layer of dimension d;, L hidden layers each of
dimension dy and an output layer of dimension dg, the cardinality of the set
of the network’s parameters is given by

|0|:dH[dI+(L—1)dH+L+do]+d0:O(df{L). (12)

Inspired by the Kolmogorov—Arnold representation theorem [29], the au-
thors of [27] introduced KANSs, a novel class of neural networks that have
since been adopted as an alternative to MLPs. The formulation correspond-
ing to Eq. (10) for the original implementation of KANs, known as “vanilla”
KANS, is given by

i (13)
F Yl 5 o] )

where 'V, ¥ and wj(izn

i Cii are the trainable parameters of the [-th layer,
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Ry =13 exp (—x)

(14)
is a residual function and BY () are univariate spline basis functions. The
superscript (1) reflects the inherent dependency of the spline basis functions
on a layer-specific grid, while the subscript m runs from 1 to D = G + k,
where GG is the number of grid intervals and k is the order of the basis
functions. Comparing Eq. (13) to Eq. (10), a fundamental distinction arises
between MLPs and KANs in terms of their functional representation: in
MLPs, nonlinearity is introduced through fixed activation functions, while
only the linear transformations between layers are trainable; in contrast,
KANSs replace these static activation functions with learnable ones, an aspect
that highlights their potential to create more expressive architectures [27, 34].

While vanilla KANs have demonstrated promising results in solving for-
ward PDE problems [36, 37|, their training is burdened by the expensive com-
putation of spline basis functions. Additionally, their dependency on a grid,
although beneficial in certain applications |27, 33, 37|, becomes redundant
when the grid remains fixed throughout training. To mitigate these ineffi-
ciencies, some approaches have introduced optimization strategies [54, 55|,
while others have explored alternative, more computationally efficient basis
functions [30, 31, 56]. In this work, we adopt the latter approach and use
Chebyshev-based KANs, due to their proven success in PIML |35, 40, 42, 57].
We therefore modify the expression of Eq. (13) to

di-1 D
u (1,:0) =33 wl), B, [ (-1) (t,x;O)] + o0, (15)
i=1 m=1
where the residual term has now been removed, the c;; weights have been
absorbed by wjin,, an additional bias term, b;, has been introduced and B,
are now grid-independent basis functions with m = 1,..., D. These basis
functions are given by

B, (z) =T, (tanh (x)), (16)

where T, (-) are Chebyshev polynomials of the first kind. The hyperbolic
tangent in the argument of 7}, maps x to the [—1, 1] range, where the absolute
value of the Chebyshev polynomials is bounded by 1. For the purposes of the
present work, the Chebyshev polynomials are explicitly defined as functions
up to order D to maximize computational efficiency.
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Assuming a KAN architecture equivalent to the previously discussed
MLP, with input dimension dj, L hidden layers of dimension dy and out-
put dimension dg, the total number of trainable parameters is given by

0| = dy [diD + D (L —1)dy + L + doD] + do = O (dyDL) . (17)

Comparing Eq. (17) to Eq. (12), a fundamental limitation of KANs be-
comes evident: for architectures with the same depth and width, a KAN
contains approximately D times more parameters than its MLP counterpart.
Consequently, the primary challenge in training KANs is to achieve equal or
superior performance to MLPs while maintaining a comparable total number
of parameters.

2.3. Adaptive Training Methods

Regardless of the backbone architecture, the loss function minimized via
gradient descent in PIML is generally more complex than in conventional
neural networks, as it involves not only the neural network’s output but also
its gradients of various orders with respect to different input variables. This
leads to a highly intricate loss landscape, where reaching minima requires not
only expressive architectures but also effective adaptive training techniques.
In this work, we port four such techniques which have been extensively uti-
lized in PINNs: one focuses on the selection of collocation points for loss
evaluation, while the other three introduce modifications to the composite
loss function itself.

2.3.1. Collocation Points Resampling

The selection of collocation points used to enforce the PDE can be per-
formed in a one-time manner, where a fixed set of training points is used
throughout the entire training process, either with or without mini-batching.
However, periodically resampling the collocation points during training can
serve as a regularization technique, improving the network’s ability to gener-
alize to spatiotemporal regions that were not explicitly sampled. Moreover,
if the resampling process is not purely random but instead adaptive — e.g.,
guided by residuals or other heuristics — it has been shown to significantly
enhance the final accuracy of the trained network [50, 52, 53].

For this study, we adopt the Residual-Based Adaptive Distribution (RAD)
technique [51]. In particular, an initial dense pool of Ny, collocation points,



{(t o1, XEo01) }fi"f"', is generated from a uniform grid, and training is per-
formed on a dynamically selected subset of Npqe < Npool points. These
points are periodically resampled from the pool according to the probability

density function

||R de U(t ooly X 001;0) ||(S
p (tpool;Xpool) = N P [ 2 P ] 2 5 + C, (18)

o ‘dee [u (téooh Xéool; 0)} Hz

_N:OOI > i1
where 6 > 0, C' > 0 are hyperparameters of the method. This resampling
strategy directs the network’s training toward regions where the PDE resid-
uals are larger, which can be particularly beneficial in scenarios involving
discontinuities or sharp gradients in the PDE solution.

2.3.2. Global Loss Weighting

When minimizing a loss function composed of multiple terms, a common
challenge arises from the fact that different terms may converge at different
rates. As a result, selecting appropriate weights for each term is a necessity.
For instance, in L2 regularization, the choice of the regularization coefficient
significantly impacts training: an excessively large value can impede learning,
while a very small value may render the regularization effect negligible. A
similar issue occurs in PIML, where there is often a bias toward minimizing
certain terms of Eq. (6) while neglecting others.

In this work, we address this issue using the learning-rate annealing algo-
rithm introduced in [20]. During training, the weight adjustment is guided
by the computation

i _ IV6Loae (8) |l + | VoLic (8) ||z + [|VoLuc (6) |2
¢ 1VoLe (0) ] ’

¢ represents either “pde”; “ic” or “bc”. The loss weights of Eq. (6) are then
updated according to the rule

(19)

A = a4 (1 —a) A, (20)

where a is the method’s hyperparameter. The initial values are set to A\pge =
Aic = Ape = 1 to ensure equal weighting at the start of training, although
in cases where domain knowledge is available, more suitable initializations
can be selected. The update of Eq. (20) is performed periodically at a
predetermined interval.
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2.3.8. Causal Training

A common challenge in training neural networks to solve time-dependent
PDEs is the violation of causality. Since collocation points are sampled
from the entire temporal domain, the network may unintentionally minimize
residuals associated with future states before adequately minimizing those
corresponding to past states. To mitigate this issue, following [25|, we par-
tition the temporal domain into M sequential segments of equal length and
introduce temporal weights {w;}",, modifying Eq. (7) as

i=17
| M

Lo (6) = 52" willh, 0), (21)
i=1

where L, (0) represents the PDE loss computed over collocation points

whose temporal coordinates fall within the i-th segment. The temporal
weights are updated at each training iteration (epoch) according to

w; = exp (—e i E{)de (0)) : (22)

where € > 0 is a hyperparameter controlling the influence of the cumulative
loss from the first 7+ — 1 segments on the weight assigned to the i-th segment.
In practice, this enforces a time-ordered minimization of the PDE residuals,
ensuring that earlier time steps are prioritized before the network attempts
to minimize residuals in future states.

2.3.4. Residual-Based Attention

The learning-rate annealing algorithm introduced in Section 2.3.2 is es-
sentially a global loss weighting scheme, while causal training corresponds
to a batch-wise weighting strategy, where groups of collocation points share
the same weights. However, point-wise multipliers have also demonstrated
significant success in PIML [58] and have been integral to works achieving

state-of-the-art results [42, 59|. In such methods, the individual loss terms
in Egs. (7)-(9) are modified as

2
2 Y

£e(0) = 5 3 lloiRe [ (1. 0)) (23)

VRSN ))

where & represents either “pde”, “ic” or “bc” and aé is the local weight assigned
to the ¢-th collocation point.
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For this study, we adopt the Residual-Based Attention (RBA) method
introduced in [26], where all local weights are initially set to 1 and updated
at each training iteration according to

Oéi (new) 'YO/ (old) + HR§ tﬁ’xf’ HQ

e ({Rb@go),} )

where v > 0, n > 0 are hyperparameters of the method.

In theory, while RBA is not inherently incompatible with causal training
— as the batch-wise weights can be computed using the modified loss of Eq.
(23) — the same does not hold for RAD as presented in 2.3.1. Since RAD
involves resampling collocation points, it removes the one-to-one correspon-
dence between them and their local weights. In order to apply these methods
in conjunction, we adopt the following strategy: instead of assigning local
weights solely to the currently selected die training points, we define the
RBA weights over the entire pool, i.e., aj,, =1 for i =1,..., Ny at ini-
tialization. These weights are updated at each training iteration according
to Eq. (24), using the residuals evaluated at the corresponding points. Then,
during each application of RAD, the probability density function in Eq. (18)
is modified by incorporating the RBA weights as multiplicative factors on
the residuals:

(24)

1
[ pooRopde [ (poo1; Xpoot; O)] |15 40, (25)

Nplool Z et ‘Oépoolllzpde [U (tfjoob Xi‘)ool; 0>:| HQ

This modification effectively biases the sampling process toward regions where
the weighted residuals are larger, allowing RAD to leverage the localized at-
tention mechanism introduced by RBA. As a result, the method retains the
adaptive sampling benefits of RAD while amplifying its focus on regions
deemed important by RBA.

p (tpoola Xpool) -

3. KAN Initialization

Initialization plays a critical role in the training dynamics of deep neural
networks. In the case of MLPs, extensive theoretical and empirical work has
led to well-established initialization schemes tailored to different architectures
and activation functions. Within the PINN framework, architectures are
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most often initialized using the Glorot scheme [47], which aims to preserve
the variance of activations and gradients across layers to avoid vanishing or
exploding signals, thereby enabling stable deep learning.

For KANs — and, by extension, PIKANs — the choice of weight initial-
ization remains largely ad hoc, with each variant in the literature adopting
its own heuristic procedure. In contrast to the extensive body of work on
MLP initialization, systematic studies for KANs are scarce and have thus far
been limited to the vanilla formulation with B-spline bases [44], where power-
law and LeCun-like schemes were proposed. Building on these early efforts,
we develop a Glorot-like initialization derived from a variance-preservation
analysis and formulated to be agnostic to the choice of basis functions. In
the present work, we assess its performance in Chebyshev-based KANs and
cPIKANSs, demonstrating that it offers improved training stability and accu-
racy over the current standard initialization scheme.

3.1. Proposed Scheme

Consider a single KAN layer with input x € R% and output y € R%.
Based on Eq. (15), the j-th output component is given by

d D

i=1 m=1
where B,,(+) denotes the m-th basis function. Throughout this derivation we
set all biases b; to zero at initialization and focus on the initialization of the
coefficients wjip,.

In the MLP setting, weight initialization is typically modeled by assum-
ing i.i.d. Gaussian entries drawn from N (0, 0?), and selecting o according
to a chosen criterion. Here, the presence of an additional basis index, m,
motivates the more general assumption

wjim ~ N(O, O'?n) s (27)

where o, is a basis-term—dependent standard deviation to be determined.
For the inputs x;, we assume i.i.d. samples with zero mean and unit variance,
consistent with common deep learning practices.

A central principle in initialization design, which is also the core idea
behind the LeCun initialization [60], is to preserve the variance of the signal
during the forward pass. Applying this condition to Eq. (26) gives
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D
1 = d; ZU% H’g’)b)a (28)
m=1

where

W = E[Bu(2)?]. (29)

and the expectation is taken with respect to the distribution of .

In his original work, Glorot [43] further required variance preservation
during the backward pass, so that gradients propagate across layers without
amplification or attenuation. Applying the same reasoning to the gradient
signal through Eq. (26) leads to

D
1= do Y op ), (30)
m=1
where
pD = E[B)(x)?]. (31)

with B/, (-) denoting the derivative of the m-th basis function. Egs. (28) and
(30) thus impose the forward- and backward-variance constraints. Balancing
them in the spirit of Glorot leads to

9 1 2

= —. . (32)
D g + doply

m
This expression defines a basis-agnostic Glorot-like initialization rule: MSP
and ,u%) capture the effect of the chosen basis functions on variance, while dj
and do play the same role as in the original Glorot scheme. The additional
factor 1/D accounts for the contribution of the D basis terms associated
with each input dimension. In the special case ,u,(g) = ,u%) =1land D =1,
corresponding to the MLP setting, which can be interpreted as using a single
basis function, Eq. (32) reduces exactly to the standard Glorot initialization.
Detailed derivations of Eqs. (28) and (30) are provided in Appendix A.1.
For practical applications, it is often convenient to introduce a multiplica-
tive gain factor, following common practice in initialization utilities provided
by deep learning frameworks such as PyTorch [61]. This gain term allows for
empirical correction in cases where the input distribution deviates from the
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unit-variance assumption. Incorporating this factor, the final initialization
rule becomes

. 1 2
Om = gain,|— - ,
\/D di g+ do Y

which recovers the standard Glorot initialization when ufg) = /M%) =1,D=1

and gain = 1.

(33)

3.2. Small-Scale Benchmarks

To evaluate the effectiveness of the proposed initialization scheme, we
compare it against the prevailing practice for Chebyshev-based KANs. In
this default approach, the basis-function coefficients wj;,, are drawn from
a normal distribution with zero mean and variance [di(D + 1)}71 [31, 42].
To this end, we conduct experiments on two small-scale benchmarks: (i)
function fitting, and (ii) forward PDE problems.

3.2.1. Function Fitting

We first assess initialization performance on five function-fitting tasks of
increasing dimensionality: (i) a one-dimensional oscillatory function, fi(x),
(ii) the two-dimensional product function, fs(z1,x2), (iii) a more challeng-
ing two-dimensional function borrowed from [44], f5(z1,z2), (iv) the three-
dimensional Hartmann function, fy(xy, 2, 23), which is a common bench-
mark in function approximation, and (v) the five-dimensional Sobol g-function,
f5(x1, ..., x5), widely used in global sensitivity analysis. The analytic defi-
nitions of all functions are provided in Appendix C.

For each function, we generated 4 - 10 input—output samples uniformly
over the domain [—1,1]¢, with d being the dimensionality of the function.
Chebyshev-based KANs with polynomial order D = 8 were trained under
both the default initialization and the proposed Glorot-like scheme. In all
cases, we modulated the gain factor to account for the standard deviation
of inputs sampled from U(—1, 1), a convention we adopt throughout all sub-
sequent experiments. Networks were trained for 2 - 10% iterations using the
Adam [62] optimizer with a constant learning rate of 1072 in full-batch mode.
Architectures of varying width (hidden layer dimensions of 2, 4, 8, 16, 32, 64)
and depth (2 to 5 hidden layers) were considered. Training minimized the
L? loss, and final performance was evaluated in terms of the relative L? error
with respect to the reference solution (see Appendix B for further details).
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To ensure statistical significance, each configuration was repeated with five
random seeds. For the final relative L? error evaluation, we used 1,000 uni-
formly spaced points in [—1, 1] for the one-dimensional task, a 200 x 200 grid
for the two-dimensional tasks, a 30% grid for the three-dimensional Hartmann
function, and a 10° grid for the five-dimensional Sobol g-function.

The results of these experiments are summarized in Figure 1. Each
heatmap corresponds to one benchmark function, with hidden layer dimen-
sion on the horizontal axis and number of hidden layers on the vertical axis.
The color scale quantifies the relative improvement achieved by the proposed
initialization over the default scheme, computed as

gdefault - gproposed X 100%;
gdefault

where £ denotes the relative L? error. Values are clipped to the range 0-
100%, with black cells indicating cases where the default initialization out-
performs the proposed method. Evidently, the impact of the proposed initial-
ization is substantial in most benchmarks. For the two-dimensional functions
(f2 and f3) and the three-dimensional Hartmann function ( f4), improvements
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Figure 1: Relative comparison of proposed and default initialization across the five bench-
mark functions. Each subplot corresponds to one function, with the color scale indicating
the percentage improvement of the proposed initialization over the default in terms of the
final L? error. Black cells denote configurations where the default initialization attains
lower error.
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approach 100% across nearly all architectures, indicating that the proposed
initialization reduces the final relative L? error by up to several orders of
magnitude compared to the default scheme. The one-dimensional oscillatory
function (f;) also shows clear gains in the majority of cases, with only two
isolated configurations where the default (marginally) outperforms. The five-
dimensional Sobol g-function ( f5) exhibits improvements as well, though they
are less pronounced, typically in the range of 5-50%; in this setting, both
initializations yield comparable overall accuracy, and therefore the difference
in initialization impact is less striking.

Apart from the final error metrics, it is also informative to examine the
training loss evolution, in order to assess whether the proposed initialization
leads to a more effective optimization of the loss function. To this end, we
considered two representative architectures: a smaller network with width
4 and depth 3, and a larger network with width 16 and depth 5. Figure
2 depicts the training loss curves for each of the five benchmark functions
under both initialization schemes. Solid lines indicate the mean loss across
five independent runs, while the shaded regions correspond to the standard
error. The proposed initialization consistently accelerates convergence and
achieves substantially lower training losses. For the oscillatory function (f;)
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Figure 2: Loss throughout training for two representative architectures (top row: three
4-dimensional hidden layers; bottom row: five 16-dimensional hidden layers) across the
five benchmark functions. Each subplot shows the mean training loss over five indepen-
dent runs (solid lines) together with the standard error (shaded area). The final column,
corresponding to fs, is shown without logarithmic scaling on the y-axis, since the loss did
not exhibit significant improvement during training.
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and the two-dimensional cases (f; and f3), the difference spans more than two
orders of magnitude, with low variability across seeds. Similar improvements
are observed for the Hartmann function (fy), where the default initialization
stalls at higher loss values compared to the proposed scheme. For the Sobol
g-function (f5), both schemes exhibit nearly identical behavior, in line with
the earlier observation that this benchmark is less sensitive to initialization.
Importantly, these trends are visible in both architectures, demonstrating
robustness across different model scales.

3.2.2. Forward PDE Problems

We next assess the proposed initialization on forward PDE benchmarks
using cPIKANs. Specifically, we consider Burgers’ equation as well as the
Helmholtz equation with a; = 1, ay = 4 (see Appendix D for details), fol-
lowing the PIML framework introduced in Section 2, without incorporating
any additional adaptive techniques.

For each PDE, Nyqe = 2'? collocation points are used to enforce the
differential operator. In the Burgers’ case, Ny, = 2° points are used for each
of the two boundary conditions, together with N;. = 2° points for the initial
condition. For Helmholtz, N, = 2% points are used for each of the four
boundary conditions. Collocation points are sampled once from a uniform
grid and remain fixed throughout training. The trained Chebyshev-based
KANS use polynomial order D = 8 and are initialized with either the default
or the proposed scheme. Training is performed for 5- 103 iterations using the
Adam optimizer with a constant learning rate of 1072 in full-batch mode.
Architectures of varying width (2, 4, 8, 16, 32, 64 units per hidden layer)
and depth (2 to 5 hidden layers) are considered. Models are evaluated in
terms of the relative L? error with respect to the reference solution, and each
experiment is repeated with five different random seeds.

The results of these experiments are summarized in Figure 3, which com-
bines heatmaps of final relative L? error improvements with representative
training-loss curves. As in the function-fitting benchmarks, the proposed
initialization consistently outperforms the default scheme in terms of final
error, with the exception of only two small architectures where the default
initialization yields a marginal advantage. The overall gains are somewhat
less pronounced than in Section 3.2.1, which can be attributed to the rela-
tively low number of training iterations and the absence of adaptive training
techniques. Nevertheless, the training-loss curves reveal a striking effect of
initialization. In particular, for the Helmholtz equation, where it is well
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Figure 3: Comparison of default and proposed initialization schemes on Burgers’ (top row)
and Helmholtz (bottom row) equations. Left column: heatmaps of relative improvement
in final L? error. Middle/Right column: training-loss curves per initialization scheme for a
representative architecture of depth = 3/5 and width = 4/16, respectively. Shaded regions
denote standard error across five runs.

known that fast convergence usually requires adaptive weighting of PDE and
boundary condition terms (see, e.g., [35]), the proposed initialization achieves
up to eight orders of magnitude lower training loss compared to the default
scheme. This difference corresponds not only to better convergence but, in
practice, to the distinction between KANs that diverge under the default
initialization and KANs that successfully approximate the true solution.

3.8. Training Divergence with Increasing Depth

The benchmarks considered so far involved relatively shallow networks,
consistent with most current KAN applications, where architectures are typ-
ically limited to a small number of hidden layers. Within this setting, the
proposed initialization was shown to improve accuracy and training stabil-
ity across both function-fitting and forward PDE tasks. A natural question,
however, is whether these gains extend to deeper architectures. To this end,
we revisit Burgers’ equation and additionally consider the Allen—Cahn equa-
tion (see Appendix D for details), training cPIKANs of increasing depth to
examine how network depth influences training stability under both initial-
ization schemes.
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In contrast to the previous benchmarks, here we adopt all of the adaptive
training methods described in Section 2.3, since both PDEs are trained for
a large number of iterations and the Allen—-Cahn equation in particular fails
to yield accurate results without adaptive strategies [25, 26|. Throughout
training, adaptive collocation-point resampling is performed, with hyperpa-
rameters 6 = 1 and C' = 1, which is a standard choice in the literature
[51]. The pool of collocation points to enforce the PDE is constructed using
Npool = 400 x 400 uniformly distributed samples over the spatiotemporal do-
main [0, 1] x [—1,1]. Every 2-10? iterations, Npge = 2'? points are resampled
for training. Alongside this, we apply the RBA method with hyperparam-
eters v = 0.999 and n = 0.01 as in [26], so that resampling follows the
probability density function defined in Eq. (25). For the initial condition,
a fixed set of N, = 2% points is used, while RBA weighting is still applied.
No collocation points are used to enforce boundary conditions, which are in-
stead incorporated directly into the network architecture following the exact
boundary enforcement strategy of [63].

In addition, every 10? iterations we apply learning-rate annealing accord-
ing to Eqgs. (19)-(20), with decay parameter a = 0.9. Causal training is also
employed by partitioning the temporal domain into M = 32 segments and
using € = 1.0 [23]. In all experiments, Chebyshev-based KANs with poly-
nomial order D = 5 are considered, initialized under both the default and
the proposed scheme. Models are trained for 10° iterations using the Adam
optimizer with an initial warm-up phase of 103 iterations, reaching a learning
rate of 1073, followed by exponential decay with a factor of 0.9 every 2 - 103
iterations. Architectures with {2,4,6,8,10, 12} hidden layers (depths) and
hidden layer sizes (widths) {8, 16,32} are considered. Performance is evalu-
ated in terms of the relative L? error with respect to the reference solution,
and each experiment is repeated five times with different random seeds.

The results of these experiments are summarized in Figure 4, which
presents the relative L? error of each network configuration under both ini-
tialization schemes for the two studied PDEs. Each column corresponds to
a specific network width, with the horizontal axis of each subplot represent-
ing the network depth. Solid lines denote the mean relative L? error over
the five independent runs, and the shaded regions indicate the correspond-
ing standard error. The results highlight the consistent advantage of the
proposed initialization across all architectures and both PDEs, often yield-
ing relative L? errors lower by several orders of magnitude compared to the
default scheme. For the Burgers’ equation, the effect is particularly strik-
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Figure 4: Relative L? error across increasing network depths for Burgers’ (top row)
and Allen—Cahn (bottom row) equations, under both default and proposed initialization
schemes. Each column corresponds to a different network width (8, 16, 32). Solid lines
show mean values over five random seeds, while shaded areas represent standard error.

ing: beyond a depth of four hidden layers, models initialized with the default
scheme exhibit complete divergence, with relative errors of O(1), whereas the
proposed initialization maintains stable training and achieves errors as low
as O(1073)-O(10~*). Although some degradation in accuracy is observed at
larger depths for the widest networks (width 32), no divergence occurs, and
the relative errors remain well below those of the default scheme. In con-
trast, for the Allen-Cahn equation, training instability persists for deeper
networks under both initialization schemes. While the proposed initializa-
tion consistently improves performance compared to the default, the relative
error grows rapidly with depth and reaches O(1) for the deepest configura-
tions. The lowest errors are typically achieved at shallow depths (i.e., depth
2 for width 32 and depth 4 for the other two cases), after which performance
degrades, albeit not monotonically for all cases. Overall, while the proposed
scheme substantially improves training stability and accuracy, it does not, by
itself, guarantee stable convergence in all cases as network depth increases.

4. Residual-Gated Adaptive KANs

While the proposed Glorot-like initialization improved training stability
and accuracy across all benchmarks, its effectiveness in mitigating depth-
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related issues proved case-dependent. In particular, for Burgers’ equation,
cPIKANSs initialized with the proposed scheme remained stable and con-
vergent even at larger depths, whereas for the Allen—-Cahn equation similar
architectures exhibited divergence beyond a certain number of hidden layers.
A similar phenomenon is observed in PINNs: when networks are initialized
following the Glorot scheme, training tends to diverge as depth increases,
regardless of the specific activation function among those commonly used in
practice [23]. However, before attempting to transfer to cPIKANs the reme-
dies that have been proposed for this behavior in PINNs; it is first necessary
to determine whether the underlying mechanisms are indeed analogous.

4.1. KAN Derivatives at Initialization

In the case of MLP-based networks — the backbone of PINNs — [23| demon-
strated that training divergence with increasing depth originates from the
behavior of the network’s derivatives at initialization. To illustrate this, they
considered a simplified MLP with scalar input and output, employing the
hyperbolic tangent activation o(x) = tanh(z), and focused on the first-order
derivative with respect to the input. At initialization, the network operates
in a near-linear regime where o(z) =~ z, leading to the following approxi-
mation for the first-order derivative of Eq. (10) with respect to the input
coordinate x:

Ouy (x:6) o Ouy " (w:0)
Ox ~ 7t Ox

i=1

. (34)

Assuming a network composed of L hidden layers of width dy, and noting

Au0) (z;0)
that ~—or

expressed as

= 1, the derivative of the network output can be recursively

u(z;6) (L+1), (L) (1)
“or Zzz_wlz Wi~ =" W- (35)

This result shows that the derivative in Eq. (35) behaves as a deep linear
network at initialization and, more importantly, is independent of the input
x. This reveals a fundamental limitation in the expressivity of the derivative
network and explains why, in the context of PIML — where PDE residuals
depend directly on network derivatives — deep MLP-based architectures tend
to diverge during training.
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Under analogous simplifying assumptions for a KAN-based network, the
derivative of Eq. (15) with respect to the input z is given by

8u w2 OB 8u(-l_1)(:v' 0)
w? - . i )
) Zmz i [0 s0)] Fg == (@0
For Chebyshev-based KANs, where the basis functions are given by Eq. (16),
it can be shown (see Appendix A.2 for the detailed derivation) that, in the
linear regime,

oull)(;9) dZ - du' " (@:6)

o (37)

where

mfl

Z mwﬂm I (38)

modd
Equation (37) is formally equivalent to Eq. (34), indicating that, within the
linear regime, the first-order derivative of a Chebyshev-based KAN behaves
analogously to that of an MLP at initialization. This correspondence indi-
cates that the observed training instabilities in deep cPIKANSs arise from a
similar mechanism identified in deep PINNs.

4.2. Proposed Architecture

To address these instabilities in PINNs, [23]| introduced the PirateNet
architecture (see Appendix E for details). PirateNets incorporate several
architectural components known to improve accuracy, such as random Fourier
feature (RFF) embeddings [64] and a physics-informed initialization of the
final network layer. However, the key idea for resolving the depth-related
issue is the introduction of an adaptive skip connection. This mechanism
introduces a learnable gating parameter, a, which dynamically modulates
the network’s effective depth during training, thereby stabilizing optimization
and enabling convergence for deeper architectures. Inspired by this approach,
we introduce Residual-Gated Adaptive Kolmogorov—-Arnold Networks (RGA
KANSs), the architecture of which is illustrated in Figure 5.

For a single input sample x € R%, where d; denotes the number of coor-
dinates (including a possible temporal coordinate), periodic boundary con-
ditions — when present — are enforced directly through the embedding layer.
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Figure 5: Schematic of the proposed RGA KAN architecture. Periodic boundary condi-
tions, when present, are enforced directly through the BC Embedding layer. The embed-
ded inputs are then passed through a sine-based KAN layer, whose outputs are split into
three branches: two feeding Chebyshev-based KAN layers and one entering the first RGA
block. Within each RGA block, the three signals are combined through gating operators
and routed through adaptive skip connections, which dynamically modulate the effective
network depth during training. Multiple RGA blocks can be stacked sequentially. The
final output is produced by a physics-informed KAN layer, which incorporates prior infor-
mation from the initial condition(s) when available.

Specifically, if periodic boundary conditions apply to the i-th coordinate, the
embedding is defined as

cos (;x;)

Emb(:cl) = . € R27 Qz ) (39>

sin (2;2;)

where L; is the length of the ¢-th coordinate’s domain. In most cases consid-

ered in this work, where x; € [—1, 1], we have §; = 7. After embedding, the

input is mapped to X € R%, where dj is the new number of effective input

coordinates.

The embedded input then passes through a sine-based KAN layer, whose

output, s € R%  is computed as

s

dr
ZZ Jjim m '%Z +C§, (40)

i=1 m=1

where ¢ is a bias term and B;,(-), with m = 1,..., D, are sine-based basis
functions defined by
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sin (W@ + pm) = 1 (Wm, Pm)

0 (Wi, Pm) '
Here, p(wm,pm) and o(wp,, prn) denote the mean and standard deviation of
sin(wp,@ + P ), given by

By, (x) = (41)

2

1(Wms Pn) = €xp (—%) sin (pi) , (42)

0 (@) = /5 = S oxp (~202) €08 () — (@, pm)®. (43)

This basis function design is inspired by the ActLayer [56] and plays a similar
role to RFF embeddings used in the PirateNet architecture. In preliminary
experiments, RFF embeddings were found to degrade performance in our
setting, whereas sine-based KAN layers preserved the benefits of trigono-
metric features, which have been shown to be particularly effective in many
PDE problems [56]. In addition to the trainable coefficients b%;,, (initialized
using the Glorot-like scheme proposed in this work), we also introduce train-
able phase parameters p,, (initialized at zero) and frequency parameters w,,
(initially sampled from a standard normal distribution), as in ActLayers.
At this stage, drawing inspiration from the Modified MLP architecture

[20], we define two gates using Chebyshev-based KAN layers:

Ui = Z Z jim B (81) + 5, Vi = Z Z jim B e (44)
i=1 m=1 i=1 m=1
where U,V € R%. These gate outputs, together with the outputs of the
sine-based KAN layer, form the inputs to the first RGA block. Considering
a total of N such RGA blocks and denoting the input to the [-th block by
O with I =1,...,N and x) = s, the forward pass through each block is
defined recursively as follows:

du D
”=§j§j®%3m@:) o, (45)

i=1 m=1
= 10u;+ (1= 10) v, (46)
:5%-+< - B) ), (47)
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dg D
~(l 7(1 l ~(1
O =303 0B () + &0 (43)

i=1 m=1
i =1V ui+ (1= 7)Y, (49)
" =ag?+(1-a)al (50)

where the dimension of all intermediate and final outputs is dy. All bias
terms appearing in Eqs. (44), (45) and (48) are initialized to zero, while
the basis function coefficients are initialized using the proposed Glorot-like
scheme of Eq. (33).

The skip connection governed by the parameter « is typically initialized
either at zero, effectively suppressing the contribution of each RGA block at
initialization, or at unity, enabling the network to start at its full intended
depth while still allowing the effect of each block to be adaptively modulated
during training. While PirateNets employ a three-layer block with a single
adaptive skip connection, we adopt a two-layer design and introduce an ad-
ditional adaptive parameter, 3, after the first layer. When £ is initialized
at 1, the block behaves analogously to the original PirateNet block at ini-
tialization, whereas = 0 corresponds to introducing an adaptive skip after
each layer. Here, o controls the activation of the entire block, while £ affects
only the first layer. This design was preferred over a direct three-layer port,
as it proved more modular and yielded better results in preliminary tests.
In terms of effective depth, an RGA KAN with N blocks is equivalent to a
conventional KAN with L = 2N hidden layers.

The output of the final RGA block, xV+t1) ¢ R is mapped to the
network output through a final Chebyshev-based KAN layer, defined as

dg D
uj = Z Z b;.‘im B, <x§N+1)> ) (51>
i=1 m=1
where no bias term is included. In the absence of additional information, the
coeflicients b, are initialized using the same Glorot-like scheme proposed in
Section 3.1. However, if the PDE problem under consideration is equipped
with an initial condition, this layer is instead physics-informed initialized.
Specifically, the weights are chosen such that the network output approxi-
mates the initial condition at ¢ = 0 as accurately as possible over the entire

temporal domain.
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For the purposes of this physics-informed initialization, we re-index the

pair (i,m) into a single index p = 1,...,dyD, yielding the equivalent form
duD
uj =Y b2, B, (52)
p=1

where Bp denotes the activation of the m-th basis function evaluated at the
i-th component of xV*1  with the composite index p <+ (i,m). The physics-
informed initialization amounts to solving the least-squares problem

§ (53)

b° = argm&n Hyo — Bb‘

where y, contains the initial-condition target values and B is the matrix of
basis activations evaluated on the outputs of the final RGA block when the
original inputs are set to the collocation points enforcing the initial condition.
The vector b® contains the optimal coefficients obtained by the least-squares
fit and can be re-indexed back to the original (i,m) indexing to yield the
coefficients 6%, of Eq. (51). Note that, although here we focus on standard
PDE benchmarks with initial conditions, this formulation can in principle
incorporate arbitrary external data through yg, such as experimental mea-
surements [23].

If non-periodic boundary conditions are present, they can be directly
enforced after this final physics-informed layer by multiplying the network
output by suitable boundary-shaping functions, thereby ensuring that the
solution satisfies these constraints exactly [63]. Based on the above architec-
tural components, for an RGA KAN model with dp-dimensional output, the
total number of trainable parameters can be explicitly determined as follows:

Chebyshev KAN Gates

- PN
6] = d (dIDS + 1) 42D, + 2dy (dgD + 1)

Sine KXrN Layer
Output Layer (54)
+ N [2di (dyD + 1) + 2+ doduD

~
RGA Blocks

= 2dy (dyD + 1) (N + 1) + 2N + 2D, + dy (JIDSerODJr 1) .
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Using this architecture, we repeat the experiments of Section 3.3 for the
Allen—Cahn equation, where cPIKANs diverged with increasing depth. To
ensure a fair comparison with the previous cPIKAN results, we employ iden-
tical parameter settings and use the same random seeds. Since the superiority
of the proposed Glorot-like initialization scheme has already been established,
we focus exclusively on this initialization strategy here. For parameters with-
out a direct analogue in cPIKANs, we set D, = 5 for the sine-based KAN
layer and initialize both g and « to zero in each RGA block. The correspond-
ing results are depicted in Figure 6, where the reported number of hidden
layers corresponds to twice the number of RGA blocks for the RGA KAN
architecture.
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Figure 6: Relative L? error across increasing network depths for the Allen-Cahn equation,
comparing RGA KANs and cPIKANs. Each column corresponds to a different network
width (8, 16, 32) and the number of hidden layers for RGA KANs equals twice the num-
ber of RGA blocks. All results are averaged over five random seeds using the proposed
Glorot-like initialization scheme. Solid lines indicate mean values and shaded areas denote
standard error.

The results demonstrate a significant improvement in stability and ac-
curacy compared to the baseline cPIKANs. Across all widths and depths
considered, RGA KANs maintain low relative L? errors without exhibiting
divergence, even for the deepest networks. Moreover, a favorable scaling ef-
fect is observed: as the network width increases, the relative error decreases
consistently, with the widest configuration (width 32) yielding the best re-
sults across depths. More importantly, within each width setting, increasing
the number of RGA blocks either preserves performance (plateau behavior)
or further reduces the error — a behavior that mirrors the improvements
reported for PirateNets over regular MLPs [23].

As a closing remark, we note that we opted for « = 0 and f = 0 at
initialization, effectively initializing the network in a state that resembles
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a single-layer model and progressively increasing its effective depth during
training. This choice follows a similar rationale to that of PirateNets, where
gradual deepening contributes to stable optimization. However, in practice,
the residual gates U and V can already act as stabilizing components, often
preventing divergence even when the network is initialized at full depth. To
investigate this further, in the next section — where we present more exten-
sive benchmarks across several PDEs — we include ablation studies on the
initialization values of o and [ to examine their effect on training dynamics
and performance for each problem.

4.3. The Lens of Information Bottleneck Theory

To better understand why the RGA KAN architecture not only achieves
superior accuracy compared to baseline cPIKANs but also avoids perfor-
mance degradation with increasing depth, we turn to Information Bottleneck
(IB) theory to analyze the training dynamics of both architecture types. In
supervised learning, neural networks aim to reproduce target outputs by pro-
gressively forming compressed internal representations of the inputs through
their layer activations. According to IB theory, an optimally trained model
preserves only the information relevant for reproducing the output while
discarding irrelevant input details, effectively forming an “information bot-
tleneck” [65]. This learning process typically unfolds in two distinct phases,
namely fitting and diffusion, separated by a phase transition [66, 67, 68];
it is during the diffusion phase that the network develops its generalization
capabilities. IB theory has also been applied to analyze the training dynam-
ics of neural networks within the PIML framework [48, 26, 35, 42|, and has
even been extended to incorporate a third phase within this context, termed
diffusion equilibrium [48] or total diffusion [35, 42].

To detect phase transitions during training, two key indicators are typi-
cally monitored: the relative L? error and the batch-wise signal-to-noise ratio

(SNR), defined as
IE Vo Lpaten (9)]1]

SNR =
[ VELVoLhn ) - E ot (0))]

: (55)

2

where Lyaten (0) denotes the loss of Eq. (6) evaluated over a single batch
of collocation points, and expectations are taken across all non-overlapping
batches. Intuitively, the SNR measures the ratio between the mean gradient
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norm (signal) and its standard deviation (noise), reflecting the clarity of the
learning signal during optimization.

In addition, recent studies have shown that the geometric complexity of
the network can provide further insight into its training dynamics [69, 42].
This metric, defined via the discrete Dirichlet energy, is given by

N
Complexity = % Z ||Vt7xu (ti, X' 0) Hi, (56)
i=1

where {(t',x")}, = {(# ger XEge) }jvz"f U {(0,xi)} M denotes the complete
set of N = Npge + Nic collocation points, and |[|-||r is the Frobenius norm.
Note that boundary condition points are not explicitly included here, as they
are already enforced through the network architecture; otherwise, they would
contribute to this set in the same manner.

To investigate the differences in training dynamics between cPIKANs and
RGA KANs, we repeat the experiments for the Allen—-Cahn equation using

networks with 12 hidden layers (equivalently, 6 RGA blocks), and widths 8,
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Figure 7: Training dynamics of cPIKAN and RGA KAN architectures of different widths
in terms of relative L? error (top row), SNR (middle row) and geometric complexity (bot-
tom row). Dashed vertical lines indicate the transitions between training phases (fitting,
diffusion and diffusion equilibrium) for the RGA KAN models.
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16 and 32. All hyperparameters for RGA KANs are kept identical to those in
Section 4.2, while cPIKANSs use the same settings as in Section 3.3. During
each training iteration, we record the relative L? error as well as the SNR and
geometric complexity defined in Eqs. (55) and (56), respectively. Among the
five independently trained instances per architecture (each initialized with a
different random seed), Figure 7 reports the results corresponding, for each
width, to the run with the highest final relative L? error for the RGA KAN
architecture.

The training dynamics of the RGA KAN architecture, analyzed through
the lens of IB theory as studied in the context of PIML [48, 35, 42|, reveal
a clear progression through all three learning phases. During the initial fit-
ting phase, which spans roughly the first 200 training iterations, the relative
L? error remains nearly constant, while the geometric complexity increases
steadily. Simultaneously, the SNR exhibits a brief oscillatory pattern be-
fore beginning to decline. In this stage, the network primarily memorizes
the training data without significant generalization. A subsequent transition
marks the onset of the diffusion phase, characterized by a steadily increasing
and fluctuating SNR, a slight decrease in relative L? error and a continued
increase in geometric complexity. This phase corresponds to an exploratory
stage in which the model identifies more effective learning directions and be-
gins to generalize. Finally, the network enters the diffusion equilibrium phase,
during which the SNR reaches a stable, though still oscillatory, plateau, the
geometric complexity continues to rise and then also plateaus, and the rela-
tive L? error drops sharply, indicating a rapid improvement in generalization
and predictive accuracy. Remarkably, this qualitative behavior is consistent
across all three network widths. The only systematic difference is the timing
of the phase transitions, which occur earlier as the model width increases.
This observation aligns with our previous findings: when combined with the
proposed initialization, increasing the capacity of the RGA KAN architecture
does not lead to divergence but instead improves model accuracy.

In contrast, the behavior of the cPIKAN models differs substantially.
While they exhibit a fitting phase similar to that of the RGA KAN, the
increase in geometric complexity is far more abrupt and several orders of
magnitude larger — an effect previously reported for cPIKANSs in [42]. After
transitioning to the diffusion phase, these models never reach the diffusion
equilibrium phase. The geometric complexity plateaus prematurely, the SNR
exhibits strong oscillations without converging to a stable plateau, and the
relative L? error stagnates. As a result, the cPIKAN models fail to generalize,
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Figure 8: Evolution of the model predictions (top row) and residuals (bottom row) across
the three IB training phases for RGA KAN (left) and cPIKAN (right) architectures, using
a width-16 configuration. For the RGA KAN model, the predictions become progressively
more structured and closely match the reference solution as training proceeds, while the
residuals approach noise during the diffusion equilibrium phase. In contrast, the cPIKAN
model fails to undergo a clear second transition, resulting in residuals that remain semi-
ordered and predictions that deviate significantly from the reference solution.

explaining the poor performance and divergence observed at large depths for
the Allen—-Cahn equation.

These results provide strong evidence, from the perspective of IB theory,
for why the RGA KAN architecture maintains stability and achieves superior
accuracy where cPIKANs fail. An additional layer of insight can be gained
by examining the evolution of the models’ predictions and residuals (the
difference between the reference solution and the model output) across the
identified phases. This is illustrated in Figure 8, where we show results for
the width 16 configuration for both architectures (RGA KAN on the left,
cPIKAN on the right). As expected, during the fitting phase, when the
model has not yet learned to generalize, the predictions are overly simplistic
and the residuals structured, effectively mirroring the inverse of the reference
solution. During the diffusion phase, the predictions gradually become more
structured and the residuals more disordered. However, while the RGA KAN
undergoes a clear second transition, leading to predictions closely matching
the reference solution and residuals steadily approaching noise, the cPIKAN
remains stuck in a semi-ordered state, never fully generalizing.

5. Experimental Results

Having established that RGA KANs, when initialized with the proposed
Glorot-like scheme, remain stable as depth increases and avoid the divergence
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observed in baseline cPIKANs — both empirically (Section 4.2) and through
the lens of IB theory (Section 4.3) — we now turn to a series of forward-
PDE benchmarks and ablation studies. In all experiments, we use the exact
same hyperparameter and optimization settings as those used in Section 3.3
(number of training iterations, number of collocation points, adaptive train-
ing hyperparameters, etc.). These settings are applied uniformly across all
architectures considered. The goal of this section is not to perform extensive
hyperparameter sweeps to obtain state-of-the-art performance for each PDE
individually, but rather to demonstrate that RGA KANs already achieve
strong results without any task-specific tuning, using a single, generic con-
figuration.

For the main experiments, we use RGA KANs of width 16 and depth 12
(corresponding to N = 6 RGA blocks). To provide a fair comparison, we also
evaluate baseline cPIKANSs initialized with the proposed Glorot-like scheme
and PirateNets, which represent the current state of the art MLP-based archi-
tecture on several PDE benchmarks [23]. To match parameter counts across
architectures at the same depth, we adjust widths accordingly: for cPIKANs
we use width 18 and for PirateNets we use width 36. All experiments are re-
peated with three random seeds for statistical significance. For RGA KANs,
we additionally investigate four variants corresponding to different initializa-
tions of the adaptive skip parameters, with («, 8) € {0,1} x {0,1}. After
reporting the benchmark results for each architecture, we identify the («, /3)
configuration that achieves the lowest error and use it as the reference in the
subsequent ablation studies.

The ablation experiments aim to quantify the contribution of each adap-
tive training component to the overall performance of RGA KANs. To this
end, we perform the following sequence: (i) train with RBA alone, disabling
all other adaptive techniques; (ii) disable RBA while keeping all other tech-
niques enabled; (iii) disable RBA and RAD while keeping causal training and
learning-rate annealing; (iv) disable RBA and causal training while keeping
RAD and learning-rate annealing; and finally (v) disable RBA and learning-
rate annealing while keeping RAD and causal training. Each configuration is
again trained with three different random seeds. The following subsections
present the results for each PDE benchmark.

5.1. Allen—Cahn Equation

The first benchmark considered is the Allen—Cahn equation (see Ap-
pendix D for details), which has already served as the testbed in previous
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sections. We begin by examining the effect of different (v, 5) initializations
on RGA KAN performance. As shown in Table 1, initializing with @ = 1 and
£ = 0 yields the best results, closely followed by o« = 1, § = 1. From the three
trained instances under this optimal setting, we retain the one achieving the
lowest relative L? error (3.96 x 107*) for visualization. Figure 9 compares
the model prediction against the reference solution and shows the absolute
error field, which remains at most O (107?), demonstrating a good agreement
between the two.

We next compare RGA KANs with baseline cPIKAN and PirateNet ar-
chitectures under similar total parameter numbers. Table 2 summarizes the
results. While cPIKAN and PirateNet are more time-efficient per iteration,
RGA KAN achieves a substantially lower relative L? error, outperforming
PirateNet by roughly an order of magnitude. As expected, the cPIKAN

Configuration  Relative L? Error Final Loss
a=0,=0 (1.62 +0.20) x 1073 (2.99 +0.37) x 107°
a=18=0 (446+025)x10* (5.27+£0.51)x 107
a=0,0=1 (1.3940.43) x 1073 (1.89 4 0.54) x 10~¢
a=1,6=1 (4.99+0.84) x 107 (2.78 £0.49) x 1077

Table 1: Results for different RGA KAN (a, 8) initializations on the Allen—Cahn equa-
tion. Reported values are mean + standard error over three seeds. The best performing
configuration in terms of relative L? error is indicated in bold.

Reference Prediction Absolute Error
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Figure 9: Reference solution (left), RGA KAN prediction (middle) and absolute error
(right) for the Allen-Cahn equation, shown for the random seed corresponding to the
best-performing model instance.
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Architecture Parameters Relative L? Error  Time / Iter.

cPIKAN 18,397 (5.21 £0.01) x 1071 3.44 ms
PirateNet 19,246 (2.46 +1.45) x 1073 3.61 ms
RGA KAN 18,502 (4.46 £0.25) x 104 5.51 ms

Table 2: Performance comparison on the Allen—Cahn equation across different architec-
tures. Reported values are mean & standard error over three random seeds. The RGA
KAN row uses the best («, 8) initialization from Table 1. The best performing architecture
in terms of relative L? error is indicated in bold.

models diverge, reflecting the absence of a transition to the diffusion equilib-
rium phase observed in Section 4.3. PirateNets exhibit stable training but
are consistently outperformed by RGA KANSs in terms of accuracy. Notably,
all RGA KAN configurations in Table 1 outperform PirateNet, indicating ro-
bustness with respect to the initial choice of («, 3). Regarding the required
training time per iteration, the RGA KAN architecture is slower than the
other two, which is consistent across all benchmarks. This is expected, as
cPIKANs do not include additional gating operations, while PirateNets rely
on MLPs rather than KANS, resulting in faster iterations.

Finally, we quantify the contribution of the adaptive training components
through ablation studies (Table 3). Using only RBA leads to the largest er-
rors and high variability, suggesting strong sensitivity to weight initialization.
Disabling RBA while retaining the other components degrades performance
by less than one order of magnitude, indicating that the remaining adaptive

RBA RAD Causal LR Annealing Relative L? Error

v v v v (4.46 £0.25) x 1074
v X X X (2.88 +2.85) x 1071
X v v v (8.00 2.92) x 10~*
X X v v (1.43 4 0.40) x 103
X v X v (3.66 £ 1.03) x 1073
X v v X (9.26 4 1.84) x 1073

Table 3: Ablation study on adaptive training components for the Allen—-Cahn equation
using the best (a, ) initialization from Table 1. Each row corresponds to a different
combination of enabled (v) or disabled (X) components. Reported values are mean =+
standard error over three seeds.
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techniques are sufficient to preserve stability. Among them, learning-rate an-
nealing has the largest individual impact, followed by causal training, while
RAD plays a less dominant role for this PDE.

5.2. Burgers’ Equation

We next consider Burgers’ equation (see Appendix D for details) and
follow the same experimental procedure. As summarized in Table 4, the best-
performing configuration corresponds to a = 0 and [ = 1, closely followed
by a = 1, f = 1. Although the difference in mean relative L? error between
these two configurations is small, the former exhibits a substantially lower
standard error, indicating more robustness. We therefore retain a =0, =1
for the subsequent experiments. Figure 10 shows the predicted solution for
the seed with the lowest relative L? error (2.46 x 107%), together with the

Configuration  Relative L? Error Final Loss
a=0,8=0 (4.57 4+ 1.25) x 10~* (1.13£0.42) x 1074
a=1, =0 (7.344+2.07) x 10~* (1.69 +0.68) x 1074
a=008=1 (3.06 +0.31) x 107* (4.14+0.48) x 107°
a=1,0=1 (3.0740.84) x 10~* (2.87+£1.12) x 107°

Table 4: Results for different RGA KAN (a, 8) initializations on Burgers’ equation. Re-
ported values are mean 4 standard error over three seeds. The best performing configu-
ration in terms of relative L? error is indicated in bold.

Reference Prediction Absolute Error
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Figure 10: Reference solution (left), RGA KAN prediction (middle) and absolute er-
ror (right) for Burgers’ equation, shown for the random seed corresponding to the best-
performing model instance.
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reference solution and the absolute error field, which retains a maximum
value of O(1073).

We then compare RGA KAN with baseline cPIKAN and PirateNet ar-
chitectures at matched parameter counts. Table 5 reports the corresponding
results. Again, the training times per iteration are lower for the baseline
architectures, and RGA KAN achieves the lowest relative L? error, approxi-
mately halving the error of cPIKAN and PirateNet. Interestingly, unlike the
Allen—Cahn case, the cPIKAN model initialized using our proposed Glorot-
like scheme does not diverge here and even achieves slightly better perfor-
mance than PirateNet. However, given the overlapping standard errors, the
two are essentially comparable. RGA KAN exhibits both the lowest mean
error and the smallest variability across seeds.

Finally, we examine the contribution of each adaptive training technique
(Table 6). Enabling only RBA leads to a sharp increase in relative error by
nearly two orders of magnitude, though training remains stable. Strikingly,

Architecture Parameters Relative L? Error  Time / Iter.

cPIKAN 18,307 (5.13 4+ 1.18) x 10~* 3.52 ms
PirateNet 19,228 (5.37 £ 1.32) x 1074 3.88 ms
RGA KAN 18,422 (3.06+0.31) x 104 5.72 ms

Table 5: Performance comparison on Burgers’ equation across different architectures. Re-
ported values are mean + standard error over three random seeds. The RGA KAN row
uses the best (a, 8) initialization from Table 4. The best performing architecture in terms
of relative L? error is indicated in bold.

RBA RAD Causal LR Annealing Relative L? Error

v v v v (3.06 +0.31) x 10~*
v X X X (1.06 £ 0.39) x 1072
X v v v (2.50 +0.62) x 10~*
X X v v (4.08 4 1.95) x 1073
X v X v (6.47 £1.16) x 1074
X v v X (3.34 +0.64) x 10~*

Table 6: Ablation study on adaptive training components for Burgers’ equation using the
best (o, ) initialization from Table 4. Each row corresponds to a different combination
of enabled (V) or disabled (X) components. Reported values are mean + standard error
over three seeds.
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when RBA is disabled but the other adaptive techniques are retained, the
error actually drops slightly below the fully adaptive configuration, indicat-
ing that RBA may act as a mild hindrance in this specific setting. Among
the remaining techniques, RAD resampling has the largest individual impact,
followed by causal training and learning-rate annealing. This pattern con-
trasts with the Allen-Cahn case, highlighting that the relative importance
of adaptive components can depend strongly on the PDE at hand.

5.3. Korteweg—De Vries Equation

We then turn to the Korteweg—De Vries equation (see Appendix D for
details). As summarized in Table 7, the best-performing configuration once
again corresponds to o = 0, § = 1. Using the best-performing seed, with a
final relative L? error of 3.21 x 1073, we plot the predicted solution alongside
the reference and the absolute error field (Figure 11).

Configuration  Relative L? Error Final Loss
a=0,3=0 (4.7340.61) x 1073 (1.58 £0.44) x 107
a=1,8=0 (4.4540.45) x 1073 (1.40 £0.26) x 1073
a=0B=1 (3.87+052)x10"% (8314+0.76) x 107
a=1,6=1 (7.84 £0.68) x 1073 (1.42+0.33) x 1073

Table 7: Results for different RGA KAN (a, ) initializations on the Korteweg-De Vries
equation. Reported values are mean + standard error over three seeds. The best perform-
ing configuration in terms of relative L? error is indicated in bold.

1o Reference 1o Prediction Absolute Error
0.5 0.5
x 0.0 x 0.0
-0.5 —-0.5
-1.0 -1.0 -1.0
0.0 02 04 06 08 1.0 0.0 02 04 06 08 1.0 0.0 02 04 06 08
t t t
[ s | [
-1 0 1 2 0 1 2 0.0 2.5 5.0 7.5
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Figure 11: Reference solution (left), RGA KAN prediction (middle) and absolute error
(right) for the Korteweg—De Vries equation, shown for the random seed corresponding to
the best-performing model instance.
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Table 8 presents the comparison between architectures. Interestingly, Pi-
rateNet diverges in this setting, with a high relative L? error of approximately
7.7 x 107! and very low standard error, indicating consistent failure across
seeds. This stands in contrast to the results reported in [23], where PirateNet
remained stable at similar depths but larger widths, hinting at a sensitivity to
model capacity or hyperparameter choices. The cPIKAN model, while also
performing poorly, achieves a lower error than PirateNet, suggesting that the
proposed Glorot-like initialization once again helps stabilize training. RGA
KANSs, by comparison, achieve an error nearly two orders of magnitude lower
than both baselines.

The ablation results are summarized in Table 9. Retaining only RBA
leads to significant performance degradation and divergence, as reflected by
an increase of nearly two orders of magnitude in error. Conversely, when
RBA is disabled and the other adaptive techniques remain active, the model
preserves stable training with only a moderate error increase compared to

Architecture Parameters Relative L? Error  Time / Iter.

cPIKAN 18,397 (1.16 4 0.03) x 1071 4.52 ms
PirateNet 19,246 (7.73+£0.10) x 107" 4.88 ms
RGA KAN 18,502 (3.874+0.52) x 1073 7.44 ms

Table 8: Performance comparison on the Korteweg—De Vries equation across different
architectures. Reported values are mean + standard error over three random seeds. The
RGA KAN row uses the best («, ) initialization from Table 7. The best performing
architecture in terms of relative L? error is indicated in bold.

RBA RAD Causal LR Annealing Relative L? Error

v v v v (3.87 £0.52) x 1073
v X X X (5.76 £ 1.31) x 101
X v v v (5.99 +0.54) x 1073
X X v v (7.80 +0.70) x 10~ ¢
X v X v (4.20 4 1.23) x 1072
X v v X (2.4140.24) x 102

Table 9: Ablation study on adaptive training components for the Korteweg-De Vries
equation using the best («, ) initialization from Table 7. Each row corresponds to a
different combination of enabled (v') or disabled (X) components. Reported values are
mean =+ standard error over three seeds.
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the fully adaptive configuration. Among the remaining methods, RAD again
emerges as the most critical, as removing it leads to divergence. The removal
of causal training or learning-rate annealing results in final errors on the
order of 1072, suggesting both play meaningful, but secondary, roles.

5.4. Sine Gordon Equation

We next consider the Sine Gordon equation (see Appendix D for details).
As shown in Table 10, the configuration with a = 0 and g = 0 achieves the
lowest mean relative L? error, indicating that initializing the network with an
effective depth of a single layer is beneficial in this setting. Among the trained
instances, the lowest error achieved for this configuration is 2.84 x 1072, Fig-
ure 12 shows the corresponding prediction, reference solution and absolute
error. Notably, the error grows toward the final stages of the temporal do-

Configuration  Relative L? Error Final Loss
a=0,8=0 (326+021)x102 (1.24+0.17)x10°
a=1,6=0  (415+051)x 1072 (4154 1.48) x 107
a=06=1  (7.64+£361)x102  (4.28%0.87) x 107
a=13=1  (561£084) x102  (3.28+3.02) x 10°°

Table 10: Results for different RGA KAN (a, §) initializations on the Sine Gordon equa-
tion. Reported values are mean + standard error over three seeds. The best performing
configuration in terms of relative L? error is indicated in bold.

Reference Prediction Absolute Error
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0.8 0.8 0.8
0.6 0.6 0.6
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Figure 12: Reference solution (left), RGA KAN prediction (middle) and absolute error
(right) for the Sine Gordon equation, shown for the random seed corresponding to the
best-performing model instance.
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main, suggesting that a more strict tolerance for causal training or additional
training iterations could further improve performance.

The comparative results across architectures are presented in Table 11.
Here, the cPIKAN model diverges with a mean relative L? error around
50%. PirateNet performs substantially better but still lags behind RGA
KANS, which achieve a lower error compared to PirateNets across all («, 5)
configurations tested. Moreover, the variability across seeds is noticeably
lower for RGA KANSs, indicating more consistent performance.

Finally, the ablation results are summarized in Table 12. In this case, all
ablations lead to relative L? errors of the same order of magnitude as the fully
adaptive configuration, with the notable exception of removing learning-rate
annealing. In that scenario, the error increases to an average of 1.8 x 107},
highlighting the key role of learning-rate annealing for this benchmark.

Architecture Parameters Relative L? Error  Time / Iter.

cPIKAN 18,307 (5.01 £ 0.62) x 1071 3.93 ms
PirateNet 19,228 (8.02 4+ 1.70) x 1072 3.68 ms
RGA KAN 18,422 (3.26 £0.21) x 102 6.30 ms

Table 11: Performance comparison on the Sine Gordon equation across different architec-
tures. Reported values are mean + standard error over three random seeds. The RGA
KAN row uses the best (a, ) initialization from Table 10. The best performing architec-
ture in terms of relative L? error is indicated in bold.

RBA RAD Causal LR Annealing Relative L? Error

v v v v (3.26 4 0.21) x 102
v X X X (8.85+£0.73) x 1072
X v v v (4.74 4+ 0.96) x 102
X X v v (4.74 4 1.16) x 102
X v X v (3.46 4 0.43) x 102
X v v X (1.80 4 0.20) x 10~ !

Table 12: Ablation study on adaptive training components for the Sine Gordon equation
using the best (a, ) initialization from Table 10. Each row corresponds to a different
combination of enabled (v) or disabled (X) components. Reported values are mean =+
standard error over three seeds.
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5.5. Advection Equation

The advection equation (see Appendix D for details), especially at high
transport velocities (the constant multiplying the spatial derivative of the so-
lution field in Eq. (D.14)), is a challenging benchmark that typically requires
specialized training strategies (e.g., learnable spatial periodical embeddings
as in [23]) to obtain accurate solutions. In this work, however, we intention-
ally refrain from introducing any problem-specific modifications to maintain
a unified training pipeline across all PDEs. To this end, we set the advection
velocity to ¢ = 20, which remains a nontrivial setting. Table 13 shows that
initializing RGA KANs with o = 1 and 8 = 1 yields the best performance,
with both the lowest mean error and the smallest variability across seeds.
Among these runs, the best-performing model achieves a final relative L2
error of 1.81 x 107*, and its prediction is depicted in Figure 13 alongside the

Configuration  Relative L? Error Final Loss
a=0,8=0 (6.29 4-1.02) x 10~* (2.46 +0.54) x 1074
a=1,6=0 (4.78 £1.18) x 107 (2.40 £0.96) x 1074
a=0,0=1 (3.08 +1.98) x 1073 (1.74 +£1.39) x 1073

a=18=1 (241+039)x10* (5.89+3.04)x 10°°

Table 13: Results for different RGA KAN (a, ) initializations on the advection equation.
Reported values are mean + standard error over three seeds. The best performing config-
uration in terms of relative L? error is indicated in bold.

Reference Prediction Absolute Error
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Figure 13: Reference solution (left), RGA KAN prediction (middle) and absolute error
(right) for the advection equation, shown for the random seed corresponding to the best-
performing model instance.
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Architecture Parameters Relative L? Error  Time / Iter.

cPIKAN 18,397 (4.11 £4.01) x 1071 2.19 ms
PirateNet 19,246 (1.13 £ 0.13) x 10° 2.67 ms
RGA KAN 18,502 (2.41+£0.39) x 10°* 3.98 ms

Table 14: Performance comparison on the advection equation across different architectures.
Reported values are mean + standard error over three random seeds. The RGA KAN row
uses the best (o, ) initialization from Table 13. The best performing architecture in terms
of relative L? error is indicated in bold.

reference solution and absolute error.

The comparison with the other architectures (Table 14) reveals a stark
contrast. Both cPIKAN and PirateNet exhibit poor performance, with large
errors and clear indications of instability. While two out of three cPIKAN
runs produce moderate errors, the third diverges, resulting in a large mean
error and high standard deviation. PirateNets fail consistently across all
seeds. In contrast, RGA KANs outperform both baselines by several orders of
magnitude, maintaining low errors and small variance, once again showcasing
their stability and reliability.

The ablation results in Table 15 highlight the importance of adaptive
training for this PDE. Training with only RBA leads to divergence, as does
removing both RBA and causal training (indicated by the dash in the table),
or RBA and learning-rate annealing. Notably, RAD is the only adaptive
strategy whose removal alongside RBA does not cause divergence, although

RBA RAD Causal LR Annealing Relative L? Error

v v v v (2.41 £0.39) x 1074
v X X X (1.01 £ 0.02) x 10°
X v v v (9.22 +4.90) x 10~*
X X v v (6.96 4 5.31) x 103
X v X v -

X v v X (7.29 +3.72) x 10~¢

Table 15: Ablation study on adaptive training components for the advection equation
using the best (a, ) initialization from Table 13. Each row corresponds to a different
combination of enabled (v) or disabled (X) components. Reported values are mean =+
standard error over three seeds.
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performance is still noticeably degraded. This stands in contrast to previous
benchmarks, where RAD often had the most pronounced effect, emphasizing
that the relative contribution of each adaptive technique is highly problem
dependent and should be evaluated individually for each PDE, as done in
this study.

5.6. Helmholtz Equation

We next consider the Helmholtz equation (see Appendix D for details),
defined solely on a spatial domain and thus involving no initial condition.
Consequently, this benchmark excludes both learning-rate annealing (as the
loss contains only one PDE residual term) and causal training (due to the
absence of temporal dependencies). Only RBA and RAD are employed as
adaptive training strategies. Table 16 shows that initializing RGA KANs
with @ = 1 and § = 1 yields the best performance, achieving both the lowest

Configuration  Relative L? Error Final Loss
a=0,8=0 (9.91 +2.28) x 107° (2.63 +0.25) x 1073
a=1,8=0 (1.08 4 0.36) x 10~* (1.47 £ 0.31) x 1073
a=08=1  (860+£1.78) x 10>  (2.20+0.24) x 102
a=1,8=1 (2.44 +0.34) x 107° (2.84 £1.24) x 1074

Table 16: Results for different RGA KAN («, 8) initializations on the Helmholtz equa-
tion. Reported values are mean + standard error over three seeds. The best performing
configuration in terms of relative L? error is indicated in bold.

1o Reference 1o Prediction Absolute Error
051 | — | — 051 | — | —
’ | — | — ’ | — | —
> 0.01 | — | — > 001 | — | —
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Figure 14: Reference solution (left), RGA KAN prediction (middle) and absolute error
(right) for the Helmholtz equation, shown for the random seed corresponding to the best-
performing model instance.
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mean relative L? error and the smallest variance across seeds. Notably, this
configuration also attains the smallest final loss of order O(107%), which is
particularly meaningful for this benchmark: the Helmholtz equation is well
known to exhibit a high and challenging loss landscape at initialization [35].
The best-performing model for this configuration achieves a relative L? error
of 1.76 x 107°, and its prediction is shown in Figure 14.

In the cross-architecture comparison (Table 17), all three architectures
converge, but with clearly different accuracies. cPIKANs achieve a relative
L? error of order O(1073), PirateNets improve by one order of magnitude,
and RGA KANs outperform both by another order of magnitude, reaching
the O (107°) range. The variance across seeds remains low for all three
architectures.

The ablation study (Table 18) provides interesting insights for the train-
ing dynamics of the models trained for this PDE. Unlike in the case of the
Korteweg—De Vries or the advection equation, the RGA KAN architecture
converges even without any adaptive training. In fact, the performance in
this setting is comparable to that of PirateNets with both adaptive strate-

Architecture Parameters Relative L? Error  Time / Iter.

cPIKAN 18,307 (1.03+0.21) x 1073 3.25 ms
PirateNet 19,230 (1.89 + 0.25) x 10~ 3.05 ms
RGA KAN 18,423 (2.44 4 0.34) x 1075 4.30 ms

Table 17: Performance comparison on the Helmholtz equation across different architec-
tures. Reported values are mean + standard error over three random seeds. The RGA
KAN row uses the best («, 3) initialization from Table 16. The best performing architec-
ture in terms of relative L? error is indicated in bold.

RBA RAD Relative L? Error

v v (2.44 4£0.34) x 107°
v X (1.61 £ 1.05) x 1073
X v (6.81 +1.82) x 10~°
X X (1.95+0.54) x 10~*

Table 18: Ablation study on adaptive training components for the Helmholtz equation
using the best (a, ) initialization from Table 16. Each row corresponds to a different
combination of enabled (v) or disabled (X) components. Reported values are mean =+
standard error over three seeds.
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gies active. Another notable observation is that disabling only RAD leads
to higher errors than disabling both RBA and RAD. This suggests that the
interaction between adaptive components can be nontrivial: while RBA com-
bined with RAD yields the best performance, using RBA alone may actually
be suboptimal for this PDE under the chosen hyperparameter configuration.

5.7. Poisson Equation

The final benchmark is the Poisson equation (see Appendix D for details),
which — similarly to the Helmholtz equation — is defined on a purely spatial
domain and therefore involves no initial condition. As a result, only RBA
and RAD are employed as adaptive training strategies. The source term
is chosen such that the analytical solution is u(z,y) = sin(nmwz) sin(rwy),
allowing us to systematically investigate how performance degrades as the
frequency parameter w increases. We consider w € {1,2,4} and Table 19
presents the results of the (a, ) initialization study for each w. Evidently,
different initialization configurations are optimal for different frequencies, and
performance deteriorates with increasing w. Moreover, the standard error of
the mean for the optimal configuration grows alongside w: for w = 1, it
is roughly an order of magnitude lower than the mean error, whereas for
w = 4 it exceeds half of it, indicating increased sensitivity to initialization
and optimization. For each w value, we select the best-performing seed of the
optimal configuration, achieving relative L? errors of 7.33 x 1077, 2.74 x 107,
and 3.34x1073 for w = 1, 2, and 4, respectively. Figure 15 shows the reference
solution, prediction and absolute error for these runs.

(a, B) Metric w=1 w=2 w=4

0,0) Rel. L? Error | (8.95+1.97)x1076 (2.92 £2.20)x10~4 (2.15 £ 1.09) x 10~2
Final Loss (1.98 +0.08) x 10~6 (3.35+0.69)x 10~ (1.30 £ 0.07) x 101

(1,0) Rel. L? Error | (2.0340.70)x1076  (4.534+0.90)x10~%  (1.93+£0.83)x 10?2
Final Loss (7.084£0.31)x10™7  (9.304+1.29)x10%  (1.44+£0.59)x 107!

1) Rel. L? Error | (3.33+1.58)x1076 (6.424+0.34)x1075  (9.67 +5.80)x10~3
Final Loss (7.3540.34) x10~7 (2.69+£0.58)x10~%  (9.40 +3.03)x10~2

(11 Rel. L? Error | (1.10 +£0.26)x10°%  (9.2442.05)x107° (2.124£0.94) x 1072
Final Loss (5.66 £0.18)x10~7  (2.00 4 0.05)x10~® (2.48 £0.80) x 10—2

Table 19: Results for different RGA KAN (a, ) initializations on the Poisson equation
for w € {1,2,4}. Reported values are mean + standard error over three seeds. The best
performing configuration in terms of relative L? error per column is indicated in bold.
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x
o
o

&

1.0 1 1
[ -
- - 3 —
>~ 0.0 o & o 5 ! I
> S 05 B 3
—0.51 . >
-1.0 -1 -1 0.0
-1 0 1
-5
MCEE ' o
0.5 4%
iemew | 3 I
L e s 2E 3
5
TCemee =
-1.0 ‘ -1 -1 0
-1 0 1
1.0+ 1 1.0+ 1 x1072
S T IR L R b e eeeseees
os/EmEmEe. s /EmEEe ... 4 <
T il M TIII I $ <
s go*emssssesw || oo *essesmsw | | I
M TTIi I 3 M TIIIII L & 2 3 3
os/Emesmsnen os/Ememsnew 5
CPleeesssses CPiesesssses =l
ioemswsmewl Lolemesmswenl 0
-1 0 1 -1 0 1 1
X X

Figure 15: Reference solution (left column), RGA KAN prediction (middle column) and
absolute error (right column) for the Poisson equation, shown for the random seed corre-
sponding to the best-performing model instance per value of w € {1,2,4}.

We next compare architectures using the best (o, 3) initialization for
each w. The parameter counts and iteration times are shown in Table 20,
while the accuracy results in terms of relative L? error are summarized in
Table 21. For w = 1 and w = 2, all architectures converge, with RGA KANs
achieving the lowest error by a wide margin. However, for w = 4 the situation
changes: PirateNets diverge, while, interestingly, for the first time across all
benchmarks, cPIKANs outperform RGA KANs under the default training
settings, although both achieve errors of the same order of magnitude.

The ablation study (Table 22) provides additional insight. For w = 1

Architecture Parameters Time / Iteration (ms)

cPIKAN 18,307 2.93 ms
PirateNet 19,230 2.94 ms
RGA KAN 18,423 3.81 ms

Table 20: Number of parameters and average time per training iteration (milliseconds) for
each architecture on the Poisson equation.
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Architecture w=1 w =2 w=4

cPIKAN (1.56 £0.48) x 1075 (2.154£0.99) x 102  (5.08 £1.41) x 10~3
PirateNet (7.66 +£2.72) x 1076 (1.58 £0.47) x 1074 (2.57 4+ 1.86) x 109
RGA KAN  (1.10+0.26) x 1076 (4.53+£0.90)x10°5  (9.67 £+ 5.80) x 1073

)
)

Table 21: Performance comparison on the Poisson equation across different architectures.
Reported values are mean + standard error over three random seeds for w € {1,2,4}. The
RGA KAN row uses the best («, ) initialization from Table 19. The best performing
architecture in terms of relative L? error per column is indicated in bold.

and w = 2, RGA KANs converge even without adaptive training, albeit with
somewhat higher errors. For w = 4, however, performance collapses without
adaptive methods. Remarkably, when RBA is disabled but RAD is retained,
the error decreases by nearly an order of magnitude compared to the non-
adaptive case, with very low variance across runs. In fact, this configuration
outperforms the average error achieved by cPIKANs at w = 4, effectively
restoring the advantage of RGA KANs for this challenging regime. This
observation is consistent with the findings for the Helmholtz equation, which
is structurally similar to the Poisson equation, where RAD also emerged as
the dominant adaptive component.

RBA RAD w=1 w =2 w=4
v v (1.10£0.26) x1076¢  (4.53 £0.90)x1075  (9.67 £5.80)x 1073
v X (1.95£0.12) x107¢  (7.97+1.29)x107°  (8.01 £3.72)x 1072
X v (1.04£0.73) x10™>  (5.01 +£0.27)x107°  (1.19+£0.25)x 1073
X X (2.54 £ 1.31)x107°  (5.0940.62) x10™°  (1.23 £ 0.79) x 107+

Table 22: Ablation study on adaptive training components for the Poisson equation using
the best («, 8) initialization from Table 19. Each row corresponds to a different combi-
nation of enabled (v') or disabled (X) components. Reported values are mean + standard
error over three seeds for w € {1,2,4}.

6. Conclusion and Outlook

In this work, we studied the deep training of Chebyshev-based KANs
with the goal of improving their stability and accuracy in PDE benchmarks
under a uniform training setup. We began by examining their initialization
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properties, since initialization has historically been the starting point for
enabling depth scaling in neural architectures. To this end, we proposed a
Glorot-like initialization scheme that is basis-agnostic and, as demonstrated
by its application to sine-based KANs within the RGA KAN architecture, not
tied to a specific basis family. Preliminary results on function fitting and PDE
tasks showed that this initialization alone significantly improved training
outcomes compared to the default initialization, in some cases by several
orders of magnitude. For certain benchmarks such as Burgers’ equation,
the proposed initialization was sufficient to train deeper models successfully,
whereas for others, such as Allen—Cahn, it fell short. This observation made
it clear that initialization alone was not enough to fully address the depth-
scaling issue.

Motivated by this, and inspired by PirateNets, we analyzed the proper-
ties of Chebyshev KANs at initialization and observed strong parallels to
standard MLPs. This insight led to the design of the RGA KAN architec-
ture. This architecture proved effective in overcoming divergence for deeper
networks, with increased depth and parameter count leading to improved
accuracy rather than degradation. Through the IB perspective, we linked
this desirable behavior to the model’s ability to traverse all three charac-
teristic phases of training — fitting, diffusion, and diffusion equilibrium —
unlike baseline cPIKANs that tend to stall prematurely. Equipped with the
proposed initialization and architecture, we then established a fixed train-
ing pipeline with adaptive components, namely RBA, RAD, causal training
and learning-rate annealing. We compared RGA KANs against parameter-
matched cPIKANs (also using the new initialization) and PirateNets, which
are widely considered state of the art for many PDE benchmarks. Impor-
tantly, our aim was not to finely tune hyperparameters on a per-task basis but
to test the performance of the proposed design in a uniform setting. Across
all seven PDE benchmarks, RGA KANs outperformed both baselines, often
by large margins, and remained stable in cases where the others diverged.
The ablation studies further clarified the relative contribution of each adap-
tive method, but also revealed that in several cases the combination of the
proposed initialization and architecture alone was sufficient to achieve good
accuracy without divergence.

Naturally, this study also has limitations. To conserve computational re-
sources, we deliberately avoided per-task hyperparameter tuning and consid-
ered networks of medium width at 16 neurons for the final PDE benchmarks.
Our focus was not to set state-of-the-art results through exhaustive tuning,
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but to show that the proposed initialization and architecture provide a strong
and robust foundation that already outperforms both baseline cPIKANs and
PirateNets under default settings. A more extensive hyperparameter search
would likely further improve performance. Another limitation is that all ex-
periments relied on first-order optimization, specifically Adam. While this
is standard in the PIML literature, recent work has shown that higher-order
optimizers can yield remarkable improvements |70, 71|, and it would be valu-
able to explore the proposed architecture under such optimization regimes.

The initialization itself also opens several avenues for future work. Its
basis-agnostic nature suggests that it can be applied to domains beyond
PDE solving, as well as to KAN variants using other bases, which may be
better suited to different tasks. Similarly, while the RGA KAN architecture
was designed with PDE applications and depth-scaling in mind, its struc-
ture bears similarities to transformer architectures, hinting at its potential
relevance to other application domains. Moreover, it would be interesting to
test the architecture in conjunction with alternative representations of the
Kolmogorov—Arnold representation theorem, such as ActNets [56] or KKANs
[42], to assess whether the benefits of residual gating and adaptive training
extend beyond standard KAN formulations.
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Appendix A. Detailed Derivations

Appendix A.1. Proposed Initialization Scheme
Consider a single KAN layer with outputs given by Eq. (26):

di D A
yio= . > 23, (A.1)

i=1 m=1
where all biases have been set to zero at initialization and we have defined
Z8) = Wjim Bin (). (A.2)

Since weights are independent of inputs, expectations factor as products.
Therefore

E |23)] = E [wimBn(@)] = E [wim] E [Bu(z)] =0 (A3)

holds. In addition, considering two pairs of indices (i, m) # (i',m’), we find

E [Zfii Zz(]n)’b:| = E [WjimWjirm Bm (i) B (T4r)]
= E [WjimWjirm] E [By, (2;) Bow (T47)]
= E [wjim] E [Wjirm| B [By, (23) By (237)]
0, (A4)

where we have taken into consideration that distinct weights are independent
and zero-mean. Therefore, for (i,m) # (i/,m'), we arrive at

Cov (2. 2%),) =E [25)28)] - & 23] B [20),]

=0—-0-0 = 0. (A.5)
Using this result, the variance of the sum in Eq. (A.1) reduces to a sum of

individual variances,

dI dI

Var (y;) = Z Z Var <ZZ-(ZZ> = Z Z Var (Wjim B (:)) - (A.6)

i=1 m=1 i=1 m=1
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For a single term, the independence of wj;,, and x; together with E[w,;,,] = 0
leads to

Var (Wi B, (@ )] IE2 [Bm (z;)] Var (wjim) + Var (wji,) Var [By, (z;)]
[Bm } ) (A7)
Therefore,

D
Var(y;) = di Y o, ull), (A8)
m=1

and enforcing Var(y;) = Var(z;) = 1 leads directly to Eq. (28) of the main
text.

As far as the backward pass is concerned, differentiating Eq. (A.1) with
respect to z; yields

dy; < /
=" wjim B, (). A.
axl — wﬂm m (xl) ( 9)

The loss gradient with respect to x; then becomes

or; = Gyj Z Zwﬂm () 0. (A.10)
Jj=

7j=1 m=1

Following the same reasoning as for the forward pass, distinct (j,m) pairs
are uncorrelated, so

Var (6z;) = ZZV&I Wiim B, () 0y;) - (A.11)

j=1 m=1
Each summand can be evaluated as

Var (wjim B, (z;) dy;) = o2, B[B., (2:)?] E[éy?] =02 ,u%) Var(dy;). (A.12)
Thus,
D
Var(dx;) = do Var(dy;) Z o2 uh (A.13)
m=1
and imposing Var(dz;) = Var(dy;) yields Eq. (30).
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Appendiz A.2. Chebyshev-based KAN Derivative
Following [23], we consider small activations at initialization and adopt
the linear-regime approximation, where

d
tanhx ~ =, — tanhz ~ 1. (A.14)
dx

In this regime, and recalling from Eq. (16) that B,,(z) = T,, (tanhx), we
expand the Chebyshev polynomial 7,,(x) around zero and retain only the
linear term O(z). The basis functions then simplify to

Bu(x) = T,,(0) + T,,(0)  + O(z?). (A.15)
Differentiating Eq. (A.15) yields

B).(x) = T, (0) = mU,_1(0), (A.16)
where U, () denotes the n-th Chebyshev polynomial of the second kind and
we have used the identity 7} (z) = mU,,—1(z). Since

0 = 2£1), e

it follows that

smmw 0, m even,
Um,1(0> = SIH(T> = {(_1)7712—17 S (A18>

Substituting Eq. (A.18) into Eq. (A.16) gives

0, m even,

Bl (2) ~ {m(—1)’”21, - (A.19)

Therefore, substituting Eq. (A.19) into Eq. (36) from the main text, and
using Eq. (38), we find

ouP(1:0) = oul' "V (2;0) & L
' ) ~ i 3 m=1 ()
ST Dhy ral) DR
=1 modd
dj—1 (-1, .
_ Ou; x;0)
= "l —8; . (A.20)
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Appendix B. Implementation Details

All neural network architectures utilized in this study are implemented
in JAX [72] using the jaxKAN framework [54] and trained at the highest pre-
cision settings on an NVIDIA GeForce RTX 4090 GPU. Their performance
is assessed in terms of the L? error of the predicted solution, upeq, relative
to a reference solution, u,, i.e.,

g _ ||upred - uref||2 (B 1)
el ’

where £ and ||-||2 denote the relative L? error and L? norm, respectively.
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Appendix C. Function Fitting Benchmarks

In this appendix we provide the analytic definitions of the benchmark
functions used in the function-fitting experiments of Section 3.2.1. Each
function is defined on the hypercube [—1,1]¢, where d denotes the input
dimensionality.

One-dimensional oscillatory function.

fi(z) = sin(27rx) + 3z. (C.1)

Two-dimensional product function.

fo(z1,22) = a1 2. (C.2)

Two-dimensional Bessel-based function.

fa(x1,22) = Li(xy) + exp([l(e)(xg)) + sin(z1m), (C.3)
where [;(-) denotes the modified Bessel function of the first kind of order 1,
and [ 1(6)(~) its exponentially scaled version.

Three-dimenstonal Hartmann function.

4
fa(x1, 22, 73) = _Zak exp( ZA’W Pk] ), (C4)
k=1

where
= (1.0, 1.2, 3.0, 3.2),
and
3 10 30 3689 1170 2673
101 10 35 -4 |4699 4387 7470
A= 3 10 30]|’ P =10 1091 8732 5547
0.1 10 35 381 5743 8828

Five-dimensional Sobol g-function.

5
|4£Cj—2‘+aj
T1,...,T5) = ” , C.5
f5(1 5) i 1"‘@]' ( )

Whereaj:j%forjzl,...,&
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Appendix D. Studied Partial Differential Equations

In this appendix, we present the PDEs studied throughout this work,
including their governing equations, boundary and/or initial conditions, and
corresponding reference solutions. The equations are presented with the
specific parameter values used for this study and are listed in the same order
in which they appear in Section 5 of the main text.

Allen—Cahn Equation. The Allen—Cahn equation on the spatiotemporal do-
main ¢t € [0,1], z € [-1,1] is given by

ou 0% 5
el = - D.1
ot 0 0x? 5(u—u) (D-1)
It is considered with initial condition
u(0,2) = 2°cos(rx), (D.2)
and periodic boundary conditions
ou ou
t,—1) = u(t, 1 —(t,—1) = —(t,1). D.
u(t,~1) = (1), 9t 1) = S ) (D.3)

The reference solution shown in Figure D.16 corresponds to the data used in
[23] and accessed from the paper’s accompanying GitHub repository [73].

Solution to Allen-Cahn Equation

1.0
0.5 1
x 0.0
-0.51
-1.0

0.0 0.2 0.4 0.6 0.8 1.0

t
-1.0 -0.5 0.0 0.5 1.0

u(t, x)

Figure D.16: Reference solution of the Allen-Cahn equation on ¢t € [0,1], x € [—1,1].
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Burgers’ Equation. The viscous Burgers’ equation on the spatiotemporal do-
main ¢ € [0,1], z € [-1,1] is given by

ou  Ou 1 0%
— — = — . D.4
ot + “or 1007 Ox? (D-4)
It is considered with initial condition
u(0,z) = —sin(mx), (D.5)
and homogeneous Dirichlet boundary conditions
u(t,—1) = u(t,1) = 0. (D.6)

The reference solution shown in Figure D.17 corresponds to the data used in
[23] and accessed from the paper’s accompanying GitHub repository [73].

Solution to Burgers' Equation

1.0

0.0 0.2 0.4 0.6 0.8 1.0
t
e — , ———
-1.0 -0.5 0.0 0.5 1.0
u(t, x)

Figure D.17: Reference solution of Burgers’ equation on ¢ € [0, 1], z € [-1,1].
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Korteweg—De Vries Equation. The Korteweg—De Vries equation on the spa-

tiotemporal domain t € [0,1], x € [—1, 1] is given by

ou ou u

— 4+ u— + 0022 — =

ot ox ox3

It is considered with initial condition

u(0,z) = cos(mzx),

and periodic boundary conditions

u(t,—1) = u(t,1).

(D.7)

(D.8)

(D.9)

The reference solution shown in Figure D.18 corresponds to the data used in
[23] and accessed from the paper’s accompanying GitHub repository [73].

Solution to Korteweg-De Vries Equation

0.5
X 0.0
-05
-1.0

0.0 0.2 0.4 0.6

t
|
-1 0 1

u(t, x)

Figure D.18: Reference solution of the Korteweg—De Vries equation on t € [0,1], =z €

[~1,1].
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Sine Gordon Equation. The Sine Gordon equation on the spatiotemporal
domain ¢ € [0, 1], x € [0, 1] is given by

— — — + sinu = 0. (D.10)
5
It is considered with initial condition

u(0,z) = sin(mz), (D.11)

and homogeneous Dirichlet boundary conditions

u(t,0) = u(t,1) = 0. (D.12)

The analytical solution of this equation is known and given by
1
u(t,x) = 5 [sin (7 (x +t)) + sin (7 (z — 1))], (D.13)
and is depicted in Figure D.19.

Solution to Sine Gordon Equation

0.8
0.6
X
0.4
0.2
0.0 -+ T T T T |
0.0 0.2 0.4 0.6 0.8 1.0
t
| , .
-1.0 -0.5 0.0 0.5 1.0
u(t, x)

Figure D.19: Reference solution of the Sine Gordon equation on ¢ € [0, 1], z € [0, 1].
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Advection Equation. The advection equation on the spatiotemporal domain

t €[0,1], z € [0, 2] is given by

ou ou
1 20— = 0.
ar Vg =0

It is considered with initial condition

u(0,z) = sinz,

and periodic boundary conditions

u(t,x) = u(t,z + 2m).

The analytical solution of this equation is known and given by

u(t,x) = sin(mod (z — 20t,27)),
and is depicted in Figure D.20.

Solution to Advection Equation

61
5
4
X3
2
! 4
0
0.0 0.2 0.4 0.6 0.8
t

1.0
| i T
-1.0 -0.5 0.0 0.5 1.0
u(t, x)

(D.14)

(D.15)

(D.16)

(D.17)

Figure D.20: Reference solution of the advection equation on ¢ € [0, 1], z € [0, 27].
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Helmholtz Equation. The 2-dimensional Helmholtz equation on the spatial
domain z € [—1,1], y € [-1,1] is given by

62 82
a—;; + 8_;; + u = [1—7°(a] 4 a3)] sin(ar7z) sin(axmy) . (D.18)

It is considered with homogeneous Dirichlet boundary conditions

u(—1,y) = u(l,y) = u(x,-1) = u(z,1) = 0. (D.19)

The analytical solution of this equation is known and given by

u(z,y) = sin(a;7mx) sin(aymy) . (D.20)

In Figure D.21 we depict this solution for a; = 1 and as = 4.

Solution to Helmholtz Equation

1.0

0.5

—0.5 1

-1.0 T T T T T T T
-1.00 -0.75 -0.50 -0.25 0.00 0.25 0.50 0.75 1.00

X

-1.0 —0.5 0.0 0.5 1.0
u(x, y)

Figure D.21: Analytical solution of the Helmholtz equation on [—1,1]? with a; = 1, ap = 4.



Poisson FEquation. The 2-dimensional Poisson equation on the spatial do-
main z € [—1,1], y € [-1,1] is given by
0%u N 0%u
ox? oy?

It is considered with homogeneous Dirichlet boundary conditions

= —2r%w? sin(wnrw) sin(wmy) . (D.21)

u(—1,y) = u(l,y) = u(zx,—-1) = u(z,1) = 0. (D.22)

The analytical solution of this equation is known and given by

u(z,y) = sin(wrr)sin(wry) . (D.23)
In Figure D.22 we depict this solution for w € {1,2,4}.

Solution to Poisson Equation

= = w=4
1.0 1.0 1.0
L L LN
0.5 0.5 0.5-........
BRRE  iassss
> 0.0 > 0.0 > o.o-........
BREE  cecssse
—-0.5 1 0.5 —0.5-........
. . . . 28880888
10 ' 1o 1o .O'O .'. .'..
210 -05 00 . 1.0 210 -05 1.0 -1.0 -05 00 05 1.0
X X X
-1.00 -0.75 -0.50 -0.25 0.00 0.25 0.50 0.75 1.00
u(x,y)

Figure D.22: Analytical solution of the Poisson equation on [—1,1]? with w = 1 (left),
w = 2 (middle) and w = 4 (right).
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Appendix E. PirateNet Architecture

In this appendix, we provide a detailed description of the PirateNet ar-
chitecture [23| employed in the benchmarks of Section 5, together with an
explicit parameter count. As in Section 4.2, we consider a single input sample
x € R%, where d; is the number of input coordinates. If periodic boundary
conditions are present, they are first enforced through the embedding of Eq.
(39) in the main text, resulting in the transformed input x € R%.

The embedded coordinates are then passed through a RFF embedding
layer. A trainable kernel B € R4*0%1 ig initialized from a Gaussian distri-
bution A(0,s?) with s > 0 (s = 1 is used for the benchmarks presented in
this work), and the embedding is defined as

COS (251:1 B]zjz>
D, = ; ,
’ sin <Z§i1 Bﬂfz>

where ® € R%. The resulting features are then processed through two MLP
gates that generate the vectors U,V € R%1:

(E.1)

dH dH
U, = tanh (Z wi + b;‘) ,  V;=tanh (Z Wi + b;) . (E2)
i=1 i=1

All MLP layers, including the two of Eq. (E.2), follow the Random Weight
Factorization (RWF) formulation [22], with weights initialized using the stan-
dard Glorot scheme [43] and biases initialized at zero.

The adaptive skip connection is introduced through N identical blocks,
each consisting of three MLP layers and a single gating parameter « (initial-
ized at zero). Denoting the input to the I-th block by x with x) = &,
the forward pass is given by

(Z wi); ) , (E.3)

( U+ (1- f(l Vi, (E.4)

i
( w2ﬂ zlZ —i—bQJ) , (E.5)
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l l l
A =d"ui+ (1= "), (E.6)

dg
A  tanh (Z W00 4 bg{;) | E7)
=1

x;lﬂ) =a hél) +(1—-a) my). (E.8)
The output of the final PirateNet block, x¥V+1 € R is mapped to the
network output through a linear layer

dy
uj = ij"z VY (E.9)
i=1

where u € R This final layer is initialized using the same physics-informed
least-squares procedure described in Section 4.2, but since this is a standard
linear transformation, no re-indexing is required. If non-periodic boundary
conditions are present, they are directly enforced at this stage by multiplying
the network output with suitable boundary-shaping functions.

The total number of trainable parameters of the above architecture is

MLP Gates Output Layer
~ ——~ ——
6] = 0.5dud;  +2dy(dy +2) + N[3du(du +2) + 1] +  dodn
SN—— ~ ~ ~
RFF Embeddings PirateNet Blocks
= diy [0.5d1 +do + (du +2) (3N +2)| + N, (E.10)

Note that, due to the RWF formulation of the layers, each MLP block with
input dimension n;, and output dimension nq,; contains nqyg (ni,+2) trainable
parameters, rather than ngy(ny, + 1) as in standard MLPs.
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