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Abstract. We consider moving boundary problems for biophysics and introduce a new computa-
tional framework to handle the complexity of the bulk-surface PDEs. In our framework, interpretabil-
ity is maintained by adapting the fast, generalizable and accurate structure preservation scheme in
[29]. We show that mesh distortion is mitigated by adopting the pioneering work of [36], which is tied
to an Arbitrary Lagrangian Eulerian (ALE) framework. We test our algorithms accuracy on moving
surfaces with boundary for the following PDEs: advection-diffusion-reaction equations, phase-field
models of Cahn-Hilliard type, and Helfrich energy gradient flows. We performed convergence studies
for all the schemes introduced to demonstrate accuracy. We use a staggered approach to achieve
coupling and further verify the convergence of this coupling using numerical experiments. Finally,
we demonstrate broad applicability of our work by simulating state-of-the-art tests of biophysical
models that involve membrane deformation.
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1. Introduction. Many biophysical phenomena in cell biology can be charac-
terized by the feedback between form and function. Cells routinely change their shape
during cell motility, wound healing, and development. Such shape changes are a result
of coordination of multiple biochemical and mechanical processes within the cell. Not
surprisingly, these phenomena have been studied extensively using models based on
partial differential equations (PDEs) with different levels of biophysical complexity
[78]. In concert with experiments, such models have provided insight into the mech-
anisms underlying the change in cell shape [31, 95, 63]. However, an open challenge
in the field of computational biophysics is the development of robust computational
tools for numerical solutions of the governing PDEs. For example, cellular mem-
branes are mechanical boundaries that are characterized by lateral dimensions that
are large compared to their thickness, appearing in a variety of structures in cells [99].
It has been proven that the properties of these surfaces are crucial for the genesis
and maintenance of cellular membrane systems [16, 86]. These restructuring phe-
nomena strongly depend on the components of the membranes themselves and their
surroundings [19, 10, 96, 17, 73, 104, 2, 5, 98], leading to PDE systems coupling com-
plex multiphysics to free surfaces problems. The resulting systems typically exhibit
highly non-linear dynamics and a general numerical framework to simulate these rich
dynamics in a unified and stable setting is still missing. The goal of this article is to
present a finite element based computational framework which addresses some of the
key challenges arising in continuum-mechanics based computational models of cells.
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1.1. State of the art. Numerous numerical methods have been proposed to
deal with the challenges posed by a moving deformable membrane [61, 92, 1, 71, 93,
69, 90, 85, 7], including: immersed boundary methods, level-set method, mesh-free
methods, particle methods, and the phase-field method. Despite numerous successes,
even the most advanced schemes seem to lack the following features:

P.1 Tt is not rare, in the targeted applications, to incur advection-dominant (AD)
equations possibly posed on a moving surface. Characteristic examples can
be the transport of surfactants in two-phase flow or the interaction between
actin’s barbed ends and the cellular membrane. There exists a large bulk of
literature for parabolic advection-diffusion-reaction (ADR) PDEs on moving
surfaces [38, 40, 18, 80, 39, 67, 68, 42, 25]. For what concerns AD equations,
the bulk setting has been extensively explored and the surface case has seen
recent developments [91, 22, 97, 23, 33, 100, 101]. Surprisingly, most afore-
mentioned approaches only consider the case of stationary surfaces, leaving
the AD case largely unaddressed. A notable exception is the work in [53],
where characteristic cut finite element methods on moving surfaces is pro-
posed.

P.2 Physical structure preservation (SP) is still overlooked by the majority of the
available articles. It is crucial, in order to maintain physical interpretability
as well as numerical stability, to be able to guarantee constraints such as:
mass and density positivity, phase bounds, energy decay, mass preservation,
etc. A vast and diversified literature exist dedicated to preserve bounds, see
[79, 74, 34, 75, 103, 102, 76, 28, 58, 56] and references therein. Unfortunately,
this richness of options is lacking if we consider PDEs on surfaces, let alone
moving surfaces.

P.3 Most articles assume idealized geometries, in which the complexity is still
highly reduced with respect to realistic geometries resulting from imaging
techniques [72]. This is especially crucial in this context since we expect the
domain evolution to be dependent on the coupled equations and not known a
priori. Steps are continuously being taken in this direction for what concerns
geometric flows, which notoriously drive meshes towards bad conditioning,
see [11, 81, 57, 36, 9, 51]. However, even in these cases, one is quite far from
the structures considered in more applied articles such as [50].

The present work aims to propose a first step towards a cure of the missing pieces
described above. It is meant to bridge the complexity gap between numerical accuracy
and biophysical complexity in moving domains scenario. While there exist a plethora
of numerical methods which each target a specific problem class or particular issue, we
here employ and extend some of the most recent state-of-the-art methods and combine
them into a holistic simulation framework which can handle coupled multiphysics and
shape deformation problems arising in computational cell biology.

1.2. New contributions and outline. In Section 2, we provide the notation
necessary for the formulation and discretization of PDEs posed on evolving domains.
For purposes of generality, we keep the notation the same in the bulk and on the
surface, only distinguishing between the two as needed. In Section 3, we adapt the
structure-preserving scheme in [30] to moving bulk and surface problems as a solu-
tion to P.2. The model-agnostic, point-wise approach of [30] is fit to the first-order,
piecewise-linear finite element framework here used. The result is a fast, general-
izable and flexible scheme that can be readily adapted to multiple PDEs posed on
moving bulk and surfaces. In this context, we use it to bound the PDE solution to
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physically-relevant values while at the same time preserving the total mass. In Sec-
tion 4, we introduce a mesh redistribution algorithm based on the surface tangential
motion of [36] and an Arbitrary Lagrangian Eulerian (ALE) approach. The two-step
scheme in [36] is decoupled from the gradient flow dynamics and applied to general
motions. This allows us to greatly alleviate the need of remeshing when simulating
domains characterized by large deformations. At the same time, the scheme does not
interfere with the shape evolution, maintaining accuracy. Both schemes in Section 3
and Section 4 take the form of a post-processing step and thus have the advantage
of being a tunable feature of the code. In Section 5 we augment an ADR scheme for
moving surfaces with a continuous interior penalty (CIP) stabilization to handle AD
cases and solve P.1. The stabilization is proven to be convergent and so is its coupling
with the structure-preserving algorithm of Section 3. The flexibility of the setting is
further verified with an additional real-case example. In Section 6 we apply structure
preservation to a Cahn-Hilliard type equation on moving surfaces. Numerical tests
are presented that highlight how the algorithm in Section 3 is readily applicable to
moving surfaces and true to the underlying physics. In Section 7, we focus on P.3,
applying the mesh redistribution scheme of Section 4 to the parametric method of
Barrett, Garke and Niirnberg [14] for Helfrich flow. The postprocessing step is ex-
tensively tested with state-of-the-art examples revealing good convergence properties
and long-term stability. In Section 8, we couple the solvers in Section 5 through 7
together in a staggered approach. Convergence is tested with manufactured solutions
[67] where the ADR algorithm and a simplified version of the Helfrich algorithm are
coupled. In the same context a PDE system modeling tumor growth is also repro-
duced. The applicability of our approach to relevant cell biophysics is further explored
simulating phase separation on a deformable membrane, where the Cahn-Hilliard and
Helfrich schemes are coupled.

2. Model. This article explores numerical approaches to biophysical cell phe-
nomena where the dynamics involve moving boundaries, such as cell membranes, that
are assumed to have negligible thickness and thus are treated as moving hypersur-
faces. As a result, we begin by outlining the essential notation required for both
formulating and discretizing partial differential equations on evolving domains, with
specific attention given to surface-bound PDEs [39, 15].

Let M c R? d = 2,3, be an m-dimensional oriented, compact, C> manifold
with boundary dM. The notation @ = M when dim (M) = d and I’ = M when
dim (M) = d—1 will also be used. In the case dim(M) = d—1, we denote the tangent
space with respect to p € M with T,,(M) and the associated tangent bundle with
TM. The unit normal vector my(p) to M at p is defined as the vector ny(p) € RY
such that na(p) L Tp(M), |[nar(p)]| = 1 and na(p) agrees with the orientation
given. The norm |- is the standard Euclidean norm in R?. For dim (M) =d — 1 we
define the tangential projection at p as

(2.1) Par(p) =1 —nu(p) © nar(p),

where I is the identity matrix. For dim (M) = d, we set Pps(p) =1 and n(p) = 0.
This allows us to define the tangential gradient of a differentiable function f : M — R
at p as

(2.2) Vuf(p) =Vfp) —Pulp)Viip),

where f is a smooth extension of f to a d-dimensional neighborhood of M such
that f|psr = f and V is the Euclidean gradient in R%. Analogously, the tangential
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divergence is defined as Vs - f(p) = Te(Varf(p)). This leads to the definition of the
Laplace-Beltrami operator for a C2-function f : M — R as

(2.3) A f(p) =V -V f(p).

For f: M — RYand F : M — R¥>? we define (Var f)i; = (V(Ff-€:)); and (Vpr-F); =
Vi - (FTe;) = Tr(Var(FTe;)), where e;, i € {1,...,d} is the canonical basis in R9.
This allows us to define Ay, f = Vs - Vs f. In order to analyze curvature properties
of M, we introduce the extended Weingarten map H as

(2.4) H(p) = —Vuna(p).

It can be shown that H is symmetric, has an eigenvalue 0 in the direction of the
normal, and restricts to the Weingarten map W(p) on the tangent space T, M. For
p € M, the mean curvature is defined as

(2.5) k(p) = Tr(H(p)).

We recall that all of the above definitions are independent of the extension f. A
sketch of possible model setups is shown in Figure 1.

nr
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Fig. 1: Sketch of an open and closed geometry for notation purposes. One is a 3D
object and the other is a 2D object.

We consider a time interval J = [0,T], T > 0 and a C?-evolving manifold
{M(t)}tes in RY. In this article an evolving manifold is modeled by a reference
manifold M together with a flow map

(2.6) ®:Jx MR &,& e (J;C2(RYRY),

such that . -
e denoting M(t) = ®(t, M), the map ®; = ®(¢,-) : M — M(t) is a C*-
diffeomorphism with inverse map ®; ' : M(t) — ]/W\,
e &, = Id;;, where Idg; is the identity map on the reference manifold.

The mapping ®; can be used to define pull-back and push-forward maps of functions
[4, 3]

®_,f=fod,: M—Rfor f: M(t) >R,

(2.7) . e
D, f=fo®, : M(t)>Rfor f: M - R
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Often we will call the space-time set Gy = Uyc s ({t} x M(t)) a C?-evolving manifold
and identify it with {M(¢)}+cs. In addition, we assume that there exists a velocity
field v : J x R? — R? with v € C°(J; C?(R%;R?)) such that for any ¢ € J and every

peM

d

(2.8) 5

®(p) = v(t, ®:(p)).
For & € M(t), the velocity v can be split into a tangential component v’ (¢, x) €
T,M(t) and a normal one v*(t,z) = v(t,x) —v ' (t, ).

This allows us to define a normal derivative of a scalar function f on M (t) as

(2.9) °f(t,x) = 0, f(t,x) + v (t,z) - VF(t,x),

where f is a smooth extension of f in a space-time neighborhood of M(t). The
material derivative is defined as

(2.10) 8'f(t,:c) = [aof +o'- VM(t)f](t7w) = [at.f+ v - Vf](t,a:)

The definition of a flow map is not unique and the same evolving manifold can be
described by different maps. The computational domain’s flow map can be chosen
so to maintain good mesh properties while keeping the original map ® for the PDE
evolution. This is achieved by introducing a second flow map ®4 called Arbitrary
Lagrangian Eulerian (ALE) map with corresponding velocity v* and ALE material
derivative 9. It can be shown that vA(t,z) — v(t,x) € T, M(t) and that

(2.11) oAt ) =[0°f + (v* — )V fl(t, ).

It is worth noting that the normal velocity v is in any case uniquely determined, i.e.
vi(t,-) = vA+(t, ), Vt € J, including the normal velocity of the boundary OM (t).

2.1. Space discretization. The geometries are discretized using piecewise lin-
ear elements, where for surfaces we follow the setup of [39]. An m-dimensional
manifold M is approximated by a triangulated m-dimensional domain denoted by
Mjp,. The elements of the discretization will be distinguished based on their codimen-
sion. We suppose M}, is composed by a collection 7 of m-simplices which vertices
y,, t=1,...,N lie on M and such that

(2.12) T ={T}, M,=JT.
For each T' € T;, we denote by h(T) its diameter and define the mesh-size as

2.1 h= h(T).
(213) max h(T)

The boundary of every element T is composed by m + 1 facets of dimension m — 1,
forming a collection F = {F'}. The discrete boundary of M}, is defined as the union
of those facets which defining points lie on M and is denoted M. It is useful to
distinguish between internal and boundary facets, defined as

P ={FecF: FNnoM, =0},
FP={FeF: FNOM, = F}.
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Every element T has a (constant) normal which we will denote by ny. In the case
dim(Mp,) = d we define ny = 0. In the case dim(M}) = d — 1 we define a discrete
projection P = I — nyr ® np and relative tangential gradient, understood in an
element-wise sense. The facet normal, which we denote ng, is well-defined once we
consider it on the boundary of an element 7. For this reason for each F' € 0T, ng
is the unit co-normal vector perpendicular to both nr and F and directed outward
with respect to the element 7. We will also use the notation nf, where given as TF
and T~ the neighboring elements to F', then n; is the normal as seen from 7+ and
1} is the normal as seen from 7'~. In the bulk case we simply have that n, = —n;C,
instead for surface cases the two normals are not co-planar. An illustration of these
objects is given in Figure 2. We will again use the notation ) and I';, when we

>/

N+

Fig. 2: Sketch of an discrete discrete mesh entities of a discrete surface Mjy,.

need to distinguish between d-dimensional and (d — 1)-dimensional discrete manifolds,
respectively.

Throughout this work, we use a first-order fitted finite element method to dis-
cretize the PDEs in space [46]. In particular, for surfaces, we employ the surface finite
element method (SFEM) as presented in [39]. The corresponding finite element space
is defined as

(2.14) Vi(Mp,) := {vn, € C(My,) | vp|r is linear for all T € T},

which can be described as the span of N piecewise linear continuous basis functions
¢;, i =1,..., N such that qbi(yj) = 0;5. Occasionally, we will also need the space

(2.15)  Vio(Mp) := {vn, € C(My) | vp|r is linear for all T € T, and v |anr, = 0}.

Integration over mesh entities follows the same notation as for the continuous one,
where the summation over every element of the collection is implicit, i.e. we write

(2'16) (', ')JWh = Z ('7 ')T7 ('7 )]-'}1 = Z ('7 ')F7

TEM, FeF;

where (-, +) is a certain inner product. The same element-wise summation is used in
case of discrete norms.

2.2. Time discretization. To discretize the evolving manifold M (¢) we use the
reference discretization ]/W\h and transport it using a suitable ALE map 4 [55, 60,
89, 52, 49, 8, 18, 68, 3]. The reference points y,; € M\h defining the simplices of
the reference triangulation 7, are evolved as y,(t) = ®7'(g;). This allows to define
evolved elements T'(t) and facets F'(¢) such that

Tu(t) ={T(®)}, Fu(t) ={F@®)}, Mnt)=JT),
(2.17) Fi(t) ={F(t) € Folt): F(t)noM,(t) =0},
FLt) = {F(t) € Fu(t): F(t)NOMy(t) = F(t)}.
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For the discretization of the function spaces, we start with the finite element space
defined in (2.14), then transport the basis functions using the flow map ¢;(t) = ®7*(¢;)
and define the evolved finite element space as their span

(2.18) Vi(t) = {span{¢; ()} :i = 1,...,N. ¢; € Viy(Mp)}.

In an analogous way we can also define Vjo(t). It follows from the definitions that
V4(0) = Vi, (Mp,). Discrete material velocities are defined by

N N
(2.19) vn(t,-) = Y vty (1)) dit),  vitlt,-) =Y v (t,y:(1) ilt),
i=1

i=1
with corresponding derivatives
(2.20) Mo = 0rd; +v1, - Vi, 07l = 0hdi + 7t - V.

Using an ALE map, which describes the motion of the computational domain, we
have that G,fqbi =0.

In this work, time-dependent PDEs are discretized in a collection of time points
{to,...,tn}. We denote quantities on discrete time points by a superscript, where
()™ refers to the previous time step and (-)"*! refers to the current time step. The
time step size is defined as 77! = t,,,.1 — t,, and for the sake of simplicity we restrict
in what follows to constant time step size 7, with the understanding that every first-
order-in-time scheme is amenable to adaptive time stepping.

Remark 2.1. From now on, we will often omit the explicit dependence on time,
indicating for example My,(t) as simply M} and leaving it to the context to indicate
the considered time.

3. Structure preservation. In this section we describe how to deal with the
challenges highlighted in P.2. In the effort of maintaining the interpretability of the
considered systems, we focus on bounds and mass preservation. The method recently
proposed in [30, 29] provides a flexible approach to achieve such goals for a wide
variety of finite element formulations on stationary bulk domains. Here, we extend
those advances to moving surfaces and moving bulk domains. The main advantages
of the employed method are:

e Bounds preservation is achieved in such a way that, in its simplest form, it
reduces to the widely used cut-off approach.

e Accuracy is theoretically retained for higher order methods in space and time,
granted some underlying hypotheses are satisfied. This is not the case, for
example, for discrete maximum principle preserving schemes.

e The approach can easily be incorporated as a post-processing step without re-
quiring explicit time integration. While explicit time integration as reviewed
in [103] can be effective for hyperbolic equations, here we are also interested
in parabolic equations.

e The simplicity of the algorithm makes it suitable for implementation in legacy
codes with negligible overhead computational time with respect to the original
non-preserving discretization method. Nevertheless, the method enjoys good
stability properties and even allows for error analysis for some specific cases,
see [29].

e No ad hoc problem reformulation is needed, but the scheme only acts on the
nodal values of the solution through a Lagrange multiplier approach.



8 A. CONTRI, A. MASSING, AND P. RANGAMANI

Following the presentation in [29], the derivation of the method starts from a nonlinear
PDE in the form

(3.1) ug + Lu+ N(u) =0,

where L is a linear or non-negative operator and N (u) is a semilinear or quasi-linear
operator. The operators £ and A (u) are acting on functions defined on the space-time
manifold Gr. As underlying assumption, the solution to the continuum problem lies
in the interval [a, b], i.e. given a < u(0,p) < b for all p € M then a < u(t,z) < b for
all (t,x) € Gp. The corresponding generic spatial discretization is

(3.2) Apun + Lyup + Np(up) = 0,

where we assume up € Vj,. To make the scheme bound-preserving, a Lagrange mul-
tiplier A, is introduced together with the quadratic function g(u) = (b — u)(u — a).
The problem is then reformulated as

(3.3a) Ayup, + Lyup, + Ny (un) = Ang' (un),
(3.3b) A >0, g(up) >0, Ang(un) =0,

where the second line represents the usual Karush-Kuhn-Tucker conditions for con-
strained optimization [62, 70]. A core assumption of the scheme presented in [29] is
that (3.3) is satisfied pointwise in a set of points 3, that can be both mesh points or
collocation points for Mj. We must then have:

(3.4a) Ovun(p) + Luun(p) + Nu(un(p)) = An(p)g' (un(p)), Vp € I,
(3.4b) An(P) >0, g(un(p)) >0, An(p)g(un(p)) =0, Vp € ¥j.

It is important to notice that 3, does not include points where essential boundary
conditions are applied. The next step is to discretize (3.4) in time, where we here
focus on the case of Backward-Euler (BE or BDF-1) time integration in the interval
{t",¢"*1}. Higher order extensions are presented in [29] and can be adapted following
similar arguments. The key idea is to apply an operator splitting approach to (3.3)
dividing the problem in two steps.

In the predictor step we solve the unconstrained problem

~n+1

(3.5) n <”)T* UBP) |yt (p) + Na (@ (p) = 0, Vp € T

In the corrector step we solve the constrained problem

up ™ (p) — !

®) _ N (p)g (up T (p)), Vp € Eh,
(3.6b) A (p) >0, g(upt(p) =0, AFH(p)g(upt(p)) =0, Vp € Sy

If we are only interested in bound preservation, it turns out that the solution to (3.6)
is the cutoff function

apt(p), ifa<ayt(p) <b,
(3.7 up ™ = cutoff[ay ] = { a, if 4t (p) < a,

b, if @t (p) > b.
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The above step is unfortunately not mass-preserving even if the solution is. To fix
this, the authors in [30, 29] introduce an additional global space-independent Lagrange
multiplier EZH. The corrector step (3.6) is modified to include the mass preservation

constraint,

(3.80) L (p) = X ()9 (i () + 6 4 L ), VP € 3,
(3.80)  ATTH(R) =0, g(up(p)) 20, ATTH(P)g(up " (p) =0, ¥p € T,
(3.8¢) (™, DM = (upp, P,
where (-, -)" is a suitably chosen discrete inner product. In our case this discrete

inner product, that has to be expressed pointwise as (u, v)" = Zpezh wpu(p)v(p),
is assumed to be equivalent to the classical L? inner product on Vj,. For this rea-
son, whenever required, we will choose (-, -)* to be the mass-lumped inner product.
Rearranging (3.8a) as

(39 ()~ () + e = M (P (), Y €

the solution is then ™' = cutoff(a} ™ + 7€) where &'*' is the solution to the
nonlinear equation

(3.10) Frrlenthy = (cutofffa) ™ + 76, 1) — (up, )P = 0.

Bounds on the energy norm are provided for a class of non-linear PDEs in [29] together
with error analysis of a restricted class of problems.

Remark 3.1. Since (F™*!) might not exist, the authors of the scheme in [30, 29]
suggest the use of a secant method to find the solution of F"*1(¢£) = 0 in (3.10) using

Frrl (&) (& — Ek—1)

(3.11) Gt =&~ Tori,)— perie )

together with initial guesses o = 0 and & = O(7). From a practical standpoint, the
algorithm converged in less than four iterations for each timestep for the case at hand.

The technique introduced is clearly directly applicable to a wide variety of equa-
tions. The authors themselves in [30, 29] have proposed experiments for Allen-Cahn,
Cahn-Hilliard with variable mobility and Fokker-Planck equations on a fixed bulk do-
main. Inspired by the biophysical mechanisms driving cell reshaping, we will demon-
strate their accuracy when modeling complex advection-diffusion-reaction equations
and phase-separation phenomena. The structure preservation properties will allow to
simultaneously maintain stability, interpretability and physical complexity.

4. Tangential grid control and ALE discretization. When dealing with
evolving domains in a fitted framework, it is not uncommon to incur deformations
that lead to highly distorted meshes. This is especially true when gradient flows are
involved, since they only prescribe the velocity and hence the displacement in normal
direction. Following 2.11, we introduce a particular ALE map tailored for gradient
flow dynamics that works as follows.

Consider the time interval {¢,,t,+1}, and suppose the surface I'yy would be dis-

placed, following the physics of the problem, to an updated surface fﬁ“ at time ¢,
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which is highly distorted. We define an artificial tangential motion aimed at maintain-
ing the surface shape (and consequently energy) but redistributing the nodes more
favorably to reduce mesh distortions. We choose the two-stage algorithm proposed in
[36] for the following reasons:

e The method has proven to be very effective for gradient flows such as the
mean curvature flow and the surface diffusion flow.

o [ts two-stage nature makes it a tunable feature of the code, that can be turned
on and off at will.

e Being a two-stage process and not embedded in the gradient-flow algorithm,
it can be applied on the mesh evolution independently of the presence of the
gradient flow.

e Beyond the scope of the current work, the method can potentially be applied
to higher order in time integration schemes.

The algorithm presented in [36] is based on the assumption that the starting mesh
is regular enough. The idea is then to impose an artificial tangential velocity that
requires ®4(¢,-) : T — I to be an harmonic map, i.e.

A
agt “(n FO‘I’A>_('U n)O‘I’A,
(4.1) A A
—As®" = (xn)o @
Equivalently, ®* is required to minimize the energy s £ |VA‘1>A( -)|2, under the con-
straint v -mp = 0 on I', which is imposed using the scalar-valued Lagrange multiplier
». The fully discrete version of the scheme reads: given a surface F"+ evolved from

an initial surface I'y, find with € Vo (I‘Z+ )]4 and s € VhO(I‘ZH) such that

(Vr, (Wi o @), Ve, (@0 % ), — (4 npnr )
(4.2a) = —(Vg, @dgpei 0 @7, ), Vi, (é),0 7 ))p,
(42b) ('lUZ+1 nf:Jrl 3 ¢h)fz+1 = O,

for all ¢, € [Vho(flzﬂ)]d and ¢ € Vi (IN“Z“) The function w} ™! represents
the displacement on I‘ZH that moves tangentially the nodes maintaining good mesh
properties. From this we have that (vj, — vit)" ! = —w} /7.

After the surface has been displaced, a second step might be needed to extend the

ALE motion in the bulk. The bulk mesh is advected through a continuous harmonic

extension of w’hLl The Laplace problem reads correspondingly
AeZH =0, in SNIZH,

(4.4) et =witl on 9O,

and we have that (v, — vi)"+t = —e} ™! /7.

5. Advection-diffusion-reaction system. The model equation we consider
reads

(5 1) {8tU+VM'(bMU—AMVMu)—‘rC]y[U:f on M(ﬁ),

uw(0,x) = ug on M,

where u : Gr — R is the concentration, by, is the advective velocity field, A, is
the diffusion matrix and cp; > 0 is the reaction constant [52, 39, 42]. As in [39,
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p.304] we will assume that (Aar)ij, (bar)i, V- bar, e € L®(M), together with
by (x) € TpyM, Yo € M and the requirement for Ay, to be symmetric and to map
the tangent space T, M onto itself.

Extensive literature exists on finite element discretizations of such equations for
what concerns the bulk case, see [46, 45]. For closed surfaces the SFEM discretiza-
tion of parabolic PDEs in the form of (5.1) has been comprehensively reviewed in
[39]. Convergence estimates for its continuous-in-time formulation using general or-
der polynomials are found in e.g. [42]. For the sake of generality, here we focus on
moving surfaces with boundary. The problem reads: Find u; € V,,(T'},) such that

(5.2) %mh(um vp) + @p(un , vr) + ((bretun — Ar, Vr,up) - o, , vp)ar,
= In(vn) ,Yon € Vi(Th).
where
mp (un, vr) = (Un , VR)T),
(5.3) ap(un,vn) = (A, Vr,un, Vi, on)r, + (=braun, Vr,vn)r,

+ (CMhuh ) Uh)rh

In(vn) = (f, vn)r,

The coefficients Ar, , br,, cr, are required to satisfy the necessary smoothness condi-
tions element-wise on the discrete surface I'y,. Recalling that vﬁ is the discrete velocity
associated with the ALE mapping, the relative velocity is defined as b,.; = br, — 'vf.
All boundary conditions are imposed weakly and the boundary is divided based on
the type of boundary condition applied. We define as dI'j, p the part of the bound-
ary where Dirichlet conditions are applied and as 0I'y n the part where Neumann

boundary conditions are applied. It is required that
(5.4) 8Fh,D N 8Fh7N = @, 8Fh,D U 81“;171\[ = 0I'y,.

Nitsche’s boundary penalty method is used in order to impose the inhomogeneous
Dirichlet boundary condition wup(t, x)lor, , = u(t,x) weakly for the diffusive term
[87, 45]. For convenience, we define v = max{v,0} and v~ = min{v,0}. The
resulting bilinear forms are given by

ap(un , va) = ap(un , va) — ((Ar, Vr,un) - nor, , vn)ar, p
up , (Ar, Vo) mor,)ar, » + (Yahz"un , vn)or, »
(5.5) 4
In(vn) = (u, (Ar, Vr,on) - nor),)or, p + (yahp'u, vn)or, »

—(

((brer - mor,) Tun , vi)ar,

(

((Ar, Vr, yu) - mar, , vp)or, x — ((bret - mor, ) w, va)ar,,

where v4 > 0 is the penalty parameter enforcing up = w on 0I'y, p. Overall the
problem for open surfaces reads: find u;, € V}, such that

d
(56) amh(uh, 'Uh) + ah(uh, Uh) lh(vh), Yoy, € Vh(Fh).
5.1. Numerical methods for advection-dominant problems. In biophysi-

cal cell models, as introduced in P.1, it is not uncommon to incur advection-dominant
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ADR equations. In our case, even purely parabolic equations might become advection-
dominant due to the introduction of an ALE velocity v#. In the present work we
employ and extend the continuous interior penalty (CIP) stabilization to cope with
the possibly dominant advection regime. The CIP method was proposed and analyzed
in [21, 20] and then later extended to the case of stationary surfaces in [23]. More-
over, the CwtFEM approach for moving surfaces developed in [53] applies a CIP-type
stabilization for advection dominant problems on moving surfaces. We chose CIP for
the following reasons:
e It is a widely known, easily implementable technique whose implementation
tools are usually shipped in classical finite element packages;
e Although only weakly consistent, it has proven to be very successful in time-
dependent problems given its commutativity with the time derivative [47];
e Therefore, it has been shown to lead to convergent algorithms for discretiza-
tions of bulk, surface and implicitly described moving surfaces problems.
To formulate the CIP stabilization, we need to define averages and jumps of functions
across edges and faces. For a piecewise discontinuous function f defined on a surface or
bulk mesh 75, (Mj,), we define its average and jump over an interior facet F' € Fj (Mp,)
by

(fE+17). Ll =ft - fr,

N |

(5.7) {FHr=

respectively, where f% (x) = lims_,o+ f(a:f — énf)

The main idea of the CIP approach is to penalize the jump of the streamline
derivative across element interfaces. To this end, the CIP stabilization form is defined
as follows,

(5.8) sy, (un,vn) =W Z orhr ([bar, - Vg, unls [bar, - Vg, vr]) g
FeF}

where 7, > 0 is a dimensionless stabilization constant and ¢ denotes a stabilization
parameter defined by

(5.9) ¢r = max(¢r+, o), ¢+ =min(Bpthrs,uyt), T € Th.

In the above fr is a local velocity scale and ur is the reciprocal of a time [47]. If
bar, € L= (M) N C°(My,), then 5.8 can be simplified to

(5.10) sh(un,vn) =7 Y Brhi ([Vag,unl, [Vas,val) p -
FeF}

with Sp = max(B7+,Br-). We augment the system in (5.6) further to handle
advection-dominant problems, which now reads: find uj; € V}, such that

(5.11) %mh(uh, Uh) + ah(uh, ’Uh) + SZ(uh, Uh) = lh(vh), Yoy, € Vh(Fh).

5.2. Numerical results for the ADR system. Given the novelty of the meth-
ods introduced, little to no theoretical convergence analysis is available in the litera-
ture and is left for future work. We thus proceed in reporting experimental conver-
gence studies using select examples of increasing complexity to testify the accuracy
of the framework.
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We begin by considering a domain in 3D that moves under the linear transforma-
tion ®(t,p) = ®(¢t,p) = A(t)p + B(t) where

cos(t) —sin(t) 0 0
(5.12) A(t) = |sin(t) cos(t) 0|, B()=10
0 0 1 0

We have that @' (¢, 2) = [A(t)] ' (x— B(t)) and that the domain velocity is v(t, z) =
A(t)® (t,x) + B(t)" = v*. We construct manufactured solution for the problem

(513) 8tu + VF . (bru) + cru = f,
with

Uey = cos(2mx1) cos(t),
(5.14) cr =1+12,
br = UA +bre = UA + ]P)F(2a —(B,O),

where @ = (21,x9,23). The right-hand side f has been chosen so to satisfy the
imposed solution. For u., we have that [u(t) = 0 and that u € [-1,1]. The
geometry chosen is a half-sphere with unit radius that was cut along the x1-z5 plane.
Under the above rotation the half-sphere has normal n(t,z) = x/||z| . We test
convergence properties for the following solvers:
1. adrSolver 1: CIP stabilized solver 5.11.
2. adrSolver 2: CIP stabilized solver with imposed bound preservation in the
interval [—1,1].
3. adrSolver 3: CIP stabilized solver with imposed mass preservation using
the lumped-mass inner product (-, -)".
4. adrSolver 4: CIP stabilized solver with both imposed bound preservation
in the interval [—1, 1] and mass preservation.
All solvers reveal the expected convergence in time and space. The results for adr-
Solver 4 with BDF-1 time stepping are shown in Figure 3. Analogous results are
obtained for the other solvers.
To further test the effectiveness of the algorithm we now consider an ill-posed
problem. Maintaining the half-sphere geometry and the transformation as in 5.12; we
solve the pure transport problem

(5.15) Oyu + VF(bFU) =0,
with
(5.16) br = v + b = v 4 (2,0, —x) - (1 —e710%), g = e 37,

By construction the initial concentration is pushed towards the boundary where an
incredibly sharp boundary layer forms, since zero flux boundary conditions are en-
forced by the fact that b,.; - ngr = 0. Given the zero flux condition, the resulting
solution is also mass-preserving. Parameters are set as follows

Hh‘nv‘ ne ‘T‘ T ‘
[01]780]1495 [ 1 ]0.01 |
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Fig. 3: Convergence studies for the solver adrSolver 4 in List 5.2. As expected, first
and second order convergence are achieved in time and space, respectively.
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Fig. 4: (a) Oscillating final solution of non-stabilized ADR solver at ¢t = 1. (b) Final
solution for adrSolver 4 at ¢t = 1.
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Fig. 5: Left: relative absolute error in fr(t) u(t) with respect to fr(o)“(o) for the
solvers in List 5.2. Right: Close-up of minimum value of u for the different solvers in
List 5.2.
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where no is the number of vertices and ne is the number of elements. We compare the
results of the four different solvers of List 5.2 in Figure 4 and Figure 5. The bounds
for adrSolver 2 and adrSolver 4 were set to [0,10°] in order to guarantee positivity.

It can be seen that the non-stabilized solver is unstable due to the pure advective
regime, leading to oscillations that inevitably effect the whole domain Figure 4a.
adrSolver 1 effectively controls the solution’s gradient thanks to the stabilization,
generating a non-oscillating solution, but fails to maintain its positivity, see Figure 5
(right plot). This characteristic is lost along OT" where the species encounters the steep
boundary layer. adrSolver 2 manages, thanks to the cutoff, to keep the solution
positive but fails in maintaining mass-preservation as it can be seen in Figure 5 (left
plot), where the relative absolute percentage mass error is plotted. adrSolver 4
successfully manages to deal with the boundary layer, maintain positivity, and avoid
oscillations. The final solution is shown in Figure 4b.

6. Cahn-Hilliard system as a phase separation model. Phase field model-
ing plays a central role in biophysical systems to investigate phase transition processes.
Common phase field models for stationary surfaces are derived from Allen-Cahn and
Cahn-Hilliard dynamics [26, 44, 43, 35], where the motion follows the minimization
of an energy functional. We will focus here on the functional

Veul2 1
(6.1) 5CH(U):/ a(¥+m(u)),
M) \E_\,_/
1 11

where u is the phase field, e € RT is a length scale parameter determining the interface
length and ¢ € RT describes the interface tension between different phases. Term I
encodes the interface energy, penalizing inhomogeneities. Term II encodes the local
free energy and drives phase separation through the use of a double-well potential.
We consider here two different double-well potentials

(6.2a) Fi(u) := %((1 —u)log(l —u) 4+ (14 u)log(l +u)) + ! _QUZ,
620) By = LS

for which

(6.3) F{(u) = log(%) —u, and Fj(u) = u® — u respectively.

Fy is a Flory-Huggins-type mixing free energy density whose formulation finds its
roots in configurational entropy [59, 48]. It can be seen that F is only well posed for
u € (—1,1). For this reason, a simpler polynomial potential F5 is often used. The
advantage of the latter is that it is well defined for values of u outside the interval
(-1,1).

The extension of the Cahn-Hilliard equation to evolving surfaces has seen recent
developments due to its applicability to biological membranes and alloys [105, 41].
The evolving surface Cahn-Hillard equation [24, 25] can be written as

(6.4) {a'u +(Vr - v)u = Vr(mVrw),

w = —oeAru+ ZF'(u),

subject to the initial condition u(0) = wg for suitable initial data. w represents
the chemical potential and m € RT is the mobility. As explained in [77], models
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for evolving surfaces have similar energy functions to models on stationary surfaces,
but important differences arise. Even if the evolution of the systems is driven by
the minimization of (6.1), energy dissipation is no longer satisfied since the velocity
is viewed as external force that adds to the system. Analogously, mass preservation
depends on the velocity. To keep mass conservation, we must assume Vr-v = 0, which
is equivalent to assume inextensibility of the cell membrane, and by consequence area
preservation. This assumption also allows to consistently extend this one-phase model
to N-phase models satisfying the hyperlink condition, as described in [77].

6.1. Numerical methods for Cahn-Hilliard system. For the discretization
of (6.4), the evolutionary surface finite element method (ESFEM) is one of the most
popular methods adopted and the one we consider here [39]. Its advantage lies in
simple implementation, low memory consumption, ability to handle complex defor-
mations and potential for efficient parallelization. We refer to [77] for a review of
alternative methods. We employ a semi-implicit approach where the fully discrete
formulation reads: given u} € V;,(T'%) find u} ™, w™! € V;,(I'}) such that

n+1 n
—up

(6.52) ny, (WLT

(6.5D) m (Wi ) = oebn(uf T o) = T (F ) ),

) ¢h> + ((’Uh - U;LA)U’Z+1 ) VF;;(bh)F;f + mbh(wz+1 ) ¢h) = 07

for all ¢y, Yy € Vh(FZ) with

(6.6) np(un, o) = (un, on)rps  bu(un, ¥n) = (Vrpun, Vertn)ry.

Similar discretizations can be found in [43, 7, 85], where a Cahn-Hilliard solver is
coupled with a domain evolution which is unknown. In those works, the potential Fb
was used. In our case, we can take advantage of the scheme presented in Section 3 to
employ both F; and Fy, and apply mass conservation if needed. The scheme proceeds
as follows.

In the predictor step we solve the unconstrained problem 6.5. Taking the non-
linear term explicitly ensures uj lays inside the desired bound.

In the corrector step we solve the constrained problem imposing uj't! € (=1, 1).

Remark 6.1. Another strength of the postprocessing technique of [29] evident here
is that it can act directly on the quantity of interest per se without involving w;‘H,
which is unbounded. We remind the reader that extensions for higher order BDFs
methods are presented in the original articles.

6.2. Numerical results for Cahn-Hilliard system. We proceed in reporting
experimental studies to assess the accuracy of the proposed framework. Consider a
cylinder revolving around the z-axis with radius R = 1 and height [ = 2. To satisfy
the assumption Vp - v = 0, we transform the initial cylinder through the isometry
®(t,p) = ®7(t,p) = A(t)p + B(t)

At) 0 0 0.2
(6.7) A =10 Xt 0o |, B@)= |01,
0 0 1/A®) 0

where A(t) = 1+ 0.5sin(nt). Convergence studies have already been proposed in the
literature and we proceed by testing the quality of the structure preservation technique
on realistic initial conditions. The verification is performed for the following solvers:
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1. chSolver 1: Solver 6.5 with no postprocessing.
2. chSolver 2: Solver 6.5 with imposed bound preservation in the interval
(-1,1).
3. chSolver 3: Solver 6.5 with imposed mass preservation using the lumped-
mass inner product (-, -)".
4. chSolver 4: Solver 6.5 with imposed bound preservation in the interval
(—1,1) and mass preservation.
Zero flux Neumann boundary conditions are imposed for both u and w. A random
uniform initial distribution in the interval [—1,1] is chosen for ug. The parameters
are set as

[P lm[efo[T] 7 |
[0.05]001]01]10]4[2-107%]

Results for the potential F; are shown in Figure 6 and the same tests for Fy are
shown in Figure 7. In Figure 6, chSolver 1, 3 and 5 break after few steps due to
the phase exceeding the bound (—1,1), while the other solvers correctly reach the
end of the simulation. Structure preservation properties are better appreciated in
Figure 7. It can be seen that the energy landscape is not significantly modified by
the use of either bound preservation and/or mass preservation. In both mass plots
it is evident how the mass preservation property is lost for chSolver 2, that only
has bound preservation, leading to a different overall dynamics for chSolver 2. Mass
in instead correctly preserved by chSolver 4 as expected. Plotting the maximum
and the minimum value in the bottom two pictures not only highlights the bound
preservation but also visually testify that the phase separation dynamics is respected
by the postprocessing step. This is particularly clear in the passages where the bound
preservation is deactivated. For example around t ~ 1 in Figure 7, when the bound
preservation is not needed, the maximum value of the bounded solvers naturally
returns to align with the unbounded ones.

7. Membrane force system. In the realm of mathematical modeling, principal
curvatures have long been used for the theory of elastic plates and shells, with the work
of Kirchhoff [66] representing what may be the most famous case. Later in the *70s,
the work of Canham [27] and Helfrich [54] on the link between biological membranes
shape and curvature functionals has de facto initiated an entirely new field of research
focused on the use of geometry of hypersurfaces for biophysical modeling.

We will here focus on the Canham-Helfrich functional £g(¢) and its discretization.
Considering membranes with boundaries, a commonly used expression for the energy
functional is

(7.1) en(t) = [ e —r*+ [ roro+a0 [ 1

where v, 7v¢ € R are bending rigidities, x : Gr — R is the previously introduced
mean curvature, kg € R is the spontaneous curvature, and kg : Gr — R is the
Gaussian curvature kg = det W. The parameter 5 takes into account the possible
line energy of OI'. For the sake of simplicity we will consider the case vg = constant,
yw = constant, and assume that no topological change occur along the evolution.
Taken into account these simplifications, the gradient flow of a membrane I' is a family
of evolving surfaces with normal velocity v given by [88, 14]

1
(7.2) vt = Yw (—AFH + 5/@'(/-@ - Ho)2 — (K — Ho)\WP)”P
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Note that such velocity is in the normal direction since tangential changes to the sur-
face shape do not modify its energy. Equation (7.2) can be considered as a generalized
Willmore flow equation. The mean curvature & is directly coupled to the surface T’
through a second-order dependency. This can easily be seen in the case of surfaces
whose configuration is described by a levelset equation. In that case, k is the trace
of the extended Weingarten map H which in turn can be computed as the Hessian
of the levelset for I'. Equation (7.2) thus leads to a fourth-order nonlinear equation
posed on a moving manifold.

Remark 7.1. Other geometrical flows like the mean curvature flow and the surface
diffusion flow are also of interest in this field. Being somewhat simpler, extensive
research is already available for them, while less is known about the Willmore flow,
which we focus on in this article. We refer to [38, 32, 15] for further details.

Remark 7.2. Since this is a defining equation for the normal wvelocity, additional
forces can be taken into account by introducing a right-hand side to (7.2).

7.1. Numerical methods for Helfrich system. We choose here the family
of BGN-type algorithms as pioneered in [11] and later adapted for Willmore flow in
[12, 14]. The schemes pivot around the two following ingredients:

e Introduce the mean curvature vector k(t) = k(t)nr(t) as independent variable
and use the defining equation for the mean curvature vector kK = Arldr in
order to reduce the fourth order problem to a coupled second order one [11];
e Use the weak formulation to rewrite and simplify the term x|W|? (more pre-
cisely x|H|? in the immersed setting) taking advantage of the newly intro-
duced variable k. This reformulation not only simplifies and linearizes the
system but also leads to stable schemes as proven in [37].
Our scheme choice builds on the one derived in [14] for boundary value problems.
Among the different types of boundary conditions considered in [14] we will restrict
to the case of clamped boundary conditions, for which

(7.3) AT (t) = AT (0) = AT and mar(t) = p(t) on AT,

where p(t) is a user-given function that dictates the evolution of ngr(t). The weak
form of (7.2) then reads: Find v*, y, & € [H(t)]? such that

(7.4a) (v, @)= (Vry, Vre)+ (Vr-y, Vr-¢) — (Vry)", D(¢) Pr)
—ko(k, (Vre) 'nr) — %(7W|K' — konr> P, Vre)

+ ((y : K’) PF? VF¢)3
(7.4b) (y, %) = (yw(k —Konr), ¥),
(7.4c) (k,8) = —(Ppr, Vr€) + (1, §)or,

for all ¢, 1, & € [H(t)]?, where H(t) is the Sobolev space W2(T'(t)). In the above

D(¢) = Pr(Vre 4+ Vro? )Pr and y is an auxiliary variable introduced to deal with
the spontaneous curvature. For the discretization of the normal velocity in (7.4) we
choose to introduce the displacement variable dj ' € [V;,(T'})]? defined as

(75) o (1) = = it 1) — i) by(tn) = S,

7

where we recall that y, are the mesh points and {¢,} the associated vector-valued
basis such that ¢,(y,) = d;; at all times. Moreover, (7.4c) and (7.4b) can be collapsed
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to

1
’YTV(Z/"Jrl , P)re + (Vead™ ™, Vi) pn = —(Pro, Veny)rs

(7.6) +(komrn , Y)rn + (1, P)orn.

The fully discrete form of (7.4) reads: Given y7,k} € [Vi(I'7)]¢ find
dith € [Vio(TP)]? and ¢ € [V, (T})]? such that

dn+1 h "
(7.7a) ( ; ¢h> — (Veoyp ™, Ve gy )rn = (Ve - yit, Voo - @)
ry

— (Vepyi)™ s D(¢y) Pry ey — wo(sq, (Vepdy) nry )it

1 n n
= IPF;; ) Vrz¢h)}rl;; + ((yh - &) Pry Vrz¢h)}f;;,

(Yw |k — Komry

\V]

1 n n
(7.7b) wa(y A 1/’h)rn (VF;jth’ Vrptby)rp

—(Pry . Vrpyy)ry + (komry ":bh)}l'L‘Z + (p, ¥p)orm,

for all ¢, € [Vio(T')]4, v, € [Vi(TP)]4, where (-, -)" is the mass-lumped inner
product.

+1 n+1 __

Remark 7.3. The mean curvature k; " can be recovered a posteriori as k; 7~ =
vyt + konry) where 7' (-) is the standard interpolation operator.

Remark 7.4. Note that (7.7) corresponds to the scheme presented in [12] for the
choice of the parameter 0 = 1, i.e. without tangential motion control.

7.2. Numerical results for Helfrich system. To test the accuracy of our
method for gradient flows, we start by performing classical studies on Willmore flow
such as the ones in [37, 12, 14]. For every test we compare

1. hfSolver 1: algorithm (7.7).

2. hfSolver 2: algorithm (7.7) together with the mesh redistribution described
in (4.2). We highlight that it is of crucial importance that, when the algorithm
in Section 4 is employed, geometrical quantities characteristic of the mesh are
updated. In our case, we refer to the mean curvature k, and the auxiliary
variable y,;, of the algorithm in (7.7).

We start by testing the convergence using the example presented in [12, Section 5.3].
It is an evolving sphere with initial radius Ry and spontaneous curvature xg. The
radius evolution R(¢) is the solution to the ordinary differential equation

2
(7.8) R, = —% (E + no), R(0) = Ry > 0.

The error norm chosen to verify convergence is the following
(7.9) [T = Ll e ooy = maxmax [[ly; (ta)[| = R(tn)],

where y, are the vertices of the mesh simplices. Results are presented in Figure 8. The
convergence in space and time is clearly visible and in accordance with the optimal
expected. Moreover, we can see that the use of the mesh redistribution actually
improves the convergence rates. We believe this behavior is due to the automatic
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Fig. 8: Convergence studies for Willmore flow of sphere under spontaneous mean
curvature for the solvers in List 7.2.
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Fig. 9: Energy evolution for torus with R = 2, r = 1 for the solvers in List 7.2.

mesh adaptivity of Equation 4.2 (already mentioned in the original article [36]), which
tends to accumulate nodes in certain regions providing better geometry description.
As a second test we check the energy evolution for a torus of major radius R = 2
and minor radius » = 1 as done in [12, Section 5.1]. The minimizer of the Willmore
energy in this case is the Clifford torus with radius R = v/2, r = 1, which has energy
€ = 412 =~ 39.4784. We use both solvers and plot the energy history for two different
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examples described by the following parameter sets:
[ lmfme] « [T)[R][m]ne [+ [T]
[02]2238 4476 [107® [ 2 | [[0.1 [8951 [ 17902 [ 1073 | 2 |

The results are shown in Figure 9. We notice how both simulations using hfSolver
1 break before reaching the end time. This is due to instabilities that occur at
regions of high curvature already observed in [12, Figure 2| for § = 1. Applying the
redistribution doesn’t impact the energy landscape and allows to proceed with the
simulation until the stable state is reached. Moreover, refining the mesh shows how
the energy converges toward the expected value.

7.2.1. Pinching tests for Helfrich system. We perform consolidated tests for
the Willmore flow under the influence of spontaneous mean curvature as presented in
[12, Section 5.3] and then repeated in [51], where a similar two-step procedure as the
one adopted here is used. We consider two different tests for cigar-shaped surfaces:

1. hf-Test 1 with initial mesh as in Figure 10a and the following sets of param-
eters

[ [ [T[r] [+ [w[w[T]a]
[025]601 [ 1198 [ 1 [-2 ] [[0.125]2321 [ 4638 [ 1 [ -2 |

2. hf-Test 2 with initial mesh as in Figure 10d and the following sets of param-
eters

[ P[] ne [T r] [ A [m[ne [T [r]
[0.25 [ 845 [ 1686 | 0.3 [ -3 || [[0-125 | 3282 | 6460 | 0.3 | -3 |

A common timestep of 7 = 1073 has been used for all the experiments. The idea is
to test the ability of the algorithm to simulate pinching phenomena, since hf-Test
1 develops one neck and hf-Test 2 develops two necks. The results are plotted
in Figure 10 for both hfSolver 1 and 2. It can be seen how the mesh adaptivity
mentioned in [36] leads to a better resolution of the neck and overall better results
for hfSolver 2. By comparison of Figure 10c with [12, Figure 12] the shape is
qualitatively in accordance with what is expected. Even more, while [12, Figure 12]
requires a finer mesh to accurately resolve the three pearls, the mesh adaptivity of [36]
alleviates that requirement for similar resolution. Figure 10 is also in accordance with
[61, Figure 5.14], where a similar algorithm is employed for a cigar-shaped surface
with different aspect ratio. As it happens in that article, it has to be noted that the
refinement of the necks comes to the expense of a coarser mesh at the lobes. Looking
at the energy evolution for hf-Test 2, the curve for hfSolver 1 and hfSolver 2 fall in
the same place for all experiments, highlighting that the tangential mesh redistribution
does not impact the energy landscape of the shape dynamics. For hf-Test 1 we have
that the dynamics is stable for both examples when h = 0.2, with a slight difference in
energy when necking occurs. Refining the mesh leads to mesh breaking for hfSolver
1, while hfSolver 2 maintains its stability, asymptotically tending towards the same
energy hfSolver 1 was tending to in the coarser case. Overall, the proposed technique
appears stable in various regimes and accurate in resolving the energy evolution of
the geometry.

8. Coupling. Simulating actual biological behavior involves complex coupling
between different equations. Given we make heavy use of post-processing techniques,
we couple the various solvers in a staggered way. We have then the option to choose
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evolution for hf-Test 2 for the different solvers in List 7.2. We note that figures are
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between explicit and implicit staggering. Both approaches have shown to be effective
in the literature [84, 65, 64, 51]. In [7, Appendix E], where fluid deformable membranes
with phase separation are considered, both procedures show very similar results even
in the most complex scenarios. Moreover, when implicit staggering is chosen, the
authors of [7] claim that convergence is achieved in four steps on average. Strong of
these results we proceed in coupling our solvers.



24 A. CONTRI, A. MASSING, AND P. RANGAMANI

Remark 8.1. An alternative option is to use a monolithic approach and couple
the solvers in a unique system, avoiding staggering. In this way there is no need
for sub-iterations and memory allocation is reduced. On the other side, the solution
is usually only available for ad-hoc problems and not flexible. Together with this,
eventual non-linearities have to be linearized. One can find an example of such a
choice in [85], where wetting dynamics of liquid droplets on deformable membranes is
simulated.

8.1. Numerical results for coupled mean curvature and ADR equations.
We begin by testing the convergence properties of our coupled solver. To do so we pick
the coupling example presented in [67]. The system which is solved is the following
[67, p.686]:

(8.1a) 0®u+uVr-v—Aru= f(t,x),
(8.1b) v — alArv — SArIdr = (du + g(t, z))nr,
with parameters , 8,6 € RT and © = (z1, %2, z3). Convergence studies are perfomed

choosing f, g such that the exact solution for u is u(t,z) = x1z2e%. The geometry
is chosen to be a sphere whose radius evolves following the law

ToTK
8.2 R(t) =
(82) ®) rrekt 4+ rg(1 — e—kt)’

with parameters rg,7x,k € RT. The parameters are chosen as follows
[TlelB[ 0 [ro]m [k ]
[1Jo]J1]o4] 1] 2]05]

To simulate (8.1a) we can use what has been introduced in Section 5 and add a right-
had side coupling. Since we chose a = 0, we can simulate (8.1b) by simplifying (7.7).
The result is a weighted mean curvature solver that, in this very case, takes the form

dn+1 h n Y
(8.32) (B 0n) = B0 oy = (ut g(t. ey @)ty
'y

T b
(8.3b) Ryt )t + (Vendp ™, Vepapy)re = —(Pro, Venpy,)ro.

We perform the test using implicit staggering. The results of the convergence studies
are shown in Figure 11, where the same norm as in Equation 7.9 is used to study the
results. One can see how the expected convergence is achieved in both space and time.
To qualitatively visualize the effect of the mesh redistribution and ADR stabilization,
the example in [67, Sec. 11.2] is also reproduced. The simulation is derived from a
proposed model for tumor growth. The coupled system is as follows:

(8.4a) 0°u+ uVr -v — Aru = fi(u,w),
(8.4b) O*w+ wVr v — D Arw = fo(u,w),
(8.4c) v — aArv — SVrldr = dunr,

with the non-linear couplings
(8.5) filw,w) =v(a—u+d*w),  falu,w) =y(b—v’w).

The parameters are set as
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As discussed in [67], the nonlinear system composed by (8.4a) and (8.4b) is solved
until ¢ = 5 without coupling it to the mesh evolution, i.e. ignoring (8.4c). After that,
the full system is evolved until ¢ = 8. Implicit staggering is used. We thus have the
following solvers:
1. mcadrSolver 1: Implicit staggering of (5.6) and (8.3) and no mesh redistri-
bution.
2. mcadrSolver 2: Implicit staggering of (5.11) and (8.3) and mesh redistri-
bution.
In Figure 12 we compare the mesh quality at the final time ¢ = 8. It is evident that the
redistribution step keeps the mesh well-behaved while maintaining solution accuracy.

8.2. Numerical results for coupled Helfrich flow and Cahn-Hilliard eu-
qations. We proceed now to test the coupling for more complicated systems and
geometry evolution to explore the potential of our framework. The overdamped
limit model for fluid deformable two-component membranes presented in [7, p.A41-
33] is considered. The discrete scheme (7.7) is augmented with a Lagrange multi-
plier to maintain the inextensibility constraint VF;; -vj = 0. The modified version

reads: Given y§, k} € [V4(T'!)]? find dj™' € [Vio(T)]?, yitt € [Vi(TP)]¢ and
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(a) mcadrSolver 1 (b) mcadrSolver 2

Fig. 12: Simulation at ¢ = 8 for the model (8.4) [67, Sec. 11.2] and the implicitly
staggered schemes in List 8.1.

At € V,(T) such that

h

(8.6a) (dnﬂ ; ¢h) L (Vepyp ™, Veady)rp + (MpHines , ¢y,)
h
= ph(y27 ¢h)7
©60) (i wly + (Vrpd Vi
—(Pry , Veppy)ry + (konry s )ty + (1, 9p)orm,
(8.6¢) (Vep An T, Vg pn)ry + (IKEPXTY S pn)ry

= ((Vrpyn, Vepkp)ry, wn) + (0n(Yh s K1) 5 #n),
for all ¢, € [Vao(T1)]% ¥y, € [Vi(TR)], pn € Vi(T}) where
pu(yh s dn) = (Vrp -yp, Ve - ép)ry — (Vepyi)", D(y) Pry)ry
— ro(k],, (Vrpdy) mrp )t — %(’YWMZL — konry [ Pry , Vg )i

(8.7) + ((yp, - &3) Prp VFZ(bh)?" (Ft, ¢h)1“"

n (8.7), fit! is a general right-hand side. The system is composed of the following
three steps
1. Solver (8.6) with the right-hand side (recall (6.1)):

n+l _ +1 +1 +1
(88) h = gCH(UZ )K,Z - O'EVF;LL’LLZ HZVF}; ’U,Z 3

where wrr is a certain vertex normal, see [11] for details, and H} = —Vrrwry
is the discrete extended Weingarten map.
2. Solver (4.2) where the prescribed material velocity is set to

(8.9) v = -V AT e =dit



A FINITE-ELEMENT FRAMEWORK FOR PDES IN BIOPHYSICS 27

3. Solver (6.5) with tangential advective velocity v}'*' = v} and polynomial

potential F» (6.2).
The test considers a sphere of radius one and the following initial parameters:

[Tl ] o [ m]
[ 1]008] 1.5v/2]0.1]0.001 |

The common initial condition for the Cahn-Hilliard solvers is
(8.10) uo(x) = cos(mxy) cos(mxs) cos(mxs).

The simulation is run with variable elasticity modulus vy € {0.5, 0.1, 0.02} fol-
lowing the parameters in [7]. The timestep is varied accordingly with values 7 €
{1074, 107%,2.5 - 10~°} respectively. The simulation is stopped once the area dif-
ference between initial and evolved surface differs by more than 10%. Results are
presented in Figure 13, where it can be seen that the characteristic bulging dynamics
is correctly recovered.

9. Conclusions and outlook. Here, we presented a numerical framework to
simulate moving boundary problems in biophysics. This work addresses a long-
standing need for robust computational frameworks to tackle such problems. While
other frameworks exist [85, 6, 7, 83, 13], our work targets flexibility of application while
maintaining accuracy. Algorithms that enjoy stability and convergence properties are
tied to non-invasive postprocessing techniques so to favor complex applications. The
result is a stable pipeline with the capability of being scaled to more realistic scenarios.

Specifically, structure preservation is introduced on moving bulk and surface
domains as a mean to allow for biophysically justified models and guarantee in-
terpretability. We show that the scheme is readily implementable while being fast
and accurate. The flexibility of the algorithm, which does not require ad hoc imple-
mentation, is proven by applying it to both advection-dominant ADR equations and
phase-field models of the Cahn-Hilliard type. Convergence studies were performed for
the bound- and mass-preserving scheme and the expected convergence rates were nu-
merically verified. The framework also couples recent mesh redistribution techniques
for gradient flows with the ALE method. We showed that this union is efficient in
handling complex reshaping dynamics without the need for remeshing. As a result,
the algorithm is tunable to the needs of the user and does not modify the underly-
ing domain evolution. This is crucial in biophysical settings where the dynamics of
the overall system is strongly coupled to the domains’ shape. Convergence studies
were performed, demonstrating the accuracy of the scheme. Additionally, complex
benchmark tests were conducted, showing good agreement with previous results in the
literature. Building on previous results, we show that staggering is an effective method
to simulate increasingly complex physics such as those that occur in biophysics.

The framework developed here has strong potential to simulate problems with
increasing biological complexity. To achieve this goal, we foresee the need to incor-
porate large systems of ADR equations, that are not discussed in the present work
[50, 83, 82]. Furthermore, fluid equations have also been shown to play an important
role at certain timescales [94, 96, 2]. Including Navier-Stokes type equations on both
interfaces and bulk [85, 7] will broaden the applicability of the computational schemes
presented here.

In summary, we presented a finite element framework able to handle a rich set
of reshaping dynamics arising from bulk-surface coupled PDEs in biophysics. This
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Fig. 13: (a) Initial setup for problem the problem 8.10. (b)-(d) Mesh for different
elasticity modulus. The simulation is shown at end time t =

1 or at last timestep
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framework poses itself as a major stepping stone on the path to physical simulations
of moving boundary problems in cell biology.
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