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Abstract

We study the two-dimensional gravity–capillary water waves equations for a fluid of finite depth h > 0
under the combined effects of gravity and surface tension κ ≥ 0. We analyze the linear stability and
instability of small-amplitude, 2π-periodic Stokes wave solutions, under the effect of longitudinal long-wave
perturbations. The corresponding linearized operator has periodic coefficients and a defective zero eigenvalue
of multiplicity four. Using Bloch–Floquet theory, we investigate the associated family of periodic eigenvalue
problems. For all surface tension values κ ≥ 0 and depths h > 0, we establish the complete splitting
of the four eigenvalues near zero when both the wave amplitude and the Floquet parameter are small.
Specifically, we rigorously prove that in the regions of unstable depth and capillarity identified formally by
Djordjevic–Redekopp and Ablowitz–Segur in the 1970’s, the spectrum of the linearized operator near the
origin depicts a “figure 8” pattern.
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1 Introduction

Stokes waves, first described in the groundbreaking work of Stokes in 1847 [44], represent one of the earliest
known global-in-time solutions for dispersive PDEs. They are spatially periodic water waves that travel rigidly
in one direction, remaining uniform in the transverse direction, and persist indefinitely despite dispersive effects.
The extensive literature on this topic is surveyed in [26].

A long-standing challenge in fluid dynamics is determining the stability of Stokes wave under longitudinal
long-wave perturbations. This question was answered in 1967 when Benjamin and Feir [3] experimentally
demonstrated that small-amplitude Stokes waves are unstable under long-wave perturbations, and proposed a
heuristic justification for this phenomenon. Similar explanations were independently advanced also by Lighthill
[36] and Zakharov [49]. This instability is nowadays known as Benjamin-Feir or modulational instability, and
it is supported by an enormous amount of physical observations and numerical simulations.

∗International School for Advanced Studies (SISSA), Via Bonomea 265, 34136, Trieste, Italy.
Emails: thsiao@sissa.it, amaspero@sissa.it

1



The first rigorous mathematical proof of the Benjamin-Feir instability was obtained thirty years ago by
Bridges-Mielke [10] and more recently by Nguyen-Strauss [41]. These works prove, in case of 2d pure gravity
water waves in finite respectively deep waters, that the linearized water waves operator at a Stokes wave of
small amplitude has unstable spectrum near the origin. In the last few years, thanks to the introduction of
new methods and techniques, Berti-Maspero-Ventura were able to obtain the full description of the L2(R)-
spectrum of the linearized operator near the origin in deep waters [5], finite depth [6], and at the critical
Whitham-Benjamin depth hWB ≈ 1.3627827 . . . [7], proving the “figure 8” conjecture.

This paper examines the linear stability and instability of small-amplitude Stokes waves in the context of
2d gravity-capillary water waves. Theoretical work conducted in the 1970s by Djordjevic and Redekopp [22],
as well as Ablowitz and Segur [1], pinpointed zones of capillarity and depth –illustrated in gray in Figure 1– for
which small amplitude Stokes waves are linearly unstable. Recently, Hur and Yang [30] and Sun and Wahlen
[46] have provided rigorous proofs, confirming that in the Djordjevic-Redekopp unstable zones, the linearized
operator has unstable spectrum near the origin.

The goal of this paper is to provide the full description of the spectrum near zero of the linearized gravity-
capillary water waves operator at a small amplitude Stokes wave. In particular, we prove that whenever the
capillarity and depth fall within the unstable zones identified by Djordjevic and Redekopp, the spectrum of the
linearized operator near the origin has the “figure 8” shape. Let us now present precisely our results.

Benjamin-Feir instability for gravity-capillary water waves. We consider the two-dimensional water
wave equations governing a fluid of finite depth h > 0 under the influence of gravity g (that we set equal to 1) and
capillary forces with surface tension κ ≥ 0. We examine the linear stability/instability of a 2π-periodic Stokes
wave solution with a small amplitude 0 < ǫ ≪ 1 and speed cǫ = ch,κ + O(ǫ2), where ch,κ =

√
(1 + κ) tanh(h).

The linearized water waves equations at the Stokes wave are, in the inertial reference frame moving with speed
cǫ, a linear time independent system of the form ht = Lǫh where Lǫ := Lǫ(κ, h) is a linear operator with
2π-periodic coefficients, see (2.23) (such operator is actually obtained conjugating the linearized water waves
equations at the Stokes wave in the Zakharov formulation via the “good unknown of Alinhac” (2.17) and the
Levi-Civita (2.22) invertible transformations). The operator Lǫ possesses the eigenvalue 0, which is defective,
with multiplicity four, due to symmetries of the water waves equations. The problem is to prove that the linear
system ht = Lǫh has solutions of the form h(t, x) = Re

(
eλteiµxv(x)

)
where v(x) is a 2π-periodic function, µ

in R is the Floquet exponent and λ has positive real part, thus h(t, x) grows exponentially in time. By Bloch-
Floquet theory, such λ is an eigenvalue of the operator Lµ,ǫ := e−iµx Lǫ e

iµx acting on 2π-periodic functions.

The main result of this paper proves, for any value of the surface tension κ ≥ 0 and depth h > 0, the
full splitting of the four eigenvalues close to zero of the operator Lµ,ǫ := Lµ,ǫ(κ, h) when ǫ and µ are small
enough, see Theorem 2.3. We first present Theorem 1.1 focusing on the figure “8” formed by the Benjamin-Feir
unstable eigenvalues. Such figure “8” forms whenever κ and h belong to certain open sets, whose union we
denote by U, c.f. (1.7), that were identified before by Djordjevic-Redekopp [22] and Ablowitz-Segur [1] via a
formal modulational analysis. We picture them in gray color in Figure 1.

To describe such zones analytically, we need to introduce several functions of κ and h. The first one is

eWB := eWB(κ, h) :=
(21− 25c4h + 6c8h)(1 + κ)2 + (−12 + 6c4h + 3c8h)(1 + κ) + 9c4h

8c3h(1 + κ)
1
2 (c4h(1 + κ)− 3κ)

− (1 + κ)
1
2

(
(3hc8h − 6c6h − 6hc4h + 6c2h + 3h)(1 + κ) + 4c6h

)

4c3h Dh,κ

(1.1)

where ch :=
√
tanh(h) is the speed of the linear Stokes wave with zero capillarity, and

Dh,κ := h− 1

4
e212 , e12 := e12(κ, h) := 2(1 + κ)

1
2 ch

[
c
2
h + (1 − c

4
h)h

2c2h
+

κ

1 + κ

]
. (1.2)

The function e12 is positive for all (κ, h) ∈ R≥0 × R>0, R≥0 := [0,∞), R>0 := (0,∞). However, the function
Dh,κ vanishes on an analytic curve, that we denote by

D := { (κ, h) ∈ R≥0 × R>0 : Dh,κ = 0 }, Dh,κ in (1.2) . (1.3)

Actually, in Appendix C we show that Dh,κ < 0 under the Bond number condition κ > h
2/3. Also the

denominator c4h(1 + κ) − 3κ in the first addend of eWB might vanish. To take this into account, we introduce
the set

R :=
⋃

n∈N, n≥2

Rn :=

{
(κ, h) ∈ R≥0 × R>0 : κ =

tanh(nh)− n tanh(h)

n (tanh(h)− n tanh(nh))

}
. (1.4)
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Figure 1: Stability diagram for capillary–gravity Stokes wave. The capillarity κ is on the horizontal axis and
the depth h on the vertical axis. The light gray region is the unstable region of parameters U in (1.7), while
the white region is the stable region S. Lines 1 and 5 (black color) are the zero set of the function eWB in (1.1).
Line 2 (green color) is the zero set of the function e22 in (1.6). Line 3 (red color) is the curve (1+κ)c4h−3κ = 0,
i.e. the curve defining the set R2, c.f. (1.4). Line 4 (blue line) is the zero set of the function Dh,κ in (1.2). Line
6 (orange line) is the zero set of the function c̆h,κ. Lines 3 and 4 are the singular lines of the function eWB on
which the denominator vanishes. We also mark the curves R3,R4, . . . ,R10 and R10,R20, . . . ,R100, which are
plotted as dotted lines and arranged in order from right to left.

A direct computation, using tanh(2h) =
2c2h
1+c4h

, gives κ− tanh(2h)−2 tanh(h)
2(tanh(h)−2 tanh(2h)) =

(1+κ)c4h−3κ

c4h−3
, therefore

(1 + κ)c4h − 3κ 6= 0 provided (κ, h) 6∈ R2 . (1.5)

We shall also require that (κ, h) 6∈ Rn whenever n ≥ 3. These conditions are necessary to avoid resonances in
the construction of 2π-periodic Stokes waves, see the comments after Theorem 2.1. In Figure 1, the curve R2

is plotted as line 3 (red color), and we also plot in dotted lines some of the curves Rn, n ≥ 3, that accumulate
to κ = 0 at every fixed h > 0 as n→ ∞.

Finally we introduce the function

e22 := e22(κ, h) :=
(−3c8hh

2 + 6 c6hh+ 2 c4hh
2 − 3c4h − 6c2hh+ h

2)(1 + κ)2 + (4c2hh− 4c6hh)(1 + κ) + 4c4h

c
3
h(1 + κ)

3
2

. (1.6)

We define the unstable region

U := {(κ, h) ∈ (R≥0 × R>0) \ (R ∪D) : e22(κ, h)eWB(κ, h) > 0} , D in (1.3), R in (1.4), (1.7)

and the stable one
S := {(κ, h) ∈ R≥0 × R>0 \ (R ∪D) : e22(κ, h)eWB(κ, h) < 0} . (1.8)

Our main result says that whenever (κ, h) ∈ U, the spectrum of the linearized water waves operator Lµ,ǫ near
the origin depicts a complete “figure 8”. On the contrary, if (κ, h) ∈ S, the spectrum near the origin is purely
imaginary. In Figure 1 we plot the unstable region U is gray color, and the stable region S in white color. Such
figure is the same obtained previously by Djordjevic-Redekopp [22] and Ablowitz-Segur [1]. We shall comment
more about the relation with these papers after Theorem 1.1.

Along the paper we denote by r(ǫm1µn1 , . . . , ǫmpµnp) a real analytic function fulfilling for some C > 0 and ǫ, µ
sufficiently small, the estimate |r(ǫm1µn1 , . . . , ǫmpµnp)| ≤ C

∑p
j=1 |ǫ|mj |µ|nj , where the constant C := C(κ, h)

is uniform for (κ, h) in any compact set of R≥0 × R>0.
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Theorem 1.1 (Benjamin–Feir unstable eigenvalues). Let (κ, h) ∈ U, c.f. (1.7). There exist ǫ1, µ0 > 0 and an
analytic function µ : [0, ǫ1) → [0, µ0), of the form

µ(ǫ) = eh,κǫ(1 + r(ǫ)), eh,κ :=

√
8eWB(κ, h)

e22(κ, h)
, (1.9)

such that, for any ǫ ∈ [0, ǫ1), the operator Lµ,ǫ has two eigenvalues λ±1 (µ, ǫ) of the form





i 12 c̆h,κµ+ ir2(µǫ
2, µ2ǫ, µ3)± 1

8µ(1 + r(ǫ, µ))
√

∆BF(h, κ;µ, ǫ), ∀µ ∈ [0, µ(ǫ)),

i 12 c̆h,κµ+ ir2(µǫ
2, µ2ǫ, µ3), µ = µ(ǫ),

i 12 c̆h,κµ+ ir2(µǫ
2, µ2ǫ, µ3)± i 18µ(1 + r(ǫ, µ))

√
|∆BF(h, κ;µ, ǫ)|, ∀µ ∈ (µ(ǫ), µ0)

(1.10)

where c̆h,κ := 2ch,κ − e12(κ, h) and ∆BF(κ, h;µ, ǫ) is the Benjamin–Feir discriminant function

∆BF(κ, h;µ, ǫ) := 8ǫ2e22(κ, h)eWB(κ, h) + r1(ǫ
3, µǫ2)− e222(κ, h)µ

2(1 + r′′1 (ǫ, µ)) (1.11)

where eWB(κ, h) in (1.1) and e22(κ, h) in (1.6). Note that, since (κ, h) ∈ U, for any 0 < ǫ < ǫ1 (depending on
(κ, h)), the function ∆BF(κ, h;µ, ǫ) is positive, respectively < 0, provided 0 < µ < µ(ǫ), respectively µ > µ(ǫ).

Let us make some comments:

1. Benjamin-Feir eigenvalues. Whenever (κ, h) ∈ U, for values of the Floquet parameter 0 < µ < µ(ǫ),

the eigenvalues λ±1 (µ, ǫ) have opposite non-zero real part, according to (1.10). The “figure 8” forms in
the upper or lower semiplane provided the function c̆h,κ does not vanish. We plot in Figure 1 the zero
set of c̆h,κ, see line 6. In particular, in the zone above line 6, c̆h,κ > 0. In this case, the imaginary part
(1.10) is positive as µ > 0 and the two eigenvalues λ±1 (µ, ǫ) stays in the upper semiplane Im(λ) > 0. As
µ tends to µ(ǫ), the two eigenvalues λ±1 (µ, ǫ) collide on the imaginary axis far from 0, along which they
keep moving for µ > µ(ǫ). In particular for µ ∈ [0, µ(ǫ)] we obtain the upper part of the figure “8”, see
Figure 2, which is well approximated by the curves

µ 7→
(
± µ

8

√
8ǫ2e22(κ, h)eWB(κ, h)− e222(κ, h)µ

2, 1
2 c̆h,κµ

)
, (1.12)

confirming the numerical results by Deconinck-Trichtchenko [21]. For µ < 0 the operator Lµ,ǫ possesses

the symmetric eigenvalues λ±1 (−µ, ǫ) in the semiplane Im(λ) < 0, which give rise to the lower portion of
the “figure 8”.

Viceversa, in the region below curve 6 where the function c̆h,κ < 0, the imaginary part (1.12) is negative
as µ > 0 and the “figure 8” forms in the lower semiplane as µ ∈ [0, µ(ǫ)] (of course the upper “figure 8”
is formed when µ < 0 by symmetry).

2. Stabilizing effect of the capillarity. Whatever the value of the depth h > 0, it is possible to
select the capillarity κ so that ∆BF(κ, h) < 0 for ǫ, µ sufficiently small, so that the linearized operator
Lµ,ǫ has near the origin only purely imaginary eigenvalues. Indeed curve 4 in Figure 1, i.e. Dh,κ = 0, is
asymptotic to the line h = 9

4κ− 3
4 as κ→ ∞, see Figure 3 orange line. Curve 5, a subset of eWB(κ, h) = 0,

is asymptotic to the line h = 9
4κ − 35

4 , see Figure 3 yellow line. Hence the stable region S contains
asymptotically a strip of fixed size between curves 4 and 5, and values of (κ, h) inside such strip give rise
to Stokes wave linearly stable near the origin.

3. Relation with Djordjevic-Redekopp [22] and Ablowitz-Segur [1]. Both Djordjevic-Redekopp
and Ablowitz-Segur formally prove the linear instability of Stokes waves under long-wave perturbations
via a modulational approximation with a Schrödinger equation. To make a precise comparison with our
result let us describe the relation between our functions eWB(κ, h), e22(κ, h) and the coefficients obtained
in [22, 1]. In particular, denoting by ν(κ, h) ≡ ν and λ(κ, h) ≡ λ the functions in [22, formula (2.17)], we
have

eWB(κ, h) =
1 + κ

2c2h
ν(κ, h) , e22(κ, h) = −8λ(κ, h) . (1.13)

Note that we put g = 1 and the wavenumber k = 1 in the formulas for ν(κ, h) and λ(κ, h), in agreement
with the choice in our paper. The identities (1.13) are easily verified using Mathematica. In particular
our instability criterium in (1.7), namely eWB(κ, h)e22(κ, h) > 0, is equivalent to ν(κ, h)λ(κ, h) < 0 which
is the one described in [22, Section 3].
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Figure 2: The left panel illustrates the eigenvalues λ±1 (µ, ǫ) and λ±0 (µ, ǫ) in the regime (κ, h) ∈ S, where they
remain purely imaginary. In contrast, the right panel corresponds to the regime (κ, h) ∈ U, showing the
complex-plane trajectories of λ±1 (µ, ǫ) for fixed |ǫ| ≪ 1 as µ varies. The “figure-eight” shape depends on the
depth h and capillarity κ. As κ = 0, the spectrum agrees with [6] and approaches the deep-water limit described
in [5] as h → +∞.

e

e

Figure 3: As κ→ ∞, Curve 4 (given by Dh,κ = 0) approaches the straight line h = 9
4κ− 3

4 (orange). Likewise,
Curve 5—contained in the zero set eWB(κ, h) = 0—approaches the line h = 9

4κ− 35
4 (yellow).

In addition, our function e12(κ, h) in (1.2) equals 2cg in [22, (2.7)]. The two singular curves described in

[22, Section 3], namely κ = σ2

3−σ2 , σ = c
2
h, and c

2
g = h, are respectively the singular curves c4h(1+κ)−3κ = 0

and Dh,κ = 0 where the denominator of eWB vanishes.

4. Relation with [6]. Our result reduces to [6] at zero capillarity κ = 0. In particular the function
eWB(0, h) at zero-capillarity reduces to the function eWB of [6, (1.1)], hence it vanishes at the critical
depth hWB = 1.3627827 . . ..

5. Complete spectrum near 0. In Theorem 1.1 we have described just the two unstable eigenvalues of
Lµ,ǫ close to zero for (κ, h) ∈ U. There are also two larger purely imaginary eigenvalues of order O(µ),
see Theorem 2.3.

Before closing the introduction, we recall that [30] and [46] prove that, provided the depth and capillarity
are chosen in certain regions, a first isola of unstable spectrum is present away from the origin. Moreover, in
[46] it is proved that the spectrum of the linearized operator is definitely purely imaginary outside a sufficiently
large ball. It would be interesting to combine such results with the analysis of isolae developed in [4] to give a
complete description of the whole spectrum of the linearized gravity-capillary water waves operator.
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Finally, we recall some related results: modulational instability under transversal perturbations has been
studied in [19, 20, 31, 25]; high-frequencies instability of two-dimensional Stokes waves in the pure gravity water
waves was analyzed in [29, 8, 4], together with numerical investigations in [38, 39, 17, 14, 18], nonlinear mod-
ulational instability in [15]; and various shallow-water or approximate water-wave models were also examined
in [28, 27, 11, 13, 23, 24, 9, 12, 37].

2 The full Benjamin–Feir spectrum of gravity-capillary waves

In this section we present the complete spectral Theorem 2.3. First let us introduce the gravity-capillary
water waves equations and the Stokes wave solutions.
The water waves equations. We consider the Euler equations of hydrodynamics for a 2-dimensional perfect
and incompressible fluid under the action of gravity and capillary forces at the free surface. The fluid fills the
region

Dη := {(x, y) ∈ R× R : −h ≤ y < η(t, x)} ,

with finite depth. The irrotational velocity field is the gradient of a harmonic scalar potential Φ = Φ(t, x, y)
determined by its trace ψ(t, x) := Φ(t, x, η(t, x)) at the free surface y = η(t, x). Actually Φ is the unique
solution of the elliptic equation ∆Φ = 0 in Dη with Dirichlet datum Φ(t, x, η(t, x)) = ψ(t, x) and Φy(t, x, y) = 0
at y = −h.

Imposing that the fluid particles at the free surface remain on it along the evolution (kinematic boundary
condition) and that the pressure of the fluid plus the capillary forces at the free surface is equal to the constant
atmospheric pressure (dynamic boundary condition), the time evolution of the fluid is determined by the non-
local quasi-linear equations [48, 16]





ηt = G(η)ψ

ψt = −gη − ψ2
x

2
+

1

2(1 + η2x)
(G(η)ψ + ηxψx)

2 + κ

(
ηx

(1 + η2x)
1/2

)

x

,
(2.1)

where g > 0 is the gravity constant and G(η) := G(η, h) denotes the Dirichlet-Neumann operator [G(η)ψ](x) :=
Φy(x, η(x)) − Φx(x, η(x))ηx(x). In the sequel, with no loss of generality, we set the gravity constant g = 1.

System (2.1) is Hamiltonian and can be written as

∂t

[
η
ψ

]
= J

[
∇ηH

∇ψH

]
, J :=

[
0 Id

−Id 0

]
, (2.2)

where ∇ denote the L2-gradient, and the Hamiltonian

H(η, ψ) :=

∫

T

(
1

2
ψG(η)ψ +

1

2
η2 + κ(

√
1 + η2x − 1)

)
dx (2.3)

is the sum of the kinetic and potential energy of the fluid. In addition, the water waves system (2.1) is reversible
with respect to the involution

ρ

[
η(x)
ψ(x)

]
:=

[
η(−x)
−ψ(−x)

]
, i.e. H ◦ ρ = H, (2.4)

and it is space invariant.

Stokes waves. In a moving reference frame with constant speed c (and with normalized gravity g = 1), the
water waves system (2.1) becomes





ηt = cηx +G(η)ψ

ψt = cψx − η − ψ2
x

2
+

1

2(1 + η2x)
(G(η)ψ + ηxψx)

2 + κ

(
ηx

(1 + η2x)
1/2

)

x

.
(2.5)

We consider small amplitude Stokes waves solutions, namely stationary solutions of (2.5) which we further
require to be 2π-periodic in space. The bifurcation of small-amplitude Stokes waves from the trivial solution
was first studied for pure gravity water waves by Stokes [44], Levi-Civita [34], Nekrasov [40], Struik [45]. In
our setting, the existence and analyticity of a bifurcating branch of traveling waves follows from the Cran-
dall–Rabinowitz theorem. We denote T := R \ 2πZ and B(r) := {x ∈ R : |x| < r} the open ball of radius r
centered at zero.
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Theorem 2.1 (Stokes waves). Let (κ, h) ∈ (R≥0 × R>0) \R, with R in (1.4). There exist ǫ∗ := ǫ∗(κ, h) > 0
and a unique family of real analytic solutions (ηǫ(x), ψǫ(x), cǫ), parameterized by the amplitude |ǫ| ≤ ǫ∗, of

c ηx +G(η)ψ = 0 , c ψx − η − ψ2
x

2
+

1

2(1 + η2x)

(
G(η)ψ + ηxψx

)2
+ κ

(
ηx

(1 + η2x)
1/2

)

x

= 0 , (2.6)

such that ηǫ(x), ψǫ(x) are 2π-periodic; ηǫ(x) is even and ψǫ(x) is odd, of the form

ηǫ(x) = ǫ cos(x) + ǫ2
(
η
[0]
2 + η

[2]
2 cos(2x)

)
+ O(ǫ3),

ψǫ(x) = ǫc−1
h (1 + κ)

1
2 sin(x) + ǫ2ψ

[2]
2 sin(2x) + O(ǫ3),

cǫ = ch,κ + ǫ2c2 + O(ǫ3) where ch,κ := (1 + κ)
1
2 ch =

√
(1 + κ) tanh(h) ,

(2.7)

and

η
[0]
2 :=

1 + κ

4

(
c
2
h − c

−2
h

)
, η

[2]
2 := −

(
c
4
h − 3

)
(1 + κ)

4 c2h (c4h(1 + κ)− 3 κ)
, (2.8)

ψ
[2]
2 :=

(1 + κ)
1
2

(
9 κ+ 3− 6 c4h κ+ (1 + κ)c8h

)

8 c3h (c4h(1 + κ)− 3 κ)
, (2.9)

c2 :=
9 c4h + (6 c4h + 3 c8h − 12)(1 + κ) + (15− 13 c4h) (1 + κ)

2
+ (−2 c12h + 10 c8h − 14 c4h + 6) (1 + κ)

3

16 c3h (1 + κ)
1
2 (c4h(1 + κ)− 3 κ)

. (2.10)

More precisely for any σ ≥ 0 and s > 7
2 , there exists ǫ∗ > 0 such that the map ǫ 7→ (ηǫ, ψǫ, cǫ) is analytic from

B(ǫ∗) → Hσ,s
ev (T)×Hσ,s

odd(T)×R, where Hσ,s
ev (T), respectively Hσ,s

odd(T), denote the space of even, respectively odd,
real valued 2π-periodic analytic functions u(x) =

∑
k∈Z

uke
ikx such that ‖u‖2σ,s :=

∑
k∈Z

|uk|2〈k〉2se2σ|k| < +∞.

The expansions in (2.7)–(2.10) are proved in Appendix A. The condition (κ, h) 6∈ R is used in Lemma A.1
to ensure that the kernel of the linearized operator at the flat surface is one-dimensional. Indeed (κ, h) 6∈ R is
equivalent to ask that the function

n 7→
√
(1 + κn2)n tanh(nh)

n
, (2.11)

which is the quotient between the dispersion relation and the wave number, is injective on N, which is enough for
constructing Stokes waves with the fixed spatial period of 2π. The stronger celebrated Bond number condition

κ

h2
>

1

3
(2.12)

guarantees that the function (2.11) is strictly monotone increasing on (0,∞). Remark that when (κ, h) ∈ R,
higher-order resonances happen. Nevertheless, traveling waves – going under the name of Wilton ripples– can
be constructed [47, 43].

Linearization. We linearize system (2.5) at the Stokes waves (ηǫ(x), ψǫ(x)) given in Theorem 2.1 and evaluate
c at cǫ. Using the shape derivative formula [32, 33] dηG(η)[η̂][ψ] = −G(η)(Bη̂)− ∂x(V η̂), where the functions
(V (x), B(x)) are the horizontal and vertical components of the velocity field (Φx,Φy) at the free surface and
are given by

V := V (x) := −B(ηǫ)x + (ψǫ)x, (2.13)

B := B(x) :=
G(ηǫ)ψǫ + (ψǫ)x(ηǫ)x

1 + (ηǫ)2x
=

(ψǫ)x − cǫ
1 + (ηǫ)2x

(ηǫ)x, (2.14)

one obtains the real, autonomous linearized system
[

η̂t

ψ̂t

]

=

[

−G(ηǫ)B − ∂x ◦ (V − cǫ) G(ηǫ)

−1 +B(V − cǫ)∂x −B∂x ◦ (V − cǫ)−BG(ηǫ) ◦ B + κ∂x ◦ l ◦ ∂x −(V − cǫ)∂x +BG(ηǫ)

] [

η̂

ψ̂

]

, (2.15)

where

l := l(x) :=
1

(1 + (ηǫ)2x)
3/2

. (2.16)

The map ǫ → (V,B, l) is analytic as a map B(ǫ0) → Hσ,s−1
ev (T) × Hσ,s−1

odd (T) × Hσ,s−1
ev (T). The real system

(2.15) is Hamiltonian, i.e. of the form JA with A symmetric, A = A⊤, where the transpose is taken with respect
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to the real scalar product of L2(T,R) × L2(T,R). Moreover the linear operator in (2.15) is reversible, namely
it anti-commutes with the involution ρ in (2.4).
Next, we conjugate (2.15) by using the time-independent “good unknown of Alinhac” linear transformation

[
η̂

ψ̂

]
:= Z

[
u
v

]
, Z =

[
1 0
B 1

]
, Z−1 =

[
1 0

−B 1

]
, (2.17)

yielding the linear system
[
ut
vt

]
= L̃ǫ

[
u
v

]
, L̃ǫ :=

[
−∂x ◦ (V − cǫ) G(ηǫ)

−1− (V − cǫ)Bx + κ∂x ◦ l ◦ ∂x −(V − cǫ)∂x

]
, (2.18)

which is Hamiltonian and reversible since the transformation Z is symplectic, i.e. ZT JZ = J, and satisfies
Z ◦ ρ = ρ ◦ Z.

Next, we perform a conformal change of variables to flatten the water surface. By [2, Appendix A], there
exists a diffeomorphism of T, x 7→ x + p(x), with a small 2π-periodic function p(x), and a small constant fǫ,
such that, by defining the associated composition operator (Pu)(x) := u(x + p(x)), the Dirichlet-Neumann
operator writes as [2, Lemma A.5]

G(ηǫ) = ∂x ◦P−1 ◦ H ◦ tanh
(
(h + fǫ)|D|

)
◦P , (2.19)

where H is the Hilbert transform, i.e. the Fourier multiplier operator

H(eijx) := −i sign(j)eijx , ∀j ∈ Z \ {0} , H(1) := 0 .

The function p(x) and the constant fǫ are determined as a fixed point of (see [2, formula (A.15)])

p =
H

tanh
(
(h+ fǫ)|D|

) [ηǫ(x+ p(x))] , fǫ :=
1

2π

∫

T

ηǫ(x+ p(x))dx . (2.20)

As proved in [6], the map ǫ → (p, fǫ) is analytic as a map B(ǫ0) → Hs
odd(T) × R. In addition, in Appendix A

we prove the expansion

p(x) = ǫc−2
h sin(x) + ǫ2

(
c
4
h + 1

) (
c
4
h κ− 3 κ+ c

4
h + 3

)

8 c4h (c4h (1 + κ)− 3 κ)
sin(2x) + O(ǫ3) ,

fǫ = ǫ2
c
4
h(1 + κ)− 3− κ

4 c2h
+ O(ǫ3) .

(2.21)

Under the symplectic and reversibility-preserving change of variables

h = P

[
u
v

]
, P =

[
(1 + px)P 0

0 P

]
, (2.22)

one transforms the system (2.18) into the linear system ht = Lǫh where Lǫ is the Hamiltonian and reversible
real operator

Lǫ := Lǫ(κ, h) := PL̃ǫP
−1 =

[
∂x ◦ (ch,κ + pǫ(x)) |D| tanh((h+ fǫ)|D|)
−(1 + aǫ(x)) + κΣǫ (ch,κ + pǫ(x))∂x

]

=

[
0 Id

−Id 0

] [
(1 + aǫ(x)) − κΣǫ −(ch,κ + pǫ(x))∂x
∂x ◦ (ch,κ + pǫ(x)) |D| tanh((h+ fǫ)|D|)

]
,

(2.23)

where the functions pǫ(x) and aǫ(x) are given by

ch,κ + pǫ(x) :=
cǫ − V (x+ p(x))

1 + px(x)
, 1 + aǫ(x) :=

1 + (V (x + p(x))− cǫ)Bx(x+ p(x))

1 + px(x)
, (2.24)

and the operator Σǫ is given by

Σǫ :=
1

1 + px
∂x ◦ gǫ(x) ◦ ∂x ◦

1

1 + px
,

gǫ(x) :=
l(x+ p(x))

1 + px
=

1

(1 + ((ηǫ)2x(x+ p(x)))3/2
1

1 + px
.

(2.25)

By the analyticity result of the map ǫ 7→ (V,B, l) given above, the map ǫ → (pǫ, aǫ, gǫ) is analytic as a map
B(ǫ0) → Hs

ev(T)×Hs
ev(T)×Hs

ev(T). In Appendix A we provide their Taylor expansions, that we collect in the
following lemma:
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Lemma 2.2. The analytic functions pǫ(x) and aǫ(x) in (2.24) are even in x, and

pǫ(x) = ǫp1(x) + ǫ2p2(x) + O(ǫ3) , aǫ(x) = ǫa1(x) + ǫ2a2(x) + O(ǫ3) , (2.26)

where

p1(x) = p
[1]
1 cos(x) , p

[1]
1 := −2(1 + κ)

1
2 c

−1
h , (2.27)

p2(x) = p
[0]
2 + p

[2]
2 cos(2x), (2.28)

p
[0]
2 :=

9 c4h + (60− 18c4h + 3c8h)(1 + κ) + (−57 + 35c4h − 8c8h)(1 + κ)
2
+ (6− 14c4h + 10c8h − 2c12h )(1 + κ)

3

16(1 + κ)
1
2 c

3
h (c

4
h(1 + κ)− 3κ)

,

(2.29)

p
[2]
2 := − (1 + κ)

1
2

(
2κ(3− c

4
h) + c

4
h + 3

)

2 c3h (c4h (1 + κ)− 3 κ)
, (2.30)

and

a1(x) = a
[1]
1 cos(x) , a

[1]
1 := −(c−2

h + c
2
h (1 + κ)) , (2.31)

a2(x) = a
[0]
2 + a

[2]
2 cos(2x) , a

[0]
2 :=

3(1 + κ)c4h + 1

2c4h
, (2.32)

a
[2]
2 :=

(10c8h − 30c4h)(1 + κ)2 + (−c
8
h + 22c4h − 3)(1 + κ)− 6c4h

4 c4h (c4h (1 + κ)− 3 κ)
. (2.33)

The function gǫ(x) in (2.25) is even in x and expands as

gǫ(x) = 1 + ǫg1(x) + ǫ2g2(x) + O(ǫ3), (2.34)

where

g1(x) = g
[1]
1 cos(x), g

[1]
1 := −c

−2
h , (2.35)

g2(x) = g
[0]
2 + g

[2]
2 cos(2x), g

[0]
2 :=

2− 3c4h
4c4h

, g
[2]
2 := −3 κ+ 5 c4h κ− 2 c8h κ+ 2 c4h − 2 c8h + 3

4 c4h (c4h (1 + κ)− 3 κ)
. (2.36)

Finally the self-adjoint operator Σǫ in (2.25) expands as

Σǫ = ∂xx + ǫΣ1 + ǫ2Σ2 + O(ǫ3), (2.37)

where

Σj :=dj(x) ∂xx + ej(x)∂x + hj(x), j = 1, 2 (2.38)

and

d1(x) = d
[1]
1 cos(x) , d

[1]
1 := −3c−2

h , (2.39)

e1(x) = e
[1]
1 sin(x) , e

[1]
1 := 3c−2

h , (2.40)

h1(x) = h
[1]
1 cos(x) , h

[1]
1 := c

−2
h , (2.41)

d2(x) = d
[0]
2 + d

[2]
2 cos(2x) , d

[0]
2 :=

3(4− c
4
h)

4c4h
, d

[2]
2 := − 9

(
−κ c4h + 3 κ+ 1

)

4 c4h (c
4
h (1 + κ)− 3 κ)

, (2.42)

e2(x) = e
[2]
2 sin(2x) , e

[2]
2 :=

−9 κ c4h + 27 κ+ 9

2 c4h (c4h (1 + κ)− 3 κ)
, (2.43)

h2(x) = h
[0]
2 + h

[2]
2 cos(2x) , h

[0]
2 := −1

2
c
−4
h , h

[2]
2 :=

15 κ− 11 c4h κ+ 2 c8h κ+ c
4
h + 2 c8h + 6

2 c4h (c4h (1 + κ)− 3 κ)
. (2.44)

Bloch-Floquet expansions. Since the operator Lǫ in (2.23) has 2π-periodic coefficients, Bloch-Floquet
theory [42] implies that λ ∈ C belongs to the L2(R)−spectrum of Lǫ if and only if there exists a nontrivial
Floquet–Bloch mode h̃(x) = eiµxv(x), where v is 2π−periodic and µ ∈ [− 1

2 ,
1
2 ), such that λh̃ = Lǫh̃, or

equivalently, λv = e−iµxLǫe
iµxv. Therefore, we obtain

σL2(R)(Lǫ) =
⋃

µ∈[− 1
2
, 1
2
)

σL2(T)(Lµ,ǫ) where Lµ,ǫ := e−iµxLǫe
iµx.
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In particular, if λ is an eigenvalue of Lµ,ǫ on L
2(T,C2) with eigenvector v(x), then h(t, x) = eλteiµxv(x) solves

ht = Lǫh. We remark that:
(i) if A = Op(a) is a pseudo-differential operator with symbol a(x, ξ), which is 2π-periodic in x, then Aµ :=
e−iµxAeiµx = Op(a(x, ξ + µ)).
(ii) If A is a real operator then Aµ = A−µ. As a consequence the spectrum σ(A−µ) = σ(Aµ) and we can study
σ(Aµ) just for µ > 0.
(iii) σ(Aµ) is a 1-periodic set with respect to µ, so one can restrict to µ ∈ [0, 12 ).

By the previous remarks the Floquet operator associated with the real operator Lǫ in (2.23) is the complex
Hamiltonian and reversible operator

Lµ,ǫ :=

[
(∂x + iµ) ◦ (ch,κ + pǫ(x)) |D + µ| tanh((h + fǫ)|D + µ|)
−(1 + aǫ(x)) + κΣµ,ǫ (ch,κ + pǫ(x))(∂x + iµ)

]

=

[
0 Id

−Id 0

]

︸ ︷︷ ︸
=:J

[
(1 + aǫ(x)) − κΣµ,ǫ −(ch,κ + pǫ(x))(∂x + iµ)

(∂x + iµ) ◦ (ch,κ + pǫ(x)) |D + µ| tanh((h+ fǫ)|D + µ|)

]

︸ ︷︷ ︸
=:Bµ,ǫ

,
(2.45)

where Σµ,ǫ := e−iµxΣǫe
iµx is given by the selfadjoint operator

Σµ,ǫ =
1

1 + px
(∂x + iµ) ◦ gǫ(x) ◦ (∂x + iµ) ◦ 1

1 + px
. (2.46)

We regard Lµ,ǫ as an operator with domain Y := H2(T,C)×H1(T,C) and range X := L2(T,C)×L2(T,C),
equipped with the complex scalar product

(f, g) :=
1

2π

∫ 2π

0

(f1g1 + f2g2) dx, ∀ f =

[
f1
f2

]
, g =

[
g1
g2

]
∈ L2(T,C2). (2.47)

We also denote ‖f‖2 = (f, f).
The complex operator Lµ,ǫ in (2.45) is complex Hamiltonian and reversible. Recall that if L : Y → X is a

complex linear operator, we say that it is

• Complex Hamiltonian: if there exists a self-adjoint operator, namely B = B∗, where B∗ (with domain
Y ) is the adjoint with respect to the complex scalar product (2.47) such that L = JB.

• Reversible: if

L ◦ ρ = −ρ ◦ L, where ρ

[
η(x)
ψ(x)

]
:=

[
η(−x)
−ψ(−x)

]
. (2.48)

The property (2.48) for Lµ,ǫ follows because Lǫ is a real operator which is reversible with respect to the
involution ρ in (2.4). Equivalently, since J◦ρ = −ρ◦J, the self-adjoint operator Bµ,ǫ is reversibility-preserving,
i.e.

Bµ,ǫ ◦ ρ = ρ ◦Bµ,ǫ. (2.49)

In addition (µ, ǫ) → Lµ,ǫ ∈ L(Y,X) is analytic, since the functions ǫ 7→ aǫ, pǫ and gǫ defined in (2.26), (2.34)
are analytic and Lµ,ǫ is analytic with respect to µ, since, for any µ ∈ [− 1

2 ,
1
2 ),

|D + µ| tanh
(
(h+ fǫ)|D + µ|

)
= (D + µ) tanh

(
(h+ fǫ)(D + µ)

)
. (2.50)

Recall also the identity [41, Section 5.1]

|D + µ| = |D|+ µ(sgn(D) + Π0), ∀µ ∈ [0,
1

2
), (2.51)

where sgn(D) is the Fourier multiplier operator, acting on 2π-periodic functions, with symbol

sgn(k) := 1 ∀k > 0 , sgn(0) := 0, sgn(k) := −1 ∀k < 0 , (2.52)

and Π0 is the projector operator on the zero mode, Π0f(x) :=
1
2π

∫
T
f(x)dx.

Our goal is to prove the existence of eigenvalues of Lµ,ǫ in (2.45) with non zero real part. We remark that
the Hamiltonian structure of Lµ,ǫ implies that eigenvalues with non zero real part may arise only from multiple
eigenvalues of Lµ,0 (“Krein criterion”), because if λ is an eigenvalue of Lµ,ǫ then also −λ is, and the total
algebraic multiplicity of the eigenvalues is conserved under small perturbation. We now describe the spectrum
of Lµ,0.
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The spectrum of Lµ,0. The spectrum of the Fourier multiplier matrix operator

Lµ,0 :=

[
ch,κ(∂x + iµ) |D + µ| tanh(h|D + µ|)

−1 + κ(∂x + iµ)2 ch,κ(∂x + iµ)

]
(2.53)

consists of the purely imaginary eigenvalues {λ±k (µ), k ∈ Z}, where

λ±k (µ) := i
(
ch,κ(±k + µ)∓

√
(1 + κ(k ± µ)2) |k ± µ| tanh(h|k ± µ|)

)
. (2.54)

For (κ, h) 6∈ R (cf. (1.4)), at µ = 0 the real operator L0,0 possesses the eigenvalue 0 with algebraic multiplicity
4,

λ+0 (0) = λ−0 (0) = λ+1 (0) = λ−1 (0) = 0,

and geometric multiplicity 3. A real basis of the Kernel of L0,0 is

f+
1 :=

[
(ch/

√
1 + κ)1/2 cos(x)

(ch/
√
1 + κ)−1/2 sin(x)

]
, f−

1 :=

[
−(ch/

√
1 + κ)1/2 sin(x)

(ch/
√
1 + κ)−1/2 cos(x)

]
, f−

0 :=

[
0
1

]
, (2.55)

together with the generalized eigenvector

f+
0 :=

[
1
0

]
, L0,0f

+
0 = −f−

0 . (2.56)

Furthermore 0 is an isolated eigenvalue for L0,0, namely the spectrum σ(L0,0) decomposes in two separated
parts,

σ(L0,0) = σ′(L0,0) ∪ σ′′(L0,0), where σ′(L0,0) := {0}, (2.57)

and σ′′(L0,0) := {λσk (0), k 6= 0, 1, σ = ±}.
In addition, following the proof in [41, Lemma 4.1], the operator L0,ǫ possesses, for any sufficiently small ǫ 6=

0, the eigenvalue 0 with a four dimensional generalized Kernel, spanned by ǫ-dependent vectors U1 , Ũ2, U3, U4

satisfying, for some real constant αǫ, βǫ,

L0,ǫU1 = 0, L0,ǫŨ2 = 0, L0,ǫU3 = αǫŨ2,

L0,ǫU4 = −U1 − βǫŨ2, U1 =

[
0
1

]
.

(2.58)

By Kato’s perturbation theory for any µ, ǫ 6= 0 sufficiently small, the perturbed spectrum σ(Lµ,ǫ) admits a
disjoint decomposition as

σ(Lµ,ǫ) = σ′(Lµ,ǫ) ∪ σ′′(Lµ,ǫ), (2.59)

where σ′(Lµ,ǫ) consists of 4 eigenvalues close to 0. We denote by Vµ,ǫ the spectral subspace associated with
σ′(Lµ,ǫ), which has dimension 4 and it is invariant by Lµ,ǫ. Our goal is to prove that, for ǫ small, for values of the
Floquet exponent µ in an interval of order ǫ, the 4× 4 matrix which represents the operator Lµ,ǫ : Vµ,ǫ → Vµ,ǫ
possesses a pair of eigenvalues close to zero with opposite non zero real parts.

Before stating our main result, let us introduce a notation that we shall use throughout the paper.

• Notation: we denote by O(µm1ǫn1 , . . . , µmpǫnp), mj , nj ∈ N (for us N := {1, 2, . . .}), analytic functions
of (µ, ǫ) with values in a Banach space X which satisfy, for some C > 0 uniform for h in any compact set
of (0,+∞), the bound

‖O(µmj ǫnj )‖X ≤ C

p∑

j=1

|µ|mj |ǫ|nj

for small values of (µ, ǫ). Similarly we denote rk(µ
m1ǫn1 , . . . , µmpǫnp) scalar functions O(µm1ǫn1 , . . . , µmpǫnp)

which are also real analytic.

Our main spectral result is the following one:
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Theorem 2.3 (Complete Benjamin-Feir spectrum). Let (κ, h) ∈ (R≥0 × R>0) \ (R ∪D), where R and D are
defined in (1.4) and (1.3) respectively. There exist ǫ0, µ0 > 0, such that, for any 0 < µ < µ0 and 0 ≤ ǫ < ǫ0,
the operator Lµ,ǫ : Vµ,ǫ → Vµ,ǫ can be represented by a 4× 4 matrix of the form

(
U 0
0 S

)
, (2.60)

where U and S are 2× 2 matrices, with identical diagonal entries each, of the form

U =

(
i
(
(ch,κ − 1

2e12)µ+ r2(µǫ
2, µ2ǫ, µ3)

)
−e22

µ
8 (1 + r5(ǫ, µ))

−µǫ2eWB + r′1(µǫ
3, µ2ǫ2) + e22

µ3

8 (1 + r′′1 (ǫ, µ)) i
(
(ch,κ − 1

2e12)µ+ r2(µǫ
2, µ2ǫ, µ3)

)
)
,

S =

(
ich,κµ+ ir9(µǫ

2, µ2ǫ) tanh(hµ) + r10(µǫ)

−µ(1 + κµ2) + r8(µǫ
2, µ3) ich,κµ+ ir9(µǫ

2, µ2ǫ)

)
,

(2.61)

where eWB, e12, e22 are defined in (1.1), (1.2), (1.6). The eigenvalues of U have the form

λ±1 (µ, ǫ) = i
1

2
c̆h,κµ+ ir2(µǫ

2, µ2ǫ, µ3)± 1
8µ
√
1 + r5(ǫ, µ)

√
∆BF(κ, h;µ, ǫ), (2.62)

where c̆h,κ := 2ch,κ − e12(κ, h) and ∆BF(κ, h;µ, ǫ) is the Benjamin–Feir discriminant function in (1.11). The
eigenvalues in (2.62) have non-zero real part if and only if ∆BF(κ, h;µ, ǫ) > 0.

The eigenvalues of the matrix S are a pair of purely imaginary eigenvalues of the form

λ±0 (µ, ǫ) = ich,κµ(1 + r9(ǫ
2, µǫ))∓ i

√
µ tanh(hµ)(1 + κµ2 + r(ǫ)). (2.63)

For ǫ = 0 the eigenvalues λ±1 (µ, 0), λ
±
0 (µ, 0) coincide with those in (2.54).

Remark 2.4. At ǫ = 0, the eigenvalues in (2.62) have the Taylor expansion

λ±1 (µ, 0) = i
(
ch,κ − 1

2e12(κ, h)
)
µ± i 18 |e22(κ, h)|µ

2 + O(µ3),

which coincides with the one of λ±1 (µ) in (2.54), in view of the coefficients e12(κ, h) and e22(κ, h) defined in
(1.2) and (1.6) respectively.

We conclude this section by describing our approach in detail.

Ideas and scheme of proof. The proof of the result follows the procedure of [5, 6], and relies on Kato’s
theory of similarity transformations and block decoupling. Via Kato’s similarity transformations we analytically
continue the unperturbed symplectic basis of the generalized kernel of the linearized operator at the flat surface
into a symplectic basis {fσk (µ, ǫ)} of the perturbed spectral subspace Vµ,ǫ, depending analytically on (µ, ǫ). The
expansion of the basis {fσk (µ, ǫ)} in (µ, ǫ) is provided in Lemma 4.2. This allows us to represent the action of
the operator Lµ,ǫ on the basis {fσk (µ, ǫ)} as a 4×4 Hamiltonian and reversible matrix Lµ,ǫ (Lemma 3.6) having
the form (Lemma 4.3)

Lµ,ǫ = J4

(
E F

F ∗ G

)
=

(
J2E J2F

J2F
∗ J2G

)
, J4 =

(
J2 0

0 J2

)
, J2 =

(
0 1

−1 0

)
(2.64)

where the 2×2 matrices E = E∗, F, G = G∗ admit the expansions (4.10)–(4.12). In the gravity-capillary setting,
this computation is substantially more delicate than in the pure gravity case of [6], since the coefficients of the
matrix depend not only on the depth parameter h but also on the capillarity κ, and one must therefore track
with precision the combined dependence of all matrix entries on (κ, h). In particular, the matrix E reads

E =

(
e11ǫ

2(1 + r̂1(ǫ, µǫ))− e22
µ2

8 (1 + ř1(ǫ, µ)) i
(
1
2e12µ+ r2(µǫ

2, µ2ǫ, µ3)
)

−i
(
1
2e12µ+ r2(µǫ

2, µ2ǫ, µ3)
)

−e22
µ2

8 (1 + r5(ǫ, µ))

)
, (2.65)

where the coefficients e11(κ, h) and e22(κ, h) are defined in (4.13) and (1.6). In Lemma 4.4 we verify that e11
never vanishes for (κ, h) /∈ R, while the locus where e22 = 0 can be identified in Figure 1. In fact, by analyzing
the eigenvalues of the submatrix J2E, we find that J2E possesses a pair of real nonzero eigenvalues if and only
if e22(κ, h) > 0, provided 0 < µ < µ(ǫ) ∼ ǫ. This is not the correct instability criteria in (1.7), that instead
requires the sign of the function eWB in (1.1). This indicates that, in the gravity-capillary case, the correct

eigenvalues of Lµ,ǫ are not a small perturbation of those of

(
J2E 0

0 J2G

)
. Indeed, such correct eigenvalues

will emerge only after one non-perturbative step of block diagonalization, that we perform in Section 5. Such
step produces a correction to the (1,1) entry of the matrix E, modifying the coefficient e11 into the coefficient
eWB, as proved in Lemma 5.3, see in particular formula (5.11). After this non-perturbative step, we exploit
the implicit function theory to construct a transformation that conjugates Lµ,ǫ into the block-diagonal matrix
(2.60) (Lemma 5.6).
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3 Perturbative Approach to the Separated Eigenvalues

In this section, we analyze the splitting of the eigenvalues of Lµ,ǫ close to 0 for small values of µ and ǫ, using
Kato’s similarity transformation theory [35, I-§4-6, II-§4] and [5, 6, 7]. To this end, it is convenient to rewrite
the operator Lµ,ǫ in (2.45) as

Lµ,ǫ = ich,κµ+ Lµ,ǫ, µ > 0, (3.1)

where, using also (2.51), Lµ,ǫ is the Hamiltonian operator

Lµ,ǫ = JBµ,ǫ, (3.2)

with Bµ,ǫ the self-adjoint operator

Bµ,ǫ :=

[
1 + aǫ(x) − κΣµ,ǫ −(ch,κ + pǫ(x))∂x − iµpǫ(x)

∂x ◦ (ch,κ + pǫ(x)) + iµpǫ(x) |D + µ| tanh((h+ fǫ)|D + µ|)

]
, Σµ,ǫ in (2.46) . (3.3)

In addition Lµ,ǫ is also complex-reversible, namely it satisfies, by (2.48),

Lµ,ǫ ◦ ρ̄ = −ρ̄ ◦ Lµ,ǫ, (3.4)

whereas Bµ,ǫ is reversibility-preserving, i.e. fulfills (2.49). Note also that B0,ǫ is a real operator.
The scalar operator ich,κµ ≡ ich,κµ Id just translates the spectrum of Lµ,ǫ along the imaginary axis of the

quantity ich,κµ, that is, in view of (3.1),

σ(Lµ,ǫ) = ich,κµ+ σ(Lµ,ǫ). (3.5)

Thus in the sequel we focus on studying the spectrum of Lµ,ǫ.
Note also that L0,ǫ = L0,ǫ for any ǫ ≥ 0. In particular L0,0 has zero as an isolated eigenvalue with algebraic

multiplicity 4, geometric multiplicity 3 and generalized kernel spanned by the vectors {f+
1 , f

−
1 , f

+
0 , f

−
0 } in (2.55),

(2.56); furthermore, its spectrum is separated as in (2.57). For any ǫ 6= 0 small, L0,ǫ has zero as an isolated
eigenvalue with geometric multiplicity 2, and two generalized eigenvectors satisfying (2.58).

We remark that, in view of (2.51), the operator Lµ,ǫ is analytic with respect to µ. The operator Lµ,ǫ : Y ⊂
X → X has domain Y := H2(T,C)×H1(T,C) and range X := L2(T,C)× L2(T,C).

Lemma 3.1. Let Γ be a closed, counterclockwise-oriented curve around 0 in the complex plane separating
σ′(L0,0) = {0} and the other part of the spectrum σ′′(L0,0) in (2.57). There exist µ0, ǫ0, > 0 such that for any
(µ, ǫ) ∈ B(µ0)×B(ǫ0) the following statements hold:

1. The curve Γ belongs to the resolvent set of the operator Lµ,ǫ : Y ⊂ X → X defined in (3.2).

2. The operators

Pµ,ǫ := − 1

2πi

∮

Γ

(Lµ,ǫ − λ)−1 dλ : X → Y (3.6)

are well-defined projectors commuting with Lµ,ǫ, i.e., P 2
µ,ǫ = Pµ,ǫ and Pµ,ǫLµ,ǫ = Lµ,ǫPµ,ǫ. The map

(µ, ǫ) 7→ Pµ,ǫ is analytic from B(µ0)×B(ǫ0) to L(X,Y ).

3. The domain Y of the operator Lµ,ǫ decomposes as the direct sum

Y = Vµ,ǫ ⊕ ker(Pµ,ǫ), Vµ,ǫ := Rg(Pµ,ǫ) = ker(Id−Pµ,ǫ), (3.7)

of closed invariant subspaces, namely Lµ,ǫ : Vµ,ǫ → Vµ,ǫ, Lµ,ǫ : ker(Pµ,ǫ) → ker(Pµ,ǫ). Moreover

σ(Lµ,ǫ) ∩ {z ∈ C inside Γ} = σ(Lµ,ǫ|Vµ,ǫ) = σ′(Lµ,ǫ),

σ(Lµ,ǫ) ∩ {z ∈ C outside Γ} = σ(Lµ,ǫ|ker(Pµ,ǫ)) = σ′′(Lµ,ǫ).
(3.8)

4. The projectors Pµ,ǫ are similar to each other; the transformation operators

Uµ,ǫ := (Id−(Pµ,ǫ − P0,0)
2)−1/2

[
Pµ,ǫP0,0 + (Id−Pµ,ǫ)(Id−P0,0)

]
(3.9)

are bounded and invertible in Y and in X, with inverse

U−1
µ,ǫ =

[
P0,0Pµ,ǫ + (Id−P0,0)(Id−Pµ,ǫ)

]
(Id−(Pµ,ǫ − P0,0)

2)−1/2, (3.10)

and Uµ,ǫP0,0U
−1
µ,ǫ = Pµ,ǫ as well as U−1

µ,ǫPµ,ǫUµ,ǫ = P0,0. The map (µ, ǫ) 7→ Uµ,ǫ is analytic from B(µ0)×
B(ǫ0) to L(Y ).
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5. The subspaces Vµ,ǫ = Rg(Pµ,ǫ) are isomorphic to each other: Vµ,ǫ = Uµ,ǫV0,0. In particular dimVµ,ǫ =
dimV0,0 = 4, for any (µ, ǫ) ∈ B(µ0)×B(ǫ0).

The proof of Lemma 3.1 is similar to the one of [5, Lemma 3.1] and we skip it. Recalling (3.2)-(3.4),
the Hamiltonian and reversible nature of the operator Lµ,ǫ imply additional algebraic properties for spectral
projectors Pµ,ǫ and the transformation operators Uµ,ǫ as follows.

Lemma 3.2. For any (µ, ǫ) ∈ B(µ0)×B(ǫ0), the following holds true:

(i) The projectors Pµ,ǫ defined in (3.6) are skew-Hamiltonian, namely JPµ,ǫ = P ∗
µ,ǫJ, and reversibility pre-

serving, i.e. ρ̄Pµ,ǫ = Pµ,ǫρ̄.

(ii) The transformation operators Uµ,ǫ in (3.9) are symplectic, namely U∗
µ,ǫJUµ,ǫ = J, and reversibility pre-

serving.

(iii) P0,ǫ and U0,ǫ are real operators, i.e. P̄0,ǫ = P0,ǫ and Ū0,ǫ = U0,ǫ.

See [5, Lemma 3.2] for details. By the previous lemma, the linear involution ρ̄ commutes with the spectral
projectors Pµ,ǫ and then ρ̄ leaves invariant the subspace Vµ,ǫ = Rg(Pµ,ǫ).

Symplectic and reversible basis of Vµ,ǫ. It is convenient to represent the Hamiltonian and reversible
operator Lµ,ǫ : Vµ,ǫ → Vµ,ǫ in a basis which is symplectic and reversible, according to the following definition:

Definition 3.3 (Symplectic and reversible basis). A basis F := {f+1 , f−1 , f+0 , f−0 } of Vµ,ǫ is symplectic if, for any
k, k′ = 0, 1,

(Jf∓k , f
±
k ) = ±1, (Jfσk , f

σ
k ) = 0, ∀σ = ±;

if k 6= k′, then (Jfσk , f
σ′

k′ ) = 0, ∀σ, σ′ = ±.
(3.11)

This is reversible if
ρ̄f+1 = f+1 , ρ̄f

−
1 = −f−1 , ρ̄f

+
0 = f+0 , ρ̄f

−
0 = −f−0 ,

i.e. ρ̄fσk = σfσk , ∀σ = ±, k = 0, 1.
(3.12)

We use the following notation along the paper: we denote by even(x) a real 2π-periodic function which is
even in x, and by odd(x) a real 2π-periodic function which is odd in x.

Remark 3.4 (Parity structure of the reversible basis (3.12)). The elements of a reversible basis F = {f+1 , f−1 , f+0 , f−0 }
enjoys specific parity properties. Specifically,

f+k (x) =

[
even(x) + i odd(x)
odd(x) + i even(x)

]
, f−k (x) =

[
odd(x) + i even(x)
even(x) + i odd(x)

]
. (3.13)

This structure follows from the reversibility of the problem, specifically from the involution ρ defined in equation
(2.48), which implies that the real and imaginary parts of each component satisfy definite parity conditions.

Remark 3.5 (Symplectic expansion using the basis in (3.11)). We can express any vector f ∈ Vµ,ǫ as a linear
combination of the symplectic basis:

f = α+
1 f

+
1 + α−

1 f
−
1 + α+

0 f
+
0 + α−

0 f
−
0 , (3.14)

for suitable coefficients ασk ∈ C. These coefficients are computed by applying the symplectic form J, taking L2-
scalar products with the basis elements, and using the symplecticity (3.11). Therefore, we may rewrite (3.14)
as

f = −(Jf, f−1 )f+1 + (Jf, f+1 )f−1 − (Jf, f−0 )f+0 + (Jf, f+0 )f−0 . (3.15)

We now compute the matrix representation of Lµ,ǫ in a symplectic and reversible basis of Vµ,ǫ.

Lemma 3.6. The 4× 4 matrix that represents the Hamiltonian and reversible operator Lµ,ǫ = JBµ,ǫ : Vµ,ǫ →
Vµ,ǫ with respect to a symplectic and reversible basis F = {f+1 , f−1 , f+0 , f−0 } of Vµ,ǫ is

Lµ,ǫ := J4Bµ,ǫ, J4 :=

(
J2 0
0 J2

)
, J2 :=

(
0 1
−1 0

)
, where Bµ,ǫ = B∗

µ,ǫ. (3.16)
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The self-adjoint matrix

Bµ,ǫ =




(Bµ,ǫf
+
1 , f

+
1 ) (Bµ,ǫf

−
1 , f

+
1 ) (Bµ,ǫf

+
0 , f

+
1 ) (Bµ,ǫf

−
0 , f

+
1 )

(Bµ,ǫf
+
1 , f

−
1 ) (Bµ,ǫf

−
1 , f

−
1 ) (Bµ,ǫf

+
0 , f

−
1 ) (Bµ,ǫf

−
0 , f

−
1 )

(Bµ,ǫf
+
1 , f

+
0 ) (Bµ,ǫf

−
1 , f

+
0 ) (Bµ,ǫf

+
0 , f

+
0 ) (Bµ,ǫf

−
0 , f

+
0 )

(Bµ,ǫf
+
1 , f

−
0 ) (Bµ,ǫf

−
1 , f

−
0 ) (Bµ,ǫf

+
0 , f

−
0 ) (Bµ,ǫf

−
0 , f

−
0 )


 . (3.17)

The entries of the matrix Bµ,ǫ are alternatively real or purely imaginary: for any σ = ±, k = 0, 1,

(Bµ,ǫf
σ
k , f

σ
k′ ) is real, (Bµ,ǫf

σ
k , f

−σ
k′ ) is purely imaginary. (3.18)

Proof. Recalling (3.2) and (3.15), for σ = ±, k = 0, 1, we obtain

Lµ,ǫf
σ
k = −(JLµ,ǫf

σ
k , f

−
1 )f+1 + (JLµ,ǫf

σ
k , f

+
1 )f−1 − (JLµ,ǫf

σ
k , f

−
0 )f+0 + (JLµ,ǫf

σ
k , f

+
0 )f−0

= (Bµ,ǫf
σ
k , f

−
1 )f+1 − (Bµ,ǫf

σ
k , f

+
1 )f−1 + (Bµ,ǫf

σ
k , f

−
0 )f+0 − (Bµ,ǫf

σ
k , f

+
0 )f−0 .

This verifies that the matrix representation of Lµ,ǫ with respect to F is J4Bµ,ǫ. Also, the martix Bµ,ǫ is
self-adjoing because Bµ,ǫ is self-adjoint. Next, recall from (2.47) and (2.48) that the inner product satisfies

(f, g) = (ρf, ρg). (3.19)

Then, since Bµ,ǫ is both self-adjoint and reversibility-preserving (2.49) and (3.12), we compute:

(Bµ,ǫf
σ
k , f

σ′

k′ ) = (ρBµ,ǫfσk , ρf
σ′

k′ ) = (Bµ,ǫρfσk , ρf
σ′

k′ ) = σσ′(Bµ,ǫfσk , f
σ′

k′ ),

which proves (3.18).

We conclude this section recalling some notation. A 2n × 2n, n = 1, 2, matrix of the form L = J2nB is
Hamiltonian if B is a self-adjoint matrix, i.e. B = B∗. It is reversible if B is reversibility-preserving, i.e.

ρ2n ◦ B = B ◦ ρ2n,

where

ρ4 :=

(
ρ2 0
0 ρ2

)
, ρ2 :=

(
c 0
0 −c

)
,

and c : z 7→ z̄ is the conjugation of the complex plane. Equivalently, ρ2n ◦ L = −L ◦ ρ2n.
The transformations preserving the Hamiltonian structure are called symplectic, and satisfy

Y ∗J4Y = J4. (3.20)

If Y is symplectic then Y ∗ and Y −1 are symplectic as well. A Hamiltonian matrix L = J4B, with B = B∗, is
conjugated through a symplectic matrix Y in a new Hamiltonian matrix

L1 = Y −1LY = Y −1J4(Y
−)∗Y ∗BY = J4B1 where B1 := Y ∗BY = B∗

1. (3.21)

A 4 × 4 matrix B = (Bij)i,j=1,...,4 is reversibility-preserving if and only if its entries are alternatively real and
purely imaginary, namely Bij is real when i + j is even and purely imaginary otherwise, as in (3.18). A 4 × 4
complex matrix L = (Lij)i,j=1,...,4 is reversible if and only if Lij is purely imaginary when i+ j is even and real
otherwise.

We finally mention that the flow of a Hamiltonian reversibility-preservingmatrix is symplectic and reversibility-
preserving (see [5, Lemma 3.8]).

4 Matrix Representation of Lµ,ǫ on Vµ,ǫ

Using the transformation operator Uµ,ǫ in (3.9), we construct the basis of Vµ,ǫ

F := {f+
1 (µ, ǫ), f−

1 (µ, ǫ), f+
0 (µ, ǫ), f−

0 (µ, ǫ)}, fσk (µ, ǫ) := Uµ,ǫf
σ
k , σ = ±, k = 0, 1, (4.1)

where

f+
1 =

[
(ch/

√
1 + κ)1/2 cos(x)

(ch/
√
1 + κ)−1/2 sin(x)

]
, f−

1 =

[
−(ch/

√
1 + κ)1/2 sin(x)

(ch/
√
1 + κ)−1/2 cos(x)

]
, f+

0 =

[
1
0

]
, f−

0 =

[
0
1

]
, (4.2)

form a basis of V0,0 = Rg(P0,0), cf. (2.55)-(2.56). Note that the real valued vectors {f±
1 , f

±
0 } form a symplectic

and reversible basis for V0,0, according to Definition 3.3. Then, by Lemma 3.1 and Lemma 3.2 we deduce that:
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Lemma 4.1. The basis F of Vµ,ǫ defined in (4.1), is symplectic and reversible, i.e. satisfies (3.11) and (3.12).
Each map (µ, ǫ) 7→ fσk (µ, ǫ) is analytic as a map B(µ0)×B(µ0) → H2(T)×H1(T).

Proof. By Lemma 3.2-(ii), the operators Uµ,ǫ are symplectic and reversibility preserving, i.e. U∗
µ,ǫJUµ,ǫ = J and

Uµ,ǫ ◦ ρ = ρ ◦ Uµ,ǫ. Recall (4.1), i.e. fσk (µ, ǫ) := Uµ,ǫf
σ
k , σ = ±, k = 0, 1. Then for any k, k′, σ, σ′,

(Jfσk (µ, ǫ), f
σ′

k′ (µ, ǫ)) = (Jfσk , f
σ′

k′ ),

so the symplectic relations (3.11) are preserved. Moreover,

ρfσk (µ, ǫ) = Uµ,ǫ ◦ ρfσk = σfσk (µ, ǫ),

which shows that the reversibility conditions (3.12) hold as well. Finally, the analyticity of fσk (µ, ǫ) follows from
the analyticity of Uµ,ǫ (Lemma 3.1).

We then expand the vectors fσk (µ, ǫ) in (µ, ǫ). We denote by even0(x) a real, even, 2π-periodic function

with zero space average. In the sequel O(µmǫn)

[
even(x)
odd(x)

]
denotes an analytic map in (µ, ǫ) with values in

Y = H2(T,C) × H1(T,C), whose first component is even(x) and the second one odd(x); we have a similar

meaning for O(µmǫn)

[
odd(x)
even(x)

]
, etc . . ..

Lemma 4.2 (Expansion of the basis F). For small values of (µ, ǫ) the basis F in (4.1) has the expansion

f+
1 (µ, ǫ) =

[
(ch/

√
1 + κ)1/2 cos(x)

(ch/
√
1 + κ)−1/2 sin(x)

]
+ i

µ

4
γh,κ

[
(ch/

√
1 + κ)1/2 sin(x)

(ch/
√
1 + κ)−1/2 cos(x)

]
+ ǫ

[
αh,κ cos(2x)
βh,κ sin(2x)

]

+ O(µ2)

[
even0(x) + iodd(x)
odd(x) + ieven0(x)

]
+ O(ǫ2)

[
even0(x)
odd(x)

]
+ iµǫ

[
odd(x)
even(x)

]
+ O(µ2ǫ, µǫ2),

(4.3)

f−
1 (µ, ǫ) =

[
−(ch/

√
1 + κ)1/2 sin(x)

(ch/
√
1 + κ)−1/2 cos(x)

]
+ i

µ

4
γh,κ

[
(ch/

√
1 + κ)1/2 cos(x)

−(ch/
√
1 + κ)−1/2 sin(x)

]
+ ǫ

[
−αh,κ sin(2x)
βh,κ cos(2x)

]

+ O(µ2)

[
odd(x) + ieven0(x)
even0(x) + iodd(x)

]
+ O(ǫ2)

[
odd(x)
even(x)

]
+ iµǫ

[
even(x)
odd(x)

]
+ O(µ2ǫ, µǫ2),

(4.4)

f+
0 (µ, ǫ) =

[
1
0

]
+ ǫδh,κ

[
(ch/

√
1 + κ)1/2 cos(x)

−(ch/
√
1 + κ)−1/2 sin(x)

]
+ O(ǫ2)

[
even0(x)
odd(x)

]

+ iµǫ

[
odd(x)
even(x)

]
+ O(µ2ǫ, µǫ2),

(4.5)

f−
0 (µ, ǫ) =

[
0
1

]
+ iµǫ

[
even0(x)
odd(x)

]
+ O(µ2ǫ, µǫ2), (4.6)

where the remainders O() are vectors in Y = H2(T,C)×H1(T,C) and

αh,κ =

(
c
4
h(κ+ 1)− 3κ+ 3

)

2c
3
2

h
4
√
κ+ 1 (c4h(κ+ 1)− 3κ)

, βh,κ =

(
3− c

4
h

) (
c
4
h + 1

)
(κ+ 1)

5
4

4c
5/2
h (c4h(κ+ 1)− 3κ)

,

γh,κ = 1 + h(c−2
h − c

2
h)− 2κ(1 + κ)−1, δh,κ =

1

4
(1 + κ)

1
4 c

− 1
2

h (c2h + 3c−2
h ).

(4.7)

For µ = 0, the basis {f±
j (0, ǫ), ǫ = 0} is real and

f+
1 (0, ǫ) =

[
even0(x)
odd(x)

]
, f−

1 (0, ǫ) =

[
odd(x)
even(x)

]
,

f+
0 (0, ǫ) =

[
1
0

]
+

[
even0(x)
odd(x)

]
, f−

0 (0, ǫ) =

[
0
1

]
.

(4.8)

Proof. The long computations are given in Appendix B.

We now state the main result of this section.
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Lemma 4.3. The matrix that represents the Hamiltonian and reversible operator Lµ,ǫ : Vµ,ǫ → Vµ,ǫ in the
symplectic and reversible basis F of Vµ,ǫ defined in (4.1), is a Hamiltonian matrix Lµ,ǫ = J4Bµ,ǫ, where Bµ,ǫ is
a self-adjoint and reversibility preserving (i.e., satisfying (3.18)) 4× 4 matrix of the form

Bµ,ǫ =

(
E F
F ∗ G

)
, E = E∗, G = G∗, (4.9)

where E,F,G are the 2× 2 matrices

E :=

(
e11ǫ

2(1 + r̂1(ǫ, µǫ))− e22
µ2

8 (1 + ř1(ǫ, µ)) i
(
1
2e12µ+ r2(µǫ

2, µ2ǫ, µ3)
)

−i
(
1
2e12µ+ r2(µǫ

2, µ2ǫ, µ3)
)

−e22
µ2

8 (1 + r5(ǫ, µ))

)
, (4.10)

F :=

(
f11ǫ+ r3(ǫ

3, µǫ2, µ2ǫ) iµǫc
− 1

2

h (1 + κ)
1
4 + i r4(µǫ

2, µ2ǫ)
i r6(µǫ) r7(µ

2ǫ)

)
, (4.11)

G :=

(
1 + κµ2 + r8(ǫ

2, µ2ǫ) −ir9(µǫ
2, µ2ǫ)

ir9(µǫ
2, µ2ǫ) µ tanh(hµ) + r10(µ

2ǫ)

)
, (4.12)

where e22 is defined in (1.6), eWB is defined in (1.2), and

e11 := e11(κ, h) :=
(21− 25c4h + 6c8h)(1 + κ)2 + (−12 + 6c4h + 3c8h)(1 + κ) + 9c4h

8c3h(1 + κ)
1
2 (c4h(1 + κ)− 3κ)

,

f11 := f11(κ, h) := −1

2

(
c

5
2

h − c
− 3

2

h

)
(1 + κ)

3
4 .

(4.13)

Recalling 1.5, we notice that (κ, h) /∈ R2 implies that the denominator in e11 is not zero. We then verify
that e11 is nonzero for all (κ, h) /∈ R before proceeding to the proof of Lemma 4.3.

Lemma 4.4. For any κ > 0 and h > 0 the numerator in e11 in (4.13) is positive and, hence, e11 is not zero
for (κ, h) /∈ R. In particular, under the Bond number condition (cf. (2.12)) e11 is negative.

Proof. A straightforward calculation reveals that

21(1 + κ)2 − 12(1 + κ)− 25c4h(1 + κ)
2
+ 6c8h (1 + κ)

2
+ 9c4h + 6c4h (1 + κ) + 3c8h (1 + κ)

=

(
6

(
c
4
h −

25

12

)2

− 121

24

)
κ2 +

(
15

(
c
4
h −

22

15

)2

− 34

15

)
κ+ 9(1− c

4
h)

2 + 8c4h > 0,

since 0 < c
4
h < 1 and, hence,

2 < 6

(
c
4
h −

25

12

)2

− 121

24
< 21, 1 < 15

(
c
4
h −

22

15

)2

− 34

15
< 30.

Under the Bond number condition, we observe that the denominator of e11 is negative, since

3κ− c
4
h(1 + κ) = c

4
h

[
h
2

(
3

c
4
h

− 1

)
κ

h2
− 1

]
> c

4
h

[
h
2

(
1

c
4
h

− 1

3

)
− 1

]

and one easily checks that the function h
2
(

1
c4h

− 1
3

)
> 1 for any h > 0.

We decompose Bµ,ǫ in (3.3) as

Bµ,ǫ = Bǫ +B♭ +B♯ +Bs,

where Bǫ, B
♭, B♯, Bs are the self-adjoint and reversibility preserving operators:

Bǫ := B0,ǫ :=

[
1 + aǫ(x)− κΣ0,ǫ −(ch,κ + pǫ(x))∂x
∂x ◦ (ch,κ + pǫ(x)) |D| tanh((h + fǫ)|D|)

]
, (4.14)

B♭ :=

[
0 0
0 |D + µ| tanh((h+ fǫ)|D + µ|)− |D| tanh((h + fǫ)|D|)

]
, (4.15)
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B♯ :=

[
0 −iµpǫ

iµpǫ 0

]
, Bs :=

[
−κ
(
µΣ̇0,ǫ +

1
2µ

2Σ̈0,ǫ

)
0

0 0

]
, (4.16)

where fǫ in (2.20), aǫ(x) and pǫ(x) in (2.26) and

Σ̇0,ǫ :=
i

1 + px
(gǫ(x) ◦ ∂x + ∂x ◦ gǫ(x))

1

1 + px
, Σ̈0,ǫ := − 2gǫ(x)

(1 + px)2
.

In view of (2.50), the operator B♭ is analytic in µ.

Lemma 4.5 (Expansion of Bǫ). The self-adjoint and reversibility preserving matrix Bǫ := Bǫ(µ) associated,
as in (3.17), with the self-adjoint and reversibility preserving operator Bǫ defined in (4.14), with respect to the
basis F of Vµ,ǫ in (4.1), expands as

Bǫ =




e11ǫ
2 + ζh,κµ

2 + r1(ǫ
3, µǫ3) i r2(µǫ

2) f11ǫ+ r3(ǫ
3, µǫ2) i r4(µǫ

3)
−i r2(µǫ

2) ζh,κµ
2 i r6(µǫ) 0

f11ǫ+ r3(ǫ
3, µǫ2) −i r6(µǫ) 1 + r8(ǫ

2, µǫ2) i r9(µǫ
2)

−i r4(µǫ
3) 0 −i r9(µǫ

2) 0


+ O(µ2ǫ, µ3) (4.17)

where e11, f11 are defined respectively in (4.13), and

ζh,κ :=
1

8
ch(1 + κ)

1
2 γ2h,κ =

1

8
ch(1 + κ)

1
2

(
1 + h(c−2

h − c
2
h)− 2κ(1 + κ)−1

)2
. (4.18)

Proof. We expand the matrix Bǫ(µ) as

Bǫ(µ) = Bǫ(0) + µ(∂µBǫ)(0) +
µ2

2
(∂2µB0)(0) + O(µ2ǫ, µ3). (4.19)

The matrix Bǫ(0). The main result of this long paragraph is to prove that the matrix Bǫ(0) has the
expansion (4.25). We start recalling that the self-adjoint Bǫ(0) has the form

Bǫ(0) =




(
Bǫf

+
1 (ǫ), f+

1 (ǫ)
) (

Bǫf
−
1 (ǫ), f+

1 (ǫ)
) (

Bǫf
+
0 (ǫ), f+

1 (ǫ)
) (

Bǫf
−
0 (ǫ), f+

1 (ǫ)
)

(
Bǫf

+
1 (ǫ), f−

1 (ǫ)
) (

Bǫf
−
1 (ǫ), f−

1 (ǫ)
) (

Bǫf
+
0 (ǫ), f−

1 (ǫ)
) (

Bǫf
−
0 (ǫ), f−

1 (ǫ)
)

(
Bǫf

+
1 (ǫ), f+

0 (ǫ)
) (

Bǫf
−
1 (ǫ), f+

0 (ǫ)
) (

Bǫf
+
0 (ǫ), f+

0 (ǫ)
) (

Bǫf
−
0 (ǫ), f+

0 (ǫ)
)

(
Bǫf

+
1 (ǫ), f−

0 (ǫ)
) (

Bǫf
−
1 (ǫ), f−

0 (ǫ)
) (

Bǫf
+
0 (ǫ), f−

0 (ǫ)
) (

Bǫf
−
0 (ǫ), f−

0 (ǫ)
)


 , (4.20)

where fσk (ǫ) := fσk (0, ǫ), for σ = ±, k = 0, 1. The matrix Bǫ(0) is real, because the operator Bǫ is real and
the basis {f±

k (0, ǫ)}k=0,1 is real. On the other hand, by (3.18), its matrix elements (Bǫ(0))i,j vanish for i + j

odd. In addition f−
0 (0, ǫ) =

[
0
1

]
by (4.8), and, by (4.14), we get Bǫf

−
0 (0, ǫ) = 0, for any ǫ. We deduce that the

self-adjoint matrix Bǫ(0) in (4.20) has the form

Bǫ(0) =




E11(0, ǫ) 0 F11(0, ǫ) 0
0 E22(0, ǫ) 0 0

F11(0, ǫ) 0 G11(0, ǫ) 0
0 0 0 0


 , (4.21)

where E11(0, ǫ), E22(0, ǫ), G11(0, ǫ), F11(0, ǫ) are real. We claim that E22(0, ǫ) ≡ 0 for any ǫ. As a first step,
following [5], we prove that

either E22(0, ǫ) ≡ 0, or E11(0, ǫ) ≡ 0 ≡ F11(0, ǫ). (4.22)

Indeed, by (2.58), the operator L0,ǫ ≡ L0,ǫ possesses, for any sufficiently small ǫ 6= 0, the eigenvalue 0 with a
four dimensional generalized Kernel

Wǫ := span{U1, Ũ2, U3, U4},
spanned by ǫ-dependent vectors. By Lemma 3.1 it results that Wǫ = V0,ǫ = Rg(P0,ǫ) and by (2.58) we have
L

2
0,ǫ = 0 on V0,ǫ. Thus the matrix

Lǫ(0) := J4Bǫ(0) =




0 E22(0, ǫ) 0 0
−E11(0, ǫ) 0 −F11(0, ǫ) 0

0 0 0 0
−F11(0, ǫ) 0 −G11(0, ǫ) 0


 , (4.23)
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which represents L0,ǫ : V0,ǫ → V0,ǫ, satisfies L
2
ǫ (0) = 0, namely

L2ǫ(0) = −




(E11E22)(0, ǫ) 0 (E22F11)(0, ǫ) 0
0 (E11E22)(0, ǫ) 0 0
0 0 0 0
0 (E22F11)(0, ǫ) 0 0


 = 0, (4.24)

which implies (4.22). We now prove that the matrix Bǫ(0) defined in (4.21) expands as

Bǫ(0) =




e11ǫ
2 + r(ǫ3) 0 f11ǫ+ r(ǫ3) 0
0 0 0 0

f11ǫ+ r(ǫ3) 0 1 + r(ǫ2) 0
0 0 0 0


 (4.25)

where e11 and f11 are in (4.31) and (4.34). We expand the operator Bǫ in (4.14) as

Bǫ = B0 + ǫB1 + ǫ2B2 + O(ǫ3), B0 :=

[
1− κ∂xx −ch,κ∂x
ch,κ∂x |D| tanh(h|D|)

]
,

B1 :=

[
a1(x)− κΣ1 −p1(x)∂x
∂x ◦ p1(x) 0

]
, B2 :=

[
a2(x) − κΣ2 −p2(x)∂x
∂x ◦ p2(x) −f

[2]
2 ∂

2
x(1− tanh2(h|D|))

]
,

(4.26)

where the remainder term O(ǫ3) ∈ L(Y,X), the functions a1, p1, a2, p2, are given in (2.26)-(2.33), the operators

Σ1, Σ2 are given in (2.37)-(2.44) and, in view of (2.21), f
[2]
2 = 1

4c
−2
h

(
c
4
h(1 + κ)− (3 + κ)

)
.

Our goal here is to determine the expansion of E11(0, ǫ) = e11ǫ
2+r(ǫ3). By (4.3) we rewrite the real function

f+
1 (0, ǫ) as

f+
1 (0, ǫ) = f+

1 + ǫf+
11

+ ǫ2f+
12

+ O(ǫ3),

f+
1 =




(
ch√
1+κ

) 1
2

cos(x)
(

ch√
1+κ

)− 1
2

sin(x)


 , f+

11
:=

[
αh,κ cos(2x)
βh,κ sin(2x)

]
, f+

12
:=

[
even0(x)
odd(x)

]
,

(4.27)

where both f+
12

and O(ǫ3) are vectors in H2(T,C)×H1(T,C). Since B0f
+
1 = −JL0,0f

+
1 = 0, and both B0, B1

are self-adjoint real operators, it results

E11(0, ǫ) =
(
Bǫf

+
1 (0, ǫ), f+

1 (0, ǫ)
)

= ǫ
(
B1f

+
1 , f

+
1

)
+ ǫ2

[(
B2f

+
1 , f

+
1

)
+ 2

(
B1f

+
1 , f

+
11

)
+
(
B0f

+
11
, f+

11

)]
+ O(ǫ3).

(4.28)

By (4.26) one has

B1f
+
1 =

[
A

[0]
1 +A

[2]
1 cos(2x))

B
[2]
1 sin(2x)

]
, B2f

+
1 =

[
A

[1]
2 cos(x) +A

[3]
2 cos(3x)

B
[1]
2 sin(x) +B

[3]
2 sin(3x)

]
, B0f

+
11

=

[
A

[2]
3 cos(2x)

B
[2]
3 sin(2x)

]
, (4.29)

with

A
[0]
1 := −1

2

(
c

5
2

h − c
− 3

2

h

)
(1 + κ)

3
4 , A

[2]
1 := − (1 + κ)c4h + 5κ− 1

2c
3
2

h (1 + κ)
1
4

, B
[2]
1 := 2c

−1
2

h (1 + κ)
1
4 ,

A
[1]
2 := c

1
2

h (1 + κ)−
1
4

(
a
[0]
2 +

1

2
a
[2]
2

)
− c

− 1
2

h (1 + κ)
1
4

(
p
[0]
2 +

1

2
p
[2]
2

)

+ κc
1
2

h (1 + κ)−
1
4

(
d
[0]
2 +

1

2
d
[2]
2 +

1

2
e
[2]
2 − h

[0]
2 − 1

2
h
[2]
2

)
,

A
[3]
2 :=

1

2
c

1
2

h (1 + κ)−
1
4 a

[2]
2 − 1

2
c
− 1

2

h (1 + κ)
1
4 p

[2]
2 +

1

2
κc

1
2

h (1 + κ)−
1
4

(
d
[2]
2 − e

[2]
2 − h

[2]
2

)
,

B
[1]
2 := −c

1
2

h (1 + κ)−
1
4 p

[0]
2 − 1

2
c

1
2

h (1 + κ)−
1
4 p

[2]
2 + f

[2]
2 c

− 1
2

h (1 + κ)
1
4 (1− c

4
h), B

[3]
2 := −3

2
c

1
2

h (1 + κ)−
1
4 p

[2]
2 ,

A
[2]
3 := αh,κ(1 + 4κ)− 2βh,κch,κ, B

[2]
3 := −2αh,κch,κ +

4c2h
1 + c

4
h

βh,κ.

(4.30)
By (4.27)-(4.29), we deduce

E11(0, ǫ) = e11ǫ
2 + r(ǫ3),

e11 :=
1

2

(
A

[1]
2 c

1
2

h (1 + κ)−
1
4 +B

[1]
2 c

− 1
2

h (1 + κ)
1
4 + 2αh,κA

[2]
1 + 2βh,κB

[2]
1 + αh,κA

[2]
3 + βh,κB

[2]
3

)
.

(4.31)
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By (4.30), (4.31), (4.7), (2.26)-(2.33), and (2.37)-(2.44), we obtain that e11 writes as in (4.13). Since e11 is not
zero as proved in Lemma 4.4, the second alternative in (4.22) is ruled out, implying E22(0, ǫ) ≡ 0.

Next let us determine the expansion of G11(0, ǫ). By (4.5) we split the real-valued function f+
0 (0, ǫ) as

f+
0 (0, ǫ) = f+

0 + ǫf+
01

+ ǫ2f+
02

+ O(ǫ3), f+
0 =

[
1
0

]
,

f+
01

:= δh,κ




(
ch√
1+κ

) 1
2

cos(x)

−
(

ch√
1+κ

)− 1
2

sin(x)


 , f+

02
:=

[
even0(x)
odd(x)

]
.

(4.32)

Since, by (2.55) and (4.26), B0f
+
0 = f+

0 , using that B0, B1 are self-adjoint real operators, and (f+
0 , f

+
0 ) = 1,

(f+
0 , f

+
01
) = 0, we have

G11(0, ǫ) = (Bǫf
+
0 (0, ǫ), f+

0 (0, ǫ)) = 1 + ǫ(B1f
+
0 , f

+
0 ) + ǫ(B0f

+
01
, f+

0 ) + r(ǫ2).

By (4.26) and (2.26), (2.27), (2.31), and (2.37)-(2.41) one has

(
B1f

+
0 , f

+
0

)
=

([(
a
[1]
1 − κh

[1]
1

)
cos(x)

−p[1]1 sin(x)

]
,

[
1
0

])
=

[
0
0

]
, (B0f

+
01
, f+

0 ) = (f+
01
,B0f

+
0 ) =

[
0
0

]
. (4.33)

By (4.32) and (4.33), we deduce G11(0, ǫ) = 1 + r(ǫ2).
Next we provide the expansion of F11(0, ǫ). By (4.26), (4.27), (4.32), using that B0, B1 are self-adjoint and

real, and B0f
+
1 = 0, B0f

+
0 = f+

0 , we obtain

F11(0, ǫ) = ǫ
[(
B1f

+
1 , f

+
0

)
+
(
f+
11
, f+

0

)]

+ ǫ2
[(
B2f

+
1 , f

+
0

)
+
(
B1f

+
1 , f

+
01

)
+
(
B1f

+
0 , f

+
11

)

+
(
f+
12
, f+

0

)
+
(
B0f

+
11
, f+

01

)]
+ r(ǫ3).

By (4.27), (4.29), (4.30), (4.32), (4.33), all the only non-zero scalar product is the first one, yielding

F11(0, ǫ) = f11ǫ+ r(ǫ3), f11 := A
[0]
1 = −1

2

(
c

5
2

h − c
− 3

2

h

)
(1 + κ)

3
4 . (4.34)

The expansion (4.25) is proved.
The next step is to compute the terms linear in µ of Bǫ(µ). We have

∂µBǫ(0) = X +X∗ where X :=
((

Bǫf
σ
k (0, ǫ), (∂µf

σ′

k′ )(0, ǫ)
))

k,k′=0,1;σ,σ′=±
. (4.35)

and now prove that

X =




O(ǫ3) 0 O(ǫ2) 0
O(ǫ2) 0 O(ǫ) 0
O(ǫ3) 0 O(ǫ2) 0
O(ǫ3) 0 O(ǫ2) 0


 (4.36)

Indeed consider the matrix Lǫ(0) in (4.23), where E22(0, ǫ) = 0, and recall that it represents the action of the
operator L0,ǫ : V0,ǫ → V0,ǫ in the basis {fσk (0, ǫ)}; we deduce that

L0,ǫf
−
1 (0, ǫ) = 0, L0,ǫf

−
0 (0, ǫ) = 0.

Thus also Bǫf
−
1 (0, ǫ) = Bǫf

−
0 (0, ǫ) = 0, and the second and fourth columns of the matrix X in (4.36) are zero.

Now we compute ∂µf
σ
k (0, ǫ). In view of (4.3)-(4.7) and by denoting with a dot the derivative w.r.t. µ, one has

ḟ+
1 (0, ǫ) =

i

4
γh,κ

[
c

1
2

h (1 + κ)−
1
4 sin(x)

c
− 1

2

h (1 + κ)
1
4 cos(x)

]
+ iǫ

[
odd(x)
even(x)

]
+ O(ǫ2),

ḟ+
0 (0, ǫ) = iǫ

[
odd(x)
even0(x)

]
+ O(ǫ2),

ḟ−
1 (0, ǫ) =

i

4
γh,κ

[
c

1
2

h (1 + κ)−
1
4 cos(x)

−c
− 1

2

h (1 + κ)
1
4 sin(x)

]
+ iǫ

[
even(x)
odd(x)

]
+ O(ǫ2),

ḟ−
0 (0, ǫ) = iǫ

[
even0(x)
odd(x)

]
+ O(ǫ2).

(4.37)
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In view of (2.2), (4.3)-(4.8), (4.23), (4.31), (4.34), and since Bǫf
σ
k (0, ǫ) = −JLǫf

σ
k (0, ǫ), we have

Bǫf
+
1 (0, ǫ) = E11(0, ǫ) Jf

−
1 (0, ǫ) + F11(0, ǫ) Jf

−
0 = ǫ

[
f11
0

]
+ ǫ2e11

[
c
− 1

2

h (1 + κ)
1
4 cos(x)

c

1
2

h (1 + κ)−
1
4 sin(x)

]
+ O(ǫ3),

Bǫf
+
0 (0, ǫ) = F11(0, ǫ) Jf

−
1 (0, ǫ) +G11(0, ǫ) Jf

−
0 =

[
1
0

]
+ ǫf11

[
c
− 1

2

h (1 + κ)
1
4 cos(x)

c

1
2

h (1 + κ)−
1
4 sin(x)

]
+ O(ǫ2).

(4.38)

We deduce (4.36) by (4.37) and (4.38).
Next we compute the terms quadratic in µ. By denoting with a double dot the double derivative with

respect to µ, we have

∂2µB0(0) =
(
B0f

σ
k , f̈

σ′

k′ (0, 0)
)
+
(
f̈σk (0, 0),B0f

σ′

k′

)
+ 2

(
B0ḟ

σ
k (0, 0), ḟ

σ′

k′ (0, 0)
)
=: Y + Y ∗ + 2Z. (4.39)

Arguing as in [6, pag. 29], one shows that Y = 0 and

Z =
(
B0ḟ

σ
k (0, 0), ḟ

σ′

k′ (0, 0)
)
k,k′=0,1;σ,σ′=±

=




ζh,κ 0 0 0
0 ζh,κ 0 0
0 0 0 0
0 0 0 0


 (4.40)

with

ζh,κ :=
(
B0ḟ

+
1 (0, 0), ḟ+

1 (0, 0)
)
=
(
B0ḟ

−
1 (0, 0), ḟ−

1 (0, 0)
)
=

1

8
ch(1 + κ)

1
2 γ2h,κ.

In conclusion, (4.19), (4.35), (4.36), (4.39), the fact that Y = 0 and (4.40) imply (4.17), using also the self-
adjointness of Bǫ and (3.18).

Lemma 4.6 (Expansion of B♭). The self-adjoint and reversibility-preserving matrix B♭ associated, as in (3.17),
to the self-adjoint and reversibility-preserving operator B♭, defined in (4.15), with respect to the basis F of Vµ,ǫ
in (4.1), admits the expansion

B♭ =




−µ2

4 bh,κ i (µ2 b̂h,κ + r2(µǫ
2)) 0 0

−i (µ2 b̂h,κ + r2(µǫ
2)) −µ2

4 bh,κ i r6(µǫ) 0
0 −i r6(µǫ) 0 0
0 0 0 µ tanh(hµ)


 + O(µ2ǫ, µ3), (4.41)

where

bh,κ := γh,κch(1 + κ)
1
2 + hc

−1
h (1 + κ)

1
2 (1− c

4
h)
(
γh,κ − 2(1− hc

2
h)
)

(4.42)

b̂h,κ := c
−1
h (1 + κ)

1
2 (c2h + (1 − c

4
h)h). (4.43)

Proof. The proof is analogous to the one of [6, Lemma 4.5], using the expansions of Lemma 4.2.

Next, we consider B♯.

Lemma 4.7 (Expansion of B♯). The self-adjoint and reversibility-preserving matrix B♯ associated, as in (3.17),
to the self-adjoint and reversibility-preserving operators B♯, defined in (4.16), with respect to the basis F of Vµ,ǫ
in (4.1), admits the expansion

B♯ =




0 i r2(µǫ
2) 0 iµǫc

− 1
2

h (1 + κ)
1
4 + i r4(µǫ

2)
−i r2(µǫ

2) 0 −i r6(µǫ) 0
0 i r6(µǫ) 0 −i r9(µǫ

2)

−iµǫc
− 1

2

h (1 + κ)
1
4 − ir4(µǫ

2) 0 i r9(µǫ
2) 0


 + O(µ2ǫ), (4.44)

Proof. The proof is analogous to the one of [6, Lemma 4.6], using the expansions of Lemma 4.2.

Finally, we consider the new term Bs that takes into the account the capillary term.
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Lemma 4.8 (Expansion of Bs). The self-adjoint and reversibility-preserving matrix Bs associated, as in (3.17),
to the self-adjoint and reversibility-preserving operators Bs, defined in (4.16), with respect to the basis F of Vµ,ǫ
in (4.1), admits the expansion

Bs =




µ2

2 κ(1 + κ)−
1
2 ch(γh,κ + 1) iκµch(1 + κ)−

1
2 + i r2(µǫ

2) 0 i r4(µǫ
2)

−iκµch(1 + κ)−
1
2 − i r2(µǫ

2) µ2

2 κ(1 + κ)−
1
2 ch(γh,κ + 1) i r6(µǫ) 0

0 −i r6(µǫ) κµ2 i r9(µǫ
2)

−i r4(µǫ
2) 0 −i r9(µǫ

2) 0




+ O(µ2ǫ, µ3),

(4.45)

Proof. Recalling (2.21) and (2.34), we write the operator Bs in (4.16) as

B
s = −κµBs1 − κµ2

B
s
2, (4.46)

where

B
s
1 :=

i

1 + px
(gǫ(x) ◦ ∂x + ∂x ◦ gǫ(x))

1

1 + px
ΛΠ̃

=2i

[
∂x 0
0 0

]

︸ ︷︷ ︸
=:Bs

11

+3iǫc−2
h

[
−∂x ◦ cos(x)− cos(x) ◦ ∂x 0

0 0

]

︸ ︷︷ ︸
=:Bs

12

+O(ǫ2),
(4.47)

and

B
s
2 := − gǫ(x)

(1 + px)2
ΛΠ̃ = −ΛΠ̃ + O(ǫ), ΛΠ̃ :=

[
Id 0
0 0

]
, (4.48)

with O(ǫ), O(ǫ2) ∈ L(Y,X).
Using (4.3)-(4.6), we derive the following expansion:

B
s
11f

+
1 (µ, ǫ) = 2i

[
−c

1
2

h (1 + κ)−
1
4 sin(x)

0

]
− µ

2
γh,κ

[
c

1
2

h (1 + κ)−
1
4 cos(x)

0

]
− 4iαh,κǫ

[
sin(2x)

0

]

+ O(ǫ2)

[
odd(x)

0

]
+ O(µ2, µǫ),

Bs11f
−
1 (µ, ǫ) = 2i

[
−c

1
2

h (1 + κ)−
1
4 cos(x)

0

]
+
µ

2
γh,κ

[
c

1
2

h (1 + κ)−
1
4 sin(x)

0

]
− 4iαh,κǫ

[
cos(2x)

0

]

+ O(ǫ2)

[
even(x)

0

]
+ O(µ2, µǫ),

Bs11f
+
0 (µ, ǫ) = −2iǫδh,κ

[
c

1
2

h (1 + κ)−
1
4 sin(x)

0

]
+ O(ǫ2)

[
odd(x)

0

]
+ O(µǫ), Bs11f

−
0 (µ, ǫ) = O(µǫ).

(4.49)

Using (4.49) and the self-adjoint and reversibility-preserving properties of Bs11, the matrix −κµBs11 representing
the action of the operator −κµBs11 on the basis F of Vµ,ǫ in (4.1) admits the expansion

−κµBs11 =




µ2

2 κ(1 + κ)−
1
2 γh,κch iκµch(1 + κ)−

1
2 + i r(µǫ2) 0 0

−iκµch(1 + κ)−
1
2 + i r(µǫ2) µ2

2 κ(1 + κ)−
1
2 γh,κch i r(µǫ) 0

0 i r(µǫ) 0 0
0 0 0 0


+ O(µ2ǫ, µ3). (4.50)

Consider now −κµBs12, we have
(
−κµBs12fσk (µ, ǫ), fσ

′

k′ (µ, ǫ)
)
=
(
−κµBs12fσk (0, ǫ), fσ

′

k′ (0, ǫ)
)
+ O(µ2ǫ). (4.51)

The matrix entries (−κµBs12fσk (0, ǫ), fσk′(0, ǫ)) , k, k′ = 0, 1, σ = ± are zero, because they are simultaneously
real by (3.18), and purely imaginary, being the operator −κµBs12 purely imaginary and the basis {f±

k (0, ǫ)}k=0,1

real. Hence the matrix −κµBs12 representing the action of the operator −κµBs11 on the basis F of Vµ,ǫ has the
form

−κµBs12 =




0 ias12 0 ibs12
−ias12 0 −ics12 0
0 ics12 0 ids12

−ibs12 0 −ids12 0


+ O(µ2ǫ), (4.52)
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where (
−κµBs12f−

1 (0, ǫ), f+
1 (0, ǫ)

)
:= ias12,

(
−κµBs12f−

1 (0, ǫ), f+
0 (0, ǫ)

)
:= ics12,(

−κµBs12f−
0 (0, ǫ), f+

1 (0, ǫ)
)
:= ibs12,

(
−κµBs12f−

0 (0, ǫ), f+
0 (0, ǫ)

)
:= ids12,

(4.53)

and as12, b
s
12, c

s
12, d

s
12 are real numbers. As −κµBs12 = O(µǫ) in L(Y,X), we deduce that cs12 = r(µǫ). Let us

compute the expansion of as12, b
s
12 and ds12. In view of (4.3)-(4.6), f±

1 (0, ǫ) = f±
1 + O(ǫ), f+

0 (0, ǫ) = f+
0 + O(ǫ),

f−
0 (0, ǫ) =

[
0
1

]
, where fσk are in (4.2). By (4.47) we have

−κµBs12f−
1 =

[
− 3

2 iκµǫc
− 3

2

h (1 + κ)−
1
4 (1 + 3 cos(2x))

0

]
, −κµBs12f−

0 =

[
0
0

]
,

and then

as12 =
(
−κµBs12f−

1 , f
+
1

)
+ r(µǫ2) = r(µǫ2), bs12 =

(
−κµBs12f−

0 , f
+
1

)
+ r(µǫ2) = r(µǫ2),

ds12 =
(
−κµBs12f−

0 , f
+
0

)
+ r(µǫ2) = r(µǫ2).

Next we consider the matrix −κµ2Bs2 representing the action of the operator −κµ2Bs2 on the basis F. Recalling
(4.48), we have −κµ2Bs2 = κµ2ΛΠ̃ + O(µ2, ǫ), hence one has

(
−κµ2

B
s
2f
σ
k (µ, ǫ), f

−σ′

k′ (µ, ǫ)
)
=
(
κµ2ΛΠ̃f

σ
k (0, ǫ), f

σ′

k′ (0, ǫ)
)
+ O(µ2ǫ, µ3). (4.54)

The matrix entries
(
−κµ2Bs2f

σ
k (0, ǫ), f

−σ
k′ (0, ǫ)

)
, k, k′ = 0, 1, σ = ± are zero, because they are simultaneously

purely imaginary by (3.18), and real, being the operator Bs2 real and the basis {f±
k (0, ǫ)}k=0,1 real. Hence

−κµ2Bs2, with respect to the basis F of Vµ,ǫ in (4.1), admits the expansion

−κµ2Bs2 =




as2 0 bs2 0
0 cs2 0 ds2
bs2 0 es2 0
0 ds2 0 f s2


+ O(µ2ǫ, µ3), (4.55)

where

as2 =
(
κµ2ΛΠ̃f

+
1 (0, ǫ), f+

1 (0, ǫ)
)
=
(
κµ2ΛΠ̃f

+
1 , f

+
1

)
+ r(µ2ǫ) =

µ2

2
κ(1 + κ)−

1
2 ch + r(µ2ǫ),

bs2 :=
(
κµ2ΛΠ̃f

+
1 (0, ǫ), f+

0 (0, ǫ)
)
=
(
κµ2ΛΠ̃f

+
1 , f

+
0

)
+ r(µ2ǫ) = r(µ2ǫ),

cs2 :=
(
κµ2ΛΠ̃f

−
1 (0, ǫ), f−

1 (0, ǫ)
)
=
(
κµ2ΛΠ̃f

−
1 , f

−
1

)
+ r(µ2ǫ) =

µ2

2
κ(1 + κ)−

1
2 ch + r(µ2ǫ),

ds2 :=
(
κµ2ΛΠ̃f

−
1 (0, ǫ), f−

0 (0, ǫ)
)
=
(
κµ2ΛΠ̃f

−
1 , f

−
0

)
+ r(µ2ǫ) = r(µ2ǫ),

es2 :=
(
κµ2ΛΠ̃f

+
0 (0, ǫ), f+

0 (0, ǫ)
)
=
(
κµ2ΛΠ̃f

+
0 , f

+
0

)
+ r(µ2ǫ) = κµ2 + r(µ2ǫ),

f s2 :=
(
κµ2ΛΠ̃f

−
0 (0, ǫ), f−

0 (0, ǫ)
)
=
(
κµ2ΛΠ̃f

−
0 , f

−
0

)
+ r(µ2ǫ) = r(µ2ǫ).

This proves (4.45).

Lemma 4.5-Lemma 4.8 imply (4.9) where the matrix E has the form (4.10) and

e22 := 2(bh,κ − 4ζh,κ − 2κ(1 + κ)−
1
2 ch(1 + γh,κ))

with bh,κ in (4.42) and ζh,κ in (4.18), γh,κ in (4.7). The term e22 has the expansion in (4.13).
Moreover,

F := F (µ, ǫ) =

(
f11ǫ + r3(ǫ

3, µǫ2, µ2ǫ, µ3) iµǫc
− 1

2

h (1 + κ)
1
4 + i r4(µǫ

2, µ2ǫ, µ3)
i r6(µǫ, µ

3) r7(µ
2ǫ, µ3)

)
, (4.56)

G := G(µ, ǫ) =

(
1 + κµ2 + r8(ǫ

2, µ2ǫ, µ3) −ir9(µǫ
2, µ2ǫ, µ3)

ir9(µǫ
2, µ2ǫ, µ3) µ tanh(hµ) + r10(µ

2ǫ, µ3)

)
. (4.57)

In order to deduce the expansion (4.11)-(4.12) of the matrices F , G we exploit also the following lemma:

Lemma 4.9. At ǫ = 0 the matrices are F (µ, 0) = 0 and G(µ, 0) =

(
1 + κµ2 0

0 µ tanh(hµ)

)
.
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Proof. By Lemma B.5 and since Bµ,0 :=
[
1−κ(∂x+iµ)2 −ch,κ∂x

ch,κ∂x |D+µ| tanh(h|D+µ|)

]
, we obtain Bµ,0f

+
0 (µ, 0) = (1+κµ2)f+

0

and Bµ,0f
−
0 (µ, 0) = µ tanh(hµ)f−

0 , for any µ. The lemma follows recalling (3.17) and the fact that f+
1 (µ, 0)

and f−
1 (µ, 0) have zero space average by Lemma B.5

In view of Lemma 4.9 we deduce that the matrices (4.56) and (4.57) have the form (4.11) and (4.12). This
completes the proof of Lemma 4.3.

5 Block-Decoupling

In this section we block-decouple the 4×4 Hamiltonian matrix Lµ,ǫ = J4Bµ,ǫ, where Bµ,ǫ obtained in Lemma
4.3. We first perform a singular symplectic and reversibility-preserving change of coordinates. The proof is a
simple computation and we skip it.

Lemma 5.1 (Singular symplectic rescaling). The conjugation of the Hamiltonian and reversible matrix Lµ,ǫ =
J4Bµ,ǫ obtained in Lemma 4.3 through the symplectic and reversibility-preserving 4× 4 matrix

Y :=

(
Q 0
0 Q

)
with Q :=

(
µ

1
2 0

0 µ− 1
2

)
, µ > 0, (5.1)

yields the Hamiltonian and reversible matrix

L(1)µ,ǫ := Y −1Lµ,ǫY = J4B
(1)
µ,ǫ =

(
J2E

(1) J2F
(1)

J2[F
(1)]∗ J2G

(1)

)
(5.2)

where B
(1)
µ,ǫ is a self-adjoint and reversibility-preserving 4× 4 matrix

B(1)
µ,ǫ =

(
E(1) F (1)

[F (1)]∗ G(1)

)
, E(1) = [E(1)]∗, G(1) = [G(1)]∗, (5.3)

where the 2 × 2 reversibility-preserving matrices E(1), F (1), and G(1) extend analytically at µ = 0 with the
following expansion

E(1) =

(
e11µǫ

2(1 + r̂1(ǫ, µǫ))− e22
µ3

8 (1 + ř1(ǫ, µ)) i
(
1
2e12µ+ r2(µǫ

2, µ2ǫ, µ3)
)

−i
(
1
2e12µ+ r2(µǫ

2, µ2ǫ, µ3)
)

−e22
µ
8 (1 + r5(ǫ, µ))

)
, (5.4)

F (1) =

(
f11µǫ+ r3(µǫ

3, µ2ǫ2, µ3ǫ) iµǫc
− 1

2

h (1 + κ)
1
4 + i r4(µǫ

2, µ2ǫ)
i r6(µǫ) r7(µǫ)

)
, (5.5)

G(1) =

(
µ+ κµ3 + r8(µǫ

2, µ3ǫ) −i r9(µǫ
2, µ2ǫ)

i r9(µǫ
2, µ2ǫ) tanh(hµ) + r10(µǫ)

)
, (5.6)

where e11, f11, e12, e22, are defined in (4.13), (1.2), and (1.6).

Remark 5.2. The matrix L
(1)
µ,ǫ, a priori defined only for µ 6= 0, extends analytically to the zero matrix at µ = 0.

For µ 6= 0 the spectrum of L
(1)
µ,ǫ coincides with the spectrum of Lµ,ǫ.

5.1 Non-perturbative Step of Block-Decoupling

We state the main result of this section.

Lemma 5.3 (Step of block-decoupling). Let (κ, h) 6∈ D, cf. (1.3). There exists a 2× 2 reversibility-preserving
matrix X, analytic in (µ, ǫ), of the form

X :=

(
x11 ix12
ix21 x22

)
, with xij ∈ R, i, j = 1, 2,

=

(
r11(ǫ) i r12(ǫ)

−i 1
2D

−1
h,κ(e12f11 + 2c

− 1
2

h (1 + κ)
1
4 )ǫ + i r21(ǫ

2, µǫ) 1
2D

−1
h,κ(c

− 1
2

h (1 + κ)
1
4 e12 + 2hf11)ǫ+ r22(ǫ

2, µǫ)

)
,

(5.7)
where e12, Dh,κ and f11 are defined in (1.2) and (4.13), respectively, such that the following holds true. By

conjugating the Hamiltonian and reversible matrix L
(1)
µ,ǫ defined in (5.2), with the symplectic and reversibility-

preserving 4× 4 matrix

exp
(
S(1)

)
, where S(1) := J4

(
0 M
M∗ 0

)
, M := J2X, (5.8)
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we get the Hamiltonian and reversible matrix

L(2)µ,ǫ := exp
(
S(1)

)
L(1)µ,ǫ exp

(
−S(1)

)
= J4B

(2)
µ,ǫ = J4

(
J2E

(2) J2F
(2)

J2[F
(2)]∗ J2G

(2)

)
, (5.9)

where the reversibility-preserving 2× 2 self-adjoint matrix [E(2)]∗ = E(2) has the form

E(2) =

(
µǫ2eWB + r′1(µǫ

3, µ2ǫ2)− e22
µ3

8 (1 + r′′1 (ǫ, µ)) i
(
1
2e12µ+ r2(µǫ

2, µ2ǫ, µ3)
)

−i
(
1
2e12µ+ r2(µǫ

2, µ2ǫ, µ3)
)

−e22
µ
8 (1 + r5(ǫ, µ))

)
, (5.10)

where

eWB := eWB(κ, h) := e11 −D−1
h,κ

(
c
−1
h (1 + κ)

1
2 + hf211 + e12f11c

− 1
2

h (1 + κ)
1
4

)
. (5.11)

(with constants e11, , f11, e12 defined in (4.13)), is the Whitham–Benjamin function defined in (1.1). The
reversibility-preserving 2× 2 self-adjoint matrix [G(2)]∗ = G(2) has the form

G(2) =

(
µ(1 + κµ2) + r8(µǫ

2, µ3ǫ) −ir9(µǫ
2, µ2ǫ)

ir9(µǫ
2, µ2ǫ) tanh(hµ) + r10(µǫ)

)
, (5.12)

and

F (2) =

(
r3(µǫ

3) ir4(µǫ
3)

ir6(µǫ
3) r7(µǫ

3)

)
. (5.13)

The rest of the section is devoted to the proof of Lemma 5.3. For simplicity let S = S(1).
The matrix exp(S) is symplectic and reversibility-preserving because the matrix S in (5.8) is Hamiltonian

and reversibility-preserving, cf. [5, Lemma 3.8]. Note that S is reversibility preserving, since X has the form
(5.7).

We now expand in Lie series the Hamiltonian and reversible matrix L
(2)
µ,ǫ = exp(S)L

(1)
µ,ǫ exp(−S). We split

L
(1)
µ,ǫ into its 2× 2-diagonal and off-diagonal Hamiltonian and reversible matrices

L(1)µ,ǫ = D(1) +R(1),

D(1) :=

(
D1 0
0 D0

)
=

(
J2E

(1) 0
0 J2G

(1)

)
, R(1) :=

(
0 J2F

(1)

J2[F
(1)]∗ 0

)
,

(5.14)

and perform the Lie expansion

L(2)µ,ǫ = exp(S)L(1)µ,ǫ exp(−S) = D(1) + [S,D(1)] +
1

2
[S, [S,D(1)]] +R(1) + [S,R(1)]

+
1

2

∫ 1

0

(1− τ)2 exp(τS)ad3S(D
(1)) exp(−τS) dτ

+

∫ 1

0

(1 − τ) exp(τS)ad2
S(R

(1)) exp(−τS) dτ.

(5.15)

We look for a 4× 4 matrix S as in (5.8) (which is Hamiltonian, reversibility-preserving and off-diagonal as
the term R(1) we wish to eliminate) that solves the homological equation

R(1) + [S,D(1)] = 0,

which, recalling (5.14), reads

(
0 J2F

(1) + J2MD0 −D1J2M

J2[F
(1)]∗ + J2M

∗D1 −D0J2M
∗ 0

)
= 0. (5.16)

Note that the equation J2F
(1) + J2MD0 −D1J2M = 0 implies also J2[F

(1)]∗ + J2M
∗D1 −D0J2M

∗ = 0 and
vice versa, since J∗2 = −J2 and J2(J2F

(1) + J2MD0 − D1J2M) = (J2[F
(1)]∗ + J2M

∗D1 −D0J2M
∗)∗J∗2. Thus,

writing
M = J2X, namely X = −J2M,

the equation (5.16) amounts to solving the Sylvester equation

D1X −XD0 = −J2F
(1). (5.17)
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We write the matrices E(1), F (1), G(1) in (5.2) as

E(1) =

(
E

(1)
11 iE

(1)
12

−iE
(1)
12 E

(1)
22

)
, F (1) =

(
F

(1)
11 iF

(1)
12

iF
(1)
21 F

(1)
22

)
, G(1) =

(
G

(1)
11 iG

(1)
12

−iG
(1)
12 G

(1)
22

)
, (5.18)

where the real numbers E
(1)
ij , F

(1)
ij , G

(1)
ij , i, j = 1, 2, have the expansion in (5.4), (5.5), (5.6). Thus, by (5.14),

(5.7) and (5.18), the equation (5.17) amounts to solve the 4× 4 real linear system




a b c 0
d a 0 −c
e 0 a −b
0 −e −d a




︸ ︷︷ ︸
=:A




x11
x12
x21
x22




︸ ︷︷ ︸
=:~x

=




−F (1)
21

F
(1)
22

−F (1)
11

F
(1)
12




︸ ︷︷ ︸
=:~f

. (5.19)

where by (5.4), (5.5), and (5.6) and since tanh(hµ) = hµ+ r(µ3),

a = G
(1)
12 − E

(1)
12 = −e12

µ

2

(
1 + r(ǫ2, µǫ, µ2)

)
, b = G

(1)
11 = µ+ r(µǫ2, µ3),

c = E
(1)
22 = −e22

µ

8
(1 + r5(ǫ, µ)), d = G

(1)
22 = µh+ r(µǫ, µ3),

e = E
(1)
11 = r(µǫ2, µ3),

(5.20)

where e12 > 0 for any (κ, h) ∈ R2
+ and e22 is defined in (1.6). Using also [6, Lemma 5.5], one has

detA = (bd− a2)2 − 2ce
(
a2 + bd− 1

2ce
)
= µ4D2

h,κ(1 + r(ǫ, µ2)) (5.21)

which is not zero provided µ 6= 0 and (κ, h) 6∈ D (see (1.3)). The inverse of A is computed in [6, formula (5.23)]
as

A−1 =
1

detA




a(a2 − bd− ce) b(−a2 + bd− ce) −c(a2 + bd− ce) −2abc

d(−a2 + bd− ce) a(a2 − bd− ce) 2acd −c(−a2 − bd+ ce)

−e(a2 + bd− ce) 2abe a(a2 − bd− ce) b(a2 − bd+ ce)

−2ade −e(−a2 − bd+ ce) d(a2 − bd+ ce) a(a2 − bd− ce)




(5.22)

and expands as

A−1 = (1 + r(ǫ, µ))
1

µD2
h,κ




1
2e12Dh,κ Dh,κ

1
32e22(e

2
12 + 4h) − 1

8e12e22
hDh,κ

1
2e12Dh,κ

1
8e12e22h − 1

32e22(e
2
12 + 4h)

r(ǫ2, µ2) r(ǫ2, µ2) 1
2e12Dh,κ −Dh,κ

r(ǫ2, µ2) r(ǫ2, µ2) −hDh,κ
1
2e12Dh,κ


 . (5.23)

Therefore, for any µ 6= 0, there exists a unique solution ~x = A−1 ~f of the linear system (5.19), namely a unique
matrix X which solves the Sylvester equation (5.17). Explicitly, by (5.19), (5.23), (5.18), (5.5) we obtain, for
any µ 6= 0,









x11

x12

x21

x22









= D−2

h,κ









1

2
e12Dh,κ Dh,κ

1

32
e22(e

2

12 + 4h) −
1

8
e12e22

hDh,κ
1

2
e12Dh,κ

1

8
e12e22h − 1

32
e22(e

2

12 + 4h)
r(ǫ2, µ2) r(ǫ2, µ2) 1

2
e12Dh,κ −Dh,κ

r(ǫ2, µ2) r(ǫ2, µ2) −hDh,κ
1

2
e12Dh,κ

























r(ǫ)

r(ǫ)

−f11ǫ + r(ǫ3, µǫ2, µ2ǫ)

c
−

1
2

h (1 + κ)
1
4 ǫ+ r(ǫ2, µǫ)

















(

1 + r(ǫ, µ)
)

,

(5.24)

which proves (5.7). In particular each xij admits an analytic extension at µ = 0. Note that, for µ = 0, one has
E(2) = G(2) = F (2) = 0 and the Sylvester equation reduces to tautology.

Since the matrix S solves the homological equation R(1) + [S,D(1)] = 0, identity (5.15) simplifies to

L(2)µ,ǫ = D(1) +
1

2
[S,R(1)] +

1

2

∫ 1

0

(1− τ2) exp(τS) ad2S(R
(1)) exp(−τS) dτ. (5.25)
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This follows by using the Jacobi identity and the homological relation to cancel lower-order terms and to rewrite

1

2
[S, [S,D(1)]] + [S,R(1)] =

1

2
[S,R(1)], ad3S(D

(1)) = − ad2S(R
(1)).

The matrix 1
2 [S,R

(1)] is, by (5.8), (5.14), the block-diagonal Hamiltonian and reversible matrix

1

2
[S,R(1)] =

(
1
2J2(MJ2[F

(1)]∗ − F (1)J2M
∗) 0

0 1
2J2(M

∗J2F (1) − [F (1)]∗J2M)

)
=

(
J2Ẽ 0

0 J2G̃

)
, (5.26)

where, recalling (5.8),

Ẽ := Sym(J2XJ2[F
(1)]∗), G̃ := Sym(X∗F (1)), (5.27)

denoting Sym(A) := 1
2 (A+A∗).

Lemma 5.4. The self-adjoint and reversibility-preserving matrices Ẽ, G̃ in (5.27) have the form

Ẽ =

(
ẽ11µǫ

2 + r̃1(µǫ
3, µ2ǫ2) i r̃2(µǫ

2)
−i r̃2(µǫ

2) r̃5(µǫ
2)

)
, G̃ =

(
r̃8(µǫ

2) i r̃9(µǫ
2)

−i r̃9(µǫ
2) r̃10(µǫ

2)

)
,

ẽ11 := −D−1
h,κ

(
c
−1
h (1 + κ)

1
2 + hf211 + e12f11c

− 1
2

h (1 + κ)
1
4

)
.

(5.28)

Proof. By (5.5), (5.7), one has

J2XJ2[F
(1)]∗ =

(
x21F

(1)
12 − x22F

(1)
11 i(x21F

(1)
22 + x22F

(1)
21 )

i(x11F
(1)
12 + x12F

(1)
11 ) −x11F (1)

22 + x12F
(1)
21

)
=

(
ẽ11µǫ

2 + r(µǫ3, µ2ǫ2) ir(µǫ2)
ir(µǫ2) r(µǫ2)

)
,

with ẽ11 being defined as in (5.28). The expansion of Ẽ in (5.28) follows in view of (5.27). Since X = O(ǫ) by

(5.7) and F (1) = O(µǫ) by (5.5) we deduce that X∗F (1) = O(µǫ2) and the expansion of G̃ in (5.28) follows.

The last term in (5.25) is small.

Lemma 5.5. The 4× 4 Hamiltonian and reversibility matrix

1

2

∫ 1

0

(1 − τ2) exp(τS)ad2
S(R

(1)) exp(−τS) dτ =

(
J2Ê J2F

(2)

J2[F
(2)]∗ J2Ĝ

)
. (5.29)

where the 2× 2 self-adjoint and reversible matrices Ê, Ĝ have entries

Êij = Ĝij = r(µǫ3), i, j = 1, 2, (5.30)

and the 2× 2 reversible matrix F (2) admits an expansion as in (5.13).

Proof. Each exp(τS) ad2S(R
(1)) exp(−τS) is Hamiltonian and reversibility-preserving, and formula (5.29) holds.

In order to estimate its entries we first compute ad2S(R
(1)). Using the form of S in (5.8) and [S,R(1)] in (5.26)

one gets ad2S(R
(1)) =

(
0 J2F̃

J2F̃
∗ 0

)
where F̃ := 2

(
MJ2G̃− ẼJ2M

)
and Ẽ, G̃ are defined in (5.27). Since

Ẽ, G̃ = O(µǫ2) by (5.28), and M = J2X = O(ǫ) by (5.7), we deduce that F̃ = O(µǫ3). Then, for any τ ∈ [0, 1],
the matrix exp(τS) ad2S(R

(1)) exp(−τS) = ad2S(R
(1))(1 + O(µ, ǫ)). In particular the matrix F (2) in (5.29) has

the same expansion of F̃ , namely F (2) = O(µǫ3), and the matrices Ê, Ĝ have entries as in (5.30).

Proof of Lemma 5.3. It follows by (5.25)-(5.26), (5.14) and Lemmata 5.4 and 5.5. The matrix E(2) := E(1) +

Ẽ + Ê has the expansion in (5.10), with eWB = e11 + ẽ11 as in (5.11). Similarly, G(2) := G(1) + G̃+ Ĝ has the
expansion in (5.12).
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5.2 Complete Block-Decoupling and Proof of the Main Result

We now block-diagonalize the 4 × 4 Hamiltonian and reversible matrix L
(2)
µ,ǫ in (5.9). First we split it into

its 2× 2-diagonal and off-diagonal Hamiltonian and reversible matrices

L(2)µ,ǫ = D(2) +R(2), D(2) :=

(
J2E

(2) 0
0 J2G

(2)

)
, R(2) :=

(
0 J2F

(2)

J2[F
(2)]∗ 0

)
. (5.31)

Lemma 5.6. There exist a 4 × 4 reversibility-preserving Hamiltonian matrix S(2) := S(2)(µ, ǫ) of the form
(5.8), analytic in (µ, ǫ), of size O(ǫ3), and a 4 × 4 block-diagonal reversible Hamiltonian matrix P := P (µ, ǫ),
analytic in (µ, ǫ), of size O(µǫ6) such that

exp(S(2))(D(2) +R(2)) exp(−S(2)) = D(2) + P. (5.32)

Proof. We set for brevity S = S(2). The equation (5.32) is equivalent to the system

ΠD

(
eS(D(2) +R(2))e−S

)
−D(2) = P , Π∅

(
eS(D(2) +R(2))e−S

)
= 0, (5.33)

where ΠD is the projector onto the block-diagonal matrices and Π∅ onto the block-off-diagonal ones. The
second equation in (5.33) is equivalent, by a Lie expansion, and since [S,R(2)] is block-diagonal, to

R(2) + [S,D(2)] + Π∅

∫ 1

0

(1 − τ)eτSad2S(D
(2) +R(2))e−τSdτ

︸ ︷︷ ︸
=:R(S)

= 0. (5.34)

The “nonlinear homological equation” (5.34),

[S,D(2)] = −R(2) − R(S), (5.35)

is equivalent to solve the 4× 4 real linear system

A~x = ~f(µ, ǫ, ~x), ~f(µ, ǫ, ~x) = µ~ν(µ, ǫ) + µ~g(µ, ǫ, ~x) (5.36)

associated, as in (5.19), to (5.35). The vector µ~ν(µ, ǫ) is associated with −R(2) where R(2) is in (5.31). The
vector µ~g(µ, ǫ, ~x) is associated with the matrix −R(S), which is a Hamiltonian and reversible block-off-diagonal
matrix (i.e. of the form (5.14)). The factor µ is present in D(2) and R(2), see (5.10), (5.12), (5.13) and the
analytic function ~g(µ, ǫ, ~x) is quadratic in ~x (for the presence of ad2S in R(S)). In view of (5.13) one has

µ~ν(µ, ǫ) := (−F (2)
21 , F

(2)
22 ,−F

(2)
11 , F

(2)
12 )⊤, F

(2)
ij = r(µǫ3). (5.37)

System (5.36) is equivalent to ~x = A−1 ~f(µ, ǫ, ~x) and, writing A−1 = 1
µB(µ, ǫ) (cf. (5.23)), to

~x = B(µ, ǫ)~ν(µ, ǫ) +B(µ, ǫ)~g(µ, ǫ, ~x).

By the implicit function theorem this equation admits a unique small solution ~x = ~x(µ, ǫ), analytic in (µ, ǫ),

with size O(ǫ3) as ~ν in (5.37). Then the first equation of (5.33) gives P = [S,R(2)]+ΠD
∫ 1

0 (1− τ)eτSad
2
S(D

(2)+

R(2))e−τSdτ , and its estimate follows from those of S and R(2) (see (5.13)).

Proof of Theorems 2.3 and 1.1. By Lemma 5.6 and recalling (3.1) the operator Lµ,ǫ : Vµ,ǫ → Vµ,ǫ is represented
by the 4× 4 Hamiltonian and reversible matrix

ich,κµ+ exp(S(2))L(2)µ,ǫ exp(−S(2)) = ich,κµ+

(
J2E

(3) 0

0 J2G
(3)

)
=:

(
U 0
0 S

)
,

where the matrices E(3) and G(3) expand as in (5.10), (5.12). Consequently the matrices U and S expand as in
(2.61). Theorem 2.3 is proved. Theorem 1.1 is a straightforward corollary. The function µ(ǫ) in (1.9) is defined
as the implicit solution of the function ∆BF(κ, h;µ, ǫ) in (1.11) for ǫ small enough, depending on (κ, h).
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A Expansion of the Stokes waves in finite depth

In this Appendix we provide the expansions (2.7)-(2.8), (2.21), (2.27)-(2.32).

Proof of (2.7)-(2.8). Writing

ηǫ(x) = ǫη1(x) + ǫ2η2(x) + O(ǫ3) ,

ψǫ(x) = ǫψ1(x) + ǫ2ψ2(x) + O(ǫ3) ,
cǫ = ch,κ + ǫc1 + ǫ2c2 + O(ǫ3) , (A.1)

where ηi is even(x) and ψi is odd(x) for i = 1, 2, we solve order by order in ǫ the equations (2.6), that we
rewrite as 



−c ψx + η +

ψ2
x

2
− η2x

2(1 + η2x)
(c− ψx)

2 − κ
(

ηx
(1+η2x)

1/2

)
x
= 0

c ηx +G(η)ψ = 0 ,

(A.2)

having substituted G(η)ψ with −c ηx in the first equation. We expand the Dirichlet-Neumann operator G(η) =
G0 +G1(η) +G2(η) + O(η3) where, according to [16, formula (2.14)],

G0 := D tanh(hD) = |D| tanh(h|D|) ,
G1(η) := D

(
η − tanh(hD)η tanh(hD)

)
D = −∂xη∂x − |D| tanh(h|D|)η|D| tanh(h|D|),

G2(η) := −1

2
D
(
Dη2 tanh(hD) + tanh(hD)η2D − 2 tanh(hD)ηD tanh(hD)η tanh(hD)

)
D .

(A.3)

First order in ǫ. Substituting the expansions in (A.1) into (A.2), we get the linear system
{
−ch,κ(ψ1)x + η1 − κ(η1)xx = 0

ch,κ(η1)x +G0ψ1 = 0 ,
i.e.

[
η1
ψ1

]
∈ Ker B0 with B0 :=

[
1− κ∂xx −ch,κ∂x
ch,κ∂x G0

]
, (A.4)

where η1 is even(x) and ψ1 is odd(x).

Lemma A.1. If (κ, h) ∈ R2
+ \R, the kernel of the linear operator B0 in (A.4) is one dimensional and given by

Ker B0 = span
{[ cos(x)

c
−1
h (1 + κ)

1
2 sin(x)

]}
. (A.5)

Proof. The action of B0 on each subspace spanned by
{

[
cos(kx)

0

]
,
[

0
sin(kx)

]
}

, k ∈ N, is represented by the 2× 2

matrix
[
1 + κk2 −ch,κk

−ch,κk k tanh(hk)

]
. Its determinant is given by

(1 + κk2)k tanh(hk)− c
2
h,κk

2 (2.7)
= k2

( (1 + κk2) tanh(hk)

k
− (1 + κ) tanh(h)

)

and, provided (κ, h) ∈ R2
+ \R, vanishes if and only if k = 1. Indeed, for k large enough, the determinant goes

asymptotically to +∞ so it is uniformly bounded away from zero, whereas if for some k ∈ N it vanishes, it
implies that (κ, h) ∈ Rk ⊂ R, absurd. For k = 1 we obtain the kernel of B0 given in (A.5). For k = 0 it has no
kernel since ψ1(x) is odd.

We set η1(x) := cos(x), ψ1(x) := c
−1
h (1 + κ)

1
2 sin(x) in agreement with (2.7).

Second order in ǫ. By (A.2), and since c
2
h,κ(η1)

2
x = (G0ψ1)

2, we get the linear system

B0

[
η2
ψ2

]
=

[
c1(ψ1)x − 1

2 (ψ1)
2
x +

1
2 (G0ψ1)

2

−c1(η1)x −G1(η1)ψ1

]
, (A.6)

where B0 is the self-adjoint operator in (A.4). System (A.6) admits a solution if and only if its right-hand term
is orthogonal to the Kernel of B0 in (A.5), namely

([
c1(ψ1)x − 1

2 (ψ1)
2
x +

1
2 (G0ψ1)

2

−c1(η1)x −G1(η1)ψ1

]
,

[
cos(x)

c
−1
h (1 + κ)

1
2 sin(x)

])
= 0 . (A.7)

In view of the first order expansion (2.7), (A.3) and the identity tanh(2h) =
2c2h

1 + c
4
h

, it results [G0ψ1](x) =

ch(1 + κ)
1
2 sin(x),

[
G1(η1)ψ1

]
(x) =

(1−c
4
h )(1+κ)

1
2

ch(1+c4h )
sin(2x) so that (A.7) implies c1 = 0, in agrement with (2.7).

Equation (A.6) reduces to

[
1− κ∂xx −ch,κ∂x
ch,κ∂x G0

] [
η2
ψ2

]
=

[1+κ
4

(
c
2
h − c

−2
h

)
− 1+κ

4

(
c
2
h + c

−2
h

)
cos(2x)

− (1−c
4
h )(1+κ)

1
2

ch(1+c4h )
sin(2x)

]
. (A.8)
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Setting η2 = η
[0]
2 + η

[2]
2 cos(2x) and ψ2 = ψ

[2]
2 sin(2x), system (A.8) amounts to




η
[0]
2 +

(
(1 + 4κ)η

[2]
2 − 2ch,κψ

[2]
2

)
cos(2x) = 1+κ

4

(
c
2
h − c

−2
h

)
− 1+κ

4

(
c
2
h + c

−2
h

)
cos(2x)

(−2ch,κη
[2]
2 + 2ψ

[2]
2 tanh(2h)) sin(2x) = − (1−c

4
h )(1+κ)

1
2

ch(1+c4h )
sin(2x) ,

which leads to the expansions of η
[0]
2 , η

[2]
2 , ψ

[2]
2 given in (2.7)-(2.8).

Third order in ǫ. It remains to determine c2 in (2.10). We get the linear system

B0

[
η3
ψ3

]
=

[
c2(ψ1)x − (ψ1)x(ψ2)x − (η1)

2
x(ψ1)xch,κ + (η1)x(η2)xc

2
h,κ − 3

2κ(η1)
2
x(η1)xx

−c2(η1)x −G1(η1)ψ2 −G1(η2)ψ1 −G2(η1)ψ1

]
. (A.9)

System (A.9) has a solution if and only if the right hand side is orthogonal to the Kernel of B0 given in (A.5).
This condition determines uniquely c2. Denoting Π1 the L2-orthogonal projector on span {cos(x), sin(x)}, it
results

c2(ψ1)x = c2c
−1
h (1 + κ)

1
2 cos(x) , c2(η1)x = −c2 sin(x) , Π1[(ψ1)x(ψ2)x] = ψ

[2]
2 c

−1
h (1 + κ)

1
2 cos(x) ,

Π1[ch,κ(η1)
2
x(ψ1)x] =

1
4 (1 + κ) cos(x) , Π1[c

2
h,κ(η1)x(η2)x] = η

[2]
2 c

2
h(1 + κ) cos(x) ,

Π1[
3

2
κ(η1)

2
x(η1)xx] = Π1[−

3

8
κ(− cos(3x) + cos(x))] = −3

8
κ cos(x) ,

and, in view of (A.3), and (2.7), (2.8),

Π1[G1(η1)ψ2] = ψ
[2]
2

1− c
4
h

1 + c
4
h

sin(x) , Π1[G2(η1)ψ1] = −ch(1 + κ)
1
2

4

1− 3c4h
1 + c

4
h

sin(x) ,

Π1[G1(η2)ψ1] = c
−1
h (1 + κ)

1
2

(
η
[0]
2 (1 − c

4
h) +

1

2
η
[2]
2 (1 + c

4
h)
)
sin(x) .

Imposing the orthogonality condition gives c2 as in (2.10).
Proof of (2.21). We expand the function p(x) = ǫp1(x) + ǫ2p2(x) + O(ǫ3) defined by the fixed point equation
(2.20). We first note that the constant fǫ = O(ǫ2) because η1(x) = cos(x) has zero average. Then p(x) =

H

tanh(h|D|)
[
ǫη1 + ǫ2

(
η2 + (η1)xp1

)
+ O(ǫ3)

]
, and, using that H cos(kx) = sin(kx), for any k ∈ N, we get

p1(x) =
H

tanh(h|D|) cos(x) = c
−2
h sin(x) , (A.10)

p2(x) =
H

tanh(h|D|) ((η1)xp1 + η2) =

(
ch

4 + 1
) (

ch
4 κ− 3 κ+ ch

4 + 3
)

8 ch4 (c4h (1 + κ)− 3 κ)
sin(2x) . (A.11)

Finally

fǫ =
ǫ2

2π

∫

T

(
η2 + (η1)xp1

)
dx+ O(ǫ3) = ǫ2

(
η
[0]
2 − 1

2c
−2
h

)
+ O(ǫ3)

(2.8)
= ǫ2f

[2]
2 + O(ǫ3) .

The expansion (2.21) is proved.

Proof of Lemma 2.2. In view of (2.7)-(2.8), the expansions of the functions B, V in (2.13) and (2.14) are

B =: ǫB1(x) + ǫ2B2(x) + O(ǫ3)

= ǫch(1 + κ)
1
2 sin(x) + ǫ2

[ (1 + κ)
1
2

(
6 κ− 2 c4h κ− 2 c4h + 3

)

2 ch (c4h (1 + κ)− 3 κ)

]
sin(2x) + O(ǫ3) (A.12)

and

V =: ǫV1(x) + ǫ2V2(x) + O(ǫ3)

= ǫc−1
h (1 + κ)

1
2 cos(x) + ǫ2

[
ch (1 + κ)

1
2

2
+
( (1 + κ)

1
2

(
9 κ− c

8
h (1 + κ) + 3

)

4c3h (c4h (1 + κ)− 3 κ)

)
cos(2x)

]
+ O(ǫ3) . (A.13)

In view of (2.24), denoting derivatives w.r.t x with a prime and suppressing dependence on x when trivial, we
have

ch,κ + pǫ(x) = (ch,κ + ǫ2c2 − V (x) − V ′(x)p(x) + O(ǫ3))(1 − p′(x) + (p′(x))2 + O(ǫ3))

= ch,κ + ǫ (−V1 − ch,κp
′
1)︸ ︷︷ ︸

=:p1

+ǫ2
(
c2 + V1p

′
1 − V2 − V ′

1p1 − ch,κp
′
2 + ch,κ(p

′
1)

2
)

︸ ︷︷ ︸
=:p2

+O(ǫ3) . (A.14)
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Similarly by (2.24)

1 + aǫ(x) :=
1

1 + px(x)
− (ch,κ + pǫ(x))Bx(x+ p(x))

=1 + ǫ
(
− p′1 − ch,κB

′
1

)
︸ ︷︷ ︸

=:a1

+ǫ2
(
(p′1)

2 − p′2 − ch,κB
′
2 − ch,κB

′′
1 p1(x) +B′

1V1 + ch,κB
′
1p

′
1

)
︸ ︷︷ ︸

=:a2

+O(ǫ3) . (A.15)

By (A.13), (A.10), (2.7), (A.11), (A.12) we deduce that the functions p1, p2, a1, a2 in (A.14) and (A.15) have
an expansion as in (2.27)-(2.32).

In view of (2.7)-(2.8), the expansion of the function l(x) in (2.16) is

l(x) = 1 + ǫ2l2(x) + O(ǫ3) = 1 + ǫ2
[
− 3

4
+

3

4
cos(2x)

]
+ O(ǫ3) . (A.16)

In view of (2.25), denoting derivatives w.r.t x with a prime and suppressing dependence on x when trivial, we
have

gǫ(x) = (1− ǫp′1 + ǫ2(−p′2 + (p′1)
2) + O(ǫ3))(1 + ǫ2l2 + O(ǫ3))

= 1 + ǫ (−p′1)︸ ︷︷ ︸
=:g1

+ǫ2
(
− p′2 + (p′1)

2 + l2)︸ ︷︷ ︸
=:g2

+O(ǫ3) . (A.17)

By (2.21) and (A.16), the expansions (2.35)–(2.36) follow.
Finally the operator Σǫ in (2.25) expands as Σǫ = ∂xx + ǫΣ1 + ǫ2Σ2 + O(ǫ3) where

Σ1 :=(g1 − 2p′1) ∂xx + (g′1 − 2 p′′1)∂x − p′′′1 , (A.18)

Σ2 :=(g2 − 2p′2 + 3(p′1)
2 − 2g1p

′
1)∂xx + (g′2 − 2p′′2 − 2g1p

′′
1 − 2g′1p

′
1 + 6p′′1p

′
1)∂x

+ 2(p′′1)
2 − p′′′2 − p′′1g

′
1 + 3p′′′1 p′1 − g1p

′′′
1 . (A.19)

Inserting the expansions of g1, g2 in (2.35), (2.36) and those of p1, p2 in (A.10), (A.11) proves the claimed
expansions in (2.38) with coefficients in (2.39)–(2.44).

B Expansion of the Kato Basis

In this appendix we prove Lemma 4.2. We provide the expansion of the basis f±
k (µ, ǫ) = Uµ,ǫf

±
k , k = 0, 1,

in (4.1), where f±
k defined in (4.2) belong to the subspace V0,0 := Rg(P0,0). We first Taylor-expand the

transformation operators Uµ,ǫ defined in (3.9). We denote ∂ǫ with a prime and ∂µ with a dot. The next lemma
follows as [5, Lemma A.1]

Lemma B.1. The first jets of Uµ,ǫP0,0 are

U0,0P0,0 = P0,0, U ′
0,0P0,0 = P ′

0,0P0,0, U̇0,0P0,0 = Ṗ0,0P0,0, (B.1)

U̇ ′
0,0P0,0 =

(
Ṗ ′
0,0 −

1

2
P0,0Ṗ

′
0,0

)
P0,0, (B.2)

where

P ′
0,0 =

1

2πi

∮

Γ

(L0,0 − λ)−1
L

′
0,0(L0,0 − λ)−1dλ, (B.3)

Ṗ0,0 =
1

2πi

∮

Γ

(L0,0 − λ)−1
L̇0,0(L0,0 − λ)−1dλ, (B.4)

and

Ṗ ′
0,0 = − 1

2πi

∮

Γ

(L0,0 − λ)−1
L̇0,0(L0,0 − λ)−1

L
′
0,0(L0,0 − λ)−1dλ (B.5)

− 1

2πi

∮

Γ

(L0,0 − λ)−1
L

′
0,0(L0,0 − λ)−1

L̇0,0(L0,0 − λ)−1dλ (B.6)

+
1

2πi

∮

Γ

(L0,0 − λ)−1
L̇

′
0,0(L0,0 − λ)−1dλ. (B.7)
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The operators L ′
0,0 and L̇0,0 are

L
′
0,0 =

[
∂x ◦ p1(x) 0

−a1(x) + κΣ1 p1(x) ◦ ∂x

]
, L̇0,0 =

[
0 sgn(D)m(D)

2iκ∂x 0

]
, (B.8)

where sgn(D) is defined in (2.51), (2.52) and m(D) is the real, even operator

m(D) := tanh(h|D|) + h|D|(1− tanh2(h|D|)) (B.9)

and a1(x), p1(x), Σ1 are given in Lemma 2.2.
The operator L̇ ′

0,0 is

L̇
′
0,0 =

[
ip1(x) 0

iκ (2d1(x)∂x + e1(x)) ip1(x)

]
(B.10)

with d1(x), e1(x) in (2.39), (2.40).

By the Lemma B.1, we have the Taylor expansion

fσk (µ, ǫ) = fσk + ǫP ′
0,0f

σ
k + µṖ0,0f

σ
k + µǫ

(
Ṗ ′
0,0 −

1

2
P0,0Ṗ

′
0,0

)
fσk + O(µ2, ǫ2). (B.11)

In order to compute the vectors P ′
0,0f

σ
k and Ṗ0,0f

σ
k using (B.3) and (B.4), it is useful to know the action of

(L0,0 − λ)−1 on the vectors

f+
k :=

[
(ch/

√
1 + κ)1/2 cos(kx)

(ch/
√
1 + κ)−1/2 sin(kx)

]
, f−

k :=

[
−(ch/

√
1 + κ)1/2 sin(kx)

(ch/
√
1 + κ)−1/2 cos(kx)

]
,

f+
−k :=

[
(ch/

√
1 + κ)1/2 cos(kx)

−(ch/
√
1 + κ)−1/2 sin(kx)

]
, f−

−k :=

[
(ch/

√
1 + κ)1/2 sin(kx)

(ch/
√
1 + κ)−1/2 cos(kx)

]
, k ∈ N.

(B.12)

Lemma B.2. The space Y = H2(T,C)×H1(T,C) decomposes as Y = V0,0 ⊕ U⊕WY , with

WY =

∞⊕

k=2

Wk

Y

where the subspaces V0,0,U, and Wk, defined below, are invariant under L0,0 and the following properties hold:

(i) V0,0 = span{f+
1 , f

−
1 , f

+
0 , f

−
0 } is the generalized kernel of L0,0. For any λ 6= 0 the operator L0,0 − λ :

V0,0 → V0,0 is invertible and

(L0,0 − λ)−1f+
1 = − 1

λ
f+
1 , (L0,0 − λ)−1f−

1 = − 1

λ
f−
1 , (B.13)

(L0,0 − λ)−1f−
0 = − 1

λ
f−
0 , (B.14)

(L0,0 − λ)−1f+
0 = − 1

λ
f+
0 +

1

λ2
f−
0 . (B.15)

(ii) U := span{f+
−1, f

−
−1}. For any λ 6= ±i 2ch,κ the operator L0,0 − λ : U → U is invertible and

(L0,0 − λ)−1f+
−1 =

1

λ2 + 4c2h,κ

(
−λf+

−1 + 2ch,κf
−
−1

)
,

(L0,0 − λ)−1f−
−1 =

1

λ2 + 4c2h,κ

(
−2ch,κf

+
−1 − λf−

−1

)
.

(B.16)

(iii) Each subspace Wk := span{f+
k , f

−
k , f

+
−k, f

−
−k} is invariant under L0,0. Let

WL2 =

∞⊕

k=2

Wk

L2

.

For any |λ| < δ(h) small enough, the operator L0,0 − λ : WY → WL2 is invertible and for any f ∈ WL2 ,

(L0,0−λ)−1f =
(
c
2
h,κ∂

2
x + |D| tanh(h|D|)(1− κ∂2x)

)−1
[
ch,κ∂x −|D| tanh(h|D|)
1− κ∂2x ch,κ∂x

]
f+λϕf (λ, x), (B.17)

for some analytic function λ 7→ ϕf (λ, ·) ∈ Y = H2(T,C)×H1(T,C).
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Proof. By inspection the spaces V0,0,U and Wk are invariant under L0,0 and, by Fourier series, they decompose
Y = H2(T,C)×H1(T,C). Formulas (B.14)-(B.15) follow using that f+

1 , f
−
1 , f

−
0 are in the kernel of L0,0, and

L0,0f
+
0 = −f−

0 . Formula (B.16) follows using that L0,0f
+
−1 = −2ch,κf

−
−1 and L0,0f

−
−1 = 2ch,κf

+
−1. Let us

prove item (iii). Let W := WY . The operator (L0,0 − λId)|W is invertible for any

λ /∈ {±ikch,κ ± i
√
|k| tanh(h|k|) (1 + κk2), k ≥ 2, k ∈ N}

and

(L0,0|W)−1 =
(
c
2
h,κ∂xx + |D| tanh(h|D|)(1 − κ∂xx)

)−1
[

ch,κ∂x −|D| tanh(h|D|)
1− κ∂xx ch,κ∂x

] ∣∣∣
W
.

By Neumann series, for any λ such that

|λ|‖(L0,0|W)−1‖L(W,Y ) < 1

we have

(L0,0|W − λ)−1 = (L0,0|W)−1(Id− λ(L0,0|W)−1)−1 = (L0,0|W)−1
∑

k≥0

((L0,0|W)−1λ)k.

Formula (B.17) follows with

ϕf (λ, x) := (L0,0|W)−1
∑

k≥1

λk−1[(L0,0|W)−1]kf.

To prove Lemma 4.2, we shall also use the following formulas obtained by (B.8), (B.9), and (4.2):

L
′
0,0f

+
1 =

[
2
(
ch/

√
1 + κ

)− 1
2 sin(2x)

b
[1]
h,κ + b

[2]
h,κ cos(2x)

]
,

L
′
0,0f

−
1 =

[
2
(
ch/

√
1 + κ

)− 1
2 cos(2x)

−b[2]h,κ sin(2x)

]
,

L
′
0,0f

+
0 =

[
2c−1

h (1 + κ)
1
2 sin(x)(

c
2
h + c

−2
h

)
(1 + κ) cos(x)

]
, L

′
0,0f

−
0 =

[
0
0

]
,

L̇0,0f
+
1 =

[
−ib

[3]
h,κ cos(x)

−2iκ(ch/
√
1 + κ)

1
2 sin(x)

]
, L̇0,0f

−
1 =

[
ib

[3]
h,κ sin(x)

−2iκ(ch/
√
1 + κ)

1
2 cos(x)

]
,

L̇0,0f
+
0 =

[
0
0

]
, L̇0,0f

−
0 =

[
0
0

]
,

(B.18)

where

b
[1]
h,κ :=

1

2
(1 + κ)

3
4 c

5
2

h (1− c
−4
h ), b

[2]
h,κ :=

(1 + κ)c4h + 5κ− 1

2c
3
2

h (1 + κ)
1
4

, b
[3]
h,κ :=

(
ch√
1 + κ

)− 1
2 (

c
2
h + h(1− c

4
h)
)
. (B.19)

We finally calculate P ′
0,0f

σ
k and Ṗ0,0f

σ
k .

Lemma B.3. One has

P ′
0,0f

+
1 =

[
αh,κ cos(2x)
βh,κ sin(2x)

]
, P ′

0,0f
−
1 =

[
−αh,κ sin(2x)
βh,κ cos(2x)

]
, P ′

0,0f
+
0 = δh,κf

+
−1,

P ′
0,0f

−
0 =

[
0
0

]
, Ṗ0,0f

+
0 =

[
0
0

]
, Ṗ0,0f

−
0 =

[
0
0

]
, Ṗ0,0f

+
1 = i

γh,κ
4
f−
−1, Ṗ0,0f

−
1 = i

γh,κ
4
f+
−1,

(B.20)

where αh,κ, βh,κ, γh,κ and δh,κ are defined in (4.7).

Proof. We first calculate P ′
0,0f

+
1 . By (B.3), (B.13), (B.14), and (B.18) we deduce

P ′
0,0f

+
1 = − 1

2πi

∮

Γ

1

λ
(L0,0 − λ)

−1


2
(

ch√
1+κ

)− 1
2

sin(2x)

b
[1]
h,κ + b

[2]
h,κ cos(2x)


 dλ.
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We note that 
2
(

ch√
1+κ

)− 1
2

sin(2x)

b
[1]
h,κ + b

[2]
h,κ cos(2x)


 = b

[1]
h,κf

−
0 +W, b

[1]
h,κ in (B.19) .

Therefore by (B.14) and (B.17) there is an analytic function λ 7→ ϕ(λ, ·) ∈ H(T) so that, by exploiting the

identity tanh(2h) =
2c2h
1+c4h

in applying (B.17), we obtain

P ′
0,0f

+
1 = − 1

2πi

∮

Γ

1

λ

(
−
b
[1]
h,κ

λ
f−
0 +

[
−αh,κ cos(2x)
−βh,κ sin(2x)

]
+ λϕ(λ)

)
dλ.

Thus, by means of the redidue theorem we obtain the first identity in (B.20). Similarly, one may calculate
P ′
0,0f

−
1 . By (B.3), (B.14), and (B.18), one has P ′

0,0f
−
0 = 0. Next, we calculate P ′

0,0f
+
0 . By (B.3), (B.14), (B.15),

and (B.18) we get

P ′
0,0f

+
0 = − 1

2πi

∮

Γ

1

λ
(L0,0 − λ)−1

[
2c−1

h (1 + κ)
1
2 sin(x)(

c
2
h + c

−2
h

)
(1 + κ) cos(x)

]
dλ.

Next, we decompose

[
2c−1

h (1 + κ)
1
2 sin(x)(

c
2
h + c

−2
h

)
(1 + κ) cos(x)

]
=

1

2
(1 + κ)

3
4 c

1
2

h

(
c
2
h + 3c−2

h

)

︸ ︷︷ ︸
=:α

f−
−1 +

1

2
(1 + κ)

3
4 c

1
2

h

(
c
2
h − c

−2
h

)

︸ ︷︷ ︸
=:β

f−
1 . (B.21)

By (B.18) and (B.16) we get

P ′
0,0f

+
0 = − 1

2πi

∮

Γ

(
− 2αch,κ
λ(λ2 + 4c2h,κ)

f+
−1 −

α

λ2 + 4c2h,κ
f−
−1 −

β

λ2
f−
1

)
dλ.

Applying the residue theorem, we obtain

P ′
0,0f

+
0 =

α

2ch,κ
f+
−1.

Thus, we obtain the third identity in (B.20). Now, we calculate Ṗ0,0f
+
1 . First, we have

Ṗ0,0f
+
1 =

1

2π

∮

Γ

1

λ
(L0,0 − λ)

−1




b
[3]
h,κ cos(x)

2κ
(

ch√
1+κ

) 1
2

sin(x)


 dλ,

where b
[3]
h,κ is in (B.18), and then, writing

[
cos(x)

0

]
=

1

2

(
ch√
1 + κ

)− 1
2 (
f+
1 + f+

−1

)
,

[
0

sin(x)

]
=

1

2

(
ch√
1 + κ

) 1
2 (
f+
1 − f+

−1

)
,

and using (B.16), we conclude using again the residue theorem

Ṗ0,0f
+
1 = i

(
1

4
b
[3]
h,κc

− 3
2

h (1 + κ)−
1
4 − 1

2
κ(1 + κ)−1

)
f−
−1.

Similarly, we have

Ṗ0,0f
−
1 = i

(
1

4
b
[3]
h,κc

− 3
2

h (1 + κ)−
1
4 − 1

2
κ(1 + κ)−1

)
f+
−1.

Finally, in view of (B.18), we have

Ṗ0,0f
+
0 =

1

2πi

∮

Γ

(L0,0 − λ)
−1

L̇0,0

(
1

λ2
f−
0 − 1

λ
f+
0

)
dλ = 0,

Ṗ0,0f
−
0 =

1

2πi

∮

Γ

(L0,0 − λ)
−1

L̇0,0

(−1

λ
f−
0

)
dλ = 0.

In conclusion, all the formulas in (B.20) are proven.
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So far we have obtained the linear terms of the expansions (4.3), (4.4), (4.5), and (4.6). We now provide
further information about the expansion of the basis at µ = 0.

Lemma B.4. The basis {fσk (0, ǫ), k = 0, 1, σ = ±} is real. For any ǫ it results f−
0 (0, ǫ) ≡ f−

0 . The property
(4.8) holds.

Proof. The reality of the basis fσk (0, ǫ) is a consequence of Lemma 3.2-(iii). Since, recalling (3.2) and (3.3),
L0,ǫf

−
0 = 0 for any ǫ (cf. (2.58)), we deduce (L0,ǫ−λ)−1f−

0 = − 1
λf

−
0 and then, using also the residue theorem,

P0,ǫf
−
0 = − 1

2πi

∮

Γ

(L0,ǫ − λ)−1f−
0 dλ = f−

0 .

In particular P0,ǫf
−
0 = P0,0f

−
0 , for any ǫ and we get, by (3.9), f−

0 (0, ǫ) = U0,ǫf
−
0 = f−

0 , for any ǫ.
Let us prove property (4.8). In view of (3.13) and since the basis is real, we know that

f+
k (0, ǫ) =

[
even(x)
odd(x)

]
, f−

k (0, ǫ) =

[
odd(x)
even(x)

]
,

for any k = 0, 1. By Lemma 4.1 the basis {fσk (0, ǫ)} is symplectic (cf. (3.11) and, since

Jf−
0 (0, ǫ) = Jf−

0 =

[
1
0

]
,

for any ǫ, we get

0 = (Jf−
0 (0, ǫ), f+

1 (0, ǫ)) =

([
1
0

]
, f+

1 (0, ǫ)

)
, 1 = (Jf−

0 (0, ǫ), f+
0 (0, ǫ)) =

([
1
0

]
, f+

0 (0, ǫ)

)
.

Thus the first component of both f+
1 (0, ǫ) and f+

0 (0, ǫ)−
[
1
0

]
has zero average, proving (4.8).

Lemma B.5. For any small µ, we have f+
0 (µ, 0) ≡ f+

0 and f−
0 (µ, 0) ≡ f−

0 . Moreover, the vectors f+
1 (µ, 0)

and f−
1 (µ, 0) have both components with zero space average.

Proof. The operator Lµ,0 =

[
ch,κ∂x |D + µ| tanh(h|D + µ|)

−1 + κ(∂xx + 2iµ∂x − µ2) ch,κ∂x

]
leaves invariant the subspace

Z := span{f+
0 , f

−
0 } since Lµ,0f

+
0 = −(1 + κµ2)f−

0 and Lµ,0f
−
0 = µ tanh(hµ)f+

0 . The operator Lµ,0|Z has the

two eigenvalues ±i
√
(1 + κµ2)µ tanh(hµ), which, for small µ, lie inside the loop Γ around 0 in (3.6). Then, by

(3.8), we have Z ⊆ Vµ,0 = Rg(Pµ,0) and

Pµ,0f
±
0 = f±

0 , f±
0 (µ, 0) = Uµ,0f

±
0 = f±

0 , for any µ small.

The basis {fσk (µ, 0)} is symplectic (cf. (3.11)). Then, since Jf+
0 =

[
0
−1

]
and Jf−

0 =

[
1
0

]
, we have

0 =
(
Jf+

0 (µ, 0), fσ1 (µ, 0)
)
=
( [

0
−1

]
, fσ1 (µ, 0)

)
, 0 =

(
Jf−

0 (µ, 0), fσ1 (µ, 0)
)
=
([

1
0

]
, fσ1 (µ, 0)

)
,

namely both the components of f±
1 (µ, 0) have zero average.

We finally consider the µǫ term in the expansion (B.11).

Lemma B.6. The derivatives (∂µ∂ǫf
σ
k (0, 0) =

(
Ṗ ′
0,0 − 1

2P0,0Ṗ
′
0,0

)
fσk satisfy

(∂µ∂ǫf
+
1 (0, 0)) = i

[
odd(x)
even(x)

]
, (∂µ∂ǫf

−
1 (0, 0)) = i

[
even(x)
odd(x)

]
,

(∂µ∂ǫf
+
0 (0, 0)) = i

[
odd(x)
even0(x)

]
, (∂µ∂ǫf

−
0 (0, 0)) = i

[
even0(x)
odd(x)

]
.

(B.22)

Proof. We prove that Ṗ ′
0,0 = (B.5) + (B.6) + (B.7) is purely imaginary. This follows since the operators in

(B.5), (B.6), and (B.7) are purely imaginary because L̇0,0 is purely imaginary, L ′
0,0 in (B.8) is real, and L̇ ′

0,0

in (B.10) is purely imaginary (as argued in Lemma 3.2-(iii) of [5]). Then, when applied to the real vectors fσk ,
for k = 0, 1 and σ = ±, they produce purely imaginary vectors.
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The property (3.13) implies that (∂µ∂ǫf
σ
k (0, 0)) has the claimed parity structure in (B.22). We shall now

prove that (∂µ∂ǫf
+
0 (0, 0)) has zero average. We have, by (B.15) and (B.18),

(B.5)f+
0 :=

1

2πi

∮

Γ

1

λ
(L0,0 − λ)−1

L̇0,0(L0,0 − λ)−1

[
2c−1

h (1 + κ)
1
2 sin(x)(

c
2
h + c

−2
h

)
(1 + κ) cos(x)

]
dλ. (B.23)

Since the operators (L0,0−λ)−1 and L0,0 are both Fourier multipliers, they preserve the absence of average

in the vectors. Thus, (B.5) f+
0 has zero average. Next, (B.6) f+

0 = 0 since L̇0,0f
±
0 = 0, cf. (B.18). Finally, by

(B.15) and (B.10), where p1(x) = p
[1]
1 cos(x) and e1(x) = e

[1]
1 sin(x),

(B.7)f+
0 :=

1

2πi

∮

Γ

(L0,0 − λ)−1

(−1

λ

[
ip1(x)
iκe1(x)

]
+

1

λ2

[
0

ip1(x)

])
dλ (B.24)

is a vector with zero average. We conclude that Ṗ ′
0,0f

+
0 is an imaginary vector with zero average, as well

as (∂µ∂ǫf
+
0 (0, 0)) since P0,0 sends zero average functions into zero average functions. Finally, by (3.13),

(∂µ∂ǫf
+
0 (0, 0)) has the claimed structure in (B.22).

We finally consider (∂µ∂ǫf
−
0 (0, 0)). By (B.14) and L ′

0,0f
−
0 = 0 (cf. (B.18)), it results

(B.5)f−
0 =

1

2πi

∮

Γ

1

λ
(L0,0 − λ)−1

L̇0,0(L0,0 − λ)−1
L

′
0,0f

−
0 dλ = 0. (B.25)

Next, by (B.14) and L̇0,0f
−
0 = 0, we get (B.6) f−

0 = 0. Finally, by (B.14) and (B.10),

(B.7)f−
0 = − 1

2πi

∮

Γ

(L0,0 − λ)−1 1

λ

[
0

ip1(x)

]
dλ (B.26)

has zero average since (L0,0 − λ)−1 is a Fourier multiplier (and thus preserves average absence).

This completes the proof of Lemma 4.2.

C Dh,κ < 0 under Bond number condition

In this appendix we prove a sign condition on the function Dh,κ under the Bond number condition.

Lemma C.1. Let (κ, h) satisfy the Bond number condition κ
h2
> 1

3 , then the function Dh,κ in (1.2) satisfies
Dh,κ < 0 and lim

h→0+
Dh,κ = 0.

Proof. Recalling (4.13), we write Dh,κ = (
√
h+ 1

2e12)(
√
h− 1

2e12) = f1(h, κ)f2(h, κ) whose first factor is positive
for h > 0 and κ

h2
> 1

3 . We claim that the second factor is negative. We define

f1(κ, h) :=
√
h+

1

2
e12(κ, h) =

√
h+

1

2
(c−1

h (1 + κ)
1
2 (c2h + (1− c

4
h)h) + κ(1 + κ)−

1
2 ch,

f2(κ, h) :=
√
h− 1

2
e12(κ, h) =

√
h− 1

2
(c−1

h (1 + κ)
1
2 (c2h + (1− c

4
h)h)− κ(1 + κ)−

1
2 ch.

One may observe that f1(κ, h) > 0 for h > 0 and κ > h
2

3 . Also, since the functions (1+ κ)
1
2 and κ(1+ κ)−

1
2 are

increasing for any κ > 0, we only need to verify that f2(
h
2

3 , h) < 0 for any h > 0.

Let us consider f0(h) := f1(
h
2

3 , h)f2(
h
2

3 , h). A straightforward computation reveals that

f0(h) = − q(h)

24(cosh(2h) + 1)2 tanh(h)(h2 + 3)
, (C.1)

where
q(h) =9 cosh(4h)− 36h sinh(4h) + 18h2 cosh(4h) + 9h4 cosh(4h)

+ 72h3 sinh(2h)− 12h3 sinh(4h) + 24h5 sinh(2h) + 54h2 + 39h4 + 8h6 − 9.
(C.2)

Our goal here is to show q(h) > 0 for h > 0. An explicit computation reveals that

q(0) =
dq

dh
(0) =

d2q

dh2
(0) =

d3q

dh3
(0) =

d4q

dh4
(0) =

d5q

dh5
(0) = 0,

d6q

dh6
(0) = 23040,

d7q

dh7
(0) = 0,

d8q

dh8
(0) = 1806336,
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and

d9q

dh9
(h) =8128512 sinh(2h) + 5455872 sinh(4h) + 2248704h3 cosh(2h) + 18087936h3 cosh(4h)

+ 12288h5 cosh(2h) + 8239104h2 sinh(2h) + 47185920h2 sinh(4h) + 276480h4 sinh(2h)

+ 2359296h4 sinh(4h) + 13602816h cosh(2h) + 43646976h cosh(4h) > 0,

for h > 0, whence it follows from the mean value theorem that

q(h) = h5h4h3h2h1h
d6q

dh6
(h6) = h5h4h3h2h1h

(
h6
d7q

dh7
(h7) + 23040

)

= h5h4h3h2h1h

(
h7h6

d8q

dh8
(h8) + 23040

)

= h5h4h3h2h1h

(
h8h7h6

d9q

dh9
(h9) + 1806336h7h6 + 23040

)

= h8h7h6h5h4h3h2h1h
d9q

dh9
(h9) + 1806336h7h6h5h4h3h2h1h+ 23040h5h4h3h2h1h > 0,

(C.3)

for some hj , j = 1, . . . , 9, such that 0 < h9 < . . . < h1 < h.
Therefore, combining equations (C.3), (C.1), and (C.2), we conclude that Dh,κ = h− 1

4e
2
12 < 0. Finally, for

any fixed κ > 0, one checks easily that lim
h→0+

Dh,κ = 0.
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