Weighted Sobolev inequalities and superlinear elliptic
problems on exterior domains

Ardra A', Ameerraja Ansari?, Anumol Joseph®, and Lakshmi Sankar®*

ABSTRACT. Let Bf = {z € RY : |z| > 1}, N > 2, and D}V (Bf), be the Beppo-Levi
space. We prove that D(l)’N(Bf) is compactly embedded into the weighted Lebesgue space
L"(Bf; K(x)) for all r € [1,00) for an appropriate class of weight functions K. As an
application, we prove the existence of a positive solution to a superlinear semipositone
problem on B¢ in R%. We also establish boundedness and regularity of solutions of certain
boundary value problems and derive their Green’s function representation.

1. INTRODUCTION

Let Bf = {zx € RN : |z| > 1}, N > 2, and Dé’p(Bf),p > 1 be the Beppo-Levi space, which
is the completion of compactly supported smooth functions on B{ with respect to the norm
l|ul| = ([ Be |Vu\pdx)%. For 1 < p < N, the classical Sobolev embedding theorem guarantees
that Dé’p (BY) is continuously embedded in LP" (Bf), where p* = NN—_pp is the critical Sobolev
exponent. It is also known that D(l)’p (Bf) is a well defined reflexive Banach space for all
p > 1 (see |2], [16]). Recently, there have been several studies on the continuous and compact
embeddings of Dé’p (B$). In this work, we are particularly interested in the embeddings of
Dé’p (BY), in the borderline case p = N. With this in mind, we now review some key results
from the literature that address p = N.

It was shown in [16] (see Theorems 1.2.7, 1.2.16) that Dé’N(Bf) coincides with f)é’N(B‘f),
given by

DyN(Bf) = {ue L'YN(Bf):ue LN(B{n Bg),VR > 1,and
nu € WOI’N(Bf) for any n € C°(R™)},
where Bp is a ball of radius R, and
LYN(BY) = {u € Lio(Bf) : Vu € [LY ()]}

Here, VVO1 ’N(Bf) denotes the standard Sobolev space. Using this characterisation, it can be
seen that a function in Dé’N(Bf) may not be in LI(BY) for any ¢ > 1. For example, when
N = 2, the function u(z) = 1 — ﬁ,m € Bf belongs to 15(1)’2(35), but w ¢ LI(BY) for any
q=1

In [2], the authors proved the compact embedding of Dé’N(Bf) into LV(B§, K(|z|)) for
K belonging to the weighted Lebesgue space L'((1,00); (rlogr)V~1). The case N = 2 was
considered in [6], wherein the Kelvin transform K, defined by u(x) = (Ku)(z) = u(#), was

shown to be an order-preserving, isometric isomorphism between H = H{(B;) and D(l)’z(Bf)
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(see Theorem 2.6). Using this isomorphism, the authors further established a continuous
embedding of Dé’z(Bf) into the weighted Lebesgue space L"(Bf, K(z)), for every 1 <r < 0o
with weight function K(x) = ﬁ (see Proposition 2.9). In the first part of this paper, we

prove a compact embedding of D(l)’N(Bf) into L"(B§, K(z)), for any r with 1 < r < oo, for
a broader class of weight functions K (x) that includes the weight ﬁ. Our approach relies

on techniques from the celebrated work of Caffarelli-Kohn—Nirenberg [4]. The precise decay
condition assumed on the weight function K (z) is as follows:

(H1) There exist C' > 0 and v > N such that K(z) < & for |z| > 1.

= [z
To establish the embedding results, we first derive an interpolation inequality for functions
in C°(BY), the space of all compactly supported smooth functions on BY, which we state
below. By a standard density argument, this inequality implies the continuous embedding of
DN (B§) into L™(BS, K (x)), for any r with N < r < oo.

Theorem 1.1. Let B be the exterior of the unit ball in RN N > 2. Assume that 0 < a < 1,
and 0 >0, and let § = —(N + 60(1 — a)). Then

(1—a) 1

; ~ B an ~
</ rx|<N+9>|u|T) sc(/ |wN) (/ |xr<N+9>ru\N) +c</ ra:|5|u\N)
B¢ B¢ B¢ B¢

1 1
(1.1)
for allu € C°(BY) and N < r < 0.

Using Theorem 1.1, and the known embeddings, we prove the following.

Theorem 1.2. Let Bf be the exterior of the unit ball in RN N > 2, and K : B¢ — RT be

a continuous function satisfying (H1). Then the Beppo-Levi space Dé’N(Bf) 18 continuously
embedded into L™ (BS; K (x)) and for all v € [1,00). In addition, this embedding is compact.

Theorem 1.2 can be used to study various elliptic PDE’s on the exterior of a ball. In

particular, we consider the superlinear semipositone problem

—Au = AK(x)f(u) in BY, (12)

u(z) =0 on 0By, '

where B = {z € R? : |z| > 1}, A is a positive parameter, and K : Bf — Rt f:[0,00) = R
belong to a class of continuous functions with f(0) < 0 and lims_, @ = 00.

Problems of the form (1.2) with f(0) < 0 are known as semipositone problems in the
literature. Establishing the existence of positive solutions to semipositone problems is known
to be both challenging and interesting, since the maximum principle cannot be applied directly
to guarantee the positivity of solutions. We refer the reader to [5], [18], where the existence
of a positive solution for small values of the parameter A was established for superlinear
semipositone problems on bounded domains. In addition, a superlinear semipositone problem
on RY was studied in [1].

Recently, there have been several studies on the existence of positive solutions to superlinear
semipositone problems on exterior domains in RN, N > 2 (see [7], [8], [12], [13]). In [8], [13],
the authors established the existence of a radial solution to (1.2) under the assumption that
the weight function K is radial. A superlinear semipositone system was studied in [7]. Very
recently, in [12], the authors extended the studies in [8], [13] by allowing the weight function
to be non radial and proved the existence of a positive solution to (1.2). We note that these
existence results, including those for radial solutions, were proved on exterior domains in
RN, N > 2. In this paper, we prove the existence of a solution to (1.2) on the exterior of a
ball in R?, using the embeddings established in Theorem 1.2 and the Mountain Pass Lemma.
The positivity of the solution is then proved by analyzing the properties of the solution.

It is well known that solutions to problems of the form (1.2) on exterior domains in R?
have different asymptotic behavior compared to solutions of similar problems on exterior
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domains in RV, N > 2. Specifically, when f > 0, it was proved in [3] that positive solutions
to (1.2) on the exterior of a ball in R? are bounded away from zero, whereas when N > 2,
(1.2) has solutions that decay to zero at infinity. Even in the case where f(0) < 0, the
solutions obtained for (1.2) in [7], [8], [12], [13] decay to zero at infinity. We will discuss the
boundedness and regularity of solutions to (1.2) on the exterior of a ball in R2. In order to
establish the positivity of the solution, we also prove that the solutions to (1.2) has a Green’s
function representation.

We now state our assumptions on K, f. Both K and f assumed to be Holder continuous
with K satisfying (Hy). Define f(t) = f(0) for ¢ < 0, and rewrite f as, f(t) = g(t) + f(0) so
that g(t) = 0 for all ¢ < 0. Additionally, assume:

(H2) g(t) > 0 for all t > 0.

(H3) There exist A, B > 0, and s > 1 such that At* < g(t) < Bt® for all ¢t > 0.

(H4) For p=s+1, uG(t) < tg(t) for all t > 0, where G(t) = f(fg(g)dg.

We give the definition of a weak solution to (1.2) below.

Definition 1.3. We say u € D(l)’Q(Bf) is a (weak) solution of the problem (1.2) if u satisfies

/ Vu-Vodx =\ [ K(z)f(u)vdz, for all v € ’Dé’2(Bf). (1.3)
By Bf

We have the following existence result.

Theorem 1.4. Let K : B — RT, f:[0,00) — R be Hélder continuous functions. Assume
that K satisfies (H1) and f satisfies (H2)-(H4). Then, there exist a A > 0 and 0 < a < 1
such that for X < X, (1.2) has a solution u € C?(B§) N CL%(BY).

loc

Next, we state a general regularity result for the solutions to (1.2), assuming only that
K, f are Holder continuous, K satisfies (H1) and f satisfies the following assumption.

(H3) There exist C1,Cy > 0, and s > 1 such that | f(t)| < Cy + Cyt® for all t > 0.
Note that any f satisfying (H3) will satisfy (H3).

Theorem 1.5. Let K : B — R™, f:[0,00) — R be Hélder continuous functions. Assume
that K satisfies (H1) and f satisfies (H3). Suppose u € Dé’2(Bf) is a solution to (1.2), then
u is in L°(BY).

We now discuss the positivity of the solution obtained in Theorem 1.4 under an additional
assumption on the weight function. We assume the following.

(H5) There exist C' > 0 and v > 3 such that K (z) < & for |z| > 1.

= |z
Under this condition on K, we first establish a representation formula for solutions to (1.2).
Theorem 1.6. Let K, f be locally Holder continuous functions, f be as in Theorem 1.5

and K satisfies (Hb5). Let u € Dé’Z(Bf) be a solution of (1.2). Then u has the following
representation

u(z) = /B MGz, y) K (4) f(uly)) , = € BE, (1.4)

i
where G(z,y) = —5= (log ly — z| — log (]:U||y - ﬁ])), x,y € BY is the Green’s function.

Remark 1.7. Since G > 0, equation (1.4) implies that the solutions to (1.2) are nonnegative
when f > 0.

Finally, we state the positivity result.

Theorem 1.8. Let K : B — RT, f:[0,00) — R be Hélder continuous functions. Assume
that K satisfies (H5) and f satisfies (H2)-(H4), then the solution obtained in Theorem 1.4
1S positive.
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We also state a nonexistence result for large values of the parameter A\. The proof of this is
exactly as in [12]| (see Theorem 1.4) and is therefore omitted. For this result, we only assume
the following conditions on f.

(H6) There exists 8 > 0 such that f(8) =0, f(z) < 0 for all z < § and f(z) > 0 for all
x> .
(H7) lims_ye0 22 = 0.

S

Theorem 1.9. Let K : B — RT be a continuous function, f € C1[0,00) satisfies (H6), (HT).
Then, there exists X > 0 such that for A > X, (1.2) has no positive solution in C*(B$).

The rest of the paper is organized as follows. In Section 2, we provide the proof of the
continuous and compact embeddings. The existence and regularity results are established in
Section 3 and in Section 4, we prove the representation formula for solutions to (1.2) and the
positivity result. Throughout the paper, we denote generic positive constants by C, which
may represent different constants within the same proof.

2. CONTINUOUS AND COMPACT EMBEDDINGS OF Dy (BY)

We first establish an inequality for functions in C¢°(BY), the space of all compactly sup-
ported smooth functions on Bf. We use arguments from [4], where a similar inequality is
proved. We are able to remove some conditions on the parameters given in [4] as our domain
is the exterior of the unit ball. A special case of the following Lemma will be used to prove
our embeddings.

Lemma 2.1. Let p,q,7,a,a,8,0 € R withp,g>1,r>0,0<a<1 anda—0c >0. Let

1 1 -1 1
’y:(w—l—(l—a)ﬁ,andassumethatr+]ﬁ\y[:a<p—|—aN >+(1—a)<q—|—]€>.

ar (1—a)r

P r—a)r r
/ |x|”ru|’"sc</ |x|ap|wp> (/ mﬁquw) q +c(/ ra:|5|u\p)”, (2.1)
Rp R, Rp Rp

where C' > 0 is a constant independent of p.

Proof. We first consider the case p =1, i.e.,, Rj = {z : 1 < || < 2}. Suppose that

1 a (1-a) a
— = — - —=>0. 2.2
m-» T ¢ N (2.2)

Let w = ﬁ f Ry Us where |R1| denotes the measure of Ry. By using a standard interpolation
inequality (see [14]), we obtain

(I1—a)m

/Rl|““|m§0(/Rl\WI”>T</Rlluu|q> " (2.3)

Since a > 0, and oo — o > 0, it follows that
1 1 a-o 1 1
T _al 2 _ = 1—a)=
r a<p+ N N>+( 2

1 1 1 1
Sal2-=)4(1-a)-=—
_a<p N>+( a)q —

and hence r < m. Applying Holder’s inequality to (2.3), we get

/R1 !u_quC(/Rl u—u!my §C</R1 |VUV’)CZ (/Rl \u—uyq>q. (2.4)
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If (2.2) does not hold, then % + % < &, which implies % > % — % Hence, in this case, we

obtain
(1-b)r

ferse(fme) (ow) T s

where the parameter b is defined as follows: if r < ¢, then set b = 0 and if » > ¢ then choose
1_3(1_1 1
bsuch that 2 =b (3~ &) +(1-pl.
We now claim that in either case b < a. If b = 0, then the inequality is immediate since
a > 0. Assume next that b # 0 so that 7 > ¢. From the assumption %—F (1;(1
< a. On the other hand, by the definition

) a
< § we deduce

1

1 1

7P+E>
1

b (1 n 1 1) 11 < 1
e N p) q¢ r q
Therefore, b < ﬁ < a, which proves our claim. Applying Sobolev’s inequality we
q

(/Rl|u—u|q>‘l’<c</Rlyvu|p>’l’. (2.6)

On the other hand, since b < a, we may rewrite (2.5) as
(b—a)r (1—a)r (a=b)r

J <o (f )" (o) 7 ([ wem) T (] o)

Now, using (2.6), we estimate

that % <a <% — % + %) Equivalently, (1
I\~

of b,

Q=

1
p
have,

(a—=b)r (a—b)r

</Rl|u—u|q>q§0</Rl|Vu]p> T (2.8)

Substituting this into (2.7), we obtain
(1—a)r

fwsrse(fen)” (L) ™

Thus, even in this case, we recover the same inequality as in equation (2.4). By the change
of variable formula, we have

[l = [ tutporsds =g [ s,
R, R Ry
1

1 1
where u; = u(pz). We also note that, (le lu — ﬂ\q> ‘<O (le |U|q> *. Hence,

(1) E ([ u!’“>i “(/, w’”)i

(i=a)

sc(/ |Vu|p>p</ |uq) o
Rl Rl Rl

(I1—a)

: = i
ol () o)
Rl Rl Rl
Therefore
1
r ﬂ r T
(/ |ur> 0% ([ )
R, R

S
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a (1—a) 1
N p q N P
<ot ([ wul)" ([ ) T woot ([ )
Ry Ry Ry
Multiplying both side by p7, we get
(1-a)

L a U—a) 1
</ p%”|u’r> < Cpg-&-w </ \Vu1]p> P (/ ‘u1’q> a i Cp%—i—v </ ’ul‘p> P
R Ry Ry R1

7
(1—a)

— Cop (/Rl \Vu(p:c)|ppp>z (/Rl |U(P1:)|q) 2

wopt ([ o)’
1

Now using the fact that, v + % = a(% +a—-1)+(1- a)(% + ), we obtain

(1—a)

1 a
( / mw) sc( / pap\wpx)\ppN) ( / pﬂq\uw)rqw)
RP R1 Ry

1

P

+C</ deU(px)\ppN>

Ry
(1-a)

a 1
=c(/ pap\vmp) (/ pﬂq\uw) +c</ pﬂu|p>
R, R, R,

Since R,={x : p < |z| < 2p}, p > 1, depending on the signs of the exponents yr, ap, and Sq
we can adjust the constants accordingly, and thus obtain

(=a)

(/ mWWuT) gc(/ |x|apw|p> (/ |:c|ﬁq|u|q> c (/ |x5|u|p> . (2.10)
R, R, R, R,

Since (a + b)"™ < 2™(a™ 4 b™), for a,b > 0,m > 0, we get

ar (1—a)r

P q %
/ mwwrxc(/ rx\ap\w) (/ rmwﬁqwuw) +c</ \xmuw) ,
R, R, R, R

P P P P

for all u € C°(BY) and p > 1. O

Using Lemma 2.1, we now prove Theorem 1.1.

Proof of Theorem 1.1: Welet p=¢= N,a =0 =0,08 = w (note that 5 may
be taken as any sufficiently large negative number) and 0 < a < 1 in the preceeding Lemma.
Then
—(N+6)(1—a)

i .

I~ 1 a-1 1 B
7'+N_a<p+ N >+(1—a)<q+N>,

we obtain r = %, so that N < r < ooand § = —(N +6(1 —a)). Thus in this case, the
inequality in Lemma 2.1 reduces to

y=(1-a)8=

Moreover, since

(1—a)r

~ o
/ |xwr|u|7"sc</ |wN) (/ \x|<N+9>|urN) "’ +c(/ |x\5|urN>N, (2.11)
Rp R, Rp Rp
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for all uw € C°(BY). We now recall the following inequalities, valid for any sequence zj > 0,
yr > 0 and exponents ¢,d > 0.

szygg (Zxk)c(Zyk)d, ife+d>1, (2.12)
in < (Z:ck>c, ife>1. (2.13)

Since, in our case % + @ = & > 1, and (2.11) holds for all p > 1, adding the estimates

(2.11) over all annuli and applying the monotone convergence theorem together with (2.12)-
(2.13), we obtain

and

ar (A—a)r

N N %
/ mwmmfu?</|va) (/‘m|““%mN> +c(/‘mﬁuw> L (2.14)
B¢ B¢ B¢ B¢

1 1 1

for all u € C°(Bf) and N < r < co. Applying the inequality (a+b)" < 2™ (a™ 4 b™), yields
1

% e ~
[t ) <e ([ e ) (] o) e [ )
By By By By
(2.15)
for all u € C°(Bf) and N < r < oo. Note that from our choice of the parameters, yr =
—(N +9). O

We now recall an embedding of Dé’N(Bf) from [2].

Lemma 2.2. (See [2]|) D(l)’N(Bf) is compactly embedded into the weighted Lebesgue space
LN (W (|z|), BS) for W € LY((1,00), [rlogr]¥—1).

It is easy to verify that our weight K € L'((1,00), [rlogr]¥ 1)
Theorem 1.1, we now prove Theorem 1.2.

. Using Lemma 2.2 and

Proof of Theorem 1.2: Since C°(BY) is dense in Dé’N(Bf), the inequality (2.15) in
Theorem 1.1 extends to all u € Dé’N(Bf), thereby establishing the continuity of the embed-
ding of Dé’N(Bf) into L"(Bf; K(z)), for r € (N, 00). The continuous embedding of D(l)’N(Bf)
into LY (B§; K (x)) follows by Lemma 2.2. Now, for 1 <r < N, we have

KummzjnK@WMK@ﬁmv
Bf Bf

N—r

N ~ N
< ( | K@ > (/jng(w)) ,

where the above inequality is obtained by applying Holder’s inequality with exponents %
and 2. Hence, it follows that Dé’N(Bf) is continuous embedded into L"(BY; K(x)), for
1<r<N.

To prove compactness, let {u,,} be a bounded sequence in Dé’N(Bf). Then there exists
u € D(l)’N(Bf) such that u,, — u in Dé’N(Bf). Moreover, there exists M > 0 such that

(I |

N
|V, — VU|N> < M, for all m. (2.16)
By compactness of the embeddings in Lemma 2.2, there exists a subsequence {u,,, } of {u,}
such that

c
1

1

1
N N
(/ 2|~ N+ |y, — u|N> — 0, and (/ |2|° U, — uyN> -0, (2.17)
By Bf
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as my — oo. Therefore, from Theorem 1.1, we have

1

(1-a)
T N
(/ rxHN*”\umk—ur) sc(/ (/ rxHN*e)rumk—u\N)
Bf Bf Bf
1
N
e ( [ tallum, - u|N>
1
(1—a)
N
<o (1, )
T

%
e ( / L u|N>
BC

1
— 0, as my — oo.

zle

|Vt — Vu\N>

This proves the compactness of the embedding Dé’N(Bf) into L"(Bf; K(z)), for all r €

(N, 00). Similar arguments also provide the compactness of the embedding of Dé’N(Bf) into
L"(Bf; K(z)), forall 1 <r < N. O

3. EXISTENCE AND REGULARITY OF SOLUTION TO (1.2)

In this section, we establish the existence and regularity of solutions to 1.2. We first recall
the Mountain Pass Lemma which will be used to establish the existence.

Lemma 3.1. (See [15]) (Mountain Pass Lemma).  Let E be a real Banach space and
J € CY(E,R) satisfies the Palais-Smale condition (PS). Suppose also that

(a) J(0) =0,

(b) there exist constants p,« > 0 such that J(v) > « for allv € E with ||v||g = p,

(c) there exists an e € E with |le|g > p such that J(e) < 0.

Then J possesses a critical value ¢ > a which can be characterized as

= inf J(~(t
¢ = Inf max (v(2)),

where
I'={yeC([0,1],E) : 7v(0) = 0,7(1) = e}

We provide below the proof of Theorem 1.4. The embedding that we established in Theo-
rem 1.2 will be used throughout the proof.
Proof of Theorem 1.4 : Define the functional J : Dl 2(B§) — ]R by J(u) = || Vul3 -

)\F( ), where F : DIQ(BC) — R is the functional F ch w)dr and F(u) =
fo t)dt. We now prove that J satisfies the Mountain Pass Lemma

Step 1: J is well defined.
We will prove that the second part of J is finite for all u € Dé’2(Bf). Indeed, we estimate

B
[, K@rew <o) [ Kl 25 [ K@
Bi 541
By Theorem 1.2, the embeddings yield

K (2)|u* ' dz < C||Vull5™,

By
and
[ K@hide < vl
By
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Therefore,

< C (IIVullz + [[Vull5™). (3.1)

/fF() (2)d

This shows that J is well defined. Using our embeddings and arguments analogous to those
in [12] and [15], one easily sces that J is C* and J'(u) : DY 2(BC) — R, given by

J@@) = [ Vu-Vo=AF(u)(@), where F'(u)(¢) = | K(2)f(w),

is continuous for each u € Dy*(B¢) and the map F” : D(l)’z(Bf) — (Dy*(BY)) is compact.

Step 2: J satisfies the Palais—Smale condition.

Let u,, be a sequence in D(l)’Q(Bf) such that J(u,,) is bounded and J'(u,,) — 0. To prove
that u,, has a convergent subsequence, we begin by showing that w,, is a bounded sequence.
Since u,, = u), — u;,, and i, and u;, are in Dy*(BY), it is enough to show that both
and u_, are bounded sequences. For the negative part, testing with u,, gives

T () 1) = / [Vt~ A / K (&) f (i

—IVu,, |13 — / K(z)f(0)u,,dx

<~V |I3 + C/\If( Vg 2.

Hence,

IVum 13 < 1 () ()| + CALF0)][[ Vg |2, (3.2)
from which it follows that w,, is bounded in Dé’Z(Bf). Boundedness of J(u,,) implies the
existence a constant C > 0 such that

||Vum||2 / K(x)G(um)dx — A | K(z)f(0)undr < C. (3.3)
By
Since u,,, is bounded,
K(z)f(0)updx < K(z)|f(0)|u,,dx < C. (3.4)
By By

Moreover, we have G(uy,) < G(u;h) and [|[Vui |3 < ||[Vunml3 for all m. Substituting this
along with (3.4) into (3.3) gives

f||v 12— / K(2)G(ut)dz < C. (3.5)
By assumption (H4), we have —G(u,}) > “I;”g( +). Hence,
1 A
SIVuilE =2 [ K@uigtuis <. (36)
2 KBS
On the other hand,
T () (ugh) = [V |3 — K(2)g(uy )upde =X | K(x)f(0)upda.  (3.7)
By By

Combining the equations (3.6) and (3.7), we obtain
1 1 1 A
C2(;5- ;)HV%II% + ;J’(um)(tﬁ%) + C;f(O)IIVUEIIZ (3.8)
As p > 2, from (3.8) it follows that u, is bounded in D(l)’Q(Bf). Therefore, u,, is bounded.
Since Dé’z(Bf) is reflexive, u,, has a subsequence, again denoted by u,,, such that u,, — u
for some u € Dé’Z(Bf). The strong convergence u,, — u then follows as in [12], by using the
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facts that J’(u,,) — 0 and that the map F” is compact. Hence, J satisfies the Palais-Smale
condition.

Step 3: The Mountain-Pass geometry of J.

Clearly J(0) = 0. Let p =1 and u € Dy(B) be such that ||Vul2 = 1. Then
1
J(u) = 5 A K(z)[G(u) + f(0)u] da. (3.9)
Bi

We estimate the integrals on the right hand side of (3.9) as follows. We have

K(z)G(u)dx < K(z)|u|*da

By s+1 /5
< C||vul3™,
and
| K@) < 0|9l
Hence
Tw) 2 5 = ACITuls = ACIFO)[Val (3.10)

Thus, there exists A\g > 0 such that, if A < Ao, J(u) > %
To verify the third condition of the Mountain Pass Lemma, let w > 0 be in C°(BY), t > 0,
and consider

2
Hew) = SIVulf -2 [ F(tu)K(@

t2 1
=SIveli A [ (6w + O Ke)

By (H3), we have G(t) > s%t“. Substituting into the above expression, we get

2 A
J(tw) < t—||Vw||§ - A t“/ K(x)wh + )\]f(O)t/ K(x)w. (3.11)
2 s+1° Jsupp(w) supp(w)

Since p > 2, the leading term on the right-hand side is negative and grows faster than the

others as t — oo. Hence, from (3.11), we conclude that J(tw) — —oo as t — oo. In

particular, we can choose ¢ > 0 large enough so that J(tw) < 0. Thus, all the conditions of

the Mountain Pass Lemma are satisfied and the functional J has a critical point, say u. By
standard regularity results it follows that u € C?(B$) N C’llof(gf) (see [10], [17]).

O

Next, we proceed to prove boundedness of the solution stated in Theorem 1.5. For this,

we recall the following result from [6].

Lemma 3.2. The Kelvin transform K defined by u(x) = (Ku)(x) = u(2z) provides an

|=[?
order-preserving, isometric isomorphism from H = Hg(By) to Dé’Q(Bf).

Using lemma 3.2, one can see that if u € Dé’Q(Bf) is a weak solution of (1.2), then @ is a
weak solution to the problem,

{—Aa = MK (2) f (@) kv in By,

. (3.12)
=0 on 0B,

where Bj is the open unit ball in R?, and K (z) = K (ﬁ) (see [6] for details). We note that
for the class of weight functions that we consider, this problem may have a singularity at the
origin.
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Proof of Theorem 1.5 : Let u € Dé’Q(Bf) be a solution to (1.2). Then, as mentioned
above @ is a weak solution to the problem (3.12). Define ((z) = K(m)f(a)ﬁ and note that
if ( € L"(By) for some n > 1, then standard elliptic regularity results (see [11],[10]) imply
that @ € C%(By). Since K(z) < E |2+9 for some 6 > 0 for all z € Bf, K(z) < |z[>*? for all

x € Bj. To show that for each 6 > 0 there exists > 1 such that ¢ € L"(By), we use the
Kelvin transform and estimate the integral as follows.

z|@+0n
[ o< [ ‘,'| f(@)da
1 1
E
= e O e
— 1 n4
= BCWV(UN X
1

~ 1 ~ 1
s
<C /BC ‘$|4+(972)nd$—|—02 /BC |x\4+(9*2)”|u| dx.
1 1

Since € > 0, we have 4 4+ (0 — 2)n > 4 — 2n. Consequently, there exists > 1 such that
4+ (60 —2)n > 2, by the continuity of the function 4 + (§ — 2)n with respect to . Thus,
by our embedding result, it follows that the above integral is finite. Hence, 4 € C%(By).
In particular lim, o 4(x) exists, which implies lim, o, u(z) also exists. This shows that
u € C*(B$) N L™ (BY). O

4. POSITIVITY OF THE SOLUTION

In this section, we first prove Theorem 1.6 which provides a representation formula for
solutions to (1.2).

Proof of Theorem 1.6 : Since u € Dy (Bf) is a solution of (1.2), it’s Kelvin transform
@ is a solution of (3.12). Because K satisfies (H5) and f satisfies (H3), following the same
arguments as in the proof of Theorem 1.5, there exists n > 2 such that {(z) = K(m)f(ﬂ)ﬁ €
L"(Bj). By standard elliptic regularity results (see [10],[11]), this implies that 4@ € C1%(By)
for some « € (0,1). In particular, there exists a constant M > 0 such that |Va| < M.

Now let z € By \ {0}. Choose r > 0 small enough so that r < |z| < 1, and let ¢(x) =
5—; log |z|, the fundamental solution of Laplace’s equation. Applying the divergence theorem

to @(y) € C%(B1\ {0})NCH*(B;) and ¢(y — x) in the annulus r < |z| < 1, and following the
derivation of Green’s function in Chapter 2 of [9], we obtain

i) = [ o= %52 — o U= sty

ouy) ., 0d(y—x) )
+ /8& [éf)(y —x) o u(y)au} ds(y) — /Bl\BT oy — ) Ad(y)dy.

Note that, we have
‘8dy—x

(4.1)

1 1 11 1 1
< — < - -
2mly — x| ” 2m|x| —ly| 2wz -7

)
ov

and

1 1 1 1 1 1
—z)| = — - < = -
6y — o) = 5-og(ly — )| < 5_[log(le] + )| = 5 log(

|x| + ]y|) 2 g(|ﬂs| +7r

)

Since @ € C1*(By), there exist constants M, N > 0 such that |a| < M and 8%—5}’)’ < N.

Therefore, we have the following estimates:

o, oy — x)agiy)ds(y) < % /6& log <|x’1+74> ds(y) = Nrlog <|$’1+7“> . (42
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and

/ a<y>m‘%s<y>\<M Loy " (43)
OB,

ov T 27 Jop, x| —r O |m| =1’

Letting r — 0 in (4.1)-(4.3), we get

i) = [ (o0 T - i) U= st - [ o -oaita. @

aV B

Next, for a fixed x € By \ {0}, define the corrector function

. —1
) = 5 tow Ja

x
- — Bj.
Yy ’IE‘Q > » Y € Dy
Clearly, —Ah*(y) = 0 in By and h*(y) = 5= log(|ly — z|) on dB;. Applying the divergence

2
theorem to h*(y) and 4(y), we get

. N o, 00
- / h*(y)Auly)dy = / [u(y) W, () (y)} ds(y)
Bl\Br OB (91/ 81/ (4 5)
O (y) L, u(y) '
[ a5 e G2 o)
Proceeding as before and letting » — 0 in (4.5), we obtain
X N ) 8ﬂ(y)]
— h* (y)Au(y)d :/ [u ——2 —h* ds(y). 4.6
[ msitiy= | Jam =5 i) 50 ast) (1.6
Adding (4.4) and (4.6), we get
. . ou . 0p(y — x Oh”
i) = [ Not—2) - ) B2 — i) (2= - T gy
OB % % %
! (4.7)
- [ (@ —a) = W)ty
1
Using the facts that a(y) = 0 and h*(y) = ¢(y — ) on 9B, and defining
G(.Z‘,y) = gzﬁ(y—:L‘) _hm(y> , T,Y € Bl y L #yv
we finally obtain
N - S . 1
a(z) = — ; G(z,y)Ad(y)dy = ; G(w,y)AK(y)f(U(y))Wdy- (4.8)
Applying the Kelvin transform to @, we then get
€z Y
u(x) = AG(—, =5 )K u(y))dy , r € BS. 4.9
)= [, A K )y o € B (19)
A straightforward calculation shows that G(ﬁ, ﬁ) = G(x,y), for all x,y € BY. O

Remark 4.1. Since |Vi(z)| = ﬁ|VU(#)|, for all x € By \ {0} and |Va(x)| is bounded, it
follows that |Vu(x)| < %, for all x € Bf. Thus, we observe that solutions have a decaying

gradient.

Finally, we are ready to establish the positivity of the solution obtained via the Mountain
Pass Lemma. To achieve this, we first derive suitable estimates for the norm of the solution.

Lemma 4.2. Let u be the Mountain Pass solution of the problem (1.2). Then there exist
— 1 1 —
constants K1, Ko > 0 and A > 0 such that Kij\" 51 < ||Vu|la < Ko\ 5T for A < \.
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Proof. Note that

|Vl = A/ K(@)g(w) + £(O)]u

< )\C’{HVUHSH + A Vull2} .

Now, division by ||Vu||3 and a rearrangement of the terms give || Vul3~t > C [)\_1 - W*IIJ .
We find ||Vul|2 is bounded from below as J(u) is bounded from below. Therefore, for A > 0

small enough, there exists K7 > 0 such that ||Vullz > Kl)\s%ll. Now, consider w € CZ°(BY),
and ¢ > 1. It can be shown similarly as in [12] that

%(J(tw)) <ta— At°b + Ac,

-1
for some constants a, b, and c¢. Choosing ¢ > CAs=T and noting s > 1, it follows that

fl—{ < 0 for A sufficiently small. From equation (3.11), we come to the conclusion that

—1 —2 -2
J(tw) < J(CA5=Tw) < A\5=1||[Vw]|3. Letting ||Vwl|]2 = 1, we can see that J(tw) < CAs-1.
Using the characterization for Mountain-Pass critical point, we get

J(u) < CAFT. (4.10)

Now since v is weak solution we have

| Vul|3 —)\/ K(x)f(0)u+ A . K(z)ug(u) (4.11)

We also have by (H4)

J) = IVuld = [ K@ [ K6

1

Il - / K(o)fopu—= [ Kyl

Hence,

=
S
|v

A
SI9ul3 - A / K(@)fOu=IVulf+2 [ K)o
1

() o
> (5 Ivut - s 1 - M) IVuls

=19l | (5 - 3 ) 19l - e (1- 7))

Since p > 2, from the above inequality and (4.10), it follows that for A > 0 small enough,
—1
there exists Ky > 0 such that | Vu|2 < KaAs-T. O

Lemma 4.3. Define S = {z € Bf : u(x) > EA_STll}. Then there exists a C' > 0 and X > 0
such that for all A < X, |S| > C.
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Proof. Using Lemma 4.2, we have

KX < Val = ) [ K@ +A [ K@)

+ A K(x)g(uw)u+ A K(x)f(0)u
BS\S BS\S

CIE [[2(5) [ Vulls™ + ALF O Vull2

et [ K@ E A0 / K(z)A7]
B\ Bi\S

< OINTT||K | 125y + AT + AT K | 1 )
+ GA%”KHLl(Bf\S)}'
Now, dividing by )\ﬁ, the above inequality becomes
Ky < C[|IK||z2(s) + AT + €K | o) + AT | 5015))- (4.12)

We can choose € > 0 and A > 0 sufficiently small so as to get ||K||z2(g) > C > 0. Therefore,
there exists a C' > 0 and A > 0 such that for all A < X, S| > C. O

Consider R > 1 so that |[S N B(0,R)| > C; > 0. We will now prove that u is strictly
positive in a small neighborhood of dB;. Let 4 > 0 and n(x) be the inward unit normal at
x, where x € 0B1. Now define

N;(0By) = o+ Bu(w) : B € [0,7),2 € 9B ).
It can be seen that N5(0B1) is an open neighborhood of 0B;. Also, |N5(0B1)| — 0 as
4 — 0. Now, 4 > 0 can be chosen sufficiently small so that [N5(9B1)| < $t. Define
K = (SN B(0,R)) \ N5(dBy). Then it follows that |K| > S > 0.
Let G(z,y) denote the Green’s function for problem (1.2). Let £ € 0B; and fix a element
To € K arbitrarily. The boundary point lemma ensures the existence of a bg, > 0 such that
%—g(xo,go) > bey. As K x dB; is compact, we have b > 0 and ¢ > 0 for which %—g(aj,f) >b

for all z € K and & € N:(dB;). Hence, for all z € K and ¢ with d(¢,0B;) < é where
& — d(§,0B;) denotes the distance function, there exists C' > 0 satisfying the inequality
G(z,€) > Cd(£,0By).

Now, u(x) can be written as u(z) = fo AK (y) f(u(y))G(z,y)dy for x € BY. Let £ be such
that d(£,0B;) < €. Then

/ M () £ (u()) G (£, y)dy + / K () f(u(y)G(E, y)dy

B{\K

> \Cd(€,0B,) /K K()lg(u) + F(O)dy + Af(0) / K()G(E y)dy

BS\K

> A\Cd(E,0B,) [ / K(y)utdy + f<o>|f?|||K\Loo<B@} MO [ K@)GE vy

By
Note that e(z) = [ K Be G(z,y)dy is the solution of the following problem
—Ae(z) = K(z) in Bf, (4.13)
e(r)=0 on 0Bj.
and e(z) is bounded at infinity. Therefore, [p. K Be )G (&, y)dy < Cd(§,0By) for some constant

C > 0. Combining the above estimates, we get

u(€) > ACd(E,0B)) [ [ ENFK) + FORNK o) + 10)
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—1 s
> A1 [c - Cxﬁ} d(¢,0B,)
-1
> ONFTd(E,0By),

for A > 0 sufficiently small and for all £ with d(§,0B;) < €. From the continuity of u and the

distance function, it follows that for all £ with d(£,9B1) = €, u(§) > Cen+r.
To prove the positivity of u outside this neighborhood, we first prove the following Lemma.

Lemma 4.4. Consider the problem

{—Au = h(z) in B,

(4.14)
U =0 on 0By,

where h is a nonnegative function. Let u be a non negative solution of (4.4), then there exists
C > 0 such that u(x) > C for all |x| > r, with r > 1.
Proof. Define s = IHPD u(z)(>0) and let k € N with k£ > r. Let

x|=r

slogk log |z
= 1- . 4.15
uk(@) log k — logr ( log k ( )

It can be seen that uy is a radial solution for the following problem
—Aug(x) =0 inr <|z| <k,
ug(x) =s if x| =, (4.16)
ug(x) =0 if |z| = k.
Also, it may be noted that v(z) = klim ug(x) = s is a radial solution of the problem given
—00

below.

—Av =0 in Bf
{ v 0 in By, (4.17)

v =5 on 0B,.

For any = € B¢, there exists k € N such that r < |z| < k. By maximum principle, ug(z) <
u(x). As this is true for all & > \:c|,klim ug(z) < u(z). Hence u(x) > s. Since the choice of
—00

x € B¢ was arbitrary, we can conclude that u(z) > s for all |z| > r.

O
Now, let w > 0 be the solution of the following problem
—Aw = —f(0)K(z) in BY, (4.18)
w =0 on 0B;. '

It follows that —A(u + Aw) = AK(z)g(u) > 0. From Lemma 4.4, we get the existence of a
positive constant C' such that u(z) + Aw(x) > C for all |z| > 1 + €. Since w is bounded by
Theorem 1.5, there exists C' > 0 such that

u(z) = u(z) + dw(z) — dw(x)
> C = \C,
for all |x| > 1 + €. For sufficiently small A, this implies u(z) > 0 for all |z| > 1 + €. O
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