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Abstract. Let Bc
1 = {x ∈ RN : |x| > 1}, N ≥ 2, and D1,N

0 (Bc
1), be the Beppo-Levi

space. We prove that D1,N
0 (Bc

1) is compactly embedded into the weighted Lebesgue space
Lr(Bc

1;K(x)) for all r ∈ [1,∞) for an appropriate class of weight functions K. As an
application, we prove the existence of a positive solution to a superlinear semipositone
problem on Bc

1 in R2. We also establish boundedness and regularity of solutions of certain
boundary value problems and derive their Green’s function representation.

1. Introduction

Let Bc
1 = {x ∈ RN : |x| > 1}, N ≥ 2, and D1,p

0 (Bc
1), p > 1 be the Beppo-Levi space, which

is the completion of compactly supported smooth functions on Bc
1 with respect to the norm

||u|| = (
´
Bc

1
|∇u|pdx)

1
p . For 1 < p < N , the classical Sobolev embedding theorem guarantees

that D1,p
0 (Bc

1) is continuously embedded in Lp∗(Bc
1), where p∗ = Np

N−p is the critical Sobolev
exponent. It is also known that D1,p

0 (Bc
1) is a well defined reflexive Banach space for all

p > 1 (see [2], [16]). Recently, there have been several studies on the continuous and compact
embeddings of D1,p

0 (Bc
1). In this work, we are particularly interested in the embeddings of

D1,p
0 (Bc

1), in the borderline case p = N . With this in mind, we now review some key results
from the literature that address p = N .

It was shown in [16] (see Theorems I.2.7, I.2.16) that D1,N
0 (Bc

1) coincides with D̂1,N
0 (Bc

1),
given by

D̂1,N
0 (Bc

1) = {u ∈ L1,N (Bc
1) : u ∈ LN (Bc

1 ∩BR), ∀R > 1, and

ηu ∈ W 1,N
0 (Bc

1) for any η ∈ C∞
c (RN )},

where BR is a ball of radius R, and

L1,N (Bc
1) = {u ∈ L1

loc(B
c
1) : ∇u ∈ [LN (Ω)]N}.

Here, W 1,N
0 (Bc

1) denotes the standard Sobolev space. Using this characterisation, it can be
seen that a function in D1,N

0 (Bc
1) may not be in Lq(Bc

1) for any q ≥ 1. For example, when
N = 2, the function u(x) = 1 − 1

|x|2 , x ∈ Bc
1 belongs to D̂1,2

0 (Bc
1), but u /∈ Lq(Bc

1) for any
q ≥ 1.

In [2], the authors proved the compact embedding of D1,N
0 (Bc

1) into LN (Bc
1,K(|x|)) for

K belonging to the weighted Lebesgue space L1((1,∞); (r log r)N−1). The case N = 2 was
considered in [6], wherein the Kelvin transform K, defined by û(x) = (Ku)(x) = u( x

|x|2 ), was

shown to be an order-preserving, isometric isomorphism between H = H1
0 (B1) and D1,2

0 (Bc
1)
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(see Theorem 2.6). Using this isomorphism, the authors further established a continuous
embedding of D1,2

0 (Bc
1) into the weighted Lebesgue space Lr(Bc

1,K(x)), for every 1 ≤ r < ∞
with weight function K(x) = 1

|x|4 (see Proposition 2.9). In the first part of this paper, we

prove a compact embedding of D1,N
0 (Bc

1) into Lr(Bc
1,K(x)), for any r with 1 ≤ r < ∞, for

a broader class of weight functions K(x) that includes the weight 1
|x|4 . Our approach relies

on techniques from the celebrated work of Caffarelli–Kohn–Nirenberg [4]. The precise decay
condition assumed on the weight function K(x) is as follows:

(H1) There exist C > 0 and γ > N such that K(x) ≤ C
|x|γ for |x| > 1.

To establish the embedding results, we first derive an interpolation inequality for functions
in C∞

c (Bc
1), the space of all compactly supported smooth functions on Bc

1, which we state
below. By a standard density argument, this inequality implies the continuous embedding of
D1,N

0 (Bc
1) into Lr(Bc

1,K(x)), for any r with N < r < ∞.

Theorem 1.1. Let Bc
1 be the exterior of the unit ball in RN , N ≥ 2. Assume that 0 < a < 1,

and θ > 0, and let δ = −(N + θ(1− a)). Then(ˆ
Bc

1

|x|−(N+θ)|u|r
) 1

r

≤ C

(ˆ
Bc

1

|∇u|N
) a

N
(ˆ

Bc
1

|x|−(N+θ)|u|N
) (1−a)

N

+ C

(ˆ
Bc

1

|x|δ|u|N
) 1

N

(1.1)
for all u ∈ C∞

c (Bc
1) and N < r < ∞.

Using Theorem 1.1, and the known embeddings, we prove the following.

Theorem 1.2. Let Bc
1 be the exterior of the unit ball in RN , N ≥ 2, and K : Bc

1 → R+ be
a continuous function satisfying (H1). Then the Beppo-Levi space D1,N

0 (Bc
1) is continuously

embedded into Lr(Bc
1;K(x)) and for all r ∈ [1,∞). In addition, this embedding is compact.

Theorem 1.2 can be used to study various elliptic PDE’s on the exterior of a ball. In
particular, we consider the superlinear semipositone problem{

−∆u = λK(x)f(u) in Bc
1,

u(x) = 0 on ∂B1,
(1.2)

where Bc
1 = {x ∈ R2 : |x| > 1}, λ is a positive parameter, and K : Bc

1 → R+, f : [0,∞) → R
belong to a class of continuous functions with f(0) < 0 and lims→∞

f(s)
s = ∞.

Problems of the form (1.2) with f(0) < 0 are known as semipositone problems in the
literature. Establishing the existence of positive solutions to semipositone problems is known
to be both challenging and interesting, since the maximum principle cannot be applied directly
to guarantee the positivity of solutions. We refer the reader to [5], [18], where the existence
of a positive solution for small values of the parameter λ was established for superlinear
semipositone problems on bounded domains. In addition, a superlinear semipositone problem
on RN was studied in [1].

Recently, there have been several studies on the existence of positive solutions to superlinear
semipositone problems on exterior domains in RN , N > 2 (see [7], [8], [12], [13]). In [8], [13],
the authors established the existence of a radial solution to (1.2) under the assumption that
the weight function K is radial. A superlinear semipositone system was studied in [7]. Very
recently, in [12], the authors extended the studies in [8], [13] by allowing the weight function
to be non radial and proved the existence of a positive solution to (1.2). We note that these
existence results, including those for radial solutions, were proved on exterior domains in
RN , N > 2. In this paper, we prove the existence of a solution to (1.2) on the exterior of a
ball in R2, using the embeddings established in Theorem 1.2 and the Mountain Pass Lemma.
The positivity of the solution is then proved by analyzing the properties of the solution.

It is well known that solutions to problems of the form (1.2) on exterior domains in R2

have different asymptotic behavior compared to solutions of similar problems on exterior
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domains in RN , N > 2. Specifically, when f ≥ 0, it was proved in [3] that positive solutions
to (1.2) on the exterior of a ball in R2 are bounded away from zero, whereas when N > 2,
(1.2) has solutions that decay to zero at infinity. Even in the case where f(0) < 0, the
solutions obtained for (1.2) in [7], [8], [12], [13] decay to zero at infinity. We will discuss the
boundedness and regularity of solutions to (1.2) on the exterior of a ball in R2. In order to
establish the positivity of the solution, we also prove that the solutions to (1.2) has a Green’s
function representation.

We now state our assumptions on K, f . Both K and f assumed to be Hölder continuous
with K satisfying (H1). Define f(t) = f(0) for t < 0, and rewrite f as, f(t) = g(t) + f(0) so
that g(t) = 0 for all t ≤ 0. Additionally, assume:

(H2) g(t) ≥ 0 for all t ≥ 0.
(H3) There exist A,B > 0, and s > 1 such that Ats ≤ g(t) ≤ Bts for all t ≥ 0.
(H4) For µ = s+ 1, µG(t) ≤ tg(t) for all t ≥ 0, where G(t) =

´ t
0 g(ξ)dξ.

We give the definition of a weak solution to (1.2) below.

Definition 1.3. We say u ∈ D1,2
0 (Bc

1) is a (weak) solution of the problem (1.2) if u satisfiesˆ
Bc

1

∇u · ∇vdx = λ

ˆ
Bc

1

K(x)f(u)vdx, for all v ∈ D1,2
0 (Bc

1). (1.3)

We have the following existence result.

Theorem 1.4. Let K : Bc
1 → R+, f : [0,∞) → R be Hölder continuous functions. Assume

that K satisfies (H1) and f satisfies (H2)-(H4). Then, there exist a λ > 0 and 0 < α < 1

such that for λ ≤ λ, (1.2) has a solution u ∈ C2(Bc
1) ∩ C1,α

loc (B
c
1).

Next, we state a general regularity result for the solutions to (1.2), assuming only that
K, f are Hölder continuous, K satisfies (H1) and f satisfies the following assumption.
(H̃3) There exist C1, C2 > 0, and s > 1 such that |f(t)| ≤ C1 + C2t

s for all t ≥ 0.
Note that any f satisfying (H3) will satisfy (H̃3).

Theorem 1.5. Let K : Bc
1 → R+, f : [0,∞) → R be Hölder continuous functions. Assume

that K satisfies (H1) and f satisfies (H̃3). Suppose u ∈ D1,2
0 (Bc

1) is a solution to (1.2), then
u is in L∞(Bc

1).

We now discuss the positivity of the solution obtained in Theorem 1.4 under an additional
assumption on the weight function. We assume the following.

(H5) There exist C > 0 and γ > 3 such that K(x) ≤ C
|x|γ for |x| > 1.

Under this condition on K, we first establish a representation formula for solutions to (1.2).

Theorem 1.6. Let K, f be locally Holder continuous functions, f be as in Theorem 1.5
and K satisfies (H5). Let u ∈ D1,2

0 (Bc
1) be a solution of (1.2). Then u has the following

representation

u(x) =

ˆ
Bc

1

λG(x, y)K(y)f(u(y)) , x ∈ Bc
1, (1.4)

where G(x, y) = − 1
2π

(
log |y − x| − log

(
|x||y − x

|x|2 |
))

, x, y ∈ Bc
1 is the Green’s function.

Remark 1.7. Since G > 0, equation (1.4) implies that the solutions to (1.2) are nonnegative
when f ≥ 0.

Finally, we state the positivity result.

Theorem 1.8. Let K : Bc
1 → R+, f : [0,∞) → R be Hölder continuous functions. Assume

that K satisfies (H5) and f satisfies (H2)-(H4), then the solution obtained in Theorem 1.4
is positive.



WEIGHTED SOBOLEV INEQUALITIES AND SUPERLINEAR PROBLEMS 4

We also state a nonexistence result for large values of the parameter λ. The proof of this is
exactly as in [12] (see Theorem 1.4) and is therefore omitted. For this result, we only assume
the following conditions on f .

(H6) There exists β > 0 such that f(β) = 0, f(x) < 0 for all x < β and f(x) > 0 for all
x > β.

(H7) lims→∞
f(s)
s = ∞.

Theorem 1.9. Let K : Bc
1 → R+ be a continuous function, f ∈ C1[0,∞) satisfies (H6), (H7).

Then, there exists λ̃ > 0 such that for λ ≥ λ̃, (1.2) has no positive solution in C2(Bc
1).

The rest of the paper is organized as follows. In Section 2, we provide the proof of the
continuous and compact embeddings. The existence and regularity results are established in
Section 3 and in Section 4, we prove the representation formula for solutions to (1.2) and the
positivity result. Throughout the paper, we denote generic positive constants by C, which
may represent different constants within the same proof.

2. Continuous and Compact Embeddings of D1,N
0 (Bc

1)

We first establish an inequality for functions in C∞
c (Bc

1), the space of all compactly sup-
ported smooth functions on Bc

1. We use arguments from [4], where a similar inequality is
proved. We are able to remove some conditions on the parameters given in [4] as our domain
is the exterior of the unit ball. A special case of the following Lemma will be used to prove
our embeddings.

Lemma 2.1. Let p, q, r, a, α, β, σ ∈ R with p, q ≥ 1, r > 0, 0 < a < 1 and α− σ ≥ 0. Let

γ = aσ + (1− a)β , and assume that
1

r
+

γ

N
= a

(
1

p
+

α− 1

N

)
+ (1− a)

(
1

q
+

β

N

)
.

For ρ ≥ 1, set Rρ={x : ρ < |x| ≤ 2ρ}. If u ∈ C∞
c (Bc

1) and δ = pγ + pN
r −N , then

ˆ
Rρ

|x|γr|u|r ≤ C

(ˆ
Rρ

|x|αp|∇u|p
)ar

p (ˆ
Rρ

|x|βq|u|q
) (1−a)r

q

+ C

(ˆ
Rρ

|x|δ|u|p
) r

p

, (2.1)

where C > 0 is a constant independent of ρ.

Proof. We first consider the case ρ = 1, i.e., R1 = {x : 1 < |x| ≤ 2}. Suppose that

1

m
=

a

p
+

(1− a)

q
− a

N
> 0. (2.2)

Let u = 1
|R1|
´
R1

u, where |R1| denotes the measure of R1. By using a standard interpolation
inequality (see [14]), we obtain

ˆ
R1

|u− u|m ≤ C

(ˆ
R1

|∇u|p
)am

p
(ˆ

R1

|u− u|q
) (1−a)m

q

. (2.3)

Since a > 0, and α− σ ≥ 0, it follows that

1

r
= a

(
1

p
+

α− σ

N
− 1

N

)
+ (1− a)

1

q

≥ a

(
1

p
− 1

N

)
+ (1− a)

1

q
=

1

m
,

and hence r ≤ m. Applying Holder’s inequality to (2.3), we get
ˆ
R1

|u− u|r ≤ C

(ˆ
R1

|u− u|m
) r

m

≤ C

(ˆ
R1

|∇u|p
)ar

p
(ˆ

R1

|u− u|q
) (1−a)r

q

. (2.4)
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If (2.2) does not hold, then a
p +

(1−a)
q ≤ a

N , which implies 1
q > 1

p −
1
N . Hence, in this case, we

obtain ˆ
R1

|u− u|r ≤ C

(ˆ
R1

|∇u|p
) br

p
(ˆ

R1

|u− u|q
) (1−b)r

q

, (2.5)

where the parameter b is defined as follows: if r ≤ q, then set b = 0 and if r ≥ q then choose
b such that 1

r = b
(
1
p − 1

N

)
+ (1− b)1q .

We now claim that in either case b ≤ a. If b = 0, then the inequality is immediate since
a > 0. Assume next that b ̸= 0 so that r ≥ q. From the assumption a

p +
(1−a)

q ≤ a
N we deduce

that 1
q ≤ a

(
1
N − 1

p + 1
q

)
. Equivalently, 1

q
(

1
N
− 1

p
+ 1

q

) ≤ a. On the other hand, by the definition

of b,

b

(
1

q
+

1

N
− 1

p

)
=

1

q
− 1

r
<

1

q
.

Therefore, b < 1

q
(

1
N
− 1

p
+ 1

q

) ≤ a, which proves our claim. Applying Sobolev’s inequality we

have, (ˆ
R1

|u− u|q
) 1

q

≤ C

(ˆ
R1

|∇u|p
) 1

p

. (2.6)

On the other hand, since b ≤ a, we may rewrite (2.5) as
ˆ
R1

|u−u|r ≤ C

(ˆ
R1

|∇u|p
)ar

p
(ˆ

R1

|∇u|p
) (b−a)r

p
(ˆ

R1

|u− u|q
) (1−a)r

q
(ˆ

R1

|u− u|q
) (a−b)r

q

.

(2.7)
Now, using (2.6), we estimate(ˆ

R1

|u− u|q
) (a−b)r

q

≤ C

(ˆ
R1

|∇u|p
) (a−b)r

p

. (2.8)

Substituting this into (2.7), we obtain
ˆ
R1

|u− u|r ≤ C

(ˆ
R1

|∇u|p
)ar

p
(ˆ

R1

|u− u|q
) (1−a)r

q

. (2.9)

Thus, even in this case, we recover the same inequality as in equation (2.4). By the change
of variable formula, we haveˆ

Rρ

|u|r =
ˆ
R1

|u(ρx)|rρNdx = ρN
ˆ
R1

|u1|rdx,

where u1 = u(ρx). We also note that,
(´

R1
|u− u|q

) 1
q ≤ C

(´
R1

|u|q
) 1

q . Hence,(ˆ
R1

|u|r
) 1

r

≤
(ˆ

R1

|u− u|r
) 1

r

+

(ˆ
R1

|u|r
) 1

r

≤ C

(ˆ
R1

|∇u|p
)a

p
(ˆ

R1

|u|q
) (1−a)

q

+ C

ˆ
R1

|u|

≤ C

(ˆ
R1

|∇u|p
)a

p
(ˆ

R1

|u|q
) (1−a)

q

+ C

(ˆ
R1

|u|p
) 1

p

.

Therefore(ˆ
Rρ

|u|r
) 1

r

= ρ
N
r

(ˆ
R1

|u1|rdx
) 1

r
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≤ Cρ
N
r

(ˆ
R1

|∇u1|p
)a

p
(ˆ

R1

|u1|q
) (1−a)

q

+ Cρ
N
r

(ˆ
R1

|u1|p
) 1

p

.

Multiplying both side by ργ , we get(ˆ
Rρ

ργr|u|r
) 1

r

≤ Cρ
N
r
+γ

(ˆ
R1

|∇u1|p
)a

p
(ˆ

R1

|u1|q
) (1−a)

q

+ Cρ
N
r
+γ

(ˆ
R1

|u1|p
) 1

p

= Cρ
N
r
+γ

(ˆ
R1

|∇u(ρx)|pρp
)a

p
(ˆ

R1

|u(ρx)|q
) (1−a)

q

+ Cρ
N
r
+γ

(ˆ
R1

|u(ρx)|p
) 1

p

.

Now using the fact that, γ + N
r = a(Np + α− 1) + (1− a)(Nq + β), we obtain(ˆ

Rρ

ργr|u|r
) 1

r

≤ C

(ˆ
R1

ραp|∇u(ρx)|pρN
)a

p
(ˆ

R1

ρβq|u(ρx)|qρN
) (1−a)

q

+ C

(ˆ
R1

ρδ|u(ρx)|pρN
) 1

p

= C

(ˆ
Rρ

ραp|∇u|p
)a

p
(ˆ

Rρ

ρβq|u|q
) (1−a)

q

+ C

(ˆ
Rρ

ρδ|u|p
) 1

p

.

Since Rρ={x : ρ < |x| ≤ 2ρ}, ρ > 1, depending on the signs of the exponents γr, αp, and βq
we can adjust the constants accordingly, and thus obtain(ˆ

Rρ

|x|γr|u|r
) 1

r

≤ C

(ˆ
Rρ

|x|αp|∇u|p
)a

p
(ˆ

Rρ

|x|βq|u|q
) (1−a)

q

+C

(ˆ
Rρ

|x|δ|u|p
) 1

p

. (2.10)

Since (a+ b)m ≤ 2m(am + bm), for a, b ≥ 0,m > 0, we get

ˆ
Rρ

|x|γr|u|r ≤ C

(ˆ
Rρ

|x|αp|∇u|p
)ar

p
(ˆ

Rρ

|x|βq|u|q
) (1−a)r

q

+ C

(ˆ
Rρ

|x|δ|u|p
) r

p

,

for all u ∈ C∞
c (Bc

1) and ρ ≥ 1. □

Using Lemma 2.1, we now prove Theorem 1.1.
Proof of Theorem 1.1: We let p = q = N,α = σ = 0, β = −(N+θ)

N (note that β may
be taken as any sufficiently large negative number) and 0 < a < 1 in the preceeding Lemma.
Then

γ = (1− a)β =
−(N + θ)(1− a)

N
.

Moreover, since
1

r
+

γ

N
= a

(
1

p
+

α− 1

N

)
+ (1− a)

(
1

q
+

β

N

)
,

we obtain r = N
1−a , so that N < r < ∞ and δ = −(N + θ(1 − a)). Thus in this case, the

inequality in Lemma 2.1 reduces to

ˆ
Rρ

|x|γr|u|r ≤ C

(ˆ
Rρ

|∇u|N
)ar

N (ˆ
Rρ

|x|−(N+θ)|u|N
) (1−a)r

N

+ C

(ˆ
Rρ

|x|δ|u|N
) r

N

, (2.11)
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for all u ∈ C∞
c (Bc

1). We now recall the following inequalities, valid for any sequence xk ≥ 0,
yk ≥ 0 and exponents c, d ≥ 0.∑

xcky
d
k ≤

(∑
xk

)c (∑
yk

)d
, if c+ d ≥ 1, (2.12)

and ∑
xck ≤

(∑
xk

)c
, if c ≥ 1. (2.13)

Since, in our case ar
p + (1−a)r

q = r
N > 1, and (2.11) holds for all ρ ≥ 1, adding the estimates

(2.11) over all annuli and applying the monotone convergence theorem together with (2.12)-
(2.13), we obtain

ˆ
Bc

1

|x|γr|u|r ≤ C

(ˆ
Bc

1

|∇u|N
)ar

N
(ˆ

Bc
1

|x|−(N+θ)|u|N
) (1−a)r

N

+C

(ˆ
Bc

1

|x|δ|u|N
) r

N

, (2.14)

for all u ∈ C∞
c (Bc

1) and N < r < ∞. Applying the inequality (a+ b)m ≤ 2m(am+ bm), yields(ˆ
Bc

1

|x|γr|u|r
) 1

r

≤ C

(ˆ
Bc

1

|∇u|N
) a

N
(ˆ

Bc
1

|x|−(N+θ)|u|N
) (1−a)

N

+ C

(ˆ
Bc

1

|x|δ|u|N
) 1

N

,

(2.15)
for all u ∈ C∞

c (Bc
1) and N < r < ∞. Note that from our choice of the parameters, γr =

−(N + θ). □
We now recall an embedding of D1,N

0 (Bc
1) from [2].

Lemma 2.2. (See [2]) D1,N
0 (Bc

1) is compactly embedded into the weighted Lebesgue space
LN (W (|x|), Bc

1) for W ∈ L1((1,∞), [r log r]N−1).

It is easy to verify that our weight K ∈ L1((1,∞), [r log r]N−1). Using Lemma 2.2 and
Theorem 1.1, we now prove Theorem 1.2.

Proof of Theorem 1.2: Since C∞
c (Bc

1) is dense in D1,N
0 (Bc

1), the inequality (2.15) in
Theorem 1.1 extends to all u ∈ D1,N

0 (Bc
1), thereby establishing the continuity of the embed-

ding of D1,N
0 (Bc

1) into Lr(Bc
1;K(x)), for r ∈ (N,∞). The continuous embedding of D1,N

0 (Bc
1)

into LN (Bc
1;K(x)) follows by Lemma 2.2. Now, for 1 ≤ r < N , we haveˆ

Bc
1

K(x)|u|r =
ˆ
Bc

1

K(x)
N−r
N K(x)

r
N |u|r

≤

(ˆ
Bc

1

K(x)|u|N
) r

N
(ˆ

Bc
1

K(x)

)N−r
N

,

where the above inequality is obtained by applying Hölder’s inequality with exponents N
r

and N
N−r . Hence, it follows that D1,N

0 (Bc
1) is continuous embedded into Lr(Bc

1;K(x)), for
1 ≤ r < N .

To prove compactness, let {um} be a bounded sequence in D1,N
0 (Bc

1). Then there exists
u ∈ D1,N

0 (Bc
1) such that um ⇀ u in D1,N

0 (Bc
1). Moreover, there exists M > 0 such that(ˆ

Bc
1

|∇um −∇u|N
) 1

N

≤ M, for all m. (2.16)

By compactness of the embeddings in Lemma 2.2, there exists a subsequence {umk
} of {um}

such that(ˆ
Bc

1

|x|−(N+θ)|umk
− u|N

) 1
N

→ 0 , and

(ˆ
Bc

1

|x|δ|umk
− u|N

) 1
N

→ 0, (2.17)
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as mk → ∞. Therefore, from Theorem 1.1, we have(ˆ
Bc

1

|x|−(N+θ)|umk
− u|r

) 1
r

≤ C

(ˆ
Bc

1

|∇umk
−∇u|N

) a
N
(ˆ

Bc
1

|x|−(N+θ)|umk
− u|N

) (1−a)
N

+ C

(ˆ
Bc

1

|x|δ|umk
− u|N

) 1
N

≤ CMa

(ˆ
Bc

1

|x|−(N+θ)|umk
− u|N

) (1−a)
N

+ C

(ˆ
Bc

1

|x|δ|umk
− u|N

) 1
N

→ 0, as mk → ∞.

This proves the compactness of the embedding D1,N
0 (Bc

1) into Lr(Bc
1;K(x)), for all r ∈

(N,∞). Similar arguments also provide the compactness of the embedding of D1,N
0 (Bc

1) into
Lr(Bc

1;K(x)), for all 1 ≤ r ≤ N . □

3. Existence and regularity of solution to (1.2)

In this section, we establish the existence and regularity of solutions to 1.2. We first recall
the Mountain Pass Lemma which will be used to establish the existence.

Lemma 3.1. (See [15]) (Mountain Pass Lemma). Let E be a real Banach space and
J ∈ C1(E,R) satisfies the Palais-Smale condition (PS). Suppose also that

(a) J(0) = 0,
(b) there exist constants ρ, α > 0 such that J(v) ≥ α for all v ∈ E with ∥v∥E = ρ,
(c) there exists an e ∈ E with ∥e∥E > ρ such that J(e) ≤ 0.

Then J possesses a critical value c ≥ α which can be characterized as

c = inf
γ∈Γ

max
t∈[0,1]

J(γ(t)),

where
Γ = {γ ∈ C([0, 1], E) : γ(0) = 0, γ(1) = e}.

We provide below the proof of Theorem 1.4. The embedding that we established in Theo-
rem 1.2 will be used throughout the proof.

Proof of Theorem 1.4 : Define the functional J : D1,2
0 (Bc

1) → R by J(u) = 1
2∥∇u∥22 −

λF̃ (u), where F̃ : D1,2
0 (Bc

1) → R is the functional F̃ (u) =
´
Bc

1
K(x)F (u)dx and F (u) =´ u

0 f(t)dt. We now prove that J satisfies the Mountain Pass Lemma.

Step 1: J is well defined.
We will prove that the second part of J is finite for all u ∈ D1,2

0 (Bc
1). Indeed, we estimate

|
ˆ
Bc

1

K(x)F (u)dx| ≤ |f(0)|
ˆ
Bc

1

K(x)|u|dx+
B

s+ 1

ˆ
Bc

1

K(x)|u|s+1dx.

By Theorem 1.2, the embeddings yieldˆ
Bc

1

K(x)|u|s+1dx ≤ C∥∇u∥s+1
2 ,

and ˆ
Bc

1

K(x)|u|dx ≤ C∥∇u∥2.
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Therefore, ∣∣∣∣∣
ˆ
Bc

1

F (u)K(x)dx

∣∣∣∣∣ ≤ C
(
∥∇u∥2 + ∥∇u∥s+1

2

)
. (3.1)

This shows that J is well defined. Using our embeddings and arguments analogous to those
in [12] and [15], one easily sees that J is C1 and J ′(u) : D1,2

0 (Bc
1) → R, given by

J ′(u)(ϕ) =

ˆ
Bc

1

∇u · ∇ϕ− λF̃ ′(u)(ϕ), where F̃ ′(u)(ϕ) =

ˆ
Bc

1

K(x)f(u)ϕ,

is continuous for each u ∈ D1,2
0 (Bc

1) and the map F̃ ′ : D1,2
0 (Bc

1) → (D1,2
0 (Bc

1))
′ is compact.

Step 2: J satisfies the Palais–Smale condition.
Let um be a sequence in D1,2

0 (Bc
1) such that J(um) is bounded and J ′(um) → 0. To prove

that um has a convergent subsequence, we begin by showing that um is a bounded sequence.
Since um = u+m − u−m, and u+m and u−m are in D1,2

0 (Bc
1), it is enough to show that both u+m

and u−m are bounded sequences. For the negative part, testing with u−m gives

J ′(um)(u−m) = −
ˆ
Bc

1

|∇u−m|2dx− λ

ˆ
Bc

1

K(x)f(um)u−mdx

= −∥∇u−m∥22 − λ

ˆ
Bc

1

K(x)f(0)u−mdx

≤ −∥∇u−m∥22 + Cλ|f(0)|∥∇u−m∥2.
Hence,

∥∇u−m∥22 ≤ |J ′(um)(u−m)|+ Cλ|f(0)|∥∇u−m∥2, (3.2)
from which it follows that u−m is bounded in D1,2

0 (Bc
1). Boundedness of J(um) implies the

existence a constant C > 0 such that
1

2
∥∇um∥22 − λ

ˆ
Bc

1

K(x)G(um)dx− λ

ˆ
Bc

1

K(x)f(0)umdx ≤ C. (3.3)

Since u−m is bounded, ˆ
Bc

1

K(x)f(0)umdx ≤
ˆ
Bc

1

K(x)|f(0)|u−mdx ≤ C. (3.4)

Moreover, we have G(um) ≤ G(u+m) and ∥∇u+m∥22 ≤ ∥∇um∥22 for all m. Substituting this
along with (3.4) into (3.3) gives

1

2
∥∇u+m∥22 − λ

ˆ
Bc

1

K(x)G(u+m)dx ≤ C. (3.5)

By assumption (H4), we have −G(u+m) ≥ −u+
m
µ g(u+m). Hence,

1

2
∥∇u+m∥22 −

λ

µ

ˆ
Bc

1

K(x)u+mg(u+m)dx ≤ C. (3.6)

On the other hand,

J ′(um)(u+m) = ∥∇u+m∥22 − λ

ˆ
Bc

1

K(x)g(u+m)u+mdx− λ

ˆ
Bc

1

K(x)f(0)u+mdx. (3.7)

Combining the equations (3.6) and (3.7), we obtain

C ≥ (
1

2
− 1

µ
)∥∇u+m∥22 +

1

µ
J ′(um)(u+m) + C

λ

µ
f(0)∥∇u+m∥2. (3.8)

As µ > 2, from (3.8) it follows that u+m is bounded in D1,2
0 (Bc

1). Therefore, um is bounded.
Since D1,2

0 (Bc
1) is reflexive, um has a subsequence, again denoted by um, such that um ⇀ u

for some u ∈ D1,2
0 (Bc

1). The strong convergence um → u then follows as in [12], by using the
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facts that J ′(um) → 0 and that the map F̃ ′ is compact. Hence, J satisfies the Palais–Smale
condition.

Step 3: The Mountain-Pass geometry of J .
Clearly J(0) = 0. Let ρ = 1 and u ∈ D1,2

0 (Bc
1) be such that ∥∇u∥2 = 1. Then

J(u) =
1

2
− λ

ˆ
Bc

1

K(x) [G(u) + f(0)u] dx. (3.9)

We estimate the integrals on the right hand side of (3.9) as follows. We haveˆ
Bc

1

K(x)G(u)dx ≤ B

s+ 1

ˆ
Bc

1

K(x)|u|s+1dx

≤ C∥∇u∥s+1
2 ,

and ˆ
Bc

1

K(x)f(0)u ≤ C|f(0)|∥∇u∥2.

Hence
J(u) ≥ 1

2
− λC∥∇u∥s+1

2 − λC|f(0)|∥∇u∥2. (3.10)

Thus, there exists λ0 > 0 such that, if λ ≤ λ0, J(u) > 1
2 .

To verify the third condition of the Mountain Pass Lemma, let w > 0 be in C∞
c (Bc

1), t > 0,
and consider

J(tw) =
t2

2
∥∇w∥22 − λ

ˆ
Bc

1

F (tw)K(x)

=
t2

2
∥∇w∥22 − λ

ˆ
supp(w)

[G(tw) + f(0)tw]K(x).

By (H3), we have G(t) ≥ A
s+1 t

µ. Substituting into the above expression, we get

J(tw) ≤ t2

2
∥∇w∥22 − λ

A

s+ 1
tµ
ˆ

supp(w)
K(x)wµ + λ|f(0)|t

ˆ
supp(w)

K(x)w. (3.11)

Since µ > 2, the leading term on the right-hand side is negative and grows faster than the
others as t → ∞. Hence, from (3.11), we conclude that J(tw) → −∞ as t → ∞. In
particular, we can choose t > 0 large enough so that J(tw) < 0. Thus, all the conditions of
the Mountain Pass Lemma are satisfied and the functional J has a critical point, say u. By
standard regularity results it follows that u ∈ C2(Bc

1) ∩ C1,α
loc (B

c
1) (see [10], [17]).

□
Next, we proceed to prove boundedness of the solution stated in Theorem 1.5. For this,

we recall the following result from [6].

Lemma 3.2. The Kelvin transform K defined by û(x) = (Ku)(x) = u( x
|x|2 ) provides an

order-preserving, isometric isomorphism from H = H1
0 (B1) to D1,2

0 (Bc
1).

Using lemma 3.2, one can see that if u ∈ D1,2
0 (Bc

1) is a weak solution of (1.2), then û is a
weak solution to the problem,{

−∆û = λK̂(x)f(û) 1
|x|4 in B1,

û = 0 on ∂B1,
(3.12)

where B1 is the open unit ball in R2, and K̂(x) = K( x
|x|2 ) (see [6] for details). We note that

for the class of weight functions that we consider, this problem may have a singularity at the
origin.
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Proof of Theorem 1.5 : Let u ∈ D1,2
0 (Bc

1) be a solution to (1.2). Then, as mentioned
above û is a weak solution to the problem (3.12). Define ζ(x) = K̂(x)f(û) 1

|x|4 and note that
if ζ ∈ Lη(B1) for some η > 1, then standard elliptic regularity results (see [11],[10]) imply
that û ∈ Cα(B1). Since K(x) ≤ 1

|x|2+θ for some θ > 0 for all x ∈ Bc
1, K̂(x) ≤ |x|2+θ for all

x ∈ B1. To show that for each θ > 0 there exists η > 1 such that ζ ∈ Lη(B1), we use the
Kelvin transform and estimate the integral as follows.ˆ

B1

|ζ|ηdx ≤
ˆ
B1

|x|(2+θ)η

|x|4η
|f(û)|ηdx

=

ˆ
Bc

1

|x|4η

|x|(2+θ)η
|f(u)|η 1

|x|4
dx

=

ˆ
Bc

1

1

|x|4+(θ−2)η
|f(u)|ηdx

≤ C̃1

ˆ
Bc

1

1

|x|4+(θ−2)η
dx+ C̃2

ˆ
Bc

1

1

|x|4+(θ−2)η
|u|sηdx.

Since θ > 0, we have 4 + (θ − 2)η > 4 − 2η. Consequently, there exists η > 1 such that
4 + (θ − 2)η > 2, by the continuity of the function 4 + (θ − 2)η with respect to η. Thus,
by our embedding result, it follows that the above integral is finite. Hence, û ∈ Cα(B1).
In particular limx→0 û(x) exists, which implies limx→∞ u(x) also exists. This shows that
u ∈ Cα(Bc

1) ∩ L∞(Bc
1). □

4. Positivity of the solution

In this section, we first prove Theorem 1.6 which provides a representation formula for
solutions to (1.2).

Proof of Theorem 1.6 : Since u ∈ D1,2
0 (Bc

1) is a solution of (1.2), it’s Kelvin transform
û is a solution of (3.12). Because K satisfies (H5) and f satisfies (H3), following the same
arguments as in the proof of Theorem 1.5, there exists η > 2 such that ζ(x) = K̂(x)f(û) 1

|x|4 ∈
Lη(B1). By standard elliptic regularity results (see [10],[11]), this implies that û ∈ C1,α(B1)
for some α ∈ (0, 1). In particular, there exists a constant M > 0 such that |∇û| ≤ M .

Now let x ∈ B1 \ {0}. Choose r > 0 small enough so that r < |x| < 1, and let ϕ(x) =
−1
2π log |x|, the fundamental solution of Laplace’s equation. Applying the divergence theorem
to û(y) ∈ C2(B1 \ {0})∩C1,α(B1) and ϕ(y−x) in the annulus r < |x| < 1, and following the
derivation of Green’s function in Chapter 2 of [9], we obtain

û(x) =

ˆ
∂B1

[
ϕ(y − x)

∂û(y)

∂ν
− û(y)

∂ϕ(y − x)

∂ν

]
ds(y)

+

ˆ
∂Br

[
ϕ(y − x)

∂û(y)

∂ν
− û(y)

∂ϕ(y − x)

∂ν

]
ds(y)−

ˆ
B1\Br

ϕ(y − x)∆û(y)dy.

(4.1)

Note that, we have ∣∣∣∣∂ϕ(y − x)

∂ν

∣∣∣∣ ≤ 1

2π

1

|y − x|
≤ 1

2π

1

|x| − |y|
=

1

2π

1

|x| − r
,

and

|ϕ(y − x)| = 1

2π
| log(|y − x|)| ≤ 1

2π
| log(|x|+ |y|)| = 1

2π
log(

1

|x|+ |y|
) =

1

2π
log(

1

|x|+ r
).

Since û ∈ C1,α(B1), there exist constants M,N > 0 such that |û| ≤ M and
∣∣∣∂û(y)∂ν

∣∣∣ ≤ N .
Therefore, we have the following estimates:∣∣∣∣ˆ

∂Br

ϕ(y − x)
∂û(y)

∂ν
ds(y)

∣∣∣∣ ≤ N

2π

ˆ
∂Br

log

(
1

|x|+ r

)
ds(y) = Nr log

(
1

|x|+ r

)
, (4.2)
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and ∣∣∣∣ˆ
∂Br

û(y)
∂ϕ(y − x)

∂ν
ds(y)

∣∣∣∣ ≤ M

2π

ˆ
∂Br

1

|x| − r
= M

r

|x| − r
. (4.3)

Letting r → 0 in (4.1)-(4.3), we get

û(x) =

ˆ
∂B1

[
ϕ(y − x)

∂û(y)

∂ν
− û(y)

∂ϕ(y − x)

∂ν

]
ds(y)−

ˆ
B1

ϕ(y − x)∆û(y)dy. (4.4)

Next, for a fixed x ∈ B1 \ {0}, define the corrector function

hx(y) =
−1

2π
log

(
|x|
∣∣∣∣y − x

|x|2

∣∣∣∣) , y ∈ B1.

Clearly, −∆hx(y) = 0 in B1 and hx(y) = −1
2π log(|y − x|) on ∂B1. Applying the divergence

theorem to hx(y) and û(y), we get

−
ˆ
B1\Br

hx(y)∆û(y)dy =

ˆ
∂B1

[
û(y)

∂hx(y)

∂ν
− hx(y)

∂û(y)

∂ν

]
ds(y)

+

ˆ
∂Br

[
û(y)

∂hx(y)

∂ν
− hx(y)

∂û(y)

∂ν

]
ds(y).

(4.5)

Proceeding as before and letting r → 0 in (4.5), we obtain

−
ˆ
B1

hx(y)∆û(y)dy =

ˆ
∂B1

[
û(y)

∂hx(y)

∂ν
− hx(y)

∂û(y)

∂ν

]
ds(y). (4.6)

Adding (4.4) and (4.6), we get

û(x) =

ˆ
∂B1

[
(ϕ(y − x)− hx(y))

∂û(y)

∂ν
− û(y)

(
∂ϕ(y − x)

∂ν
− ∂hx(y)

∂ν

)]
ds(y)

−
ˆ
B1

(ϕ(y − x)− hx(y))∆û(y)dy.

(4.7)

Using the facts that û(y) = 0 and hx(y) = ϕ(y − x) on ∂B1, and defining

G(x, y) = ϕ(y − x)− hx(y) , x, y ∈ B1 , x ̸= y,

we finally obtain

û(x) = −
ˆ
B1

G(x, y)∆û(y)dy =

ˆ
B1

G(x, y)λK̂(y)f(û(y))
1

|y|4
dy. (4.8)

Applying the Kelvin transform to û, we then get

u(x) =

ˆ
Bc

1

λG(
x

|x|2
,

y

|y|2
)K(y)f(u(y))dy , x ∈ Bc

1. (4.9)

A straightforward calculation shows that G( x
|x|2 ,

y
|y|2 ) = G(x, y), for all x, y ∈ Bc

1. □

Remark 4.1. Since |∇û(x)| = 1
|x|2 |∇u( x

|x|2 )|, for all x ∈ B1 \ {0} and |∇û(x)| is bounded, it
follows that |∇u(x)| ≤ M

|x|2 , for all x ∈ Bc
1. Thus, we observe that solutions have a decaying

gradient.

Finally, we are ready to establish the positivity of the solution obtained via the Mountain
Pass Lemma. To achieve this, we first derive suitable estimates for the norm of the solution.

Lemma 4.2. Let u be the Mountain Pass solution of the problem (1.2). Then there exist
constants K1, K2 > 0 and λ > 0 such that K1λ

− 1
s−1 ≤ ∥∇u∥2 ≤ K2λ

− 1
s−1 for λ ≤ λ.
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Proof. Note that

∥∇u∥22 = λ

ˆ
Bc

1

K(x)[g(u) + f(0)]u

≤ λC
{
∥∇u∥s+1

2 + λ∥∇u∥2
}
.

Now, division by ∥∇u∥22 and a rearrangement of the terms give ∥∇u∥s−1
2 ≥ C

[
λ−1 − 1

∥∇u∥2

]
.

We find ∥∇u∥2 is bounded from below as J(u) is bounded from below. Therefore, for λ > 0

small enough, there exists K1 > 0 such that ∥∇u∥2 ≥ K1λ
−1
s−1 . Now, consider w ∈ C∞

c (Bc
1),

and t > 1. It can be shown similarly as in [12] that

d

dt
(J(tw)) ≤ ta− λtsb+ λc,

for some constants a, b, and c. Choosing t ≥ Cλ
−1
s−1 and noting s > 1, it follows that

dJ
dt < 0 for λ sufficiently small. From equation (3.11), we come to the conclusion that
J(tw) ≤ J(Cλ

−1
s−1w) ≤ λ

−2
s−1 ∥∇w∥22. Letting ∥∇w∥2 = 1, we can see that J(tw) ≤ Cλ

−2
s−1 .

Using the characterization for Mountain-Pass critical point, we get

J(u) ≤ Cλ
−2
s−1 . (4.10)

Now since u is weak solution we have

∥∇u∥22 = λ

ˆ
Bc

1

K(x)f(0)u+ λ

ˆ
Bc

1

K(x)ug(u) (4.11)

We also have by (H4)

J(u) =
1

2
∥∇u∥22 − λ

ˆ
Bc

1

K(x)f(0)u− λ

ˆ
Bc

1

K(x)G(u)

≥ 1

2
∥∇u∥22 − λ

ˆ
Bc

1

K(x)f(0)u− λ

µ

ˆ
Bc

1

K(x)ug(u).

Hence,

J(u) ≥ 1

2
∥∇u∥22 − λ

ˆ
Bc

1

K(x)f(0)u− 1

µ
∥∇u∥22 +

λ

µ

ˆ
Bc

1

K(x)f(0)u

=

(
1

2
− 1

µ

)
∥∇u∥22 − λf(0)

(
1− 1

µ

) ˆ
Bc

1

K(x)u

≥
(
1

2
− 1

µ

)
∥∇u∥22 − Cλ|f(0)|

(
1− 1

µ

)
∥∇u∥2

= ∥∇u∥2
[(

1

2
− 1

µ

)
∥∇u∥2 − Cλ|f(0)|

(
1− 1

µ

)]
.

Since µ > 2, from the above inequality and (4.10), it follows that for λ > 0 small enough,
there exists K2 > 0 such that ∥∇u∥2 ≤ K2λ

−1
s−1 . □

Lemma 4.3. Define S = {x ∈ Bc
1 : u(x) ≥ ϵλ− 1

s−1 }. Then there exists a C̃ > 0 and λ > 0

such that for all λ ≤ λ, |S| ≥ C̃.
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Proof. Using Lemma 4.2, we have

K1λ
− 2

s−1 ≤ ∥∇u∥22 = λ

ˆ
S
K(x)g(u)u+ λ

ˆ
S
K(x)f(0)u

+ λ

ˆ
Bc

1\S
K(x)g(u)u+ λ

ˆ
Bc

1\S
K(x)f(0)u

≤ C[λ∥K∥L2(S)∥∇u∥s+1
2 + λ|f(0)|∥∇u∥2

+ λϵs+1

ˆ
Bc

1\S
K(x)λ− s+1

s−1 + λ|f(0)|ϵ
ˆ
Bc

1\S
K(x)λ

−1
s−1 ]

≤ C[λ
−2
s−1 ∥K∥L2(S) + λ

s−2
s−1 + ϵs+1λ

−2
s−1 ∥K∥L1(Bc

1\S)

+ ϵλ
s−2
s−1 ∥K∥L1(Bc

1\S)].

Now, dividing by λ
−2
s−1 , the above inequality becomes

K1 ≤ C[∥K∥L2(S) + λ
s

s−1 + ϵs+1∥K∥L1(Bc
1\S) + ϵλ

s
s−1 ∥K∥L1(Bc

1\S)]. (4.12)

We can choose ϵ > 0 and λ > 0 sufficiently small so as to get ∥K∥L2(S) ≥ C̃ > 0. Therefore,
there exists a C̃ > 0 and λ > 0 such that for all λ ≤ λ, |S| ≥ C̃. □

Consider R > 1 so that |S ∩ B(0, R)| > C1 > 0. We will now prove that u is strictly
positive in a small neighborhood of ∂B1. Let γ̃ > 0 and η(x) be the inward unit normal at
x, where x ∈ ∂B1. Now define

Nγ̃(∂B1) = {x+ β̃η(x) : β̃ ∈ [0, γ̃), x ∈ ∂B1}.
It can be seen that Nγ̃(∂B1) is an open neighborhood of ∂B1. Also, |Nγ̃(∂B1)| → 0 as
γ̃ → 0. Now, γ̃ > 0 can be chosen sufficiently small so that |Nγ̃(∂B1)| < C1

2 . Define
K̃ = (S ∩B(0, R)) \Nγ̃(∂B1). Then it follows that |K̃| > C1

2 > 0.
Let G(x, y) denote the Green’s function for problem (1.2). Let ξ0 ∈ ∂B1 and fix a element

x0 ∈ K̃ arbitrarily. The boundary point lemma ensures the existence of a bξ0 > 0 such that
∂G
∂η (x0, ξ0) ≥ bξ0 . As K̃ × ∂B1 is compact, we have b > 0 and ϵ̃ > 0 for which ∂G

∂η (x, ξ) ≥ b

for all x ∈ K̃ and ξ ∈ Nϵ̃(∂B1). Hence, for all x ∈ K̃ and ξ with d(ξ, ∂B1) < ϵ̃, where
ξ → d(ξ, ∂B1) denotes the distance function, there exists C > 0 satisfying the inequality
G(x, ξ) ≥ Cd(ξ, ∂B1).

Now, u(x) can be written as u(x) =
´
Bc

1
λK(y)f(u(y))G(x, y)dy for x ∈ Bc

1. Let ξ be such
that d(ξ, ∂B1) < ϵ̃. Then

u(ξ) =

ˆ
K̃
λK(y)f(u(y))G(ξ, y)dy +

ˆ
Bc

1\K̃
λK(y)f(u(y))G(ξ, y)dy

≥ λCd(ξ, ∂B1)

ˆ
K̃
K(y)[g(u) + f(0)]dy + λf(0)

ˆ
Bc

1\K̃
K(y)G(ξ, y)dy

≥ λCd(ξ, ∂B1)

[ˆ
K̃
K(y)usdy + f(0)|K̃|∥K∥L∞(Bc

1)

]
+ λf(0)

ˆ
Bc

1

K(y)G(ξ, y)dy.

Note that e(x) :=
´
Bc

1
K(y)G(x, y)dy is the solution of the following problem{

−∆e(x) = K(x) in Bc
1,

e(x) = 0 on ∂B1.
(4.13)

and e(x) is bounded at infinity. Therefore,
´
Bc

1
K(y)G(ξ, y)dy ≤ Cd(ξ, ∂B1) for some constant

C > 0. Combining the above estimates, we get

u(ξ) ≥ λCd(ξ, ∂B1)

[ˆ
K̃
ϵsλ

−s
s−1K(y) + f(0)|K̃|∥K∥L∞(Bc

1)
+ f(0)

]
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≥ λ
−1
s−1

[
C − Cλ

s
s−1

]
d(ξ, ∂B1)

≥ Cλ
−1
s−1d(ξ, ∂B1),

for λ > 0 sufficiently small and for all ξ with d(ξ, ∂B1) < ϵ̃. From the continuity of u and the
distance function, it follows that for all ξ with d(ξ, ∂B1) = ϵ̃, u(ξ) ≥ Cϵ̃λ

−1
s−1 .

To prove the positivity of u outside this neighborhood, we first prove the following Lemma.

Lemma 4.4. Consider the problem{
−∆u = h(x) in Bc

1,

u = 0 on ∂B1,
(4.14)

where h is a nonnegative function. Let u be a non negative solution of (4.4), then there exists
C > 0 such that u(x) ≥ C for all |x| ≥ r, with r > 1.

Proof. Define s = min
|x|=r

u(x)(> 0) and let k ∈ N with k > r. Let

uk(x) :=
s log k

log k − log r

(
1− log |x|

log k

)
. (4.15)

It can be seen that uk is a radial solution for the following problem
−∆uk(x) = 0 in r < |x| < k,

uk(x) = s if |x| = r,

uk(x) = 0 if |x| = k.

(4.16)

Also, it may be noted that v(x) = lim
k→∞

uk(x) = s is a radial solution of the problem given
below. {

−∆v = 0 in Bc
r,

v = s on ∂Br.
(4.17)

For any x ∈ Bc
r, there exists k ∈ N such that r < |x| < k. By maximum principle, uk(x) ≤

u(x). As this is true for all k > |x|, lim
k→∞

uk(x) ≤ u(x). Hence u(x) ≥ s. Since the choice of

x ∈ Bc
r was arbitrary, we can conclude that u(x) ≥ s for all |x| ≥ r.

□

Now, let w > 0 be the solution of the following problem{
−∆w = −f(0)K(x) in Bc

1,

w = 0 on ∂B1.
(4.18)

It follows that −∆(u + λw) = λK(x)g(u) ≥ 0. From Lemma 4.4, we get the existence of a
positive constant C such that u(x) + λw(x) ≥ C for all |x| ≥ 1 + ϵ̃. Since w is bounded by
Theorem 1.5, there exists C̃ > 0 such that

u(x) = u(x) + λw(x)− λw(x)

≥ C − λC̃,

for all |x| ≥ 1 + ϵ̃. For sufficiently small λ, this implies u(x) > 0 for all |x| ≥ 1 + ϵ̃. □
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