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Abstract

Let K be a non-archimedean local field and ¢ : P! — P! a rational endomor-
phism of degree d > 2 defined over K. In the tame case (p t d) we give a concise
local criterion for strict good reduction on the natural residual étale locus: there
exists a nonempty open U, C P \PC(g) such that for every x € P'(Ok)
with £ € Uy the reduced level-1 fiber has degree d and is étale; equivalently,
the fiber polynomial has unit leading coefficient and unit discriminant. In par-
ticular, all backward preimage extensions K (X, (z))/K are unramified for all
n > 1. This work provides an orbital refinement of the pointwise criterion of
Benedetto, framing it in terms of a canonical, orbit-invariant Galois object. We
provide complete proofs and explicit examples over Qp.
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1 Introduction

Good reduction precludes the emergence of new ramification in the Galois tower,
thereby facilitating the analysis of rational dynamical systems over local fields. This
phenomenon establishes connections among non-archimedean analysis, arithmetic
geometry, and Galois theory. A central principle, analogous to the Néron-Ogg-
Shafarevich criterion for abelian varieties, asserts that good reduction is characterized
by the absence of ramification in the natural towers associated with the system (see,
e.g., [3-5, 12]). For results on degree bounds for attaining potentially good reduction



after a finite extension, see [5]. In addition to abelian varieties, p-adic NOS-type cri-
teria have been established for curves via the p-adic unipotent fundamental group [2],
and for K3 surfaces using monodromy and crystalline techniques [7, 9, 10].

A rigorous Galois criterion for rational maps, however, must avoid a common pit-
fall: quantifying over all z € P*(K) fails, as a point z may itself generate a ramified
extension K (x)/K. This would make the entire tower K (X, (x))/K ramified, regard-
less of the dynamics of . A precise criterion must therefore restrict the test points
x to a suitable unramified integral locus where the dynamics truly determine the
ramification.

In this paper, we address this by introducing the orbital colimit Go+ () =
lign Im(pyn(y)), which is the direct limit of the pointwise arboreal representations
along a forward orbit O"(x). We then prove a precise version of the Galois criterion
(Theorem 3.1): ¢ has strict good reduction if and only if the inertia subgroup I, C Gk
acts trivially on the preimage towers X,,(z) for all integral points 2 € P}(Ox) lying
in the residual open set Uy = P} \ PC($) (where the reduced fibers have degree d and
are étale).

Comparison with prior work and framing.

Benedetto’s criteria [4, 5] focus on attaining potentially good reduction after a finite
extension. Our main result (Theorem 3.1) provides an operational reformulation of
the pointwise criterion for strict good reduction [3, Corollary 5.52] on the natural
residual locus Uy = P} \ PC(@). A similar orbital approach appears in Adams [1],
who uses the p-adic unipotent fundamental group to derive a stronger notion of good
reduction via monodromy. Conceptually, our main novelty is the use of the orbital
colimit Go+(5) (Section 4) as a canonical orbital packaging of arboreal Galois data.
This removes basepoint artifacts and yields a uniform, iteration-compatible Dynamical
Néron—0gg-Shafarevich criterion, establishing that trivial inertia on this object is
precisely equivalent to strict good reduction.

2 Preliminaries

2.1 Good reduction of rational maps

Let K be a non-archimedean local field, with O = O its ring of integers, m its
maximal ideal, and k = O/m its residue field (assumed perfect). We write

o([X:Y])=[F(X,Y):G(X,Y)], F,Ge K[X,Y]homogeneous, coprime.

We say ¢ has strict good reduction at v if there exists a model with F,G € O[X,Y]
coprime such that the reduction ¢ : Pi — P} satisfies deg = degp = d. This
is equivalent to the existence of such a model with Res(F,G) € O%; see, e.g., [12,
Prop. 2.15-2.17].

We write Res(F, G) for the resultant of homogeneous coprime forms F, G defining
©, Disc(f) for the discriminant of a separable polynomial f, and deg(p) for the degree
of the reduction of ¢ in any integral model. Reductions of maps/polynomials are

denoted by a tilde (e.g. ¢, P), and reductions of points by a bar (e.g. z). For iterates,



we consistently write @™ (Crit(¢)). We use Br(:) for branch loci, and lim, lim for
projective/direct limits.

2.2 Preimage towers and Galois action
For z € P}(K) and n > 0, define

Xn(z) ={y e P/(K) : ¢"(y) = z}.

If o"(T) = P,(T)/Qn(T) with P,,Q, € K[T] coprime, then X, (z) are the roots
of F, ,(T) = P,(T) — zQ,(T) € K(z)[T] (in particular, P;, () represent ¢ at level
n = 1). The Galois group G,y = Gal(K/K(z)) acts by permuting X, (). The
transition maps
T+l * Xn-&-l(-r) - Xn(x)v s @(g)v
are G (p)-equivariant, defining the projective limit Xoo(z) = £1_n X, (x) and the
representation
Pz Gr(z) — Aut(Xoo(2)).

2.3 Functoriality and iteration

If y = ¢p(x), then K(y) € K(x), which induces an inclusion Gy — Gg(y). The
shift map
Smﬁy:Xw(x)_)Xoo(y)a (angla"')'_)(glvaa"')a

is continuous and G (y)-equivariant. This induces a natural, continuous homomor-
phism
Ty - AUt (X oo (2)) = Aut(Xoo(v))

(not necessarily surjective) making the diagram commute:

GK(z) BN Aut(Xoo (:)3))

C e

Py
G — Aut(Xo(y))-
By iteration, for =, = ¢™(z), we obtain a direct system of images Im(p,, ).

2.4 Orbital colimit

Define the orbital colimit

Go+(2) = M Im(pen () ), po+(z) : Gr(0+(2)) = GO+ (a)

n

where K (O (z)) = ,, K(¢™(x)). This is a canonical algebraic object associated with
the orbit. We endow Gp+(,) with the direct limit topology of the profinite groups
Im(pyn(5)). Thus, it is a profinite group.



2.5 Two technical lemmata

Lemma 2.1 (Unit resultant persists under iteration) If Res(F,G) € O* for an integral
presentation of o, then for every n > 1 there exists an integral presentation (Pn,Qn) of ¢"
with Res(Pn, Qn) € O*.

Proof Good reduction is stable under iteration: if ¢ admits an integral presentation with
Res(F,G) € O* and deg ¢ = d, then so does each iterate ¢"; see Silverman [12, Prop. 2.17].
In particular, for every n > 1 there exist coprime Pn,Qn € O[T] representing ¢" with
Res(Pn,Qn) € O%. O

Lemma 2.2 (Unit discriminant = unramified) Let f(T) € O[T] be a separable polyno-
mial with unit leading coefficient. If Disc(f) € O, then the splitting field of f over K is
unramified. In particular, for any set Y of roots of f, K(Y)/K is unramified.

Proof Since K is a local field, its residue field k is perfect. Disc(f) € O implies the reduction
f € k[T] is separable. Moreover, the unit leading coefficient ensures that deg f = degf, so
the reduction has the correct degree and Dedekind’s criterion applies directly. By Dedekind’s
criterion, this implies the different is trivial, and thus the prime m does not ramify in the split-
ting field; see, e.g., [11, Ch. III]. Moreover, a compositum of unramified extensions remains
unramified, so the full splitting field of f over K is unramified as well. O

Definition 2.3 (Postcritical set) For the reduction ¢ : ]P’,lC — IP’,IC, define the reduced
postcritical set

PC(p) = | @™(Crit(p)) c Py

m>1

Remark 2.4 Equivalently, Crit(¢) is the ramification divisor; in homogeneous coordinates it
is cut out by FxGy - FXGX (subscripts denote partial derivatives), for a reduced integral
model ¢([X :Y]) =[F:G].

Proposition 2.5 (Etale fibers for all iterates < non-postcritical) Let @ : ]P’k — IP’k be the
reduction of p, with k perfect. For T € Pk, the following are equivalent:

(a) For every n > 1, the fiber of ™ over T is étale.

(b) & ¢ PC(@) = U,,>, ¢™(Crit(@)).

Proof Recall the standard chain rule for branch loci on P

n—1
Crit(p™) = U (@7~ Crit(g)),
j=0
Br(gbn) =@ (Crlt U Crlt (@ ) C PC(p).
m=1



Since k is perfect, étaleness of the fiber over z for ¢™ is equivalent to Z ¢ Br(¢"). (—(b)=
—(a)) If z € PC(¢), then € Br(¢™) for some m > 1, so the fiber of ¢" over Z is not
étale. (a)=-(b) contrapositively: if for some n > 1 the fiber of ™ over Z is not étale, then

I € Br(g") C PC(g), by finitude of PC(@) in P! (Silverman [12, Thm. 5.4]). O

Remark 2.6 In particular, U := P,lc \ PC(p) is a nonempty Zariski open subset on which
every fiber of ¢ is étale for all n > 1.

Remark 2.7 If ¢ is purely inseparable, then every iterate is ramified everywhere and PC(@) =
P,lv, so the statement is vacuous and consistent with the proposition.

3 Main Result

Throughout this section and the remainder of the paper, we work in the tame case,
assuming that the residue characteristic p does not divide the degree of the map d
(i.e., p t d). This ensures that all residual ramification is tame, which is essential for
our criterion.

Good reduction is characterized not by all points, but specifically by those integral
points whose fibers avoid the reduced postcritical locus.

Theorem 3.1 (Galois criterion — strict local version) Let K be a non-archimedean local
field with ring of integers O and residue field k. For ¢ € K(z) of degree d > 2, the following
are equivalent:

(1) ¢ has strict good reduction (i.e. there exists an integral model with Res € OIX( and
degp =d).

(2) There exists a nonempty open U C ]P’,l€ with U, N PC(@) = @ such that, for every
x € PH(Ok) with & € Uy, the reduced level-1 fiber

F13(T) = P(T) — 2 Q1(T)
has degree d and is separable. Equivalently, there exists an integral model such that the
leading coefficient of F'1 4 is a unit and Disc(F} 5) € OIX(.

In this case, for alln > 1 and all such x, the polynomials Fpn (T) are separable with
Disc(Fn,z) € O, hence K(Xn(z))/K is unramified and Iy acts trivially on Xoo(x).

Corollary 3.2 (Moduli  version, PGLy(K)-invariant) Let  Ry(p) =
minMepGLQ(K)v(Res(LpM)) be the valuation of the minimal resultant. Then Ry(p) = 0
(i.e., ¢ has good reduction in the moduli sense) if and only if there exists a conjugate
M € PGLy(K) such that condition (2) of Theorem 3.1 holds for oM.

Proof By definition, Ry (¢) = 0 if and only if there exists M € PGLy(K) with Res(p™) € Ok

and deg oM =d, i.e., (pM has strict good reduction. Applying Theorem 3.1 to an shows that
condition (2) holds precisely in this case. This is equivalent to Ry (p) = 0, as claimed. O



Remark 3.3 (Relative inertia) Suppose one insists on quantifying over all x € P! (K). In
that case, the correct statement involves the relative inertia group I,,;) C Gg(y) for the
appropriate valuation v(z) on K(z). Theorem 3.1 provides a cleaner criterion by fixing the
base field K and restricting the test points x to the unramified integral locus.

Remark 3.4 (Wild case p | d) If p | d, the situation is substantially more complicated.
Inseparability in the reduction @ may force the postcritical set to be the entire line (PC(@) =
Pi), making our criterion vacuous. The wild case requires a separate, deeper analysis of
ramification breaks and is beyond the scope of this paper.

4 Orbital open image: a canonical formulation

In the classical (pointwise) framework, one fixes a basepoint x € P!(K) and studies
the arboreal representation

Pz - GK(I) — Allt(Xoo(:L‘)),

asking whether the image is “large” (e.g., open of finite index) in a natural automor-
phism group (typically the automorphism group of a regular d-ary rooted tree when
no local branching obstructions arise).

Remark 4.1 (Intuition) Heuristically, the orbital colimit assembles the “local monodromies”
of preimage trees along the forward orbit into a single canonical Galois object. The connecting
maps are induced by the shift sz, -z, ,,, so the colimit may be viewed as the direct limit of
arboreal images measured on successive basepoints along the orbit. This eliminates basepoint
dependence while retaining all dynamical ramification data.

Proposition 4.2 (Canonicity and independence of basepoint) Let z € PY(K) and set x,, =
©"(x). Then:
(a) K(OT(z)) = K(O" (xn)) for all n > 0; hence Gk (O+(x)) ts canonically attached to the
orbit.
(b) The directed system {Im(pz.,), rm—sm+1}tm>0 has colimit Go+ () which is independent
of n.
(c) If M € PGLa(K), then po+(pa) is naturally isomorphic to the transport of po+ (z) via
M; in particular, the conjugacy class over K of po+(y) s a conjugacy-invariant of the
orbit in moduli.

M () = ™ (xp), hence

K(0*@) = | K(¢" @) = |J K™ (@) = K(OF (za))-

m>0 m>0

Proof (a) For every m > 0 one has ¢

Hence the absolute Galois groups G g0+ (y)) and G g (0+ (s, )) are canonically identified. (b)
The directed system {Im(pz,,), "m—sm+1}m>0 is cofinal with each of its tails {m > n}.
Cofinality identifies canonically the colimit over m > 0 with the colimit over m > n, showing



that Go+(,) is independent of n. (c) For M € PGLa(K), write o™ = Mopo M~ Then
Ot (Mz) = M(O+ (w)) At each level m, M induces Xoo(m) — Xoo((Mz)m) intertwining
the G g-actions and respecting the connecting maps. Passing to the colimit yields a natural
isomorphism between po+(zy and po+(arg)- In particular, the conjugacy class over K of
PO+ (z) is an invariant of the orbit in moduli. O

4.1 The target orbital symmetry group

When no critical collisions occur in the backward trees along the orbit (the “regular”
situation), each X, (2,,) is a regular d-ary rooted tree and their automorphism groups
are (non-canonically) isomorphic to the standard profinite wreath limit Aut(7Ty). In
general, branching at critical preimages imposes relations; we isolate the canonical
target as follows.

Definition 4.3 (Admissible orbital symmetry) Let A, := Aut (Xoo (xn)) and let r, : Ay, —
A, 11 be the continuous homomorphisms induced by the shift sz, —z,,,. Define the orbital
symmetry group as the direct limit

Aut®™ (O+(x)) = hﬂ A, (colimit in topological groups, or its profinite completion if desired).
n

In the regular case (no critical preimages at any level), each ry is an isomorphism and
Aut®® (0T (z)) ~ Aut(T}), the profinite automorphism group of the infinite rooted d-ary
tree.

Thus po+ () maps canonically to Aut®™(O*(z)), and in the regular case the target
is the whole profinite automorphism group Aut(7y).

4.2 Classical vs. orbital open image

Classically, one fixes x and asks for open image of p, in Aut(Xo(z)) (cf. Odoni—Jones;
see [8]). The drawback is the basepoint dependence. The orbital setting removes it:

Conjecture 4.4 (Orbital Open Image, regular form) Let K be a global field, and let p € K(z)
be a rational map of degree d > 2 which is non-special (i.e. not conjugate over K to a power
map, Chebyshev, or a Lattés map). Let O™ (x) be a forward orbit which is infinite and such
that no xn lies on the postcritical set. If the backward trees along O (z) are regular (no
critical collisions at any level), then the canonical orbital representation

PO+ (z) * GK(O+(I)) *)Autorb(OJr(a?)) ~ Aut(Td)

has open image (equivalently: finite indez).

Remark 4.5 (General form with critical branching) In the presence of critical preimages, the
natural target is the admissible orbital symmetry group Aut®®(O7(z)) of Definition 4.3,
which encodes the wreath recursion with the local multiplicity data. The expected statement
is: Conjecture (general). Under the same non-special hypotheses, for any infinite forward orbit

O™ (x) with xy, outside the postcritical set, the image of PO+ (z) is open in Aut®™ (07 (2)).



Proposition 4.6 (Transfer between pointwise and orbital pictures) Fiz x and write xn =
©"(x). Let ¢n : Ap — Aut®™ (0T (z)) be the canonical map to the colimit, where An =
Aut(Xoo(xn)). Then:

(a) If for some n the pointwise image Im(pg,,) is open in Ay and the image ¢n(An) is open
in Aut®™® (0T (2)) (e.g., in the regular case), then the orbital image Im(po+(y)) is open
in Aut®™ (01 (z)).

(b) Conversely, if Im(po+(4)) is open in Aut®™ (0% (z)), each connecting map rm : Am —
A, +1 has open image, and there exists ng such that the kernel ker(¢n,) is finite, then
Im(pz,,) is open in An for all sufficiently large n.

In the regular case (no critical collisions), each vy is an isomorphism and every ¢n is injective,
so the hypothesis ker(¢n,) finite holds automatically.

Proof Write Ay, := Aut (Xoo (zn)) and Ty, := Im(pg,, ) < Apn. Let ¢y, 1 Ay, — Aut°P (O+ (x))
be the canonical continuous homomorphism into the orbital colimit (topological direct limit,
or its profinite completion when taken). By construction,
PO+ () = $n © pz, for every n,
and therefore
In(po+ (2)) = 6n(n) € ¢n(An) C Aut®” (07 (). (1)
(a) Assume that for some n the subgroup I'y, is open in Ay, and that ¢, (Ay) is open in
Aut°™P (O+(a:)) Consider the quotient map
w: Apn — Apn/ker(¢n),
which induces a topological isomorphism Ay /ker(¢n) — én(Arn). The image m(I'y)
¢n(Tn) is open in Aj/ker(¢pn), hence open in ¢n(Asn). Since ¢n(An) is open in
Autorb(OJr(m)), any open subset of ¢n(Ap) is open in Autorb(OJr(a:)) as well. By (1),
¢n(I'n) = Im(po+(y)) is therefore open in Aut°™ (O+(a:)) (b) Conversely, assume that

(o

Im(po+(s)) is open in AutrP (O+ (x)) and that each connecting map
Tm: Am — Amy1
has open image. Let By := ¢n(Ay) < Aut®™® (OjL (x)) From (1) we have
én(Tn) = Im(po+(z)) N Bn,

which is open in Bp (with the subspace topology), since Im(po+(,)) is open in the ambient

group Aut®™P (O+(m)) Via the quotient isomorphism A,/ ker(¢n) — By, induced by ¢n,
the preimage

T (6n(n)) = T - ker(én)
is an open subgroup of Aj,. Thus I'y, - ker(¢n) is open in Ay, for every n. By hypothesis, there
exists ng such that ker(¢n,) is finite. Applying the previous argument with n = ng, we get
that ', - ker(¢n,) is open in Ay,. Since ker(¢n,) is finite, the index

[T - ker(¢ng) : Tng |

is finite, hence I'y, itself is an open subgroup of Ay . Let mng,m = rm—10---0rpy : Ang —
Asn. For m > ng, the image rng,m(I'ny) is open in rng,m(An,); and since each 7 has open
image, the composite map 7n,,m also has open image, s0 rny,m(An,) is an open subgroup of



A Consequently, rng,m(I'ny) is open in Ay,. By functoriality (the diagram defining rz—y
commutes with the inclusions of Galois groups), we have
Tng,m (Fno) C I'y.

Thus T'y, contains an open subgroup of A, hence I'y, is open in Ay,. This holds for all
sufficiently large m, and the proof is complete. O

Remark 4.7 (Special maps and small images) For the special families (power, Chebyshev,
Lattés), the admissible orbital symmetry group is a proper closed subgroup of Aut(Ty) (e.g.
virtually abelian or coming from endomorphisms of elliptic curves), and one cannot expect
open image in Aut(7y). The formulation above isolates the right target in all cases via
Aut®™ (0T (2)).

4.3 Local criteria and openness outside a finite set of places

By Theorem 3.1, for all but finitely many non-archimedean places v where ¢ has strict
good reduction and the reduced orbit avoids the postcritical set, the inertia I, acts
trivially on each fiber along the orbit. Hence, outside a finite set S, the local images
are unramified; openness thus reduces to global (Frobenius) permutation statistics in
the admissible orbital symmetry group (cf. [6, 12, 13]).

Adelic outlook.

The orbital formalism suggests an adelic packaging: outside a finite set S of places
of bad reduction or postcritical collision, inertia acts trivially on the fibers, so the
local images are unramified and controlled by Frobenius statistics in the admissible
orbital symmetry group. It is natural to expect that (under the usual non-special
hypotheses) the global orbital image is open in the restricted product of local targets,
with equidistribution governed by Chebotarev-type principles.

4.4 The sheaf of orbital colimits and unramifiedness

Unless otherwise stated, orbits are considered in P!(K). For the local criterion, we
restrict to integral representatives x € P!(Ok) with ¢ PC($). Let O, be the orbit
groupoid of ¢, whose objects are forward orbits O*(z) in P}(K) and whose arrows
are orbit isomorphisms induced by ¢ (e.g. base changes © — ¢™(z)) and by transport
x +— o(z) with o € Gk. Define the functor

Yo O — Grp, OF(z) — Got () = li_n>11m(p¢n(m)),
n
where arrows act via the connecting homomorphisms r;, z, , and via transport of
structure along o € Gi. In other words, ¥, is the sheaf of orbital colimits on the orbit
groupoid; its fiber over O () is exactly the orbital colimit from Section 4. To obtain
a continuous topological action, one may take the profinite completion fiberwise.

Definition 4.8 (Unramified at v over the open locus) Let v be a non-archimedean place of
K with inertia I, C Gi. We say that ¥, is unramified at v over the integral open locus if for



every orbit O (x) with a representative = € P!(Of) whose reduction Z avoids the reduced
posteritical set PC(¢), the action of I, on the fiber Go+ (5 is trivial.

This definition does not depend on the choice of a representative of the orbit
(Proposition 4.2).

Lemma 4.9 (Uniform inertia triviality) If ¢ has strict good reduction, then I, acts trivially
on Go+(y) for every admissible orbit O™ (x).

Proof By Thm 3.1, I, acts trivially on each Xy (z). The shifts induce identity on images, so
the colimit is trivial uniformly. O

Lemma 4.10 (Inertia on transition maps) Let © € PY(Og) with reduction T € Uj, =
Pi\ PC(@), and let xn, = @™ (x). Let rp—spi1 : Im(pz,) — Im(pg, ) be the transition homo-
morphism in the orbital colimit. Then rp_yn41 is injective when restricted to the image of
the inertia group Iy.

Proof By definition of U and the proof of Theorem 3.1, if T € Uy, then T, € Uy for all
n > 0. Consequently, for any n, the entire arboreal extension K (Xoo(2n))/K is unramified.
This implies that the inertia group I, acts trivially on the tower Xoo(zrn). Therefore, the
image of I, under pg, is the trivial subgroup {id} C Im(pz, ). This holds for both z, and
Zn41.- The map r,_pn41 thus restricts to a map from {id} to {id}, which is trivially injective
(its kernel is {id}). O

Proposition 4.11 (Good reduction as unramifiedness of the sheaf) With the notation above,
the following are equivalent:

(a) @ has strict good reduction at v.
(b) The sheaf 9, is unramified at v over the integral open locus.

In particular, under (a)/(b) and for every admissible fiber, the extensions K(Xn(z))/K are
unramified for all n > 1.

Proof (a) = (b). Assume ¢ has strict good reduction. By Lemma 4.9, I, acts trivially on every
fiber Go+ () over the open locus. This is the definition of unramifiedness. (b) = (a). Assume

%, is unramified at v over the integral open locus. By definition, for every = € PY(Ok) with
z ¢ PC(9), the inertia I, acts trivially on Go+ (,), hence in particular on the first level X (z),
which is a canonical quotient of the orbital structure. Therefore the level-1 fiber polynomial

Fi2(T) = Pi(T) =z Qu(T)

has unit leading coefficient and unit discriminant; in particular, FT; has degree d and is
separable for all such Z. Varying = outside the finite set PC($) shows there is a nonempty
Zariski open Uy C ]P’k on which every reduced level-1 fiber has degree d and is separable.
We claim this forces deg @ = d for some integral model, and hence strict good reduction.

10



Indeed, if no integral model had deg @ = d, then for every integral presentation (F,G) the
reductions (F, &) would share a nontrivial common factor, so the induced map on IP’,lc would
fail to have degree d. Equivalently, away from a finite subset of Pllﬂ, the reduced fibers would
have degree < d or fail to be étale. This contradicts the existence of a nonempty open Uy
where all reduced fibers have degree d and are separable. Therefore, there exists an integral
model with deg@ = d. For such a model, Res(F,G) € O (see e.g. [12, Prop. 2.15-2.17]),
which is the definition of strict good reduction. O

Remark 4.12 (Etalé space and the Gg-action) The disjoint union HO Go is canonically
viewed as the étalé space of the functor ¢, over the groupoid Oy, and Gk acts by permuting
the fibers and transporting structure among them. The “unramifiedness” in Proposition 4.11
is equivalent to the triviality of I, on this total space over the integral open locus.

5 Proofs of Theorem 3.1

Proof of (1) = (2) Assume ¢ has strict good reduction (1). Choose an integral model (F,G)
such that Res(F,G) € O*. The reduced postcritical set PC() is finite. Let Uy, = Pt \ PC(¢),
a nonempty Zariski open set. Let z € P! (Ok) with z € Uy. By definition of PC(p), Z is
not postcritical. Hence (by Prop. 2.5) the reduced fiber Fy z(T) = Pi(T) — 2Q1(T) has
degree d and is étale. Therefore the leading coefficient of F} , is a unit and Disc(F1 z) € o0*,
establishing (2). For the final claim, note that by Lemma 2.1, Res(Pn,Qn) € O for all n.
Since T ¢ PC(¢), by Proposition 2.5, each reduced fiber Fn@ is also étale for all n > 1. Thus
Disc(Fn,e) € O* for all n, and by Lemma 2.2 we get that K (X (x))/K is unramified. O

Proof of (2) = (1) Assume condition (2) holds: there exists a nonempty open Uy, C Pi such
that for every = € PY(Of) with & € Uy, the reduced level-1 fiber F1z(T) = P(T) —zQ:1(T)
has degree d and is separable. Equivalently, the leading coefficient of F} , is a unit and
Disc(F1,.) € O

By Proposition 2.5, the condition that the reduced level-1 fiber is separable of degree d
on Uy implies U, N PC(@) = @. Since PC(p) is finite (Silverman [12, Thm. 5.4]), Uy is a
nonempty Zariski open subset of ]P’,lc on which the reduction ¢ has degree d and is étale at
level 1.

We claim this forces strict good reduction. Indeed, if no integral model had deg ¢ = d,
then for every integral presentation (F,G) the reductions (F,G) would share a nontrivial
common factor, so the induced map on IP’,lC would fail to have degree d. Equivalently, away
from a finite subset of ]P’,l€7 the reduced fibers would have degree < d or fail to be separable.
This contradicts the existence of a nonempty open U where all reduced level-1 fibers have
degree d and are separable. Therefore, there exists an integral model with deg@ = d. For
such a model, Res(F,G) € O (see, e.g., [12, Prop. 2.15-2.17]), which is the definition of
strict good reduction.

Finally, having established strict good reduction, Lemma 2.1 implies that the resultant
of ¢" is a unit for all n. Consequently, Disc(Fp,z) € (’)IX( for all z in the integral open locus,
and by Lemma 2.2, the extensions K (Xp(z))/K are unramified for all n > 1. O
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6 Examples over Q,

Ezample 6.1 (Good reduction: ¢(z) = 22 — 1 for p # 2) Consider F(X,Y) = X? — Y2 and
G(X,Y) = Y2, so that ¢ is given by z — 22 — 1. The resultant Res(F,G) equals 1 € Z,;,
confirming that ¢ has strict good reduction. The reduction is ¢(z) = 22 — 1 of degree 2
over Fp,. The critical points of ¢ are Crit(@) = {0,00}, and the reduced postcritical set is
PC(¢) = {—1,0,00}. For any x € Z; such that z ¢ {—1,0, 00}, the reduced level-1 fiber
is F1z(T) = T? — (Z + 1), which has degree 2 and is separable over Fj, whenever p # 2.
Explicitly, the fiber discriminant is Disc(F1,,) = —4(z + 1), which is a p-adic unit provided
vp(x + 1) = 0. Therefore, K(X1(z))/Qp is unramified. By Lemma 2.1, this property persists
at every level: each iterate satisfies Disc(Fpn,z) € Z; , ensuring that K(Xn(z))/Qp remains
unramified for all n > 1. This verifies, through explicit computation, that the inertia group
acts trivially on each preimage tower, consistent with the local criterion for good reduction.

Ezample 6.2 (Good reduction: ¢(z) = 22 4+ p) Here F(X,Y) = X? 4+ pY?2 G(X,Y) = Y2
Then Res(F,G) = F(1,0)2 =1 ¢ Zy ; thus ¢ has strict good reduction and @(z) = 22, We
have PC(@) = {0,00}. If Z ¢ {0, 00}, the reduced fiber Fy z(T) = T? — 7 has degree 2 and is
separable, so Disc(F,;) = —4(p — z) € Z,, . This aligns with Theorem 3.1.

Remark 6.3 (Why the naive NOS fails) Even when ¢ has strict good reduction, unramified
towers need not occur for all base points z € P!(K). The map o(z) = 22 + p over Qp
already shows this. In an integral model one has 3(z) = 22 and hence PC(@) = {0, 00}. If
one quantifies over all x, ramification can appear for reasons unrelated to the dynamics:

o Ifvp(z) <0 (soz ¢ Ok), then T = co € PC(p) and
Disc (Fl’w) = 74(p — x)
has negative p-adic valuation, hence the level-1 extension is ramified.

e Ifz € Og but z =0 € PC(p), then FA‘l/m(T) = T? is inseparable and Disc(F1 ;) ¢ Ok,
so ramification occurs again.

Thus, it is essential in Theorem 3.1 to restrict to the integral locus with & ¢ PC(g), where
the reduced fibers are degree-d and étale—equivalently, the fiber discriminants are units and
the towers are unramified.

Ezample 6.4 (Non-polynomial with strict good reduction via conjugation) Fix a prime p and
consider ¢(z) = 22 + p over Qp, which has strict good reduction (Example 6.2). Conjugate
by the inversion M(z) = 1/z € PGL2(Og,) to obtain

Z2

14p22’

In homogeneous coordinates, ¢([X : Y]) = [X? : Y2 4 pX?] has degree 2 and Res(X?2, V2 +
pX%) =1¢ Zy . Hence 9 has strict good reduction and ¥(z) = 2%, Therefore PC(¢)) =
{0,000}, and for every z € IP’l(OQp) with Z ¢ {0,00}, the reduced fibers of all iterates are
étale of degree 2; equivalently, the fiber polynomials have unit leading coefficient and unit
discriminant, so K (Xp(z))/Qp is unramified for all n > 1. This illustrates that the criterion
applies uniformly to non-polynomial rational maps.

p=¢"=MopoM '(z)
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Ezample 6.5 (Bad reduction: ¢(z) = pz°+2) We have F(X,Y) = pX?+ XY, G(X,Y) = Y?
and ¢(z) = z, so deg® = 1 < 2 and ¢ has bad reduction. Moreover Crit(¢) = &, hence
PC(p) = @. For any Z € P}, we get Fy z(T) = T — &, which has degree 1 (not 2), so condition
(2) fails (there is no open Uy where the reduced fibers all have degree 2). This matches
Theorem 3.1.

7 The degree-one case (for completeness)

Our analysis focuses on d > 2, where arboreal representations exhibit nontrivial
branching and Galois phenomena. For completeness, we briefly address the d = 1 case.
For deg p = 1, every map is a Mobius transformation

az+b ab

There are no critical points, hence PC(¢) = @. The preimage towers are linear: for
any ¢ € P'(K) and any n > 1, the level-n fiber is a single point defined over K, and
if z € P1(Ok) then K(X,(z)) = K for all n.

Proposition 7.1 (Degree one) Let K be a non-archimedean local field and ¢ € K(z) have
degree 1 with matriz representative M. The following are equivalent:

(a) @ has strict good reduction.

(b) det M € O (equivalently, Res(F,G) = det M is a unit).

(c) There exists a nonempty open Uy C P}C such that, for every z € PY(Ok) with & € Uy,
the reduced level-1 fiber has degree 1.

Moreover, for every x € PY(Ok) and every n > 1, one has K(Xn(x)) = K and I, acts
trivially on Xoo(x).

Proof Since F,G are linear forms, Res(F,G) = ad — bc = det M. Thus (a)<(b). If det M €
Oj, then M € PGLa(k) is invertible and the reduced map has degree 1, whence (c). Con-
versely, if (c) holds, the reduced fiber has degree 1 on a Zariski open set, forcing deg@ = 1
and hence det M € (’)IX(. The statement on towers follows from linearity. O

Corollary 7.2 (Orbital open image is vacuous for d = 1) For degp = 1 and any forward
orbit OT (), each Xoo(zn) is a 1-ary rooted tree; its root-preserving automorphism group is
trivial. Hence, the admissible orbital symmetry group

Autorb(OJF (J])) = hg Aut (XOO (fL’n))

is trivial, and the canonical orbital representation PO+ (z) has image of index 1.

8 Remarks on Context and the ¢-adic module

Several aspects of this framework facilitate subsequent applications and enable
meaningful comparisons in both local and global contexts.
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Orbit-level packaging. The orbital colimit Go+ () consolidates pointwise arboreal
data along a forward orbit into a canonical object. This construction reduces
dependence on the basepoint and interacts effectively with iteration and conju-
gation (see Section 4), which is advantageous for comparing fibers across levels
and for formulating global questions.

Local criterion on a natural open set. Formulating the local Galois criterion on
the residual open locus P} \ PC(g) clarifies the role of the reduced postcritical
set. On this locus, the reduced fibers have degree d and are étale, so the discrim-
inants are units and the associated towers are unramified (see Theorem 3.1 and
the examples). This approach isolates the genuinely dynamical contribution to
ramification.

Compatibility with global considerations. The orbit-level perspective aligns with
open-image questions for arboreal representations by providing a canonical target
in the regular case or an admissible symmetry group when branching occurs,
which is beneficial when relating local and global statements.

8.1 The arboreal Tate module

The “crystalline” language must be refined.

Case ¢ # p: The module Ty(z) = m 7, [Xn(z)] is an f-adic Galois representa-
tion. Theorem 3.1(2) implies Ty(z) is unramified (as a Gx-representation) for all
x € P1(Ok) outside the reduced postcritical set.

Case ¢ = p: This is a p-adic representation. Calling it crystalline requires con-
structing a compatible Frobenius structure on the tower. If such a structure
exists and the representation is crystalline, then standard p-adic Hodge theory
implies potential good reduction. For degree bounds on attaining potentially good
reduction after a finite extension (via conjugation), compare [5]. Related p-adic
NOS-type criteria are known for curves via the p-adic unipotent fundamental
group [2] and for K3 surfaces via monodromy/crystalline methods [7, 9, 10]. This
lies beyond our scope; we only use ramification statements here.
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