Overlapping of photon rings in black hole imaging
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In this paper, we investigate the overlapping of photon rings — higher-order images of a black
hole’s luminous environment, concentrated near the shadow boundary and expected to be resolved
in future observations. We consider a broad class of static spherically symmetric spacetimes and
geometrically thin equatorial accretion disk with a prescribed inner radius and infinite outer extent,
viewed by a polar observer. Depending on the inner radius of the disk, the thickness of each photon
ring varies, and the rings may or may not overlap. To characterize the overlapping, we introduce
the radius of merging — the value of the disk’s inner radius at which two photon rings of given
orders begin to overlap. Since each radius of merging is labeled by two indices corresponding to the
image orders, it becomes possible to arrange these radii in the form of an infinite-dimensional matrix
where only the upper right-hand corner is filled. This matrix, which we call the “matrix of merging”,
is a signature of spacetime only, and, once known, it provides a qualitative understanding of the
overlapping pattern for any chosen value of the inner radius of the disk. Remarkably, the matrix of
merging exhibits several universal properties that hold for all spherically symmetric metrics and can
be established even without explicit calculation of light trajectories. Based on these properties, we
demonstrate that certain overlapping patterns are universally forbidden across all such spacetimes
and for any inner radius of the disk. Examples for the Schwarzschild and Reissner—Nordstrém black
holes are provided. The main application of our study is constraining the spacetime metric and the
accretion model using observed photon ring overlaps.
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I. INTRODUCTION

Supermassive black holes at the centers of galaxies can
now be imaged via their shadows — dark silhouettes ap-
pearing against bright background emission [1H4]. Re-
cently, such shadows have been captured for the first time
at the centers of M87 and the Milky Way [BHIT]. Follow-
ing this major success, black hole imaging has rapidly
become one of the most important directions for study-
ing black holes and distinguishing them from other ultra-
compact objects.

Planned future observational projects are designed to
resolve finer substructures in black hole images [18-23].
In particular, it is expected that higher-resolution obser-
vations may reveal thin, bright rings — known as photon
rings — around the boundary of the black hole shadow.
These rings are lensed images of the black hole’s luminous
environment, formed by photons that orbit the black
hole multiple times before reaching the observer. Since
these photons originate in the surrounding accreting mat-
ter and traverse regions of strong gravitational bending,
photon rings encode information about both the central
gravitating object and its environment, and can there-
fore be used to constrain them. Motivated by this, a
comprehensive numerical and analytical study of photon
rings has recently been carried out [I8] 24H52]. It is im-
portant to note that photon rings represent a particular
type of higher-order images, a broad class of phenomena
that have been studied extensively over the years, e.g.,
[63HE9].

In this paper, we investigate the subject of photon
rings overlapping. We consider a geometrically thin ac-
cretion disk in the equatorial plane of a spherically sym-
metric compact object, with an observer located on the
symmetry axis at a large distance. We use an idealized
model in which the disk is characterized by its inner and
outer radii, with the outer radius taken to be infinite.
We introduce the notion of a radius of merging for two
given images, defined as such inner radius of the accre-
tion disk at which the two images start to merge. Namely,
this occurs when the inner boundary of the lower-order
ring (which is farther from the center) begins to merge
with the outer boundary of the higher-order ring (which
is closer to the center). Since the radius of merging is
defined by two indices (image orders), it becomes possi-
ble to arrange the values of this radius in the form of an
infinite-dimensional matrix where only the upper right-
hand corner is filled. We refer to this matrix as to the
matriz of merging. The matrix of merging is a signature
of the spacetime only, and, once known, it allows one to
conclude whether or not overlap occurs for any chosen
pair of rings and for any given value of the inner radius
of the accretion disk.

Remarkably, the matrix of merging reveals several uni-
versal properties common to all spherically symmetric
metrics, which can be established even without explicit
calculation of light trajectories. We present a detailed
analysis of the matrix properties and provide numerical

examples for the Schwarzschild and Reissner—Nordstrom
black holes. In particular, we demonstrate that some
overlapping patterns (i.e., observational configurations in
which some rings overlap while others remain separated)
are universally forbidden across all spherically symmet-
ric metrics and for any choice of the inner radius of the
luminous disk. The potential application of our study
consists in constraining the spacetime metric or accre-
tion model based on the observed overlapping pattern of
the photon rings.

The paper is organized as follows. In the next section,
we introduce the notion of the radius of merging. Sec-
tion [[TT] defines the matrix of merging, composed of these
radii, and outlines its key properties. In Section [[V]
we discuss the calculation of light deflection and its
relation to image order. In Section [V] the numerical
procedure for determining the radii of merging and the
matrix of merging is described. Section [V]] and Section
[VII] present explicit examples of the matrix of matrix
for the Schwarzschild and Reissner—Nordstrom metrics,
respectively. In Section [VII we explore how the
observed overlapping pattern can be used to constrain
either the spacetime geometry or the accretion disk
model. Section [[X] provides a summary and conclusions.

II. RADIUS OF MERGING

In this section, we introduce the spacetime metric and
the model under consideration, and introduce the key
notion of this paper — the radius of merging.

A. Assumptions on the spherically symmetric
metric

Let us begin by formulating the assumptions that we
impose on the spacetime metric.

First, we consider a static and spherically symmetric
spacetime for which the line element can be written in
the form

ds* = —A(r) ®dt® + B(r) dr* + D(r) (d9” + sin*d d¢?) .

(1)
We also demand the metric to be asymptotically flat or,
in other words, that the metric coefficients A(r), B(r)
and D(r), for r — 400, satisfy the following conditions:

DT(;)%L (2)

Second, we assume that the potential

A(r)—=1, B(r)—1,

3
A 3)
has at least one extremum, meaning that the equation

Vi(r)=0 (4)



has at least one solution. Any such solution determines
the radial coordinate of a photon sphere — a surface
filled with circular orbits of light rays. A photon sphere
is unstable with respect to radial perturbations if it is
located at a local maximum of the potential , and sta-
ble if it is located at a local minimum. Unstable photon
spheres have the property that light rays may asymptot-
ically spiral toward them, whereas stable photon spheres
allow light rays to oscillate about them.

We denote the outermost solution of Eq. by rph.
Since our condition of asymptotic flatness ([2|) implies that
the potential V(r) goes to —oo for r — oo, the photon
sphere at 7y, is necessarily unstable, at least with respect
to perturbations in the positive r direction. For our pur-
poses, it is necessary to assume that the extremum of
V(r) at rpn is not only a maximum but even an absolute
maximum. This means that there may be additional un-
stable photon spheres, with stable ones in between, but
at their locations the potential must remain smaller than
V(rpn). This ensures that a light ray coming in from in-
finity cannot spiral towards any of these additional pho-
ton spheres. Note also that, from the above considera-
tions, V'(r) is negative for rp, < r < 00, a fact we will
use in Sec. [Vl

The existence of an unstable photon sphere implies
that light rays can complete an arbitrary number of rev-
olutions around the center. Consequently, this results in
the creation of infinitely many images of the same light
source indexed by a natural number n, called the order of
the image. This index denotes how many times the pho-
tons intersect the optical axis, which is the straight coor-
dinate line through the observer position and the center
of the coordinate system. This definition is suitable only
for spherically symmetric and static metrics. In this case
it is consistent with the definition of the order, frequently
used in recent papers, as “the number of half-orbits”, see
e.g. Ref. [18) 10} 29, [34].

Third, for our purposes it is crucial that there exists
only one image of each order. Equivalently, light rays
with different impact parameters must not produce the
same deflection — a condition satisfied in all physically
relevant metrics. This assumption is equivalent to the
monotonicity of the light deflection as a function of the
impact parameter, which will be examined in more detail

in Sec. V1

For the purpose of this paper the existence of the pho-
ton sphere at 7}, is the most crucial assumption. Objects
that possess a photon sphere are usually referred to as
ultracompact objects [3l [70], [7T]. Black holes, in partic-
ular, belong to this class. Correspondingly, the analysis
in this paper is applicable not only to black holes but
also to other ultracompact objects described by a spher-
ically symmetric and static metric that satisfies the
above-mentioned assumptions.

B. Accretion disk and photon rings

Let us now imagine that there is a geometrically thin
accretion disk in the equatorial plane (¥ = 7/2) of metric
(1). We consider a simple model in which the disk is
prescribed by an inner radius risn and an outer radius rg",
see Fig. Moreover, for simplicity, the outer radius is
assumed to be infinite: 73"* — co. In such an approach,
the only parameter defining the accretion model is the
inner radius of the disk 7. An observer is located along
the symmetry axis at a very large radial coordinate, i.e.
in an asymptotically flat region.

The rays emitted by the luminous disk are lensed by
the central object. Due to the existence of the pho-
ton sphere (see previous subsection), photons can circle
around the object multiple times before reaching the ob-
server. As a result, the observer sees an infinite sequence
of lensed images of the disk known as photon rings and
enumerated by the order n = 0,1,2, ... as defined in Sub-

section [[TA] We use the following convention:
e the primary image, or the n = 0 photon ring;
e the secondary image, or the n = 1 photon ring;
e the tertiary image, or the n = 2 photon ring.

Throughout the paper, we use “image” and “photon
ring” interchangeably to refer to a lensed image of the
accretion disk.

Since the accretion disk represents an extended emis-
sion region bounded by inner and outer radii, and as we
consider a polar observer, each image appears as a circu-
lar annulus with corresponding inner and outer angular
radii on the observer’s sky. All images are concentric and
with increasing order n they become thinner and thinner.
In the limit n — oo they converge upon the boundary of
the shadow. The latter is defined as the locus on the
observer’s sky corresponding to light rays that asymp-
totically approach the photon sphere [3] 4].

For the following reasoning it will be important to as-
sume the accretion disk to be “optically thin”, i.e. trans-
parent. This ensures that images of all orders remain
visible, even in cases when they overlap.

C. Overlap of photon rings

In this paper, we investigate the overlap of photon
rings. We say that an image of order n overlaps with
a higher-order image n’ if portions of both images ap-
pear at the same angular position 6 on the observer’s
sky. Each successive photon ring is narrower than the
previous one and is located closer to the shadow bound-
ary. Therefore, overlap occurs when the inner radius of
a lower-order image is smaller than the outer radius of a
higher-order image. This includes the case that a higher-
order image is completely contained within a lower-order
image. In our analysis, however, we will not distinguish
the latter case from overlap in general.



In our simplified model, the overlap or lack thereof in a
given metric is completely determined by the position of
the inner boundary 7' of the disk. (Recall that the outer
radius of the disk is fixed to be infinite.) Depending on
the value of ri', the thickness of each photon ring varies,
and therefore the photon rings may or may not overlap.

Because of our assumptions on the metric, for suf-
ficiently large rg‘ all photon rings are thin enough
to be separated from each other, showing a dark re-
gion between neighboring images. For example, in the
Schwarzschild case all photon rings are separated from
each other when risn is bigger than the radius of the inner-
most stable circular orbit (6m), see Fig. 7 in Ref. [35] and
Fig. 5 in Ref. [46]. If we begin at riI' = 6m, with decreas-
ing rgn the inner boundary of each ring moves inward un-
til it meets the outer boundary of the next ring, causing
them to start merging. Depending on the value of ri¥!, dif-
ferent combinations of overlapping and non-overlapping
images can take place.

D. Radius of merging

In order to characterize the overlap of images (see pre-
vious subsection for details), we introduce the notion of
the radius of merging. The radius of merging ry,, is de-
fined as the value of the inner radius of the accretion
disk 7' at which a pair of chosen images of orders n and
n’ begin to merge. Here, “begin to merge” means that
if the inner radius were to be decreased further, the two
images would overlap. According to this definition, when
ri® = r,,,/, the inner boundary of the image of order n
and the outer boundary of the image of the higher or-
der n’ > n have the same angular size on the observer’s
sky. Therefore, in order to find the radius of merging,
we take 6, (ril'), substitute 7 = r,,,,, and set it equal to
0, (r3"™), where rg*™ — co. Thus, the radius of merging
Tnne can be determined from the following condition:

en (rnn’ ) =

lim 6, (r3"™),
rgtt—oo

n>0,n">n. (5

The angle 6 is measured with respect to the radial direc-
tion (Fig. |1).

The condition of asymptotical flatness allows us to
switch from the angular variable 6 to the impact param-
eter b, cf. Eq. (20) of Ref. [50]. Namely, if a light ray
with the impact parameter b reaches an observer at a
very large radial coordinate ro, the incoming light ray
will make an angle

0=— 6

- (6)

with respect to the radial direction. So in this situation

we can use the impact parameter as a measure for the

position on the sky. Then the definition of the radius
of merging becomes

by (Thnt) = n>0,n">n. (7)

out

lim b,/ (rg™),
T’S oo

Whereas it is not usually possible to calculate the radius
of merging r,,/ analytically, it is always possible to cal-
culate it numerically, for any given metric and any pair
of image orders n and n’. If the value r,, is found, one
can immediately conclude what will happen to these two
images on the observer’s sky for any chosen value of the
disk’s inner radius rgl. Namely:

e if 7' > r,,,/, then images of orders n and n’ don’t
overlap (upper panels of Fig. ;

e if 7' = r,,,/, then the inner boundary of the n-ring
touches the outer boundary of the n/-ring (bottom
panels of Fig. [1f);

o if rgl < T'nyn, then images of orders n and n’ overlap.

Note that knowledge of 7, does not allow us to distin-
guish the case that the image of order n is completely
contained in the image of order n’ from overlap in gen-
eral. For making such a distinction it would be neces-
sary to also compare the inner boundaries of both images
rather than only the inner boundary of one and the outer
boundary of the other.

Conditions and ([7) lead to one more important
property of the radius of merging, illustrated in the lower
panels of Fig. [T] using the example of the n = 0 and
n = 1 images. Let us consider the situation that the
inner radius 7' equals the radius of merging ;. Since
the images touch at their boundaries, the light rays form-
ing the outer boundary of the secondary image and the
light rays forming the inner boundary of the primary im-
age must subtend the same angular size on the observer’s
sky [see Eq. (5))] and, according to Eq. (), must therefore
share the same impact parameter [see Eq. ] Conse-
quently, any particular ray from the outer boundary of
the secondary image will coincide, along its final segment,
with the trajectory of the corresponding ray from the in-
ner boundary of the primary image, as illustrated in the
lower left panel of Fig. |1} In particular, this implies that
the ray from the outer boundary of the secondary image
intersects the equatorial plane precisely at the inner edge
of the accretion disk, and this intersection point can be
used to determine the radius of merging. In other words,
if the images are initially separated and the inner radius
of the accretion disk is gradually decreased, the merg-
ing of images occurs exactly when the disk’s inner edge
reaches the point where the ray from the outer boundary
of the secondary image intersects the equatorial plane.
This property will be further used in the next section.

It is important to emphasize the crucial difference be-
tween the dark annulus on the observer’s sky that sep-
arates two images of an extended accretion disk from
the “gap” as it was defined in our previous paper, Ara-
tore et al. [50]. In that earlier study we considered a
circular ring at fixed rg as the source of emission. In
that scenario, the images appeared as a series of concen-
tric circular rings without a radial extension, allowing us
to define the “gap” as the angular separation between
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FIG. 1. Definition of the radius of merging (Subsec. [[I D)), illustrated through the example of merging primary and secondary
images. The left panels show an equatorial accretion disk and a polar observer, along with the light rays that form the borders
of primary and secondary images (n = 0 and » = 1 photon rings, respectively). The corresponding images, as they appear
on the observer’s sky, are shown in the right panels. In our simplified disk model, the angular thickness of each image, and
therefore the overlap of images, depends only on the value of the inner radius of the accretion disk, . In the upper panels,
the inner radius ¥ is large enough, such as the primary and secondary images are relatively thin and remain separated. If 7!
is smaller, all images become thicker, since their inner boundaries shift closer to the center, while their outer boundaries remain
fixed. In particular, the shrinking inner boundary of the primary image approaches the fixed outer boundary of the secondary
image. The radius of merging, denoted o1, is defined as the value of ' at which the inner edge of the primary (n = 0) image
just touches the outer edge of the secondary (n = 1) image. This configuration is shown in the lower panels. Note that, for
visualization purposes, the photon rings are not drawn to scale. In particular, throughout the paper, the outer radius of the
disk is assumed to be infinite. The lower left panel demonstrates that the conditions and cause the final segment of the
ray forming the outer boundary of the secondary image coincide with the trajectory of the ray forming the inner boundary of
the primary image (see the text for more details).

two rings. This model could also be applied to an ex-
tended luminous disk as the light source, provided that
the points of the images corresponding to the same emis-
sion radius rg were considered. One could choose, e.g.,
the points corresponding to the maximum of the emis-
sion (cf. Refs. [29, 34]). In the present paper, we con-
sider the emission coming from an accretion disk with
given inner and outer boundaries, without specifying the
emission profile. In this scenario, there is a dark region

between the inner boundary of the image of order n and
the outer boundary of the image of order n’, as long as
these two images do not overlap. We deliberately do not
use the term “gap” for this dark region, to avoid con-
fusion with our earlier paper. Obviously, in the case of
an extended disk the inner boundary of one image and
the outer boundary of another image are formed by rays
emitted from different rg.



III. MATRIX OF MERGING: DEFINITION
AND PROPERTIES

In the previous section, we introduced the notion of the
radius of merging, r,, , which characterizes the overlap
of images of orders n and n’. Recall that we are working
within a broad class of spherically symmetric metrics of
the form , with all assumptions on the metric formu-
lated in Subsection [TAl

Remarkably, as we will demonstrate below, the mutual
relationship between the radii of merging is not arbitrary.
Instead, there exist a number of universal properties that
hold for the entire class of spacetimes under considera-
tion.

In order to formulate these properties more systemat-
ically, it is convenient to organize the radii of merging
into a matrix-like collection. Since each radius of merg-
ing is labeled by two indices, n and n’ with n’ > n, the
entire set {r,,} can be naturally represented as a matrix
where only the upper right-hand corner is filled,

To1 To2 To3 To4 Tos5 ---
T2 T13 T4 T1i5 --.
T93 T24 T25 ...
34 Tss ... ) (8)
Ta5 ...

which we refer to as the matriz of merging.

To find the elements of this matrix (i.e., the radii of
merging) for a specific spacetime, it is necessary to cal-
culate the trajectories of light rays in that background.
This procedure is discussed in detail in Sections[[V]and[V]
and explicit examples of the matrix of merging are pre-
sented in subsequent Sections [V and [VII} However, a
number of universal properties of the matrix of merging
can be identified without explicit calculation of its ele-
ments. Below, we list and discuss these properties where
we also include, at the end of the list, two properties
which in contrast to the other ones are not clear without
calculation. We include them here for completeness and
will discuss them in later sections.

e After fixing the outer boundary of the disk (in our
case at infinity) and the observer’s position (in our
case at a large radial coordinate along the symme-
try axis), the matrix depends solely on the metric.
Consequently, it can be considered as a characteris-
tic signature of the spacetime. While the answer to
the question of whether the images of order n and
n' overlap depends on both the spacetime metric
and the inner radius of the luminous disk, the ma-
trix of merging reflects the properties of the metric
alone.

e As stated earlier, the determination of matrix ele-
ments requires the calculation of light ray trajec-
tories. However, once the matrix is established,
it allows us to immediately judge qualitatively the

merging and separation of images for any given
value of the inner radius r', without recalculation
of geodesics. To assess overlap, it is sufficient to
compare rib? with the matrix elements: if risn > Ton/,
the images of orders n and n’ remain separate; if
r® < rp,, the images overlap.

Knowledge of the matrix elements for a particular
metric also allows us to rule out some overlapping
patterns within that metric, based on the relative
magnitudes of the radii of merging. Namely, if the
element 7,1,/ is smaller than r,, , then it is not
possible to observe an overlapping pattern in which
the images of orders n” and n'” overlap while the
images of orders n and n’ remain separated. Such
a pattern cannot exist for any choice of the in-
ner radius r'. The most interesting point here is
that the relative magnitudes of the matrix elements
across rows and columns exhibit a universal behav-
ior, valid for all spherically symmetric metrics, as
will be demonstrated below. Consequently, certain
overlapping patterns can be ruled out not only for
a particular metric, but universally for the entire
class of spherically symmetric spacetimes consid-
ered here and for any choice of the inner radius of
the accretion disk.

Within each row of the matrix, the values decrease
when the second index (which labels the columns)
increases. For example,

01 > To2 > T3 > ... (9)

Indeed, when the inner boundary ri' of the disk
decreases, the image of order n first overlaps with
the image of order n + 1 and only afterwards with
the image of order n + 2. This behavior follows
from the monotonicity of the light deflection as
a function of the impact parameter, which we re-
quired from the beginning. The outer boundary of
an image approaches the boundary of the shadow
monotonically when the order n increases. This
becomes more evident when looking at Fig. [f] in
Sec. [VIt when calculating the outer boundaries of
images, we deal only with the red branch of the
shown curve, which decreases monotonically.

All numbers in a given column of the matrix are
determined by light rays with the same impact pa-
rameter. This non-obvious property becomes evi-
dent if one examines Eq. . On the right-hand
side of this equation appears the impact parameter
b/, which corresponds to the maximum possible
angular radius of the n'/-image on the observer’s
sky and is determined only by the image order n'.
This value remains unchanged independently of the
order n of the image on the left-hand side of the
equality . Varying n on the left while keeping
n' fixed on the right, we obtain all the elements in
the n/-th column of the matrix. Hence, all these



numbers correspond to rays with the same impact
parameter.

This provides an alternative method for determin-
ing the entries in a given column of the matrix,
as illustrated in Fig.[2] Let us consider an image
of order n/ and draw a ray that forms this image:
namely, a ray emitted from the outer edge of the
accretion disk. This ray fixes the outer boundary of
the n/-th image on the observer’s sky and the cor-
responding impact parameter. By definition (7)), to
find the radius of merging r,,, we seek a ray with
the same impact parameter that is emitted from
the inner boundary of the disk and forms an image
of lower order n < n’. Importantly, a light ray with
the same impact parameter, but emitted from the
equatorial plane, will follow the same geodesic and
thus constitute a segment of the already traced tra-
jectory. Therefore, each intersection of this original
ray with the equatorial plane can be interpreted as
a potential emission point at the inner boundary of
the disk that generates a ray with the same impact
parameter as the original ray (which produces the
n/-th order image) but forms an image of lower or-
der n < n/. Consequently, the intersection points
where the ray crosses the equatorial plane corre-
spond to the radii of merging in the n’-th column
of the matrix: ro,/, T/, oo » Tnn’-

Although the values in a given column do not in-
crease or decrease monotonically, they exhibit a
fixed relative ordering of magnitudes. Remarkably,
this pattern is universal for all spherically symmet-
ric metrics and can be obtained directly from the
qualitative analysis of Fig. 2| without explicit cal-
culation of light-ray trajectories in specific metrics.
First, we note that the ray’s path is symmetric with
respect to the line connecting the center of the black
hole and the point of closest approach. Second,
the radial coordinate increases monotonically away
from the point of closest approach in both direc-
tions along the trajectory. Together, these proper-
ties make it straightforward to determine from the
figure which radius of merging is larger or smaller,
based on the angular “separation” between the in-
tersection points with the equatorial plane and the
point of closest approach. For example, Fig.
demonstrates that the following inequalities always
hold:

T2 <702, (10)
13 <723 <T03, (11)
T4 <T14 <734 < To04- (12)

e Independently of the column number n/, the ele-
ment in the zeroth row, i.e., rg,/, is the largest in

that column. This conclusion also follows from the
construction in Fig. [2} the intersection point that
determines g, is the farthest from the center.

This leads to the following conclusion: it is not
possible to observe an overlap between the image
of order n’ and any lower-order image with 0 < n <
n'/, without also observing an overlap between the
n’/-order image and the n = 0 image.

For the first three images (n = 0, 1,2) we have:
To1 > To2 > T12. (13)

This follows directly from Egs. @ and . It
leads to the following conclusion: it is not possible
to observe an overlapping pattern in which the n =
1 and n = 2 rings overlap without the n = 0 ring
overlapping with both of them.

A collection of possible overlapping patterns of the
first three images for different values of the accre-
tion disk’s inner radius is shown in Fig. along
with the forbidden configurations.

Additionally, this behavior will become evident
in our examples for the Schwarzschild and Reiss-
ner—Nordstrom spacetimes; see Figs. [7} 8] and [0 in

Sec. [VITT

All elements of the matrix are greater than the
photon-sphere radius rpn. For example, in the
Schwarzschild case, all values exceed 3m. This can
be understood as follows. In Eq. @, the right-
hand side corresponds to the impact parameter of
a ray forming the outer boundary of an image of
order n’ > 1. Such a ray starts from infinity and
returns to infinity after bending around the black
hole. It necessarily remains at radial coordinates
larger than r,,. Since any possible emission point
on the disk lies along this trajectory, it must also
necessarily be larger than rp,.

Therefore, in the context of the merging behavior,
there is no need to consider inner radii rgl < Ton
— no new overlaps will appear. Throughout this
work, we restrict our analysis to 7% > rpy.

If n” > n > 2, the light deflection can be calcu-
lated with high accuracy using an analytical ap-
proximation known as the strong deflection limit
53, 65, 66, B8] (9L [63] [72H75]. This approximation
provides an expression for the deflection angle that
diverges logarithmically if the turning point of the
light ray approaches the photon sphere. The strong
deflection limit was originally formulated for the
case that the light source is at infinity. In the case
of photon rings, where the emission point is located
in the vicinity of the black hole, we have to use
the generalized version of the strong deflection limit
for arbitrary source position which was derived by
Bozza and Scarpetta [76], see also [63, [(7]. We



have applied these formulas for analytically study-
ing the properties of higher-order photon rings in
spherically symmetric spacetimes [35, 36, 50]. In
particular, the apparent shape of higher-order im-
ages of a circular equatorial emission ring on the
observer’s sky was found by Tsupko [36] for the
Schwarzschild metric, and later generalized to arbi-
trary spherically symmetric spacetimes in Aratore
et al. [50].

We will show in Subsection below that in the
strong deflection limit the matrix element r,, (1)
depends only on k. For each k, these entries are
situated on a diagonal line in the matrix of merg-
ing. As the strong deflection limit gives a good
approximation for n > 2, this means that from the
third row onward all entries on such a diagonal are
approximately the same.

e One more property has been revealed from our nu-
merical calculations of the matrices of merging, pre-
sented in the following sections [see Eqs. (53]), ,
(77)]. For completeness, it is also presented here.

We have observed that the values of the elements
along each diagonal decrease monotonically. For
example, one finds rg; > 712 > 793 > .... While
this behaviour holds for all our numerical examples
and may potentially be universal for all other
spherically symmetric spacetimes that satisfy our
assumptions, we have not yet found a proof of this
property for the general case.

IV. CALCULATION OF LIGHT DEFLECTION,
ANALYSIS OF ITS MONOTONICITY AND
RELATION TO IMAGE ORDER

In this section, we present the formulas for light deflec-
tion in terms of the change in the angular coordinate of
a ray and analyze their monotonicity with respect to the
impact parameter. As mentioned in Sec. [l this mono-
tonicity is crucial because it guarantees that of each or-
der there is only one image. We also examine the relation
between the light deflection and the image order n, and
discuss the corresponding methods of computation.

A. Calculation of light deflection

Determining the orbit equation for lightlike geodesics
in the spacetime is a standard textbook exercise.
One first observes that, because of the symmetry, every
geodesic is contained in a coordinate plane through the
origin. Consequently, the geodesics can be derived from
the following Lagrangian:

L(w#) = 5 (-4 @2+ BE) P + D)) . (14)
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where (r, gzNS) are polar coordinates in the orbital plane and
the overdot means derivative with respect to an affine pa-
rameter. It is important to distinguish ¢ in Eq. from
¢ in Eq. : the former represents the azimuthal angle
in the orbital plane, while the latter is the azimuthal an-
gle in the plane where we place the shining disk. This
notation is also consistent with that used in our previous
work [50].
From Eq. we get two constants of motion,

E = A(r)®t, L=D(r)o. (15)

Thereupon, the condition that the geodesic be lightlike
gives us the orbit equation,

dr\*_ D)’ D(r)
(dqg) T B2A(r)B(r)  B(r)’ (16)
where
# = ()

For light rays that come in from infinity, the constant b
equals the impact parameter. Without loss of generality,
we assume that b > 0. Equation can be rewritten in
the form of an energy conservation law:

PBO) (AN e

with a potential V (r) defined in Eq. . Note that, ac-
cording to 7 a light ray with impact parameter b can
exist only in the region where

D(r)

b < -V(r)= A

(19)

By solving the orbit equation for d¢z and integrat-
ing along the photon trajectory, we can find the angular
shift A¢ experienced by a light ray emitted from a source
at radial coordinate rg > r,, and detected by an observer
at ro > rg. The resulting expression depends on whether
the initial radial velocity 7 is positive or negative. Note
that ¢ is a monotonic function of the affine parameter.
Without loss of generality, we assume that A¢ is positive.

(i) If the initial radial velocity is negative, the angular
shift is given by:

A¢ = (20)

</R * /R> ¢ D(r)fmi%)rb;(r)b? ar-

In the case of Eq. , the photon initially moves
inward, decreasing its radial coordinate until it
reaches a turning point at a radius coordinate R.
At this point of closest approach the radial velocity
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FIG. 2. Graphical determination of the relationship between the elements of one column in the matrix of merging . Each
panel shows a light ray emitted from the outer edge of the accretion disk and forming the outer boundary of an image of
order n': n’ = 1 (upper left), n’ = 2 (upper middle), n’ = 3 (upper right), and n’ = 4 (lower panels, where the right panel
is a zoom-in of the left). The radial coordinates of the points where the ray intersects the equatorial plane (marked with
open circles) correspond to the radii of merging in the n'-th column of the matrix (see text for a detailed explanation). All
trajectories are found numerically in the Schwarzschild metric. For visualization purposes, the outer radius of the accretion disk
is set to 15m (instead of being infinite, as assumed in our model), and the observer is also placed at 15m, ensuring symmetry of
the ray paths. Due to the symmetry of each ray with respect to the diagonal line, the relationships between the matrix entries
in a given column can be easily found based on their angular “separation” from the point of closest approach, shown by the
filled red dot. In particular, regardless of the column number n’, the value of g, is the largest in that column.

7 vanishes and then changes sign; subsequently the
photon moves outward toward the observer. This
is possible only for values of R that are bigger than
the radius of the photon sphere rp,. For R — 7y
the angular shift A¢~) diverges.

The impact parameter b is related to the radius

coordinate R of the point of closest approach by
the equation

D(R)
e 21
¥ = i = V) (21)
which implies that
db ,
2bﬁ =-V'(R). (22)

As we assume (recall Subsec. [T A)) that V'(R) is
strictly negative for all possible values rp, < R <

(i)

o0, this equation makes sure that b is a monotoni-
cally increasing function of R. If R goes from 7}, to

rs, b goes from be; to \/—V (rg), where the critical
impact parameter b, is defined by

D(rpn)
A(rpn)

b = = —V(rpn). (23)
If the initial radial velocity is positive, the angular
shift is given by:

~ ro A(r)B(r)b?
Ag¢ :/ \/ dr.
rs | D(r)* = A(r)D(r)b?
In the case of Eq. (24)), the photon travels outward

from the source to the observer, with a monotoni-
cally increasing radial coordinate.

While in Eq. (20) the condition b > b., always
holds, in Eq. (24]) the impact parameter can be ei-

(24)
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FIG. 3. Overlapping patterns of the first three images for different inner radii of the accretion disk, including forbidden cases.
Images are shown separately for clarity. Vertical lines indicate the inner boundaries of the n = 0 and n = 1 images, making
it easier to identify overlaps visually. The upper row of panels shows overlapping patterns where n = 1 and n = 2 images are
separated: (left) all images separated; (middle) n = 0 image overlaps with n = 1; (right) n = 0 overlaps with both n = 1 and
n = 2. The lower row of panels shows patterns where n = 1 and n = 2 overlap: (left) n = 0 overlaps with both; (middle)
n =1 and n = 2 overlap, but n = 0 does not overlap with n = 1 and, consequently, not with n = 2 — forbidden; (right) n = 0

overlaps with n = 1 but not with n = 2 — forbidden.

ther larger or smaller than b.,. This divides the
application of Eq. into two subcases.

(it.a) If b > ber, Eq. describes the case where
the path from rg to ro is part of a longer tra-
jectory with a turning point: tracing the ray
backward in time, it passes through this turn-
ing point before returning to larger r. In this
case, the value of R exists, can be computed
using Eq. (21)), and substituted in place of b
(see Sec. |V])).

(ii.b) If b < ber, however, no point of closest ap-
proach exists, not even when the ray is maxi-
mally extended. In this case R cannot be de-
fined. (Here we make use of our assumption
that the potential V' has an absolute maximum
at rpn. Therefore, a light ray traveling inward
with impact parameter b < b., cannot return
to infinity.) In this situation, the calculations
must be performed directly in terms of b using

Eq. (see discussion in Sec. [VIII).

B. Monotonicity of light deflection

For our purpose it is of crucial relevance to make sure
that rays with different impact parameters cannot have
the same angular shift A¢. To that end we have to in-
vestigate the monotonicity of the two branches of A¢ as
a function of b, where one branch is given by and

the other one by (24).

In the case of (24]), which applies to light rays which
have no turning point between the source and the ob-
server, this is easy. If we keep rg and ro fixed, with

ron < 1s < To, Eq. implies

d . -~ "o |B —V(r))d

G = / () __(ZVdr - a)

db v D(r) (= V(r)—b2)
As the right-hand side is manifestly positive [recall (19)],
A¢ is monotonically increasing on the entire interval on
which this branch is defined, i.e., for 0 < b < y/=V(rg).

For the Schwarzschild spacetime this branch is plotted as
a dashed (blue) curve in Fig. [5]of Sec.




The situation is more complicated in the case of .
In this case we have to express b in terms of R with the

help of . Then Eq. can be rewritten as

A¢ = (/:+/Rro> m\/#. (26)

According to , A¢ is a monotonic function of b if
and only if it is a monotonic function of R, i.e., if and
only if the derivative of the right-hand side of with
respect to R has no zeros. Demonstrating that this is
true is subtle because a straight-forward calculation of
the derivative gives an undetermined expression of the
form —oo + o0,

iAq?) = —lim

| B(r) 2
dR r—R D(T) Vir)
V V(R) 1

V'(R) TS ro B(r) V(r)dr
+avar Uy e )56 (b )" 27

V(R)

Here b takes values between b, and /—V (rg) and, corre-
spondingly, R takes values between rp, and rg. Whereas
it is always true that A¢ goes to infinity for b to b, (i.e.,
R to rpn) and to a finite positive value for b to /—V (rg)
(i.e., R to rg) where the other branch is met, it is not
in general true that A¢Z is a monotonically decreasing
function of b (or R) on this interval. We are not aware of
any physically relevant metric in which this monotonicity
property is violated. As we will prove in Sec. [VII] below,
it holds in particular for the Reissner-Nordstrém metric,
which contains the Schwarzschild metric as a special case.
However, we demonstrate in the next Subsection that it is
possible to construct (contrived) examples which satisfy
all our other assumptions but do violate the monotonic-
ity property. As the monotonicity property is crucial for
our following reasoning, it is necessary to check for each
individual metric whether it is satisfied.

C. Example of monotonicity violation

As indicated above, the condition of asymptotic flat-
ness does not in general imply that there is exactly one
image of each order n. To exemplify this statement, we
give here a (contrived) example where three images of
order 1 exist:

A(r)=1- o B(r)y=1- gsin<500%) , D(r) =12,

(28)
This spacetime is asymptotically flat, and the poten-
tial V(r) is the same as in the Schwarzschild space-
time; in particular, there is still an (outermost) unsta-
ble photon sphere located at » = 3m, and the potential
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V(r) is monotonically decreasing from V(3m) = —27 to
V(o) = —0 .

However, the oscillatory behavior of the metric coef-
ficient B(r) produces a non-monotonic behavior of the
angular shift Ag, see Fig. If we assume that the an-
gular positions of source and observer are chosen as for
the construction of our matrix, an image of order n cor-
responds to an angular shift of A¢ = (n + 1/2)r. We
read from the picture that then there are three different
images of order n = 1.

~

A A

3r/2

b W, % b

FIG. 4. Aé as a function of the impact parameter b for the
metric (28). The source is at rs = 6m, 95 = /2 and the
observer is at ro = 0o, 9o = 7. Then there are three images
of order 1 whose impact parameters by, b; and b7 are marked
in the picture.

By making the oscillatory behaviour of B(r) even
stronger, one could produce spacetimes where images of
arbitrarily high order are non-unique.

D. Relation of light deflection to image order

In this paper, we consider only the case of a polar
observer. This configuration allows for an easy identifi-
cation of the azimuthal shift corresponding to an image
of order n (see Fig. [1):

Ap = (n—l—;)ﬂ. (29)

AJ) has to be calculated as a function of b with or
. Light rays with b < b, cannot have a turning point.
In the notation of Subsection [[V'A] this is the case (ii.b),
so we have to use . Light rays with b > b, do have a
turning point at some minimum radius R, where b and R
are related by . We have to distinguish the case that



the point of closest approach is inside the section of the
light ray between the light source and the observer from
the case that it is outside. In the first case, which in the
notation of Subsec. is the case (i), we have to use
(20, in the second case [case (ii.a)] we have to use (24)).
For each fixed rg > rpn and ro = oo this gives us A¢ as
a function of b. This function consists of two branches, as
outlined in Subsec. [VB] Whereas our general assump-
tions guarantee that the lower branch is monotonic, this
is not necessarily true for the upper branch, as we have
exemplified in Subsec. m In any case, A¢ goes to oo
with b — by or R — rpp. If the monotonicity property is
satisfied, inserting A¢ as a function of b into gives a
unique value of b (or of R in all cases where the latter is
defined) for each order n. For the Schwarzschild metric,
these values are marked by horizontal lines in Fig. [f of
Sec. [VI for n = 0,1,2,3,4.

E. Parts of images inside the shadow region

The existence of a critical value of the impact parame-
ter also implies that a black hole illuminated by a bright
background will cast a shadow. For an observer at a large
radius coordinate ro, the angular radius of the shadow
equals be, /T0.

In the present paper, we consider a black hole sur-
rounded by a luminous accretion disk lying in the equa-
torial plane, with the observer situated along the polar
axis. It should be emphasized that in this configura-
tion the shadow region is not necessarily completely dark:
light rays issuing from the disk with b < b, which cannot
have turning points, may reach the observer and thus cre-
ate images inside the shadow. This happens if the radius
coordinate of the inner boundary of the luminous disk
is sufficiently small (though not necessarily smaller than
the photon sphere radius); see the figures in Sec. In
this subsection, we discuss this effect in more detail.

As we assume that the disk extends to infinity and
that the observer is also at infinity, the outer bound-
aries of all images always lie outside the shadow on the
observer’s sky. Indeed, the outer boundaries of all im-
ages are formed by rays that originate from infinity, nec-
essarily pass through a point of closest approach, and
then return to infinity. All such rays satisfy b > b., and
R > rpn, and therefore contribute to image points out-
side the shadow. This also means that in our calculations
of all radii of merging (Sec. [V]), we deal exclusively with
rays for which b > b.,. However, when plotting images
for a specific rg’ (Sec. , some rays may have b < by,
causing the inner parts of images to appear inside the
shadow.

So we emphasize that, even though we only consider
sources outside the photon sphere (i.e., rgn > Tph, see
the discussion in Sec. , it is still possible for the inner
boundary of an image to lie inside the shadow.

If a ray has b < b, and begins with 7 > 0 [case (ii.b) in
Subsec. , it travels outward monotonically without
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encountering a turning point and contributes to an image
inside the shadow. This is possible for images of any
order, even at high order, provided the inner radius of
the accretion disk, rg‘, is sufficiently small. In particular,
if i is close to rpy, such a ray may spiral around the
black hole multiple times while monotonically increasing
its radial coordinate, before finally reaching the observer.
The angular shift can be calculated using Eq. . We
can follow such a ray backwards in time until it reaches
the horizon. Of course, it can cross the horizon only if
we consider a white-hole extension of the spacetime.

If instead the ray has b > b, and 7 > 0 [case (ii.a) in
Subsec. [[V'A], then it reaches the observer after bending
around the black hole and forms part of an image outside
the shadow. Although the ray moves outward toward the
observer, tracing it back in time reveals that it reaches a
turning point before returning to larger r. The angular
shift can be calculated using Eq. . Rays with b > b,
and initial 7 < 0 (directed inward at emission, case (i) in
Subsec. may also reach the observer after passing
through a turning point, and again contribute to images
outside the shadow. The angular shift can be calculated
using Eq. .

For completeness, we briefly comment on the case
where a source lies inside the photon sphere, which is not
considered in our calculation of the matrix of merging.
Any observable image of such a source must be formed
by light rays with an impact parameter b < b.,. These
rays always move outward (7 > 0) and do not encounter
a turning point. The resulting images appear within the
shadow. If such a ray is traced in reverse time (from
the observer back toward the black hole), it would be
captured without turning. Note that light rays emitted
inside the photon sphere with b = b., asymptotically ap-
proach the photon sphere from the inside, while those
with b > b, are inevitably captured (e.g., Ames and
Thorne [78]).

The observation that appropriately placed light
sources may produce images inside the shadow was
emphasized by Dokuchaev and Nazarova [79]; see also
Chael et al. [80].

V. NUMERICAL CALCULATION OF RADIUS
OF MERGING AND MATRIX OF MERGING

This section is specifically dedicated to the numerical
procedure used to determine the radius of merging 7,/
defined in Sec. [} The collection of all 7., forms the
matrix of merging, as defined in Sec. [[T]]

As discussed above in Subsec. [VE] when calculating
radii of merging, we deal only with the rays with b > b,.
It means that only cases (i) and (ii.a) from the Sub-
sec. [[VA] will be used in this section. By substituting
the relation between the impact parameter b and
the closest-approach distance R into Egs. and ,

we obtain equivalent expressions for the deflection A¢ in



terms of R, more suitable for our analysis:

Aj = /R P o R dr + / S Rydr  (30)

R
and

Ap = / - g(r, R)dr. (31)

Here we have defined the function

A(r)B(r)D(R)
g(r,R) = \/A(R)DQ(T) — A(r)D(r)D(R)

(32)

Equation may appear contradictory at first glance,
because it applies when the photon’s path does not go
through an inversion point, yet the integrand is expressed
in terms of the closest-approach distance R. However,
as explained in Subsec. [[VA] when considering a light
ray with b > b., that moves monotonically outward (i.e.
with 7 > 0) from the source to the observer, one can al-
ways trace the trajectory backwards in time to identify
a point of closest approach which lies at a radial coor-
dinate smaller than that of the emission point rg, see
the case (ii.a) from Subsec. The case of a ray with
b < ber, which meets the horizon if traced backwards,
will be discussed later in Sec. see the case (ii.b) in
Subsec. [V Al

As previously mentioned, for the outer border of the
n/-th image to coincide with the inner border of the n-
th image as seen by a distant observer, the condition for
merging is that the corresponding light rays must reach
the asymptotic region with the same impact parameter
as given in Eq. (7). Using the relation between b and R
from Eq. , this condition is equivalent to requiring
that both light rays have the same value of the minimum
radius R. The radius of merging 7, is therefore found
using a two-step numerical procedure.

Let us first consider radii of merging of the type 7o,
where the primary image begins to merge with higher-
order ones of order n’. The inner boundary of primary
image is formed by photons that increase monotonically
in radial coordinate as they propagate from the source
to the observer. In this case, Eq. applies. For the
outer boundary of a higher-order image, on the other
hand, Eq. must be used.

The first step consists in solving for the value of R
using the condition that the light ray corresponding to
the outer boundary of the n/-th image originates from
spatial infinity (rg — 00), reaches a distant observer at
infinity (ro — o0), and undergoes the angular shift given

by Eq. (29):
1 oo
(n’ + 2) = 2/ g(r,R)dr . (33)

R

Once R has been determined, it is substituted into
Eq. 7 which for the primary image takes the form:

7T Foo
5= / g(r,R)dr . (34)

Ton’
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Solving this equation yields the radius of merging rg,,.

In the case of merging between two images of higher
order, with n # 0, the procedure remains conceptually
the same. The first step is still Eq. , which determines
the shared value of R for the two rays. Then, for the
inner boundary of the image of order n, we first assume
that the corresponding light ray passes through a turning
point, and therefore use Eq. for calculation of the
angular shift. Correspondingly, the radius of merging
Tnne is Obtained by solving:

(n + ;) T = /rm/ g(r, R)dr + /+°° g(r,R)dr. (35)

R R

In some cases, however, the value of R found in the first
step leads to a situation where Eq. has no solution
for any r,,. This indicates that the light ray correspond-
ing to the n-th image does not pass through a turning
point and instead always propagates with 7 > 0; see the
case (ii.a) in Subsec. In such cases, the appropriate
equation for finding the radius of merging becomes:

<n + ;) re /+°o o(r, R)dr. (36)

Tn!

Such cases arise for specific combinations of n and n'.
For example, referring to Fig. [2l when n’ = 3, the ter-
tiary image (n = 2) goes through the inversion point, and
Eq. must be used. Meanwhile, the secondary image
(n = 1) proceeds directly to the observer, always increas-
ing in radial coordinate, and must therefore be treated
with Eq. .

It is also possible to formulate a general condition for
determining whether a light ray associated with order
n reaches an inversion point, given a reference image of
order n’. A light ray of order n’ experiences a deflection
angle of (n’ + 1/2)m. The point of closest approach is
reached halfway along this trajectory, corresponding to a
covered angle of (1/2)(n’ 4+ 1/2)w. Any light ray of order
n with a deflection angle smaller than this value will not
reach a turning point. This leads to the inequality:

<n+;>ﬂ<;(n/+;)ﬂ, (37)

which simplifies to
1/, 1
n<2<n—2). (38)

Consequently, when this condition is satisfied, Eq.
must be used. More explicitly:

e If n/ is odd, then the light ray of order (n’ —1)/2 is
the first that does not reach the turning point (e.g.,
for n’ = 3, the n = 1 ray monotonically increases
in radius).

e If n' is even, then the ray of order n’/2 is the last to
reach the inversion point, and Eq. (35)) still applies.



Moreover, the integer closest to the right-hand side of
Eq. corresponds to the minimum value of the radius
of merging 7,/ in each column of the matrix of merging
defined in Eq. .
From the point of view of numerical integration, accu-
racy is improved by introducing the new variable
R
n=1- ? ) (39)
for some fixed R > rp,. Letting ng and 7o be the val-
ues corresponding to the source and observer positions,

respectively, Egs. and are rewritten as

Ad = Ons W, R). di + Ono W Rydp,  (40)
and
si= | " hin. R dn, (41)
where
R A(n)B(n)D(0)
honB) = \/A<0>D2<n> ~ A(m D)D)

(42)
The new functions A(n), B(n), and D(n) denote the met-
ric functions with the substitution » = R/(1 — ), with
the fixed but unspecified chosen R.

This substitution provides two key advantages. First,
it transforms the unspecified lower bound of the integral,
r = R, to the fixed value n = 0. Second, the integration
domain becomes finite: If the variable r goes to oo, as it
does in our scenario if the observer position or the outer
boundary of the disk is approached, 1 goes to 1, thereby
reducing computational difficulties and numerical errors.

Written in the variable n, Egs. , , and

take the following form:

<n'+;)7r2/01h(n,R)dn, (43)

B

= / h(n, R)dn, (44)

Non’

<n+ ;) - /077 hin, R) dn+/01h(n,R) dy. (45)

(n—l—;)ﬂ:/l h(n, R)dn. (46)

Mnn!

A. Merging with the shadow border — limiting
column

An interesting special case arises when computing the
inner radius 7§ of a luminous disk for which the n-th im-
age merges with all images of higher order. In particular,
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as discussed in Sec. [[T] since the values of the matrix of
merging decrease in each row, this condition corresponds
to the overlap between the image of order n and the
asymptotic image of order n’ — oo, which approaches
the boundary of the shadow. This situation occurs when
the light ray defining the inner edge of the n-th image has
an impact parameter equal to b.., or equivalently, when
the past-oriented light ray traced from rg spirals asymp-
totically toward the photon sphere. The corresponding
limiting values of the radius of merging will be denoted
as Tnoo-

This limit can be computed by enforcing Eq. with

R = Tph:
1 teo
(n + 2> T = / g(r,rpn) dr , (47)

noo

or

(n+3)7= :m M) dn . (49)

where Npoo =1 — rph/Tnoo-

The set of r,. values obtained in this way can be
viewed as a column vector representing the limit of the
matrix of merging:

Thoo = lim Ty, . (49)
n’—oo

B. Step-by-step procedure for calculating the
matrix of merging

To summarize, we present here a step-by-step proce-
dure for calculating the matrix of merging:

e Choose the specific spacetime metric by defining
the metric coefficients in Eq. (I). The assump-
tions imposed on the metric are formulated in Sub-

sec. [[TAl
e Obtain the function g(r, R) using Eq. (32).

e Compute the first row of the matrix, which con-
tains the elements rq,,. For n’ = 1,2,..., begin
by solving Eq. to determine the radius coordi-
nate R of the point of closest approach. This value
is then to be substituted into Eq. to calculate
the corresponding element of the first row.

e Find the other entries r,, with n # 0 by again
solving Eq. for R, and then applying Eq. .
If this equation admits no solution — indicating
that the corresponding light ray does not reach a
turning point — Eq. must be used instead.

e Find 7, by solving Eq. and selecting its out-
ermost root. Next, for each n = 0,1,2,... solve
Eq. ; this yields the entries r, in the limiting
column of the matrix of merging.



If the variable 1 is used, one must first obtain the
functions A(n), B(n), D(n), and write the function
h(n, R) according to (42). Then, Eq. should be used
instead of Eq. Eq. (44) instead of Eq. , Eq.
instead of Eq. (35)), Eq. (46) instead of Eq. , and

Eq. instead of Eq. (47]).

VI. EXAMPLE 1: SCHWARZSCHILD BLACK

HOLE

In the previous section, we explained in detail how
to compute the matrix of merging numerically. In this
and the next sections, we consider two examples: the
Schwarzschild metric and the Reissner-Nordstrém met-
ric.

The Schwarzschild metric coefficients can be written in
the following form:

A =B7'(r)=1-—,

D(r) =r*
" (r) =77,

(50)
where m is the mass parameter with the dimension of a
length.

In order to verify that our formalism is applicable to
the Schwarzschild metric, we have to prove that in this
spacetime for each order n there is exactly one image.
We will demonstrate in Sec. [VIIl below that this is indeed
true for the two-parameter family of Reissner-Nordstrém
black holes which includes the Schwarzschild black hole
as a special case.

Fig. [f] illustrates that, indeed, in the Schwarzschild
spacetime, there is exactly one image for each order n.
The dashed (blue) part of the plot refers to light rays
without turning points between the source and the ob-
server. On this branch b ranges from 0 (corresponding to
a light ray that is radially outgoing) to /—V (rg) (corre-
sponding to a light ray that leaves the light source at an
angle of 90° with respect to the radial direction). In the
notation of Subsec. [[V-A] this branch corresponds to the
case (ii), where (ii.a) is applicable when b > b, and (ii.b)
is applicable when b < b.;. The solid (red) part of the
plot refers to light rays that go through a turning point.
On this branch b ranges from b, to v/—V(rs). In terms
of Subsec. [[VA] this branch corresponds to the case (i).
The fact that each horizontal line intersects the plot in
exactly one point demonstrates that there is exactly one

J
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image for each order n. If the ¢ coordinates of the light
source and the observer differ by 7/2, as in the geometry
we are considering, the intersection with the dotted line
at A¢ = (n+1/2)7 gives the impact parameter b,, of the
light ray that corresponds to the image of order n.

AgA

/2

/2

Sr/2

3n/2

/2

Virs) b

FIG. 5. A as a function of b for the Schwarzschild spacetime
with rs = 8m and ro = co.

A. Matrix of merging for Schwarzschild metric

The explicit form of the functions introduced in the

Eqgs. and can now be written:

R3
s %«4(3 ~2m) 1R —2m)

(51)

and

R
i, R) \/77[—2171772 + (6m — R)n+ 2(R —3m)]
(52)
Following the procedure described in Section [V} we nu-
merically calculate the values of the matrix elements
Tnne and the column of the limiting values r;,o, through

Eq. :

5.24327 4.31621 4.28625 4.28498 4.28492 ... 4.28492
3.27719 3.05332 3.04416 3.04377 ... 3.04375
3.22100 3.01092 3.00226 ... 3.00187 (53)

As we can notice, all r,,  values are below 6m. This

3.21862 3.00911 ... 3.00008

(

outcome supports the assertion made at the beginning



of Sec. [[I] that when the inner boundary of the accretion
disk lies at the innermost stable circular orbit (ISCO)
radius, all images remain separated from each other.

B. Analytical approximation for higher-order
photon rings in the Schwarzschild metric

An interesting result, valid for images of order n > 2,
can be obtained with the use of the so-called strong de-
flection limit [53] 58, (59, [76l [77]. As already mentioned in
Sec. [T} this technique provides an analytical approxima-
tion for the deflection angle near the divergence, which
can be linked with the direction from which a photon
arrives or, in other words, with the impact parameter
[36, [59].

In the Schwarzschild metric and for a polar observer
the impact parameter for the image of order n takes the
following expression [35] [36]:

by, = 3\/§m{1 - 65(1_—%/55)
(3+V3)

><(3+_v@%-51”)264”+w”}, (54)

or, equivalently [50],

bn—3\/§m{1+216<1—3m)
2+\/§ rs

-1
x (2 + m +4/3+ 18m> e("+5)”} ,  (55)
rs rs

Imposing the equality between b,, for rg = 7, and b,/
for r¢ — +o00, we obtain an equation in which the only
unknown is 7, and the right hand side depends only on
the difference between the orders n and n’ of the consid-
ered images:

(1— 3m) (2+ m 3+18m)_1=k (56)

Tnn’ Tnn’

where we denote

1
k=—r
2\/56

This equation can be solved analytically giving

—(n/=n)m (57)

(k+1)2

k2 —4k+1° (58)

Ton/ = 3M

The resulting radius of merging r,, depends only on
the difference (n’ — n). This means that all diagonals
starting from n,n’ > 2 contain the same values — of
course, within the framework of this approximation only.

In particular, when n’ — n = 1 we get

Tpmt1) ~ 3.21852m and when n' —n = 2 we get
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Tn(nt2) =~ 3.00902m. The agreement with the values
calculated numerically in is excellent: for example,
o3 is determined with a relative error of 8 x 10~ with
respect to the numerically calculated value.

VII. EXAMPLE 2: REISSNER-NORDSTROM
BLACK HOLE

In the Reissner—Nordstrom (RN) spacetime the metric
is described by:

2
Ar) =BT () =1-""+%, D) =12, (59)
r r
where ¢ is the electric charge in geometric units. Since
for ¢> > m? the singularity becomes naked, we restrict

ourselves to ¢ < m2?. The spacetime is indeed asymp-
totically flat and the outermost photon sphere is at

3 9m?
Tph:§m+\/%—2q2. (60)

We first have to prove that in the Reissner-Nordstrom
spacetime for each order n there is exactly one image
which is a necessary condition for our formalism to be ap-
plicable. We recall from Subsec. [V B|that this requires
to prove that A¢ as given by is a monotonically de-
creasing function of b on the interval b, < b < /—V(rg).
(On the other branch, where Eq. is to be used, A¢
is always a monotonically increasing function of b, as we
have proven in Subsec. )
To that end we write (20]) as

Ap=1—-I,— Iy (61)

where

B o0 A(r)B(r)b?

hﬂg¢DvP—mwmmw“ (62)
s A(r)B(r)b?

Q‘XSVDvP—mmmme’ (63)

_ o0 A(r)B(T)62 .
h‘KO¢vammmed' (64

As I, and I3 have the form of 7 we know that
dIy/db > 0 and dI5/db > 0. What remains to be shown
is that dI; /db < 0. To that end we rewrite I as

. W¢ A(r)B(r) D(R)
r | DO (ARD(r) = A D(R))

dr  (65)



which for the Reissner-Nordstrom metric takes the fol-
lowing form:

7= /°° R? dr
1 " \/r4(R2—2mR+q2)—R4(7“2—2m7“—|—q2) '
(66)
Substituting
R R
2=, dz:fﬁdr (67)
results in
[ /1 Rdz
')y VRE1-22) —2mR(1 - 25 + 2(1 — 21)
(68)
With the substitutions
R R
Sy dz:—r—er, (69)
this can be rewritten as
I /1 Rdz
YT Jo VRO - 22) - 2mR(1 - 25) + (1 — 21)
(70)

J
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hence

(mR(l - 23)—¢*(1 - 24)) dz

a; /1

dR o VR2(1—22) —2mR( - 2) + E(1—21)
(71)

As ¢ <m? < 2mrpn/3 < 2mR/3, the integrand is man-

ifestly positive on the entire interval 0 < z < 1 which

proves that dI;/dR < 0. On the other hand, we find

from that

db  R(R®>—3mR +2¢%)

dR  /RT omB+

(72)
With R > rp, and this implies that db/dR > 0,

hence

dl;  dIL dR
% ~ardp =" (73)

which proves the desired monotonicity property.

For the Reissner-Nordstrom metric, the functions defined in Egs. and become:

RS

If ¢ = 0.5m, the matrix of merging reads:

while for ¢ = m, it is:

R) = 74
9(r, ) \/r4(q2 —2mR + R2) — R4(q? — 2mr +12)’ (74)
R2
h(n, R) = : (75)
2 [(g%23 — 2(2¢2 — mR)z% 4 (6¢2 — 6mR + R?)z — 4¢*> + 6mR — 2R?)]
5.07116 4.11768 4.08410 4.08252 4.08245 ... 4.08244
3.10920 2.88039 2.87011 2.86962 ... 2.86960
3.04866 2.83524 2.82557 ... 2.82508 (76)
3.04583 2.83310 ... 2.82298
4.45930 3.30547 3.22830 3.22040 3.21955 ... 3.21945
2.41409 2.11812 2.09061 2.08768 ... 2.08732
2.30297 2.03733 2.01214 ... 2.00912 (77)

As the most interesting result, we observe a major dif-
ference between a weakly charged and a strongly charged
Reissner-Nordstrom black hole if we assume that the ra-

2.29179 2.02896 ...

2.00098

(

dius coordinate of the inner boundary of the disk coin-
cides with the ISCO radius. The latter is the unique real



solution of the cubic equation
3 —6mr? +9¢%r —4q*/m =0, (78)

see e.g. [RIHR3]. As for ¢ = 0.5m the ISCO radius is
approximately at 5.6 m, we read from the matrix in
that the images are separated. For ¢ = m, however, the
ISCO radius is at 4m which is smaller than the value
of 191 according to the matrix . This means that,
considering an accretion disk that extends down to the
ISCO, there must be a critical value g,, of the charge
parameter, somewhere in the interval 0.5m < g, < m,
such that a Reissner-Nordstrom black hole with charge
dm < g < m will have the primary image (n = 0) already
overlapped with the secondary one (n = 1). Numerically
we have found that ¢, ~ 0.853m.

VIII. CONSTRAINING THE SPACETIME
METRIC OR THE ACCRETION MODEL
THROUGH THE OVERLAPPING PATTERN OF
PHOTON RINGS

In this Section, we discuss how observations of photon
ring overlaps can be used to probe either the spacetime
metric or the accretion model. In our simplified frame-
work, the accretion model is fully specified by the inner
radius of the luminous disk, rgl. If this inner radius is
known — for instance, if it coincides with the innermost
stable circular orbit (ISCO) — then the observed pat-
tern of overlapping photon rings can serve as a probe of
the underlying spacetime metric. Conversely, if the met-
ric is known, the observed overlap pattern allows us to
estimate the inner radius of the luminous disk, thereby
placing constraints on the accretion model (compare, e.g.,
with Ref. [84]).

In Sec. [V] we presented the numerical procedure used
to compute the values of rg at which two photon rings
merge. Numerical examples for specific metrics were pro-
vided in Sections [VI and [VII} In the present section, we
fix different values of the inner edge of the accretion disk,
7 and for each choice we investigate the resulting over-
lapping pattern of photon rings — that is, which images
appear merged to a distant observer.

The figures in this section show the locations of the
first three photon rings, computed numerically for a cho-
sen value of ri'. Notably, the question of which photon
rings overlap and which remain separated can, in fact,
be addressed without performing such numerical calcu-
lations. It is sufficient to specify the inner radius and
compare it with the corresponding values in the matrix
of merging. This matrix alone encodes the complete qual-
itative picture of the overlap pattern, making it a useful
diagnostic tool for interpreting observational patterns.

18
A. Numerical calculations of images

In this subsection, we describe the numerical procedure
for calculating the images. Many related aspects have
already been discussed in Sec.[V] where the calculation of
radii of merging was considered. Here, however, we also
address source positions rg that produce parts of images
inside the shadow and, correspondingly, light rays with
b < be. Therefore, additional details must be provided
for clarity.

To characterize the angular positions of the images,
we compute the associated impact parameters, which are
related to the observed angles via Eq. @ In our model,
the disk extends from 7' to infinity. As a result, the
impact parameter corresponding to the primary image is
unbounded above, whereas those for higher-order images
are finite.

Consider first the primary image (n = 0). In this case,
photons do not go through a radial inversion point, and

Eq. must be used:

L= /77 hin, R) dy. (79)

S

This equation is solved numerically to determine R, from
which the impact parameter can be obtained via Eq. .
This yields the angular location of the inner edge of the
primary image.

Complications arise when rg < o0, Where ros is the
limiting radius for the primary image computed from
Eq. . In this regime, the backward-traced light ray
approaches the horizon and Eq. returns a complex
value for R. In such cases, Eq. must be used instead:

IV

“+oo
_ / frbydr, (80)

Solving this equation directly yields the impact parame-
ter b. In this situation, one finds b < b, implying that
the inner edge of the image lies inside the black hole
shadow.

For images of higher orders n = 1, 2, ..., the same logic
applies, but with the corresponding deflection:

(n+;)7T=/Onsh(mR),dn-i-/Olh(n,R)dn. (81)

This equation corresponds to case (i) from Subsec.
For the outer boundaries of images, the light ray always
passes through a turning point, so Eq. always ap-
plies. Setting rg — oo (i.e.,, ng — 1) gives the corre-
sponding impact parameter b.

For calculation of the inner boundaries of images, one
substitutes ris’“ into Eq. . If this equation admits
no solution for R, then we must switch to case (ii) in
Subsec. and compute the deflection using Eq. (24).
Note that in this calculation it is not necessary to distin-
guish between cases (ii.a) and (ii.b): since our goal is to



determine b, the same formula can be applied to both.
Accordingly, we write

1 +oo
<n—|— 2>7T_/ri§ f(r,b),dr,, (82)

and solve for b.

In this way, we obtain the impact parameter for the
inner border of the primary image, as well as the list of
impact parameters corresponding to the inner and outer
borders of each image as seen by the distant observer.
Additionally, in all plots that follow, the shadow radius
is indicated by a black dot.

B. Testing the spacetime metric through photon
ring overlaps

As outlined above, a prescribed accretion model allows
one to probe the underlying spacetime metric through the
observed overlaps of photon rings. In the simple model
used in this paper, the accretion disk is completely deter-
mined by one parameter, namely the radius coordinate
of the inner boundary, riS“. In this section we consider
a scenario in which the inner boundary of the accretion
disk coincides with the ISCO radius, see Fig. [6]

In the Schwarzschild metric, the ISCO radius is
risco = 6m [85]. This value exceeds the radius of merg-
ing 791 obtained in Eq. (and, consequently, all other
elements of the matrix). Therefore, all photon rings
remain separated from one another. A similar quali-
tative behavior occurs in the RN metric with charge
0 < ¢ < 0.853m, recall Subsec. This, however, is
not the case for 0.853m < ¢ < m. In particular, in the
extreme RN metric, ¢ = m, the ISCO radius is reduced
to risco = 4m, which is smaller than rg; in . As
a result, in this case the overlap between primary and
secondary images is found (Fig. [6).

Thus, under the assumption that the accretion disk
extends to the ISCO, this observable difference provides
a way to distinguish between different black hole met-
rics. In particular, an overlap between the primary and
secondary image would rule out Schwarzschild and mod-
erately charged RN black holes, favoring the strongly
charged RN case.

C. Constraining the accretion model through
photon ring overlaps

In this subsection, we reverse the logic compared to
the previous one: we assume that the spacetime metric is
known and vary the inner boundary of the accretion disk,
which in our simplified model is the only distinguishing
feature of the accretion flow. Our aim is to demonstrate
that the observed overlapping pattern of photon rings
can place meaningful constraints on the accretion model.

In each of the figures, Figs. and [9] the black hole
metric is fixed, while the photon ring structure is shown
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Schwarzschild, 7% = rigco

L L L L L L ,
4.0 45 5.0 55 6.0 6.5 7.0

Reissner-Nordstrom, ¢ = 0.5m, rg‘ = risco
.

[ —

L L L L L L ' p
4.0 4.5 5.0 55 6.0 6.5 7.0

Reissner-Nordstrom, g = m, Tisn = TISCO

L L L L L L ,
4.0 4.5 5.0 55 6.0 6.5 7.0

— primary image secondary image

— tertiary image — shadow border

FIG. 6. Photon rings produced by a luminous accretion disk
around different types of black holes, with the inner boundary
of the disk placed at the ISCO radius for the corresponding
spacetime metric. Each panel shows the first three photon
rings in specific metric: the n = 0 ring (primary image), n = 1
ring (secondary image), and n = 2 ring (tertiary image). The
black dot indicates the edge of the black hole shadow. In the
upper and middle panels, corresponding to the Schwarzschild
and Reissner—Nordstrom metric with intermediate charge, all
presented rings are clearly separated. In contrast, the lower
panel, corresponding to the extreme RN black hole, shows
an overlap between the primary and secondary rings. This
qualitative difference implies that, under the assumption that
the accretion disk has its inner edge at the ISCO, the extreme
RN black hole is observationally distinguishable from both the
Schwarzschild and the non-extreme RN cases.

for decreasing values of r'. The specific values of the
inner radius are chosen to better visualize the qualitative
differences between the cases.

In Fig. [7} we consider the Schwarzschild metric. The
upper panel shows ri' = 5.2m < 7o, resulting in an
overlap between the primary and secondary images, while
higher orders remain separated. In the central panel,
risn = 4.2 m is smaller than the limiting radius rg. in the
matrix (53]). The primary image now extends inside the
shadow and overlaps all images of higher order.

It is important to recall that light rays approaching the
compact object (i.e., moving inward) with the critical im-
pact parameter b., are injected in an unstable circular or-
bit, and only photons with b > b, after passing through
a turning point, can reach the observer. If the impact
parameter is smaller than the critical value, the photon
inevitably plunges into the singularity. As a consequence
of this behavior, an observer in the asymptotically flat re-
gion perceives the black hole shadow with angular radius
Oer = ber/ro. However, if a light source is located near
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Schwarzschild, rl¥ = 5.2m

L L L L L L ,
4.0 4.5 5.0 5.5 6.0 6.5 7.0

Reissner-Nordstrom, g = 0.5m, rg‘ =5.2m

L L L L L L ,
4.0 45 5.0 55 6.0 6.5 7.0

Schwarzschild, rl¥ = 4.2m

4.0 45 5.0 55 6.0 6.5 7.0

Reissner-Nordstrom, ¢ = 0.5m, rfg“ =4.2m

4.0 45 5.0 55 6.0 6.5 7.0

Schwarzschild, r'§ = 3.2m

L L L L L L ,
4.0 4.5 5.0 5.5 6.0 6.5 7.0

— primary image secondary image

— tertiary image — shadow border

FIG. 7. Photon rings around a Schwarzschild black hole for
different values of the disk inner radius: 5.2m, 4.2m, and
3.2m. For the case with ¥ = 6m, where all images are clearly
separated, see the upper panel of Fig. @ As the disk inner
radius decreases, the primary image first overlaps with the
secondary image (upper panel), then with the tertiary image
(middle panel). Only after further decrease, the secondary
and tertiary images begin to merge. This demonstrates that
there cannot exist an overlapping pattern in which the sec-
ondary and tertiary images merge without being “covered”
by the primary image. As shown in Sec. [T} this property is
universal for all spherically symmetric metrics.

the black hole, some photons can still reach the observer
even with b < b, provided they move outward from the
source without inverting their radial motion [case (ii.b)
of Subsec. . Such photons make parts of the shadow
appear bright — see the more detailed discussion in Sub-
sec.

In the bottom panel of Fig. r = 32m < 7,
leading to overlap between the secondary and tertiary
images. Actually, from the analytic approximation ob-
tained via the strong deflection limit Eq. , this value
of ri' is also smaller than all radii of merging Tn(n+1)
implying that all higher-order images (if drawn) would
overlap with their immediate neighbors.

Fig. |8 (RN with ¢ = 0.5m) shows similar qualitative
trends: distinct images in the top panel; full overlap of
primary and secondary in the middle; and a primary im-
age that dips below the shadow boundary in the bottom,
without further overlaps.

Finally, Fig. |§| (extreme RN) displays partial overlap
between the primary and secondary images in the middle
panel, and a primary image just entering the shadow in
the lower panel.

An illustrative example of how different accretion mod-

Reissner-Nordstrom, g = 0.5m, rg‘ =3.2m

L L L L L L ,
4.0 45 5.0 55 6.0 6.5 7.0

— primary image secondary image

— tertiary image — shadow border

FIG. 8. Photon rings in the Reissner—Nordstrém metric with
q = 0.5m for different values of the disk inner radius. The
values of the inner radius are the same as in Fig. []

Reissner-Nordstrom, g = m, rg“ =5.2m

4.0 45 5.0 55 6.0 6.5 7.0

in

Reissner-Nordstrom, ¢ = m, g = 4.2m

4.0 45 5.0 55 6.0 6.5 7.0

Reissner-Nordstrom, ¢ = m, 'rg‘ =3.2m

L L L L L L ,
4.0 4.5 5.0 55 6.0 6.5 7.0

— primary image secondary image

— tertiary image — shadow

FIG. 9. Photon rings in the Reissner—Nordstrém metric with
q = m for different values of the disk inner radius. The values
of the inner radius are the same as in Fig. [7] and Fig.

els affect the appearance of higher-order images for the
same spacetime metric is presented in Figure 5 of Kocher-
lakota et al. [46]. Using an adaptive scale, the authors
clearly display images up to order n = 4. They present
two different accretion models in the Schwarzschild black
hole spacetime. The first model features an equatorial



thin disk with an inner boundary at the ISCO radius
(6m) and a very large outer boundary. In this case, all
the images shown are clearly separated. In contrast, the
second model assumes a spherical emission region extend-
ing all the way to the horizon (2m), resulting in all the
shown images being overlapped.

IX. SUMMARY AND CONCLUSIONS

(i) In this paper, we investigate the overlapping of pho-
ton rings — higher-order lensed images of a black hole’s
luminous environment, concentrated near the shadow
boundary and expected to be detected in future observa-
tions. We work within a broad class of static, spherically
symmetric spacetimes. The specific conditions (reason-
ably general) imposed on the metric are detailed in Sub-
sec. [[TA] We consider an idealized model of accretion,
represented by a geometrically thin equatorial disk with
specified inner and outer radii, and an observer located
on the symmetry axis (see Subsec. and Fig. [1). To
further simplify the analysis, we consider the limit that
the outer radius of the disk is at infinity. Under this
assumption, for any fixed metric the question of over-
lapping is entirely determined by the inner radius of the
accretion disk (Subsec. [[IC).

(ii) Depending on the value of the inner radius of the
accretion disk, the thickness of each photon ring varies,
and therefore they may or may not overlap. When the
inner radius is sufficiently large, the photon rings are thin
and separated from one another. If it is smaller, the
rings become thicker, and the separations between them
disappear. For even smaller values, more and more rings

overlap.
To characterize this behavior, we introduce the radius
of merging — defined as the value of the inner radius

of the accretion disk at which the photon rings of two
given orders begin to overlap (Subsec. . An illustra-
tive example involving the primary and secondary images
is shown in Fig.

(iii) Since each radius of merging is labeled by two in-
dices corresponding to the image orders, we find it con-
venient to arrange the radii of merging in the scheme
of a matrix and to analyze the properties of overlapping
within this matrix-based framework. We refer to it as
the matrix of merging (Sec. . The matrix of merging
is assumed to be calculated numerically for each space-
time metric under consideration. Once the elements of
the matrix are known, they allow one to fully describe the
overlapping pattern qualitatively for any chosen value of
the accretion disk’s inner boundary.

(iv) A remarkable feature of the matrix of merging is
that it has several universal properties that are identi-
cal across all metrics of the considered class. Moreover,
these properties can be identified without explicitly cal-
culating the light ray trajectories. These properties are
collected in Sec. [} In particular, we show that, with
decreasing inner radius of the luminous disk, first the
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primary (n = 0) image will intersect with the secondary
(n = 1) and tertiary (n = 2) image, and only then the
secondary (n = 1) image will intersect with the tertiary
(n = 2) image; see, e.g., Fig. |7l In other words, for any
spherically symmetric metric and any choice of the disk’s
inner radius, it is not possible to observe an overlapping
pattern in which the secondary and tertiary images over-
lap without the primary image overlapping with both of
them. Realizable and forbidden overlapping patterns of
the first three images are shown in Fig. [3]

(v) We present a detailed discussion of the calcula-
tion of light deflection and radii of merging, see Sec-
tions [[V] and [V} respectively. In Sections [V and [VII}
we present the merging matrices for two cases found nu-
merically: the Schwarzschild black hole and the Reiss-
ner—Nordstrom black hole.

(vi) The main application of our study of overlapping is
the analysis of the spacetime metric or accretion model,
based on the observed merging or separations of pho-
ton rings of specific orders (Sec. . The matrix-based
framework allows this analysis to be carried out in a more
systematic and structured way.

An interesting finding we would like to highlight is
that, when the accretion disk has its inner boundary at
the ISCO radius, the weakly charged and the strongly
charged Reissner-Nordstrom black holes exhibit qualita-
tively different overlapping patterns. In particular, these
patterns are different for the Schwarzschild metric and
the extreme Reissner-Nordstrom metric, see Fig. [f] In
the Schwarzschild case, the primary and secondary im-
ages remain separated, whereas in the extreme Reissner—
Nordstrom case, they overlap.

(vii) There are a number of directions in which our
study can be extended. First, since our method is formu-
lated for a large class of spherically symmetric and static
spacetimes, it is straight-forward to calculate the matrix
of merging for metrics other than the Schwarzschild or
Reissner—Nordstréom cases considered above. A step-by-
step procedure for calculatiing this matrix is outlined in
Subsec. [VB| Second, the analysis can be generalized to
axisymmetric spacetimes, such as the Kerr black hole,
which is also straight-forward as long as we consider an
accretion disk in the equatorial plane and a polar ob-
server. Third, similar consideration can be performed in
the presence of a surrounding medium, for example a cold
plasma, which is a dispersive medium. Then the images
of each order would depend on the frequency.
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