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ABSTRACT. We prove that polynomial velocity moments of solutions to the 2D magnetized Vlasov-Poisson
system and the 3D magnetized screened Vlasov-Poisson equation remain finite for all times, provided they
are finite initially, even when the external magnetic field B = B(t, z) is space-time dependent. We deduce
propagation of regularity, thereby implying the existence of global classical solutions. Moreover, we prove

optimal stability estimates in the kinetic-Wasserstein distance on par with the unmagnetised case.

1. INTRODUCTION

In this work, we study propagation of moments for the magnetized Vlasov-Poisson equation. The

Cauchy problem of the magnetized Vlasov-Poisson equation reads
Of+v-Vof = (VoK xps+vAB)-Vof =0, ps(t,z) = [pa f(t,2,0) dv
{ fli=o = f™.
The unknown is a time-dependent, non-negative bounded integrable function f(t,-,) € L'NL>®(R% x RY)

and B = B(t,z) is a time-dependent vector field B : [0,T] x R? — R? called the magnetic field. The
potential K is of Coulomb type in 2D and of Yukawa/screened-Coulomb type in 3D. More specifically,

(1.1)

K is given by
+o-log(z) d=2,

K(z) = T el
d=3, k>0,

(1.2)

e
47|z

and
VoK psltia) = [ VoR(a = ps(tn) dy

Note that in the case where k = 0 we recover the usual Coulomb potential. In the absence of a magnetic

field, i.e., when B = 0, equation (1.1) reduces to the classical Vlasov-Poisson equation

{8tf+va VoK xpp-Vof =0, ps(t,x): fRd f(t,z,v) dv
fle=o = ™.
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Such systems arise naturally in plasma physics and galactic dynamics (see, e.g. [11, 48, 67, 70]). In
this work we mainly focus on plasmas, where f(t,z,v) denotes the distribution function of particles at
time t, position z, and velocity v. A plasma is an ionized gas formed when a neutral gas is exposed to
high temperatures or strong electromagnetic fields. The ionization process produces two species: light,
negatively charged electrons and heavy, positively charged ions. These charged particles interact through
long-range electromagnetic forces, giving rise to collective effects in the plasma. Because of the large
mass difference between electrons and ions, the two species evolve on distinct time scales.

Electrons move much faster than ions. When studying the electron dynamics, it is thus common
to assume that the ions are stationary. The Vlasov-Poisson equation (k = 0) is a fundamental model
for the dynamics of electrons in a plasma when collisions are neglected and ions are treated as a fixed
background.

From the ions’ point of view, the electrons move much faster, and electron-electron collisions become
relevant on the ion timescale. It is therefore natural to assume that the electron distribution has already
relaxed to thermal equilibrium, so that the electron density follows a Maxwell-Boltzmann law. By
linearizing this equilibrium, we obtain the screened Vlasov-Poisson equation (k > 0), which provides an
effective description of ion dynamics.

In the presence of a magnetic field B, the magnetized Vlasov-Poisson system (1.1) describes the
evolution of a collection of charged particles interacting through the Coulomb or screened-Coulomb
potential and subject to the additional influence of the external magnetic field B.

The existence and uniqueness theory of (1.3) is well understood, both for the cases where K = 0
(corresponding to Coulomb) and k > 0 (corresponding to screened Coulomb): the Vlasov-Poisson system
has been the subject of extensive study over the past decades. Many results are now available concerning
the existence of global classical and weak solutions under different assumptions on the initial data. The
first local-in-time existence result in three dimensions was obtained by Rudolf [66]. For weak solutions on
the whole space, we refer to the work of Arsenev [1] (see also [3, 5, 12]). Global well-posedness of classical
solutions on the whole space was later established in one dimension by Iordanskii [16], in two dimensions
by Ukai and Okabe [(9], and in three dimensions by Pfaffelmoser [60] (see also [4, 68]). The seminal
work of Lions and Perthame [5] further studies the propagation of velocity moments, from which global
existence of smooth classical solutions can also be deduced. For the periodic case, i.e., where the space
domain is the flat torus and K is given by means of the periodic Green kernel, global well-posedness

was proved by Batt and Rein [0], with further developments by Pallard in [59] and by Chen and Chen

in [16]. The weak global existence of the screened Vlasov-Poisson equation is discussed by Han-Kwan in
[35, Theorem 2.1]. The proof of this result is an adaptation of Arsenev [1]. For a more detailed discussion
about this system, the interested reader can look into [38, Section 1.1 and 1.2]. We also refer to [28] and

[33] for a more detailed account on the state of the art of well-posedness results concerning Vlasov type
equations.

Questions of stability and uniqueness are also vast: the epitome of all kinetic stability estimates is
the work of Dobrushin [19], which proves stability for measure valued solutions and thus is closely linked
to the problem of deriving the Vlasov equation as a mean field limit — see [17] for a detailed account on

the latter theme. However, Dobrushin’s approach is limited to interactions K which are at least C':!,
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and is thus far from being applicable to Coulombic singularities. For the full space Coulomb case, Loeper
[55] proved uniqueness of solutions of (1.3) via a stability estimate with respect to the 2-Wasserstein
distance. Later, Holding and Miot extended Loeper’s uniqueness criterion for the Vlasov—Poisson system
to solutions whose associated density belongs to suitable Orlicz spaces [58, 11] (see also [17]); while Han-
Kwan and Iacobelli adapted Loeper’s argument to obtain a stability estimate on the torus in the context
of the study of quasineutral limits [39].

The inclusion of a magnetic field introduces new difficulties for what concerns the propagation of
velocity moments and the stability estimates. The case of a uniform magnetic field, constant in both
time and space, was first studied by Rege [(62], who established propagation of velocity moments for
the magnetized Vlasov—Poisson equation in the 3D whole space case. In a subsequent work [(3], the
same author considered the case of a spatially uniform but time-dependent magnetic field, B(t). In [6],
he proved stability estimates a la Loeper for the magnetized Vlasov—Poisson equation on the torus with
non-uniform magnetic field. However, the more general question of proving global propagation of velocity
moments for the Vlasov—Poisson equation with non-uniform and non-constant magnetic field, remained
open.

Beyond moment propagation, other directions of research have focused on spectral and numerical
aspects of the magnetized Vlasov—Poisson equation. In particular, Charles, Després, Rege, and Weder
analysed the Bernstein-Landau paradox and related spectral phenomena in [15], while several efficient
numerical schemes for the magnetized Vlasov—Poisson system have been proposed in [14, 20, 23, 21, 22].

Further related developments address asymptotic and confining effects induced by strong external
magnetic fields. Caprino, Cavallaro, and Marchioro studied the dynamics of plasmas confined in an
infinite cylinder by an unbounded magnetic field in [12], while Knopf and Weber established global
well-posedness and nonlinear stability of confined steady states for the two-and-one-half dimensional
Vlasov—Poisson system in [51]. The asymptotic behaviour of the Vlasov—Poisson system under strong
magnetic fields has also been extensively investigated by Golse and Saint-Raymond, notably in the
quasineutral regime and in the derivation of guiding-center or gyrokinetic models [30, 31, 32]. Frénod
and Sonnendriicker analysed the homogenization of the Vlasov—Poisson system in such regimes in [21].
They also derived in [25] the finite Larmor radius approximation, describing the asymptotic behaviour
of charged particles under strong external magnetic fields (see also the works of Han-Kwan on that topic
[34, 36, 37]). In the same direction, effective models governing the finite Larmor radius regime and
the quasineutral limit for strongly magnetized plasmas were obtained by Bostan, Finot, and Hauray in
[3, 9, 7]. In [18], Degond and Filbet established the long-time asymptotic limit of the three-dimensional
Vlasov—Poisson equation in the strong-field regime, including the guiding-center approximation in the
case of non-uniform magnetic fields. We also mention the result of Herda [10], who studied related
asymptotic regimes for multispecies systems in the massless-electron limit and in the presence of external
magnetic fields.

In the present work, we investigate the propagation of moments, propagation of regularity and

Wasserstein stability in the magnetized setting of equation (1.1).
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Given a solution f of (1.1) or (1.3) we define the n-th velocity moments as

M, (t) = /R% [v|" f(t,z,v) dedv

and the n-th position moments as

Ny(t) = /RQd |z f(t, z,v) dzdv.

When we say that M, (t) is propagated in time we mean that there exists a function ®,(t) =
®, (HmeOO , M, (0), t) continuous in ¢ such that

M, (t) < ®,(t) for all t € [0,T].

The propagation of velocity moments is a central ingredient in proving existence of classical solutions, and
goes back to the work of Lions and Perthame [54]. Indeed, once we have uniform bounds on the velocity
moments M, for all times, we can show that the spatial density p; also remains bounded. Controlling the
density then provides bounds on the force field, VK x ps, ensuring that it remains sufficiently regular.
When both f and VK * p; are controlled in suitable norms, the characteristics of the Vlasov equation
stay regular for all time, and consequently leads to the global existence of classical solutions. Extensions
and improvements of the work of Lions and Perthame [54] have been investigated by Pallard in [59]. A self
contained exposition to propagation of velocity moments for potentials with even stronger singularities
than Coulomb (local or global) can be found in Lafleche [52, 53], which also studies the quantum analogue
of this problem and the semi-classical limit.

As already mentioned, the aim of the current work is to address propagation of moments for the 2D
and 3D full space case of the system (1.1). Note that in the problem we are considering the magnetic field is
external. Propagation of moments for the Vlasov—Maxwell equation, which corresponds to the case where
the magnetic field is self-consistent, remains an outstanding open problem in kinetic theory. Nonetheless,
several important contributions have significantly advanced our understanding of the Vlasov—Maxwell
equation. These include the classical works of Glassey and Strauss in [27], Klainerman and Staffilani in
[50], and Bouchut, Golse and Pallard in [10], as well as more recent developments [56, 57, 61].

In order to state our main result, we need to introduce hypotheses on the external magnetic field
B(t,z). Let

b(t,z) =z A B(t, x).

Given ¢ € (%, 3) let a = 2 — 1. Suppose that there is some constant By > 0 such that b(t, z) and B(t,z)
satisfy:
Ib(t, Yoo < Bot™%, and [ B(t, )l < Bot~". (B)

Clearly any smooth compactly supported function will satisfy (B). We can now state our first main

theorem:

Theorem 1.1. Assume that K is the kernel as in (1.2). Let 0 < f* € LY(R? x RY) N L2 (RY x RY) and
suppose there exist MikIl >0 fork=0,...,n such that

M (0) < Mikn for all0 <k <n.

Let f be a classical solution to (1.1) on [0,T] x R? with initial data f™. Then,
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i) if d =2, there is some ®,(t) = ¢, (HfinHLoole ,Mgl,t), continuous in t, such that it holds that
M, (t) < ®,(t) for allt € [0,T].

i1) if d = 3, assume in addition that n > 4, that hypothesis (B) holds, and that there exist constants
N}fn > 0 with
Ni(0) < NP forall0 <k <n.
Then, there exists some constant g = eo(Bo) > 0 such that if
‘ fin

then there is some ®,(t) = ®,, (HfinHLoole ,Mif,N}ff,t), continuous in t, such that

< .
O + M4(0) + N4(0) < eéo (1 4)

M, (t) < ®,(t) and Ny(t) < @, (t) for all t € [0,T].

One aspect in which our approach differs from the work of Rege [63] lies in the fact that we do not
appeal to the trajectories in the proof, but instead rely only on functional inequalities, namely on kinetic
interpolation inequalities (see Lemma 2.1). To better understand why this approach is helpful, we recall
that a crucial ingredient in the proof of Lions-Perthame is the following representation formula for the

density:

t
pf(t,x) = divx/ s | VoK *ps(t—s,x—sv)f(t,x — sv,v) dvuds + / ™z —tv,v) dv. (1.5)
0 Jrd R4

This formula is obtained by solving explicitly the system of characteristics corresponding to the potential-

free Vlasov equation, i.e., solving the system

X(t,:c,v) =V(t,z,v), X(0,z,v)=uwz,

(1.6)
V(t,x,v) =0, V(0,z,v) =wv.

The solution of (1.6) is given by V(t,z,v) = v and X (¢t,z,v) = z + tv. Combined with Duhamel’s
formula, it is then straightforward to obtain (1.5). In the case where the magnetic field is uniform, the
corresponding equation for the characteristics is still explicitly solvable, and the argument used by Rege
in [62] relies on this explicit solution. However, in the case of general magnetic fields it is no longer
the case that the underlying system of trajectories for the potential-free Vlasov equation is explicitly
solvable and therefore it is not clear whether this approach can be carried out. So instead we follow the

route taken by Lafleche in [53] which is based on propagating the Eulerian moments, denoted L, (t), and
defined by

L,(t) = /de |z — tu|" f(t,z,v) dzdv.

In order to properly propagate L,(t) globally in time, we need both the decay assumption (B), the
smallness assumption (1.4) and the fast decay at infinity of the potential K. Note that the condition
(1.4) excludes the possibility of taking the initial data to be a probability density. This also explains why
there is a substantial difference between the 2D and the 3D case. In 2D, the argument leading to global
propagation of moments does not necessitate studying the evolution of L, (t), but only of M, (t). Due to

proper cancellations, the magnetic field B does not contribute any terms to the time derivative of M, (t).
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However, in 3D, this argument would yield only short time propagation of M, (t). Long time estimates
require an evolution inequality for L, (t). But the time derivative of L, (t), unlike that of M, (t), includes
terms contributed by B. To put it briefly, for what concerns the moments, in 2D the magnetic field is
invisible, whereas it is visible in the 3D case, further complicating the analysis. Once propagation of
moments is established, we can deduce propagation of regularity, leading to global existence of smooth

solutions. This is the content of our second main theorem.

Theorem 1.2. Let the assumptions of Theorem 1.1 hold and assume that n > d(b' — 1) where %—k % =1
and

3.

b= (1.7)

d
. d

ol N

Let ¢o be the constant from Theorem 3.2, A(t) > 0 be a function such that A(¢)(1+|| V4 K|, o do)+A(t) <0
and let w(z,v) =1+ |z|* + |v|>. Suppose that V., f™ € LP(e®@)) for some p € [2,00) and let f be
a classical solution of (1.1) on [0,T] x R® with initial data f™. Then, there is some S > 0 such that it
holds that

St

P P >e
Lp(ew(@))

£ siratensy 1967 sty <5 (14 [

for allt € [0,T].

o

Lp(ew(@)

Previous Wi-stability results for the Vlasov-Poisson equation, such as those of Holding and Miot
[58, 11] and Crippa et. al [17], rely essentially on the second-order structure of the system. In contrast,
Loeper’s classical Wa-approach yields a weaker control, with solutions that are initially d-close remain-
ing close only up to times of order log|logd|. The rate of order \/w obtained in W for bounded
macroscopic densities is regarded as optimal.

This rigidity was overcome by Iacobelli [13], who introduced the kinetic Wasserstein distance, a
nonlinear modification of Loeper’s functional that captures the anisotropy between position and velocity
through the introduction of a time-dependent weight depending itself on the functional; g is a Wa-optimal
coupling between the initial solutions of (1.3) and A(t) :== /[log Da(t)| for the functional

DQ(t) = /( 2ay2 )\(t)|X1(t,3}‘,U) - Xg(t,y,w)]2 + ‘Vi(t,l‘,l}) - VQ(tvva)|2 dﬂ-O(‘rvvvyv/w)’
R

This nonlinear coupling between position and velocity allows the derivation of sharp stability estimates
solely based on first-order structure, and recovers the optimal rate \/w in the stronger Ws-distance,
thereby improving substantially the quasi-neutral limit [13]. In the quantum setting, together with
Lafleche [15], they enhanced the convergence from the Hartree to the Vlasov—Poisson equation in the
semi-classical analog of the 2-Wasserstein distance introduced by Golse, Mouhot and Paul [29]. The
kinetic Wasserstein framework was later also applied to the magnetized Vlasov—Poisson equation by
Rege [64], and with Junné [19], extended to Yudovich macroscopic densities — the largest class for which
uniqueness was obtained by the second-order approach of [17].

However, the Ws-stability estimates obtained so far in the magnetized case do not reach this optimal

order. The key observation underlying our improvement is that the external magnetic field does not
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produce work, which allows control of the velocity magnitude independently of B(¢,x) while its direction

is still influenced by the presence of that field through

X(t,z,v) =V(t,z,v), X(0,z,v) =z,

1.8
V(t,z,v) = =V, K xpp(t, X (t,z,v)) = V(t,z,v) A B(t,xz), V(0,z,v)=w. (18)

By incorporating this no-work property into the kinetic Wasserstein distance framework, we refine the
existing estimates and recover the optimal ,/|logd| rate for the magnetized Vlasov—Poisson equation.

This constitutes our third theorem.

Theorem 1.3. Let fi, fo > 0 be two weak solutions to (1.1) on [0,T) with respective densities py, =

[ fidv, i =1,2, of common mass 1, and let

+5-log(z) d=2,
K@ =9 " d=3
4|z =9

Let 1 < p < +00, and set

At) = A(t) + /0 Arydr, &) = max {1, [lop ]l + o 1> max (o, ler )] ()},

which is assumed to be in L*([0,T)). Assume that B(t,-) is uniformly Lipschitz on [0,T) and that initially
one of the two solutions satisfies Mj,(0) < (Cok)* for all k > 0 and some constant Cy > 0. Then there is

a universal constant ¢y > 0 and a constant Cp, g > 0 that depends only on p,Cy and ||V4B|| ., such that
if WH (R fin) s sufficiently small so that W) (fi, fi*) < ¢o and

t

Vo (w8 (s 112y /o W (. 7)) ch,B/O A7) dr +1,

then

L ———p t :
WP (fi(t), f2(t)) < expq — 10g{W5( 1, ) \/\bgWg( )| }| —Cp,B/0 A(r)dr

The paper is organized as follows. In §2 we prove global propagation of velocity moments, first in 2D
and then in 3D. The 3D case requires a more careful analysis due to the fact that it necessitates studying
the propagation of the Eulerian moments as well in order to overcome a potential Riccati type blow up.
In §3 we prove that propagation of regularity is implied from propagation of moments. Finally, in §4 we

improve results about the stability of solutions using the kinetic Wasserstein distance.

2. PROPAGATION OF MOMENTS

2.1. Preliminaries. We start by presenting several general estimates which will be central to the forth-
coming estimates. We follow closely [52]. For any function f : [0,7] x R? x RY — R, let us introduce
the velocity moments, Eulerian moments and space moments denoted respectively M, ¢, L, ¢, Ny, y and

defined by

M, ¢(t) = /de [v|" f(t,x,v) dedv,



8 MOMENT PROPAGATION FOR MAGNETIZED VLASOV-POISSON
Ly ¢(t) :—/ [tv — z|" f(t,z,v) dxdv,
R2d

Ny #(1) ::/ |z|"™ f(t,z,v) dzdv.
R2d
We also introduce the partial velocity moments denoted py, (¢, z) and defined by
Pn.f(t,z) = /d [v|" f(t,z,v) dv.
R

Note that py = po r, where p; is the density. Whenever there is no ambiguity the subscript f will be

omitted.

Lemma 2.1. (Kinetic interpolation inequality). Suppose that d > 1, that 0 < k < n and put p,j =

%, On i = ——. Then, for any f € L°(R? x R?) with M, ; < oo it holds that

pn,k
'/ [of* (-5 v) dv
R4

where C = Cyp = dji‘f_‘]gl. In particular,

1=0n 1
n ’ 9,"
< ([ 1l s dsan) s
R2d x,v

o

1—6n
n 0n
losllzn <€ ([ ol o) dodo) i,

where pp == pno = *;° and O, = i.

We also recall the weak Young inequality (see for instance [65]).

Theorem 2.2. Let (p,q,7) € (1,00)% with 1 —i—}% = %—1— % Then there exists C' = C(p,q,r) < 1 such that

1f*gll, < CllFllg 00 llgll -

Recall that conservation of LP norms is ensured, i.e., we have the following proposition, the proof of

which is standard.

Proposition 2.3. Let f" € LP(R? x R?) for some 1 < p < oo and let f be a classical solution to (1.1)
with initial data f™. Then it holds that

17, =

The following estimate will be employed in the 2D case to get global propagation of moments and in

fin

for all t € [0,T].
P

the 3D case to get local propagation of moments.

Theorem 2.4. Let d = 2,3 and let K be given by (1.2). Let f be a classical solution of (1.1) with initial
data 0 < f* € LY(R? x RY) N L2 (R4 x RY). Then, it holds that

d

&Mn(t) < Ca,dn ||VIKHb,oo ||p7l—1(t7 ‘)Ha pr(tv )H[j fO’f’ all t € [O7T]7

where Coq < 1,

I
w [\]

[NJ[ON) “l\'J
Q. X
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and a,B are such that

Proof. We compute

d

— M, (t) = —/ [o]" (v Vaf(t,z,v) = (VoK % ps(t,x) + v A B(t,z)) - Vo f(t,z,v)) dedv
dt R2d

= —/ [v|" vV f(t,z,v) dedo +/ [|" VoK % pp(t,z) - Vo f(t,z,0) dadv
R2d R2d
+/ [v]" v A B(t,z) - Vyf(t,x,v) dedv. (2.1)
R2d

Integration by parts of the first integral in the right-hand side of (2.1) reveals that it is equal to 0.

Furthermore integration by parts of the third integral shows that it is 0 because

—/ divy(Jv]" v A B(t,x)) f(t, z,v) dedv = — n/ " v v A B(t,x) f(t, 2, v) dedo
R2d R2d

—/ (o] dive (v A B(t, 2)) (£, 2, v) dadv = 0,
RQd

where in the last equality we made use of the observation that v is orthogonal to v A B and that
div,(v A B) = 0. Finally, integrating by parts the second term in the right-hand side of (2.1) we see it is

equal to
—n/ W[" v VoK % py(t,z) f(t, z,v) dedv.
R2d

To conclude, we obtain the identity

d

—M,(t) = —n/ lv|" - VoK xpg(t,x) f(t,z,v) dedv.
dt R2d

Therefore, we deduce by using Holder inequality that

d

(1) <n / pn1(t,2) [V 5 py| (1 2) da
dt Rd

< flpn1(t, o IV K x pp(t, )l o < Coan [V Ky o lon-1(E o s ()l g 5

where in the last inequality we applied Theorem 2.2 with the choice (a, 8) € (1,00)2:

1+1—1 1_’_1_1_'_1
a o o b B’
or equivalently
Ly 1+1_1
a o L ,3/_6
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2.2. The case d = 2. In the 2D case, M, (t) is governed by a sub-linear differential inequality, which
enables to get global propagation of moments — this is however not the case for 3D, which requires
additional considerations, which will be presented in the next section. The following theorem proves

point i. in Theorem 1.1.

Theorem 2.5. Let the assumptions of Theorem 1.1 hold. Then, there is some function ®,(F, M,t),

continuous in t, such that it holds that

My (t) < @, () fin

- ,Mi,?,t) for allt € [0,T].

Proof. The proof is by induction on n, i.e., the induction hypothesis is that there exists a function

®,,_1(F, M,t), continuous in ¢t and increasing in M, such that

M1 (t) < @,y (’ il ;"_1,15) for all ¢ € [0,T].
(o]
By Theorem 2.4 it holds that
d
i Mn(t) = nl[VaKl o0 lon-1(tlla, los ()i, (2.2)
with the choice
LR S U S|
an o, o, B, 2

By Lemma 2.1, if we take af, = p},,,_; =n+2 and 6,,,,_1 = 2~ we get

an,n—l

2
n 2o : (2.3)

n+2 1_6nn7 Onn_
< DM @) AN = M

n =1 "

Hpn—l(t; ‘)Ha "Jlfl(t) ‘ fin

where the last equality is because L® norms are conserved by Proposition 2.3. We now calculate all the

o0

exponents involved.

5 "o
ot == =1 = 5 = 2
Py =35 = poo1 = 25 p, =22 = pn = 252
Step 1. The base case n=1. For n = 1 we compute that 5, = g < % =p; and 07 = pl—, = é Observe
1
also that for the choice A = % we have the relation
1 A 1-2A
€ 3" 1
5 2 L
Therefore, it follows by Lebesgue’s interpolation and by Lemma 2.1 that
1
% % 32 % in é in %
ot Mg, = lor (s < llos(t N5 lort)lE < {5 ) My (@) ‘ P (2.4)

In addition one directly calculates that oy = % and 0; = % Inserting this inside (2.3) yields the inequality

m (2.5)

1
3
]

s o, = llort s <
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Substituting (2.4) and (2.5) inside (2.2) we obtain

Lyt < (2) 19l |7 |7 210

The result now follows by Gronwall’s lemma.
Step 2. General n. Note that 1 < f3,, < p,_; for all n > 2 (and therefore p/,_; < /). Thus, observing
the identity

Pr1 ]7__p%71

1 / ;
- = Bn _|_ Bn
Bn Pn—-1 1
we can apply Lebesgue interpolation and Lemma 2.1 in order to find
Pn-1 ! 3 p’[a;l (1—0,171)?/ Ph=1n=1 1- Pt
s, <loste Moits losel * < (5) ™ 5" F @0 & IFE
P !
3\ (-0, T SN B o
() M ol e 26)
2 o] 1

Therefore, using inequalities (2.3) and (2.6) in (2.2), we find that

(1—6, )pili,—1 B Pn_1
! Bn (t)Mi 071,7171(]5)) Bn , (2‘7)

1
d in 9n,n—1+ﬁ in 1-
n—1 f f 1

— M, M
M) < C

o0

Ph_q
where the constant C,, is given by C,, = (3) Bn n(nn++12)

5 |V2K||y o > 0. By induction hypothesis there

exists a function ®,,_;(F, M,t) continuous in t and increasing in M such that

M1 (t) < By (’ s (. ,Mjf_l,t) for all t € [0, 7).
Therefore, since 1 — 6, ,—1 < 1, Gronwall’s lemma and inequality (2.7) yield the induction step. O

2.3. The case d = 3. This section is devoted to the proof of point ii) in Theorem 1.1. We start by

considering propagation of moments on some short time interval.

2.3.1. Short time propagation of moments of order n = 3,4.

Theorem 2.6. Suppose that n = 3,4. Let d = 3 and let K(x) = :l:earl be the screened Coulomb

potential. Let f be a classical solution of (1.1) with 0 < fi* € L}(R? x R3) N L>°(R3 x R3). Suppose that
M, (0) <MD for n = 3,4. Set T, = min
holds that

\l\JO‘l

—, 2. Then for all t € [0,T,] it
16] 70| % M5 (0) - 8] £011Z M7 (0) M (0)

Ms(t) < 22 M3(0), My(t) < 27My(0).

Proof. By Theorem 2.4 it holds that

d
%Mn(t) < VeK|s oo llon-1(t o, losE)lg, (2.8)
with the choice
1 1 1 1 2
—t =L 5+7=3
oy ol of B3



12 MOMENT PROPAGATION FOR MAGNETIZED VLASOV-POISSON

By Lemma 2.1, if we take a;, = p;,,, ; =n+3 and 6,1 = 0%, we get

n+ 3 1*9n7n7 Onn n+ 3 nn nn 1
= . O] (O] [ T Ol Vil (2.9)
We now calculate all the exponents involved.
aLb=n+3= a, = Z—ig
Phg =22 = p, =12 p =y = ndS

In the case n = 3,4 we have that p,—1 < 3, < p, so that p, < ], < pl,_;. Therefore, there exists
€ (0,1] such that

1 1—
O (2.11)

BL o Phy

which, as one readily checks, is equivalent to
I en  l1—gy

Bn Pn Pn—1
Thus, by Lebesgue interpolation and Lemma 2.1 we get the following inequality

o5t ), < log(t )z gt 57 < M A0 gy agzni=on) y  n ©5%(g 19)
where we recall that 6,, = i. By (2.9) and (2.12) it follows that
1ot (t M, ot ),
< S MU O gz e | 5 g o
B 4&13 T N TR CAORT (2.13)

where we have set
Oon =1 —ep)(1=0p-1), Op=1—0ppn1+¢e,(1—0,).
We continue by calculating ¢, from (2.11). Using (2.10) we see that

(11 \(r_ 1 1_(2n+3_n—1>< n _n—1>—1
"\ BL P ph Py \3n+9 n+2/\n+3 n+2 '

If n = 3 then we get

while if n = 4 then

In the case n = 3 we compute that 03 and 35 = % SO
5 1 4
O3==-+4+-==, Og3=0
3 6+2 30 J03
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while in the case n = 4 we compute that 64 = % and 043 = % SO

1 4
94=6+<1—>=1, 04 = 3

7 3 7
In both cases, plugging (2.13) inside (2.8) implies
d 3 1 n)en— + n9n+9n,n—
M) < 09Ky g [ T 2 v
For n = 3, plugging in the values of the parameters ylelds the inequality
d M g
_ in t .
Cas(r) < 2 || 77 v o)
Solving the above inequality yields
-3 ~5 8 ¢inl|3
M5 0) - a5y < 2|0
[e.9]
which entails
3
1
My(t) < ! s 1 2
M *(0) = 5 1/ 5 t
-5 _1
Thus given P > 0 we have T35 > My "OP) Choosing P = 1M, *(0) we conclude that
SHme3
5
Ty > T
161713, M5 (0)
and
€ [0, T3] = Ms(t) < 23M3(0). (2.14)

For n = 4, plugging the values of the parameters and utilizing (2.14) yields
d fm 28

SMi(1) < Mg oM (1) < |

which can be written as
d Mf%
T 7|

Solving the above inequality ylelds

23
21

M (0) M (2),

oo

1 d_ -1 4
fm% Mg (0) = ——M, (1) < 5

dt

1

My(t) < - : 7
(v 7 0) — 4 1sm)2 g 0t

Thus, if we take T\, = min{73,7;} = min { SHE o ; } we can ensure that for
16| fin|| & M2 (0) 8| £10|33 M7 (0) M (0)
all ¢ € [0,T,] it holds that
Ms(t) < 28M3(0), My(t) < 27My(0).
O

Remark 2.7. The short time estimate can be obtained in the same manner illustrated above when K is

the Coulomb potential. The use of the screened Coulomb potential is for the long time estimate.
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We can easily deduce short time propagation of position moments from propagation of velocity

moments.

Corollary 2.8. Let the assumptions of Theorem 2.6 hold and let Ty be as in the conclusion of Theorem
2.6. Then, it holds that

-

Np(t) < (N7 (0) + Mut)™ for all t € [0,T%],
where M3 = 2%M3(0) and My = 27 My(0).

Proof. Integrating by parts and using div,(v A B) = 0 we see that

d

—Np(t) = —/ lz|" (v Vo f(t,z,v) — (vAB(t,z) + Vo K % pg(t,x)) - Vo f(t,z,0)) dadv
dt RS

= —/ |z|" v - V. f(t,z,v) dedv
R6

= n/ 2" 2 - vf(t,z,v) dedv.
R6

Therefore it follows that

d

—N,(t) < n/ 2" ol f(t, 2, v) dedv
dt RS

n—1

<n </R6 |z|™ f(t,x,v) dmdv)T (/RG [o|™ f(t,z,v) dmdv)

By Theorem 2.6 it holds that

3=

n—1

<nNo™ ()M (2).

=

My (t) < M, for all t € [0,T%].

Consequently we get

which implies

Thus, we obtain

or equivalently
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2.3.2. Long time propagation of moments of order 4. In variance with the 2D case, to establish propa-
gation of moments globally, more care is needed. The key additional component is to first propagate the

Eulerian moments which we recall are defined by
L,(t) :/ |l — tv|"™ f(t,z,v) dedv.
R6

This approach is inspired by [53], which in turn draws from the methods of [1] and [13]. To achieve this

necessitates imposing additional decay assumptions (B) on the magnetic field B which are redundant

in the 2D case. These assumptions are responsible for creating the desired dispersion inequality. In

addition it is important to note the potential corresponds to taking the screened Coulomb potential
—k|z|

K(z) = +£%—.

||

— ||

Theorem 2.9. Letd =3, n=4,T > 0 and let K(z) = +¢ 7]
hold. Then, there is some continuous in time function ®(t) such that for all t € [0,T] it holds that

. Let the assumption of Theorem 1.1

La(t) < (1),

Let us first explain how global propagation of My(t) follows from the global propagation of Ly(t) as

stated in Theorem 2.9 together with the short time estimate stated in Theorem 2.6.

Corollary 2.10. Let the assumptions of Theorem 2.9 is a continuous in time function ®(t) =
(¢, || ™., NP, M) such that

Nu(t) < B(t), My(t) < ®(t) for all t € [0,T].

Proof. In the following calculation we always take n = 4. We claim that N,(¢) is globally propagated,
from which global propagation of M, (t) would follow directly. We compute the time derivative of N, (t).
Integrating by parts we see that

d

— Ny (t) = / lz|" (v Vo f(t,z,v) — (vAB(t,x) + Vo K % pg(t,x)) - Vo f(t,z,0)) dadv
dt RS

= —/ |z|" v - V. f(t,z,v) dedv
R6

= n/ 2"z vf(t, 2, v) dedo
R6

= 2" 2z - (to — x) f(t, 2, v) dedv + n/ |z f(t, z,v) dxdv. (2.15)
t R6 t R6

By Corollary 2.8 there is some T, > 0 such that

1

Np(t) < (N (0) + Mut)™ for all t € [0,T]. (2.16)

For all t > T, the first term in the right-hand side of (2.15) is bounded by

1

i <(n —1) /RG |z|™ f(t, 2, v) dedv + /RG |z — to]™ f(t,z,v) da:dv) < % (Np(t) + Lp(t)). (2.17)
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In addition, by Theorem 2.9 there is some ®(t) = ®(t, || || , ML) such that
L, (t) < ®(t).

Hence, it follows from (2.15) and (2.17) that for all ¢ > T} it holds that
d 2n 2n
Na0) < 22 (N(0)+ La(1)) < T (N0) + 20,

and hence

2 t
N () + B(r) dr.
T, Jr

By Gronwall’s lemma it follows that for all ¢ € [T, T it holds that

Ni(t) < No(Ty) +

N, (t) < WU(t) for some continuous in time V().

Together with (2.16), this proves that N, (¢) propagates on [0, 7T]. The estimate for M, (¢) now follows by
observing that for all ¢ > T

n—1 2n—1
Mn(t) < =5 (La(t) + Na(t)) = 0 (Ln(t) + Nn(t)) -
That M, (t) is propagated for t € [0,T%) follows again from Theorem 2.6. O

Proof of Theorem 2.9. In the following calculation we always take n = 4. The places in which we use
the specific numerical value of n are indicated.
Step 1. (Calculation of 4L, (t)). We compute %L, (t). We have

d
@Ln(t) = dt/Ra |z — tv]™ f(t,z,v) dedv

= / |z — to]" O f (t, z,v) dxdv
R6
—n | |z —to]" % (x —tv) - vf(t,z,v) dedv
R6
—/ |z — tv|" v -V f(t,z,v) dedv
R6
+ / |z — tv]" (VoK * ps(t,xz) + v A B(t,z))V, f(t,z,v) dedv
R6
— n/ |z — to]" 2 (z — tv) - vf (t, z,v) dedv. (2.18)
R6
Integration by parts shows that

|z —tv|" v A B(t, )V, f(t,z,v) dedv = —/ div, (Jz — tv|" v A B(t,z)) f(t, z,v) dedv

R6 RS

= \x — tv|" divy(v A B(t,z)) f(t,z,v) dxdv
—i—nt/ |z — tv]" 2 (& — tv)v A B(t, z) f(t, z,v) dedv

:nt/ |z — to]" 2 (z — tv)v A B(t,z) f(t, z,v) dedv, (2.19)
RS
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where we used that div,(v A B) = 0 in the last equation. Note that this is the point where the magnetic

field contributes a non-trivial term. Furthermore, we have

/ |z — tv|" Vo K % pp(t, x)V, f(t, z,v) dedv
R6

=nt [ |z —t|" PV.K xps(t,z) - (x — to) f(t,2,v) ddo.
R6

Also, note that
—/ |z —to|" v - Vo f(t,z,v) dedv=n [ |z —to|""? (x — tv) - vf(t, x,0) dad. (2.20)
RS R6
Substituting (2.19)-(2.20) inside (2.18) we infer that

d

%Ln(t} :nt/ |z — to[" 2 VLK % pp(t, @) - (x — tv) f(t,x,v) dedv
R6

+nt [ |z —to|" % (z —to)v AB(t,z)f(t,x,v) dedv = Ly + Lo.
R6

We proceed by estimating L1, Lo separately.
Step 2. (Estimate on £y ). Note that

tv A B(t,z) = (tv —z) AN B(t,xz) + x A B(t,x) = (tv — z) A B(t,z) + b(t, x).
So we can write

Lo=—n [ |z—t]"?(x—tv)-(z—tv) AB(t,z)f(t,z,v) dedv

RS
+n /]RG |z — t]" % b(t,z) - (x — tv) f(t, z,v) dedv. (2.21)
The first term in (2.21) is bounded by
n||B(t, )| /]RG |z — to]" f(t,z,v) dedv = n||B(t,-)| . Ln(t). (2.22)
By means of Hélder’s inequality the second term in (2.21) is bounded by
n-1 1
n bt )|« (/]R6 |z — tv]™ f(t,z,v) dxdv) ! ( » f(t, z,v) dxdv)n
= nlb(t. )l 7], 27 (0 (2.23)
Thus, putting (2.22) and (2.23) inside (2.21) it follows that
L5 < B Lnt) + (e, g 7] 207 (0. (2.24)

Step 3. (Estimate on £1). We have

/ 2 — o] f(t, @, 0) dv
R3

J.

L1 <nt

VK %yt
Lz

=nt" f(t7l‘,’l)) dv ||VCCK*pf(tv ')Hp/
L

- =

T n—1
;=
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=nt"

n— T
R (RN TR 2SR (2.25)

Note that K verifies V,K € L¢(R3) for all ¢ € [1, 3). Choosing ¢ such that
1 1 1 1 1 1
1+ — = — + —or equivalently — + — = — (2.26)
p c (q D q c
we have that
IV K % ps(t, ),y < IV K], st )], - (2.27)

Since n = 4 it follows that ”H 5 < 3 and we may pick some c € (% 3). Note that pyn—1 = (n+3)' =

n+3 n+3\ _ n+3
) andpn—( - ) = 3= andso

1 1 1 n _n+1

5
+= = + = ==
Pon Pn nm+3 n+3 n+3 7

Consequently we can choose p < p, n—1 and 1 < ¢ < pj, such that (2.26) holds. We have by interpolation

/ /
n

1=
T R OB (2.28)

Therefore, inserting (2.27) and (2.28) inside (2.25) we get (recall that a =2 —1>1)

Lg‘

o
pn Pn
. ‘

o), < llpys(E, My 7 Noste

SN

_Pn
Ly < nt" st )II

fin 1
1

Iyt dw
t

1 . 1= T n +7
< CITKI I ([ st s Dlop deao)
- pp
=C ||V, K| t”‘fm fm ! (/ f(t,x,v)‘v——) dmdv)
R6 t
1-Pn 142 1+
OV K|, fm Il (/ £t 2,0) ]tv—x|"dwdv> —CL"ta(t) (2.29)
6

where € =C (e, [/ [l72],) = CIVK |12 [l72]
Step 4. (Conclusion) Gathering inequalities (2.24) and (2.29) ylelds

142
d CL, "(t
D L1 < n B Lalt) ot 7], 207 0y + E2
Putting ¢,,(t) .= 1 + L,(t) the latter inequality entails
142
d ol =t Cly, ™(t
D00t < IB ) bal®) + (el | 7] 20 0+ 2D
By hypothesis (B) we have
By
1Bt < 5
and therefore the first term is bounded by
B B a
0y (1) < 228 (),

ta
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By hypothesis (B) we also have
By
bt ) < 22
and therefore the second term is bounded by
. . 1+2
B mll - on-1 B m Ly (t
on [y 2 Bl 670
te 1
Thus we deduce the inequality
142
d in ‘gﬂ n(t)
@M= (”B°<1+‘f 1>+C) o
Dividing by E}f% (t) implies the inequality
d —a C’
Raly/D
()<

where C' =

Thus we conclude that

So in order to get a bound for ¢, (t) we wish to ensure that

Note that we have

&
n
n

IN

7 (nBo(L+ [ f™]l,) +

2= (r

. c'r, Y
by, (Ty) — — 1 > 0 or equivalently
a/ —

cat "
C). Integrating from T to t gives

T*—(a—l) tf(afl) )

_% o n < /
(T — (8 < C ( L

R > ST — ¢
G (t) > 0" (T2 C(a—l —

T;(afl) t—(a—l))
T+ >

142" 1T”/ [v|" (T, x,v) dedv + 2™ 1/ |z|" f(Ty,z,v) diL'dU)

( +TOM; (T,) + Ny (T, )).

In view of (2.31), to fulfil (2.30) it suffices to demand:

(a)

a(n—1)
2= 3C a
Tt > ﬁTfMﬁl (T%)
a(n 1)
3C’
7ot > — Ny (1)
a(n 1)
TCL+1 3C,
T -1

3e

19

(2.30)

(2.31)
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By Theorem 2.6 inequality (a) will be implied from
7a(n—1)

2 a
T, > — M2 (0). 2.32
> =M 0) (2:32)

By Corollary 2.8 inequality (b) will be implied by

a(n—1) ’ L

Tz (_13(:> (N3 (0) + 27 My(0) T, (2.33)
As for inequality (c), it will be implied by
1
a(n—1) at1
27w 3C

T, > —— . 2.34
- ( a—1 ) (2.34)
Using the explicit formula for T we see that (2.32), (2.33) and (2.34) are exactly the smallness assumption
(1.4). O

2.3.3. Long time estimate for moments of arbitrary order. We can now conclude the proof of Theorem
1.1ii., by verifying global propagation moments of order > 5. We first prove the result for n = 5 and then
induct on n. We have that

d d
%Mn(t) dt/ [o|" f(t,z,v) dedv = —n/ l|" 2w - VoK % pp(t,x) f(t,z,v) dedv
6

< n/ W[" VLK * py| (t,2) f(t, 2, v) dado.
R6

For n = 5 we obtain

d
GO <5 [ o 19K (6 0)] ,0) dodo < 5lpa(t ) IV %y (6 )y (239
Now if we choose o’ = p§ , = 5(1 + 5) =8,054 = p, L= % then by Lemma 2.1 we get
8 in é 8 % in %
ot e = ostt s < 3 ([ 1ol 5(t.0) dnde )f N 00 Pl

For this choice we also have
1925 % st Mo = VoK % py(t, )l < V2K 13 o0 lor(t, a1

By Lemma 2.1 there holds the inequality

4 3
los(t )l < 30 @) | £

10

Therefore, thanks to Corollary 2.10 we deduce that

oyt )21 < ©(2)
for some ®(t) = ®(t) = ®(¢, HfinHOO ,Nin MM, Putting the last inequality inside (2.35) we obtain
d 7

a]\45( ) < @(t)MZS(t) for all t € [0,T].

Solving the above inequality shows that

Ms(t) < & (t, ’

in in
5 ’NE))?



MOMENT PROPAGATION FOR MAGNETIZED VLASOV-POISSON 21

for some continuous in time function ®. We proceed by induction on n. We have

d
@Mn(t) < nlpn-1(ts)llg, IVaE * pg(t, ')Ha/n : (2.36)
Now we choose o), = pl,,, 1 =n+3,0nn-1 = ;45 so that
n+3 = 1 p 43 nt2 1
Lt "t dd) in |78 M"*St’in"”’. 2.
Jones(t: Y, < g (10" Sty dodo) ™ 277 = 0 o 777 c2am)
In addition, we have
IVl % pp(ts)lley, = IVak xps(t i < NVaKlls oo llor(t: s
We search for k which will make Lemma 2.1 applicable, i.e., k such that
3 9 3 6 9
QZ i 5 = 1+ z or equivalently k = :—:_6 .
It follows that
4 k 10 in On 4 1—06; in On
los(t s < 5 ([ Wl flta,0) dedo) |77 = 20gl ") | £ (2.38)
n+6 R6 o0 oo
Substituting (2.37) and (2.38) inside (2.36) we obtain
d dn(n+3)  1_9 nt2 s +n
TM(t) < S M (M () | .
Since £ < n — 1 whenever n > 5 and since Z—:[g < 1, the claim now follows by induction hypothesis

and the last inequality. To show that N, (¢) propagates globally we apply exactly the same argument
demonstrated in Corollary (2.8).

3. PROPAGATION OF REGULARITY

In this section we apply the propagation of moments in order to conclude propagation of regularity.
The following corollary gives higher integrability of the density py(t,-), which will be subsequently used

to prove boundedness of p¢(t,-). Recall that b is given by (1.7) and that b’ = ;2;.

Corollary 3.1. Let the assumptions of Theorem 1.1 hold and assume that n > d(b' —1) where %—i— é =1.
Then py € L([0,T]; LY (R%)).

Proof. By Lemma 2.1 we have

On
los(t ), < CMI" (1) |

fin
e}
Since n > d(b' — 1) we see that p,, > V. Choosing A, € [0, 1] such that
1 A, 1—),

Vo1
we conclude by interpolation and (3.1) that

1-An

fin fin

0\ M
loste, My < (M=o [l72)7) || 72

The latter inequality together with Theorem 1.1 imply the announced result. O
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Theorem 3.2. Let the assumptions of Corollary 3.1 hold. Then, it holds that py € L>([0,T]; L=(R%))
with the estimate

o5 (1)l < enexp (n VKl sl ) | (14 M) 2@y 0) | for atit e 0,7,
Consequently, there is a constant ¢g > 0 such that for all p € [1,00] it holds that
ol ey < 0.

Proof. The main component of the proof is based on showing the propagation of the velocity weighted
L norm ||(1 + |v|") f(t,z,v)|| ~ . We first propagate the velocity weighted LP norms for finite p. Given
1 < p < 0o we compute that

d
G LN P 0l dedo=p [ @ o 00, 0) dado
dt Jpad R2d

=—p (1 + |o™MP et 2, v)v - Vo f(t, 2,v) dedy

/

— p/ (1 + |o/™MP= 2=t 2, v)v A B(t, x) - Vo f(t,2,v) dedv
R
/

(L4 [o|"P Pt 2, 0) VL K * py(t, @) - Vo f (¢, 2,0) dadv.

First, we recognize that
[l o) Vaf () dady
R2d

=— Vo fP(t, z,v) - v(1 + |v]") dedv =0, (3.2)
R2d

where the last equation is due to integration by parts. Furthermore, we have

—/ (1 + [o["P IV, fP(t, 2,0) Vo K % pp(t, z) dzdv
R2d

—(p-1) / (L+ 10" 72V, o] - VoK % pg(t, ) f2 (¢, ,v) dadv

R2d

= n(p—1) / (14 [P [o]" 2 v - VoK # py(t,2) f7(t, 2, v) dadv
R2d

<n(p— 1)/ (L4 ") o] VoK x py| (¢, 2) f7(t, 2, 0) dadv.

R2d
Using the estimate

1 —1
Pt < = ot <1+ o
n n

we obtain

/ (1+ [o|"P IV, fP(t, 2,0) Vo K % pp(t, z) dzdv
R2d

<n(p—1)[|VoK * ps(t, )Hoo/ (1+ |v\n)p71fp(t,:c,v) dxdv

R2d

<np = D [VaKly oo 1951l oo 1y / (14 o[ )P fP(t, 2, 0) dodo. (3.3)

R2d
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Note that by Corollary 3.1 we have py € L>([0,T]; LY (R%)). Observing that div,(v A B) = 0 and
integrating by parts we get

- Vo fP(v A B)(1 + |v|")P~t dadv
R2d

= / Vo(1+ |v|")P~ v A B(t,z) fP(t, z,v) dzdv
R2d
+ / divy, (v A B(t, 2))(1 + [v|")P~LfP(t, 2, v) dedv
R2d
=n(p— 1)/ (14 [o|™P2 |o|" 2 v - v A B(t,2) fP(t, x,v) dedv = 0, (3.4)
R2d

where in the last equation we used that v-v A B = 0. Combining (3.2),(3.3) and (3.4) we infer

d

G LN P 0 dade < nlp = 1) 192Kl o7l [ 10+ IS0 dado,
R2d t 7T JR2d

which by Gronwall’s lemma implies

[0+ dnde
R2d

: P
< exp (0 = ) IVaR Ty Il ggepy 1) [ [0+ 7)) dad
Taking the p — 1 root and letting p — oo yields
10+ fol") £ 2,0 e, < 50 (0 VoK o s ey ) || L+ o @) (39)

Thanks to (3.5) we get that

1

- 4
PR

prta) = [ T ) ao) do < 0+ ), [

< e exp (1 VKl oo lIos e £) | (14 1077, 0)|

Ly,
Note that n > d and therefore ¢,, = fRd W dv < 0. O

We proceed by propagation Sobolev regularity. We will employ the following end point case of the

Calderon-Zygmund inequality as well as a slightly more general form of Lemma 2.1.

Proposition 3.3. ([2, Proposition 7.7]) Let s > 0 and let a € [1,00) and b € [1,00]. Then, there is some
C > 0 such that

V2V g, < € (min (IVV * plly, ulla) + el (1 + Nog|all o) og (maxc (e, [l o) + llatllco.s) -

Lemma 3.4. Suppose that d > 1, that 0 < k < n and and put p,,q = %,&md = p,’"’ . Then,

n,r,d
for any f € L"(R? x R?) with M, ; < oo it holds that

H/Rd ol £ v) dv P ¢ (/R% v|™ f(z,v) dacdv>1

where C' = Cy, 1 q.

79”17‘1

d
0
LFIm s
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Proof. (of Theorem 1.2). Put

S(t) = Vo f(t, )H A@w(e,)) + Vo f(t, )HLp( NOTICXIN

We study the time derivative of %S (t) as follows.
Step 1. (Time derivative of |V, f(t, )H (A U>)). To make the equations lighter, we omit dependency

on (t,z,v) whenever there is no amblgulty We compute that

d/ A |7 FP (¢, 2, v) dedy
dt Jn

:p/ eAHw () IV f‘p 2y AV dxdv+/ eA(t)w(xav)}\(t)w(q;,v) |V$f‘p dxdv
R2d R2d

= p/ AU |7 fIP2Y fV, (v Viaf + (0A B+ VoK % pg) - Vo f) dedv
RQd
+ / AOCE) X (w(z,v) Ve fP dedy
R2d
/ MA@ |7 P2, f V2 fu dady
R
—p [ A0 VPV A BV dado
R
—p / AOw@w) 17 P2 £ (DY, fu A B) dzdv

R2d

—p ()w(z,v) ‘V$f|p_2 Vaf - ViK * pfVof dxdv

S

]R2d
—p / AOwE@) |7 fP2Y f (D, fVLK % ps) dedy
]RZd

6

b [ O e, o) (Vo dodo = 3T,
R2d k=1

First, note that integration by parts reveals that
el AN ) dado=XO) [ IVafP 00 dodo
<A@ /R (VP e, ) A0 drdo, (3.6)
and
T3 = — /de A T, fP (v A B) dadv
= /R2d A |7 P div, (v A B) dadv + /de AOUE) NV yw(z, v)v A B |V f|P dedo =0,
because divy,(v A B) =0 and V,w(z,v) - v A B = 0. Furthermore, we estimate

Ty = —p/ A Dw(@) |vmf‘p_2 Va[Dy(v A B)V,y f dxdv
R2d

<DIDBl [ O IV ol V) dado
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-1 p_ 1
<p||D.B|.. (p / AOw@) 1155 [V 1P dzdv + - / A Owlzv) |, P dmdv).
R2d D JRr2d

p
Note that by Young’s inequality we have
p_ -2
‘1}’?31 < P p W)? <1+ |vf* < w(z,v).

< +
2p-1)  20p-1)
Substituting this inequality in the previous estimate yields

Ty < |DuBll (0~ 1) / AOUED (2, 0) [V f P dado

R2d
+||DxB||oo/ A OwE) |7 £1P dady. (3.7)
R2d
Next we estimate T5.

Ts = — / A G (\V FP VLK * pp dedo
R2d
— / AOCEINV jw(z, v) Vo K * pp |V f [P dedv
R2d
< vaK”b,oo [EXIC ] P /RQd )‘(t)e’\(t)w(mv”)w(:x,v) Vo fIP dedv

< VoK o / A)POUED) (3 ) |V, fP dad. (3.8)
’ R2d

Combining (3.6),(3.7) and (3.8) together we conclude that

Ty Ty T+ Ty SN+ [DaBll (0= )+ [Vl o0 60) [ X0 (o, 0) [V, dado
R2
+ A(t) / AOUE) (4 0) |V f P dadv + || DBl / AOwE) |7 fIP dady
R2d R2d

<ID.Bl, [ O VP dod, (3.9)
R2d

where the last inequality is due to the assumption that

A) + A (1 + (| DBl (p = 1) + IV Kl o b0) <0

To estimate Ty, observe that

—1
Ty <||V2K % ps(t, )| (L / AU |7 1P dado + / AOwv) |7 £ d:ndv).
P R2d R2d

By Proposition 3.3 we have

V2K 5 ps(t, )] o < O (L+1og(L + llpp (8, )lya)

where C" = C’(q, ¢o). Therefore we get

-1
Ty < C' (1+1og(1+ [lps(t )llyr.0)) (pp /R L OED TP dedy + /R e, e dxdv)-
(3.10)

By Lemma 3.4 applied for ¢ = p’ + % we have the inequality

1-0n p.d
IVps(t-)ll, < € (/de [0 [Va f] dmdv) IV f(t, )|
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<€ (1= Buga) [, 1" V] ddo 4 00 IV 1), ).

We can further bound

n n _AQw(z,v) ANHw(z,v)
vy || |V f| dxdv = y [v|" e P e 7 Vo f| (t,2,v) dedv
R R

_ 1 np_ _)\(t)w(z,v) ]_
o — ‘U‘P*pl e r T dxdv+ / AU |7 P dedo.
Db Jr2 D Jr2d

Noticing that the first integral is absolutely convergent we can write
p—1 np _ Aw(z.w)

— lv|pP=Te ~ P T dxdv <1
p R2d

and thus
/1132(1 ’U|n ’vxf| dwd’l} S/ 1 + ||v1’f(t7 ')Hip(e)\(t)w(z,'u)) .
Hence we have proved that

92050ty S 1+ IV orcormton, -

To summarize, (3.9) and (3.10) entail
d
— e)\(t)w(x,v) |V$f’p dxdv
t R2d
S (1 log(1+ [[Vaf (2, )l )
~ g x ) Lp(e/\(t)w(z,v))
-1
X (p/ A w(@0) |7 pp dxdv+/ AOw0) |7 P d:zdv). (3.11)
D R2d R2d

Step 2. (Time derivative of ||V, f]] . We compute

1 )
L (eMBw(@w))

d

“ At)w(z,v) p
o dee Vo fIP dedv

= —p/ AU |7 fP2G f(Vof + DyVaf -0+ Dy(v A B)Vof + V2ifo A B+ VK x pfV2f) dedv
RQd
+ / AOUE) X (HYw(z, v) [V fIP dedy
R2d
——p [ O VPV f dedop [ AOUE 9 [PV DV v dedy
R2d R2d

- p/ AOw@) 17 P72 FD, (v A B)V, f dedv — p/ AOw@) 17 P72 12 fo A B dzdo
R2d R2d
6
- p/ A |7 f P2, V2 VLK % py dxdv + / AOUE) N (w(z,v) Vo f|P dedo = Z Jk.
R2d R2d 1

Clearly by Young’s inequality we have

Ji<(p-1) / A |7 fP dedo + / AU |7 P dado. (3.12)
R2d R2d
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In addition, integrating by parts we see that

Jy = — / Ay T, fIP dady
R2d
= / A OWE) g |V fIP dedo < / A D@V (1 0) [V fIP dady
R2d R2d

and

Jo— - / MO |, fPy A B dady
de
_ / div(v A B) [V, f]P XO@) dzdy
RZd

—i—/ AOUE NV yw(z, v)v A B |V fP dedv = 0.
R2d
Furthermore, one has
J3<p HBHOO/ AOw@) 17 f1P drdo.
R2d
As for J5, integrating by parts we obtain
Js = / Vo fP XOUE@EI N w (i, v) V. K % py dado
R2d
< IV sl [ O VP ABw(a,0) dody
R2d

<V K

b,oo pr(t, .)Hb’ /de A Hw(zw) Vo f P A w(z,v) dadv

< G0 V2K lp oo /]R%z AOw@) 17 1P\ () w(z, v) dad.

27

(3.13)

Since by assumption (1 + ¢ [|[Vi K|, oo )A(t) + A(t) < 0 we infer from the last inequality and from (3.13)

that
Jo+ Js + Jg < 0.

To conclude, from (3.12)-(3.14) we see that we have proved that
d w(x,v
i vafHZzp(eA(ww(z,v)) <(p-1+ ”BHoo ) /R?d AOw(@v) |vvf|p dxdv
+ / AU |7 P dado.
R2d

Gathering the inequalities (3.11) and (3.15) yields

%S(t) < S (log(1+ S(t))) (1 + S(t)) for some constant S > 0.

Solving the above inequality gives
S(t) < S(1+ S(0))° for all t € [0, 7]

as wanted.

(3.14)

(3.15)
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4. IMPROVED STABILITY ESTIMATE

Magnetic fields cannot do work; their contribution to the Lorentz force is always orthogonal to the

velocity.

Lemma 4.1. (No-work identity) Let (X,V) be a characteristic (1.8) of (1.1). For every k > 0 and
0<s<t<T, we have

%!V(t)!k = —k[V(O)* VLK % ps(t, X(1) - V(1), V()] < V(s)] +/S Vol % pp (T, X(7))] dr.

Proof. Differentiate |V'|¥ and note that the term V - (V' A B) vanishes. Integrating the case k = 1 yields
the bound. 0

Let f1, fa > 0 be two solutions of the magnetized Vlasov-Poisson equation (1.1) with common mass 1.

For p > 1 and A > 0 we recall the p-kinetic Wasserstein distance introduced in [13];

w? == inf Ao —y? —w|P dr.
Rplew)i= nt [ Moy ol dr

Setting A = 1 gives the usual W (p, v).
Let Z; .= (X;, V;) be the characteristics (1.8) of f;, i = 1,2, starting from (z,v). Let my be an optimal
coupling for W,(fi®, fin) and 7y == (m)»(Z1(t), Z2(t)). Define

Dy(t) 12/( iy A X1 (t;z,v) = Xo(tyy, w)|P + [Vt z,v) — Va(ty, w)|P dmo(x, v, y, w)
R
:/ A(Blw = yl? + o — wl? drmy(z, 0, y, w)
(R24)2

P
where we set A\(t) = |log Dp(t)|2. We recall that D), controls the p-Wasserstein distance between the two

solutions;
D
W]? (pf1)pf2) < TPa W;;? (flafZ) < Dp- (41)
Proof. (of Theorem 1.3). Differentiating D, with respect to time yields
Dp:/ A X1 — X dmg
p P J(Rr2d)2

+/ AX1 — Xo|P2(X) — Xo) - (Vi — Va) dmo
(R2d)2

2

+/( 2d) Vi — V2|p_2(vl - Va)- (_V:vK*Pfl + V:BK*pfz) dmo
R

+/( Qd)Q‘Vl — ValP™2(Vi = Vi) - [Va A (B(X2) — B(X1))] dmg := 11 + -+ - + L.
R

I; is special in the sense that it is the only term containing a time derivative of A, which, we recall,
depends on D, itself; thus we will estimate it later. The bounds on I> and I3 follow exactly the lines of
the proof of [14, Theorem 1.11].

For I, Holder’s inequality with respect to the measure 7 directly yields

Ix(t) < A7 (£)Dy(t).
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For I3, one splits the difference of force fields as
VoK x Pt (X1) = VK % Pfa (X2)|
< VoK ppy (X1) = VaK % gy (Xo)| + VoK % gy (Xo) = VoK 5 ppy (Xa)]

The first term uses the log-Lipschitz regularity of the force field satisfying a (screened) Poisson equation

with bounded density (straightforward modification of e.g. [55, Lemma 3.1] and [39, Lemma 3.2]).
Lemma 4.2. There is a constant C > 0 such that

IVaK % o, (1)l o, < C (14 llpg(0)ll)
and for all x,y € R? with |x — y| < 1/e, it holds

13
VoK % g, (t2) = VoK % pr(ty)| < C (14 o7 (0)]) | — yllog () .

|z — |

The second term corresponds to the LP-estimate on the difference of force fields for the case 1 < p < +oc.

Proposition 4.3. There is a constant Crw > 0 that only depends on 1 < p < 400 such that

1
IV2K % g, (8) = VoK x pp, ()], < Crw max {llog, ()| os 105 Ol oo} W (o1 (8), 12 (£))

Proof. The case d = 2 with the Coulomb potential is the content of [11, Proposition 1.8]. It remains to
deal with the case d = 3 corresponding to the Yukawa potential (or Coulomb when x = 0); that is, the
Green function for the screened Poisson equation £(A — k2)K x py = py. Let ¢ € CZ(R?) be a test
function and set 1/p + 1/p’ := 1. By duality of LP-norm, for every 1 < j < 3,

Haij*(pfl _pf2)Hp: sup / (pfl _pf2)8a:jK*90d$'
peCE R el <1 /R

We denote by ¢; = 0,, K x¢, and Calderon-Zygmund’s inequality [26, Theorem I1.11.4] yields Hquij, <

EEV/VH@HP, for some constant Cyw > 0 that only depends on 1 < p < +o00. Replacing the supremum over

the larger set
{6 € W' ®RY) . Vo, /Crw <1} > {p € CX(RY : Jloll,, <1},

we obtain, by definition of dual homogeneous Sobolev norm,

Haij * (pfl (t) — Pfa (t))Hp < Cnw ) sup / (pfz (t) — Pt (t)) Vo dx
WL (RY): || Vg||,, <1 /R

= Cuwllp () = 2 ()l -1

We conclude following the proof of [141, Proposition 1.8], which gives

105, (8) = o, Dlly—s < max g, Ollor o5, (D10} Wy (05, (1), o1, (1)
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Then combining both Lemma 4.2 and Proposition 4.3 with (4.1), one obtains, as long as the regime
Dy(t) <1/eon [0,T) (4.2)
prevails,
I3(t) < CpA(t)A™» (1) Dy (t) log Dy (1) (4.3)
where )
A(t) = max {1, log, Ol + g, (0]1% max {log, (0] o, ()]0} 7 |

and C), is a constant that depends only on 1 < p < 400. In the case p = 1, the coupling argument found
in [19] yields the same estimate as (4.3) with some constant Cf.

For I, we use Lemma 4.1, namely, the no-work identity, to obtain a better control of the isolated
velocity flow V5 compared to [64] and [19]: Combining Hoélder’s inequality with the no-work identity, we

obtain
i

Ii(t) < Dy (t) (I41(t) + Ls2(1)),

where

I1a(t) < ( o JTOPIBCR) = B dm) §

: , :
Lialt) < ( L (192 5 060 ) |B<X1>—B<X2>|Pd7ro)

The first term is more subtle, so we will start with the latter. Thanks to the uniform bound on the force

field we obtain

La®) < ([ €0t o) dr) ( o 1BO0 = BOXDP dm) ’°

Now, since the external magnetic field belongs to L>®([0,T); Wh>(R%)), it follows that
|B(X1) — B(X2)| < 5B\X1 — Xjy| for some constant Cp > 0 and thus

Lia(t) < Ca ( /0 t A(r) dT) NFODI(), Cpa = 20Cs. (4.4)

Regarding the first term I, note that B is Holder continuous for every exponent o € (0,1);
|B(X1) — B(X2)| < Cp|X1 — X»2|%. Combining this observation with Hélder’s inequality for the ex-
ponents 1/a+1/(1/a) =1, we obtain

- P
Iia(t) < Cp (/ (w|P| X1 — Xo|*? dmo(, v, y, w))
(]R2d)2

1 e
— ! @/ae (Dp\»
<Cp (/ | ()P dfy (05, w)) e (p) "
R2d A
Of course, one wishes a to be the closest to 1. We set, under the regime (4.2),
1

ai= 1= g () = 1log(Dy/ )
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so that both « belongs to (0,1) and

D,\» 11
(77”)” — e I\ D].

Note that the choice A := [log Dp|? /2 yields the following elementary inequality in the regime:

D
os (3)
og 3

Now, we recall the weighted Yudovich norm of a function g with respect to a measure pu and a growth

< (2+108 g) llog D, |.

function ©;
191l L (dp)

gllye ‘= sup
H ||Y( (dp) L <r <00 @(7“)

It follows that

1
1y in (1/a)’
(/de|w\(“)pdf2 (Z/aw)> "< Il agin (g, © (P(1/@)') -

Combining these bounds, we get
1 1
Ly (t) < Cpallwlllye gy A(B) 7 Dp(t)»© (Cpllog Dy(t)]) , (4.5)

where Cp1 = e 1Cp and C, := p(2 + log(p/2)). Note that since My(0) < (Cok)* for all k& > 0 is
assumed to hold for one of two solutions, say f2, which corresponds to the growth function ©(r) = r,

then H’w‘HY@(df;n(y,w)) < Cj and we obtain, combining the two estimates (4.5) and (4.4) respectively for
I41(t) and I42(t), that

1
~ t P 1 ~ —
L(t) < C) ( / AP () dT) N ()Dy(8)[1og Dy(t)], Oy = CyCoClit + Co.
0

For I, note that if Dp < 0 there is nothing to do. Otherwise, the specific choice of A := |log Dp\p/2

yields
]. E—l —D (t)
I;(t) = =|log D, (t P X1 — X5 dng <0
1() 2’Og p( )’2 ( Dp(t) )/(\RQd)Ql 1 2’ ™ > Y,

and thus, independently of the sign of D,(t), in the regime (4.2) it holds

;Dp(t) < I(t) + I3(t) + 1u(t)

3=

< A OD(0) + Cu AN (D, Olog Dylt)] + G ([ () dr ) X HOD,(0)log Dy(0)
< 2C,nAW®D,(0)/llog D, )]
where Cp g == 2(1 + C, + C, 5) and
A(t) = A(t) + /0 t A(r) dr. (4.6)

Solving the differential inequality, we obtain

D,(t) < exp {— (Vg D,(0)] - Gy / A dT)Q} . (4.7)
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Note that the regime (4.2) implies that (4.7) holds if

oz Dy(0)] > C, 1 /O Ay dr 41, (4.8)

Now, recall that D, controls the p-Wasserstein distance between the two solutions; at time ¢ it holds
Dy (t) < WE (f1(¢), f2(t)), while initially, by W,-optimality of the coupling m,
D,0) < X0) |

P . .
| — ylP + v — w]? dmo = [log Dp(0)| 2 WE (1, £3)
(R2d)2

p b
and, since near the origin the inverse of the function s — s/|logs|2 behaves like 7 +— 7|log 7|2, there is
a universal constant co > 0 such that for sufficiently small initial Wasserstein distance Wj (fi*, fin) < ¢g
it holds

o ————p
Dy(0) < WE (i, 72%) y/loa W (71, 737}
Thus (4.7) implies

2
t
Wy (f1(t), fa(t)) <expq — 10g{W5( i, fy/[log WE (P, %“)}p}‘—cp,B/o A(r) dr

as long as both W} (fi®, fin) < ¢y and (4.8) holds; that is,

t

s (W2 (7200, £200)) log WE (101, 20)))| 2 Cps [ AGr)ar 1. (49)

0

O

Remark 4.4. The improvement coming from the no-work identity can be seen as follows: Recall that if
one were to look at the evolution of the velocity itself and not its norm, then one obtains the following
estimate (see [64, Lemma 2.8]): for allt € [0,T),v € RY, it holds (say ||B|,, < +c)

t
1Vt 0) |, < [o]eIBle + / VoK % py(r)] eIl dr.
0

Now, this estimate would introduce, among other things, a prefactor e!lBlee in the estimate of I(t)
which becomes large when t itself is; fot A(7)dr is replaced by fot A(T)et=IBlss in (4.6). This under-
mines the goal, namely, obtaining a large time interval [0,T(0)] such that Wy(f1(t), f2(t)) S 1 given that
W, (fin, fin) = § < 1. Indeed, in light of (4.9), then T(8) ~ log |log §| without using the no-work identity,
which corresponds to the time-interval originally obtained by Loeper [55] for the Viasov-Poisson equation,
while T() ~ \/w with the no-work identity, coinciding with the improved control on time interval

obtained using the kinetic Wasserstein distance for the Viasov-Poisson equation found in [13] and [11].
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