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Abstract. We investigate improved forms of the Bohr inequality, using the quan-
tity Sr/π, for analytic self-maps in class B of D, where Sr is the area measure of
Dr. We then generalize the inequality for harmonic mappings (P0

H(M) and W0
H(α)

of the form f = h+ g) by introducing a sequence {φn(r)}∞n=0 of differentiable, in-
creasing functions on [0, 1). The Hurwitz–Lerch Zeta function is utilized for some
consequences, and all results are shown to be sharp.
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1. Introduction

Let D := {z ∈ C : |z| < 1} denote the open unit disk in the complex plane. In
1914, Harald Bohr (see [17]) established that for the classH∞ of all bounded analytic
functions f on D, the following inequality holds. Let D := {z ∈ C : |z| < 1} denote
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the open unit disk in C. Harald Bohr in 1914 (see [17]) stated that if H∞ denotes
the class of all bounded analytic functions f on D, then the following inequality
holds

B0(f, r) := |a0|+
∞∑
n=1

|an|rn ≤ ||f ||∞ := sup
z∈D

|f(z)| for 0 ≤ r ≤ 1

3
,(1.1)

where ak = f (k)(0)/k! for k ≥ 0. The constant 1/3 is called the Bohr radius and the
inequality in (1.1) is called Bohr inequality for the class B of analytic self-maps on
D. Henceforth, if there exists a positive real number r0 such that an inequality of
the form (1.1) holds for every elements of a class M for 0 ≤ r ≤ r0 and fails when
r > r0, then we shall say that r0 is an sharp bound for r in the inequality w.r.t. to
class M.

Bohr initially established that the inequality (1.1) is valid for all |z| ≤ 1/6. Sub-
sequently, M. Riesz, I. Schur, and F. W. Wiener independently extended this result,
verifying the inequality for the broader interval 0 ≤ r ≤ 1/3. It has since been con-
firmed that the bound 1/3 is sharp, a fact deduced by examining specific examples
within the family of conformal automorphisms of the unit disk D.

Bohr’s inequality, initially linked to the convergence of Dirichlet series by Harald
Bohr, has evolved into a key topic in modern function theory (see [13, 15, 18]). It
plays a pivotal role in characterizing Banach algebras satisfying the von Neumann
inequality (see [24]), with several distinct proofs and extensions, including the mul-
tidimensional Bohr radius K∞

n introduced by Boas and Khavinson. Recent works
(see [18, 39, 55, 57, 58]) have extended Bohr’s inequality to more general power se-
ries by replacing the classical basis {rn} with sequences {φn(r)} of non-negative
continuous functions, requiring locally uniform convergence of their sum on [0, 1).
Additionally, studies such as [3, 27] investigated Bohr phenomena on shifted disks
Ωγ (0 ≤ γ < 1), while [8] explored Bohr radii for subclasses of starlike and convex
functions in D.

The Bohr inequality for holomorphic and pluriharmonic mappings with values in
complex Hilbert spaces are obtained in [31]. However, it can be noted that not
every class of functions has Bohr phenomenon, for example, Bénéteau et al. [12]
showed that there is no Bohr phenomenon in the Hardy space Hp(D, X), where
p ∈ [1,∞). In [47], Liu and Liu have shown that Bohr’s inequality fails to hold
for the class H(D2,D2) of holomorphic functions f : D2 → D2 having lacunary
series expansion. Over the past few years, Bohr’s inequality has gained a significant
attention, resulting in extensive research and extensions in various directions and
settings (see [10,11,13,14,16,23,32,35,40,44,46,53,54,56,64] and references therein).

In this paper, we have two aims. First, we aim to establish improved Bohr in-
equalities for the class B incorporating the term Sr/(π − Sr). Second, we aim to
obtain generalized Bohr inequality for a certain class of harmonic mappings, using a
sequence of differentiable functions. The paper is organized as follows: In Section 2,
we study the improved Bohr inequality for the class B of bounded analytic functions
on the unit disk D. In Section 3, we discuss the generalization of the Bohr inequality
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for certain classes of harmonic mappings and its applications. The proof of the main
results are discussed in each section individually.

2. Bohr inequalities for the class B of bounded analytic functions on
unit disk D

Before we proceed with our discussion, let us introduce some notations.

2.1. Basic Notations. Let

B = {f ∈ H∞ : ||f ||∞ ≤ 1}.

Also, for f(z) =
∑∞

n=0 anz
n ∈ B and f0(z) := f(z)− f(0), we let for convenience

Bk(f, r) :=
∞∑
n=k

|an|rn for k ≥ 0, ||f0||2r :=
∞∑
n=1

|an|2r2n and ||f1||2r :=
∞∑
n=2

|an|2r2n

so that 
B0(f, r) = |a0|+B1(f, r),

B0(f, r) = |a0|+ |a1|r +B2(f, r),

B0(f, r) = |a0|+ |a1|r + |a2|r2 +B3(f, r), so on.

Further, we define the quantity A(f0, r) by
A(f0, r) :=

(
1

1 + |a0|
+

r

1− r

)
||f0||2r,

A(f1, r) :=

(
1

1 + |a0|
+

r

1− r

)
||f1||2r.

Now we concentrate on another well-known result by W. Rogosinski [63], which
states that for any holomorphic self-mapping f(z) =

∑∞
n=0 anz

n of the open unit
disk D, ∣∣∣∣ N∑

n=0

anz
n

∣∣∣∣ ≤ 1

for |z| = r ≤ 1/2 and for all N ≥ 1. This quantity 1/2 is the best possible. Further
progress on this problem has been made in [5, 6, 50]. It is worth mentioning that
many questions (including the refined forms) on a related new concept called the
Bohr-Rogosinski phenomenon are currently being studied (cf. [36, 48]). In fact, the
Bohr–Rogosinski radius is analogous to the Bohr radius, which has been defined
(see [63]) as follows: If f ∈ B is given by

f(z) =
∞∑
n=0

anz
n,

then for an integer N ≥ 1 , we have |SN(z)| < 1 in the disk {z ∈ C : |z| < 1/2}, and
the radius 1/2 is best possible, where SN(z) =

∑N
n=0 anz

n denotes the N -th partial
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sum of f . The radius r = 1/2 is called the Rogosinski radius. For f ∈ B given by
f(z) =

∑∞
n=0 anz

n, the Bohr–Rogosinski sum RN
f (z) of f is defined by

RN
f (z) = |f(z)|+

∞∑
n=N

|an|rn, |z| = r(2.1)

It is worth noticing that forN = 1, the inequality (2.1) is related to the classical Bohr
sum, in which |f(0)| is replaced by |f(z)|. The inequality RN

f (z) ≤ 1 is called the
Bohr Rogosinski inequality. If B and R denote the Bohr radius and Bohr Rogosinski
radius, respectively, if B and R denote the Bohr radius and Bohr–Rogosinski radius,
respectively, then it is easy to see that B = 1/3 < 1/2 = R.

Kayumov and his co-authors (see [38, 43]) derived the Bohr-Rogosinski inequal-
ity for class B by investigating Rogosinski’s inequality and Rogosinski’s radius, as
presented in [63].

Theorem A. [43, Corolary 1, p.4] Suppose that f(z) =
∑∞

n=0 anz
n ∈ B. Then

|f(z)|+BN(f, r) ≤ 1 for r ≤ RN ,

where RN is the positive root of the equation 2(1 + r)rN − (1− r)2 = 0. The radius
RN is the best possible. Moreover,

|f(z)|2 +BN(f, r) ≤ 1 for r ≤ R′
N ,

where R′
N is the positive root of the equation (1 + r)rN − (1 − r)2 = 0. The radius

R′
N is the best possible.

In recent years, Theorem A generates a significant amount of research activity on
Bohr-Rogosinki inequalities for different classes of functions. However, Liu et al. [49]
have proved the following result for functions in the class B, where the coefficients
|a0| and |a1| in majorant series are replaced by |f(z)| and |f ′(z)|, respectively.

Theorem B. [49, Theorem 2.1] Suppose that f(z) =
∑∞

n=0 anz
n ∈ B. Then

|f(z)|+ |f ′(z)|r +B2(f, r) ≤ 1 for r ≤ (
√
17− 3)/4.

The constant (
√
17− 3)/4 is best possible.

Further, a refined Bohr inequality with a suitable setting was investigated in [48],
where the following result was obtained.

Theorem C. [48, Theorem 2] Suppose that f(z) ∈ B and f(z) =
∑∞

n=0 anz
n. Then

|f(z)|+B1(f, r) + A(f0, r) ≤ 1(2.2)

for |z| = r0 ≤ (2)/(3 + |a0| +
√
5(1 + |a0|)) and the constant r0 is the best possible

and r0 >
√
5− 2. Moreover,

|f(z)|2 +B1(f, r) + A(f0, r) ≤ 1,(2.3)

for |z| = r ≤ r′0, where r′0 is the unique root in (0, 1) of the equation

(1− |a0|3)r3 − (1 + 2|a0|)r2 − 2r + 1 = 0

and r′0 is the best possible and 1/3 < r′0 < 1/(2 + |a0|).
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Moreover, Liu et. al (see [48]) refined the inequalities (2.2) and (2.3) furthur by
replacing the second coefficient |a1| in the majorant series B0(f, r) by the quantity
|f ′(z)| and obtained the following result.

Theorem D. [48, Theorem 7] Suppose that f(z) ∈ B and f(z) =
∑∞

n=0 anz
n. Then

|f(z)|+ |f ′(z)|r +B2(f, r) + A(f0, r) ≤ 1(2.4)

for |z| = r ≤ (
√
17−3)/4 and the constant (

√
17−3)/4 is the best possible. Moreover,

|f(z)|2 + |f ′(z)|r +B2(f, r) + A(f0, r) ≤ 1(2.5)

for |z| = r ≤ r0, where r0 ≈ 0.385795 is the unique positive root of the equation
1− 2r − r2 − r3 − r4 = 0 and the constant r0 is the best possible.

2.2. Improved Bohr inequality for the class B. Let f be holomorphic in D,
and for 0 < r < 1, let Dr = {z ∈ C : |z| < r}. Throughout the paper, Sr := Sr(f)
denotes the planar integral

Sr :=

∫
Dr

|f ′(z)|2dA(z).

The quantity Sr plays a significant role in the study of improved Bohr inequalities
for the class B. Kayumov and Ponnusamy [38] proved the following sharp inequality
for functions in the class B, for the function f(z) =

∑∞
n=0 anz

n,

Sr

π
:=

∞∑
n=1

n|an|2r2n ≤ r2
(1− |a0|2)2

(1− |a0|2r2)2
for 0 < r ≤ 1/

√
2.(2.6)

The investigation into improving the Bohr inequalities and their different sharp
versions is a thriving area of research in the Bohr phenomenon. In fact, math-
ematicians have formulated several improved versions of the Bohr inequalities by
incorporating the quantities Sr/π and Sr/(π − Sr) in the Bohr inequalities. This
line of inquiry was initiated by Kayumov and Ponnusamy (see [37, Theorem 1]),
who established improved versions of the Bohr inequalities, denoted as B0(f, r) and
|a0|2 +B1(f, r), by incorporating Sr/π and Sr/(π− Sr), respectively. Subsequently,
Ismagilov et al. (see [34, Theorem 3]) further improved the primary inequality of
Kayumov and Ponnusamy (refer to [37, Theorem 1]) by substituting the initial co-
efficient |a0| with |f(z)|. Following this, Liu et al. (see [48, Theorem 4]) not only
refined both inequalities introduced by Kayumov and Ponnusamy (in [37, Theorem
1]) but also included an augmenting term A(f0, r) into the inequalities, thereby
ushering in a significant advancement in this domain of study.

Ismagilov et al. (see [33]) further investigated the classical Bohr inequality and
obtained the following sharp result, replacing the quantity Sr/π with Sr/(π − Sr).

Theorem E. [33, Theorems 10, 11] Suppose that f(z) =
∑∞

n=0 anz
n ∈ B. Then

B0(f, r) +
16

9

(
Sr

π − Sr

)
≤ 1 for r ≤ 1

3
,
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and the number 16/9 cannot be improved. Moreover,

|a0|2 +B1(f, r) +
9

8

(
Sr

π − Sr

)
≤ 1 for r ≤ 1

2
,

and the number 9/8 cannot be improved.

Very recent, an improvement involves substituting the coefficient |a0| with |f(z)|2
and using the quantity of Sr/(π−Sr) instead of Sr/π, the following result is obtained.

Theorem F. [4, Theorem 2.5] Suppose that f(z) ∈ B and f(z) =
∑∞

n=0 anz
n. Then

|f(z)|2 +B1(f, r) + A(f0, r) + λ

(
Sr

π − Sr

)
≤ 1,(2.7)

for |z| = r ≤ 1/3, and the constant λ = 8/9 cannot be improved.

Therefore, drawing motivation from the recent results (see [2, Theorem 2.1], [33,
Theorem 10, 11], [4, Theorem 2.5]) and using the inequality Sr/(π−Sr), we note that
the parameter λ remained unchanged in all previous discussions when Sr/(π − Sr)
was used instead of Sr/π. To further explore the subject, the following question
naturally arises:

Question 2.1. Is it possible to refine the inequality (2.4), originally established by
Liu et al. (and discussed in [48]), by incorporating the term Sr/(π − Sr)? If so,
what can be said about the sharpness of this improvement?

To give a complete answer to Question 2.1, we establish the following result, which
shows that the obtained radius cannot be improved further.

Theorem 2.1. Suppose that f(z) =
∑∞

n=0 anz
n ∈ B and Sr denotes the Riemann

surface of the function f−1 defined on the image of the sub-disk |z| ≤ r under the
mapping f . Then

L1,f (r) := |f(z)|+ |f ′(z)|r +B2(f, r) + A(f0, r) + λ

(
Sr

π − Sr

)
≤ 1(2.8)

for r ≤ (
√
17 − 3)/4, where the numbers λ = (221 − 43

√
17)/64 and (

√
17 − 3)/4

are sharp.

Remark 2.1. Furthermore, the inequality (2.5) by Liu et al. [48] does not permit
improvement via the inclusion of Sr

π−Sr
as the resulting Bohr radii lie outside (0, 1).

2.3. Key Lemmas and Proof of Theorem 2.1. In this section, we present some
necessary lemmas which will play key roles to prove Theorem 2.1 for the class B.

Lemma A. ( [48, Lemma 4]) Suppose that f(z) =
∑∞

n=0 anz
n ∈ B. Then for any

N∈ N, the following inequality holds:
∞∑

n=N

|an|rn + sgn(t)
t∑

n=1

|an|2
rN

1− r
+

(
1

1 + |a0|
+

r

1− r

) ∞∑
n=t+1

|an|2r2n

≤ (1− |a0|2)
rN

1− r
,

for r ∈ [0, 1), where t = ⌊(N − 1)/2⌋.
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Lemma B. ( [29, p. 35]) Suppose that f(z) =
∑∞

n=0 anz
n ∈ B. Then |an| ≤ 1−|a0|2

for all n = 1, 2, ...

Lemma C. ( [22], [61, Theorem 2]) Suppose that f(z) =
∑∞

n=0 anz
n ∈ B. Then,

for all k = 1, 2, 3....., we have

|f (k)(z)| ≤ k!(1− |f(z)|2)
(1− |z|2)k

(1 + |z|)k−1, |z| < 1.

Proof of Theorem 2.1. We suppose that |a0| = a ∈ (0, 1). By combining Lemma
A (with N = 2) with the inequality for |f(z)| and the Schwarz-Pick lemma, we
obtain

L1,f (r) := |f(z)|+ |f ′(z)|r +B2(f, r) + A(f0, r) + λ

(
Sr

π − Sr

)
≤ r + a

1 + ra
+

r

1− r2

(
1−

(
r + a

1 + ra

)2
)

+
(1− a2)r2

1− r
+ λ

(1− a2)2r2

(1− r2)(1− a4r2)

=
r + a

1 + ra
+

(1− a2)r

(1 + ar)2
+

(1− a2)r2

1− r
+ λ

(1− a2)2r2

(1− r2)(1− a4r2)

:= A1(r) for 0 < r < 1.

It is easy to see that A1(r) is an increasing function of r; thus, it suffices to show
that

A1

(
(

√
17− 3)

4

)
=

(−3 +
√
17) + 4a

4 +
(
−3 +

√
17
)
a
+

(−3 +
√
17)2(1− a2)

4(7−
√
17)

+
4(−3 +

√
17)(1− a2)(

4 + (−3 +
√
17)a

)2
+

(−3 +
√
17)2(221− 43

√
17)(1− a2)2

16
(
−5 + 3

√
17)
)
(8 + (−13 + 3

√
17)a4)

≤ 1,

which is equivalent to

A1

(
(

√
17− 3)

4

)
− 1 =

(1− a)3F1(a)

2(4 + (−3 +
√
17)a)2(52

√
17− 172 + (611− 149

√
17)a4)

≤ 0,

where

F1(a) = 8(−3445 + 851
√
17) + 16

(
−195 + 53

√
17
)
a+ 2

(
24191− 5849

√
17
)
a2

+ 2
(
−3927 + 961

√
17
)
a3 + 8

(
−5981 + 1451

√
17
)
a4

+ 8
(
−3187 + 773

√
17
)
a5.

It is clear that, A1((
√
17− 3)/4)− 1 ≤ 0 because when, a→ 1−, we see that,

F1(0) = (80− 48
√
17 + 4(−109 + 27

√
17)a4) = −108.61366... < 0

and F3(a) → 560.65568... > 0 as a → 1−.

Consequently, we have A1

(
(
√
17− 3)/4

)
≤ 1, it means that the desired inequality

(2.8) is correct for r ≤ (
√
17− 3)/4.
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To show the constant λ = (221− 43
√
17)/64 is best possible, let us consider the

function f ∗
a which is given by

f ∗
a (z) :=

a+ z

1 + az
= a+ (1− a2)

∞∑
k=1

(−a)k−1zk, z ∈ D, where a ∈ (0, 1).(2.9)

We then choose the specific value z = r = (
√
17 − 3)/4 and a small perturbation

ϵ > 0. Using these choices, one can check that

L1,f∗
a
(r) := |f ∗

a (r)|+ |(f ∗
a )

′(r)|r +B2(f
∗
a , r) + A((f ∗

a )0, r) +

(
221− 43

√
17

64
+ ϵ

)(
Sr

π − Sr

)
=

r + a

1 + ra
+

(1− a2)r

(1 + ar)2
+

(1− a2)ar2

(1− ar)
+

(1 + ar)

(1 + a)(1− r)

(1− a2)2r2

1− a2r2

+

(
221− 43

√
17

64
+ ϵ

)
(1− a2)2r2

(1− r2)(1− a4r2)

= 1 +
(1− a)3F2(a)

(4 + (−3 +
√
17)a)2(−80 + 48

√
17 + 4(109− 27

√
17)a4)

+ ϵ
64(1− a2)2

(
52− 12

√
17 + (−180 + 44

√
17)a+ (161− 39

√
17)a2

)
(4 + (−3 +

√
17)a)2(−80 + 48

√
17 + 4(109− 27

√
17)a4)

= 1 + (1− a)2
(

(1− a)F2(a)

(4 + (−3 +
√
17)a)2(−80 + 48

√
17 + 4(109− 27

√
17)a4)

+ ϵ
64(1 + a)2

(
52− 12

√
17 + (−180 + 44

√
17)a+ (161− 39

√
17)a2

)
(4 + (−3 +

√
17)a)2(−80 + 48

√
17 + 4(109− 27

√
17)a4)

)
,

where

F2(a) =(27560− 6808
√
17) + (3120− 848

√
17)a+ (−48382 + 11698

√
17)a2

+ (7854− 1922
√
17)a3 + (47848− 11608

√
17)a4 + (25496− 6184

√
17)a5.

From here, we see that in the case when a→ 1−, the right-hand side of the expression
L1,f∗

a
(r) behaves like 1 + C1(1− a)2ϵ, which is greater than 1 (i.e., > 1), where

C1 =
64(1 + a)2

(
52− 12

√
17 + (−180 + 44

√
17)a+ (161− 39

√
17)a2

)
(4 + (−3 +

√
17)a)2(−80 + 48

√
17 + 4(109− 27

√
17)a4)

.

This completes the proof. □

3. Generalization of the Bohr inequality involving a sequence of
differential functions for a certain classes of harmonic mappings

Let H(Ω) be the class of complex-valued functions harmonic in a simply connected
domain Ω. It is well-known that functions f in the class H(Ω) has the following
representation f = h + g, where h and g both are analytic functions in Ω. The
famous Lewy’s theorem [45] in 1936 states that a harmonic mapping f = h + g is
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locally univalent on Ω if, and only if, the determinant |Jf (z)| of its Jacobian matrix
Jf (z) does not vanish on Ω, where

|Jf (z)| := |fz(z)|2 − |fz̄(z)|2 = |h′(z)|2 − |g′(z)|2 ̸= 0.

In view of this result, a locally univalent harmonic mapping is sense-preserving if
|Jf (z)| > 0 and sense-reversing if |Jf (z)| < 0 in Ω. For detailed information about
the harmonic mappings, we refer the reader to [20, 26]. In [42], Kayumov et al.
first established the harmonic extension of the classical Bohr theorem, since then
investigating on the Bohr-type inequalities for certain class of harmonic mappings
becomes an interesting topic of research in geometric function theory.

Methods of harmonic mappings have been applied to study and solve the fluid
flow problems (see [7, 21]). In particular, univalent harmonic mappings having spe-
cial geometric properties such as convexity, starlikeness and close-to-convexity arise
naturally in planar fluid dynamical problems. For example, in 2012, Aleman and
Constantin [7] established a connection between harmonic mappings and ideal fluid
flows. In fact, Aleman and Constantin have developed ingenious technique to solve
the incompressible two dimensional Euler equations in terms of univalent harmonic
mappings (see [21] for details).

Bohr phenomenon can be studied in view of the Euclidean distance and in this
paper, we study the same for certain classes of harmonic mappings. The classical
Bohr inequality can be written as

(3.1) d

(
∞∑
n=0

|anzn|, |a0|

)
=

∞∑
n=1

|anzn| ≤ 1− |f(0)| = d(f(0), ∂(D)),

where d is the Euclidean distance.
In [1], Abu-Muhanna have obtained the following result for subordination class

S(f) when f is univalent.

Theorem G. ( [1, Theorem 1]) If g =
∑∞

n=0 bnz
n ∈ S(f), and f =

∑∞
n=0 anz

n is
univalent, then

∞∑
n=1

|bn|rn ≤ d(f(0), ∂Ω),

for |z| = ρ∗0 ≤ 3 −
√
8 ≈ 0.17157, where ρ∗0 is sharp for the Koebe function f(z) =

z/(1− z)2.

Let H be the class of all complex-valued harmonic functions f = h + ḡ defined
on the unit disk D, where h and g are analytic in D with the normalization h(0) =
h′(0)− 1 = 0 and g(0) = 0. Let H0 be defined by

H0 = {f = h+ ḡ ∈ H : g′(0) = 0}.
Therefore, each f = h+ g ∈ H0 has the following representation

(3.2) f(z) = h(z) + g(z) =
∞∑
n=1

anz
n +

∞∑
n=1

bnzn = z +
∞∑
n=2

anz
n +

∞∑
n=2

bnzn,
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where a1 = 1 and b1 = 0, since a1 and b1 have been appeared in later results and
corresponding proofs.

For analytic and geometric properties of harmonic functions, we refer to [26]. In
2013, Ponnusamy et al. (see [59]) considered the following classes

PH = {f = h+ g : Reh′(z) > |g′(z)| for z ∈ D}

and P0
H = PH ∩H0.

Let {φn(r)}∞n=0 be a sequence of non-negative continuous function in [0, 1) such
that the series

∑∞
n=0 φn(r) converges locally uniformly on the interval [0, 1). With

the help of this idea of the change of basis from {rn}∞n=0 to {φn(r)}∞n=0, Kayumov et
al. (see [41, Theorem 1]) generalized the classical Bohr inequality and established.

Theorem H. ( [41, Theorem 1]) Let f ∈ B with f(z) =
∑∞

n=0 anz
n and p ∈ (0, 2].

If

φ0(r) >
2

p

∞∑
n=1

φn(r) for r ∈ [0, R),

where R is the minimal positive root of the equation φ0(x) =
2
p

∑∞
n=1 φn(x), then the

following sharp inequality holds:

Bf (φ, p, r) := |a0|pφ0(r) +
∞∑
n=1

|an|φn(r) ≤ φ0(r) for all r ≤ R.

In the case when φ0(r) <
2
p

∑∞
n=1 φn(r) in some interval (R,R + ϵ), the number R

cannot be improved.If the functions φn(x) (n ≥ 0) are smooth functions then the last
condition is equivalent to the inequality φ′

0(R) <
2
p

∑∞
n=1 φ

′
n(R).

The value of the Bohr radius for the identity operator and the convolution operator
with the hypergeometric Gaussian function was found by the authors using Theorem
H. Let

F (z) = F (a, b, c, z) =
∞∑
n=0

γnz
n, γn :=

(a)n(b)n
(c)n(1)n

,

where a, b, c > −1, such that γn ≥ 0, (a)n := a(a+1) · · · (a+n− 1), (a)0 = 1. Then
for p ∈ (0, 2]

|a0|p +
∞∑
n=1

|γn||an|rn ≤ for all r ≤ R,

where R is the minimal positive root of the equation |F (a, b, c, x) − 1| = p/2. Re-
cently, Chen et al. [18] established several new versions of Bohr-type inequalities for
bounded analytic functions in the unit disk D by allowing {φn(r)}∞n=0 in the place of
{rn}∞n=0 in the power series representations of the functions involved with the Bohr
sum and thereby introducing a single parameter, which generalized several related
results.
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Let G denote the set of all sequences {φn(r)}∞n of non-negative differentiable in-
creasing functions in [0, 1) such that the series

∑∞
n=0 φn(r) and

∑∞
n=0 φ

′
n(r) converges

locally uniformly on the interval [0, 1), ∀ n ∈ N ∪ {0}.
We define the Bohr phenomenon, generalized with respect to a sequence of func-

tions, for a certain class of harmonic mappings.

Definition 3.1. The Bohr phenomenon for certain harmonic class F consisting of
functions f of the form (3.2) involving a sequence of functions {φn(r)}∞n=0 ∈ G is as
follows: find the largest radius rf ∈ (0, 1) such that the following inequality

Af (r) = |z|φ0(r) +
∞∑
n=2

(|an|+ |bn|)φn(r) ≤ d (f(0), ∂f(D)) ,(3.3)

holds for |z| = r ≤ rf and for all f ∈ F , where Af (r) is generalized Majorant
series of f . The radius rf is called the Bohr radius for the class F . This radius is
considered best possible if a function g ∈ F exists such that for any r > rf , the
inequality Ag(r) > d (f(0), ∂f(D)) holds.

3.1. Improved Bohr inequalities for certain class of harmonic univalent
functions. Inspired by the idea of the proof technique of [18, 41], our aim is to
establish refined Bohr inequality, finding the corresponding sharp radius for the
class P0

H(M) which has been studied by Ghosh and Vasudevarao (see [28])

P0
H(M) = {f = h+ g ∈ H0 : Re (zh

′′(z)) > −M + |zg′′(z)|, z ∈ D and M > 0}.
To investigate the Bohr inequality and Bohr radius for functions in P0

H(M), we first
require the coefficient bounds and growth estimate for this class of functions. The
following result provides these necessary estimates.

Lemma D. ( [28, Theorem 2.3]) Let f = h+g ∈ P0
H(M) be given by (3.2) for some

M > 0. Then for n ≥ 2,

(i) |an|+ |bn| ≤
2M

n(n− 1)
;

(ii) ||an| − |bn|| ≤
2M

n(n− 1)
;

(iii) |an| ≤
2M

n(n− 1)
.

The inequalities are sharp with extremal function fM given by f ′
M(z) = 1−2M ln (1−

z).

Lemma E. ( [28, Theorem 2.4]) Let f ∈ P0
H(M) be given by (3.2). Then

LM(r) = r + 2M
∞∑
n=2

(−1)n−1rn

n(n− 1)
≤ |f(z)| ≤ r + 2M

∞∑
n=2

rn

n(n− 1)
= RM(r)

for |z| = r ∈ (0, 1). Both inequalities are sharp for the function fM given by

fM(z) = z + 2M
∞∑
n=2

zn

n(n− 1)
.
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For the class P0
H(M), Allu and Halder (see [9]) studied the Bohr inequality in

terms of distance formulations and obtained the result.

Theorem I. ( [9, Theorem 2.9]) Let f ∈ P0
H(M) be given by (3.2) with 0 < M <

1/(2(ln 4− 1)) . Then

|z|+
∞∑
n=2

(|an|+ |bn|) |z|n ≤ d (f(0), ∂f(D))(3.4)

holds for |z| = r ≤ rf , where rf is the unique root of RM(r) = LM(1) in (0, 1). The
radius rf is the best possible.

It is natural to raise the following question for further exploration of Bohr in-
equality for the class P0

H(M).

Question 3.1. Can we establish a generalization of Theorem I involving a sequence
{φn(r)}∞n=1 ∈ G?

We begin by presenting our result concerning the Bohr inequality for the class
P0

H(M) in distance formulation, addressing Question 3.1. Notably, if we set φn(r) =
rn (for n ∈ N ∪ {0}) in Theorem 3.1, then Theorem I becomes a special case of
Theorem 3.1.

Theorem 3.1. Let f = h+ g ∈ P0
H(M) be given by (3.2) with

0 < M <
1

2
(∑∞

n=2
ϕn(0)
n(n−1)

− 1 + ln 4
)(3.5)

and suppose that {φn(r)}∞n=0 ∈ G with condition φn(1) = 1. Then (3.3) holds for
|z| = r ≤ Rf (M), where Rf (M) is the unique positive root in (0, 1) of the equation

rφ0(r) + 2M
∞∑
n=2

φn(r)

n(n− 1)
= LM(1).(3.6)

The radius Rf (M) is best possible.

Remark 3.1. Setting φn(r) = rn (for n ∈ N ∪ {0}) in Theorem 3.1 (noting that
{rn}∞n=0 is a sequence of differentiable, increasing functions on [0, 1) and {rn}∞n=0 ∈
G), the inequality (3.6) simplifies to RM(r) = LM(1). This confirms that Rf (M) =
rf and establishes Theorem I as a special case of Theorem 3.1. Moreover, we have

∞∑
n=0

φn(r) =
1

1− r
for r ∈ (0, 1).

The series converges pointwise on [0, 1). Since the limit function, g(r) = 1
1−r

, is
continuous on any closed sub-interval [0, a] for a < 1, and the convergence is uniform
on every compact subset of [0, 1), the series converges locally uniformly on [0, 1).

Again, we see that
∞∑
n=0

φ′
n(r) =

∞∑
n=0

nrn−1 for r ∈ (0, 1)
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which is in fact
d

dr

( ∞∑
n=0

φn(r)

)
=

∞∑
n=1

nrn−1 =
1

(1− r)2
for r ∈ (0, 1).

The series also converges pointwise on [0, 1). Since the limit function, g1(r) = 1
(1−r)2

,
is continuous on any closed sub-interval [0, a] for a < 1, and the convergence is
uniform on every compact subset of [0, 1), the series converges locally uniformly on
[0, 1).

3.2. Some consequences of Theorem 3.1. Let f = h+ g ∈ P0
H(M) be given by

(3.2) for 0 < M < 1/2(ln 4− 1). A simple computation shows that

∞∑
n=2

nrn

n(n− 1)
= −r ln(1− r),

∞∑
n=2

n2rn

n(n− 1)
=
r[r − (1− r) ln(1− r)]

1− r
,

∞∑
n=2

n3rn

n(n− 1)
= r

(
(3− 2r)r

(1− r)2
− ln(1− r)

)
.

(I): For f = h+ g ∈ P0
H(M) and for φ0(r) = 1 and φn(r) = nαrn (n ≥ 1), we define

the following functional

Cf
α(r) := rφ0(r) +

∞∑
n=2

(|an|+ |bn|)φn(r).

We see that φ0(1) = 1 and the condition

0 < M <
1

2
(∑∞

n=2
ϕn(0)
n(n−1)

− 1 + ln 4
) coincides with 0 < M <

1

2(ln 4− 1)
.

Then, we have

(A): Cf
1 (r) ≤ d (f(0), ∂f(D)) for |z| = r ≤ R1(M), where R1(M) is the unique

positive root in (0, 1) of the equation r − 2Mr ln(1 − r) = 1 + 2M(1 − ln 4). The
number R1(M) is best possible.

(B): Cf
2 (r) ≤ d (f(0), ∂f(D)) for |z| = r ≤ R2(M), where R2(M) is the unique

positive root in (0, 1) of the equation

r +
2Mr (r − (1− r) ln(1− r))

1− r
= 1 + 2M(1− ln 4).

The number R2(M) is best possible.

(C): Cf
3 (r) ≤ d (f(0), ∂f(D)) for |z| = r ≤ R3(M), where R3(M) is the unique

positive root in (0, 1) of the equation

r + 2Mr

(
(3− 2r)r

(1− r)2
− ln(1− r)

)
= 1 + 2M(1− ln 4).
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M 0.431 0.862 1.210 1.271 1.289 1.292 1.2935 1.29421 1.29433
R1(M) 0.443 0.230 0.057 0.017 0.0040 0.0018 0.00065 0.00010 0.000015
R2(M) 0.358 0.189 0.029 0.016 0.0040 0.0017 0.00065 0.00010 0.000015
R3(M) 0.277 0.149 0.044 0.015 0.0039 0.0017 0.00065 0.00010 0.000015

Table 1. This table exhibits the approximate values of the roots
Rα(M) for different values of M and α = 1, 2, 3, where 0 <
M < 1/(2(ln 4 − 1)) ≈ 1.29435. Moreover, we see that
limM→1.29435− Rα(M) ≈ 0.000015.

The number R3(M) is best possible. (II): A simple computation shows that

∞∑
n=2

(n+ 1)rn

n(n− 1)
= r + (1− 2r) ln(1− r),

∞∑
n=2

(n+ 1)2rn

n(n− 1)
=
r + (1− 5r + 4r2) ln(1− r)

1− r
,

∞∑
n=2

(n+ 1)3rn

n(n− 1)
=
r + 4r2 − 4r3 + (1− r)2(1− 8r) ln(1− r)

(1− r)2
.

For f = h+ g ∈ P0
H(M) and for φn(r) = (n+1)βrn (n ≥ 1), we define the following

functional

Df
β(r) := rφ0(r) +

∞∑
n=2

(|an|+ |bn|)φn(r).

We see that φ0(1) = 1 and the condition

0 < M <
1

2
(∑∞

n=2
ϕn(0)
n(n−1)

− 1 + ln 4
) coincides with 0 < M <

1

2(ln 4− 1)
.

Then, we have

(A): Df
1 (r) ≤ d (f(0), ∂f(D)) for |z| = r ≤ R∗

1(M), where R∗
1(M) is the unique

positive root in (0, 1) of the equation r+2M [r+(1−2r) ln(1−r)] = 1+2M(1− ln 4).
The number R∗

1(M) is best possible.

(B): Df
2 (r) ≤ d (f(0), ∂f(D)) for |z| = r ≤ R∗

2(M), where R2(M) is the unique
positive root in (0, 1) of the equation

r +
2M [r + (1− 5r + 4r2) ln(1− r)]

1− r
= 1 + 2M(1− ln 4).

The number R∗
2(M) is best possible.

(C): Df
3 (r) ≤ d (f(0), ∂f(D)) for |z| = r ≤ R∗

3(M), where R∗
3(M) is the unique

positive root in (0, 1) of the equation

r +
2M [r + 4r2 − 4r3 + (1− r)2(1− 8r) ln(1− r)]

(1− r)2
= 1 + 2M(1− ln 4).
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The number R∗
3(M) is best possible.

M 0.431 0.862 1.210 1.271 1.289 1.292 1.2935 1.29421 1.29433
R∗

1(M) 0.404 0.208 0.054 0.016 0.0040 0.0018 0.00065 0.00010 0.000015
R∗

2(M) 0.284 0.147 0.043 0.015 0.0039 0.0017 0.00065 0.00010 0.000015
R∗

3(M) 0.203 0.147 0.043 0.015 0.0039 0.0017 0.00065 0.00010 0.000015

Table 2. This table exhibits that the approximate values of the roots
R∗

β(M) for different values of M and β = 1, 2, 3, where 0 < M <
1/(2(ln 4 − 1)) ≈ 1.29435. Moreover, we see that lim

M→1.29435
R∗

β(M) ≈
0.000015.

3.3. Proof of Theorem 3.1. Let f = h + g ∈ P0
H(M) be given by equation (3.2)

for 0 < M < 1/(2(ln 4− 1)). Then, in view of Lemma E, we have

|f(z)| ≥ |z|+ 2M
∞∑
n=2

(−1)n−1|z|n

n(n− 1)
, for |z| < 1.(3.7)

Then it follows from (3.7) that

lim inf
|z|→1

|f(z)| ≥ 1 + 2M
∞∑
n=2

(−1)n−1

n(n− 1)
.(3.8)

The Euclidean distance between f(0) and the boundary of f(D is given by

d(f(0), ∂f(D)) = lim inf
|z|→1

|f(z)− f(0)|.(3.9)

Since f(0) = 0, it follows that |f(z) − f(0)| = |f(z)|. Therefore, using (3.8) and
(3.9), we obtain

d(f(0), ∂f(D)) ≥ 1 + 2M
∞∑
n=2

(−1)n−1

n(n− 1)
.(3.10)

Let HM : [0, 1] → R be defined by

HM(r) = rφ0(r) + 2M
∞∑
n=2

φn(r)

n(n− 1)
− 1− 2M

∞∑
n=2

(−1)n−1

n(n− 1)
.(3.11)

Clearly, HM is continuous in [0, 1] and HM is differentiable (0, 1) for the following
reason.
(R1): Since φ0(r) is differentiable on (0, 1), the expression rφ0(r)−1−2M

∑∞
n=2

(−1)n−1

n(n−1)

is also differentiable on (0, 1), as it is equal to rφ0(r)− 1− 2M(1− ln 4).

(R2): Since the series
∑∞

n=0 φn(r) is locally uniformly convergent on [0, 1), it is
uniformly convergent on every closed interval [0, a] ⊂ [0, 1). Therefore, there exists
K > 0 such that for all n and r ∈ [0, a], |φn(r)| ≤ K.
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We define

S(r) =
∞∑
n=2

Sn(r), where Sn(r) =
φn(r)

n(n− 1)
.

Then, for r ∈ [0, a], we have

|Sn(r)| =
∣∣∣∣ φn(r)

n(n− 1)

∣∣∣∣ ≤ K

n(n− 1)
:= Kn.

We see that
∑∞

n=2Kn = K
∑∞

n=2
1

n(n−1)
= K. The series

∑∞
n=2Kn is clearly conver-

gent. Hence, by the Weierstrass M -test, the series
∑∞

n=2 Sn(r) converges uniformly
and absolutely on [0, a], and therefore converges locally uniformly on [0, 1).

Since the series
∑∞

n=0 φ
′
n(r) is locally uniformly convergent on [0, 1), for every

closed interval [0, a] ⊂ [0, 1), there exists K1 > 0 such that for all n and r ∈ [0, a],
|φ′

n(r)| ≤ K1. Then, for r ∈ [0, a], we have

|S ′
n(r)| =

∣∣∣∣ φ′
n(r)

n(n− 1)

∣∣∣∣ ≤ K1

n(n− 1)
:= K∗

n.

Again, we see that
∑∞

n=2K
∗
n = K1

∑∞
n=2

1
n(n−1)

= K1. The series
∑∞

n=2K
∗
n is clearly

convergent. Therefore, by the Weierstrass M -test, the series
∑∞

n=2 S
′
n(r) converges

uniformly and absolutely on [0, a], and consequently, it converges locally uniformly
on [0, 1).

Since each Sn(r) is differentiable on (0, 1), and both
∑∞

n=2 Sn(r) and
∑∞

n=2 S
′
n(r)

converge locally uniformly on [0, 1), it follows from the theorem on term-by-term
differentiation (see [62, Theorem 7.17]) that the sum,

∑∞
n=2 Sn(r), is differentiable

on (0, 1), and its derivative is the sum of the derivatives,
∑∞

n=2 S
′
n(r). Thus, we have

d

dr

(
S(r)

)
=

d

dr

( ∞∑
n=2

Sn(r)

)
=

∞∑
n=2

d

dr

(
Sn(r)

)
which is equivalent to

d

dr

( ∞∑
n=2

φn(r)

n(n− 1)

)
=

∞∑
n=2

φ′
n(r)

n(n− 1)
.

Consequently, we have

d

dr

(
2M

∞∑
n=2

φn(r)

n(n− 1)

)
= 2M

∞∑
n=2

φ′
n(r)

n(n− 1)
.(3.12)

Since each term in (3.11) is differentiable, their finite sum HM(r) is also differen-
tiable on (0, 1). Moreover, in view of the condition in (3.5), we see that

HM(0) = 2M
∞∑
n=2

φn(0)

n(n− 1)
− 1− 2M

∞∑
n=2

(−1)n−1

n(n− 1)
< 0.
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Since φn(1) = 1 for all n ∈ N ∪ {0} and 1− ln 4 ≈ −0.3862 < 0, we have

HM(1) =φ0(1) + 2M
∞∑
n=2

φn(1)

n(n− 1)
− 1− 2M

∞∑
n=2

(−1)n−1

n(n− 1)

= 2M

(
∞∑
n=2

φn(1)

n(n− 1)
− (1− ln 4)

)
> 0.

By the Intermediate Value Theorem, the function HM has a root in (0, 1), which we
denote by Rf (M). To show that Rf (M) is unique, it is sufficient to show that HM

is a monotonic function on [0, 1]. Since the set of all sequences {φn(r)}∞n=0 of non-
negative, differentiable functions on [0, 1) such that the series

∑∞
n=0 φn(r) converges

locally uniformly on the interval [0, 1), we proceed as follows: an easy computation
using (3.12) shows that

H ′
M(r) = rφ′

0(r) + φ0(r) + 2M
∞∑
n=2

φ′
n(r)

n(n− 1)
> 0 for all r ∈ (0, 1).

Thus, we conclude that HM is a strictly monotonically increasing function on (0, 1).
However, HM (Rf (M)) = 0 leads to

Rf (M)φ0(Rf (M)) + 2M
∞∑
n=2

φn(Rf (M))

n(n− 1)
= 1 + 2M

∞∑
n=2

(−1)n−1

n(n− 1)
.(3.13)

In view of (3.10), Lemma D yields that

Af (r) = rφ0(r) +
∞∑
n=2

(|an|+ |bn|)φn(r)

≤ rφ0(r) + 2M
∞∑
n=2

φn(r)

n(n− 1)

≤ 1 + 2M
∞∑
n=2

(−1)n−1

n(n− 1)

≤ d (f(0), ∂f(D))

for |z| = r ≤ Rf (M). Thus the desired inequality is established.
The next part of the proof requires showing that Rf (M) is best possible. There-

fore, henceforth, we consider the function fM given by

fM(z) = z + 2M
∞∑
n=2

zn

n(n− 1)
.
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Clearly, we see that fM ∈ P0
H(M). For r > Rf (M) and f = fM , an easy computation

in view of part (i) of Lemma D and (3.13) shows that

AfM (r) = rφ0(r) +
∞∑
n=2

(|an|+ |bn|)φn(r)

= rφ0(r) + 2M
∞∑
n=2

φn(r)

n(n− 1)

> Rf (M)φ0(Rf (M)) + 2M
∞∑
n=2

φn(Rf (M))

n(n− 1)

= 1 + 2M
∞∑
n=2

(−1)n−1

n(n− 1)

= d (fM(0), ∂fM(D)) .

This turns out that the number Rf (M) is best possible.

3.4. Improved Bohr inequality for a class of harmonic close-to-convex
mappings. In 1977, Chichra [19] introduced the class W(α) consisting of normal-
ized analytic functions h satisfying the condition Re (h′(z) + αzh′′(z)) > 0 for z ∈ D
and α ≥ 0. Moreover, Chichra [19] showed that functions in the class W(α) con-
stitute a subclass of close-to-convex functions in D. In 2014, Nagpal and Ravichan-
dran [51] studied the following class

W0
H = {f = h+ ḡ ∈ H : Re (h′(z) + zh′′(z)) > |g′(z) + zg′′(z)| for z ∈ D}

and obtained the coefficient bounds for the functions in the class W0
H. In 2019,

Ghosh and Vasudevarao [52] studied the class W0
H(α), where

W0
H(α) = {f = h+ ḡ ∈ H : Re (h′(z) + αzh′′(z)) > |g′(z) + αzg′′(z)| for z ∈ D}.

From the following result, it is easy to see that functions in the class W0
H(α) are

univalent for α ≥ 0, and they are closely related to functions in W(α).

Lemma F. [52] The harmonic mapping f = h + ḡ belongs to W0
H(α) if, and only

if, the analytic function F = h+ ϵg belongs to W(α) for each |ϵ| = 1.

The coefficient bounds and the sharp growth estimates for functions in the class
W0

H(α) have been studied in [52].

Lemma G. [52] Let f ∈ W0
H(α) for α ≥ 0 and be of the form (3.2). Then for any

n ≥ 2,

(i) |an|+ |bn| ≤
2

αn2 + (1− α)n
;

(ii) ||an| − |bn|| ≤
2

αn2 + (1− α)n
;

(iii) |an| ≤
2

αn2 + (1− α)n
.
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All these inequalities are sharp for the function f = f ∗
α given by

(3.14) f ∗
α(z) = z +

∞∑
n=2

2zn

αn2 + (1− α)n
.

Lemma H. [52] Let f ∈ W0
H(α) and be of the form (3.2) with 0 ≤ α < 1. Then

(3.15) Lw(r) = r+
∞∑
n=2

2(−1)n−1rn

αn2 + (1− α)n
≤ |f(z)| ≤ r+

∞∑
n=2

2rn

αn2 + (1− α)n
= Rw(r)

for |z| = r ∈ (0, 1). Both the inequalities are sharp for the function f = f ∗
α given by

(3.14).

Using Lemmas G and H, Allu and Halder (see [9, Theorem 2.4]) obtained the
Bohr radius for the class W0

H(α).

Theorem J. Let f = h + g ∈ W0
H(α) be given by (3.2). Then the inequality (3.4)

holds for |z| = r ≤ rf (α), where rf (α) is the unique root of Rw(r) = Lw(1) in (0, 1).
The radius rf (α) is the best possible.

We establish the generalized Bohr inequality for the class W0
H(α), incorporating

a sequence of differentiable functions {φn(r)}∞n=0 ∈ G. The Hurwitz–Lerch Zeta
function is utilized to explore subsequent results, where we show that the Bohr
radius is best possible.

Theorem 3.2. Let f = h + g ∈ W0
H(α) be given by (3.2) and suppose that

{φn(r)}∞n=0 ∈ G with condition φn(1) = 1. Then (3.3) holds for |z| = r ≤ Rf (α),
where Rf (α) is the unique positive root in (0, 1) of the equation

rφ0(r) + 2
∞∑
n=2

φn(r)

αn2 + (1− α)n
= Lw(1).(3.16)

The radius Rf (α) is best possible.

Remark 3.2. When φn(r) = rn (for n ∈ N ∪ {0}) is used in Theorem 3.2 , (3.16)
simplifies to Rw(r) = Lw(1) and Rf (α) = rf (α). Consequently, our result recovers
Theorem J. This confirms that Theorem 3.2 is a generalization of J, leading to the
following observations.

(i) If α = 0, the class W0
H(α) reduces to P0

H and hence, from the identity
Rw(r) = Lw(1), we obtain the Bohr radius Rf (0) ≈ 0.285194 (see [9]) for the
class P0

H.
(ii) If α = 1, the class W0

H(α) reduces to W0
H and we obtain the Bohr radius

Rf (1) ≈ 0.58387765 (see [9]) for the class W0
H.

(iii) When the co-analytic part g ≡ 0, then W0
H(α) reduces to W(α). Therefore,

from [9, Lemma 1.9], we observe that the Bohr radius for the class W(α) is
same as that of the class W0

H(α).
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3.5. The Hurwitz–Lerch Zeta Function. The Gaussian hypergeometric func-
tion, denoted by 2F1(a, b; c; z), is defined by the power series

2F1(a, b; c; z) =
∞∑
n=0

(a)n(b)n
(c)n n!

zn, |z| < 1,

where (q)n represents the Pochhammer symbol (or rising factorial) defined by

(q)n = q(q + 1)(q + 2) · · · (q + n− 1), n ≥ 1, (q)0 = 1.

The function admits analytic continuation to the complex plane cut along [1,∞)
and satisfies numerous transformation and differentiation formulas. In particular,
the function 2F1(1, b; b+ 1; z) admits the useful representation

2F1(1, b; b+ 1; z) = bΦ(z, 1, b),

where Φ(z, s, a) denotes the Hurwitz–Lerch transcendent, defined by

Φ(z, s, a) := HurwitzLerchPhi(z, s, a) =
∞∑
n=0

zn

(n+ a)s
,

which converges absolutely for |z| < 1, and also for |z| = 1 when ℜ(s) > 1. It admits
an analytic continuation to a large domain in (z, s, a) ∈ C3. A special case used in
this paper is

H(α) := HurwitzLerchPhi
(
−1, 1, 1 + 1

α

)
=

∞∑
n=0

(−1)n

n+ 1 + 1
α

, α ∈ R \ {0,−1}.

For real α with α > 0 or α < −1, the series in H(α) converges conditionally, since
the terms form a positive decreasing sequence in magnitude and alternate in sign.
The function H(α) is real-valued on its domain, continuous, and strictly increasing
for α > 0.

An alternative representation of H(α) can be given in terms of the digamma
function ψ(z) = Γ′(z)/Γ(z):

H(α) =
1

2

(
ψ
(
1 + 1

2α

)
− ψ
(
1
2
+ 1

2α

))
.

This identity follows from the classical formula

Φ(−1, 1, a) =
1

2

(
ψ
(
a+1
2

)
− ψ
(
a
2

))
,

which can be found in standard references such as [30,62].

3.6. Some consequences of Theorem 3.2. Let f = h + g ∈ W0
H(α) be given

by (3.2) and suppose that {φn(r)}∞n=0 ∈ F with condition φ0(r) = 1 and φn(r) =
nαrn (n ≥ 1), we define the following functional

Cf
α(r) = rφ0(r) +

∞∑
n=2

(|an|+ |bn|)φn(r).
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Then, we have
(A): Cf

1 (r) ≤ d (f(0), ∂f(D)) for |z| = r ≤ R1(α), where R1(α) is the unique positive
root in (0, 1) of the equation

r +
2r2

1 + a
2F1

(
1, 1 +

1

a
; 2 +

1

a
; r

)
= 1 +

2(−1 +H(α) + log 2)

1− α

. The number R1(α) is best possible.

(B): Cf
2 (r) ≤ d (f(0), ∂f(D)) for |z| = r ≤ R2(α), where R2(α) is the unique positive

root in (0, 1) of the equation

r + 2r2

(
2− r

(−1 + r)2
−

2a 2F1

(
3, 1 + 1

a
; 2 + 1

a
; r
)

1 + a

)
= 1 +

2(−1 +H(α) + log 2)

1− α
.

The number R2(α) is best possible.

(C): Cf
3 (r) ≤ d (f(0), ∂f(D)) for |z| = r ≤ R3(α), where R3(α) is the unique positive

root in (0, 1) of the equation

r + 2r2

(
−4− 3r + r2

(−1 + r)3
−

4a 2F1

(
3, 1 + 1

a
; 2 + 1

a
; r
)

1 + a
−

6ar 2F1

(
4, 2 + 1

a
; 3 + 1

a
; r
)

1 + 2a

)

= 1 +
2(−1 +H(α) + log 2)

1− α
.

The number R3(α) is best possible.

Proof of Theorem 3.2. Since f ∈ W0
H(α), in view of Lemma H, we have

|f(z)| ≥ |z|+
∞∑
n=2

2(−1)n−1|z|n

αn2 + (1− α)n
for |z| < 1.

Consequently, we have

d(f(0), ∂f(D)) ≥ 1 +
∞∑
n=2

2(−1)n−1

αn2 + (1− α)n
.(3.17)

Thus, we see that

lim inf
|z|→1

|f(z)| ≥ 1 +
∞∑
n=2

2(−1)n−1

αn2 + (1− α)n
.(3.18)

The Euclidean distance between f(0) and the boundary of f(D is given by

d(f(0), ∂f(D)) = lim inf
|z|→1

|f(z)− f(0)|.(3.19)

Since f(0) = 0, and hence, we have |f(z) − f(0)| = |f(z)|. Therefore, from (3.18)
and (3.19), we obtain

d(f(0), ∂f(D)) ≥ 1 +
∞∑
n=2

2(−1)n−1

αn2 + (1− α)n
.(3.20)



22 M. B. Ahamed, P. P. Roy, and S. Majumder

Let Lα : [0, 1] → R be defined by

Lα(r) = rφ0(r) + 2
∞∑
n=2

φn(r)

αn2 + (1− α)n
− 1−

∞∑
n=2

2(−1)n−1

αn2 + (1− α)n
.(3.21)

Clearly, Lα is continuous in [0, 1] and Lα is differentiable (0, 1). Because, both the
series

∞∑
n=2

φn(r)

αn2 + (1− α)n
and

∞∑
n=2

φ′
n(r)

αn2 + (1− α)n

converge locally uniformly on [0, 1), we see that Lα is differentiable on (0, 1) with
its derivative is

L′
α(r) = φ0(r) + rφ′

0(r) + 2
∞∑
n=2

φ′
n(r)

αn2 + (1− α)n
,

where the derivative-series converges locally uniformly on (0, 1).
Fix an arbitrary compact sub-interval [0, a] ⊂ (0, 1). By the local uniform con-

vergence hypotheses there exist constants K,K1 > 0 (depending on a) such that for
every n ≥ 0 and every r ∈ [0, a], we have

|φn(r)| ≤ K, |φ′
n(r)| ≤ K1.

Since α > 0, the elementary bound

αn2 + (1− α)n ≥ αn2,

holds. Therefore, for all r ∈ [0, a], we have∣∣∣∣ φn(r)

αn2 + (1− α)n

∣∣∣∣ ≤ K

αn2
and

∣∣∣∣ φ′
n(r)

αn2 + (1− α)n

∣∣∣∣ ≤ K1

αn2
.

Since the series
∑∞

n=2
K
αn2 and

∑∞
n=2

K1

αn2 are convergent (they are constant multiples
of the convergent p-series

∑
1/n2), the Weierstrass M -test implies that both series

of functions
∞∑
n=2

φn(r)

αn2 + (1− α)n
and

∞∑
n=2

φ′
n(r)

αn2 + (1− α)n

converge uniformly on [0, a]. Because [0, a] was an arbitrary compact subset of (0, 1),
the convergence is locally uniform on [0, 1).

Each term φn(r)
αn2+(1−α)n

is differentiable on (0, 1) with derivative φ′
n(r)

αn2+(1−α)n
. By

the uniform convergence of the series and the series of its derivatives on [0, a], we
may apply the standard theorem on term-by-term differentiation [62, Theorem 7.17]
to conclude that the sum is differentiable on (0, a), and its derivative equals the
termwise sum of the derivatives. Since a ∈ (0, 1) was arbitrary, the same holds on
(0, 1).
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Moreover, since φn(0) = 0 for all n ∈ N, it follows that

Lα(0) = 2
∞∑
n=2

φn(0)

αn2 + (1− α)n
− 1−

∞∑
n=2

2(−1)n−1

αn2 + (1− α)n

= −1−
∞∑
n=2

2(−1)n−1

αn2 + (1− α)n
< 0.

Since

H(α) = HurwitzLerchPhi
(
−1, 1, 1 + 1

α

)
=

∞∑
n=0

(−1)n

n+ 1 + 1
α

,

and define

G(α) = H(α) + log 2− α, for 0 < α < 1.

Since 1− α > 0, the given inequality is equivalent to

H(α) + log 2 > α,

that is, G(α) > 0 on (0, 1).
For a = 1 + 1

α
> 2, we have

H ′(α) =
1

α2

∞∑
n=0

(−1)n

(n+ a)2
.

Because the sequence {(n + a)−2} is positive and decreasing, the alternating-series
estimate gives

0 <
∞∑
n=0

(−1)n

(n+ a)2
<

1

a2
.

Hence,

0 < H ′(α) <
1

α2a2
=

1

(1 + α)2
< 1,

which implies that G′(α) = H ′(α) − 1 < 0. Thus, G(α) is strictly decreasing on
(0, 1). Moreover,

lim
α→0+

G(α) = log 2 > 0, lim
α→1−

G(α) = H(1−) + log 2− 1 = (1− log 2) + log 2− 1 = 0.

Since G is continuous and strictly decreasing from log 2 to 0, it follows that G(α) > 0
for every 0 < α < 1. Consequently,

−1− −1 +H(α) + log 2

1− α
< 0 (0 < α < 1).
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Since φn(1) = 1 for all n ∈ N ∪ {0}, we have

Lα(1) = φ0(1) + 2
∞∑
n=2

φn(1)

αn2 + (1− α)n
− 1−

∞∑
n=2

2(−1)n−1

αn2 + (1− α)n

= 2

( ∞∑
n=2

1

αn2 + (1− α)n
− −1 +H(α) + log 2

1− α

)
> 0.

where
∞∑
n=2

(−1)n−1

αn2 + (1− α)n
=

−1 +H(α) + log 2

1− α
< 0 for 0 ≤ α < 1.

By the Intermediate Value Theorem, the function Hα has a root in (0, 1), Rf (M)
say. To show that Rf (M) is unique, it is sufficient to show that HM is a monotonic
function on [0, 1]. Since the set of all sequences {φn(r)}∞n of non-negative differen-
tiable functions in [0, 1) such that the series

∑∞
n=0 φn(r) converges locally uniformly

on the interval [0, 1), ∀ n ∈ N ∪ {0}, an easy computation shows that

L′
α(r) = φ0(r) + rφ′

0(r) + 2
∞∑
n=2

φ′
n(r)

αn2 + (1− α)n
for all r ∈ (0, 1).

Thus, we conclude that Lα is a strictly monotone increasing function on (0, 1). Then,
Lα(Rf (α)) = 0 leads to

Rf (α)φ0(Rf (α)) + 2
∞∑
n=2

φn(Rf (α))

αn2 + (1− α)n
= 1 +

∞∑
n=2

2(−1)n−1

αn2 + (1− α)n
.(3.22)

The Lemma G in view of (3.17) yields that

Bf (r) = rφ0(r) +
∞∑
n=2

(|an|+ |bn|)

≤ rφ0(r) + 2
∞∑
n=2

φn(r)

αn2 + (1− α)n

≤ 1 +
∞∑
n=2

2(−1)n−1

αn2 + (1− α)n

≤ d(f(0), ∂f(D))

for |z| = r ≤ Rf (α). Thus the desired inequality is established.
Next we have to prove that the number Rf (α) is best possible. Henceforth, we

consider the function fα given by

fα(z) = z + 2
∞∑
n=2

zn

αn2 + (1− α)n
.
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Clearly, we see that fα ∈ W0
H(α). For r > Rf (α) and f = fα, an easy computation

in view of part-(i) of Lemmas G and H shows that

Bfα(r) = rφ0(r) +
∞∑
n=2

(|an|+ |bn|)φn(r)

= rφ0(r) + 2
∞∑
n=2

φn(r)

αn2 + (1− α)n

> Rf (α)φ0(Rf (α)) + 2
∞∑
n=2

φn(Rf (α))

αn2 + (1− α)n

= 1 +
∞∑
n=2

2(−1)n−1

αn2 + (1− α)n

= d(fα(0), ∂fα(D))

This shows that the number Rf (α) is best possible. □
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