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Abstract

We characterize all partitions of the complete twisted graph 15,
into plane spanning trees. In the case of partitions of 75, into isomor-
phic plane spanning trees, we show that all trees in these partitions
must be balanced double stars. As a consequence of our results, any
complete topological graph with n vertices contains a complete topo-
logical subgraph with m > clogl/ 8n vertices that admits a partition
into plane spanning trees.
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1 Introduction

Let P be a set of points in the plane. A topological graph with vertex set
P is a graph G where edges are simple continuous arcs drawn in the plane
in such a way that any two edges have at most one point in common. Two
topological graphs G and F' are called weakly isomorphic if there is a graph



isomorphism between G and F' such that two edges of GG intersect if and only
if the corresponding edges of F' do. A geometric graph is a topological graph
where all edges are straight line segments. A geometric graph G is convex
if the vertices of GG are in convex position. We denote the complete convex
graph with n vertices by C,.

The well-known so called “Happy Ending” theorem of Erdds and Szekeres
[6, 7] can be reformulated as follows: every complete geometric graph with
n vertices has a complete geometric subgraph which is weakly isomorphic to
a complete convex graph C,, with m > clogn. Harborth and Mengersen
9] introduced a class of topological graphs (later named twisted graphs) as
examples of topological graphs without topological subgraphs weakly isomor-
phic to any complete convex geometric graph C,, with n > 5.

The complete twisted graph 7;, is a complete topological graph with n
vertices vy, v, ..., v, in which two edges vv; (i < j) and vsv, (s < t) cross
each other if and only if either i < s <t < jor s <i < j <t see Fig. 1.

Figure 1: Complete twisted graph 7.

Pach et al. [12] proved that every complete topological graph with n
vertices contains a complete topological subgraph with m > ¢ logl/ ¥ n vertices
which is weakly isomorphic to either the complete convex graph C, or to
the complete twisted graph T,,. Arroyo et al. [3] generalized this result to
abstract rotational systems.

The above result by Pach et al. motivated the study of further properties
of twisted graphs; in particular the study of properties shared by convex
and twisted graphs. If a given property P is shared by complete convex
graphs and complete twisted graphs, then any complete topological graph
with n vertices contains a complete topological subgraph with m > clog'/® n
vertices that satisfies property P.



Given a topological graph G, a subgraph F' of G is plane or non self-
crossing if no two edges of F' cross in G.

Omaiia-Pulido and Rivera-Campo [11]; Abrego et al. [1] and Figueroa
and Fresan-Figueroa [8] studied some problems for which the corresponding
versions for the complete convex graph (), are known.

A partition of a complete graph Ks, into spanning trees is a collec-
tion of n edge disjoint spanning trees Si, Ss,...,S, of Ky,. Since Ky, has
(22") = n(2n — 1) edges and each spanning tree of Ky, has 2n — 1 edges,
(E(S1), E(S2),...,E(S,)) is a partition of the set of edges of Koy,.

A textbook exercise states that for each positive integer n there is a
partition of the complete abstract graph K, into n spanning paths and
a partition of K,, into n spanning balanced double stars. Jaeger et al.
[10] gave a generalization of this result concerning partitions of (2k + 1)-
regular graphs with perfect matchings into balanced double stars of order
2(k+1). For topological graphs a non self-crossing condition on each tree in
the partition is required which changes the problem drastically from that of
abstract graphs. For instance, as a corollary of Lemma 7 in Section 4, one
can see that for n > 3 there is no partition of the complete twisted graph
T, into n plane spanning paths.

Recently, the long-standing conjecture that any complete geometric graph
on 2n vertices can be partitioned into n plane spanning trees was disproved
by Aichholzer et al. [2]. For complete convex graphs, the existence of such
a partition follows from a result by Bernhart and Kainen [4]; Bose et al. [5]
gave a characterization of such partitions; as it turns out, for each partition
of C,, into plane spanning trees, all trees in the partition must be pairwise
isomorphic. In this paper we characterize partitions of the complete twisted
graph Ty, into arbitrary plane spanning trees and partitions of 75, into iso-
morphic plane spanning trees, see Fig. 2.

Figure 2: A partition of T into non-isomorphic plane trees (left) and a
partition of Ty into isomorphic plane trees (right).

Let T3, be a complete twisted graph with vertices vy, vs, ..., v9,. For the
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purpose of this article it is convenient to rename vertices v,11, Unia, ..., Voy
as follows: fori=1,2,...,n let w; = vop11_;. From now onward the vertices
of Ty, will be denoted by vy, v, ..., Uy, Wy, Wy_1,...,w; in that order.

Let n be a positive integer. A spanning balanced double star of T,, with
center edge v;w; is a spanning tree of Ty, containing edge v;w; and such that
v; is adjacent to half of the remaining vertices and w; is adjacent to the other
half. For example, the red tree in Fig. 2 (left) and all trees in Fig. 2 (right)
are spanning balanced double stars of Tj.

2 Preliminary remarks

A spanning tree S of a complete twisted graph 75, is plane or non self-
crossing if no two edges of S cross in T5,.

Let Ty, be a complete twisted graph with 2n vertices and S = {51, Ss, . . .,
Sp} be a partition of Ty, into plane spanning trees. Since edges vjwy,
VolWa, . .., VW, are pairwise crossing in T5,, they all must lie in different
trees in S. Without loss of generality, from now onward, we assume edge
v;w; lies in tree S; for 1 =1,2,...,n.

Remark 1. In any partition S = {S1,Ss,...,S,} of the complete twisted
graph T, into plane spanning trees, tree Sy is a balanced double star with
center edge viw .

Proof. Vertices vy, v3, ..., Uy, Wy, Wn_1,...,ws are independent in S since all
edges joining two of these vertices cross edge vyw; which is an edge of 5;.
Therefore S; is a double star with center edge vyws.

Clearly dg,(vy) > 1 for i = 2,3,...,n, therefore vertex v; cannot be
adjacent to more than n vertices in S;. Analogously vertex w; is adjacent
to at most n in S;. This implies dg, (v1) = dg, (w1) = n and therefore S is
balanced. O]

Remark 2. Let n > 2 be an integer. If S = {S1,S5,...,5.} is a parti-
tion of the complete twisted graph T, into plane spanning trees, then So —
{v1, w1}, S3—{v1, w1}, ..., Sy —{v1, w1} is a partition of the complete twisted
graph with vertices vy, Vs, ..., Up, Wy, Wy_1, ..., Ws into plane spanning trees.

Proof. By Remark 1, dg,(v1) = dg,(w1) = n. This implies that vertices
vy and w; have degree 1 in trees Sy, Ss3,...,S,. Therefore S; — {vy,w;}
is a plane tree for i = 2,3,...,n. Since v, V3, ... Uy, Wy, Wp_1, ..., W are
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independent in Si, all edges joining two of these vertices lie in one of the
trees Sy — {vy, w1}, S5 — {v1, w1}, ..., — {v,w }. O

3 Arbitrary partitions

In this section we study partitions of T5,, into arbitrary plane spanning trees.

Lemma 3. Let n > 2 be an integer. If S = {S1,5,...,5u} is a partition
of the complete twisted graph T, into plane spanning trees, then for i =
1,2,...,n — 1, the subgraph S;[V;] of S; induced by the set of vertices V; =

{Vi, Vg1, ooy Uy Wy, W1, . .., w; } 05 a balanced double star with center edge
viw;. Moreover, tree S;[V;| contains edges viw, 1, v;wy o, ..., v;w;y1, edges
Wilp_1, Wily_2, . - ., W;V;11 and one of the following pairs of edges {v;w,,, w;v, }

or {v;v,, wyw, }.

Proof. It n = 2, then § = {S51,5:}. By Remark 1, tree S; is a bal-
anced double star with center edge viw; and edge set {viws, viwy, wivs}
or {v1vg, Viwy, wWiws }.

We proceed by induction assuming the result holds for n = k. Let S =
{S1,Ss,...,Sk+1} be a partition of the complete twisted graph with vertices
V1, V2, vy Upa1, Wet1, Wk, - - ., W1 into plane spanning trees.

Fori=2,3,...,k+1let S/ =S; — {vi,w1}. By Remark 2, &' = {5}, S},
..., S}11} is a partition of the complete twisted graph with vertices v, vs, . . .,
Vk41, Wkt1, Wk, - - . , Wo into plane spanning trees.

By the induction hypothesis, for ¢ = 2,3,... k, the subgraph S'[V}]
of S! is a balanced double star with center edge v;w; that contains edges
ViWk, ViWg—_1, - - -, ViW;iy1, €dges w;vg, WiVk_1, ..., w;v;11 and one of the pairs
of edges {v;wyy1, w;vp1} or {vvgy1, wywgs1}. Notice that S'[V;] = S[V;] for
1=2,3,...,k.

Finally, by Remark 1, tree Sy is a balanced double star with center edge
viwy. Therefore each vertex vg, vs, ..., Vgy1, Wri1, Wk, ..., ws is adjacent to
either v; or wy. Let j be an integer with 2 < j < k. Notice that for
t=2,3,...,k, edge viw; crosses edges v;wy+1 and v;vg4; of which one is an
edge of S;, therefore for ¢ = 2,3, ...k, edge vyw; is not an edge of S;. Since
viw; also crosses edge vy1wyy1 which is an edge of Sy, edge viw; is not
an edge of Sy either. Therefore for j = 2,3,...,k, edge viw; must be an
edge of Sy. Analogously wyv; € E(Sy) for j =2,3,... k.



Since 57 is a balanced double star with center edge viw;, either vywyy1,
wVg+1 € FE(S1) or v10k41, wiwgyy € E(S7). Thus the result also holds for
n = k + 1. By induction it holds for all integers n > 2.

H

Remark 4. Let n > 2 be an integer. If S = {S1,Ss, ..., 5.} is a partition of
the complete twisted graph Ts,, into plane spanning trees, then edges v1vs, V13,
C UV, V1w, lie in different trees and edges wiws, wiws, . . ., W Wy, WUy,
also lie in different trees.

Proof. By Lemma 3, S; is a balanced double star with center edge v;w; that
contains edges wivy, wqvs, . .., w1 v,_1 and edges viws, VW3, ..., V1Wy_1. NO-
tice that in both cases edges v1v9, V103, . . ., V10,1 and wWywy, WiWs3, . . . , W1 Wy_1
are not edges of Sy; since S is a partition of T5,, all of these edges must lie
in some tree .S; with ¢ > 2.

Also by Lemma 3, tree S; contains one of the following pairs of edges
{vywy,, wyv,} or {v1v,, wyw,}. In the first case viw,, w v, € E(S)), viv, €
E(S;) for some i > 2 and wyw, € E(S;) for some j > 2 and, in the second
case v1v,, wyw, € E(S7), vyw, € E(S,) for some r > 2 and wyv, € E(S;) for
some t > 2.

From the proof of Remark 2, dg,(vy) = dg,(wy) = 1 for i = 2,3,...,n.
Therefore edges vyvy, V103, . . ., V10, V1w, lie in different trees and wqws, wyws,
., W Wy, WV, lie in different trees. O

Next we give a recursive formula for the number of partitions of T5,, into
arbitrary plane spanning trees.

Theorem 5. The number p, of partitions of the complete twisted graph Ts,
into arbitrary plane spanning trees satisfies the recursive formula p,i1 =
5(22=2)p,, for n > 2.

Proof. Let n > 2 be an integer and &' = {55,5%,...,5,,,} be a partition
of the complete twisted graph with vertices vy, vs, ..., Upt1, Wna1, Wy - . ., Wo
into plane spanning trees. We show that there are 5(22("~2)) partitions S =
{51,8,..., 841} of Tyny1) where S; — {vi, w1} = S for i = 2,3,...,n+ L.
By Lemma 3, for all such partitions, tree S; is a balanced double star with
center edge viwy, containing all edges viw; and wyv; for ¢ = 2,3,...,n and
one of the following pairs of edges {vywy, 11, W Vn1} OF {V10V, 11, W W11}
We show first that there are 221 partitions where tree S; contains
edges v wyp41 and wiv,4q. Notice that in such cases the edges of Ty, 41)
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not contained in E(S;) U E(S5) U --- U E(S),,) are edges v1v; and wjw;
with i = 2,3,...,n+ 1. We claim that there are 2! ways to attach edges

v, with @ = 2,3,...,n + 1, and 2" ways to attach edges w,w;, with
i=23,....,n+1,to S5 55,...,5,,, to obtain a partition Si,S,..., S 41
of T2(n+1)-

By Remark 4, each tree in S’ contains one of the edges vov3, Vovy, . . ., VoUp 41,
VoWp41. For j =3,4,...,n+1, let 7; be an integer such that v,v; is an edge
of ng and let i,,2 be an integer such that edge vow, 1 lies in Sgn“.

Notice that for j = 3,4,...,n+ 1 any single edge in {vjvs, V103, ..., v10;}
can be attached to S{j and any single edge in {v1vq, V103, ..., V10,41 } can be

attached to S£n+2 obtaining a plane tree. We can choose first any edge in
{v1v, v1v3} to attach to Sj,, then choose any remaining edge in {vivs, v1v3,
v1v4} to attach to Sj, and so on. For S{, 57 ,...,5] | there are two remain-
ing edges and for S;  only one possible edge remains. This gives 2"~ ways
to attach edges viv;, with i =2,3,...,n+ 110 .55, 55,...,5, ..
Analogously, there are also 2"~ ways to attach edges wyw;, with i = 2, 3,
.o.,mn+1to 85,85,...,8,,,. Since the ways of attaching edges v;v; and
edges wyw;, with i = 2,3,...,n+1 are independent, there are 22"~ ways to
obtain a partition {Si, Ss, ..., Spi1} of Thpyqy from {55,955, ..., S, } where
S1 contains edges vywy, 1, W1,y and S;—{vy, w1} = Sl fori =2,3,... , n+1.
With a similar argument we can prove that there are 22"=2) ways to ob-
tain a partition {51, S, ..., Spy1} of Toguqry from {55,55, ..., S} where S}
contains edges v1v,+1 and wyw, 1 and S;—{v,w;} = Si fori =2,3,...,n+1.
Therefore p, 1 = (22001 + 2200=2))p, = 5(22(n=2))p,,. O

Corollary 6. For n > 2 there are (5"~ 2)(2"+("=2=3)) partitions of the
complete twisted graph T5, into plane spanning trees.

Proof. By Theorem 5, the number p, of partitions of the complete twisted
graph T5, into plane spanning trees satisfies the recursive formula p,,; =
5(22=2)p,.

A simple proof by induction shows that for p, = (5772)(2!+(=2("=3)) for
n > 2, since Ty has ps = 2 such partitions. O

4 Partitions into isomorphic trees

In this section we give a formula for the number of partitions of the complete
twisted graph 75, into isomorphic plane spanning trees Si, S, ..., Sy.
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Lemma 7. Let n > 2 be an integer and S = {S1,Ss,...,S,} be a partition
of the complete twisted graph Ty, into isomorphic plane spanning trees. Then
fori=1,2,....n tree S; is a balanced double star with center edge v;w;.

Proof. By Remark 1, tree Sy is a balanced double star with center edge v;vy,,.
Since S; is isomorphic to Sy for ¢« = 2,3,...,n, all trees in S are balanced
double stars. By Lemma 3, for ¢ = 2,3,...,n — 1, tree S;[V;] is a balanced
double star with center edge v;w;, therefore v;w; is also the center edge of S;
since S;[V;]] is a balanced double star contained in balanced double star S;.

Finally, since we have shown that fori =1,2,...n—1 tree .S, is a balanced
double star with center edge v;w;, we have dg,(v,) = dg,(w,) = 1 for ¢ =
1,2,...n — 1. This implies dg, (v,) = dg, (w,) = n and therefore edge v,w,
must be the center edge of S,,. O

For any vertex u of a graph G, let Ng(u) be the set of vertices of G which
are adjacent to u in G.

Let n > 2 be an integer. For k = 1,2,...,n, denote by A; be the spanning
balanced double star of Ty, with center edge v,w,, and such that N, (v,) =
{vi,v9, .. Uk JU{wn, wno1, - Wy k—1) } for B < n—1and Ny, (v,) = {wn,

Wp—1,...,wy} for k =n. Since Ay is a balanced double star with center edge
UnWr, Na, (wn) = {wi,ws, ..., Wp_p} U{Un, Vn1,. .., Up_e—1y} for K <m —1
and Ny, (wy,) = {vn,Vp-1,...,v1} for k =n.

Theorem 8. Let n > 2 be an integer. If S = {S1,Ss,...,Su} is a partition
of the complete twisted graph Ty, into isomorphic plane spanning trees, then
there is an integer k with 1 < k < n such that S,, = Ag.

Proof. By Lemma 7, tree S, is a balanced double star with center edge v,w,;
let k = max {j : vWn, VyWn_1, ..., VWn_j+1 € E(Sy)}.

If & = n, then vertex v, is adjacent in .S,, to all vertices w,, w,_1, ..., w;.
In this case S,, = A, since S, is a balanced double star with center edge
Vp W,

If & < n, then w,w,_, € E(S,); this implies w,wy,_x_1, WyWp_g—2,. ..,
wywy € E(S,), otherwise v,w,_;_; is an edge of S, for some integer j with
1 <j<n-—Fk-—1, which is not possible since edges w,w,_ and v,w,_j_;

cross each other. Therefore S, = Aj. ]
Lemma 9. Fori=2,3,...,n—1, tree S; contains edges v1v;, Vav;, . .., V;_10;
and edges wyw;, Wall;, . . ., W;_1W;.



Proof. Let i = 2,3,...,n—1and t = 1,2,...,7 — 1. As S; is a balanced
double star with center edge v;w;, vertex v; is adjacent either to v; or to w;
in S;. By Lemma 3, tree S; contains one of the edges v;v, or v;w,. Notice
that edge v,w; is not an edge of S; as it crosses both edges v;v,, and v;w,, in
T5,. This implies v; is adjacent to v; in S;. Analogously w; is adjacent to w;
in Sz

O
Theorem 10. Let n > 2 be an integer. For k = 1,2,...,n there exists a

unique partition S = {S1,Ss,...,Su} of the complete twisted graph Ty, into
isomorphic plane spanning trees such that S, = Ay.

Proof. There are two partitions of T} into isomorphic plane spanning trees,
one contains A; and the other contains A,, see Fig. 3.

Figure 3: Two partitions of Ty. S3 = A; on the left and S, = As on the
right.

Assume n > 3. By Lemma 3 and Lemma 9, for i = 1,2,...,n — 1 the
only edges of S; that are not fixed in any partition S = {5, 5s,...,S,} of
T5,, into isomorphic plane spanning trees are those incident to v, and to w,,.
Let k =1,2,...,n and let S = {51, 5%,...,5,} be a such a partition of Ty,
with S,, = Aj. Notice that since each tree S; is a balanced double star with
center edge v;w;, in order to prove that tree .S; is uniquely determined by Ay,
it suffices to show which of the vertices v; or w; is adjacent to v, in S; for
i=1,2,...,n—1.

We first look at the case k = n. Then S, = A, contains all edges v,w;
with ¢ = 1,2,...,n — 1. In this case v; must be adjacent to v, in S; for
i=1,2...n—1.

Assume now k < n. If 1 <7 <n — k, then v,v; is an edge of A, = S,
and therefore cannot be an edge of S;. This implies that w; is adjacent to v,
in S; for 1 <i<n—k. See tree S; in Fig. 4.

Analogously, if ¢ > n — k, then w,v; is an edge of .S,, and therefore cannot
be an edge of S;. This implies that v; is adjacent to v, in S; for ¢ > n — k.
See tree S, in Fig. 4.



Figure 4: Partition of T into balanced double stars Sy, Sy, S3 with S3 = A,.
Here vsvy € E(S3) implies vsw; € E(S1) and wsve € E(S3) implies vgvy €
E(Ss).

O

As an immediate consequence of theorems 8 and 10, we have the following.

Corollary 11. Let n > 2 be an integer. There are n partitions of Ty, into
1somorphic plane spanning trees.
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