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ABSTRACT

We study the minimax optimization problem over a compact submanifold M, i.e.,
minge o maxy, fr(x,y) :=f(x,y)—h(y), where f is continuously differentiable in (z,y), h is a
closed, weakly-convex (possibly non-smooth) function and we assume that the regularized coupling
function — f,.(x, -) is either u-PL for some 1 > 0 or concave (p = 0) for any fixed « in the vicinity
of M. To address the nonconvexity due to the manifold constraint, we reformulate the problem
using an exact penalty for the constraint z € M and enforcing a convex constraint z € X for some
X D M onto which projections can be computed efficiently. Building upon this new formulation for
the manifold minimax problem in question, a single-loop smoothed manifold gradient descent-ascent
(sm-MGDA) algorithm is proposed. Theoretically, any limit point of sm-MGDA sequence is a stationary
point of the manifold minimax problem and sm-MGDA can generate an O(¢)-stationary point of the
original problem with O(x/e?) and O(1*/e*) complexity for ;1 > 0 and . = 0 scenarios, respec-
tively, where k = [/ is the condition number and [ denotes the Lipschitz constant of the gradient
corresponding to the penalized problem over X x dom h. Moreover, for the = 0 setting, through
adopting Tikhonov regularization of the dual, one can improve the complexity to O(I?/€3) at the
expense of asymptotic stationarity. The key component, common in the analysis of all cases, is to
connect e-stationary points between the penalized problem and the original problem by showing
that the constraint € X becomes inactive and the penalty term tends to 0 along any convergent
subsequence. To our knowledge, sm-MGDA is the first retraction-free algorithm for minimax problems
over compact submanifolds, and this is a very desirable algorithmic property since through avoiding
retractions, one can get away with matrix orthogonalization subroutines required for computing retrac-
tions to manifolds arising in practice, which are not GPU friendly. Experiments on quadratic minimax
problems, robust deep neural network training, and superquantile-based learning demonstrate clear
advantages over state-of-the-art algorithms that rely on retraction operation in each iteration.

*These authors contributed equally to this work.
"The student coauthor contributed to the numerical experiments.
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1 Introduction

Due to the broad applications in machine learning, minimax optimization has attracted significant attention arising
in the context of generative adversarial networks (GANSs) [17], robust deep neural network training [[18| 28 371,
superquantile-based learning [[10} [13], and reinforcement learning [14, [16]. Minimax problems involving manifold
constraints naturally arise in applications such as robust geometry-aware PCA [21]] and those involving subspace robust
Wasserstein distance optimization [33}40]. Furthermore, adding manifold constraints, such as orthogonality, on the
model parameters has been found effective in accelerating the training [3} [11, [27]], preventing the gradient sequence
from diminishing or exploding, and improving generalization [12].

In this paper, we consider the following minimax optimization problem over a compact submanifold of a normed vector
space (X, ||-||) with X := R%*" and ) := R%:

i r (L, = ; —h ) 1

min max fr(z,y) = f(@,y)—~h(y) M

where M = {z € R"*" : ¢(z) = 0} for some smooth function ¢ : R4*" — RP, h : Y — RU{+oc} is a

proper, closed, (possibly nonsmooth) (-weakly convex functiorE] for some ¢ > 0 with a compact, convex domain

Y :={y €Y :h(y) < oo}, and f is continuously differentiable on some open set containing X x Y where X D> M
is some compact set that will be defined later. In the rest, we used f,.(+,-) to denote f(-, ) regularized with h(-).

We study (I) assuming that one of the following conditions holds: (i) —f,(x,-) is u-PL, i.e., it satisfies Polyak-
Lojasiewicz condition for some v > 0, uniformly for all x € X (see Definition , or (ii) f,(x,-) is concave for all
z € X (abusing the notation, we abbreviate this scenario by ;1 = 0). Throughout the paper we mainly focus on the
setting where M := {x € R®™*" : 2 Tx = I,.} is the Stiefel manifold, i.e., ¢(x) = "= — I,., and later in section
we discuss how our results can be extended to a more general class of smooth defining functions ¢(-).

Algorithms for solving the problem @) have been extensively studied in the literature [7, 20} 23| [24] 25|47, /48]. Among
these works, (24} 147, 48] are the only works we are aware of studying a manifold minimax problem with a smooth f
without assuming geodesic convexity, i.e., when f is not geodesically convex in = for some fixed y € Y. This distinction
is important, as by the Hopf-Rinow theorem, any geodesically convex function defined on a compact Riemannian
manifold must be constant [31, Theorem 6.13]. Consequently, the results in [7} 20, 23| 25] are not directly applicable to
problem (T) when f(-, ) is not constant for fixed y € Y.

In [47, 48], the authors consider nonconvex-linear minimax problems on Riemannian manifolds, and under the linearity
assumption in the dual, they establish O(1/¢?) iteration complexity. Neither RADA method in [47] nor ARPGDA
in [48] is retraction-free, they require computing a retraction onto the manifold at each iteration — ARPGDA is a
single-loop method and RADA requires inexactly solving smooth-strongly concave minimax subproblems over the
manifold at each iteration. On the other hand, [24]] considers nonconvex-strongly concave minimax problems, and
it establishes O(1/€?) complexity for the proposed RGDA method; that said, RGDA is also not retraction-free and
it requires computing a retraction onto M at each iteration. For the main use case considered in this paper, the
Stiefel manifold [1]], the retraction always involves some expensive linear algebra operation, such as matrix inversion,
exponential or square-root, which quickly become expensive as the dimension of the matrices grows (especially for the
square Stiefel manifold where d; = r). Therefore, in this paper we will investigate the following natural question:

Can one design a retraction-free single-loop first-order method with cheap per-iteration complexity to efficiently
compute stationary points of nonconvex-PL and nonconvex-concave minimax problems on compact submanifolds?

Our main contributions are listed below.

Retraction-free smoothed manifold GDA algorithm. We reformulate the manifold-constrained minimax problem
using an exact penalty for the manifold constraint; moreover, we also introduce a norm-ball constraint x € X to ensure
that f is smooth over the compact set X x Y with a global Lipschitz constant for V f —let [ > 0 denote this constant.
We propose a smoothed manifold gradient descent-ascent (sm-MGDA) method that operates entirely in Euclidean space,
without requiring retractions or projections onto the manifold. This eliminates matrix orthogonalization and leads
to a GPU-friendly implementation. Numerical experiments on quadratic minimax examples, robust deep neural
network training, and superquantile-based learning demonstrate clear advantages over state-of-the-art methods. To our
knowledge, sm-MGDA is the first retraction-free algorithm for minimax problems over compact submanifolds.

Convergence guarantee for both merely concave and PL settings. We establish that sm-MGDA finds an O(e)-

stationary point with O(I*/e*) complexity in the merely concave case and O(x/€2) in the PL case, where x = 1 /.
The key technical ingredients in our analysis are to relate stationarity in the penalized problem to that of the original

*We say a function h is (-weakly convex if h(-) + %H -|| is convex for some ¢ > 0.
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problem by exploiting the exact penalty property of the penalty function adopted in our reformulation, and to show
that the bound constraint x € X eventually becomes inactive under the assumption that the primal function is lower
bounded. Compared to [24]], our method removes the requirement for strong concavity and can handle the settings
where f.(z,-) is merely concave, or — f,.(x, ) = h(-) — f(x,-) is u-PL with a possibly non-smooth weakly convex
regularizer h(-). To our knowledge, sm-MGDA is the first algorithm with provable convergence guarantees for solving (T)
in the merely concave and non-smooth p-PL settings without resorting to retraction operations. Moreover, we also
discuss how to relax the compactness assumption on the dual domain Y if we strengthen the p-PL assumption to strong
concavity with modulus ;4 > 0 —in short, we call it y-concave. We establish that in all of these setting, any limit point of
sm-MGDA sequence is a stationary point of the manifold minimax problem. Finally, for the ;x = 0 setting, we also show
that through adopting Tikhonov regularization of the dual, one can improve the complexity to O(I?/e?) for computing
an O(e)-stationary point at the expense of losing the asymptotic stationarity of the iterate sequence.

Notation. For a vector 7 € R?, ||z|| denotes the Euclidean norm; for a matrix z € R?*", ||z and ||=||2 denote
the Frobenius and spectral norms, respectively. For a closed convex set X, let dx (-) denote its indicator function,
defined as dx(z) = 0 if z € X and 400 otherwise. The projection of a point x onto X is denoted by Px (z) =
arg minge x ||z — y||, and the distance from x to X is defined as dist(z, X) := ||z — Px (z)||. For any square matrix
x € R™*", we define the symmetrization operator as sym(z) := % (x + " ); moreover, diag(z) € R" denotes the
vector of diagonal elements of . Given a proper, closed function h, we use Oh(x) to denote the Fréchet subdifferentiaﬂ
at z, i.e., Oh(z) := {s : liminf,_,, W > 0}. When —h(-) is weakly convex, we use —Oh(z) to
denote the Fréchet subdifferential of —h at z, i.e., —Oh(z) := O(—h(x)). Finally, for a point z € M, T, M denotes the
tangent space of the manifold M at z. For a differentiable function h, we write Vh(z) and grad h(z) for its Euclidean
and Riemannian gradients at , respectively. Let g : R™ — R? be a differentiable map at x, then we use J(x) € RP*"

to denote the Jacobian matrix at z, and for any given u € R we use Vg(z)[u] := J,(z) "u.

Table 1: Comparison of convergence guarantees and assumptions. In the column “Single-loop”, we indicate whether the
method consists of a single-loop iteration or not. In “GNC f(-,y)” column, we indicate whether geodesic nonconvexity of
f(-,y) over M is allowed when y is fixed; in “Nonlinear f(z,-)” column we indicate whether nonlinearity of f(z,cot) is
allowed when x € M is fixed. In the two columns about complexity, ¢ = 0 and ¢ > 0 correspond to the cases where
—fr(z,-) are convex and p-PL, respectively. Finally, in the column “RF” we state whether the method is retraction free or
not. The stationarity metrics used across different works are as follows: [24] considers minge pm maxyey f(z,y) and adopts the
criterion ||grad F'(z¢)||< €, where F(z) := maxyey f(z,y) for z € X; [23] considers minge pm maxyen f(z,y) where M
and A are Riemannian manifolds, and the metric adopted for e-stationarity is \/||zc — z*[|2+]Jye — y*[|2 < €, where (z*,y*)
denotes the unique saddle point under the assumption on f satisfying geodesic strong convexity—geodesic strong concavity;
[47] considers (@) such that f(z,y) = g(z) + (A(x),y) and h(-) is a closed convex function, and adopts two different cri-

teria for measuring e-stationarity, i.e., e-RGS: maX{ngadz flze,yo)ll, %Hys — prox., (ye + fyA(me))H} < ¢, and eROS:

max {dist (O, grad g(xc) + Pr,, m (VA(me)TBh* (pe)>) s lpe — A(ZEE)H} < ¢, where h* is the Fenchel conjugate of h; and
[48]] considers minge pq maxyey f(x,y) such that f(x, -) is linear for every x € M fixed. For our sm-MGDA algorithm we measure
stationarity using the criterion max {ngadz FPrm(ze), ye)||, dist (0, —Vyf(Pm(ze),ye) + 8h(y5)) } <e

Algorithm  |Single-loop|GNC f(-, y)|Nonlinear f(z,-)|Complexity (1 = 0)| Complexity (1 > 0)|RF

RGDA [24] v v v N/A O(e7?) X
RCEG [23] v/ X v/ O(e™) O(log(e™1)) X
RADA [47] X v X O(e™) N/A X
ARPGDA [48]] v/ v X O(e™) N/A X
sm-MGDA 4 v 4 O(e™3) or O(e™)° O(e™?) v

° These two complexity results arise under different algorithmic settings and analysis frameworks. The O (e ) bound for
computing an e-stationary point is achieved by introducing a Tikhonov regularization in the y-variable, i.e., given an arbitrary §y € Y,
solving the nonconvex—strongly concave approximate problem ming e p maxyey fr(,y) — ully — g||? for u = O(e). In contrast,
the 0(6_4) bound corresponds to directly solving the original problem, with additional algorithmic parameters introduced to
guarantee asymptotic convergence in terms of any limit point of the iterate sequence being a stationary point of the manifold
minimax problem. Although the former bound is better for small € > 0, the generated iterates converge only to a solution of the
approximate problem rather than the original one in (T).

*When h is proper closed convex, 9h concides with the convex subdifferential, and if A is differentiable at , dh(x) = {Vh(z)}.
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2 Methodology & Smoothed Manifold GDA (sm-MGDA) Algorithm

Recently, the constraint dissolving method for Riemannian optimization has been proposed in [44] to cast a manifold-
constrained optimization problem into an unconstrained one. Inspired by this methodology, which is designed for
manifold optimization (in the primal sense), given a compact smooth submanifold M := {x € R4 *" : ¢(x) = 0} for
some smooth ¢ : R4*" —s RP_ we can rewrite the minimax problem in @) as

gg)r(lr;leagfr(%y) i=f(z,y)—h(y), where f(z,y):= f(A(z),y)+ §|\c(x)||2, )

where A : X — X is the constraint dissolving operator, and p > 0 is a large enough penalty parameter—the assumptions
on ¢(-) and A(-) are similar to [44, Assumptions 1.1 and 1.2] and will be specified later in section [3} The partial

gradient V. f (x,y) can be computed using chain rule as follows:
Vof(e.y) = VA@)[Vo (A), )] + 5 Ve(@)e(a)], )

where VA(z)[u] := Ja(z)Tu for z,u € R with Ja(z) € R%*% denoting the Jacobian of A(-) at z, and
Ve(x)[u] := Jo(x) Tu for z € R% and u € RP with J.(x) € RP*% denoting the Jacobian of ¢(-) at z.

For example, when M is the Stiefel manifold, i.e, M = {z € R"*": 2Tz = I,}, wecanset A(z) = z(31, — 32T x)
and c(z) = & "« — I, for which we have VA(z)[u] := u(3I, — 32" 2) — zsym(z ") and Ve(z)[u] = 2zu.
We first state our assumptions on the manifold minimax problem in (T).

Assumption 1. (i) Let h : ) — R U {400} be a proper, closed, (-weakly convex function with a closed domain
Y :=domh ={y €Y :h(y) < oo}, and h is locally Lipschitz on its domain. (if) Suppose Y is a bounded set.
Remark 1. Assumption |l|implies that there exists a constant l;, > 0 such that h is Lipschitz continuous over the
compact set'Y, i.e., |h(y1) — h(y2)|< lnllyr — yo|| for any y1,y2 €Y.

Definition 1. Suppose M C X is a compact submanifold. Define X = {A(z) : ||z|< C} C X = RUX" for some
C > 5+ sup,e .

Assumption 2. Suppose that f : X x Y — R is differentiable on an open set containing X x Y, where X C X is
given in Deﬁnitionand Y =domh C Y, and that there exist Lz, Lyy, Ly, Lyy > 0 such that
IVaf (@1,91) = Vo f (w2, y2)|| < Log |21 — 22|l + Loy ly1 — v2ll 5
IVyf (z1,91) = Vyf (T2,92) | < Ly |21 — 22|l + Lyy [l — 12ll, 21,22 € X, yr,p2 €Y.
Let L := max{Lyy, Lyy, Lyq, Lyy }-
Definition 2. F' : X — R denotes the primal function, i.e., F(x) := maxycy fr(z,y), and let F* := minge pq F ().

In the rest, we analyze the convergence properties of the proposed sm-MGDA algorithm applied to (Z) under different
assumptions on f, defined in (I). First, we consider the scenario where — f,.(z, -) satisfies the PL property for fixed .

The PL property is usually given for smooth functions [26, Theorem 2] and its extension for composite functions
ps + p. where pg is smooth and p.. is a proper, closed convex function, is given in [26, Eq. (12)]. On the other hand, the
definition we adopted from [32] is more general and applies to a more general class of possibly nonsmooth (-weakly
convex functions.

Definition 3 ([32]). Let ¢ : R™ — RU{+0c0} be a proper, closed, (-weakly convex function, and let S = arg min,, ¢(x).
Suppose S # 0 and let p* = @(x*) for some x* € S. ¢(-) satisfies PL inequality with constant p. > 0, i.e., we say ¢(+)
is p-PL, if 2u(p(z) — ¢*) < dist®(0, dp(z)) for all x € dom .

For particular examples of nonsmooth (-weakly convex functions that satisfy PL condition, see [32, Sec. 3.2].
Consider f,. defined in (T). We assume that — f,.(z, -) satisfies one of the following conditions uniformly for all x € X:
(i) p-PL (see assumption [3)), (ii) p-strongly convex, and (iii) merely convex, i.e., ;1 = 0.

Assumption 3. There exists ji > 0 such that — f,(x,-) is uy-PLforall x € X C X, i.e.,

1 .92 =
_ < — .
rﬂr}ea;cfr(x,w) fr(z,y) < on dist (07 Vyf(@,y)+ 0h(y)), VreX,yeY

Remark 2. The solution set arg max, ¢y f.(x,w) is nonempty from the compactness of Y. By [32l Theorem 3.1],
the assumption on — f,.(x,-) satisfying p-PL condition is weaker than assuming f.(x,-) is strongly concave with
modulus > 0; indeed, it is equivalent to the error-bound condition and further implies quadratic growth of — f,.(x, ).
Examples of nonconvex—PL problems include min, max, f(x, By) where f(-,-) is nonconvex—strongly concave and B
is an arbitrary matrix, as well as generative adversarial imitation learning for the linear—quadratic regulator [6]].
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Assumption 4. There exists j1 > 0 such that f,(z,-) is p-strongly concave forallx € X C X, i.e., foranyy €Y and
g € Oh(y), it holds that f,(x,y) + (Vyf(z,y) — g, w—y) — 5w —y[*> fr(z,w) forallz € X, andw € Y.

Assumption 5. h: Y — RU {400} is merely convex, i.e., ( = 0 in assumption ' moreover, f(x,-) is merely concave
forallz € X C X, ie., foranyy €Y fixed, f(z,y) + (Vyf(z,y), w—y) > f(z,w) forallz € X andw € Y.

Remark 3. One can replace assumption[2|with the assumption that f is twice continuously differentiable on an open
set containing X X Y, where X is given in Deﬁnition

Given (x*,y*) € X x Y, the results in [44] imply that for sufficiently large but fixed p > 0, if dist(x*, M) < ¢ for
some small enough § > 0, then
Vof(@y) =0 & 2’ eM, grad, f(z",y") =0, )

where grad,, f(z*,y*) denotes the partial Riemannian gradient of f with respect to = over M. For any (Z,3) € M XY,
the partial Riemannian gradient of f* with respect to = can be computed using

grad, f(z,9) = Vo f(Z,y) — Tsym(z "V, f(Z,7)). (5)
For details on the first-order optimality condition in manifold optimization, we refer to [2, 15} 22].
Definition 4. (x*,y*) € M X Y is a stationary point for the minimax problem in (1) if

grad, f(z*,y") =0, 0€ =V, f(z",y")+ oh(y"); (6)

and (z¢,y.) € M XY is an e-stationary point, if ||grad, f(x.,y.)||< € and dist (0, —Vyf(ze,ye) + (“)h(ye)) <e

Note that because of the penalty term P(z) := &||c(x)||* used within f. V f may not be Lipschitz on X’ x ) while V f
is. For example, when M is the Stiefel manifold, we set ¢(x) = = "= — I,.; hence, the corresponding penalty term P(-)
is quartic and VP(x) = px(z "« — I,.) is not Lipschitz on X = R%*". However, since we are interested in stationary
points (z*,y*) € M x Y asin (6) with M being a compact submanifold of R% %", instead of (2), we will consider the
following reformulation:

i ax f, 3 Y), 7
g Y "

where X := {2 € R"*" : ||z||< C} for some C' > % + sup, ¢ o(|||| —for this reformulation, trivially V f is Lipschitz

on the new domain X x Y that is compact, and — f,.(z, ) is p-PL (or convex) for every fixed € X since — f,.(z, -) is
assumed to be u-PL (or convex) for all x € X. It will be shown later that as long as the constant C' > 0 is sufficiently
large, i.e., C > 3 + sup,¢ o]z, the choice does not affect the set of limit points of the proposed algorithm. Let {(C')

denote the Lipschitz constant of V f on X x Y —for simplicity of notation, we will suppress its dependence on C' in the
rest and use [ instead.

In the rest of this paper, for notational convenience we focus on the Stiefel manifold to derive our results. That said, as
mentioned in the introduction, we discuss their extensions to some other important compact manifolds with ¢ € C?;
more specifically, the obligue manifold and the generalized Stiefel manifold will be discussed in section [3.4]

Lemma 1. Let M C X be the Steifel manifold, i.e., c(x) = v "x — I, and let X = {x € R4*" : ||z||< C} for C > 0
asin Deﬁnition Under Assumption the function f defined in @ with A(z) = m(%[r — %:L’TCL') is differentiable on
an open set containing X x 'Y, and there exist constants lyz, lyy, lyz, lyy > 0 such that lyy = Ly, 1y, = O(CQLW),
loy = O(C’QLzy) and l,, = O(C%p + C* L) and that for all 21,75 € X and y1,y2 €Y, it holds that

Vo F @10) = Vo (@2,9)|| < Lo llor = @]l + Ly ln = w2l
[VuF ) = 9y @2, )| < by o1 = 2l + Ly 11 = w2l
Clearly, ¥V f is Lipschitz on X x Y with constant | := max{lez, loy, lyz, lyy -

Proof. See Section[6.1] O

Remark 4. If the condition ||x||< C' in the definition of X is replaced by ||x||2< C, the expressions for the Lipschitz
constants lyz, lzy, lyz, lyy in Lemma[Z] remain the same.

Remark 5. The Lipschitz constants of f calculated in the proof of Lemmaare specific to the case where M is the
Stiefel manifold, i.e., c(x) = x " x — I,.. That said, they can be easily extended to other compact smooth submanifolds
M={zx € X: c(x) =0} over X XY whenever the defining function c(-) is twice continuous differentiable.
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2.1 Smoothed AGDA (sm-MGDA) for solving problem (I)

The smoothed gradient descent ascent (sm-GDA) methods [51} 52] perform single-loop updates on the primal and dual
variables, together with an additional update on a smoothing variable. These methods are designed for problems with
a nonconvex—concave or nonconvex—PL (strongly concave) structure assuming Lipschitz continuous gradients, and
under such conditions, they achieve better iteration complexity than the standard gradient descent ascent methods while
computatinal cost per iteration being the same.

It is known that every geodesically convex function over a compact manifold is a constant function [4]. This indicates
that for any fixed y € Y and 2z € X, f(z,y;2) £ f(z,y) + L|lz — 2||? is not geodesically convex in z over M
for any p > 0. Although we may use a retraction operator to design a smoothed descent-ascent type method as in
[51) 152, its convergence analysis would be very intricate because for any given z € X, the duality gap between
minge pm maxyey f(x,y; z) and max,cy minge o f(z, y; 2) is not necessarily zero due to the lack of (geodesic)
convexity. This motivates us to use more advanced tools to tackle the manifold constraint which leads to a nonconvex
minimax problem.

Specifically, we consider the penalized problem in (7), which employs an exact penalty function f,(-,y) foranyy € Y
to eliminate the manifold constraint x € M. By introducing a norm ball constraint x € X, we avoid potential issues
that would arise from the gradient of the penalty term 4 ||¢(x)||? not being Lipschitz continuous over X. In this setup,
we study the convergence behavior of smoothed gradient descent ascent iterate sequence [51}152]] to a stationary point of
the original problem when sm-GDA is applied on the penalty problem in (7). Indeed, we incorporate the geometry of the
manifold through using an exact penalty function, and we refer this particular implementation of sm-GDA framework
on (7) as sm-MGDA.

Let p € R, such that p > [, e.g., p = 2l, and define

f@y:2) = fay +ile—2l?  VeeX yeY zex,

where L[|z — z||? serves as a regularizer for dual smoothing, inspired by the Moreau-Yosida regularization, a.k.a. the
Nesterov’s smoothing [39]. Our proposed method, sm-MGDA, is presented in Algorithm[I] which consists of alternating
x,y updates: one projected gradient descent in x using sz (2+,ys; 2t), one proximal gradient ascent in y using
Vy f (z4+1, Ys; 2t), and an averaging step in z to get z¢41. On the other hand, for the case u = 0, rather than employing
dual smoothing, we set p = 0 and incorporate an additional regularization term on y for primal smoothing, following
[36,149]]. Indeed, for the scenario p = 0, rather than computlng an ascent step based on f (2441, -) for the y-update,
We consider fp, (41, -) where fo(x,y) = f(z,y) — ||yH2 forz € X andy € Y, i.e., we add a regularization term
9 1y||? to f, and use V,, fo, (¢4 1, y¢) rather than Vyf(a:tﬂ, yi; 2t) = Vy f(2141,:), where the parameter sequence
2} CRyis d1m1nlsh1ng to 0. In our theoretical analysis, we show that the limit points of sm-MGDA iterate sequence
are stationary points of the original problem (T)) in the sense of Definition 4 under appropriate choices of the parameter

C > 0 appearing in the definition of X and the penalty parameter p in f.

Remark 6. One can avoid computing/estimating the Lipschitz constant | by adopting the line-search strategy of [54l],
which employs a carefully designed nonmonotone stepsize-search criterion and requires at most 3 backtracking steps
per iteration. This type of extension would be helpful in practice as it can exploit local curvature through estimating
local Lipschitz constants, which would lead to larger steps.

Algorithm 1 Smoothed MGDA (sm-MGDA)

I: InPUt: ('Ian()?ZO) EMXY x M, {at}7 {Tl,t} C R-‘r’ T2,D; P ¢ >0, B € (07 1]
2: fort=0,1,2,..., T —1do

30 gr  VA@)[Vaf(A(xe), y)] + §Ve(zy)[c(2:)]

4: $t+1<_PX (xt—ﬁt<gt—|—p Ty — 2t ))

51 Y41 PYOXTzh(yf + T2 (Vyf( (Tor1),ye)— 9tyt))

6:  zey1 =zt + B(@ir1 — 21)

7: end for

8: Output: {(xt,yt)}tT:_Ol.
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2.2 e-stationary points of the penalty problem
Following [52} Definition 3.1], we call (z., y.) € X x Y an e-stationary point of ({7 if

dist (0, Voo f e, o) + 00x(we)) < € dist (0, =V, flwe,ye) + 0h(y) ) < e. ®)

Given (z,.) € X x Y such that ||z.||< C, then 0 € V, f (., ye) + ddx () if and only if V. f(z,y.) = 0; hence,
if () holds with € = 0 for some (z¢, ye) € X x Y such that ||z.||< C, then

Vif(@e,y) =0, 0€ ~V,f(ze,yc) + Oh(ye). )

Thus, it follows from @) that for p > 0 large enough and C' > 0 + sup,c ¢ ||z||, there exists § > 0 such that if
dist(ze, M) < § and () holds with € = 0, then (x.,y.) € M X Y and it is a stationary point for the original manifold
constrained minimax problem in (TJ), i.e., (6) holds with (z*, y*) = (¢, ye)-

In practice, since the algorithm runs for only a finite number of iterations, we are also interested in how the e-stationary
point of the penalized problem relates to that of the original manifold-constrained problem. The following lemma
describes this connection for the Steifel manifold.

Lemma 2. Let M C R“X" be the Steifel manifold. For any given ¢ > 0, let (z.,y.) € X x Y be such that
[Vaf (e, ye)||< € dist(0, =V f (@, ye) + Oh(ye)) < € and dist(ze, M) < L, then

3 11
lze = Pam(we)||< ;e, llgrad, f (P (ze), ye)lI< € + ? (Lzz + Lm(yE)) €,

dist (0.~ F(Paa(re) ) + Oh(e)) < (1+ %Lym)e,

whenever p > 36L(ye), where L (y) := max{||Vf(z,y)|: ||z||2< 1} is defined for y € Y. Thus, (Pam(x¢), ye) €
M x Y is an O(¢)-stationary point for the minimax problem in (1) in terms of Definition 4

Proof. See Section[6.2] O

For any given € > 0, in order to compute (2, y.) € X x Y satisfying the hypothesis of Lemma we will employ
sm-MGDA on the penalty problem in (7)) with a properly chosen parameter C' > 0, i.e., the choice of C' > 0 is not arbitrary
and it should be chosen carefully depending on § in order to exclude the possibility of computing an (x,y.) € X x Y
as in (8) with ||z.||= C. Indeed, Lemma shows that when M C R%*" is the Steifel manifold, any C' >  + r works

as 0 = 1/2 and sup ¢ ¢ ||z||= /7.

3 Convergence analysis

In this section, we present the convergence guarantees of our sm-MGDA algorithm under three different scenarios: We
assume that — f,.(z, -) satisfies one of the following conditions uniformly for all z € X: (i) u-PL (see assumption ,
(ii) p-strongly convex, and (iii) merely convex, i.e., i = 0.

Definition 5. Let —oo < F := mingex F(A(z)) where F(-) = maxyey fr(-,y).

3.1 Complexity for nonconvex-PL problems

In this section, we establish the convergence guarantees for computing an e-stationary point of the manifold minimax
problem in (T)), and we also provide asymptotic convergence results. To achieve this goal, we first extend the analysis of
[51] to handle weakly convex (possibly non-smooth) regularizer h(-) —the method proposed in [51]] can only handle
smooth problems of the form min,ex maxycy f(x,y) without any manifold constraint, where f is a smooth function
satisfying assumptionon the vector space X x ) such that — f(x,-) is u-PL for all x € X.

We next provide a convergence rate result for sm-MGDA under Assumptions [T|2] and [3] For this setting there is no
clear relation between [ and p; hence, we define the modified condition number & := max{1, k} where x := /.
Furthermore, we also define some other important quantities arising in our analysis.

Definition 6. For any z € X, let 2*(z) = argmin,cy ®(z;2) and Y*(z) = argmax,cy, ¥, (y; z), where

O(z; 2) = maxycy fr(x,y; z) defined for any x € X, U,.(y; z) := V(y;2) — h(y) and V(y; z) := mingex f(x,y; 2)
defined for any y € Y. Finally, P(z) := mingc x ®(x; 2) for z € X.
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Theorem 1. Suppose Assumptions [I|2] and [3| hold. For any given C > 0, let X = {x € X : ||z||< C}, and let
{4t Yt, 2t }1>0 be the sm-MGDA iterate sequence generated by Algorithm initialized from an arbitrary (xq, Yo, 20) €

X xY x X, using the following parameters: 71, = T and 0, = 0 for all t > 0 for some 71 € (0, %] Ty =
1—16(% +¢)7Y p =2l and B = amin{u,l}ms for some o € (0,1/2306), where the constant | > 0 is defined in
Lemmall] Then, for any T > 1, it holds that

1;2 ( IG|% + & HG%’||2> _ OW)& (% + g) (P(zo) —F+ AO), (10)

T T

where A\g 1= fr(sco, yo;20) + P(20) — 29, (yo; 20), and for all t > 0, G¥, GY are defined as

- Ty — T ~ -
t+1 = tTtH + Vo f(@et1, Yer1) — Vaf(xe, ye) + plze — x1), o
GY, = yt%z_yt + Vyf(33t+17yt+1) - Vf($t+1,yt)-

Furthermore, G¥ € wa(a?t, Y1) + 00x (x4) and GY € Vyf(xt, y:) — Oh(yz) for all t > 1, which also implies that

min max {dist (0, Vo f(ze,ye) + 86X(xt)), VRdist (0, Vo f(xe,ye) + Bh(yt)) }z@(ﬁ)

1<t<T

Finally, Ag > 0 can be bounded as Ay < 2 gapj, (z0, Yo; 20), where gapj, (20, Y0; 20) :=P(z0; 20) — ¥+ (Yo0; 20)-

Proof. See section[7] O

Remark 7. If one chooses xo = zg and yo € Y*(2¢) for any zo € M, then fr($07y0;20) = fr(20,90) < F(20).
Moreover, choosing yo € Y*(zo) implies that P(zo) + Ao = fr(z0, Yo; 20) since P(zy) = ¥, (yo; z0) —see Lemma
Therefore, P(zo) + Ao — F < F(zp) — F.

On the other hand, if one chooses xo = x*(z9) € X and yo € Y*(z0) for some zg € M, then one has Ay = 0

—see Lemma@ ‘Moreover, since zg € M, we have P(zy) = mingex ®(z;20) < ®(20;20) = F(20); therefore,
P(z0) + Ag — F < F(zy) — F as well.

Next, we argue that for both C,p > 0 sufficiently large, ||z¢||< C for all ¢ > 0; thus, Theorem [1| implies that
V f(x*,y*) = 0 for any limit point (z*, y*) of the sm-MGDA iterate sequence {(z¢, y¢)}.

Theorem 2. Under the premise of Theorem suppose sm-MGDA is initialized from (x¢, Yo, 20) € X X Y x X such
that yo € Y*(20) and x is set to either zy or x*(zo) for some arbitrary zy € M. Then, for any C > 1 +sup,c (2|,
there exists p > 0 such that within O(k/€*) gradient evaluations, sm-MGDA with given parameters p > p and
C > 0 can generate (x.,y.) € X x Y such that |ze — Pm(x)||< %e, lgrad, f(Pm(ze),ye)l|= Ole), and
dist(0, =V f(Pm(xe), ye) + Oh(ye)) = Ofe).

Moreover, any limit point (x*, y*) of the sm-MGDA sequence {(x, y:) }¢>0 is a stationary point for the minimax problem
in(Q), ie, z* € M, grad, f(z*,y*) = 0and 0 € =V, f(z*,y*) + Oh(y*).

Proof. See section 8] O

Remark 8. For any given zg € M, let zg = x*(20) € X and yo € Y*(z). Then, for any C > 3 + sup,¢ ||z

choosing p > 16<F(z0) —F+ (1, + lh)Dy), where 1, = maxgex yey||Vyf(A(@),y)||< oo and Dy :=
SUp,,, ey 1yt — yall, implies that ||c(x¢)|| < §, which ensures dist(x¢, M) < 5 forall t > 0.

Remark 9. The above result corresponds to the case where X is defined using the Frobenius norm. Instead, if X is
defined by the spectral norm ball, the same iteration complexity bound continues to hold for any C' > %—i—supw emllzll2=
%. Since the expressions for the Lipschitz constants remain unchanged (see Remark , this smaller value of C' (in

contrast to 3 + /) yields an improved iteration complexity O(max{L/u,1}/€>) as L < I, where L is defined in
Assumptionél However, it should be noted that in this setting the projection operator Px requires computing an SVD
of an n1 X r matrix at each iteration, which can be substantially more expensive than the projection onto the Frobenius
norm ball, especially when r =~ ny, e.g., n1 = .
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3.2 Complexity for nonconvex-strongly concave problems

In this section, we replace Assumption [3] with Assumption ] which is clearly a stronger one; indeed, [32, Theorem 3.1]
shows that Assumption[dimplies Assumption [3|—see also Remark 2] That said, while adopting a stronger condition of
fr, we now relax the compactness requirement on Y = dom h, which is necessary for our analysis in the u-PL case,
i.e., we will study (I)) under Assumptions|[I}(i),[2]and [4]

Definition 7. Ler ®(z) := max,cy fr(2,y) and ®* = mingex ®(x). Note that ®(z) = F(A(x)) + 2lle(@)]1?;
hence, ®* > F. Moreover, define r*(x) £ argmax,cy fr(z,y) = argmaxycy f,(A(z),y) for all z € X, and let
8¢ := |lyr — 7 ()| for t > 0.

First, we argue that when f,.(z, -) is strongly concave on Y for all z € X, the sm-MGDA iterate sequence is bounded.
Note that for every z € X, due to strong concavity Y*(z) is a singleton, let Y*(z) = {y*(2)}.

Lemma 3. Suppose Assumptions (i),[Z] and hold. Given an arbitrary C' > 0 such that X D M, let {x¢,ys, 21} C
X x Y x X be generated by sm-MGDA using 1, T2, p, B, a as stated in Theorem Then starting from any (o, Yo, 20) €
X x Y x X, {xt, Yt, 2t y1>0 is a bounded sequence; indeed, max{|| x|, ||z:|| } < C. If one initializes sm-MGDA from

(z0, Y0, 20) as in TheOrem then ||ly: — yol|< 4 /%(F(zo) — &) + 2Ky, |21 — 20| for all t > 0, where Ky 1= 1y /.

Proof. See section0.1] O

Next, we state a result that establishes {||y; — r*(z;)||?} — O ast — oo.

2
Lemma 4. Fort > 0, 0,41 < (1 — 72p/2)0; + W%Hmtﬂ — x4||?; moreover, Y2, 6, < oo, which
implies that 6y — 0 as t — oo.

Proof. See section 9.2 O

Next, we argue that for both C, p > 0 sufficiently large, ||x:||< C for all ¢ > 0; thus, Theoremimplies that any limit
point of {x¢,y;} is a stationary point for the minimax problem in (IJ) in terms of Deﬁnition

Theorem 3. Under Assumptions ( i), and ) there exists some p > 0 such that for every p > p there is T, €Zy,
which is non-increasing in p, such that the results of Theoremcontinue to hold for all t > T,

Proof. See section[9] O

3.3 Complexity for nonconvex-merely concave problems

Beyond the p-PL and strong concavity settings for f,.(z, -), we can also establish an @(6_4) complexity of our sm-MGDA
algorithm to compute an e-stationary point of the original problem under mere concavity of f,.(z,-) for any z € X.
This result follows from Theorem [3]and the potential function construction provided in [49, Theorem 3.2].

Theorem 4. Suppose Assumptions (1|2 and |5| hold. For any C' > 1 + sup ¢ |||, there exists p > 0 such that

within O (I*e=*) gradient evaluations, initialized from an arbitrary (o, yo, o) € M x Y x M and using parameters
_ 902

p>pT2 < 10%,414’7“ = 27’2l2(1+127\/t+1)7l’b = max{% - 1 }’gt =% % ' (t+11)1/4’p =0 and =1,

sm-MGDA can generate (x.,y.) € X x Y such that |x. — Pm(ze)||< %e, lgrad,, f(Pm(ze), ye)||= O(e), and

dist (0, —Vyf(Pml(ze),ye) + 8h(y6)) = O(€). Moreover, for any limit point (x*,y*), it holds that x* € M,

grad, f(z*,y*) =0and 0 € =V, f(z*,y*) + Oh(y*).

Proof. See section[I0]in the appendix. O
Remark 10. The above theorem establishes the first complexity result for a retraction-free method to solve nonconvex-
merely-concave (NCMC) minimax problems over compact submanifolds.

Remark 11. In addition to the O(I*e~*) complexity result established in Theorem we can also obtain an improved
O(e3) bound by applying sm-MGDA to the regularized problem:

€
: € — _ h _ _ 2
min max fr(2,y) :=f(@y) = M) = 75 lv = woll”,
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€
2Dy

3
Therefore, by Theorem sm-MGDA yields a pair (x., ye) such that | ze — Pp(ze)||< —¢, ||grad, f(Pm(xe), ye)||=
p

where Dy 1= maxy, y.ev||y1 — vl and yo € Y. f5(z,-) is strongly concave with modulus pi = Sor any fixed x.

O(e), dist (0, —VyfPm(ze), ye) + ﬁ(y6 — o)+ 8h(y6)> = O(e). Since k =k =1/ = O(le~ ') and Dy >

llye — yoll, it follows that dist(0, =V, f (Pa(xe), ye) + Oh(ye)) = O(e); therefore, (x.,y.) is an e-stationary point of
the original NCMC minimax problem min,e p maxyey fr(2,y), and it can be computed within O(1*¢3) iterations.

3.4 Extension to other compact submanifolds

In previous sections, for the theoretical analysis of sm-MGDA, we focus on the case where M is the Stiefel manifold.
However, the concept of exact penalty functions introduced in [45]] applies more broadly to all compact submanifolds
satisfying some mild regularity conditions. In the following, we discuss how our algorithm and its guarantees can be
extended to some other important compact submanifolds.

Oblique manifold: M = {z € R?*" : diag(z " x) = I,.}. In this case, we define

A(z) =2z (I, + diaug(xTac))_1 . c(z) = diag(z"x) — I,..

To ensure that the same convergence guarantees hold, it suffices to (i) validate Lemma[2] and (ii) ensure that small
constraint violation ¢(z) still implies that x is close to the manifold.

For (i), we can use [44, Theorem 1] to control the feasibility error and Riemannian gradient norm by gradient norm of
the penalized objective function when z is sufficiently close to the manifold and p is chosen large enough.

For (i), let & denote the projection of x onto M, given by & = x diag(z'x)"2. Then, |z — Z|=
|z (Ir - diag(x—'—x)*%> [|. If [|e(x) || < € with € < 1, then we have 1 — € < maxi<;<,||z;[|< 1+ ¢, and

|z — z||< ||z||2||I, — diag(zT2) 2| < g I, — diag(zT2) "2

<oy

Generalized Stiefel Manifold: M = {z € R¥" : 2T Bx = I,.} where B € R%*? is a positive definite matrix. In
this case, we define

1
Alz) ==z (3],. - ZxTBx> , c(x)=x2"Bx—1I,.

Following [44, Theorem 1], we can establish results analogous to Lemma[2] ensuring approximate stationarity under
the exact penalty framework.

To show that small ¢(z) implies small dist(x, M), consider the compact SVD of Bzz: B2z = usv'. Define
Z = B 2zuv’. Then, ||z — z||= HB’% (usv” —wvT) H < |[B~z||||s — I,||. Noting that ¢(z) = ! Ba — I, =
vs'svl — I, =v(s® — I,)v", we obtain ||s?> — I,.||= ||c(z)||, which implies ||s — I,.||< |lc(z)]||. Thus, we establish
the desired result by having ||z — Z||< | B~ 2| ||c(z)].

4 Numerical experiments

In this section, we conduct experiments on three tasks, i.e., the quadratic nonconvex-merely concave (NCMC) problem,
the quadratic nonconvex-strongly concave (NCSC) problem, and robust DNNSs training over a Riemannian manifold.
In experiments, we compare our sm-MGDA with MGDA, (i.e., p = 0 and § = 0 in Algorithm , RGDA [24l35]], and
its stochastic version RSGDA [24]] as the comparison baselines. We use constant primal step sizes for sm-MGDA, i.e.,
71t =71 forallt =0,1,.... For all figures in this section, we run each algorithm several times independently, and
plot the geometric mean and standard deviation in solid lines and shaded regions, respectively.

4.1 Quadratic NCMC problem (;; = 0)
4.1.1 Case 1: Vector variables

In the first scenario, we consider the following quadratic NCMC minimax problem:

1
i L =_xz' TA 12
iy, ma (x,y) = 5o Qu+z Ay, (12)

10
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where Y = {y € R" : |jy||< 1}, M = {x € R" : 272 = 1} denotes the sphere manifold, and A,Q € R"*"
are symmetric random matrices. We set n = 500, and randomly generate A and @ such that A = VA,V T and
Q = VAQVT, where A4, Ag are diagonal matrices, and V' € R500x500 i an orthogonal matrix, i.e., VvVl =
A0
VIV =1 Weset Ag = ﬁ for L € {5,10}, where AOQ is a random diagonal matrix with diagonal elements
Q
being sampled uniformly at random from the interval [—1,1] and |[[A)[|2 denotes the spectral norm of Ag); the
diagonal A 4 is generated the same way, except we ensure that ||[A4|l2= 1. Thus, V£ is Lipschitz with constant
L = max{||Ql|2, [|A]2}. The primal loss function is F(z) = 42" Qxz + ||Az|. Since z lies on the sphere, the
minimum value of F(z) is F* = Apin (3@ + A). We randomly regenerated 10 instances as described above and
the results are shown in Figure[T] for the algorithms running on these instances. The relative gradient norm denotes
ming<i<r {||GfH2+||G§HQ}/(HG”fHZ—i—HGZfHZ), where G¥ and GY are defined by (TI). In the experiments, we set

6=09p=2L1 = 6%’ Ty = %, p = 10, and C' = 1000 for sm-MGDA, and we use the same 7, and 75 for MGDA,
ie, 7 = g and 72 = 7. For RGDA, we set 11 = m and 72 = T according to [35, Theorem 17]. We
observe that sm-MGDA is competitive against MGDA and RGDA. Furthermore, the manifold constraint violations show
that the iterates x; gradually land on the manifold and the norm constraint, ||z||< C, is always inactive.
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Figure 1: Comparison of sm-MGDA with MGDA and Figure 2: Comparison of sm-MGDA with MGDA and
RGDA on (12) for 1 = 0 with vector variables z € R®  RGDA on (I3) for ¢ = 0 with matrix variables z €
with n = 500 for L € {5, 10}. St(500, 450) for for L € {5, 10}.

4.1.2 Case 2: Matrix variables

In the second scenario, we consider the following quadratic NCMC minimax problem:

1
wersrggll’k) r;lea;( L(z,y) = 3 tr(z ' Qx) + tr(z' Ay), (13)
where A, € R"*" are symmetric matrices, St(n, k) = {z € R"** : 2Tz = I} is the Stiefel manifold, and
Y ={y € R": |jy|< 1}. Weset n = 500 and k = 0.9n = 450. The matrices 4, Q € R>%0%5%0 are randomly
generated such that A = VAoV T and Q = VAQV T, where V' € R5%0%500 j5 orthogonal and A 4, Ag are diagonal.
0
We scale Ag = ﬁ for L € {5,10}, where the diagonal of AOQ is sampled uniformly from [—1, 1]. Maximizing
Q 2
over y € Y yields the primal objective F(z) = 3 tr(z'Qxz) + ||ATx][., where |-||.. denotes the nuclear norm. The
parameters are chosen as § = 0.9, p = 2L, 7y = 6%, Ty = %1 p = 10, and C' = 1000 for sm-MGDA, and we use the

11
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same 71 and T, for MGDA, i.e., ;1 = g- and 7o = ZL. For RGDA, we set 71 = m and T, = 1 according
y

to [35 Theorem 17]. The results in Figure 2] show that sm-MGDA converges the fastest among MGDA and RGDA in
T
x, e —1

, show that

terms of primal values and gradient norms. Furthermore, the manifold constraint violations, i.e.,
the iterates z; gradually land on the manifold.
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Figure 3: Comparison of sm-MGDA with MGDA and  Figure 4: Comparison of sm-MGDA with MGDA and
RGDA on (T4) for yu = 1 with vector variables z € R"  RGDA on (T3) for p = 1 with matrix variables = €
with n = 500 for L € {5,10}. St(500, 450) for for L € {5, 10}.

4.2 Quadratic NCSC problem (u > 0)

4.2.1 Case 1: Vector variables

Again in the first case, we consider the following quadratic NCSC minimax problem:

1
min max £(z,y) = 5o Qu -+ 2" Ay — |y, (14)
where M = {z € R" : 2Tz = 1} denotes the sphere manifold, A,Q € R™*™ are symmetric matrices and y,, > 0.
This class of problems includes robust principal component analysis [25]], PL. game [9} 53], image processing [8], and

robust regression [46]]. Except for setting j,, = 1 and removing the constraint on y, we randomly generate both ) and

1

A as described in Sectionwith n = 500. Given z € R", we can compute y*(z) = ?Ax. Consequently, the primal

loss function is F/(z) = o' (Q + %yAz) x. Since € R lies in the sphere manifold, the minimum value of F'(-)
over M is F* = %/\min Q+ iAQ) . We adopt the same hyperparameters from Section 4. 1|for the three algorithms.

The results are shown in Figure 2] for 10 randomly generated problems. Similar to Section[4.1] our sm-MGDA performs
better than MGDA and RGDA.

4.2.2 Case 2: Matrix variables

In the second case, we consider the following quadratic NCSC minimax problem:

1
o min - max, Ly = 5 tr(zTQz) + tr(z Ay) — %Hm@, (15)

where St(n, k) = {x € R"* : T2 = [,,} is the Stiefel manifold, A, Q € R™ " symmetric matrices and j,, > 0.
Except for setting /1, = 1 and removing the constraint on y, we randomly generate both () and A as described in Section

12
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1] with n = 500. We also set k = 0.9n = 450. Given = € R"** maximizing (T3) over y € R"** yields y*(z) =

1 1 1
i AT x, and thus the primal objective is F'(z) = 3 tr(x T Qx) + 2}L |AT 2|2 = B tr(xT(Q + M—AAT)QJ)
% Y y

1 1
Since x € St(n, k), the minimum value is F* = 3 Zle /\i(Q + —AAT). We adopt the same hyperparameters
i

y
from Section {.T| for the three algorithms. The results are shown in Figure ] for 10 randomly generated problems.
Similar to Section.T] our sm-MGDA algorithm exhibits the fastest convergence behavior in terms of relative gradient
norms and primal function values.

4.3 Robust DNN training

We cast the original robust training against adversarial attacks problem into the following nonconvex-concave problem:

n C
. 1
min max — ;;uﬂ (A (aff; @) bi) —r(u), st. U={ueR" |u>0,|lu),=1}, (16)

where afj{ is the permuted sample after K iterations of Projected Gradient Descent (PGD) attack [29]], and C'is the
number of classes for the dataset. Here r(u) is a convex regularization term, e.g., r(u) = aflu — 1/C||?, where
a > 0 is a hyper-parameter. In the experiment, we use Stiefel manifold M = St(r,d) = {X ER*T . XTX = Ir}
on parameters x of DNNs (convolution layers and linear layers). The DNN architecture used in our experiments is
summarized in Table [2] To simplify the operation of the Retraction operator, the network structure calls mctorch
package [38].

Table 2: The DNN architecture used in our experiments. C' is the number of classes, and d is the number of channels
for inputs.

Layer Configuration

Inputs d channels

Conv d — 32, Batchnorm, ReLU
Conv 32 — 64, Batchnorm, ReLU
Conv 64 — 128, Batchnorm, ReLU
Max Pool

Linear 512 — 256, Batchnorm, ReLU
Linear 256 — 128, Batchnorm, ReLU
Linear 128 - C

Outputs

We choose five datasets for this experiment: CIFAR10, CIFAR100, STL10, FashionMNIST, and MNIST. For the
CIFAR100 dataset, we selected the data from the first 20 classes for training and testing. We set K = 5, corresponding
to five attacks on the data. The numerical results against different attacks (i.e., PGD attack [29] and Fast Gradient Sign
Method (FGSM) attack [18]] ) are shown in Table WesetTy =7 =10"3,8=0.9,p=1, p=10,C = 1000
for sm-MGDA with the same 7 and 75 for MGDA and RSGDA. In sm-MGDA, we use an inexact form of g;, given by
VA()[Vaf(xe,ye)] + 5Ve(zy)[c(xy)], to simplify computation. This approximation quality is controlled by the
small difference between z; and A(x;) when z; lies close to the manifold. The detailed training trajectories are listed
in Figure[5} It is shown that RSGDA has worse performance compared with sm-MGDA and MGDA, while sm-MGDA has
the best performance in the sense of gradient norm, primal loss, and test accuracy. This demonstrates the enhanced
robustness and practical utility of sm-MGDA in robust DNN training. The results of the test accuracy of the compared
algorithms under the attack are summarized in Table[3] which demonstrates that sm-MGDA has the highest test accuracy
compared with MGDA and RSGDA.

The manifold error of the model with epoch on robust DNN training task is shown in Figure[6] It is shown that the error
has a tendency to decrease with the number of epochs, indicating that the parameter falls on the manifold.

5 Conclusion

We propose a retraction-free smoothed manifold gradient descent-ascent (sm-MGDA) method for solving minimax
problems over compact submanifolds through solving an exact penalized problem with an additional norm constraint.
We establish convergence guarantees under nonsmooth PL condition for weakly convex functions, and more specifically
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Figure 5: Gradient norm, primal loss, and test accuracy on robust DNN training problems over 3 runs.
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Figure 6: Manifold error of the model with epoch on robust DNN training task.

Table 3: Test accuracy against nature images and different attacks for (from top to bottom) CIFRA10, CIFAR100,
STL10, FashionMNIST, MNIST datasets.

Methods Original Image PGD™ L., FGSM L.,
€e=0.005 €e=001 €=0.02]e=0.0056 ¢=0.01 €=0.02
MGDA 75.06% 72.74%  70.48%  66.01% 72.76%  70.56% 66.41%
RSGDA 66.22% 64.04%  61.31% 56.19% 64.06%  61.44% 56.77%
sm-MGDA 80.22% 77.73%  75.06% 6911% | 77.78% 75.29% 70.12%
e=0.000 €=0.01 €¢=0.02|e=0.006 ¢=0.01 ¢=0.02
MGDA 58.40% 55.15%  51.80%  45.50% 55.15%  52.10%  46.15%
RSGDA 47.20% 4727%  43.10% 31.80% 4998%  46.67%  37.40%
sm-MGDA 62.35% 59.55% 57.00% 50.90% | 59.55% 56.95% 50.90%
e=0.000 €¢=0.01 €¢=0.02|e=0.006 ¢=0.01 ¢=0.02
MGDA 57.04% 5426%  52.18%  47.02% 5426%  54.18%  46.19%
RSGDA 51.86% 4790%  45.85% 34.90% 53.95% 51.10% 46.05%
sm-MGDA 58.49 % 55.85% 53.29% 47.88% | 55.85% 53.41% 48.76%
e=005 €=01 e€=02]| =005 €e€=01 =02
MGDA 86.53% 80.70%  72.82%  49.08% 81.12%  77.770% 67.77%
RSGDA 84.72% 79.40%  70.52% 51.46% 7841%  70.52% 61.15%
sm-MGDA 87.73% 82.12% 7511% 55.80% | 82.85% 77.75% 67.87%
e=0.1 e=02 €=04 e=0.1 e=02 €e€=04
MGDA 99.29% 9821%  9539% 83.43% 98.53% 97.03% 92.41%
RSGDA 99.26% 98.11%  95.83% 84.76% 93.05% 91.26% 90.81%
sm-MGDA 99.45 % 98.60% 96.69% 87.42% | 98.69% 97.62% 92.91%
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under both merely and strongly concave settings, and show that the algorithm asymptotically recovers stationarity of the
original manifold minimax problem. Numerical results on robust training and risk-sensitive learning tasks demonstrate
the practical advantages of our approach over existing methods.

Our work motivates several interesting directions. First, a natural next step is to extend our algorithm and analysis
to general submanifolds defined by smooth equality constraints {z : ¢(xz) = 0}. Finally, we also plan to study the
stochastic version of sm-MGDA, which is essential for solving large-scale manifold minimax problems.
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6 Proofs

6.1 Proof of Lemmalll

Note that for any (z,y) € X x Y, we have V,, f(z,y) = V, f(A(z),y) and

Vof(a,y) = VA@)[Vaf (Al2),y)] + pa(z e — 1),

where VA(z)[u] := u(31, — L2Tz) — asym(z Tw). Since ||z|< C, assumptionimplies that

<

IVA()op:= WW

3
A0l 2

1, + , 3 3, ., 3 3,
— <4 Z <4 Z
+SllaTalHzl? < 5+ ShelPs 5 + 50

for all x € X, where we use ||zy/||< ||z|l2||yl| < [|z]/]y]l-
Lipschitz Continuity of V, f . It directly follows from the expression of V, f that we have [, = Ly,.

Next, we consider [,,. Given z1,z2 € X andy € Y, we have

IVyf(z1,y) = Vyfla2,y)]l
= [[Vyf(A(@1),y) = Vy f(A(@2), Y) IS Ly [A(z1) — A(22)[|< gLyz(l +C?) ||y — wal|,

where we used the uniform bound on |[VA(:)||op. Thus, Iy, = 3(1 + C?)Ly,.

Lipschitz Continuity of V,, f From the expression of V, f ,forany x € X and y;,y2 € Y, we have

Ve f (@, y1) = Ve f (2, y2) | = VA@) [V f (A), 51) — Ve f (Al), 52)]]
SHVA(Q«")”opnynyl — yol[< %(1 + CQ)nyHyl —vll,

which implies that [, = 3(1 + C?)Ly,,.
Next, we consider l,,. Define s(z) := z(x "2 — I,). Then Vs(x)[u] = u(z"x — I,) + x(u"x + " u), which

implies that ||Vs(z)|op= maxyzo Mx)l[“]” < C?+1+20?% = 3C%+1forall z € X. Moreover, let [, :=

flw]
maxgex,yey || Vaf(A(z),y)||. Since A(z) := (31, — 32" x), we also have ||A(z)||< C4(3+ C?) forall z € X.
Therefore, [, < max{||V,f(z,y)|: ||z|< C(3 +1C?), y € Y}. Forany 1,22 € X andy € Y, we have

||wa(x1a y) - wa(x% y)”
=[[VA(@1)[Vaf(Alz1),y)] — VA(@2)[Va f(A(22), )]l +pls(21) — s(z2) |

<I|(V A1) = VA@2)) (Vo f (Al )l I+ T A) [V f (A1), 5) = T f(Alw2), 9)]|

+ pmax]|Vs(z)op 72 — o1

- 9
<3Cllea — o+ (0+ 022 ) Lusllea — 21l +p(3C + Dllea — |

-9
< <301z +70+ C?)? Ly + p(3C% + 1)) |2zo — 21|,
where we used the definition of [, and

1
| (VA(xl) - VA(mz)) [l <5l @1 = @5 wollull+ (21 [+lz2 )21 = 22]l[lul

max
lz1l|<Cllz2|I<C

T T
=521 = 22) 21 + 25 (21 = z2) [l (2ol 22Dz — 22l[u]

<3C|1 — wall[ull

Thus, we have I, = 3Cl, + 2(1+ C?)2L,, + p(3C% + 1). O
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6.2 Proof of Lemmal[2]

Let 2. = usv' denote the compact SVD of 2 and R, 3 ¢ = diag(s). Since dist(z,, M) < %, we have 3 < 01 <3
T

fori =1,...,r, which also implies that § < ||z||2< 2. Since M is the Stiefel manifold and A( ) = (3 I — sz x)
forx € X, [43 Proposition 2.8] implies that
Veof(x,y) = Gz,y) + pr(eTe — 1), V(r,y) € X xY,
where G(z,y):=V, f(A(z),y) (31, — 12 T2) — zsym(z "V, f(A(z), y)). Then, for (z,y.) we get
”vJvf(xevye)H2_HG($eaye)||2+p2||xe($jxs I7)H +2p<G(m6,y5) e(x Te — )>
=||G(:UE7y6)||2+p2||x5(x:x6 T)H2_3P <sym( TV J(A(z ) )) (xTxE—I,«)2>
(|G (e, yo) 1P +0? |we (2! we — r)Hz—3p||xTfo( (ze), yollllzd we — L |®
>/Gle y P+ e = L)IP=303 B - Azl e — L)) (an
=G (e, yo) > +p(p — 181 ||ze(x] we — Ir)||2

2
p
> Glae, yo) I*+5 e we = 1)1,

where L, := L,(y.) = max{||[V,f(x,vc)|: ||z][2< 1}. Here, the second equation follows from the definition of
G(-,-) and the fact that (A, B) = (sym(A), B) whenever B is symmetric, the first inequality is due to ||sym(A)||< || A]|
and (A, B) < ||A]|||B||- Next, we argue for the the second inequality. Note that

1 1 13
|AGz)llo= 5 max _o:(8 — 0?) < 5 max {t(3—t2) te [2 2]} ~1.

+f(A(xe), ye)||< L. Consequently, the second inequality follows from ||z (z/ z. — I,.)||> Hzlze — 1|
where we use || AB||> omin(A) - || B|, and omin(A) > 0 denotes the minimum singular value of A. Finally, the last

line uses p > 36L,.

T

In addition, it holds Paq(z.) = uv ', and using ||z (z] zc — I,)||> L||x) zc — 1|, we also get

lze = Paa(ze)ll= lusv” —wv||= |Is = LlI< |18 = I ]|= ||zl ze = I ]|< 2]lwe(2! ze — 1)
Thus, we get ||ze — Par(ze)]|< %e, which follows from using (T7) together with

8 5 9
lze = Pat(we) I2< dllze(zl ze — 1) |IP< ?”vxf(xsaye)HQS ?62- (18)

Next, we provide a bound on ||grad, f(Pam(ze), ye)||. Using the definition of G(z.,y.) and the expression for the
Riemannian gradient given in (3)), we get

ngadxf(PM(xe)vye) - G(Ievye)”
:vaf(PM ({EE)7 ye) - Pm (xe)sym(PM (xe)Tvrf(PM (me)7 ye))

Ve f (A w0 (51 — gl a) — resymla] Ve f (A, w)
<G IV F (A, gl 7 — LI+ Leal Pas(d) = Ao
+ (Pa(we) = w)sym (Paa(ae) Vo f (Pan(eo). i) )
+ sy (Par(ed) Vo (Paa(w). ) = o] Vaf (Al pe) )
<G IV F(AG@, ] e — L+ Leal Paa(r) = A+ LallPan(ar) — |
ez (IPan(@e) = 2ellIVaf (Paa (o), g ) I+ lelal| Vo F(Pa(e), o) = Vo f(Alee), e )

1 -
< IVaf(Alwe), yo)lllad we = L+ Los[Pa(@e) — Alxe) [+ LallPad(ze) — all
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N w

~ 9
Ly||[Ppm(ze) — xE”JFZme”PM(:Ce) — Az (19)

T

Furthermore, since z. = usv ', we also have A(z.) = fus(3I, — s?)v"; hence,

1Pattd) = Awoll= a1, ~ 55(31, ~ ) )0 |

1 (20)
= ll6s = 1) (505> + ) = L) I< lIs = L]l = IPaa(ae) — el
where the inequality follows from || (s? + s) — I,|2< 1, which is implied by 1 < ¢; < 2 fori = 1,...,r. Moreover,

also note that ||z (2] z. — I.)||> %||z] z. — I, || together with (T8) gives us ||z z. — I,.|< 2. Finally, (T7) implies

€ — p

that ||G(z¢, ye)|| < €. Therefore, using (19), we get
||gradac f(PM(xe)a ye)” < HG(xev ye)H—i_ngadw f(PM($€>, yE) - G<x67 ye)H
3,7~ 13
<e+ 2= = .
<e+t p(2L$ +Lua )€
Finally, the desired bound for dist (0, =V f(Pm(ze), ye) + 8h(y5)) directly follows from the Lipschitz continuity of
V, f together with (T8) and (20). O

7 Proof of Theorem/I]
In the rest X and ) denote finite dimensional Euclidean vector spaces. Let us start with some necessary notations. Let

o fr(x,y) = fla,y) = hy) with f(z,y) = f(A(@),y) + §l|c(@)]* forz € X andy € I;

o O* 1= minge x ®(x) with ®(z) := max,ey fr(2,y);

Fo,y:2) o= Flays 2) — h(y) with (2,35 2) i= F(a,y) + Lllz — 2| forany (z,5) € X x ¥ and » € .
Consider the auxiliary problem min,c x maxyecy fr(r, y;z). For any y € Y, due to Lemma f (,y) is
[-weakly convex over X; hence, f(-,y; z) is (p — [)-strongly convex on X for any fixed z € X andy € Y.

P(z; 2) := maxyey fT(x, y;z) for z € X and z € X, denotes the primal function of the auxiliary problem
—note that ®(z; z) = () + 5|z — z||* forany z € X and z € X;

U,.(y;2) := ¥(y;2) — h(y) with U(y; z) := min,ex f(:c,y;z) fory € Y and z € X, denotes the dual
function of the auxiliary problem;

P(z) = mingex maxycy fo(x,y;2) is the optimal value for the auxiliary primal problem, i.e.,
P(z) =mingex (x; 2) for any fixed z € X;

* 2¥(y,2) = argmin ¢ x fr(x,y; z) = argming ¢ y f(x,y; z)foranyy € Yand z € X;

* 2%(z) := argmin,c x ®(x;2) is the optimal solution to the auxiliary primal problem for any fixed z € &’;

* Y*(z) ;= arg max, cy U,.(y; z) is the set of optimal solutions to the auxiliary dual problem for any fixed
z € X;

yt(ze) == prox,,, (y: + 79V f (#*(ys, 2¢), y¢)) for any y; € Y and 2; € X, and it denotes a prox-gradient
update in y corresponding to the dual function W,.(-; 2) since U,.(+;2) = ¥(:;2) — h(-) and VU (y;2) =

Vi (@ (Y, 2),9);
Vi, y;2) = fr(2,y;2) — 2, (y;2) + 2P (2) forz € X,y € Y and z € X denotes the potential function.

Based on Assumptions|[IJand[3] we first list some helpful results from [51152].

Lemma 5. Let ¢ : R™ x R™ — RU {+o0} with domain dom ¢ := {(z,y) € R" X R™: —oco < ¢(z,y) < co}. Let
Dy ={z: Jyst. (z,y) €domep}tand D, = {y: st (z,y) € domp}. Suppose that

(i) (-, y) is a proper, closed (y-weakly convex function that is ji,-PL uniformly for all y € D,,;

(ii) —(z, ) is a proper, closed (,-weakly convex function that is p,,-PL uniformly for all x € D,
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If there exists (z*,y*) € dom ¢ such that 0 € 0,(2,y") |z=g+ and 0 € 0y — @(z*,y) |y=y~, then (z*,y*) is a
saddle point, i.e., p(z*,y) < p(z*,y*) < o(z,y*) for all (x,y) € R™ x R™; hence, the minimax switch holds:
min, max, ¢(z,y) = max, min, p(z,y).

Proof. The proof proceeds along the lines of [50, Lemma 2.1]. In particular, suppose (z*, y*) is a stationary point, i.e.,
0 € Opo(x,y") |p=s- and 0 € Oy — w(x*,y) |y=y~. From assumption it follows that
1

o dist*(0, dp(z*, y*)) = 0,

p(z%,y") — min o(z,y*) <

* * * 1 : * *
max p(z*,y) — p(z*,y*) < —dist*(0,9, — p(z*,y")) = 0;
Y 24ty
hence, we can conclude that max, p(z*,y) = ¢(z*, y*) < ming ¢(z,y*). O

Lemma 6. Under Assumptions and let ® : X — R such that ®(z) := max,cy f,(z,y) for v € X. Then ®(-)
is differentiable on X indeed, for all x € X,

Vo(r) = Vo frla,r(x)),
for any r* () € argmax, v fr(x,y), and VO(-) is I(1 4 2r)-Lipschitz on X.
Moreover, for any fixed z € X, let U(y; z) = mingex f(x,y;2) fory € Y. Then, U(-;2) is diﬁ‘erentiabl onY;
indeed, forally € Y, VU(y; z) = V, f(x*(y, 2),y) where *(y, z) = argmin, ¢ x f(z,y; 2).

Proof. Since we assume that for any = € X, — f,.(z, -) is p-PL, it holds that

20(®(2) — fr(,9)) < dist? (0,0, £,(2,)),

using the notational convention that —9, f,.(z,y) := 0,(—f-(z,y)). By [32| Theorem 3.1], any u-PL function also
satisfies quadratic growth condition, namely,

K dise? (y, B (x) < B(z) — , (2.1),

where R*(r) := argmax,cy f-(7,y) is a closed set. For given 21,22 € X, it holds for any y; € R*(x1) that
0€ -V, f(z1,y1) + Oh(y1); hence,

Vyf(@1,y1) = Vyf(z2,y1) € =Vyf(z2,y1) + Oh(y1). 21
Consider A := ®(x2) — fr(x2,y1) > 0. By the u-PL property of — f,.(x2, -), it holds that

1 r
A< ﬂchst2 (o, ~Vyf(22,91) +8h(y1)) < ﬂl\m — i,

where the second inequality uses eq. and the Lipschitz continuity of V, f(-,41). Furthermore, let y, =

argmingc g (,,) [y — y1ll. Since dist(y1, R*(22)) = |ly1 — y2[|, the quadratic growth property implies that
A > &lyy — y2||*; hence, combining both inequalities on A leads to
l2
lyr — 2l ?< 2—|lz1 — zo||. (22)
0

Now givenz € X andd € X, let y* € R*(z). From eq. (22), there exists y*(7) € argmax,cy f(z + 7d,y) such
that [|y* (1) — y*[|?< 27’2}722 [|d||>. Moreover, since h is (-weakly convex and V,, f(x,y*) € Oh(y*), we have

hy™) = h(y™ (7)) + (Vo f(z,y7), 57" (1) —y") < glly*(r) - % (23)
Then, we can bound the primal value difference, ®(z 4+ 7d) — ®(x), from above as follows:
O(z + 7d) = (z) =fr(x +7d,y"(7)) = fr(2,y")
=f(@+7d,y"(1)) = f(2,4") + h(y") = h(y"(7))
=tV f(2,y") T d+ Vyf(z,y") " (" (1) = y) + h(y") = h(y* (7)) + o(7)

STV (") T Sl () — o o).

5The classic Danskin’s theorem is stated for the case f (z, -; ) is concave. In our case, as we only assume f (z,y; z) is smooth in
y, for completeness we state the result for our setting.
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This implies

d d) —
lim sup (z +7d)
710 T

) I?
") <9, fa,y) T+ lim (@ + CEIIdH%) = Vaf(z,y") " d.

On the other hand, we also have
Oz +71d) > folx+7d,y*) = frlz,y*) + 7V f(z,y*) Td + o(1),
which implies that

[} —®
lim inf (@ +7d) (z) > V. f(z, y*)Td.
7J0 T
Thus,
P .
i L7 2@ _ g, sy d, 24)

Since (24) holds for all d € X, we have V®(z) = V,, f(z,y*) for any y* € R*(x).

Next, to argue for the smoothness of ®(-), let 1,22 € X be some arbitrary points, consider any y; € R*(z1) and
Y2 € argmin, ¢ g. (,,)|ly — y1|. Then, we complete the proof by using ([22) to reach at the conclusion:

l
[VO(x2) = VO(z1)||= Vaf (72, y2) = Vo f(z1, y0) IS Ullz2 — 21|+ ][y —v1ll) <1 (1 + 2#) |22 — z1]|.

Next, for any fixed z € X, consider ¥(y; z) = mingex f(x,; z) for y € Y. Note that f(-,y; z) is (p — I)-strongly
convex for any y € Y'; hence, f(, y; z) is p-PL and let * (y, 2) = arg min ¢ x f(x, y; z) denote the unique optimal
solution. Observing that U (y; z) = — max,cx —f (2, ; z), using the result from the first part, we can conclude that
VU (y;z) = Vyf(a:*(y, z),y;z) for all y € Y, which gives us the desired result. O

Lemma 7. For any given z € X, consider fr( ,+; 2) defined above. Under Assumptions and it holds that
min, e y MaXycy fr(as Y; 2) = maxyecy Minge x fr(x, y; z); hence, P(z) = minge x ®(z; 2) = maxyecy ¥, (y; 2).

Proof. Fix an arbitrary z € X, and define o(x,y) := f.(x,y; z) + dx (x), where dx (-) denotes the indicator function
of the set X. Forany y € Y, ¢(-,y) is strongly convex with modulus p — [/, and according to [32, Theorem 3.1], the
non-smooth function (-, y) is p,-PL with 1, = p — . On the other hand, according to assumptlon' ) is py-PL

with p, = p.

Since f,(-,y; z) is strongly convex with modulus p — [ for any y € Y, ®(-; z) is also strongly convex with modulus
p — [ as it is the pointwise maximum of strongly convex functions. Therefore, z*(2) = argmin_ .y ®(x; 2) exists. Let

y*(z) € argmax,cy fr(z*(2),y; z) —note that Y = dom h is compact and z*(z) € X imply that f,.(z*(2), -; 2) is
continuous on Y'; therefore, y*(z) exists. Thus, first-order optimality conditions and Lemma@imply that

0 € VB(z*(2); 2) + 00x (2*(2)) = Vafr(z*(2), y* (2); 2) + 86x (z7(2)) = dup(z*(2), 1" (2)),

0 € =0, fr(2"(2),y" (2): 2) = =yp(a™(2), 5" (2));

hence, (z*(z), y*(z)) is a stationary point of min, ¢ x max,cy ¢(z,y). Therefore, using Lemmawe can conclude

that (z*(2), y*(2)) is a saddle point, which implies that y*(z) € Y*(z). This completes the proof. O
Lemma 8. Suppose that Assumptions[Ijand[B|hold, and p is chosen such that p > . Then, we have
lz*(y,2) — 2* (v, 2)| < llz = 2|, VyeY,Vz2eX, (25a)
lz*(z) — 2" (&) < mllz =2, V22 €X, (25b)
2" (y,2) —2" (¥, )| <2 lly—y'll, VzeX,Vyy €y, (25¢)
[er1 = & (ye, 2) || < v3 l|lwen — @[, (25d)
where vy, 1= ﬁ,’yz = p—l and vz := 1+ (p ik

Proof. For the proof of (23a) and (23D)), see [30, Lemma 21] and [30, Lemma 23], respectively — these proofs simply
extends to the constrained optimization setting here with « € X. The inequality in follows from the proof of [34,
Lemma B.2(c)] which can also handle 2z € X constraint. The inequality in (25d) is provided in [52, Lemma B.2] of
which proof can be found in Appendix C athttps://arxiv.org/pdf/1812.10229. O
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We first establish the following lemma.
Lemma 9. Under Assumptions|l}[2|and[3] for all t € 7., it holds that

3
||a:* (y+(2t),2’t) —x* (Zt)H2 < W(l + 1212 + y2721%) ||y:'(zt) — yt||2. (26)

Proof. Since f,(-,y;z) is (p — 1) strongly convex for any fixed y € Y and z € X, and ®(-, z) is the pointwise
supremum over y € ), we can conclude that ®(-, z) is also (p — [)-strongly convex for any fixed z € X'. Thus, for any
gt € Oh(yt(21)), we get

P (o) = (e, 207 @ 3 (1), 20)s2) = B (20); )

:<I>(x*(y+(zt), 2t); ) — fr(z*(y+(zt)7zt)ay+(zt)§ 2t)
+ fr(x*(y+(zt)7 20,y (2); 2) — (2 (21); 1)

<o IV () 0. o) = il

27)

where in the last inequality we used the fact that of — fr(x, ;2z) is u-PL for any € X, z € X and that
Fr@ (ut (20, 20,57 (20),20) = Wy (20)i20) < Woly*(20)i20) = B(2*(21),21), where y* (%) € Y*(2) and
the equality follows from Lemma On the other hand, y*(z;) = prox.,, (¥ + 72V f(2* (ye, 2¢), y¢)) is well defined
for 7 € (0, ¢), and we have 0 € Oh(y ™ (2)) + (v (20) — ye) /72 — Vo, f(* (ys, 2), y¢) 5 hence, for g; € dh(yt(z:))
such that g, = Vy, f(2* (41, 2¢), y¢) — (y7(2¢) — 41) /7. We get

IV f @yt (2), 20), ™ (21)) — ge?
§3||vyf(x*(yt7 Zt)vyt) - 9t||2+3HVyf~(17*(yt7 Zt)a yt) - Vyf(x*(yt, Zt)ver(Zt))HQ
+ 3IV, F (@ (e, ),y (20) = Vy F(@™ (5™ (20), 20), 5t (20) |12 (28)

1

S3(p + 02930 e -y (202,
2

where we use the identity ||a + b + ¢||?< 3(||al|2+]|b]|2+]|¢||2) in the first inequality, and the second inequality is

from the definition of prox., ., Lipschitz continuity of V, f, and Lemma|[8] Combining and gives the desired
inequality. O

Next we state a classic result on projected gradient updates, which will be useful later in our analysis. Due to space
limitations, we omit its proof.

Lemma 10. Letr f be a convex function and X be a convex set. Given T € X and some arbitrary t > 0, let
xt = Px(z—tV[f(Z)). Then (g:(z) — Vf(Z), T —x) > 0 forall x € X, where g;(T) = (x — ™) /t. In particular,
(ge(z) = Vf(2), 27 —7) > 0.

Now, we proceed with the proof of Theorem [T} which adopts the same potential function framework in [51} [52].
Following the analysis in [51]], we separate our proof into several parts: we first present three descent results, then we
show the descent property for the potential function, later we discuss the relation between our stationarity measure and
the potential function, and lastly we put all things together.

Proof of Theorem|l] In the first part of the proof, we begin with showing primal descent by providing a lower bound on

f e,y 2) — F (Tes1, Yeg1; 2e41); next, we show dual ascent by bounding W (yy41; ze41) — ¥ (y4; ) from below,
and finally lower bound the change in the Moreau envelope P(z:) — P(zt11).

Primal descent: By the (p + [)-smoothness of f (-, y:; z;), we have
f($t+17yt§zt) - f(xhyt;zt)

. +1
< <fo (T4, yes 2t) , Teg1 — $t> + P

2ot — x| (29)
+1

1zt —»Tt||2-

= <fo(93t,yt; zt), Px (l"t - Tlvxf($t7yt§ Zt)) - $t> + P
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Note that it follows from Lemma [[Q] that

. A 1
<me(xt,yt; Zt)aPX(xt — 711V f (xt,yt;zt)) - $t> < —?\|$t+1 - $t||2- (30)
1
Thus, for the choice of 71 < ﬁ, we get
. ~ 1
f@e,yesze) = @1,y 20) 2 o i1 — $t||2~ 31
1

Moreover, since f (2441, -; 2¢) is [-smooth,

. . R l
(@1, 965 26) — f(Tegn, Yer1s 2e) Z<Vyf (Tog1, Y5 2e)  Ye — yt+1> —3 lye — e |l - (32

Furthermore, from the definition of f and zp41 — 2t = B(xe41 — 2¢), and using 0 < B < 1, we get

f (xt+17yt+1§zt) - f ($t+17yt+1;zt+1)

= g |:H-75t+1 - Zt||2 - ||33t+1 - Zt+1||2:| = g <Zt — Zg41, 241 T 2 — 29Ct+1>
2 2 (33)
= g <Zt = Zt41, Zt4+1 — Zt+B(Zt - Zt+1)> = g(ﬁ - 1) l|lze — Zt+1||2

> 2z -z 2.

=%
Combining (31), (32) and (33), we get

F @,y 20) — [ (@eq1, Yer1s 2e41)

1 p 2 ; ! 2
> —Nrern =l e = 2l + (Yol e, v v = e )=l = el

Dual Descent: Recall that the dual function of the auxiliary minimax problem, V¥, (-; z), has a composite form,
ie, U,.(;2) = U(;2) —h(). Forany 2 € X andy € Y, Lemma@implies that VU (y; 2) = V, f(z*(y, 2),y);
therefore, for any yy,ys € Y, we have [ V¥ (y1;2) — V(ya: )| < [V, f(@* (v, 2) 1) — Yy Fla* (2, 2), w2) 1<
U([l2*(y1, 2) — 2 (y2, 2) [+ llyr — w2ll) < U1 +72)lly1 — yal| which follows from (25¢).

Thus, U(-;z) is Lg smooth for all z € X with Lg:=I(1 + 72), where 7o = Z%l. Using the fact that
VU (ye; ze)= Vy f(x*(ye, 2¢), ye ). we get

U (yes132e) — U (yes 2e) > <Vyf(x*(yt7zt)7yt)ayt+l - yt> - LT\P g1 — well” - 34
Moreover, from the definition of ¥, we also have
U (Y15 2001) — U (Yer15 2t)
=F (@ Wer1s 2e01)  Ye1s 2e01) — F (@ Wegrs 20) s Yers 22)
>f (@ (Yer1s 2e1) s Yerns 2e1) — F (@ (Werns ze01) 5 Yegas 20) (35)

p
=2 1" 1, 2000) = 2l = 87 @1, 2000) — 2]

p
=3 (ze41 — 2ty 2e01 + 20 — 227 (Yeg1, 2641)),

where the inequality uses the optimality of z*(y¢11, 2¢), i.€., f(* (Y1, 2¢)s Y415 2t) < f(x*(ytﬂ, Zt41), Yer1; 2t)-
Combining (35) with (34), we have

v (yt+1; Zt+1) - v (yt; Zt)

S Ly 2
> <Vyf($ (Ye> 2) s Yt), Y1 — yt> - Y41 — yel]

p *
+35 (Ze41 — 2, Ze41 + 26 — 227 (Yeg1, 2e41)) -
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Proximal Descent: Let y* (z;41) € Y*(2441) and y* (2;) € Y*(2;). Then, we have
P (z) = P (z141)

= min max f,(x,y; z min max f,.(z, y: 2
2EX yey fT( » Y5 t) 2EX yey fT( » Y5 t+1)

=max min frl,y20) — max min Fr(@, 3 2041)

=, (y* (2);2¢) — ¥r (¥ (Zt+1)32t+1)
>0, (v (ze41) 5 20) — ¥r (U (2041) 5 2041)

=f (@ " (2e41) 2) ¥ (241) 5 20) — f (@ (U (2041) , 2041) U™ (2041) 5 2041)
Zf (@ (y" (2e41) 5 26) s ¥" (2e41)5 2¢) — f(x* (" (ze41) 5 26) ¥ (2641) 5 2041)
:g [Hx* (Y (ze41)52) — ZtH —llz* (y* (zt41) 5 2¢) — Zt+1||2

D * *
==3 (Zt41 — 2, 2e01 + 20 — 227 (Y* (2641) 5 2¢))

where the second equality follows from Lernmal smce fr(a: y; z) is strongly convex in x and PL in y for every z € X,
the first inequality uses the optimality of y*(2;) for max, ¥, (-, z¢) and the second inequality is from the optimality of

2 (y* (2141), 2e41) for mingex f(z, 4" (2041, 2041).
Potential Function: We adopt the potential function as in [S1}152],

Vi ::V(xt,yt,zt) :fr (xt,yt;zt)—Q‘I’r (yt;Zt)'i‘QP(Zt)a vt >0. (36)
Note that we have P(z;) > ®* = min,cx ®(z), and from weak duality, we also have fr (e, Y5 2¢) > Plze) >
U, (y¢; 2¢); thus, we can conclude that V; > P(z;) > ®* forallt € Z,.
Recall that y; 41 = argmin, .y, g:(y) where ¢;(y) := m2h(y) + Ly — (yt + 1oV f (@21, ye; zt)) ||%. Since h(-) is
¢-weakly convex, it follows that g, (-) is strongly convex with modulus (1 — 72¢). Therefore, we get

1 N
Toh(ye) + §||T2Vyf (Tet1, Y, 20) |2

1 .
>Toh(ye+1) + §||yt+1 — (e + 1V f @i,y 20))|1? + ||2Jt+1 —ull?,
which implies that
v, f 2—7( 2
of (@1, 98)  Yerr — ye ) + h(ye) — h(yer1) = 9y lyesrs — yell= (37)
Since Vi = f (24, ye; 2t) — 2 (ys; 2) 4+ 2P (2) + h(y;), combining (37) with the above descent results, we get
Vi—Vin
s — @l — Sllyees — wl” + Bz~ 2o
Zon 23

+V yf($t+1,yt)7 Yer1 — Ye) Hh(ye) — h(yir1)
+2 <Vyf(x* (Yer 26) » Ye) — Vi F(@es1,9e)s Yer1 — yt> — Lyllyes1 — vel?

+p(zep1 — 26, Ze41 + 26 — 227 (Yeg1, 2e41))
— (241 — 265 241 + 26 — 227 (Y7 (2e41) 5 2¢))
1 1+¢

1
> 5l w4 (= 57 = L)l =il + g5 e — 2l

(38)

+2 <Vyf($* (Yes26) s Ut) — Vi f (@e51,98) s Yer1 — yt>
+ 2p (241 — 2, " (y* (Zt41),2t) — 2™ (yt+1, Zi41))

>* [ +7Hyt+1 —uel® + o5 25 HZt — zey1)?
+2 <Vyf (35 (yt»Zt) ,yt) - Vyf (xtJrlvyt)» Yt4+1 — yt>
+2p (ze41 — 26,27 (Y (2e41) 5 2) — & (Yeg1, 2641))
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where the last inequality uses

1

Tl 2 I+¢+ 2L\1; = 91 4 ¢ which follows from p = 2[, implying Ly = 4l, and from
our choices of 7o = —(— ¢)~!fo

orm < p—i—l

Consider A :=2 <Vyf(x* (e, 2¢) , ye) — Vyf(l’t_H, Yt) s Yer1 — yt>. Note that

A > 22|V f (@ (ye, 20) s ) — Vi f (@1, ve) lyesr — well
> =2l |z — 2% (Yo, 2e) | 1yerr — el

l
2 . 2
> =l |lyer1 —well” — > lzes1 — 2 (ye, 20)|7

where the second inequality uses the [-Lipschitz continuity of V,, f (-,y) for any y € Y, and the last inequality is due to
the Young’s inequality with » > 0 specified later. Moreover, using Lemma 8|to bound the term [|2;41 — z* (31, 2;)||”
yields
A% g~ ll — Lo s — 0] (9)
Next, consider B := 2p (z¢11 — ¢, 2™ (y* (2e41) , 2t) — ©* (Y41, 2e41))- Note that
B =2p (241 — 2,2" (¥ (2e41) , 2¢) — 2" (" (241) , 2041))
+2p (21 — 262" (Y (2041) 5 2641) — 7 (Yeg1, 2e41))

> —2py [J2e41 — Zt||2 +2p (21 — 26,2 (V" (2041) 5 2e41) — 7 (Y1, 2641)) (40)

2 * (% * 2
> = (2 &) laewr = 2l = 6981 (0 G 2e0) = 0 .z

where in the first inequality we use Lemma[§]and the Cauchy- Schwarz inequality, and for the second inequality we
used Young’s inequality for 3 > 0 specified later, i.e., 2 (a,b) < §||a/|?>+6]|b]|? for any 6 > 0.

Plugging (39) and (@0) into (38) leads to
1 l 1
Vi=Vig1 2 (2 - ’)’g) 241 — ﬂﬁtHQ + ( - IV) lye+1 — yt||2
TV 27y @1

<2ﬁ 2pn — 6,8) 2t = zeal* = 6pB 2" (4" (ze41) s 2641) = 2* (Yorr, 2000)|17
Next, we bound ||y;+1 — v || by bounding ||y (2¢) — y¢11]|. First, recall that y; 1 and y*(2;) have the form: y; 11 =
ProXs,n (yt + TQVyf(xt-‘rh yt)) and y* (2) = prox,,, (Z/t + 12 Vy f (@ (ye, 1), yt)); hence,

T: F Flok
H?ﬁ(zt) - yt+1|| 72||Vyf(xt+17yt) - Vyf(x (Yes 2t), y1) |

-1
Tzl 2173 “2)
ST ||5Et+1 — (e, 20)||< 11— th+1 — x|,
where in the first inequality we used the fact that proxT2 R(4) s 1——L1psch1tz contmuous for 0 < 7o <z¢ L the second
inequality and the last one follow from the Lipschitz continuity of V,, f (-,y¢) and Lemma respectlvely. Thus,
lye+1 — ytH2 21 ||y+(zt) - ytH2 - Hy+(zt) - yt+1||2
S Y L L T -
(1—m()?
where in the first inequality we use |la + b||?< 2||al|? 2 and the second one follows from (@2).
On the other hand, since z* (y* (2141) , 2t41) = ©* (21+1), we have
2% (4" (2e41)  2e41) — 27 (Yes1, Zt+1)||2
=lz* (z41) — 2" (Y41, Zt+1)H2
<4|z* (zt41) — =" (zt)||2 +4 Hx* (z¢) — a* (y+ (2t) ,zt) Hz
+4lja* (v (z1),2) —a* (3/t+172t)H2 A2 (Yo, 20) — 27 s, 20| e

<dlle* () — 2" (ui (z0), 2) || + 493 lwi” (21) — v ||” + 897 20 — 241 |12

" " 9 Ay32TII%N2
<t () =2 (v () 20) [P+ T2 5 Boewn =l 89 e — 2ol
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which follows from Lemma [8|and @2). Finally, plugging (@3) and (@4) into (@), we get

1 l 1 7212 24pBr2TII? 2
Vi =V, > 2 2 - —l 2 2 212 2 _
t t+1 2 [271 e (272 V) (1— m0)? 3 (1—m0)? V3| [[ze1 — |

— 24pp Hx* (z¢) —a* (y;r (zt),zt)Hz + % <1 — lu> ’|y+(zt) — ytHQ

27’2
(45)
2y — —= — 48 2
+ [25 Y1 Gﬂ pﬁ%] 2t — zt41l]
3 1 2 D 2
= |y _ £ _
_10 |e41 — xt” + 87 ||3/ (2t) ytH + 13 |2t — ze41 |
* * 2
— 24pp ||93 (Zt) - (yt+ (Zt),Zt)H s
where the last inequality holds due to our choice of sm-MGDA parameters e, € (0,55 m = 5(Z+0O7
8 = amin{y, I}, for any a € (0, ;55] and p = 21, whenever 0<v< = Indeed our choice implies that y; = 2,
Y2 = 3 and wggjj + 2; moreover, choosing v = 4l172 >12 lT , we have 5— — lu = E and this particular selection of
1

parameters implies that

12 i_lyiﬂ + 24pp3 iQ
5 e ) T PR m“)”?’

— {y 1 (lng) + %m (I*1193) +48 me G 73)] I

< U~ 1 RTTCY min{u, [} 7'22 . 1+ 7212
Tll — T2()? l (1 —m72()? 71
< 2v~ 1 +g 1 1 1+ 722
ST (1 —724) 12 96 (1—70)%2] n
1 10 1 1
<|= + — — < —
6 12 84 9 (Y]

holds for any « € (0, 5] where in the first inequality we used 73 < 2 7z + 2 and 72 < L. the second inequality follows

18"
2

from 75 < fy and 7 < 31 , ﬁnally, for the last 1nequa11ty we use the bounds 1/*1 < ”1 and 1 + 7212 < 10 together

with m < (12)2; hence, 5- ﬁ < g which follows from 75 < 1&-. On the other hand, we also have

1
%—ml o5~ eeoni= {3—46—19%2} P>

Q

R
4p
holds for all 3 € (0, 7], and since 8 = amin{yu, I}72 < amin{y, I} < % min{pl} <

11 i we conclude that the
inequality holds for all « € (0, 1].

144 ’

Next, we bound the last term on the right hand side of (43) using Lemma(9]as follows:

* * 2
24pp ||x (z) —x (y+(zt),zt)H
< 2p0 i
p(p =073
where in the second inequality we use p = 2, v2 = 3, ol < 1/144, f = amin{y, [} for a € (0, ﬁ] implying
that
72p8 s 5 9oy 1448 10 10 1
L e 2] I (1 7) (144 7) <—
1(p — )72 7 (L+ "+ 7707 < 2 U T 1) = 16
Plugging the bound in (#6) into (@3] and using the fact ||z¢+1 — 2¢[|= ﬂ||xt+1 — z¢||, we get

(46)
(L4 730 + 33 P ly ™ (20) — mell* < 16 " (z) = wel,

Vi1 2 —

3 2 1 + 2 pﬂ 2
— _ — — — . 47
< 1om, lwrpr — 2" + 1675 Hy (2¢) ytH + 1 leer1 — 2| (47)

Stationarity Measure: From the first-order optimality conditions, for all ¢ > 1, we have G7 € V. f (z¢,yt) + 00 x (1)
and GY € V,, f(z¢,yt) — Oh(y:), where G and GY are defined in (IT)). Note that given a, b, ¢ € X and a closed convex
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set X C X, it holds that ||Px (a + b) — ¢||< ||Px (a) — c||+]|b]|; hence,

TGEA | <l — th"‘Tl||vzf~(xt+17yt+1) - vzf(mtayt)u"‘TlpHZt — 2|
i1 — zell+ml(|verr — el +|yerr — yell) + mapllee — 2|
<A+ mp+nl)lzepr — el +Fmplleees — zel[+mlllyerr — yell-

Then, using the inequality (a + b+ ¢)? < 3(a® + b* + ¢?), we get
(14 7p+7il)?
2

1

IGE L7 <3 [@e41 — 2| +3p° w1 — 2el|* 30 g1 — el (48)

In addition, for 0 < ™ < % prox, ,(-) is = p—— C -Lipschitz continuous, and for any given a,b,c € Y, it also
(@ +b) —c||< ||prox,,,(a) — CHJFWW’”’ hence, together with the definition of y*(z;) =

prox.,, (yt + Tgvyf(z*(yt, 2t), yt)) and using Lemma (8} it also holds that

lyess = vill= [prox,u (v + 72V, f<xt+1,yt>> ~u

<lly*(z) — yt”Jr Hvyf(mt—&-layt) - vyf(x*(ytazt)vyt)
(49)
<ly™(z0) = will + 1 ||17t+1 =" (g, 2l
<lly* (o) — el + ol et — il
- 1—7(
Note that 72 ||GY, 1 || < [lye+1 — yell-+72ll|ye+1 — yel; therefore, we get
1 +Tgl) + 2 7_22[2 2 2
||Gt+1|| ——— | lv"(z) — well +m73 lxerr — el ). (50)
Then, let & := max{, 1}, using @), @[} and (50), we have
1GE 2 1245 (|G ||* =302 llwe41 — 2
3 (1 +7l)?\ 2737312 2
<= (a 2+ (2 )
_7_12 <( +np+ )+ + 37_22 - C)2’}/3 |zrp1 — |
(5D

2
S5 (RO ) + 3732y () — wil |
2

172 33 K
<o mplleen =P+l (0 — el

which follows from the following bounds: 2&(1 + 720) + 6751 < 2&[(1+ 147)* + o) < B&, 31+ mp+7l)? =
(14 3lm)? < 12 and

R(L+ ) 2730, 22 K 2 12 272
3(1? < (72124201 n2y. —=~% .1 I
( i 373 >(1 “mQE B> (TQ Tglrml) ) (1—7()? A +nb)

<12( L R (1+i)2)(ﬁ)2(1+1)<§*
=\1a22 7 3 144 15 9)=10"

< (12)? together with & > 1.

where we used 711 < § and 7ol < 7 forp = 21,73 < 2(1+ 212) and ﬁ

Putting pieces together: Combining @7) and (B1)), we get
(e ey e

172 & 33 R 2
<= 10 72 [2e41 — xt” + Hy (2t) ytH +3P2H$t+1—2t|\2
71
S8k 33k 12 (52)
{ — p} (Vi = Vig1)
T B
R
(Vi = Viga),
T2
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where in the third inequality we use % < 4817-2 = O(%) and % = %m . % = O(%) since % < 4612 and
m = R. Thus, (32) directly implies that

= 1P rllar 2 <O(1)R 1 v . v )
T;(H t+1|| +/€H t+1H )7 T (ﬁ—k(){o— min (m,y,z)}.

zeX,yeY,zeXx
Foranyx € X,y € Yand z € X, let

Az, y;2) o= folm,ys2) — Uy 2) + P(2) — Up(y; 2). (53)

Fix an arbitrary z € X, weak duality implies that A(z,y;2) > 0 for all z € X and y € Y; moreover,
according to Lemma (7| we can find z € X and y € Y such that A(z,y;2) = 0. Therefore, for any
z € X, we have minge x yey A(z, y; 2) = 0, which implies that minge x yey .ex V(z,y; 2) = min,ex{P(z) +
mingex yey A(z,y; 2)} = min,cx P(z). This observation leads to the following identity:

Vo - xeX,I;lelg,zeX Viw,y;2)
=P A » Y03 - i {P A » Y5 }
(20) + A(zo, Yo; 20) cex D (2) + Az, y; 2)

=P (20) — min P(z) + A(zo, yo; z0)-

Furthermore, for any z € X, we have

P(z) = mipmas f,(2.y) + G lle — 2 = min ®(a) + 5|1z — 2|’ < B(), (54)

and we also have P(z) > mingex ®(x) for all z € X; therefore, min,cx P(z) = min,cx ®(z). Hence, for any
To,20 € X and yg € Y, we have

Vb B wEX,I.Jlel)I},zeX V(I‘,y, Z) =P (ZO) B I;él;{lq)(z) + AOa

where Ag := A(zg, yo; 20). Thus, when we initialize zg € M, for the final complexity bound we get
T-1 _
1 2 2 O(l)fi 1 _
T2 (lezall® + &llcal*) < T(E +¢) (Plo) = F 4 20).
t=0
where we used the fact that min.ex ®(z) > min,ex F(A(2)) = F'. Moreover, since we have G¥ € V.. f(xs,y;) +
0x (x¢) and GY € V f (x4, y) — Oh(y:) for all t > 1, it follows that

dist (0, V.. f (e, ) + 00x (22)) < |GFl, dist (0, =V, flw,ye) + Ohimn) ) < |Gl
Therefore, for any T° € Z, we can conclude that miny<;<7 Dy = O (%), where

Dy = dist? (0, Vol (ze,ye) + 90x (xt)) + & dist? (o, Y, Fxe,y) + 8h(yt)), VieZ,.

8 Proof of Theorem 2

Proof. Note that zp € X and {x:} C X by the construction; hence, through induction one can argue that {z;} C X.
Moreover, from @[) in the proof of Theorem |1} we know that {V;};>¢ is non-increasing sequence, where V; £
fr(xe, ye; 2e) + 2P(2¢) — 29, (ye; z¢). We clearly have P(z;) — W,.(y;; 2¢) > 0 from weak duality; therefore, it holds

forallt > 0, f,(2¢,ys; 2¢) < Vi < Vo

For any € X, define Y D R*(z) 2 argmaxycy fr(z,y) = argmaxyey f(A(z),y) — h(y). Define
ly == maxgex yey||Vyf(A(®),y)||< oo, and let r*(z;) € R*(z;) be an arbitrary maximizer of f,.(xy,). Since
|V f(we,y;2¢)||< 1, for all y € Y, mean-value theorem implies that

f(xtar*(xt>3zt) - f(xtayt; zt) < iy||yt —r*(z)|l;
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moreover, i being Lipschitz on Y implies that h(y;) — h(r*(z¢)) < lnllys — r*(2¢)||. Thus, summing the two
inequalities, we get

Dlae) + gllee = 2ol =0y + )y = @)l| < (s 2), (55)
where we used ®(2¢) + |y — z¢*= ®(x4;2¢) = maXyey Frlanyiz) = folanr™ (@) z) = flanr* (2); 20) —
h(r*(x;)). Therefore, for all t > 0, @(a:t) < Vo + (Iy +1n)Dy with Dy := maxy, yev|y1 — yaf. Thus,

P

by definition of ®, we get F(A(z;)) + £|lc(z)||*= ®(z:) < Vo + (Iy+1;)Dy for t > 0. Note that
F(A(z¢)) >mingc x F(A(z))= F; therefore, we get

cze)|P< = p (Vo —F+(ly+1;,)Dy), Vt=>0. (56)

Recall the definition of the gap function A(-, -;-) given in (33). If we initialize 2o = z*(20) and yo € Y*(2o) for some
arbitrary zo € M, we have A(zo, yo; 2z0) = 0; hence, together with (34) and z, € M, it implies that V) = P(2g) <
maXyey fr(z0,y) = maxyey fr(20,y) = F(%0), which is independent of p —the first equality follows from the fact
that zg € M implies A(zo) = 2o and ¢(2zp) = 0. On the other hand, if we initialize z¢o = zo and yo € Y *(z() for some
arbitrary zg € M, then Ag = fT(ZO,yO; z0) — P(z0) since P(z9) = ¥,-(yo; 20) whenever yo € Y*(z). Moreover,
since Vy = P(29) + Ag, we have V = f,.(zo, Yo; 20) = f,n(zo, yo) = fr(20,y0) < F(z0), which is independent of p
as well. Therefore, for p > 16 (F(zo) —F+ (I, + lh)Dy), we can conclude that ||c(z,)||< § forall ¢t > 0.

Let x; = utstvt be the compact singular value decomposition of . Then, |lc(z4)|= ||z z: — I.||=
[ve(s? — L)vl |= |s? — I|. Note that whenever dist(z;, M) < 3, projection on to M is well-defined,
i.e., single-valued and Lipschitz continuous; moreover, dist(z;, M) = th Prm(z)ll= Nuesev, — wpv) || =

s — I and ||s? — L.||> |[s¢ — I||, i-e., ||c(z¢)]|> dist(z;, M). Hence, we can conclude that for any
p > 16(F(zo) - F+(1, + Zh)Dy), we have dist(z;, M) < 1 forall ¢ > 0. On the other hand, since
M is compact, for any C' > 0 such that C > 3 , it must hold that ||z;||< C for all ¢ >
0. Thus, Theorem [1| implies that 35° V. f (2, ye) || +7 dist (0, =V, f (2, ) + Oh(y:))? = O(R), and we
have min{ ||V, f(zs,y:)||?+Rdist(0, =V, f(ze,4:) + Oh(y:))? = t = 1,...,T} = O(R/T) for all T > 1.
Therefore, for any ¢ > 0 given, the algorithm can generate (z.,y.)€ X x Y such that ||V f(ze, ye)l[< e,
Rdist(0, =V f (e, ye) + Oh(ye)) < €, and dist(z, M) < 1 within O(%) iterations of sm-MGDA. Hence, setting
p> max{16<F(z0)—F’+(fy+lh)Dy> ,36L} where L, := sup,cy Lq(y) < 0o with Ly (y) := max{||V, f(z,y)||
[|z]l2< 1} for y € Y, and invoking Lemmaimplies that |z — Pa(ze)||< %e, llgrad, f(Pam(ze), ye)||= O(e), and
dist (0, =Vy f(Pa(xe), ye) + Oh(ye)) = Oe).

Next, we argue for the asymptotic stationarity. According to the proof of Theorem [l for all ¢ > 1, we have
G € Vof(zi,yi) + 00x(xy) and G} € —Vyf(zt,y:) + Oh(y:). Since th\|< C for all t > 1, we also get
G¥ = V. f(z¢,y;) for all t > 1. Furthermore, Theoremguarantees that 3,7 (|G |12 47| GY| 2= ( ), which

implies that V, f(a:t yt) — 0 and GY — 0 as t — oo. Moreover, for all ¢t > 1, since dist(z;, M) < 2, Lemma
implies that ||z; — Paq(z¢)||— 0 and gradxf(PM(mt), y¢) — 0. Since sm-MGDA sequence {(x¢, y4)}t>0 C X X Y Is
bounded, it has at least one limit point. Let (m*, y*) be an arbitrary limit point of {(x, yt)}tz 1 and let {(z4, , ye, ) be>1
be a subsequence such that (z4,,y:,) — (z*,y*) as k — oo. One can conclude that * = Pp(z*) € M and
grad, f(z*,y") = 0 since [lzy, — Pam(2,)||— 0 and grad, f(Pm(zt, ), yt,) — 0 as k — oo; furthermore, since
G} e — yf(xtkyytk) + Oh(yy,) for all k > 0, V, f(t,,y:,) — Vyf(x*,y*) (this is due to A(z*) = 2* as
z* € M)and G, — 0, it follows from [41] Theorem 24.4] that 0 € —V, f(z*, y*) + Oh(y*).

O

9 Proof of Theorem

9.1 Proof of Lemma[3

Since we select zp € X and {x:} C X by the construction, through induction one can argue that {z;} C X
Moreover, from @) in the proof of Theorem [I} we know that {V;},>¢ is non-increasing sequence where V; £
Frl@e,yes 20) — 29, (ye; 2) + 2P(2). We clearly have f (x4, y1;2¢) — Wr(ye: 2¢) > 0 and P(z;) — W, (yes 2) > 0
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from weak duality, and we also have P(z;) — ®* > 0 since ®* = min,cx P(z) as P(-) is a Moreau envelope of ®(-);
hence, Vy — &* > V; — ®* > 0 for t > 0. Therefore, we can conclude that

For any z € X, recall that U, (y; 2) £ mingex fr(z,y) + Bllz — 2||?, and that fr(x,-) is p-concave over Y for all
x € X thus, it follows that W,.(+; z) is p-concave. Indeed, for any z € X and y € },

1 . . w p
W, (y;2) + gllyHQ: gg;H(x,y; z), H(x,y;2) = fr(z,y) + 5\\y||2+§Hx —z||?,

and H (z,;z) is concave for all z € X and z € X. Since the pointwise infimum of concave functions is concave,
W, (y; z) + &|lyl|? is concave in y; hence, W,.(+; z) is p-concave for all z € X. Note that for any ¢ > 0, we have

P(a0) = mas W (33 20) = Uy () 2) = Bllye =y (OIS P(o) — Wnlpsz) < Vo -7 59)
Moreover, it follows from z*(z) £ arg minge x ®(7; 2) = arg minge x max, ey fr(x,y; z) and the definition of r*(-)
that 2*(z) = argmingex fr(x,7*(x); 2), which leads to P(z) = ®(z*(2);2) = fr(z*(2),r*(2*(2)); ). Finally,
since (2*(z), y*(z)) is the unique saddle point of f,.(x,y; z), we can conclude that y*(z) = r*(z*(2)) forall z € X.

It is known that r*(-) is Kyg-Lipschitz with k. = lyf, e.g., see [54, Lemma A.4]. Consequently, we have

197(2) = 4" (z0)l[= lIr" (2" (24)) = r* (& (20)) | € Kyallz™(2) — 27 (20) -
Furthermore, using Lemma we get [[27(z) — 2" (2')|< & llz — 2|, which implies that [ly*(z¢) — y*(20)[|<
nymﬁﬂzt — zp||. Combining this bound with (38) and using triangular inequality leads to ||y; — y*(20)]|<

,/%(Vb — ®*) + 2Ky,||2t — 20l for all ¢ > 0. Since sm-MGDA is initialized from (zo, %0, 20) as in Theorem
according to the proof of Theorem one has Vj < F(zp), which completes the proof of Lemma

9.2 Proof of Lemmad]

The first result directly follows from [54] Lemma E.4]. Moreover, Theoremimplies that oo o ||ze41 — ¢ ||*= O(k7),

and, < } < i implies that 1 — 7o4/2 € (0,1), which implies that ) _,° / 6; < oo; hence, §; — 0.

Now we are ready to prove Theorem 3]

Proof of Theorem Lemma implies that {z;, y;, 2; } stays in a bounded set; therefore, it has at least one limit point
(z*,y*, z*). Consider the potential function values at (z, ys, 2¢), .., Vi = fr(@e, Yt 2t) — 2V, (y4; 2¢) + 2P(2¢) for

t > 0. It follows from (37) that for all t > 0, we have f,.(z¢,y:; 2¢) < Vi < Vi where we used P(z;) > W,.(yy; 2¢).

Let Y C ) denote a compact set for which {y; };>0 C Y. Define [, := max,¢x ey | Vy f(A(z),y)| and let [, be the

Lipschitz constant of h over dom h N'Y —Assumption (i) implies that such [}, exists. Then, from the same arguments
we used for (33)), we get

(ae) + 5 llee = 2P~ (@ + W) llye = r* @I Frlan, s 20). (59)

Therefore, for all ¢ > 0, it holds that ®(z;) < Vo + (I, + 1n)V/8;. Thus, from definition [7, we get F(A(z;)) +
Blle(x)IP< Vo + (Iy + 1n)v/3¢ for t > 0. Note that F(A(z,)) > F and we get

4 o
le(a)||2< ; (VO—FJr(lerlh)\/E), V> 0. (60)
Since sm-MGDA is initialized from (o, Yo, 20) as in Theorem[2] we have Vy = P(z0) < F(zo), which is independent

of the parameter p > 0. Suppose we fix p > 32(F(z9) — F'). Recall that 6; — 0 as t — oo; therefore, there exists

T, € Z such that §; < IOM(IEW for all t > T,,. Thus, for all t > T},, we can conclude that ||c(z;)[|< 3.

For any fixed t > Tp, let 7; = uys4v, be the compact singular value decomposition of x;. Then, ||c(z;)||=
ez — I||= |vi(s? — I)v] ||= ||s7 — I.||. Note that whenever dist(z;, M) < 1, projection on to M is
well-defined, i.e., single-valued and Lipschitz continuous, and dist(z¢, M) = |z¢ — Pm(ze)l|= |luessv, —
w) ||= ||st — I|| and |s? — L.||[> |[s¢ — L], ie., |c(z;)||> dist(z¢, M). Hence, we can conclude that
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for any p > 32(F(z)) — F), we have dist(z;,, M) < 1 for all t > T,. On the other hand, since M
is compact, for any C' > 0 such that C > ' , it must hold that ||z;||< C for all ¢ > T,.
Thus, Theorem [1| implies that ZZTP||me(xt,yt)||2+/?adist(0, —V,f(x,y:) + Oh(y:))? = O(R), and we have
min{[|V, f(2r, 4:) |>+7dist(0, =V f(@r, y0) + Oh(wi))? =t = T,,...,T, + T — 1} = O(F/T) for all
T > 1. Therefore, for any € > 0 given, the algorithm can generate (z.,y.) such that |V, f(zc, vy )||< e,
Rdist(0, =V, f(2e, ye) + Oh(ye)) < e, and dist(z., M) < L within T, + O(Z) iterations of sm-MGDA. Moreover,
since [/ < ®* and {2} C X, it follows from Lemmathat yp€Yer={yeV:lly—wll</2(F(z) - F)+
4Ky, C} for all t > 0 and note that the bound does not depend on p parameter since [, and so is Ky, = [y, /@ inde-
pendent of p. Hence, setting p > max{32(F(zo) — F'), 36/, } where l,, := sup,cy. l.(y) < oo, and invoking Lemma
implies that ||z — Pag(ze)]|< l?; , TPulze), yo)l|= Oe), and dist(0, =V, f(ze, ye) + h(ye)) = O(e).

Moreover, for any limit point (*, y*) of the sm-MGDA sequence (z:, y:), it holds that * € M, grad,, f(z*,y*) =0
and 0 € =V, f(z*,y*) + Oh(y"). O

10 Proof of Theorem 4

Given arbitrary 2y € M and yy € Y. We use a slightly modified versiorﬁ of the potential function defined in [49,
Lemma 3.4], i.e., Vy := f,.(x0,y0) and for all ¢ > 0,

1 16 8 0 0
Vig1 = fr (Te41, Yer1) + o— ( - 15> i1 — ytH2 + ( (1 - et) t) ||yt+1\| (61)
T2 t+1

27’2 7_2025-&-1

For t > 0, recall that y; 41 = prox,,, (yt + Tgvyf(xtﬂ,yt) — Tg@tyt) hence, it holds that 0 € (yt+1 —Y) —
(Vyf<xt+]_, yt) — Oryt) + Oh(ys11), which also implies
1 _ _ _
Gy = g(yt-&-l —yt) + Vyf(@er1, Y1) = Vo f (@1, ) + 0y € Vi f (@11, Yer1) — Oh(Yeg1)-
Then, D, = diSt<0,_vyf($t+17yt+1) + 8h(yt+1)) < NG < (5 + Dllyesr — yell+0clye|| for all £ > 0.

Similarly, for ¢t > 0, since ;11 = Px (xt —TLtngf(xt, yt)> itholds 0 € —— (xt+1 —24)+ Vo f (4, y)+00x (Tr41);
therefore, we get

1 _ _ _
Giy = ?(fﬁt — Ze1) + Vo f (@41, Ue41) — Vaf (@6, ye) € Vo f(Teq1, Yeg1) + 00x (Te41)-
t

Then, Df+1 ;= dist (07 vmf($t+17 yt+1> + 86X(xt+1)) < HQt+1 H< (Tl -
t > 0. Thus, combining the two inequality above, we get for all ¢ > 0 that

Dy o= (Df)* + (DY)? < 1G5 1PHIGEA 1P
1 1 2
<9(= 1) Noewn — el P42(2 4 (2 40) Y llges — vl 4267 e
T1,t T2

+ Dllwerr — @[ +Hlyee1 — wel| for all

(62)

Given an arbitrary b > max{%% (4 —1), 2}, and forall t > 0 let oy := S(b 2)12 and 3; := ml? + 1612 I~) —1.
1

0 =l +1)1 —yi7z» the definition of b implies that 8, > [ for t > O Using these deﬁnltlons we get
the following identities:

Note that since 6; = 2

1612
e =B +1/2)7Y (B +1)/2 = +7l?/2+ ped Vt>0. (63)
Moreover, let dy := (?5722)2 + 3%% . % Then, it follows from [49, Equation (3.52)] that
205+ 0% (28, +1)% + 42
Lt g(ﬁt+)2+ <ddy, Yt>0. (64)
o o

SThe potential function we use in this paper also involves the closed convex function h(-).

32



A PREPRINT

Therefore, (62) and (64) together imply that
4
Dir < 161 P16 | < Adiaflleess =l + (5 + 6 ) s = wll*+26F e, V¢ 0.
In addition, from [49, Equation (3.48)], for all t > 1, we have

9
ol — e+ lyesr — ell*< Vi — Vigr + By,
1075 65)

8 (0i—1 — 0, 9
oo S (M O O
=g, 9, e+ ll? + 2 lyell

Next, we upper bound V; — Vj; the analysis in [49] does not require this bound; however, to establish asymptotic
stationarity we need this bound as Vy = f,.(zo, o) does not depend on p whenever zy € M and this observation is
essential for our analysis. Indeed, we first bound f(x1,y1) — f(xo,yo) using the following two inequalities:

. ~ l 1 +1

Flar0) = Fwo.n) < (5= 2= oo = 1P =20y =0 (66)
- - ~ 1

fr(@1,91) = fr(z1,90) < (Vyf (1,50) = g0, y1 — yo) < Tﬁllyl —yol*+72(12 (yo) + 17), (67)

where go € Oh(1o), Iy (yo) := max,cx ||V, f(A(x),y0)||< 00, and I}, is the Lipschitz constant of h. The inequality in
(66) follows from the “similar arguments we used in (29) and (30); furthermore, (67) follows from concavity of f,(x1, )
and using Young’s inequality. Therefore, summing (]3_3[) and (67), we get

fr(@1,y1) = fr(zo,90) < ﬂo ||33 — x0? +7||y1 —yoll*+72 (L2 (o) + 17);

hence, using the definition of V; given in (6] together with Vj := f,.(x0,y0) = fr(0, y0) for 2o € M, it follows that

+1 1 8 15 8 0 0
Vi-¥o < =2 oyl (g g~ 5l P (£ (1-32) - °)y1|| Pl + 1),

27’
Note that from (63), we have 2% > ao; moreover, since 280 < 1(1)3 we also have 15— + 2—72 + = o % <0,
and finally we also observe that 1 — 72 < 0; therefore, after using these bounds in the above 1nequahty and dropping
the non-positive terms from the right hand side, we get
ol — 20l +1o ||y1 —yol?’< Vo —Vi+ By, where By :=1(L2(yo) + 7). (68)

For t > 0, we have [|GF, 1 [P +[1GY, 1 |17 < Ae(Vi — Viga + By) + 267 ||ys|| for Ay := max{4div, (£ + 61°72)}.
Therefore, we can conclude that

T-1 4 -1 262
> 5 (1G0alPHIGE ) € 30 (Vi = Vi + Bt o). ¥T =1 (69)
t=0 t=0
Note that from (61)), we can lower bound the potential value at time ¢ + 1 as follows:
= 15 8 0 0
Vier 2 frlmen i) — oDy + —(1= )Ry = R, V20, (70)
27’2 T2 91

where Dy := max, cy|ly — ¢'|| and Ry := maxycy||y|; therefore, for f := inf,cx yey fr(A(z),y), we have
Vipi2Vi=f - %D% + %(1 — Z—f)R% — %“R%. Thus, for any 7" > 1, we have
T-1
Vi =Vig) =Vo—Vr < Vo = V5 (71)
=0
moreover, using the definition of { B; };>( given in (63) and (68), it follows that for any 7' > 1, we also have

- 8 /6 0 0
SBi=— (ﬁf ng)Rz %Rym( 2 (yo) + 1),
(72)
8 90 00 2
< |(—— .
< (Tz R )RY + 72 (I (yo) +17)
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Therefore, we can conclude that for all 7" > 1,

15 16 6 8
> (Vi Vess + B) < folwo.yo) = £ + 5D + (5 = — + 00 ) By +7a(l200) +17)
T2 20 T
= (73)
15 3 R
< folaow) ~ 1+ 5o D% + (805 +1) Xt @ on) + ) = o

where in the last inequality we used 23—‘1’ —1=2.24-1< % Note that ds is independent of the penalty parameter p.

et A := max{4d;, 12( 42 + GZQTg)O%U}. Then, A; < A - o for all t > 0; hence, (69) implies that for all 7' > 1,
T—

1 T-1
\lgt+1||2+|\gt+1H2 : B2 07 L0
< Ads + 2ARy - —, and < E
? Y ; Ay Z Ay 4d1 tz:: oy 32d

t=0 =0

Thus, E;":Ol Z—‘t =0(1) Zt o t+1 = O(log(T') + 1). Moreover, noting that Z;T:_Ol L — Q(VT), we have

ay

n_ IG5+ 17 = 0 (log(T)VT), VT 21, (74)

t=0
Moreover, for any given € > 0, define T, := inf{¢t > 0 : Dy}, < €}, for which it holds that

Te—1

- 1 ||gt+1|\2+||gt+1||2
Z ZO el Z = O(1 +1logT0); (75)

t=0

=0
therefore, within 7, = O(% log? (1)) iterations, sm-MGDA will return a pair (z., y.) satisfying
dist? (o, Vo (e, ye) + aax(:ce)) + dist? (o, Y, f (e, ye) + 8h(y6)> <é. (76)

To establish the stationarity of (z., y.) for the original problem (I}, we need to argue that the norm constraint x € X is

never active. Indeed, from (63), (68) and (72), it follows that Vi < Vo + 3/ 0 ' By < fr(xo,y0) + (%%‘f + 97‘3) R% +
TQ(lg(yo) + lﬁ) Thus, for t > 0, since {6;/6;41}+>0 is decreasing and 6, <1 — (61) implies that

~ 15 8 0 9
fr(@e1, yeg1) < Vigr + — llye41 — yt|| + ( : t) Hyt+1”
27y Ty B¢ 11

15 16 60 77
< fr(®0,%0) + %DQY + (——0 + 00)R2y + 7122 (yo) + 1) == [
Using a similar argument that we adopted for deriving (33)), for any y; € arg max,cy fr(zt, y), it holds that
() = argnylinfr(:vt,y) < fr(@e,ye) + Uy + W)llye — yi < F+ (Iy + 1) Dy = @,
ye
where I, = maxsexyey|Vyf(A(z),y)|< oo; therefore, since ®(x;) = F(A(z;)) + §llc(z)|* and

mingex F(A(z))= F > —oo, we have
4 /- _
le(@l*s - (® = F).

Then, for p > 16(® — F) = 16(f+(Iy+1,) Dy — F), we have || c(z;)||< %, which further implies ||z, — P (z) || <
Thus, whenever C' > 0 is sufficiently large, z; € int(X) for all ¢ > 0. Then (76) reads

Hvacf(xea ye)||2+d15t2 (07 *vyf-(xevye) + 3h(ye)) < 2.

Thus, we can conclude that (x,y.) is indeed O(e)-stationary point of the NCMC minimax problem in (I)
by invoking Lemma [2| for p > 0 sufficiently large, ie., p > max{16(® — F),36maxycy L,(y)}, where
L. (y) := max{||V,f(z H lz]l2< 1}. Moreover, define {(Z:, yt)}¢>0 such that (Z¢,9:) = (27, yr)) Where
T(t) := argmin{||g,f+1||2+||gk+1||2: k =0,...,t — 1} defined for all ¢ > 1. Since {(Z¢, §) }+>0 is a bounded
sequence, it has at least one limit point, and any of its limit points is a stationary point of stationary point of the NCMC
minimax problem in (T).

1
5
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Figure 7: Primal loss, gradient norm, and test accuracy of tested algorithms over 3 runs.
11 Addition experiments

Here we provide additional experiments on superquantile-based learning. Indeed, we focus on distributionally robust
optimization (DRO) over Riemannian manifold. Given a set of data samples {{;}? ;, the DRO over Riemannian
manifold M can be written as the following minimax problem:

n 1
i 7,£ 3Gi) — - = ’ 78
i { St o= e "

where o > 0 denotes the coefficient, w = (wy,---,wy,), S = {w e R™: Z?:l w; =1, w; > 0}. Here £(z;&;)
denotes the loss function over the Riemannian manifold M, which applies to many machine learning problems such
as ICA [19], dictionary learning [42], neural network training [24]], structured low-rank matrix learning [[15]], among
others. For example, the task of PCA can be cast on a Grassmann manifold.

In the experiment, we use Stiefel manifold M = St(r,d) = {X € R™" : X "X = I, } on parameters z of DNNs
(convolution layers and linear layers), see Table |Z| for details. Different algorithms are tested on CIFAR-10, CIFAR-100,
STL-10, Fashion MNIST, and MNIST datasets. We set 7y = 7o = 1073, 8 =09 p=1,p=10,C = 1000 for
sm-MGDA with the same 7 and 75 for MGDA and RSGDA. The batch size is 512, and the model is trained for 200
epochs. The results are listed in Figure where the primal loss denotes F'(x). It is shown that sm-MGDA not only
converges the fastest but also has the highest test accuracy compared with other tested algorithms. Furthermore, the
gradient norm and primal loss are also the lowest compared with the tested algorithms. The final test accuracy of the
compared algorithms are list in Table[d] It is shown that sm-MGDA has the highest test accuracy compared with the other
two algorithms.

Table 4: Test accuracy (%) of different algorithms on five datasets after 200 epochs.
Algorithm  MNIST  FashionMNIST CIFAR-10 CIFAR-100 STL-10

MGDA 99.28 91.85 74.42 37.82 64.01
RSGDA 99.26 90.95 74.95 38.12 63.81
sm-MGDA 99.42 94.12 76.95 41.12 65.81

Since Algorithm is a retration-free algorithm, the heatmaps of parameters W ' W across different layers of the model
training by Algorithm [T]after 200 epochs are shown in Figure[0] which demonstrates that the parameters of the models
are indeed lies in the Stiefel manifold. The figures of manifold error with epoch for superquantile-based learning and
robust DNN training task are shown in Figures [8]and [6] respectively. It is shown that the manifold error decreases with
the epochs, which validates our theoretical result.
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Figure 8: Manifold error of the model with epoch on superquantile-based learning problem.

Stiefel Constraint Visualization: WTW per Layer
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Figure 9: Heatmaps of W T WV across different layers (from left to right: Layer 1 to Layer 7) after training 200 epochs.
The diagonal dominance in each block demonstrates the approximate satisfaction of Stiefel manifold constraints
(WTW = I).
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