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ABSTRACT

We study the minimax optimization problem over a compact submanifold M, i.e.,
minx∈M maxy fr(x, y) :=f(x, y)−h(y), where f is continuously differentiable in (x, y), h is a
closed, weakly-convex (possibly non-smooth) function and we assume that the regularized coupling
function −fr(x, ·) is either µ-PL for some µ > 0 or concave (µ = 0) for any fixed x in the vicinity
ofM. To address the nonconvexity due to the manifold constraint, we reformulate the problem
using an exact penalty for the constraint x ∈M and enforcing a convex constraint x ∈ X for some
X ⊃M onto which projections can be computed efficiently. Building upon this new formulation for
the manifold minimax problem in question, a single-loop smoothed manifold gradient descent-ascent
(sm-MGDA) algorithm is proposed. Theoretically, any limit point of sm-MGDA sequence is a stationary
point of the manifold minimax problem and sm-MGDA can generate an O(ϵ)-stationary point of the
original problem with O(κ/ϵ2) and Õ(l4/ϵ4) complexity for µ > 0 and µ = 0 scenarios, respec-
tively, where κ = l/µ is the condition number and l denotes the Lipschitz constant of the gradient
corresponding to the penalized problem over X × domh. Moreover, for the µ = 0 setting, through
adopting Tikhonov regularization of the dual, one can improve the complexity to O(l2/ϵ3) at the
expense of asymptotic stationarity. The key component, common in the analysis of all cases, is to
connect ϵ-stationary points between the penalized problem and the original problem by showing
that the constraint x ∈ X becomes inactive and the penalty term tends to 0 along any convergent
subsequence. To our knowledge, sm-MGDA is the first retraction-free algorithm for minimax problems
over compact submanifolds, and this is a very desirable algorithmic property since through avoiding
retractions, one can get away with matrix orthogonalization subroutines required for computing retrac-
tions to manifolds arising in practice, which are not GPU friendly. Experiments on quadratic minimax
problems, robust deep neural network training, and superquantile-based learning demonstrate clear
advantages over state-of-the-art algorithms that rely on retraction operation in each iteration.

∗These authors contributed equally to this work.
†The student coauthor contributed to the numerical experiments.
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1 Introduction

Due to the broad applications in machine learning, minimax optimization has attracted significant attention arising
in the context of generative adversarial networks (GANs) [17], robust deep neural network training [18, 28, 37],
superquantile-based learning [10, 13], and reinforcement learning [14, 16]. Minimax problems involving manifold
constraints naturally arise in applications such as robust geometry-aware PCA [21] and those involving subspace robust
Wasserstein distance optimization [33, 40]. Furthermore, adding manifold constraints, such as orthogonality, on the
model parameters has been found effective in accelerating the training [3, 11, 27], preventing the gradient sequence
from diminishing or exploding, and improving generalization [12].

In this paper, we consider the following minimax optimization problem over a compact submanifold of a normed vector
space (X , ∥·∥) with X := Rd1×r and Y := Rd2 :

min
x∈M

max
y∈Y

fr(x, y) := f(x, y)−h(y), (1)

where M := {x ∈ Rd1×r : c(x) = 0} for some smooth function c : Rd1×r → Rp, h : Y → R ∪ {+∞} is a
proper, closed, (possibly nonsmooth) ζ-weakly convex function3 for some ζ ≥ 0 with a compact, convex domain
Y := {y ∈ Y : h(y) <∞}, and f is continuously differentiable on some open set containing X̄ × Y where X̄ ⊃M
is some compact set that will be defined later. In the rest, we used fr(·, ·) to denote f(·, ·) regularized with h(·).
We study (1) assuming that one of the following conditions holds: (i) −fr(x, ·) is µ-PL, i.e., it satisfies Polyak-
Lojasiewicz condition for some µ > 0, uniformly for all x ∈ X̄ (see Definition 3), or (ii) fr(x, ·) is concave for all
x ∈ X̄ (abusing the notation, we abbreviate this scenario by µ = 0). Throughout the paper we mainly focus on the
setting whereM := {x ∈ Rd1×r : x⊤x = Ir} is the Stiefel manifold, i.e., c(x) = x⊤x− Ir, and later in section 3.4
we discuss how our results can be extended to a more general class of smooth defining functions c(·).
Algorithms for solving the problem (1) have been extensively studied in the literature [7, 20, 23, 24, 25, 47, 48]. Among
these works, [24, 47, 48] are the only works we are aware of studying a manifold minimax problem with a smooth f
without assuming geodesic convexity, i.e., when f is not geodesically convex in x for some fixed y ∈ Y . This distinction
is important, as by the Hopf-Rinow theorem, any geodesically convex function defined on a compact Riemannian
manifold must be constant [31, Theorem 6.13]. Consequently, the results in [7, 20, 23, 25] are not directly applicable to
problem (1) when f(·, y) is not constant for fixed y ∈ Y .

In [47, 48], the authors consider nonconvex-linear minimax problems on Riemannian manifolds, and under the linearity
assumption in the dual, they establish O(1/ϵ3) iteration complexity. Neither RADA method in [47] nor ARPGDA
in [48] is retraction-free, they require computing a retraction onto the manifold at each iteration – ARPGDA is a
single-loop method and RADA requires inexactly solving smooth-strongly concave minimax subproblems over the
manifold at each iteration. On the other hand, [24] considers nonconvex-strongly concave minimax problems, and
it establishes O(1/ϵ2) complexity for the proposed RGDA method; that said, RGDA is also not retraction-free and
it requires computing a retraction onto M at each iteration. For the main use case considered in this paper, the
Stiefel manifold [1], the retraction always involves some expensive linear algebra operation, such as matrix inversion,
exponential or square-root, which quickly become expensive as the dimension of the matrices grows (especially for the
square Stiefel manifold where d1 = r). Therefore, in this paper we will investigate the following natural question:

Can one design a retraction-free single-loop first-order method with cheap per-iteration complexity to efficiently
compute stationary points of nonconvex-PL and nonconvex-concave minimax problems on compact submanifolds?

Our main contributions are listed below.

Retraction-free smoothed manifold GDA algorithm. We reformulate the manifold-constrained minimax problem
using an exact penalty for the manifold constraint; moreover, we also introduce a norm-ball constraint x ∈ X to ensure
that f is smooth over the compact set X × Y with a global Lipschitz constant for ∇f –let l > 0 denote this constant.
We propose a smoothed manifold gradient descent-ascent (sm-MGDA) method that operates entirely in Euclidean space,
without requiring retractions or projections onto the manifold. This eliminates matrix orthogonalization and leads
to a GPU-friendly implementation. Numerical experiments on quadratic minimax examples, robust deep neural
network training, and superquantile-based learning demonstrate clear advantages over state-of-the-art methods. To our
knowledge, sm-MGDA is the first retraction-free algorithm for minimax problems over compact submanifolds.

Convergence guarantee for both merely concave and PL settings. We establish that sm-MGDA finds an O(ϵ)-
stationary point with Õ(l4/ϵ4) complexity in the merely concave case and O(κ/ϵ2) in the PL case, where κ = l/µ.
The key technical ingredients in our analysis are to relate stationarity in the penalized problem to that of the original

3We say a function h is ζ-weakly convex if h(·) + ζ
2
∥·∥ is convex for some ζ ≥ 0.
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problem by exploiting the exact penalty property of the penalty function adopted in our reformulation, and to show
that the bound constraint x ∈ X eventually becomes inactive under the assumption that the primal function is lower
bounded. Compared to [24], our method removes the requirement for strong concavity and can handle the settings
where fr(x, ·) is merely concave, or −fr(x, ·) = h(·) − f(x, ·) is µ-PL with a possibly non-smooth weakly convex
regularizer h(·). To our knowledge, sm-MGDA is the first algorithm with provable convergence guarantees for solving (1)
in the merely concave and non-smooth µ-PL settings without resorting to retraction operations. Moreover, we also
discuss how to relax the compactness assumption on the dual domain Y if we strengthen the µ-PL assumption to strong
concavity with modulus µ > 0 –in short, we call it µ-concave. We establish that in all of these setting, any limit point of
sm-MGDA sequence is a stationary point of the manifold minimax problem. Finally, for the µ = 0 setting, we also show
that through adopting Tikhonov regularization of the dual, one can improve the complexity to O(l2/ϵ3) for computing
an O(ϵ)-stationary point at the expense of losing the asymptotic stationarity of the iterate sequence.

Notation. For a vector x ∈ Rd, ∥x∥ denotes the Euclidean norm; for a matrix x ∈ Rd×r, ∥x∥ and ∥x∥2 denote
the Frobenius and spectral norms, respectively. For a closed convex set X , let δX(·) denote its indicator function,
defined as δX(x) = 0 if x ∈ X and +∞ otherwise. The projection of a point x onto X is denoted by PX(x) :=
argminy∈X∥x− y∥2, and the distance from x to X is defined as dist(x,X) := ∥x− PX(x)∥. For any square matrix
x ∈ Rn×n, we define the symmetrization operator as sym(x) := 1

2 (x + x⊤); moreover, diag(x) ∈ Rn denotes the
vector of diagonal elements of x. Given a proper, closed function h, we use ∂h(x) to denote the Fréchet subdifferential4

at x, i.e., ∂h(x) := {s : lim infy→x
h(y)−h(x)−⟨s,y−x⟩

∥y−x∥ ≥ 0}. When −h(·) is weakly convex, we use −∂h(x) to
denote the Fréchet subdifferential of−h at x, i.e.,−∂h(x) := ∂(−h(x)). Finally, for a point x ∈M, TxM denotes the
tangent space of the manifoldM at x. For a differentiable function h, we write∇h(x) and gradh(x) for its Euclidean
and Riemannian gradients at x, respectively. Let g : Rn → Rp be a differentiable map at x, then we use Jg(x) ∈ Rp×n

to denote the Jacobian matrix at x, and for any given u ∈ Rp we use ∇g(x)[u] := Jg(x)
⊤u.

Table 1: Comparison of convergence guarantees and assumptions. In the column “Single-loop”, we indicate whether the
method consists of a single-loop iteration or not. In “GNC f(·, y)” column, we indicate whether geodesic nonconvexity of
f(·, y) over M is allowed when y is fixed; in “Nonlinear f(x, ·)” column we indicate whether nonlinearity of f(x, cot) is
allowed when x ∈ M is fixed. In the two columns about complexity, µ = 0 and µ > 0 correspond to the cases where
−fr(x, ·) are convex and µ-PL, respectively. Finally, in the column “RF” we state whether the method is retraction free or
not. The stationarity metrics used across different works are as follows: [24] considers minx∈M maxy∈Y f(x, y) and adopts the
criterion ∥gradF (xϵ)∥≤ ϵ, where F (x) := maxy∈Y f(x, y) for x ∈ X ; [25] considers minx∈M maxy∈N f(x, y) where M
and N are Riemannian manifolds, and the metric adopted for ϵ-stationarity is

√
∥xϵ − x∗∥2+∥yϵ − y∗∥2 ≤ ϵ, where (x∗, y∗)

denotes the unique saddle point under the assumption on f satisfying geodesic strong convexity–geodesic strong concavity;
[47] considers (1) such that f(x, y) = g(x) + ⟨A(x), y⟩ and h(·) is a closed convex function, and adopts two different cri-

teria for measuring ϵ-stationarity, i.e., ϵ-RGS: max
{
∥gradx f(xϵ, yϵ)∥, 1

γ
∥yϵ − proxγh(yϵ + γA(xϵ))∥

}
≤ ϵ, and ϵ-ROS:

max
{
dist

(
0, grad g(xϵ) + PTxϵM

(
∇A(xϵ)

⊤∂h∗(pϵ)
))

, ∥pϵ −A(xϵ)∥
}

≤ ϵ, where h∗ is the Fenchel conjugate of h; and

[48] considers minx∈M maxy∈Y f(x, y) such that f(x, ·) is linear for every x ∈ M fixed. For our sm-MGDA algorithm we measure

stationarity using the criterion max
{
∥gradx f(PM(xϵ), yϵ)∥,dist

(
0,−∇yf(PM(xϵ), yϵ) + ∂h(yϵ)

)}
≤ ϵ.

Algorithm Single-loop GNC f(·, y) Nonlinear f(x, ·) Complexity (µ = 0) Complexity (µ > 0) RF

RGDA [24] ✓ ✓ ✓ N/A O(ϵ−2) ✗
RCEG [25] ✓ ✗ ✓ O(ϵ−1) O(log(ϵ−1)) ✗
RADA [47] ✗ ✓ ✗ O(ϵ−3) N/A ✗
ARPGDA [48] ✓ ✓ ✗ O(ϵ−3) N/A ✗
sm-MGDA ✓ ✓ ✓ O(ϵ−3) or O(ϵ−4)⋄ O(ϵ−2) ✓

⋄ These two complexity results arise under different algorithmic settings and analysis frameworks. The O(ϵ−3) bound for
computing an ϵ-stationary point is achieved by introducing a Tikhonov regularization in the y-variable, i.e., given an arbitrary ȳ ∈ Y ,
solving the nonconvex–strongly concave approximate problem minx∈M maxy∈Y fr(x, y)− µ∥y − ȳ∥2 for µ = O(ϵ). In contrast,
the O(ϵ−4) bound corresponds to directly solving the original problem, with additional algorithmic parameters introduced to
guarantee asymptotic convergence in terms of any limit point of the iterate sequence being a stationary point of the manifold
minimax problem. Although the former bound is better for small ϵ > 0, the generated iterates converge only to a solution of the
approximate problem rather than the original one in (1).

4When h is proper closed convex, ∂h concides with the convex subdifferential, and if h is differentiable at x, ∂h(x) = {∇h(x)}.
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2 Methodology & Smoothed Manifold GDA (sm-MGDA) Algorithm

Recently, the constraint dissolving method for Riemannian optimization has been proposed in [44] to cast a manifold-
constrained optimization problem into an unconstrained one. Inspired by this methodology, which is designed for
manifold optimization (in the primal sense), given a compact smooth submanifoldM := {x ∈ Rd1×r : c(x) = 0} for
some smooth c : Rd×r → Rp, we can rewrite the minimax problem in (1) as

min
x∈X

max
y∈Y

f̃r(x, y) :=f̃(x, y)−h(y), where f̃(x, y) := f(A(x), y) +
ρ

4
∥c(x)∥2, (2)

where A : X → X is the constraint dissolving operator, and ρ > 0 is a large enough penalty parameter–the assumptions
on c(·) and A(·) are similar to [44, Assumptions 1.1 and 1.2] and will be specified later in section 3. The partial
gradient ∇xf̃(x, y) can be computed using chain rule as follows:

∇xf̃(x, y) = ∇A(x)[∇xf(A(x), y)] +
ρ

2
∇c(x)[c(x)], (3)

where ∇A(x)[u] := JA(x)
⊤u for x, u ∈ Rd1 with JA(x) ∈ Rd1×d1 denoting the Jacobian of A(·) at x, and

∇c(x)[u] := Jc(x)
⊤u for x ∈ Rd1 and u ∈ Rp with Jc(x) ∈ Rp×d1 denoting the Jacobian of c(·) at x.

For example, whenM is the Stiefel manifold, i.e.,M = {x ∈ Rd1×r : x⊤x = Ir}, we can set A(x) = x(32Ir−
1
2x

⊤x)

and c(x) = x⊤x− Ir, for which we have ∇A(x)[u] := u( 32Ir −
1
2x

⊤x)− xsym(x⊤u) and ∇c(x)[u] = 2xu.

We first state our assumptions on the manifold minimax problem in (1).
Assumption 1. (i) Let h : Y → R ∪ {+∞} be a proper, closed, ζ-weakly convex function with a closed domain
Y := domh = {y ∈ Y : h(y) <∞}, and h is locally Lipschitz on its domain. (ii) Suppose Y is a bounded set.
Remark 1. Assumption 1 implies that there exists a constant lh > 0 such that h is Lipschitz continuous over the
compact set Y , i.e., |h(y1)− h(y2)|≤ lh∥y1 − y2∥ for any y1, y2 ∈ Y .

Definition 1. SupposeM⊂ X is a compact submanifold. Define X̄ := {A(x) : ∥x∥≤ C} ⊂ X = Rd1×r for some
C > 1

2 + supx∈M∥x∥.
Assumption 2. Suppose that f : X × Y → R is differentiable on an open set containing X̄ × Y , where X̄ ⊂ X is
given in Definition 1 and Y = domh ⊂ Y , and that there exist Lxx, Lxy, Lyx, Lyy ≥ 0 such that

∥∇xf (x1, y1)−∇xf (x2, y2)∥ ≤ Lxx ∥x1 − x2∥+ Lxy ∥y1 − y2∥ ,
∥∇yf (x1, y1)−∇yf (x2, y2)∥ ≤ Lyx ∥x1 − x2∥+ Lyy ∥y1 − y2∥ , x1, x2 ∈ X̄, y1, y2 ∈ Y.

Let L := max{Lxx, Lxy, Lyx, Lyy}.
Definition 2. F : X → R denotes the primal function, i.e., F (x) := maxy∈Y fr(x, y), and let F ∗ := minx∈M F (x).

In the rest, we analyze the convergence properties of the proposed sm-MGDA algorithm applied to (2) under different
assumptions on fr defined in (1). First, we consider the scenario where −fr(x, ·) satisfies the PL property for fixed x.

The PL property is usually given for smooth functions [26, Theorem 2] and its extension for composite functions
ps + pc where ps is smooth and pc is a proper, closed convex function, is given in [26, Eq. (12)]. On the other hand, the
definition we adopted from [32] is more general and applies to a more general class of possibly nonsmooth ζ-weakly
convex functions.
Definition 3 ([32]). Let φ : Rn → R∪{+∞} be a proper, closed, ζ-weakly convex function, and let S = argminx φ(x).
Suppose S ̸= ∅ and let φ∗ = φ(x∗) for some x∗ ∈ S. φ(·) satisfies PL inequality with constant µ > 0, i.e., we say φ(·)
is µ-PL, if 2µ(φ(x)− φ∗) ≤ dist2(0, ∂φ(x)) for all x ∈ domφ.

For particular examples of nonsmooth ζ-weakly convex functions that satisfy PL condition, see [32, Sec. 3.2].

Consider fr defined in (1). We assume that −fr(x, ·) satisfies one of the following conditions uniformly for all x ∈ X̄:
(i) µ-PL (see assumption 3), (ii) µ-strongly convex, and (iii) merely convex, i.e., µ = 0.
Assumption 3. There exists µ > 0 such that −fr(x, ·) is µ-PL for all x ∈ X̄ ⊂ X , i.e.,

max
w∈Y

fr(x,w)− fr(x, y) ≤
1

2µ
dist2

(
0,−∇yf(x, y) + ∂h(y)

)
, ∀x ∈ X̄, y ∈ Y .

Remark 2. The solution set argmaxw∈Y fr(x,w) is nonempty from the compactness of Y . By [32, Theorem 3.1],
the assumption on −fr(x, ·) satisfying µ-PL condition is weaker than assuming fr(x, ·) is strongly concave with
modulus µ > 0; indeed, it is equivalent to the error–bound condition and further implies quadratic growth of −fr(x, ·).
Examples of nonconvex–PL problems include minx maxy f(x,By) where f(·, ·) is nonconvex–strongly concave and B
is an arbitrary matrix, as well as generative adversarial imitation learning for the linear–quadratic regulator [6].

4



A PREPRINT

Assumption 4. There exists µ > 0 such that fr(x, ·) is µ-strongly concave for all x ∈ X̄ ⊂ X , i.e., for any y ∈ Y and
g ∈ ∂h(y), it holds that fr(x, y) + ⟨∇yf(x, y)− g, w − y⟩ − µ

2 ∥w − y∥2≥ fr(x,w) for all x ∈ X̄ , and w ∈ Y .
Assumption 5. h : Y → R ∪ {+∞} is merely convex, i.e., ζ = 0 in assumption 1; moreover, f(x, ·) is merely concave
for all x ∈ X̄ ⊂ X , i.e., for any y ∈ Y fixed, f(x, y) + ⟨∇yf(x, y), w − y⟩ ≥ f(x,w) for all x ∈ X̄ and w ∈ Y .
Remark 3. One can replace assumption 2 with the assumption that f is twice continuously differentiable on an open
set containing X̄ × Y , where X̄ is given in Definition 1.

Given (x∗, y∗) ∈ X × Y , the results in [44] imply that for sufficiently large but fixed ρ > 0, if dist(x∗,M) ≤ δ for
some small enough δ > 0, then

∇xf̃(x
∗, y∗) = 0 ⇔ x∗ ∈M, gradx f(x

∗, y∗) = 0, (4)

where gradx f(x
∗, y∗) denotes the partial Riemannian gradient of f with respect to x overM. For any (x̄, ȳ) ∈M×Y ,

the partial Riemannian gradient of f with respect to x can be computed using

gradx f(x̄, ȳ) = ∇xf(x̄, ȳ)− x̄ sym(x̄⊤∇xf(x̄, ȳ)). (5)

For details on the first-order optimality condition in manifold optimization, we refer to [2, 5, 22].
Definition 4. (x∗, y∗) ∈M× Y is a stationary point for the minimax problem in (1) if

gradx f(x
∗, y∗) = 0, 0 ∈ −∇yf(x

∗, y∗) + ∂h(y∗); (6)

and (xϵ, yϵ) ∈M× Y is an ϵ-stationary point, if ∥gradx f(xϵ, yϵ)∥≤ ϵ and dist
(
0,−∇yf(xϵ, yϵ) + ∂h(yϵ)

)
≤ ϵ.

Note that because of the penalty term P (x) := ρ
4∥c(x)∥

2 used within f̃ ,∇f̃ may not be Lipschitz on X ×Y while∇f
is. For example, whenM is the Stiefel manifold, we set c(x) = x⊤x− Ir; hence, the corresponding penalty term P (·)
is quartic and ∇P (x) = ρx(x⊤x− Ir) is not Lipschitz on X = Rd1×r. However, since we are interested in stationary
points (x∗, y∗) ∈M× Y as in (6) withM being a compact submanifold of Rd1×r, instead of (2), we will consider the
following reformulation:

min
x∈X⊂X

max
y∈Y

f̃r(x, y), (7)

where X := {x ∈ Rd1×r : ∥x∥≤ C} for some C > 1
2 + supx∈M∥x∥ –for this reformulation, trivially∇f̃ is Lipschitz

on the new domain X × Y that is compact, and −f̃r(x, ·) is µ-PL (or convex) for every fixed x ∈ X since −fr(x, ·) is
assumed to be µ-PL (or convex) for all x ∈ X̄ . It will be shown later that as long as the constant C > 0 is sufficiently
large, i.e., C > 1

2 + supx∈M∥x∥, the choice does not affect the set of limit points of the proposed algorithm. Let l(C)

denote the Lipschitz constant of∇f̃ on X × Y –for simplicity of notation, we will suppress its dependence on C in the
rest and use l instead.

In the rest of this paper, for notational convenience we focus on the Stiefel manifold to derive our results. That said, as
mentioned in the introduction, we discuss their extensions to some other important compact manifolds with c ∈ C2;
more specifically, the oblique manifold and the generalized Stiefel manifold will be discussed in section 3.4.
Lemma 1. LetM⊂ X be the Steifel manifold, i.e., c(x) = x⊤x− Ir, and let X = {x ∈ Rd1×r : ∥x∥≤ C} for C > 0

as in Definition 1. Under Assumption 2, the function f̃ defined in (2) with A(x) = x(32Ir −
1
2x

⊤x) is differentiable on
an open set containing X × Y , and there exist constants lxx, lxy, lyx, lyy ≥ 0 such that lyy = Lyy, lyx = O(C2Lyx),
lxy = O(C2Lxy) and lxx = O(C2ρ+ C4Lxx) and that for all x1, x2 ∈ X and y1, y2 ∈ Y , it holds that∥∥∥∇xf̃ (x1, y1)−∇xf̃ (x2, y2)

∥∥∥ ≤ lxx ∥x1 − x2∥+ lxy ∥y1 − y2∥ ,∥∥∥∇y f̃ (x1, y1)−∇y f̃ (x2, y2)
∥∥∥ ≤ lyx ∥x1 − x2∥+ lyy ∥y1 − y2∥ .

Clearly, ∇f̃ is Lipschitz on X × Y with constant l := max{lxx, lxy, lyx, lyy}.

Proof. See Section 6.1.

Remark 4. If the condition ∥x∥≤ C in the definition of X is replaced by ∥x∥2≤ C, the expressions for the Lipschitz
constants lxx, lxy, lyx, lyy in Lemma 1 remain the same.

Remark 5. The Lipschitz constants of f̃ calculated in the proof of Lemma 1 are specific to the case whereM is the
Stiefel manifold, i.e., c(x) = x⊤x− Ir. That said, they can be easily extended to other compact smooth submanifolds
M = {x ∈ X : c(x) = 0} over X × Y whenever the defining function c(·) is twice continuous differentiable.
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2.1 Smoothed AGDA (sm-MGDA) for solving problem (1)

The smoothed gradient descent ascent (sm-GDA) methods [51, 52] perform single-loop updates on the primal and dual
variables, together with an additional update on a smoothing variable. These methods are designed for problems with
a nonconvex–concave or nonconvex–PL (strongly concave) structure assuming Lipschitz continuous gradients, and
under such conditions, they achieve better iteration complexity than the standard gradient descent ascent methods while
computatinal cost per iteration being the same.

It is known that every geodesically convex function over a compact manifold is a constant function [4]. This indicates
that for any fixed y ∈ Y and z ∈ X , f(x, y; z) ≜ f(x, y) + p

2∥x − z∥2 is not geodesically convex in x over M
for any p > 0. Although we may use a retraction operator to design a smoothed descent-ascent type method as in
[51, 52], its convergence analysis would be very intricate because for any given z ∈ X , the duality gap between
minx∈M maxy∈Y f(x, y; z) and maxy∈Y minx∈M f(x, y; z) is not necessarily zero due to the lack of (geodesic)
convexity. This motivates us to use more advanced tools to tackle the manifold constraint which leads to a nonconvex
minimax problem.

Specifically, we consider the penalized problem in (7), which employs an exact penalty function f̃r(·, y) for any y ∈ Y
to eliminate the manifold constraint x ∈M. By introducing a norm ball constraint x ∈ X , we avoid potential issues
that would arise from the gradient of the penalty term ρ

4∥c(x)∥
2 not being Lipschitz continuous over X . In this setup,

we study the convergence behavior of smoothed gradient descent ascent iterate sequence [51, 52] to a stationary point of
the original problem when sm-GDA is applied on the penalty problem in (7). Indeed, we incorporate the geometry of the
manifold through using an exact penalty function, and we refer this particular implementation of sm-GDA framework
on (7) as sm-MGDA.

Let p ∈ R+ such that p > l, e.g., p = 2l, and define

f̂(x, y; z) := f̃(x, y) +
p

2
∥x− z∥2, ∀ x ∈ X, y ∈ Y, z ∈ X ,

where p
2∥x− z∥2 serves as a regularizer for dual smoothing, inspired by the Moreau-Yosida regularization, a.k.a. the

Nesterov’s smoothing [39]. Our proposed method, sm-MGDA, is presented in Algorithm 1, which consists of alternating
x, y updates: one projected gradient descent in x using ∇xf̂(xt, yt; zt), one proximal gradient ascent in y using
∇y f̂(xt+1, yt; zt), and an averaging step in z to get zt+1. On the other hand, for the case µ = 0, rather than employing
dual smoothing, we set p = 0 and incorporate an additional regularization term on y for primal smoothing, following
[36, 49]. Indeed, for the scenario µ = 0, rather than computing an ascent step based on f̃(xt+1, ·) for the y-update,
we consider f̃θt(xt+1, ·) where f̃θ(x, y) = f̃(x, y)− θ

2∥y∥
2 for x ∈ X and y ∈ Y , i.e., we add a regularization term

− θt
2 ∥y∥

2 to f̃ , and use∇y f̃θt(xt+1, yt) rather than∇y f̂(xt+1, yt; zt) = ∇y f̃(xt+1, yt), where the parameter sequence
{θt} ⊂ R+ is diminishing to 0. In our theoretical analysis, we show that the limit points of sm-MGDA iterate sequence
are stationary points of the original problem (1) in the sense of Definition 4 under appropriate choices of the parameter
C > 0 appearing in the definition of X and the penalty parameter ρ in f̃ .

Remark 6. One can avoid computing/estimating the Lipschitz constant l by adopting the line-search strategy of [54],
which employs a carefully designed nonmonotone stepsize-search criterion and requires at most 3 backtracking steps
per iteration. This type of extension would be helpful in practice as it can exploit local curvature through estimating
local Lipschitz constants, which would lead to larger steps.

Algorithm 1 Smoothed MGDA (sm-MGDA)

1: Input: (x0, y0, z0) ∈M× Y ×M, {θt}, {τ1,t} ⊂ R+, τ2, p, ρ, C > 0, β ∈ (0, 1]
2: for t = 0, 1, 2, . . . , T − 1 do
3: gt ← ∇A(xt)[∇xf(A(xt), yt)] +

ρ
2∇c(xt)[c(xt)]

4: xt+1 ← PX

(
xt − τ1,t

(
gt + p(xt − zt)

))
5: yt+1 ← proxτ2h

(
yt + τ2

(
∇yf(A(xt+1), yt)−θtyt

))
6: zt+1 = zt + β(xt+1 − zt)
7: end for
8: Output: {(xt, yt)}T−1

t=0 .

6
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2.2 ϵ-stationary points of the penalty problem

Following [52, Definition 3.1], we call (xϵ, yϵ) ∈ X × Y an ϵ-stationary point of (7) if

dist
(
0,∇xf̃(xϵ, yϵ) + ∂δX(xϵ)

)
≤ ϵ, dist

(
0,−∇y f̃(xϵ, yϵ) + ∂h(yϵ)

)
≤ ϵ. (8)

Given (xϵ, yϵ) ∈ X × Y such that ∥xϵ∥< C, then 0 ∈ ∇xf̃(xϵ, yϵ) + ∂δX(xϵ) if and only if∇xf̃(xϵ, yϵ) = 0; hence,
if (8) holds with ϵ = 0 for some (xϵ, yϵ) ∈ X × Y such that ∥xϵ∥< C, then

∇xf̃(xϵ, yϵ) = 0, 0 ∈ −∇y f̃(xϵ, yϵ) + ∂h(yϵ). (9)

Thus, it follows from (4) that for ρ > 0 large enough and C > δ + supx∈M∥x∥, there exists δ > 0 such that if
dist(xϵ,M) ≤ δ and (8) holds with ϵ = 0, then (xϵ, yϵ) ∈M× Y and it is a stationary point for the original manifold
constrained minimax problem in (1), i.e., (6) holds with (x∗, y∗) = (xϵ, yϵ).

In practice, since the algorithm runs for only a finite number of iterations, we are also interested in how the ϵ-stationary
point of the penalized problem relates to that of the original manifold-constrained problem. The following lemma
describes this connection for the Steifel manifold.
Lemma 2. Let M ⊂ Rd1×r be the Steifel manifold. For any given ϵ > 0, let (xϵ, yϵ) ∈ X × Y be such that
∥∇xf̃(xϵ, yϵ)∥≤ ϵ, dist(0,−∇y f̃(xϵ, yϵ) + ∂h(yϵ)) ≤ ϵ and dist(xϵ,M) ≤ 1

2 , then

∥xϵ − PM(xϵ)∥≤
3

ρ
ϵ, ∥gradxf(PM(xϵ), yϵ)∥≤ ϵ+

11

ρ

(
Lxx + Lx(yϵ)

)
ϵ,

dist
(
0,−∇yf(PM(xϵ), yϵ) + ∂h(yϵ)

)
≤

(
1 +

3

ρ
Lyx

)
ϵ,

whenever ρ ≥ 36Lx(yϵ), where Lx(y) := max{∥∇xf(x, y)∥: ∥x∥2≤ 1} is defined for y ∈ Y . Thus, (PM(xϵ), yϵ) ∈
M× Y is an O(ϵ)-stationary point for the minimax problem in (1) in terms of Definition 4.

Proof. See Section 6.2.

For any given ϵ > 0, in order to compute (xϵ, yϵ) ∈ X × Y satisfying the hypothesis of Lemma 2 we will employ
sm-MGDA on the penalty problem in (7) with a properly chosen parameter C > 0, i.e., the choice of C > 0 is not arbitrary
and it should be chosen carefully depending on δ in order to exclude the possibility of computing an (xϵ, yϵ) ∈ X × Y
as in (8) with ∥xϵ∥= C. Indeed, Lemma 2 shows that whenM⊂ Rd1×r is the Steifel manifold, any C > 1

2 + r works
as δ = 1/2 and supx∈M∥x∥=

√
r.

3 Convergence analysis

In this section, we present the convergence guarantees of our sm-MGDA algorithm under three different scenarios: We
assume that −fr(x, ·) satisfies one of the following conditions uniformly for all x ∈ X̄: (i) µ-PL (see assumption 3),
(ii) µ-strongly convex, and (iii) merely convex, i.e., µ = 0.
Definition 5. Let −∞ < F̄ := minx∈X F (A(x)) where F (·) = maxy∈Y fr(·, y).

3.1 Complexity for nonconvex-PL problems

In this section, we establish the convergence guarantees for computing an ϵ-stationary point of the manifold minimax
problem in (1), and we also provide asymptotic convergence results. To achieve this goal, we first extend the analysis of
[51] to handle weakly convex (possibly non-smooth) regularizer h(·) –the method proposed in [51] can only handle
smooth problems of the form minx∈X maxy∈Y f(x, y) without any manifold constraint, where f is a smooth function
satisfying assumption 2 on the vector space X × Y such that −f(x, ·) is µ-PL for all x ∈ X .

We next provide a convergence rate result for sm-MGDA under Assumptions 1,2 and 3. For this setting there is no
clear relation between l and µ; hence, we define the modified condition number κ̄ := max{1, κ} where κ := l/µ.
Furthermore, we also define some other important quantities arising in our analysis.
Definition 6. For any z ∈ X , let x∗(z) := argminx∈X Φ(x; z) and Y ∗(z) := argmaxy∈Y Ψr(y; z), where
Φ(x; z) := maxy∈Y f̂r(x, y; z) defined for any x ∈ X , Ψr(y; z) := Ψ(y; z)− h(y) and Ψ(y; z) := minx∈X f̂(x, y; z)
defined for any y ∈ Y . Finally, P (z) := minx∈X Φ(x; z) for z ∈ X .

7
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Theorem 1. Suppose Assumptions 1,2 and 3 hold. For any given C > 0, let X = {x ∈ X : ∥x∥≤ C}, and let
{xt, yt, zt}t≥0 be the sm-MGDA iterate sequence generated by Algorithm 1, initialized from an arbitrary (x0, y0, z0) ∈
X × Y × X , using the following parameters: τ1,t = τ1 and θt = 0 for all t ≥ 0 for some τ1 ∈ (0, 1

3l ], τ2 =
1
16 (

3
τ1

+ ζ)−1, p = 2l and β = αmin{µ, l}τ2 for some α ∈ (0, 1/2306), where the constant l > 0 is defined in
Lemma 1. Then, for any T ≥ 1, it holds that

1

T

T∑
t=1

(
∥Gx

t ∥
2
+ κ̄ ∥Gy

t ∥
2
)
≤ O(1)κ̄

T

( 1

τ1
+ ζ

)(
P (z0)− F̄ +∆0

)
, (10)

where ∆0 := f̂r(x0, y0; z0) + P (z0)− 2Ψr(y0; z0), and for all t ≥ 0, Gx
t , G

y
t are defined as

Gx
t+1 :=

xt − xt+1

τ1
+∇xf̃(xt+1, yt+1)−∇xf̃(xt, yt) + p(zt − xt),

Gy
t+1 :=

yt+1 − yt
τ2

+∇y f̃(xt+1, yt+1)−∇f̃(xt+1, yt).
(11)

Furthermore, Gx
t ∈ ∇xf̃(xt, yt) + ∂δX(xt) and Gy

t ∈ ∇y f̃(xt, yt)− ∂h(yt) for all t ≥ 1, which also implies that

min
1≤t≤T

max
{
dist

(
0,∇xf̃(xt, yt) + ∂δX(xt)

)
,
√
κ̄dist

(
0,−∇y f̃(xt, yt) + ∂h(yt)

)}
=O

(√
κ̄/T

)
.

Finally, ∆0 ≥ 0 can be bounded as ∆0 ≤ 2 gapf̂r (x0, y0; z0), where gapf̂r (x0, y0; z0) :=Φ(x0; z0)−Ψr(y0; z0).

Proof. See section 7.

Remark 7. If one chooses x0 = z0 and y0 ∈ Y ∗(z0) for any z0 ∈ M, then f̂r(x0, y0; z0) = fr(z0, y0) ≤ F (z0).
Moreover, choosing y0 ∈ Y ∗(z0) implies that P (z0) + ∆0 = f̂r(x0, y0; z0) since P (z0) = Ψr(y0; z0) –see Lemma 7.
Therefore, P (z0) + ∆0 − F̄ ≤ F (z0)− F̄ .

On the other hand, if one chooses x0 = x∗(z0) ∈ X and y0 ∈ Y ∗(z0) for some z0 ∈ M, then one has ∆0 = 0
–see Lemma 7. Moreover, since z0 ∈ M, we have P (z0) = minx∈X Φ(x; z0) ≤ Φ(z0; z0) = F (z0); therefore,
P (z0) + ∆0 − F̄ ≤ F (z0)− F̄ as well.

Next, we argue that for both C, ρ > 0 sufficiently large, ∥xt∥< C for all t ≥ 0; thus, Theorem 1 implies that
∇f(x∗, y∗) = 0 for any limit point (x∗, y∗) of the sm-MGDA iterate sequence {(xt, yt)}.
Theorem 2. Under the premise of Theorem 1, suppose sm-MGDA is initialized from (x0, y0, z0) ∈ X × Y × X such
that y0 ∈ Y ∗(z0) and x0 is set to either z0 or x∗(z0) for some arbitrary z0 ∈M. Then, for any C > 1

2 + supx∈M∥x∥,
there exists ρ̄ > 0 such that within O(κ̄/ϵ2) gradient evaluations, sm-MGDA with given parameters ρ ≥ ρ̄ and
C > 0 can generate (xϵ, yϵ) ∈ X × Y such that ∥xϵ − PM(xϵ)∥≤ 3

ρϵ, ∥gradxf(PM(xϵ), yϵ)∥= O(ϵ), and
dist(0,−∇yf(PM(xϵ), yϵ) + ∂h(yϵ)) = O(ϵ).
Moreover, any limit point (x∗, y∗) of the sm-MGDA sequence {(xt, yt)}t≥0 is a stationary point for the minimax problem
in (1), i.e., x∗ ∈M, gradx f(x

∗, y∗) = 0 and 0 ∈ −∇yf(x
∗, y∗) + ∂h(y∗).

Proof. See section 8.

Remark 8. For any given z0 ∈ M, let x0 = x∗(z0) ∈ X and y0 ∈ Y ∗(z0). Then, for any C > 1
2 + supx∈M∥x∥,

choosing ρ ≥ 16
(
F (z0)− F̄ + (l̄y + lh)DY

)
, where l̄y := maxx∈X,y∈Y ∥∇yf(A(x), y)∥< ∞ and DY :=

supy1,y2∈Y ∥y1 − y2∥, implies that ∥c(xt)∥≤ 1
2 , which ensures dist(xt,M) ≤ 1

2 for all t ≥ 0.

Remark 9. The above result corresponds to the case where X is defined using the Frobenius norm. Instead, if X is
defined by the spectral norm ball, the same iteration complexity bound continues to hold for any C > 1

2+supx∈M∥x∥2=
3
2 . Since the expressions for the Lipschitz constants remain unchanged (see Remark 4), this smaller value of C (in
contrast to 1

2 +
√
r) yields an improved iteration complexity O(max{L/µ, 1}/ϵ2) as L ≤ l, where L is defined in

Assumption 2. However, it should be noted that in this setting the projection operator PX requires computing an SVD
of an n1 × r matrix at each iteration, which can be substantially more expensive than the projection onto the Frobenius
norm ball, especially when r ≈ n1, e.g., n1 = r.

8
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3.2 Complexity for nonconvex-strongly concave problems

In this section, we replace Assumption 3 with Assumption 4 which is clearly a stronger one; indeed, [32, Theorem 3.1]
shows that Assumption 4 implies Assumption 3 –see also Remark 2. That said, while adopting a stronger condition of
fr, we now relax the compactness requirement on Y = domh, which is necessary for our analysis in the µ-PL case,
i.e., we will study (1) under Assumptions 1.(i), 2 and 4.

Definition 7. Let Φ(x) := maxy∈Y f̃r(x, y) and Φ∗ = minx∈X Φ(x). Note that Φ(x) = F (A(x)) + ρ
4∥c(x)∥

2;
hence, Φ∗ ≥ F̄ . Moreover, define r∗(x) ≜ argmaxy∈Y f̃r(x, y) = argmaxy∈Y fr(A(x), y) for all x ∈ X , and let
δt := ∥yt − r∗(xt)∥2 for t ≥ 0.

First, we argue that when fr(x, ·) is strongly concave on Y for all x ∈ X̄ , the sm-MGDA iterate sequence is bounded.
Note that for every z ∈ X , due to strong concavity Y ∗(z) is a singleton, let Y ∗(z) = {y∗(z)}.
Lemma 3. Suppose Assumptions 1.(i),2 and 4 hold. Given an arbitrary C > 0 such that X ⊃M, let {xt, yt, zt} ⊂
X × Y × X be generated by sm-MGDA using τ1, τ2, p, β, α as stated in Theorem 1. Then starting from any (x0, y0, z0) ∈
X × Y ×X , {xt, yt, zt}t≥0 is a bounded sequence; indeed, max{∥xt∥, ∥zt∥} ≤ C. If one initializes sm-MGDA from

(x0, y0, z0) as in Theorem 2, then ∥yt − y0∥≤
√

2
µ (F (z0)− Φ∗) + 2κyx∥zt − z0∥ for all t ≥ 0, where κyx := lyx/µ.

Proof. See section 9.1.

Next, we state a result that establishes {∥yt − r∗(xt)∥2} → 0 as t→∞.

Lemma 4. For t ≥ 0, δt+1 ≤ (1 − τ2µ/2)δt +
(1−τ2µ)(2−τ2µ)

τ2µ

l2yx

µ2 ∥xt+1 − xt∥2; moreover,
∑∞

t=0 δt < ∞, which
implies that δt → 0 as t→∞.

Proof. See section 9.2.

Next, we argue that for both C, ρ > 0 sufficiently large, ∥xt∥< C for all t ≥ 0; thus, Theorem 1 implies that any limit
point of {xt, yt} is a stationary point for the minimax problem in (1) in terms of Definition 4.

Theorem 3. Under Assumptions 1.(i),2 and 4, there exists some ρ̄ > 0 such that for every ρ > ρ̄ there is T̄ρ ∈ Z+,
which is non-increasing in ρ, such that the results of Theorem 2 continue to hold for all t ≥ T̄ρ.

Proof. See section 9.

3.3 Complexity for nonconvex-merely concave problems

Beyond the µ-PL and strong concavity settings for fr(x, ·), we can also establish an Õ(ϵ−4) complexity of our sm-MGDA
algorithm to compute an ϵ-stationary point of the original problem under mere concavity of fr(x, ·) for any x ∈ X̄ .
This result follows from Theorem 3 and the potential function construction provided in [49, Theorem 3.2].

Theorem 4. Suppose Assumptions 1,2 and 5 hold. For any C > 1
2 + supx∈M∥x∥, there exists ρ̄ > 0 such that

within Õ(l4ϵ−4) gradient evaluations, initialized from an arbitrary (x0, y0, x0) ∈M× Y ×M and using parameters

ρ > ρ̄, τ2 ≤ 1
10lyy

, τ1,t =
2

2τ2l2(1+b
√
t+1)−l

, b > max
{

2
τ2l
− 1, 32·202

192

}
, θt =

19
20 ·

1
τ2
· 1
(t+1)1/4

, p = 0, and β = 1,

sm-MGDA can generate (xϵ, yϵ) ∈ X × Y such that ∥xϵ − PM(xϵ)∥≤ 3
ρϵ, ∥gradxf(PM(xϵ), yϵ)∥= O(ϵ), and

dist
(
0,−∇yf(PM(xϵ), yϵ) + ∂h(yϵ)

)
= O(ϵ). Moreover, for any limit point (x∗, y∗), it holds that x∗ ∈ M,

gradx f(x
∗, y∗) = 0 and 0 ∈ −∇yf(x

∗, y∗) + ∂h(y∗).

Proof. See section 10 in the appendix.

Remark 10. The above theorem establishes the first complexity result for a retraction-free method to solve nonconvex-
merely-concave (NCMC) minimax problems over compact submanifolds.

Remark 11. In addition to the O(l4ϵ−4) complexity result established in Theorem 4, we can also obtain an improved
O(ϵ−3) bound by applying sm-MGDA to the regularized problem:

min
x∈M

max
y∈Y

f ϵ
r (x, y) :=f(x, y)− h(y)− ϵ

4DY
∥y − y0∥2,

9
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where DY := maxy1,y2∈Y ∥y1 − y2∥ and y0 ∈ Y . f ϵ
r (x, ·) is strongly concave with modulus µ =

ϵ

2DY
for any fixed x.

Therefore, by Theorem 2, sm-MGDA yields a pair (xϵ, yϵ) such that ∥xϵ −PM(xϵ)∥≤
3

ρ
ϵ, ∥gradx f(PM(xϵ), yϵ)∥=

O(ϵ), dist
(
0,−∇yf(PM(xϵ), yϵ) +

ϵ

2DY
(yϵ − y0) + ∂h(yϵ)

)
= O(ϵ). Since κ̄ =κ = l/µ = O(lϵ−1) and DY ≥

∥yϵ − y0∥, it follows that dist(0,−∇yf(PM(xϵ), yϵ) + ∂h(yϵ)) = O(ϵ); therefore, (xϵ, yϵ) is an ϵ-stationary point of
the original NCMC minimax problem minx∈M maxy∈Y fr(x, y), and it can be computed within O(l2ϵ−3) iterations.

3.4 Extension to other compact submanifolds

In previous sections, for the theoretical analysis of sm-MGDA, we focus on the case whereM is the Stiefel manifold.
However, the concept of exact penalty functions introduced in [45] applies more broadly to all compact submanifolds
satisfying some mild regularity conditions. In the following, we discuss how our algorithm and its guarantees can be
extended to some other important compact submanifolds.

Oblique manifold: M = {x ∈ Rd×r : diag(x⊤x) = Ir}. In this case, we define

A(x) = 2x
(
Ir + diag(x⊤x)

)−1
, c(x) = diag(x⊤x)− Ir.

To ensure that the same convergence guarantees hold, it suffices to (i) validate Lemma 2, and (ii) ensure that small
constraint violation c(x) still implies that x is close to the manifold.

For (i), we can use [44, Theorem 1] to control the feasibility error and Riemannian gradient norm by gradient norm of
the penalized objective function when x is sufficiently close to the manifold and ρ is chosen large enough.

For (ii), let x̄ denote the projection of x onto M, given by x̄ = x diag(x⊤x)−
1
2 . Then, ∥x − x̄∥=

∥x
(
Ir − diag(x⊤x)−

1
2

)
∥. If ∥c(x)∥≤ ϵ with ϵ ≤ 1

2 , then we have 1− ϵ ≤ max1≤i≤r∥xi∥≤ 1 + ϵ, and

∥x− x̄∥≤ ∥x∥2
∥∥∥Ir − diag(x⊤x)−

1
2

∥∥∥ ≤ 3

2

∥∥∥Ir − diag(x⊤x)−
1
2

∥∥∥ ≤ 3

2

√
rϵ.

Generalized Stiefel Manifold: M = {x ∈ Rd×r : x⊤Bx = Ir} where B ∈ Rd×d is a positive definite matrix. In
this case, we define

A(x) = x

(
3

2
Ir −

1

2
x⊤Bx

)
, c(x) = x⊤Bx− Ir.

Following [44, Theorem 1], we can establish results analogous to Lemma 2, ensuring approximate stationarity under
the exact penalty framework.

To show that small c(x) implies small dist(x,M), consider the compact SVD of B
1
2x: B

1
2x = usv⊤. Define

x̄ = B− 1
2uv⊤. Then, ∥x − x̄∥=

∥∥∥B− 1
2

(
usv⊤ − uv⊤

)∥∥∥ ≤ ∥B− 1
2 ∥∥s − Ir∥. Noting that c(x) = x⊤Bx − Ir =

vs⊤sv⊤ − Ir = v(s2 − Ir)v
⊤, we obtain ∥s2 − Ir∥= ∥c(x)∥, which implies ∥s− Ir∥≤ ∥c(x)∥. Thus, we establish

the desired result by having ∥x− x̄∥≤ ∥B− 1
2 ∥ ∥c(x)∥.

4 Numerical experiments
In this section, we conduct experiments on three tasks, i.e., the quadratic nonconvex-merely concave (NCMC) problem,
the quadratic nonconvex-strongly concave (NCSC) problem, and robust DNNs training over a Riemannian manifold.
In experiments, we compare our sm-MGDA with MGDA, (i.e., p = 0 and β = 0 in Algorithm 1), RGDA [24, 35], and
its stochastic version RSGDA [24] as the comparison baselines. We use constant primal step sizes for sm-MGDA, i.e.,
τ1,t = τ1 for all t = 0, 1, . . . . For all figures in this section, we run each algorithm several times independently, and
plot the geometric mean and standard deviation in solid lines and shaded regions, respectively.

4.1 Quadratic NCMC problem (µ = 0)

4.1.1 Case 1: Vector variables

In the first scenario, we consider the following quadratic NCMC minimax problem:

min
x∈M

max
y∈Y
L(x, y) = 1

2
x⊤Qx+ x⊤Ay, (12)

10
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where Y = {y ∈ Rn : ∥y∥≤ 1}, M = {x ∈ Rn : x⊤x = 1} denotes the sphere manifold, and A,Q ∈ Rn×n

are symmetric random matrices. We set n = 500, and randomly generate A and Q such that A = V ΛAV
⊤ and

Q = V ΛQV
⊤, where ΛA,ΛQ are diagonal matrices, and V ∈ R500×500 is an orthogonal matrix, i.e., V V ⊤ =

V ⊤V = I . We set ΛQ =
L·Λ0

Q

∥Λ0
Q∥2

for L ∈ {5, 10}, where Λ0
Q is a random diagonal matrix with diagonal elements

being sampled uniformly at random from the interval [−1, 1] and ∥Λ0
Q∥2 denotes the spectral norm of Λ0

Q; the
diagonal ΛA is generated the same way, except we ensure that ∥ΛA∥2= 1. Thus, ∇L is Lipschitz with constant
L = max{∥Q∥2, ∥A∥2}. The primal loss function is F (x) = 1

2x
⊤Qx+ ∥Ax∥. Since x lies on the sphere, the

minimum value of F (x) is F ∗ = λmin

(
1
2Q+A

)
. We randomly regenerated 10 instances as described above and

the results are shown in Figure 1 for the algorithms running on these instances. The relative gradient norm denotes
min1≤t≤T

{
∥Gx

t ∥2+∥G
y
t ∥2

}
/(∥Gx

1∥2+∥G
y
1∥2), where Gx

t and Gy
t are defined by (11). In the experiments, we set

β = 0.9, p = 2L, τ1 = 1
6L , τ2 = τ1

3 , ρ = 10, and C = 1000 for sm-MGDA, and we use the same τ1 and τ2 for MGDA,
i.e., τ1 = 1

6L and τ2 = τ1
3 . For RGDA, we set τ1 = 1

16(µy+1)2L and τ2 = 1
L according to [35, Theorem 17]. We

observe that sm-MGDA is competitive against MGDA and RGDA. Furthermore, the manifold constraint violations show
that the iterates xt gradually land on the manifold and the norm constraint, ∥x∥≤ C, is always inactive.
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Figure 1: Comparison of sm-MGDA with MGDA and
RGDA on (12) for µ = 0 with vector variables x ∈ Rn

with n = 500 for L ∈ {5, 10}.
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Figure 2: Comparison of sm-MGDA with MGDA and
RGDA on (13) for µ = 0 with matrix variables x ∈
St(500, 450) for for L ∈ {5, 10}.

4.1.2 Case 2: Matrix variables

In the second scenario, we consider the following quadratic NCMC minimax problem:

min
x∈St(n,k)

max
y∈Y

L(x, y) =
1

2
tr(x⊤Qx) + tr(x⊤Ay), (13)

where A,Q ∈ Rn×n are symmetric matrices, St(n, k) = {x ∈ Rn×k : x⊤x = Ik} is the Stiefel manifold, and
Y = {y ∈ Rn : ∥y∥≤ 1}. We set n = 500 and k = 0.9n = 450. The matrices A,Q ∈ R500×500 are randomly
generated such that A = V ΛAV

⊤ and Q = V ΛQV
⊤, where V ∈ R500×500 is orthogonal and ΛA,ΛQ are diagonal.

We scale ΛQ =
LΛ0

Q

∥Λ0
Q∥2

for L ∈ {5, 10}, where the diagonal of Λ0
Q is sampled uniformly from [−1, 1]. Maximizing

over y ∈ Y yields the primal objective F (x) = 1
2 tr(x⊤Qx) + ∥A⊤x∥∗, where ∥·∥∗ denotes the nuclear norm. The

parameters are chosen as β = 0.9, p = 2L, τ1 = 1
6L , τ2 = τ1

3 , ρ = 10, and C = 1000 for sm-MGDA, and we use the
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same τ1 and τ2 for MGDA, i.e., τ1 = 1
6L and τ2 = τ1

3 . For RGDA, we set τ1 = 1
16(µy+1)2L and τ2 = 1

L according
to [35, Theorem 17]. The results in Figure 2 show that sm-MGDA converges the fastest among MGDA and RGDA in
terms of primal values and gradient norms. Furthermore, the manifold constraint violations, i.e., ∥x⊤

t xt − I∥, show that
the iterates xt gradually land on the manifold.
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Figure 3: Comparison of sm-MGDA with MGDA and
RGDA on (14) for µ = 1 with vector variables x ∈ Rn

with n = 500 for L ∈ {5, 10}.
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Figure 4: Comparison of sm-MGDA with MGDA and
RGDA on (15) for µ = 1 with matrix variables x ∈
St(500, 450) for for L ∈ {5, 10}.

4.2 Quadratic NCSC problem (µ > 0)

4.2.1 Case 1: Vector variables

Again in the first case, we consider the following quadratic NCSC minimax problem:

min
x∈M

max
y∈Rn

L(x, y) = 1

2
x⊤Qx+ x⊤Ay − µy

2
∥y∥2, (14)

whereM = {x ∈ Rn : x⊤x = 1} denotes the sphere manifold, A,Q ∈ Rn×n are symmetric matrices and µy > 0.
This class of problems includes robust principal component analysis [25], PL game [9, 53], image processing [8], and
robust regression [46]. Except for setting µy = 1 and removing the constraint on y, we randomly generate both Q and
A as described in Section 4.1 with n = 500. Given x ∈ Rn, we can compute y∗(x) = 1

µy
Ax. Consequently, the primal

loss function is F (x) = 1
2x

⊤
(
Q+ 1

µy
A2

)
x. Since x ∈ Rn lies in the sphere manifold, the minimum value of F (·)

overM is F ∗ = 1
2λmin

(
Q+ 1

µy
A2

)
. We adopt the same hyperparameters from Section 4.1 for the three algorithms.

The results are shown in Figure 2 for 10 randomly generated problems. Similar to Section 4.1, our sm-MGDA performs
better than MGDA and RGDA.

4.2.2 Case 2: Matrix variables

In the second case, we consider the following quadratic NCSC minimax problem:

min
x∈St(m,k)

max
y∈Rn×k

L(x, y) =
1

2
tr(x⊤Qx) + tr(x⊤Ay) − µy

2
∥y∥2F , (15)

where St(n, k) = {x ∈ Rn×k : x⊤x = Ik} is the Stiefel manifold, A,Q ∈ Rn×n symmetric matrices and µy > 0.
Except for setting µy = 1 and removing the constraint on y, we randomly generate both Q and A as described in Section
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4.1 with n = 500. We also set k = 0.9n = 450. Given x ∈ Rn×k, maximizing (15) over y ∈ Rn×k yields y∗(x) =

1
µy

A⊤x, and thus the primal objective is F (x) =
1

2
tr(x⊤Qx) + 1

2µy
∥A⊤x∥2F =

1

2
tr
(
x⊤

(
Q +

1

µy
AA⊤

)
x
)
.

Since x ∈ St(n, k), the minimum value is F ∗ =
1

2

∑k
i=1 λi

(
Q+

1

µy
AA⊤

)
. We adopt the same hyperparameters

from Section 4.1 for the three algorithms. The results are shown in Figure 4 for 10 randomly generated problems.
Similar to Section 4.1, our sm-MGDA algorithm exhibits the fastest convergence behavior in terms of relative gradient
norms and primal function values.

4.3 Robust DNN training

We cast the original robust training against adversarial attacks problem into the following nonconvex-concave problem:

min
x∈M

max
u∈U

1

n

n∑
i=1

C∑
j=1

ujℓ
(
h
(
aKij ;x

)
, bi

)
− r(u), s.t. U = {u ∈ RC | u ≥ 0, ∥u∥1= 1}, (16)

where aKij is the permuted sample after K iterations of Projected Gradient Descent (PGD) attack [29], and C is the
number of classes for the dataset. Here r(u) is a convex regularization term, e.g., r(u) = α∥u − 1/C∥2, where
α ≥ 0 is a hyper-parameter. In the experiment, we use Stiefel manifoldM = St(r, d) =

{
X ∈ Rd×r : X⊤X = Ir

}
on parameters x of DNNs (convolution layers and linear layers). The DNN architecture used in our experiments is
summarized in Table 2. To simplify the operation of the Retraction operator, the network structure calls mctorch
package [38].

Table 2: The DNN architecture used in our experiments. C is the number of classes, and d is the number of channels
for inputs.

Layer Configuration
Inputs d channels
Conv d→ 32, Batchnorm, ReLU
Conv 32→ 64, Batchnorm, ReLU
Conv 64→ 128, Batchnorm, ReLU
Max Pool
Linear 512→ 256, Batchnorm, ReLU
Linear 256→ 128, Batchnorm, ReLU
Linear 128→ C
Outputs

We choose five datasets for this experiment: CIFAR10, CIFAR100, STL10, FashionMNIST, and MNIST. For the
CIFAR100 dataset, we selected the data from the first 20 classes for training and testing. We set K = 5, corresponding
to five attacks on the data. The numerical results against different attacks (i.e., PGD attack [29] and Fast Gradient Sign
Method (FGSM) attack [18] ) are shown in Table 3. We set τ1 = τ2 = 10−3, β = 0.9, p = 1, ρ = 10, C = 1000
for sm-MGDA with the same τ1 and τ2 for MGDA and RSGDA. In sm-MGDA, we use an inexact form of gt, given by
∇A(xt)[∇xf(xt, yt)] +

ρ
2∇c(xt)[c(xt)], to simplify computation. This approximation quality is controlled by the

small difference between xt and A(xt) when xt lies close to the manifold. The detailed training trajectories are listed
in Figure 5. It is shown that RSGDA has worse performance compared with sm-MGDA and MGDA, while sm-MGDA has
the best performance in the sense of gradient norm, primal loss, and test accuracy. This demonstrates the enhanced
robustness and practical utility of sm-MGDA in robust DNN training. The results of the test accuracy of the compared
algorithms under the attack are summarized in Table 3, which demonstrates that sm-MGDA has the highest test accuracy
compared with MGDA and RSGDA.

The manifold error of the model with epoch on robust DNN training task is shown in Figure 6. It is shown that the error
has a tendency to decrease with the number of epochs, indicating that the parameter falls on the manifold.

5 Conclusion
We propose a retraction-free smoothed manifold gradient descent-ascent (sm-MGDA) method for solving minimax
problems over compact submanifolds through solving an exact penalized problem with an additional norm constraint.
We establish convergence guarantees under nonsmooth PL condition for weakly convex functions, and more specifically
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Figure 5: Gradient norm, primal loss, and test accuracy on robust DNN training problems over 3 runs.
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Figure 6: Manifold error of the model with epoch on robust DNN training task.

Table 3: Test accuracy against nature images and different attacks for (from top to bottom) CIFRA10, CIFAR100,
STL10, FashionMNIST, MNIST datasets.

Methods Original Image PGD40 L∞ FGSM L∞
ϵ = 0.005 ϵ = 0.01 ϵ = 0.02 ϵ = 0.005 ϵ = 0.01 ϵ = 0.02

MGDA 75.06% 72.74% 70.48% 66.01% 72.76% 70.56% 66.41%
RSGDA 66.22% 64.04% 61.31% 56.19% 64.06% 61.44% 56.77%
sm-MGDA 80.22% 77.73% 75.06% 69.11% 77.78% 75.29% 70.12%

ϵ = 0.005 ϵ = 0.01 ϵ = 0.02 ϵ = 0.005 ϵ = 0.01 ϵ = 0.02
MGDA 58.40% 55.15% 51.80% 45.50% 55.15% 52.10% 46.15%
RSGDA 47.20% 47.27% 43.10% 31.80% 49.98% 46.67% 37.40%
sm-MGDA 62.35% 59.55% 57.00% 50.90% 59.55% 56.95% 50.90%

ϵ = 0.005 ϵ = 0.01 ϵ = 0.02 ϵ = 0.005 ϵ = 0.01 ϵ = 0.02
MGDA 57.04% 54.26% 52.18% 47.02% 54.26% 54.18% 46.19%
RSGDA 51.86% 47.90% 45.85% 34.90% 53.95% 51.10% 46.05%
sm-MGDA 58.49% 55.85% 53.29% 47.88% 55.85% 53.41% 48.76%

ϵ = 0.05 ϵ = 0.1 ϵ = 0.2 ϵ = 0.05 ϵ = 0.1 ϵ = 0.2
MGDA 86.53% 80.70% 72.82% 49.08% 81.12% 77.70% 67.77%
RSGDA 84.72% 79.40% 70.52% 51.46% 78.41% 70.52% 61.15%
sm-MGDA 87.73% 82.12% 75.11% 55.80% 82.85% 77.75% 67.87%

ϵ = 0.1 ϵ = 0.2 ϵ = 0.4 ϵ = 0.1 ϵ = 0.2 ϵ = 0.4
MGDA 99.29% 98.21% 95.39% 83.43% 98.53% 97.03% 92.41%
RSGDA 99.26% 98.11% 95.83% 84.76% 93.05% 91.26% 90.81%
sm-MGDA 99.45% 98.60% 96.69% 87.42% 98.69% 97.62% 92.91%
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under both merely and strongly concave settings, and show that the algorithm asymptotically recovers stationarity of the
original manifold minimax problem. Numerical results on robust training and risk-sensitive learning tasks demonstrate
the practical advantages of our approach over existing methods.

Our work motivates several interesting directions. First, a natural next step is to extend our algorithm and analysis
to general submanifolds defined by smooth equality constraints {x : c(x) = 0}. Finally, we also plan to study the
stochastic version of sm-MGDA, which is essential for solving large-scale manifold minimax problems.
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6 Proofs

6.1 Proof of Lemma 1

Note that for any (x, y) ∈ X × Y , we have ∇y f̃(x, y) = ∇yf(A(x), y) and

∇xf̃(x, y) = ∇A(x)[∇xf(A(x), y)] + ρx(x⊤x− Ir),

where ∇A(x)[u] := u( 32Ir −
1
2x

⊤x)− xsym(x⊤u). Since ∥x∥≤ C, assumption 2 implies that

∥∇A(x)∥op:= max
u̸=0

∥∇A(x)[u]∥
∥u∥

≤ 3

2
+

1

2
∥x⊤x∥+∥x∥2 ≤ 3

2
+

3

2
∥x∥2≤ 3

2
+

3

2
C2

for all x ∈ X , where we use ∥xy∥≤ ∥x∥2∥y∥≤ ∥x∥∥y∥.

Lipschitz Continuity of ∇y f̃ . It directly follows from the expression of ∇y f̃ that we have lyy = Lyy.

Next, we consider lyx. Given x1, x2 ∈ X and y ∈ Y , we have

∥∇y f̃(x1, y)−∇y f̃(x2, y)∥

= ∥∇yf(A(x1), y)−∇yf(A(x2), y)∥≤ Lyx∥A(x1)−A(x2)∥≤
3

2
Lyx(1 + C2)∥x1 − x2∥,

where we used the uniform bound on ∥∇A(·)∥op. Thus, lyx = 3
2 (1 + C2)Lyx.

Lipschitz Continuity of ∇xf̃ . From the expression of ∇xf̃ , for any x ∈ X and y1, y2 ∈ Y , we have

∥∇xf̃(x, y1)−∇xf̃(x, y2)∥=∥∇A(x)[∇xf(A(x), y1)−∇xf(A(x), y2)]∥

≤∥∇A(x)∥opLxy∥y1 − y2∥≤
3

2
(1 + C2)Lxy∥y1 − y2∥,

which implies that lxy = 3
2 (1 + C2)Lxy .

Next, we consider lxx. Define s(x) := x(x⊤x − Ir). Then ∇s(x)[u] = u(x⊤x − Ir) + x(u⊤x + x⊤u), which
implies that ∥∇s(x)∥op= maxu̸=0

∥∇s(x)[u]∥
∥u∥ ≤ C2 + 1 + 2C2 = 3C2 + 1 for all x ∈ X . Moreover, let l̄x :=

maxx∈X,y∈Y ∥∇xf(A(x), y)∥. Since A(x) := x( 32Ir −
1
2x

⊤x), we also have ∥A(x)∥≤ C 1
2 (3 + C2) for all x ∈ X .

Therefore, l̄x ≤ max{∥∇xf(x, y)∥: ∥x∥≤ C( 32 + 1
2C

2), y ∈ Y }. For any x1, x2 ∈ X and y ∈ Y , we have

∥∇xf̃(x1, y)−∇xf̃(x2, y)∥
=∥∇A(x1)[∇xf(A(x1), y)]−∇A(x2)[∇xf(A(x2), y)]∥+ρ∥s(x1)− s(x2)∥

≤∥
(
∇A(x1)−∇A(x2)

)
[∇xf(A(x1), y)]∥+∥∇A(x2)[∇xf(A(x1), y)−∇xf(A(x2), y)]∥

+ ρmax
x∈X
∥∇s(x)∥op∥x2 − x1∥

≤3Cl̄x∥x2 − x1∥+
(
9

4
(1 + C2)2

)
Lxx∥x2 − x1∥+ρ(3C2 + 1)∥x2 − x1∥

≤
(
3Cl̄x +

9

4
(1 + C2)2Lxx + ρ(3C2 + 1)

)
∥x2 − x1∥,

where we used the definition of l̄x and

max
∥x1∥≤C,∥x2∥≤C

∥
(
∇A(x1)−∇A(x2)

)
[u]∥≤1

2
∥x⊤

1 x1 − x⊤
2 x2∥∥u∥+(∥x1∥+∥x2∥)∥x1 − x2∥∥u∥

=
1

2
∥(x1 − x2)

⊤x1 + x⊤
2 (x1 − x2)∥∥u∥+(∥x1∥+∥x2∥)∥x1 − x2∥∥u∥

≤3C∥x1 − x2∥∥u∥.

Thus, we have lxx = 3Cl̄x + 9
4 (1 + C2)2Lxx + ρ(3C2 + 1).
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6.2 Proof of Lemma 2

Let xϵ = usv⊤ denote the compact SVD of xϵ and Rr
+ ∋ σ = diag(s). Since dist(xϵ,M) ≤ 1

2 , we have 1
2 ≤ σi ≤ 3

2

for i = 1, . . . , r, which also implies that 1
2 ≤ ∥xϵ∥2≤ 3

2 . SinceM is the Stiefel manifold and A(x) = x(32Ir −
1
2x

⊤x)
for x ∈ X , [43, Proposition 2.8] implies that

∇xf̃(x, y) = G(x, y) + ρx(x⊤x− Ir), ∀ (x, y) ∈ X × Y,

where G(x, y):=∇xf(A(x), y)( 32Ir −
1
2x

⊤x)− xsym(x⊤∇xf(A(x), y)). Then, for (xϵ, yϵ) we get

∥∇xf̃(xϵ, yϵ)∥2=∥G(xϵ, yϵ)∥2+ρ2∥xϵ(x
⊤
ϵ xϵ − Ir)∥2+2ρ

〈
G(xϵ, yϵ), xϵ(x

⊤
ϵ xϵ − Ir)

〉
=∥G(xϵ, yϵ)∥2+ρ2∥xϵ(x

⊤
ϵ xϵ − Ir)∥2−3ρ

〈
sym(x⊤

ϵ ∇xf(A(xϵ), yϵ)), (x
⊤
ϵ xϵ − Ir)

2
〉

≥∥G(xϵ, yϵ)∥2+ρ2∥xϵ(x
⊤
ϵ xϵ − Ir)∥2−3ρ∥x⊤

ϵ ∇xf(A(xϵ), yϵ)∥∥x⊤
ϵ xϵ − Ir∥2

≥∥G(xϵ, yϵ)∥2+ρ2∥xϵ(x
⊤
ϵ xϵ − Ir)∥2−3ρ·

3

2
L̃x · 4∥xϵ(x

⊤
ϵ xϵ − Ir)∥2

=∥G(xϵ, yϵ)∥2+ρ(ρ− 18l̃x)∥xϵ(x
⊤
ϵ xϵ − Ir)∥2

≥∥G(xϵ, yϵ)∥2+
ρ2

2
∥xϵ(x

⊤
ϵ xϵ − Ir)∥2,

(17)

where L̃x := Lx(yϵ) = max{∥∇xf(x, yϵ)∥: ∥x∥2≤ 1}. Here, the second equation follows from the definition of
G(·, ·) and the fact that ⟨A,B⟩ = ⟨sym(A), B⟩whenever B is symmetric, the first inequality is due to ∥sym(A)∥≤ ∥A∥
and ⟨A,B⟩ ≤ ∥A∥∥B∥. Next, we argue for the the second inequality. Note that

∥A(xϵ)∥2=
1

2
max

i=1,...,r
σi(3− σ2

i ) ≤
1

2
max

{
t(3− t2) : t ∈

[1
2
,
3

2

]}
= 1.

Thus, ∥∇xf(A(xϵ), yϵ)∥≤ L̃x. Consequently, the second inequality follows from ∥xϵ(x
⊤
ϵ xϵ − Ir)∥≥ 1

2∥x
⊤
ϵ xϵ − Ir∥

where we use ∥AB∥≥ σmin(A) · ∥B∥, and σmin(A) ≥ 0 denotes the minimum singular value of A. Finally, the last
line uses ρ ≥ 36L̃x.

In addition, it holds PM(xϵ) = uv⊤, and using ∥xϵ(x
⊤
ϵ xϵ − Ir)∥≥ 1

2∥x
⊤
ϵ xϵ − Ir∥, we also get

∥xϵ − PM(xϵ)∥= ∥usv⊤ − uv⊤∥= ∥s− Ir∥≤ ∥s2 − Ir∥= ∥x⊤
ϵ xϵ − Ir∥≤ 2∥xϵ(x

⊤
ϵ xϵ − Ir)∥.

Thus, we get ∥xϵ − PM(xϵ)∥≤ 3
ρϵ, which follows from using (17) together with

∥xϵ − PM(xϵ)∥2≤ 4∥xϵ(x
⊤
ϵ xϵ − Ir)∥2≤

8

ρ2
∥∇xf̃(xϵ, yϵ)∥2≤

9

ρ2
ϵ2. (18)

Next, we provide a bound on ∥gradx f(PM(xϵ), yϵ)∥. Using the definition of G(xϵ, yϵ) and the expression for the
Riemannian gradient given in (5), we get

∥gradxf(PM(xϵ), yϵ)−G(xϵ, yϵ)∥
=∥∇xf(PM(xϵ), yϵ)− PM(xϵ)sym(PM(xϵ)

⊤∇xf(PM(xϵ), yϵ))

−∇xf(A(xϵ), yϵ)
(3
2
Ir −

1

2
x⊤
ϵ xϵ

)
− xϵsym(x⊤

ϵ ∇xf(A(xϵ), yϵ))∥

≤1

2
∥∇xf(A(xϵ), yϵ)∥∥x⊤

ϵ xϵ − Ir∥+Lxx∥PM(xϵ)−A(xϵ)∥

+ (PM(xϵ)− xϵ)sym
(
PM(xϵ)

⊤∇xf(PM(xϵ), yϵ)
)

+ xϵsym
(
PM(xϵ)

⊤∇xf(PM(xϵ), yϵ)− x⊤
ϵ ∇xf(A(xϵ), yϵ)

)
≤1

2
∥∇xf(A(xϵ), yϵ)∥∥x⊤

ϵ xϵ − Ir∥+Lxx∥PM(xϵ)−A(xϵ)∥+L̃x∥PM(xϵ)− xϵ∥

+ ∥xϵ∥2
(
∥PM(xϵ)− xϵ∥∥∇xf(PM(xϵ), yϵ))∥+∥xϵ∥2∥∇xf(PM(xϵ), yϵ)−∇xf(A(xϵ), yϵ)∥

)
≤1

2
∥∇xf(A(xϵ), yϵ)∥∥x⊤

ϵ xϵ − Ir∥+Lxx∥PM(xϵ)−A(xϵ)∥+L̃x∥PM(xϵ)− xϵ∥
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+
3

2
L̃x∥PM(xϵ)− xϵ∥+

9

4
Lxx∥PM(xϵ)−A(xϵ)∥. (19)

Furthermore, since xϵ = usv⊤, we also have A(xϵ) =
1
2us(3Ir − s2)v⊤; hence,

∥PM(xϵ)−A(xϵ)∥= ∥u
(
Ir −

1

2
s(3Ir − s2)

)
v⊤∥

= ∥(s− Ir)
(1
2
(s2 + s)− Ir

)
∥≤ ∥s− Ir∥= ∥PM(xϵ)− xϵ∥,

(20)

where the inequality follows from ∥ 12 (s
2 + s)− Ir∥2≤ 1, which is implied by 1

2 ≤ σi ≤ 3
2 for i = 1, . . . , r. Moreover,

also note that ∥xϵ(x
⊤
ϵ xϵ − Ir)∥≥ 1

2∥x
⊤
ϵ xϵ − Ir∥ together with (18) gives us ∥x⊤

ϵ xϵ − Ir∥≤ 3
ρ . Finally, (17) implies

that ∥G(xϵ, yϵ)∥≤ ϵ. Therefore, using (19), we get

∥gradx f(PM(xϵ), yϵ)∥ ≤ ∥G(xϵ, yϵ)∥+∥gradx f(PM(xϵ), yϵ)−G(xϵ, yϵ)∥

≤ ϵ+
3

ρ

(7
2
L̃x +

13

4
Lxx

)
ϵ.

Finally, the desired bound for dist
(
0,−∇yf(PM(xϵ), yϵ) + ∂h(yϵ)

)
directly follows from the Lipschitz continuity of

∇yf together with (18) and (20).

7 Proof of Theorem 1

In the rest X and Y denote finite dimensional Euclidean vector spaces. Let us start with some necessary notations. Let

• f̃r(x, y) := f̃(x, y)− h(y) with f̃(x, y) := f(A(x), y) + ρ
4∥c(x)∥

2 for x ∈ X and y ∈ Y;

• Φ∗ := minx∈X Φ(x) with Φ(x) := maxy∈Y f̃r(x, y);

• f̂r(x, y; z) := f̂(x, y; z)− h(y) with f̂(x, y; z) := f̃(x, y) + p
2∥x− z∥2 for any (x, y) ∈ X × Y and z ∈ X .

Consider the auxiliary problem minx∈X maxy∈Y f̂r(x, y; z). For any y ∈ Y , due to Lemma 1, f̃(·, y) is
l-weakly convex over X; hence, f̂(·, y; z) is (p− l)-strongly convex on X for any fixed z ∈ X and y ∈ Y .

• Φ(x; z) := maxy∈Y f̂r(x, y; z) for x ∈ X and z ∈ X , denotes the primal function of the auxiliary problem
–note that Φ(x; z) = Φ(x) + p

2∥x− z∥2 for any x ∈ X and z ∈ X ;

• Ψr(y; z) := Ψ(y; z) − h(y) with Ψ(y; z) := minx∈X f̂(x, y; z) for y ∈ Y and z ∈ X , denotes the dual
function of the auxiliary problem;

• P (z) := minx∈X maxy∈Y f̂r(x, y; z) is the optimal value for the auxiliary primal problem, i.e.,
P (z) =minx∈X Φ(x; z) for any fixed z ∈ X ;

• x∗(y, z) := argminx∈X f̂r(x, y; z) = argminx∈X f̂(x, y; z) for any y ∈ Y and z ∈ X ;

• x∗(z) := argminx∈X Φ(x; z) is the optimal solution to the auxiliary primal problem for any fixed z ∈ X ;

• Y ∗(z) := argmaxy∈Y Ψr(y; z) is the set of optimal solutions to the auxiliary dual problem for any fixed
z ∈ X ;

• y+(zt) := proxτ2h(yt + τ2∇y f̃ (x∗(yt, zt), yt)) for any yt ∈ Y and zt ∈ X , and it denotes a prox-gradient
update in y corresponding to the dual function Ψr(·; z) since Ψr(·; z) = Ψ(·; z) − h(·) and ∇Ψ(y; z) =

∇y f̃(x
∗(y, z), y);

• V (x, y; z) := f̂r (x, y; z)− 2Ψr (y; z) + 2P (z) for x ∈ X , y ∈ Y and z ∈ X denotes the potential function.

Based on Assumptions 1 and 3, we first list some helpful results from [51, 52].

Lemma 5. Let φ : Rn×Rm → R∪ {±∞} with domain domφ := {(x, y) ∈ Rn×Rm : −∞ < φ(x, y) <∞}. Let
Dx = {x : ∃ y s.t. (x, y) ∈ domφ} and Dy = {y : ∃ x s.t. (x, y) ∈ domφ}. Suppose that

(i) φ(·, y) is a proper, closed ζx-weakly convex function that is µx-PL uniformly for all y ∈ Dy;

(ii) −φ(x, ·) is a proper, closed ζy-weakly convex function that is µy-PL uniformly for all x ∈ Dx.
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If there exists (x∗, y∗) ∈ domφ such that 0 ∈ ∂xφ(x, y
∗) |x=x∗ and 0 ∈ ∂y − φ(x∗, y) |y=y∗ , then (x∗, y∗) is a

saddle point, i.e., φ(x∗, y) ≤ φ(x∗, y∗) ≤ φ(x, y∗) for all (x, y) ∈ Rn × Rm; hence, the minimax switch holds:
minx maxy φ(x, y) = maxy minx φ(x, y).

Proof. The proof proceeds along the lines of [50, Lemma 2.1]. In particular, suppose (x∗, y∗) is a stationary point, i.e.,
0 ∈ ∂xφ(x, y

∗) |x=x∗ and 0 ∈ ∂y − φ(x∗, y) |y=y∗ . From assumption 3, it follows that

φ(x∗, y∗)−min
x

φ(x, y∗) ≤ 1

2µx
dist2(0, ∂xp(x

∗, y∗)) = 0,

max
y

φ(x∗, y)− φ(x∗, y∗) ≤ 1

2µy
dist2(0, ∂y − φ(x∗, y∗)) = 0;

hence, we can conclude that maxy φ(x
∗, y) = φ(x∗, y∗) ≤ minx φ(x, y

∗).

Lemma 6. Under Assumptions 1, 2 and 3, let Φ : X → R such that Φ(x) := maxy∈Y f̃r(x, y) for x ∈ X . Then Φ(·)
is differentiable on X; indeed, for all x ∈ X ,

∇Φ(x) = ∇xf̃r(x, r
∗(x)),

for any r∗(x) ∈ argmaxy∈Y f̃r(x, y), and ∇Φ(·) is l(1 + 2κ)-Lipschitz on X .

Moreover, for any fixed z ∈ X , let Ψ(y; z) = minx∈X f̂(x, y; z) for y ∈ Y . Then, Ψ(·; z) is differentiable5 on Y ;
indeed, for all y ∈ Y , ∇Ψ(y; z) = ∇y f̃(x

∗(y, z), y) where x∗(y, z) = argminx∈X f̂(x, y; z).

Proof. Since we assume that for any x ∈ X , −fr(x, ·) is µ-PL, it holds that

2µ
(
Φ(x)− fr(x, y)

)
≤ dist2

(
0,−∂yfr(x, y)

)
,

using the notational convention that −∂yfr(x, y) := ∂y(−fr(x, y)). By [32, Theorem 3.1], any µ-PL function also
satisfies quadratic growth condition, namely,

µ

4
dist2(y,R∗(x)) ≤ Φ(x)− fr(x, y),

where R∗(x) := argmaxy∈Y fr(x, y) is a closed set. For given x1, x2 ∈ X , it holds for any y1 ∈ R∗(x1) that
0 ∈ −∇yf(x1, y1) + ∂h(y1); hence,

∇yf(x1, y1)−∇yf(x2, y1) ∈ −∇yf(x2, y1) + ∂h(y1). (21)
Consider ∆ := Φ(x2)− fr(x2, y1) ≥ 0. By the µ-PL property of −fr(x2, ·), it holds that

∆ ≤ 1

2µ
dist2

(
0,−∇yf(x2, y1) + ∂h(y1)

)
≤ l2

2µ
∥x2 − x1∥2,

where the second inequality uses eq. (21) and the Lipschitz continuity of ∇yf(·, y1). Furthermore, let y2 =
argminy∈R∗(x2) ∥y − y1∥. Since dist(y1, R

∗(x2)) = ∥y1 − y2∥, the quadratic growth property implies that
∆ ≥ µ

4 ∥y1 − y2∥2; hence, combining both inequalities on ∆ leads to

∥y1 − y2∥2≤ 2
l2

µ2
∥x1 − x2∥2. (22)

Now given x ∈ X and d ∈ X , let y∗ ∈ R∗(x). From eq. (22), there exists y∗(τ) ∈ argmaxy∈Y fr(x+ τd, y) such
that ∥y∗(τ)− y∗∥2≤ 2τ2 l2

µ2 ∥d∥2. Moreover, since h is ζ-weakly convex and ∇yf(x, y
∗) ∈ ∂h(y∗), we have

h(y∗)− h(y∗(τ)) + ⟨∇yf(x, y
∗), y∗(τ)− y∗⟩ ≤ ζ

2
∥y∗(τ)− y∗∥2. (23)

Then, we can bound the primal value difference, Φ(x+ τd)− Φ(x), from above as follows:
Φ(x+ τd)− Φ(x) =fr(x+ τd, y∗(τ))− fr(x, y

∗)

=f(x+ τd, y∗(τ))− f(x, y∗) + h(y∗)− h(y∗(τ))

=τ∇xf(x, y
∗)⊤d+∇yf(x, y

∗)⊤(y∗(τ)− y∗) + h(y∗)− h(y∗(τ)) + o(τ)

≤τ∇xf(x, y
∗)⊤d+

ζ

2
∥y∗(τ)− y∗∥2+o(τ).

5The classic Danskin’s theorem is stated for the case f̂(x, ·; z) is concave. In our case, as we only assume f̂(x, y; z) is smooth in
y, for completeness we state the result for our setting.
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This implies

lim sup
τ↓0

Φ(x+ τd)− Φ(x)

τ
≤ ∇xf(x, y

∗)⊤d+ lim
τ↓0

(o(τ)
τ

+ ζ
l2

µ2
∥d∥2τ

)
= ∇xf(x, y

∗)⊤d.

On the other hand, we also have

Φ(x+ τd) ≥ fr(x+ τd, y∗) = fr(x, y
∗) + τ∇xf(x, y

∗)⊤d+ o(τ),

which implies that

lim inf
τ↓0

Φ(x+ τd)− Φ(x)

τ
≥ ∇xf(x, y

∗)⊤d.

Thus,

lim
τ↓0

Φ(x+ τd)− Φ(x)

τ
= ∇xf(x, y

∗)⊤d. (24)

Since (24) holds for all d ∈ X , we have ∇Φ(x) = ∇xf(x, y
∗) for any y∗ ∈ R∗(x).

Next, to argue for the smoothness of Φ(·), let x1, x2 ∈ X be some arbitrary points, consider any y1 ∈ R∗(x1) and
y2 ∈ argminy∈R∗(x2)∥y − y1∥. Then, we complete the proof by using (22) to reach at the conclusion:

∥∇Φ(x2)−∇Φ(x1)∥= ∥∇xf(x2, y2)−∇xf(x1, y1)∥≤ l(∥x2 − x1∥+∥y2 − y1∥) ≤ l

(
1 + 2

l

µ

)
∥x2 − x1∥.

Next, for any fixed z ∈ X , consider Ψ(y; z) = minx∈X f̂(x, y; z) for y ∈ Y . Note that f̂(·, y; z) is (p− l)-strongly
convex for any y ∈ Y ; hence, f̂(·, y; z) is µ-PL and let x∗(y, z) = argminx∈X f̂(x, y; z) denote the unique optimal
solution. Observing that Ψ(y; z) = −maxx∈X −f̂(x, y; z), using the result from the first part, we can conclude that
∇Ψ(y; z) = ∇y f̂(x

∗(y, z), y; z) for all y ∈ Y , which gives us the desired result.

Lemma 7. For any given z ∈ X , consider f̂r(·, ·; z) defined above. Under Assumptions 1, 2 and 3, it holds that
minx∈X maxy∈Y f̂r(x, y; z) = maxy∈Y minx∈X f̂r(x, y; z); hence, P (z) = minx∈X Φ(x; z) = maxy∈Y Ψr(y; z).

Proof. Fix an arbitrary z ∈ X , and define φ(x, y) := f̂r(x, y; z) + δX(x), where δX(·) denotes the indicator function
of the set X . For any y ∈ Y , φ(·, y) is strongly convex with modulus p− l, and according to [32, Theorem 3.1], the
non-smooth function φ(·, y) is µx-PL with µx = p− l. On the other hand, according to assumption 3, φ(x, ·) is µy-PL
with µy = µ.

Since f̂r(·, y; z) is strongly convex with modulus p− l for any y ∈ Y , Φ(·; z) is also strongly convex with modulus
p− l as it is the pointwise maximum of strongly convex functions. Therefore, x∗(z) = argminx∈X Φ(x; z) exists. Let
y∗(z) ∈ argmaxy∈Y f̂r(x

∗(z), y; z) –note that Y = domh is compact and x∗(z) ∈ X imply that f̂r(x∗(z), ·; z) is
continuous on Y ; therefore, y∗(z) exists. Thus, first-order optimality conditions and Lemma 6 imply that

0 ∈ ∇Φ(x∗(z); z) + ∂δX(x∗(z)) = ∇xf̂r(x
∗(z), y∗(z); z) + ∂δX(x∗(z)) = ∂xφ(x

∗(z), y∗(z)),

0 ∈ −∂y f̂r(x∗(z), y∗(z); z) = −∂yφ(x∗(z), y∗(z));

hence, (x∗(z), y∗(z)) is a stationary point of minx∈X maxy∈Y φ(x, y). Therefore, using Lemma 5 we can conclude
that (x∗(z), y∗(z)) is a saddle point, which implies that y∗(z) ∈ Y ∗(z). This completes the proof.

Lemma 8. Suppose that Assumptions 1 and 3 hold, and p is chosen such that p > l. Then, we have

∥x∗(y, z)− x∗ (y, z′)∥ ≤ γ1 ∥z − z′∥ , ∀ y ∈ Y , ∀ z, z′ ∈ X, (25a)

∥x∗(z)− x∗ (z′)∥ ≤ γ1∥z − z′∥, ∀ z, z′ ∈ X, (25b)

∥x∗(y, z)− x∗ (y′, z)∥ ≤ γ2 ∥y − y′∥ , ∀ z ∈ X, ∀ y, y′ ∈ Y , (25c)
∥xt+1 − x∗ (yt, zt)∥ ≤ γ3 ∥xt+1 − xt∥ , (25d)

where γ1 := p
p−l , γ2 := p+l

p−l , and γ3 := 1 + 1
τ1(p−l) .

Proof. For the proof of (25a) and (25b), see [30, Lemma 21] and [30, Lemma 23], respectively – these proofs simply
extends to the constrained optimization setting here with x ∈ X . The inequality in (25c) follows from the proof of [34,
Lemma B.2(c)] which can also handle x ∈ X constraint. The inequality in (25d) is provided in [52, Lemma B.2] of
which proof can be found in Appendix C at https://arxiv.org/pdf/1812.10229.
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We first establish the following lemma.

Lemma 9. Under Assumptions 1, 2 and 3, for all t ∈ Z+, it holds that∥∥x∗ (y+(zt), zt)− x∗ (zt)
∥∥2 ≤ 3

µ(p− l)τ22
(1 + τ22 l

2 + γ2
2τ

2
2 l

2)
∥∥y+t (zt)− yt

∥∥2 . (26)

Proof. Since f̂r(·, y; z) is (p − l) strongly convex for any fixed y ∈ Y and z ∈ X , and Φ(·, z) is the pointwise
supremum over y ∈ Y , we can conclude that Φ(·, z) is also (p− l)-strongly convex for any fixed z ∈ X . Thus, for any
gt ∈ ∂h(y+(zt)), we get

p− l

2
∥x∗(zt)− x∗(y+(zt), zt)∥2≤ Φ(x∗(y+(zt), zt); zt)− Φ(x∗(zt); zt)

=Φ(x∗(y+(zt), zt); zt)− f̂r(x
∗(y+(zt), zt), y

+(zt); zt)

+ f̂r(x
∗(y+(zt), zt), y

+(zt); zt)− Φ(x∗(zt); zt)

≤ 1

2µ
∥∇y f̃(x

∗(y+(zt), zt), y
+(zt))− gt∥2,

(27)

where in the last inequality we used the fact that of −f̂r(x, ·; z) is µ-PL for any x ∈ X , z ∈ X and that
f̂r(x

∗(y+(zt), zt), y
+(zt), zt) = Ψr(y

+(zt); zt) ≤ Ψr(y
∗(zt); zt) = Φ(x∗(zt), zt), where y∗(zt) ∈ Y ∗(zt) and

the equality follows from Lemma 7. On the other hand, y+(zt) = proxτ2h(yt + τ2∇y f̃(x
∗(yt, zt), yt)) is well defined

for τ2 ∈ (0, 1
ζ ), and we have 0 ∈ ∂h(y+(zt)) + (y+(zt)− yt)/τ2 −∇y f̃(x

∗(yt, zt), yt) ; hence, for gt ∈ ∂h(y+(zt))

such that gt = ∇y f̃(x
∗(yt, zt), yt)− (y+(zt)− yt)/τ2, we get

∥∇y f̃(x
∗(y+(zt), zt), y

+(zt))− gt∥2

≤3∥∇y f̃(x
∗(yt, zt), yt)− gt∥2+3∥∇y f̃(x

∗(yt, zt), yt)−∇y f̃(x
∗(yt, zt), y

+(zt))∥2

+ 3∥∇y f̃(x
∗(yt, zt), y

+(zt))−∇y f̃(x
∗(y+(zt), zt), y

+(zt))∥2

≤3
( 1

τ22
+ l2 + γ2

2 l
2
)
∥yt − y+(zt)∥2,

(28)

where we use the identity ∥a + b + c∥2≤ 3(∥a∥2+∥b∥2+∥c∥2) in the first inequality, and the second inequality is
from the definition of proxτ2h, Lipschitz continuity of ∇yf , and Lemma 8. Combining (27) and (28) gives the desired
inequality.

Next we state a classic result on projected gradient updates, which will be useful later in our analysis. Due to space
limitations, we omit its proof.

Lemma 10. Let f be a convex function and X be a convex set. Given x̄ ∈ X and some arbitrary t > 0, let
x+ = PX(x̄− t∇f(x̄)). Then ⟨gt(x̄)−∇f(x̄), x+− x⟩ ≥ 0 for all x ∈ X , where gt(x̄) = (x̄− x+)/t. In particular,
⟨gt(x̄)−∇f(x̄), x+ − x̄⟩ ≥ 0.

Now, we proceed with the proof of Theorem 1, which adopts the same potential function framework in [51, 52].
Following the analysis in [51], we separate our proof into several parts: we first present three descent results, then we
show the descent property for the potential function, later we discuss the relation between our stationarity measure and
the potential function, and lastly we put all things together.

Proof of Theorem 1. In the first part of the proof, we begin with showing primal descent by providing a lower bound on
f̂ (xt, yt; zt)− f̂ (xt+1, yt+1; zt+1); next, we show dual ascent by bounding Ψ(yt+1; zt+1)−Ψ(yt; zt) from below,
and finally lower bound the change in the Moreau envelope P (zt)− P (zt+1).

Primal descent: By the (p+ l)-smoothness of f̂ (·, yt; zt), we have

f̂ (xt+1, yt; zt)− f̂ (xt, yt; zt)

≤
〈
∇xf̂ (xt, yt; zt) , xt+1 − xt

〉
+

p+ l

2
∥xt+1 − xt∥2

=
〈
∇xf̂ (xt, yt; zt) ,PX

(
xt − τ1∇xf̂ (xt, yt; zt)

)
− xt

〉
+

p+ l

2
∥xt+1 − xt∥2 .

(29)
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Note that it follows from Lemma 10 that〈
∇xf̂(xt, yt; zt),PX(xt − τ1∇xf̂ (xt, yt; zt))− xt

〉
≤ − 1

τ1
∥xt+1 − xt∥2. (30)

Thus, for the choice of τ1 ≤ 1
p+l , we get

f̂ (xt, yt; zt)− f̂ (xt+1, yt; zt) ≥
1

2τ1
∥xt+1 − xt∥2 . (31)

Moreover, since f̂ (xt+1, ·; zt) is l-smooth,

f̂ (xt+1, yt; zt)− f̂ (xt+1, yt+1; zt) ≥
〈
∇y f̂ (xt+1, yt; zt) , yt − yt+1

〉
− l

2
∥yt − yt+1∥2 . (32)

Furthermore, from the definition of f̂ and zt+1 − zt = β(xt+1 − zt), and using 0 < β ≤ 1, we get

f̂ (xt+1, yt+1; zt)− f̂ (xt+1, yt+1; zt+1)

=
p

2

[
∥xt+1 − zt∥2 − ∥xt+1 − zt+1∥2

]
=

p

2
⟨zt − zt+1, zt+1 + zt − 2xt+1⟩

=
p

2

〈
zt − zt+1, zt+1 − zt+

2

β
(zt − zt+1)

〉
=

p

2

( 2

β
− 1

)
∥zt − zt+1∥2

≥ p

2β
∥zt − zt+1∥2.

(33)

Combining (31), (32) and (33), we get

f̂ (xt, yt; zt)− f̂ (xt+1, yt+1; zt+1)

≥ 1

2τ1
∥xt+1 − xt∥2+

p

2β
∥zt+1 − zt∥2 +

〈
∇y f̃(xt+1, yt), yt − yt+1

〉
− l

2
∥yt − yt+1∥2 .

Dual Descent: Recall that the dual function of the auxiliary minimax problem, Ψr(·; z), has a composite form,
i.e., Ψr(·; z) = Ψ(·; z) − h(·). For any z ∈ X and y ∈ Y , Lemma 6 implies that ∇Ψ(y; z) = ∇y f̃(x

∗(y, z), y);
therefore, for any y1, y2 ∈ Y , we have ∥∇Ψ(y1; z) − ∇Ψ(y2; z)∥≤ ∥∇y f̃(x

∗(y1, z), y1) − ∇y f̃(x
∗(y2, z), y2)∥≤

l(∥x∗(y1, z)− x∗(y2, z)∥+∥y1 − y2∥) ≤ l(1 + γ2)∥y1 − y2∥ which follows from (25c).

Thus, Ψ(·; z) is LΨ smooth for all z ∈ X with LΨ:=l(1 + γ2), where γ2 := p+l
p−l . Using the fact that

∇yΨ(yt; zt)= ∇y f̃(x
∗(yt, zt), yt), we get

Ψ(yt+1; zt)−Ψ(yt; zt) ≥
〈
∇y f̃(x

∗(yt, zt), yt), yt+1 − yt

〉
− LΨ

2
∥yt+1 − yt∥2 . (34)

Moreover, from the definition of Ψ, we also have

Ψ(yt+1; zt+1)−Ψ(yt+1; zt)

=f̂ (x∗ (yt+1, zt+1) , yt+1; zt+1)− f̂ (x∗ (yt+1, zt) , yt+1; zt)

≥f̂ (x∗ (yt+1, zt+1) , yt+1; zt+1)− f̂ (x∗ (yt+1, zt+1) , yt+1; zt)

=
p

2

[
∥x∗ (yt+1, zt+1)− zt+1∥2 − ∥x∗ (yt+1, zt+1)− zt∥2

]
=
p

2
⟨zt+1 − zt, zt+1 + zt − 2x∗ (yt+1, zt+1)⟩,

(35)

where the inequality uses the optimality of x∗(yt+1, zt), i.e., f̂(x∗(yt+1, zt), yt+1; zt) ≤ f̂(x∗(yt+1, zt+1), yt+1; zt).
Combining (35) with (34), we have

Ψ(yt+1; zt+1)−Ψ(yt; zt)

≥
〈
∇y f̃ (x∗ (yt, zt) , yt), yt+1 − yt

〉
− LΨ

2
∥yt+1 − yt∥2

+
p

2
⟨zt+1 − zt, zt+1 + zt − 2x∗ (yt+1, zt+1)⟩ .
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Proximal Descent: Let y∗ (zt+1) ∈ Y ∗(zt+1) and y∗ (zt) ∈ Y ∗(zt). Then, we have
P (zt)− P (zt+1)

=min
x∈X

max
y∈Y

f̂r(x, y; zt)−min
x∈X

max
y∈Y

f̂r(x, y; zt+1)

=max
y∈Y

min
x∈X

f̂r(x, y; zt)−max
y∈Y

min
x∈X

f̂r(x, y; zt+1)

=Ψr (y
∗ (zt) ; zt)−Ψr (y

∗ (zt+1) ; zt+1)

≥Ψr (y
∗ (zt+1) ; zt)−Ψr (y

∗ (zt+1) ; zt+1)

=f̂ (x∗ (y∗ (zt+1) , zt) , y
∗ (zt+1) ; zt)− f̂ (x∗ (y∗ (zt+1) , zt+1) , y

∗ (zt+1) ; zt+1)

≥f̂ (x∗ (y∗ (zt+1) , zt) , y
∗(zt+1); zt)− f̂ (x∗ (y∗ (zt+1) , zt) , y

∗ (zt+1) ; zt+1)

=
p

2

[
∥x∗ (y∗ (zt+1) ; zt)− zt∥2−∥x∗ (y∗ (zt+1) ; zt)− zt+1∥2

]
=− p

2
⟨zt+1 − zt, zt+1 + zt − 2x∗ (y∗ (zt+1) , zt)⟩ ,

where the second equality follows from Lemma 5 since f̂r(x, y; z) is strongly convex in x and PL in y for every z ∈ X ,
the first inequality uses the optimality of y∗(zt) for maxy Ψr(·, zt) and the second inequality is from the optimality of
x∗(y∗(zt+1), zt+1) for minx∈X f̂(x, y∗(zt+1, zt+1).

Potential Function: We adopt the potential function as in [51, 52],

Vt := V (xt, yt, zt) = f̂r (xt, yt; zt)− 2Ψr (yt; zt) + 2P (zt) , ∀ t ≥ 0. (36)

Note that we have P (zt) ≥ Φ∗ = minx∈X Φ(x), and from weak duality, we also have f̂r (xt, yt; zt) ≥ P (zt) ≥
Ψr (yt; zt); thus, we can conclude that Vt ≥ P (zt) ≥ Φ∗ for all t ∈ Z+.

Recall that yt+1 = argminy∈Y qt(y) where qt(y) := τ2h(y) +
1
2∥y −

(
yt + τ2∇y f̃(xt+1, yt; zt)

)
∥2. Since h(·) is

ζ-weakly convex, it follows that qt(·) is strongly convex with modulus (1− τ2ζ). Therefore, we get

τ2h(yt) +
1

2
∥τ2∇y f̂ (xt+1, yt, zt) ∥2

≥τ2h(yt+1) +
1

2
∥yt+1 − (yt + τ2∇y f̂ (xt+1, yt, zt))∥2+

1− τ2ζ

2
∥yt+1 − yt∥2,

which implies that 〈
∇y f̃ (xt+1, yt) , yt+1 − yt

〉
+ h(yt)− h(yt+1) ≥

2− τ2ζ

2τ2
∥yt+1 − yt∥2. (37)

Since Vt = f̂ (xt, yt; zt)− 2Ψ (yt; zt) + 2P (zt) + h(yt), combining (37) with the above descent results, we get
Vt − Vt+1

≥ 1

2τ1
∥xt+1 − xt∥2 −

l

2
∥yt+1 − yt∥2 +

p

2β
∥zt − zt+1∥2

+⟨∇y f̃(xt+1, yt), yt+1 − yt⟩+h(yt)− h(yt+1)

+2
〈
∇y f̃ (x∗ (yt, zt) , yt)−∇y f̃(xt+1, yt), yt+1 − yt

〉
− LΨ∥yt+1 − yt∥2

+ p ⟨zt+1 − zt, zt+1 + zt − 2x∗ (yt+1, zt+1)⟩
− p ⟨zt+1 − zt, zt+1 + zt − 2x∗ (y∗ (zt+1) , zt)⟩

≥ 1

2τ1
∥xt+1 − xt∥2 +

( 1

τ2
− l + ζ

2
− LΨ

)
∥yt+1 − yt∥2 +

p

2β
∥zt − zt+1∥2

+2
〈
∇y f̃ (x∗ (yt, zt) , yt)−∇y f̃ (xt+1, yt) , yt+1 − yt

〉
+ 2p ⟨zt+1 − zt, x

∗ (y∗ (zt+1) , zt)− x∗ (yt+1, zt+1)⟩

≥ 1

2τ1
∥xt+1 − xt∥2 +

1

2τ2
∥yt+1 − yt∥2 +

p

2β
∥zt − zt+1∥2

+2
〈
∇y f̃ (x∗ (yt, zt) , yt)−∇y f̃ (xt+1, yt) , yt+1 − yt

〉
+ 2p ⟨zt+1 − zt, x

∗ (y∗ (zt+1) , zt)− x∗ (yt+1, zt+1)⟩ ,

(38)
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where the last inequality uses 1
τ2
≥ l + ζ + 2LΨ = 9l + ζ which follows from p = 2l, implying LΨ = 4l, and from

our choices of τ2 = 1
16 (

3
τ1

+ ζ)−1 for τ1 ≤ 1
p+l .

Consider A := 2
〈
∇y f̃ (x∗ (yt, zt) , yt)−∇y f̃ (xt+1, yt) , yt+1 − yt

〉
. Note that

A ≥ −2∥∇y f̃ (x∗ (yt, zt) , yt)−∇y f̃ (xt+1, yt) ∥∥yt+1 − yt∥
≥ −2l ∥xt+1 − x∗ (yt, zt)∥ ∥yt+1 − yt∥

≥ −lν ∥yt+1 − yt∥2 −
l

ν
∥xt+1 − x∗ (yt, zt)∥2 ,

where the second inequality uses the l-Lipschitz continuity of∇y f̃(·, y) for any y ∈ Y , and the last inequality is due to
the Young’s inequality with ν > 0 specified later. Moreover, using Lemma 8 to bound the term ∥xt+1 − x∗ (yt, zt)∥2
yields

A ≥ −lν ∥yt+1 − yt∥2 −
l

ν
γ2
3 ∥xt+1 − xt∥2 . (39)

Next, consider B := 2p ⟨zt+1 − zt, x
∗ (y∗ (zt+1) , zt)− x∗ (yt+1, zt+1)⟩. Note that

B =2p ⟨zt+1 − zt, x
∗ (y∗ (zt+1) , zt)− x∗ (y∗ (zt+1) , zt+1)⟩

+ 2p ⟨zt+1 − zt, x
∗ (y∗ (zt+1) , zt+1)− x∗ (yt+1, zt+1)⟩

≥ − 2pγ1 ∥zt+1 − zt∥2 + 2p ⟨zt+1 − zt, x
∗ (y∗ (zt+1) , zt+1)− x∗ (yt+1, zt+1)⟩

≥ −
(
2pγ1 +

p

6β

)
∥zt+1 − zt∥2 − 6pβ ∥x∗ (y∗ (zt+1) , zt+1)− x∗ (yt+1, zt+1)∥2 ,

(40)

where in the first inequality we use Lemma 8 and the Cauchy-Schwarz inequality, and for the second inequality we
used Young’s inequality for β > 0 specified later, i.e., 2 ⟨a, b⟩ ≤ 1

θ∥a∥
2+θ∥b∥2 for any θ > 0.

Plugging (39) and (40) into (38) leads to

Vt − Vt+1 ≥
(

1

2τ1
− l

ν
γ2
3

)
∥xt+1 − xt∥2 +

(
1

2τ2
− lν

)
∥yt+1 − yt∥2

+

(
p

2β
− 2pγ1 −

p

6β

)
∥zt − zt+1∥2 − 6pβ ∥x∗ (y∗ (zt+1) , zt+1)− x∗ (yt+1, zt+1)∥2 .

(41)

Next, we bound ∥yt+1 − yt∥ by bounding ∥y+(zt)− yt+1∥. First, recall that yt+1 and y+(zt) have the form: yt+1 =

proxτ2h

(
yt + τ2∇y f̃(xt+1, yt)

)
and y+(zt) = proxτ2h

(
yt + τ2∇y f̃(x

∗(yt, zt), yt)
)

; hence,∥∥y+(zt)− yt+1

∥∥ ≤ τ2
1− τ2ζ

∥∇y f̃(xt+1, yt)−∇y f̃(x
∗(yt, zt), yt)∥

≤ τ2l

1− τ2ζ
∥xt+1 − x∗(yt, zt)∥≤

τ2lγ3
1− τ2ζ

∥xt+1 − xt∥,
(42)

where in the first inequality we used the fact that proxτ2h(·) is 1
1−τ2ζ

-Lipschitz continuous for 0 < τ2 < 1
ζ , the second

inequality and the last one follow from the Lipschitz continuity of ∇y f̃(·, yt) and Lemma 8, respectively. Thus,

∥yt+1 − yt∥2 ≥
1

2

∥∥y+(zt)− yt
∥∥2 − ∥∥y+(zt)− yt+1

∥∥2
≥1

2

∥∥y+(zt)− yt
∥∥2 − τ22 l

2

(1− τ2ζ)2
γ2
3 ∥xt+1 − xt∥2 ,

(43)

where in the first inequality we use ∥a+ b∥2≤ 2∥a∥2+2∥b∥2, and the second one follows from (42).

On the other hand, since x∗ (y∗ (zt+1) , zt+1) = x∗ (zt+1), we have

∥x∗ (y∗ (zt+1) , zt+1)− x∗ (yt+1, zt+1)∥2

= ∥x∗ (zt+1)− x∗ (yt+1, zt+1)∥2

≤4 ∥x∗ (zt+1)− x∗ (zt)∥2 + 4
∥∥x∗ (zt)− x∗ (y+ (zt) , zt

)∥∥2
+ 4

∥∥x∗ (y+ (zt) , zt
)
− x∗ (yt+1, zt)

∥∥2 + 4 ∥x∗ (yt+1, zt)− x∗ (yt+1, zt+1)∥2

≤4
∥∥x∗ (zt)− x∗ (y+t (zt) , zt

)∥∥2 + 4γ2
2

∥∥y+t (zt)− yt+1

∥∥2 + 8γ2
1 ∥zt − zt+1∥2

≤4
∥∥x∗ (zt)− x∗ (y+t (zt) , zt

)∥∥2 + 4γ2
2τ

2
2 l

2γ2
3

(1− τ2ζ)2
∥xt+1 − xt∥2 + 8γ2

1 ∥zt − zt+1∥2 ,

(44)
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which follows from Lemma 8 and (42). Finally, plugging (43) and (44) into (41), we get

Vt − Vt+1 ≥
[

1

2τ1
− l

ν
γ2
3 −

(
1

2τ2
− lν

)
τ22 l

2

(1− τ2ζ)2
γ2
3 −

24pβγ2
2τ

2
2 l

2

(1− τ2ζ)2
γ2
3

]
∥xt+1 − xt∥2

− 24pβ
∥∥x∗ (zt)− x∗ (y+t (zt) , zt

)∥∥2 + 1

2

(
1

2τ2
− lν

)∥∥y+(zt)− yt
∥∥2

+

[
p

2β
− 2pγ1 −

p

6β
− 48pβγ2

1

]
∥zt − zt+1∥2

≥ 3

10τ1
∥xt+1 − xt∥2 +

1

8τ2

∥∥y+(zt)− yt
∥∥2 + p

4β
∥zt − zt+1∥2

− 24pβ
∥∥x∗ (zt)− x∗ (y+t (zt) , zt

)∥∥2 ,

(45)

where the last inequality holds due to our choice of sm-MGDA parameters, i.e., τ1 ∈ (0, 1
p+l ], τ2 = 1

16 (
3
τ1

+ ζ)−1,
β = αmin{µ, l}τ2 for any α ∈ (0, 1

406 ] and p = 2l, whenever 0 < ν ≤ 1
4lτ2

. Indeed, our choice implies that γ1 = 2,
γ2 = 3 and γ2

3≤ 2
τ2
1 l

2 + 2; moreover, choosing ν = 1
4lτ2
≥ 12

lτ1
, we have 1

2τ2
− lν = 1

4τ2
and this particular selection of

parameters implies that

l

ν
γ2
3 +

(
1

2τ2
− lν

)
τ22 l

2

(1− τ2ζ)2
γ2
3 + 24pβγ2

2

τ22 l
2

(1− τ2ζ)2
γ2
3

=

[
ν−1

(
lτ1γ

2
3

)
+

τ2
4τ1

1

(1− τ2ζ)2
(
l2τ21 γ

2
3

)
+ 48

τ2
τ1
· 9lβ τ2

(1− τ2ζ)2
(
l2τ21 γ

2
3

)] 1

τ1

≤
[
2ν−1

τ1l
+

1

96

1

(1− τ2ζ)2
+ 18l2 · min{µ, l}

l

τ22
(1− τ2ζ)2

· α
]
1 + τ21 l

2

τ1

≤
[
2ν−1

τ1l
+

1

96

1

(1− τ2ζ)2
+

α

12
· 1
96

1

(1− τ2ζ)2

]
1 + τ21 l

2

τ1

≤
[
1

6
+

1

84
+

α

12
· 1
84

]
10

9
· 1
τ1
≤ 1

5τ1

holds for any α ∈ (0, 1
2 ], where in the first inequality we used γ2

3≤ 2
τ2
1 l

2 + 2 and τ2
τ1
≤ 1

48 , the second inequality follows

from τ22 ≤
τ2
1

482 and τ1 ≤ 1
3l , finally, for the last inequality we use the bounds ν−1 ≤ lτ1

12 and 1 + τ21 l
2 ≤ 10

9 together
with 1

(1−τ2ζ)2
≤ ( 1615 )

2; hence, 1
96 ·

1
(1−τ2ζ)2

≤ 1
84 , which follows from τ2 ≤ 1

16ζ . On the other hand, we also have

p

2β
− 2pγ1 −

p

6β
− 48pβγ2

1=

[
1

3
− 4β − 192β2

]
p

β
≥ p

4β

holds for all β ∈ (0, 1
78 ], and since β = αmin{µ, l}τ2 ≤ αmin{µ, l} τ148 ≤

α
144

min{µ,l}
l ≤ α

144 , we conclude that the
inequality holds for all α ∈ (0, 1].

Next, we bound the last term on the right hand side of (45) using Lemma 9 as follows:

24pβ
∥∥x∗(zt)− x∗ (y+(zt), zt)∥∥2

≤ 72pβ

µ(p− l)τ22
(1 + τ22 l

2 + γ2
2τ

2
2 l

2)∥y+(zt)− yt∥2 ≤
1

16τ2
∥y+(zt)− yt∥2,

(46)

where in the second inequality we use p = 2l, γ2 = 3, τ2l ≤ 1/144, β = αmin{µ, l}τ2 for α ∈ (0, 1
2306 ] implying

that
72pβ

µ(p− l)τ22
(1 + τ22 l

2 + γ2
2τ

2
2 l

2) ≤ 144β

µτ22

(
1 +

10

1442

)
≤ α

τ2

(
144 +

10

144

)
≤ 1

16τ2
.

Plugging the bound in (46) into (45) and using the fact ∥zt+1 − zt∥= β∥xt+1 − zt∥, we get

Vt − Vt+1 ≥
3

10τ1
∥xt+1 − xt∥2 +

1

16τ2

∥∥y+(zt)− yt
∥∥2 + pβ

4
∥xt+1 − zt∥2 . (47)

Stationarity Measure: From the first-order optimality conditions, for all t ≥ 1, we have Gx
t ∈ ∇xf̃(xt, yt) + ∂δX(xt)

and Gy
t ∈ ∇y f̃(xt, yt)−∂h(yt), where Gx

t and Gy
t are defined in (11). Note that given a, b, c ∈ X and a closed convex
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set X ⊂ X , it holds that ∥PX(a+ b)− c∥≤ ∥PX(a)− c∥+∥b∥; hence,

τ1∥Gx
t+1∥ ≤∥xt+1 − xt∥+τ1∥∇xf̃(xt+1, yt+1)−∇xf̃(xt, yt)∥+τ1p∥zt − xt∥

≤∥xt+1 − xt∥+τ1l(∥xt+1 − xt∥+∥yt+1 − yt∥) + τ1p∥xt − zt∥
≤(1 + τ1p+ τ1l)∥xt+1 − xt∥+τ1p∥xt+1 − zt∥+τ1l∥yt+1 − yt∥.

Then, using the inequality (a+ b+ c)2 ≤ 3(a2 + b2 + c2), we get

∥Gx
t+1∥2 ≤ 3

(1 + τ1p+ τ1l)
2

τ21
∥xt+1 − xt∥2+3p2∥xt+1 − zt∥2+3l2∥yt+1 − yt∥2. (48)

In addition, for 0 < τ2 < 1
ζ , proxτ2h(·) is 1

1−τ2ζ
-Lipschitz continuous, and for any given a, b, c ∈ Y , it also

holds that ∥proxτ2h(a + b) − c∥≤ ∥proxτ2h(a) − c∥+ 1
1−τ2ζ

∥b∥; hence, together with the definition of y+(zt) =

proxτ2h

(
yt + τ2∇y f̃(x

∗(yt, zt), yt)
)

and using Lemma 8, it also holds that

∥yt+1 − yt∥=
∥∥∥proxτ2h(yt + τ2∇y f̃(xt+1, yt))− yt

∥∥∥
≤∥y+(zt)− yt∥+

τ2
1− τ2ζ

∥∥∥∇y f̃ (xt+1, yt)−∇y f̃ (x∗(yt, zt), yt)
∥∥∥

≤∥y+(zt)− yt∥+
τ2l

1− τ2ζ
∥xt+1 − x∗ (yt, zt)∥ ,

≤∥y+(zt)− yt∥+
τ2l

1− τ2ζ
γ3 ∥xt+1 − xt∥ .

(49)

Note that τ2
∥∥Gy

t+1

∥∥ ≤ ∥yt+1 − yt∥+τ2l∥yt+1 − yt∥; therefore, we get∥∥Gy
t+1

∥∥2 ≤ 2(1 + τ2l)
2

τ22

(
∥y+(zt)− yt∥2+

τ22 l
2

(1− τ2ζ)2
γ2
3 ∥xt+1 − xt∥2

)
. (50)

Then, let κ̄ := max{κ, 1}, using (48), (49) and (50), we have

∥Gx
t+1∥2+κ̄

∥∥Gy
t+1

∥∥2−3p2∥xt+1 − zt∥2

≤ 3

τ21

(
(1 + τ1p+ τ1l)

2 +
(
l2 +

κ̄(1 + τ2l)
2

3τ22

) 2τ21 τ
2
2 l

2

(1− τ2ζ)2
γ2
3

)
∥xt+1 − xt∥2

+
2

τ22

(
κ̄(1 + τ2l)

2 + 3τ22 l
2
)∥∥y+(zt)− yt

∥∥2 ,
≤172

10

κ̄

τ21
∥xt+1 − xt∥2+

33

16

κ̄

τ22
∥y+(zt)− yt∥2,

(51)

which follows from the following bounds: 2κ̄(1+ τ2l)
2 +6τ22 l

2 ≤ 2κ̄[(1+ 1
144 )

2 + 3
1442 ] ≤

33
16 κ̄, 3(1+ τ1p+ τ1l)

2 =

(1 + 3lτ1)
2 ≤ 12 and

3
(
l2 +

κ̄(1 + τ2l)
2

3τ22

) 2τ21 τ
2
2 l

2

(1− τ2ζ)2
γ2
3 ≤

(
τ22 l

2 +
κ̄

3
(1 + τ2l)

2
)
· 12

(1− τ2ζ)2
· (1 + τ21 l

2)

≤ 12
( 1

1442
+

κ̄

3

(
1 +

1

144

)2)(16
15

)2(
1 +

1

9

)
≤ 52

10
κ̄,

where we used τ1l ≤ 1
3 and τ2l ≤ 1

144 for p = 2l, γ2
3 ≤ 2(1 + 1

τ2
1 l

2 ) and 1
(1−τ2ζ)2

≤ ( 1615 )
2 together with κ̄ ≥ 1.

Putting pieces together: Combining (47) and (51), we get∥∥Gx
t+1

∥∥2 + κ̄
∥∥Gy

t+1

∥∥2
≤172

10

κ̄

τ21
∥xt+1 − xt∥2 +

33

16

κ̄

τ22

∥∥y+(zt)− yt
∥∥2 + 3p2 ∥xt+1 − zt∥2

≤max

{
58κ̄

τ1
,
33κ̄

τ2
,
12p

β

}
(Vt − Vt+1)

≤O(1)κ̄

τ2
(Vt − Vt+1) ,

(52)
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where in the third inequality we use 1
τ1
≤ 1

48τ2
= O( 1

τ2
) and p

β = 2
α

l
min{µ,l} ·

1
τ2

= O
(

κ̄
τ2

)
since 2

α ≤ 4612 and
l

min{µ,l} = κ̄. Thus, (52) directly implies that

1

T

T−1∑
t=0

(∥∥Gx
t+1

∥∥2 + κ̄
∥∥Gy

t+1

∥∥2 ) ≤ O(1)κ̄

T

( 1

τ1
+ ζ

)[
V0 − min

x∈X,y∈Y,z∈X
V (x, y; z)

]
.

For any x ∈ X , y ∈ Y and z ∈ X , let

∆(x, y; z) := f̂r(x, y; z)−Ψr(y; z) + P (z)−Ψr(y; z). (53)

Fix an arbitrary z ∈ X , weak duality implies that ∆(x, y; z) ≥ 0 for all x ∈ X and y ∈ Y ; moreover,
according to Lemma 7, we can find x ∈ X and y ∈ Y such that ∆(x, y; z) = 0. Therefore, for any
z ∈ X , we have minx∈X,y∈Y ∆(x, y; z) = 0, which implies that minx∈X,y∈Y,z∈X V (x, y; z) = minz∈X {P (z) +
minx∈X,y∈Y ∆(x, y; z)} = minz∈X P (z). This observation leads to the following identity:

V0 − min
x∈X,y∈Y,z∈X

V (x, y; z)

=P (z0) + ∆(x0, y0; z0)− min
x∈X,y∈Y,z∈X

{
P (z) + ∆(x, y; z)

}
=P (z0)−min

z∈X
P (z) + ∆(x0, y0; z0).

Furthermore, for any z ∈ X , we have

P (z) = min
x∈X

max
y∈Y

f̃r(x, y) +
p

2
∥x− z∥2 = min

x∈X
Φ(x) +

p

2
∥x− z∥2≤ Φ(z), (54)

and we also have P (z) ≥ minx∈X Φ(x) for all z ∈ X; therefore, minz∈X P (z) = minx∈X Φ(x). Hence, for any
x0, z0 ∈ X and y0 ∈ Y , we have

V0 − min
x∈X,y∈Y,z∈X

V (x, y, z) = P (z0)−min
z∈X

Φ(z) + ∆0,

where ∆0 := ∆(x0, y0; z0). Thus, when we initialize z0 ∈M, for the final complexity bound we get

1

T

T−1∑
t=0

(∥∥Gx
t+1

∥∥2 + κ̄
∥∥Gy

t+1

∥∥2 ) ≤ O(1)κ̄

T

( 1

τ1
+ ζ

)(
P (z0)− F̄ +∆0

)
,

where we used the fact that minz∈X Φ(z) ≥ minz∈X F (A(z)) = F̄ . Moreover, since we have Gx
t ∈ ∇xf̃(xt, yt) +

∂δX(xt) and Gy
t ∈ ∇y f̃(xt, yt)− ∂h(yt) for all t ≥ 1, it follows that

dist
(
0,∇xf̃(xt, yt) + ∂δX(xt)

)
≤ ∥Gx

t ∥, dist
(
0,−∇y f̃(xt, yt) + ∂h(yt)

)
≤ ∥Gy

t ∥.

Therefore, for any T ∈ Z+, we can conclude that min1≤t≤T Dt = O
(

κ̄
T

)
, where

Dt := dist2
(
0,∇xf̃(xt, yt) + ∂δX(xt)

)
+ κ̄ dist2

(
0,−∇y f̃(xt, yt) + ∂h(yt)

)
, ∀ t ∈ Z+.

8 Proof of Theorem 2

Proof. Note that z0 ∈ X and {xt} ⊂ X by the construction; hence, through induction one can argue that {zt} ⊂ X .
Moreover, from (47) in the proof of Theorem 1, we know that {Vt}t≥0 is non-increasing sequence, where Vt ≜
f̂r(xt, yt; zt) + 2P (zt)− 2Ψr(yt; zt). We clearly have P (zt)−Ψr(yt; zt) ≥ 0 from weak duality; therefore, it holds
for all t ≥ 0, f̂r(xt, yt; zt) ≤ Vt ≤ V0.

For any x ∈ X , define Y ⊃ R∗(x) ≜ argmaxy∈Y f̃r(x, y) = argmaxy∈Y f(A(x), y) − h(y). Define
l̄y := maxx∈X,y∈Y ∥∇yf(A(x), y)∥< ∞, and let r∗(xt) ∈ R∗(xt) be an arbitrary maximizer of f̃r(xt, ·). Since
∥∇y f̂(xt, y; zt)∥≤ l̄y for all y ∈ Y , mean-value theorem implies that

f̂(xt, r
∗(xt); zt)− f̂(xt, yt; zt) ≤ l̄y∥yt − r∗(xt)∥;
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moreover, h being Lipschitz on Y implies that h(yt) − h(r∗(xt)) ≤ lh∥yt − r∗(xt)∥. Thus, summing the two
inequalities, we get

Φ(xt) +
p

2
∥xt − zt∥2−(l̄y + lh)∥yt − r∗(xt)∥ ≤ f̂r(xt, yt; zt), (55)

where we used Φ(xt) +
p
2∥xt − zt∥2= Φ(xt; zt) = maxy∈Y f̂r(xt, y; zt) = f̂r(xt, r

∗(xt); zt) = f̂(xt, r
∗(xt); zt)−

h(r∗(xt)). Therefore, for all t ≥ 0, Φ(xt) ≤ V0 + (l̄y + lh)DY with DY := maxy1,y2∈Y ∥y1 − y2∥. Thus,
by definition of Φ, we get F (A(xt)) + ρ

4∥c(xt)∥2= Φ(xt) ≤ V0 + (l̄y + lh)DY for t ≥ 0. Note that
F (A(xt)) ≥minx∈X F (A(x))= F̄ ; therefore, we get

∥c(xt)∥2≤
4

ρ

(
V0 − F̄ + (l̄y + lh)DY

)
, ∀ t ≥ 0. (56)

Recall the definition of the gap function ∆(·, ·; ·) given in (53). If we initialize x0 = x∗(z0) and y0 ∈ Y ∗(z0) for some
arbitrary z0 ∈ M, we have ∆(x0, y0; z0) = 0; hence, together with (54) and z0 ∈ M, it implies that V0 = P (z0) ≤
maxy∈Y f̃r(z0, y) = maxy∈Y fr(z0, y) = F (z0), which is independent of ρ –the first equality follows from the fact
that z0 ∈M implies A(z0) = z0 and c(z0) = 0. On the other hand, if we initialize x0 = z0 and y0 ∈ Y ∗(z0) for some
arbitrary z0 ∈ M, then ∆0 = f̂r(z0, y0; z0) − P (z0) since P (z0) = Ψr(y0; z0) whenever y0 ∈ Y ∗(z0). Moreover,
since V0 = P (z0) + ∆0, we have V0 = f̂r(z0, y0; z0) = f̃r(z0, y0) = fr(z0, y0) ≤ F (z0), which is independent of ρ
as well. Therefore, for ρ ≥ 16

(
F (z0)− F̄ + (l̄y + lh)DY

)
, we can conclude that ∥c(xt)∥≤ 1

2 for all t ≥ 0.

Let xt = utstv
⊤
t be the compact singular value decomposition of xt. Then, ∥c(xt)∥= ∥x⊤

t xt − Ir∥=
∥vt(s2t − Ir)v

⊤
t ∥= ∥s2t − Ir∥. Note that whenever dist(xt,M) ≤ 1

2 , projection on to M is well-defined,
i.e., single-valued and Lipschitz continuous; moreover, dist(xt,M) = ∥xt − PM(xt)∥= ∥utstv

⊤
t − utv

⊤
t ∥=

∥st − Ir∥ and ∥s2t − Ir∥≥ ∥st − Ir∥, i.e., ∥c(xt)∥≥ dist(xt,M). Hence, we can conclude that for any
ρ ≥ 16

(
F (z0) − F̄+(l̄y + lh)DY

)
, we have dist(xt,M) ≤ 1

2 for all t ≥ 0. On the other hand, since

M is compact, for any C > 0 such that C > 1
2 + supx∈M∥x∥, it must hold that ∥xt∥< C for all t ≥

0. Thus, Theorem 1 implies that
∑∞

t=1∥∇xf̃(xt, yt)∥2+κ̄ dist(0,−∇y f̃(xt, yt) + ∂h(yt))
2 = O(κ̄), and we

have min{∥∇xf̃(xt, yt)∥2+κ̄dist(0,−∇y f̃(xt, yt) + ∂h(yt))
2 : t = 1, . . . , T} = O(κ̄/T ) for all T ≥ 1.

Therefore, for any ϵ > 0 given, the algorithm can generate (xϵ, yϵ)∈ X × Y such that ∥∇xf̃(xϵ, yϵ)∥≤ ϵ,
κ̄dist(0,−∇y f̃(xϵ, yϵ) + ∂h(yϵ)) ≤ ϵ, and dist(xϵ,M) ≤ 1

2 within O( κ̄
ϵ2 ) iterations of sm-MGDA. Hence, setting

ρ ≥ max{16
(
F (z0)−F̄+(l̄y+lh)DY

)
, 36L̄x}where L̄x := supy∈Y Lx(y) <∞with Lx(y) := max{∥∇xf(x, y)∥:

∥x∥2≤ 1} for y ∈ Y , and invoking Lemma 2 implies that ∥xϵ −PM(xϵ)∥≤ 3
ρϵ, ∥gradxf(PM(xϵ), yϵ)∥= O(ϵ), and

dist(0,−∇yf(PM(xϵ), yϵ) + ∂h(yϵ)) = O(ϵ).
Next, we argue for the asymptotic stationarity. According to the proof of Theorem 1, for all t ≥ 1, we have
Gx

t ∈ ∇xf̃(xt, yt) + ∂δX(xt) and Gy
t ∈ −∇y f̃(xt, yt) + ∂h(yt). Since ∥xt∥< C for all t ≥ 1, we also get

Gx
t = ∇xf̃(xt, yt) for all t ≥ 1. Furthermore, Theorem 1 guarantees that

∑+∞
t=1∥Gx

t ∥2+κ̄∥Gy
t ∥2= O(κ̄), which

implies that ∇xf̃(xt, yt) → 0 and Gy
t → 0 as t → ∞. Moreover, for all t ≥ 1, since dist(x̄t,M) ≤ 1

2 , Lemma 2
implies that ∥xt −PM(xt)∥→ 0 and gradxf(PM(xt), yt)→ 0. Since sm-MGDA sequence {(xt, yt)}t≥0 ⊂ X × Y is
bounded, it has at least one limit point. Let (x∗, y∗) be an arbitrary limit point of {(xt, yt)}t≥1 and let {(xtk , ytk)}k≥1

be a subsequence such that (xtk , ytk) → (x∗, y∗) as k → ∞. One can conclude that x∗ = PM(x∗) ∈ M and
gradxf(x

∗, y∗) = 0 since ∥xtk − PM(xtk)∥→ 0 and gradxf(PM(xtk), ytk) → 0 as k → ∞; furthermore, since
Gy

tk
∈ −∇y f̃(xtk , ytk) + ∂h(ytk) for all k ≥ 0, ∇y f̃(xtk , ytk) → ∇yf(x

∗, y∗) (this is due to A(x∗) = x∗ as
x∗ ∈M) and Gy

tk
→ 0, it follows from [41, Theorem 24.4] that 0 ∈ −∇yf(x

∗, y∗) + ∂h(y∗).

9 Proof of Theorem 3

9.1 Proof of Lemma 3

Since we select z0 ∈ X and {xt} ⊂ X by the construction, through induction one can argue that {zt} ⊂ X .
Moreover, from (47) in the proof of Theorem 1, we know that {Vt}t≥0 is non-increasing sequence where Vt ≜
f̂r(xt, yt; zt) − 2Ψr(yt; zt) + 2P (zt). We clearly have f̂r(xt, yt; zt) − Ψr(yt; zt) ≥ 0 and P (zt) − Ψr(yt; zt) ≥ 0
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from weak duality, and we also have P (zt)− Φ∗ ≥ 0 since Φ∗ = minz∈X P (z) as P (·) is a Moreau envelope of Φ(·);
hence, V0 − Φ∗ ≥ Vt − Φ∗ ≥ 0 for t ≥ 0. Therefore, we can conclude that

0 ≤ P (zt)−Ψr(yt; zt) ≤ Vt − Φ∗ ≤ V0 − Φ∗, ∀t ≥ 0. (57)

For any z ∈ X , recall that Ψr(y; z) ≜ minx∈X f̃r(x, y) +
p
2∥x − z∥2, and that f̃r(x, ·) is µ-concave over Y for all

x ∈ X; thus, it follows that Ψr(·; z) is µ-concave. Indeed, for any z ∈ X and y ∈ Y ,

Ψr(y; z) +
µ

2
∥y∥2= min

x∈X
H(x, y; z), H(x, y; z) := f̃r(x, y) +

µ

2
∥y∥2+p

2
∥x− z∥2,

and H(x, ·; z) is concave for all x ∈ X and z ∈ X . Since the pointwise infimum of concave functions is concave,
Ψr(y; z) +

µ
2 ∥y∥

2 is concave in y; hence, Ψr(·; z) is µ-concave for all z ∈ X . Note that for any t ≥ 0, we have

P (zt) = max
y∈Y

Ψr(y; zt) = Ψr(y
∗(zt); zt) ⇒

µ

2
∥yt − y∗(zt)∥2≤ P (zt)−Ψr(yt; zt) ≤ V0 − Φ∗. (58)

Moreover, it follows from x∗(z) ≜ argminx∈X Φ(x; z) = argminx∈X maxy∈Y f̂r(x, y; z) and the definition of r∗(·)
that x∗(z) = argminx∈X f̂r(x, r

∗(x); z), which leads to P (z) = Φ(x∗(z); z) = f̂r(x
∗(z), r∗(x∗(z)); z). Finally,

since (x∗(z), y∗(z)) is the unique saddle point of f̂r(x, y; z), we can conclude that y∗(z) = r∗(x∗(z)) for all z ∈ X .

It is known that r∗(·) is κyx-Lipschitz with κyx :=
lyx

µ , e.g., see [54, Lemma A.4]. Consequently, we have

∥y∗(zt)− y∗(z0)∥= ∥r∗(x∗(zt))− r∗(x∗(z0))∥≤ κyx∥x∗(zt)− x∗(z0)∥.

Furthermore, using Lemma 8, we get ∥x∗(z) − x∗(z′)∥≤ p
p−l∥z − z′∥, which implies that ∥y∗(zt) − y∗(z0)∥≤

κyx
p

p−l∥zt − z0∥. Combining this bound with (58) and using triangular inequality leads to ∥yt − y∗(z0)∥≤√
2
µ (V0 − Φ∗) + 2κyx∥zt − z0∥ for all t ≥ 0. Since sm-MGDA is initialized from (x0, y0, z0) as in Theorem 2,

according to the proof of Theorem 2, one has V0 ≤ F (z0), which completes the proof of Lemma 3.

9.2 Proof of Lemma 4

The first result directly follows from [54, Lemma E.4]. Moreover, Theorem 1 implies that
∑∞

t=0∥xt+1−xt∥2= O(κτ21 ),
and τ2 < 1

l ≤
1
µ implies that 1− τ2µ/2 ∈ (0, 1), which implies that

∑∞
t=0 δt <∞; hence, δt → 0.

Now we are ready to prove Theorem 3.

Proof of Theorem 3. Lemma 3 implies that {xt, yt, zt} stays in a bounded set; therefore, it has at least one limit point
(x∗, y∗, z∗). Consider the potential function values at (xt, yt, zt), i.e., Vt = f̂r(xt, yt; zt)− 2Ψr(yt; zt) + 2P (zt) for
t ≥ 0. It follows from (57) that for all t ≥ 0, we have f̂r(xt, yt; zt) ≤ Vt ≤ V0 where we used P (zt) ≥ Ψr(yt; zt).

Let Ȳ ⊂ Y denote a compact set for which {yt}t≥0 ⊂ Ȳ . Define l̄y := maxx∈X,y∈Ȳ ∥∇yf(A(x), y)∥ and let lh be the
Lipschitz constant of h over domh ∩ Ȳ –Assumption 1.(i) implies that such lh exists. Then, from the same arguments
we used for (55), we get

Φ(xt) +
p

2
∥xt − zt∥2−(l̄y + lh)∥yt − r∗(xt)∥≤ f̂r(xt, yt; zt). (59)

Therefore, for all t ≥ 0, it holds that Φ(xt) ≤ V0 + (l̄y + lh)
√
δt. Thus, from definition 7, we get F (A(xt)) +

ρ
4∥c(xt)∥2≤ V0 + (l̄y + lh)

√
δt for t ≥ 0. Note that F (A(xt)) ≥ F̄ and we get

∥c(xt)∥2≤
4

ρ

(
V0 − F̄ + (l̄y + lh)

√
δt

)
, ∀ t ≥ 0. (60)

Since sm-MGDA is initialized from (x0, y0, z0) as in Theorem 2, we have V0 = P (z0) ≤ F (z0), which is independent
of the parameter ρ > 0. Suppose we fix ρ > 32(F (z0) − F̄ ). Recall that δt → 0 as t → ∞; therefore, there exists
T̄ρ ∈ Z+ such that δt ≤ ρ2

1024(l̄y+lh)2
for all t ≥ T̄ρ. Thus, for all t ≥ T̄ρ, we can conclude that ∥c(xt)∥≤ 1

2 .

For any fixed t ≥ T̄ρ, let xt = utstv
⊤
t be the compact singular value decomposition of xt. Then, ∥c(xt)∥=

∥x⊤
t xt − Ir∥= ∥vt(s2t − Ir)v

⊤
t ∥= ∥s2t − Ir∥. Note that whenever dist(xt,M) ≤ 1

2 , projection on to M is
well-defined, i.e., single-valued and Lipschitz continuous, and dist(xt,M) = ∥xt − PM(xt)∥= ∥utstv

⊤
t −

utv
⊤
t ∥= ∥st − Ir∥ and ∥s2t − Ir∥≥ ∥st − Ir∥, i.e., ∥c(xt)∥≥ dist(xt,M). Hence, we can conclude that
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for any ρ ≥ 32(F (z0) − F̄ ), we have dist(xt,M) ≤ 1
2 for all t ≥ T̄ρ. On the other hand, since M

is compact, for any C > 0 such that C > 1
2 + supx∈M∥x∥, it must hold that ∥xt∥< C for all t ≥ T̄ρ.

Thus, Theorem 1 implies that
∑∞

t=T̄ρ
∥∇xf̃(xt, yt)∥2+κ̄dist(0,−∇y f̃(xt, yt) + ∂h(yt))

2 = O(κ̄), and we have

min{∥∇xf̃(xt, yt)∥2+κ̄dist(0,−∇y f̃(xt, yt) + ∂h(yt))
2 : t = T̄ρ, . . . , T̄ρ + T − 1} = O(κ̄/T ) for all

T ≥ 1. Therefore, for any ϵ > 0 given, the algorithm can generate (xϵ, yϵ) such that ∥∇xf̃(xϵ, yϵ)∥≤ ϵ,
κ̄dist(0,−∇y f̃(xϵ, yϵ) + ∂h(yϵ)) ≤ ϵ, and dist(xϵ,M) ≤ 1

2 within T̄ρ + O( 1
ϵ2 ) iterations of sm-MGDA. Moreover,

since F̄ ≤ Φ∗ and {zt} ⊂ X , it follows from Lemma 3 that yt ∈ Yc := {y ∈ Y : ∥y − y0∥≤
√

2
µ (F (z0)− F̄ ) +

4κyxC} for all t ≥ 0 and note that the bound does not depend on ρ parameter since lyx and so is κyx = lyx/µ inde-
pendent of ρ. Hence, setting ρ ≥ max{32(F (z0)− F̄ ), 36l̄x} where l̄x := supy∈Yc

lx(y) <∞, and invoking Lemma
2 implies that ∥xϵ − PM(xϵ)∥≤ 3

ρϵ, ∥gradxf(PM(xϵ), yϵ)∥= O(ϵ), and dist(0,−∇y f̃(xϵ, yϵ) + ∂h(yϵ)) = O(ϵ).
Moreover, for any limit point (x∗, y∗) of the sm-MGDA sequence (xt, yt), it holds that x∗ ∈ M, gradx f(x

∗, y∗) = 0
and 0 ∈ −∇yf(x

∗, y∗) + ∂h(y∗).

10 Proof of Theorem 4

Given arbitrary x0 ∈ M and y0 ∈ Y . We use a slightly modified version6 of the potential function defined in [49,
Lemma 3.4], i.e., V0 := fr(x0, y0) and for all t ≥ 0,

Vt+1 := f̃r (xt+1, yt+1) +
1

2τ2

(
16

τ2θt+1
− 15

)
∥yt+1 − yt∥2 +

(
8

τ2

(
1− θt

θt+1

)
− θt

2

)
∥yt+1∥2 . (61)

For t ≥ 0, recall that yt+1 = proxτ2h

(
yt + τ2∇y f̃(xt+1, yt) − τ2θtyt

)
; hence, it holds that 0 ∈ 1

τ2
(yt+1 − yt) −

(∇y f̃(xt+1, yt)− θtyt) + ∂h(yt+1), which also implies

Gyt+1 :=
1

τ2
(yt+1 − yt) +∇y f̃(xt+1, yt+1)−∇y f̃(xt+1, yt) + θtyt ∈ ∇y f̃(xt+1, yt+1)− ∂h(yt+1).

Then, Dy
t+1 := dist

(
0,−∇y f̃(xt+1, yt+1) + ∂h(yt+1)

)
≤ ∥Gyt+1∥ ≤ ( 1

τ2
+ l)∥yt+1 − yt∥+θt∥yt∥ for all t ≥ 0.

Similarly, for t ≥ 0, since xt+1 = PX

(
xt−τ1,t∇xf̃(xt, yt)

)
, it holds 0 ∈ 1

τ1,t
(xt+1−xt)+∇xf̃(xt, yt)+∂δX(xt+1);

therefore, we get

Gxt+1 :=
1

τ1,t
(xt − xt+1) +∇xf̃(xt+1, yt+1)−∇xf̃(xt, yt) ∈ ∇xf̃(xt+1, yt+1) + ∂δX(xt+1).

Then, Dx
t+1 := dist

(
0,∇xf̃(xt+1, yt+1) + ∂δX(xt+1)

)
≤ ∥Gxt+1∥≤ ( 1

τ1,t
+ l)∥xt+1 − xt∥+l∥yt+1 − yt∥ for all

t ≥ 0. Thus, combining the two inequality above, we get for all t ≥ 0 that

D2
t+1 := (Dx

t+1)
2 + (Dy

t+1)
2 ≤ ∥Gxt+1∥2+∥G

y
t+1∥2

≤ 2
( 1

τ1,t
+ l

)2

∥xt+1 − xt∥2+2
(
l2 +

( 1

τ2
+ l

)2)
∥yt+1 − yt∥2+2θ2t ∥yt∥2.

(62)

Given an arbitrary b̃ > max{ 1
16

192

202 · (
2
τ2l
− 1), 2}, and for all t ≥ 0 let αt :=

8(b̃−2)l2

τ2θ2
t

and βt := τ2l
2 + 16l2

τ2θ2
t
b̃ − l.

Note that since θt =
19
20 ·

1
τ2
· 1
(t+1)1/4

, the definition of b̃ implies that βt > l for t ≥ 0. Using these definitions, we get
the following identities:

τ1,t = (βt + l/2)−1, (βt + l)/2 = αt + τ2l
2/2 +

16l2

τ2θ2t
, ∀ t ≥ 0. (63)

Moreover, let d1 := 8b̃2

(b̃−2)2
+ 1

32
194

204 ·
(τ2− 1

2l )
2+1

τ2
2 (b̃−2)2l2

. Then, it follows from [49, Equation (3.52)] that

2( 1
τ1,t

+ l)2

α2
t

≤ (2βt + l)2 + 4l2

α2
t

≤ 4d1, ∀ t ≥ 0. (64)

6The potential function we use in this paper also involves the closed convex function h(·).
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Therefore, (62) and (64) together imply that

D2
t+1 ≤ ∥Gxt+1∥2+∥G

y
t+1∥2 ≤ 4d1α

2
t ∥xt+1 − xt∥2+

( 4

τ22
+ 6l2

)
∥yt+1 − yt∥2+2θ2t ∥yt∥2, ∀ t ≥ 0.

In addition, from [49, Equation (3.48)], for all t ≥ 1, we have

αt∥xt+1 − xt∥2+
9

10τ2
∥yt+1 − yt∥2≤ Vt − Vt+1 +Bt,

Bt :=
8

τ2

(θt−1

θt
− θt

θt+1

)
∥yt+1∥2+

θt−1 − θt
2

∥yt+1∥2.
(65)

Next, we upper bound V1 − V0; the analysis in [49] does not require this bound; however, to establish asymptotic
stationarity we need this bound as V0 = fr(x0, y0) does not depend on ρ whenever x0 ∈ M and this observation is
essential for our analysis. Indeed, we first bound f̃(x1, y1)− f̃(x0, y0) using the following two inequalities:

f̃(x1, y0)− f̃(x0, y0) ≤
( l

2
− 1

τ1,0

)
∥x2 − x1∥2≤ −

β0 + l

2
∥x1 − x0∥2, (66)

f̃r(x1, y1)− f̃r(x1, y0) ≤ ⟨∇y f̃(x1, y0)− g0, y1 − y0⟩ ≤
1

2τ2
∥y1 − y0∥2+τ2(l

2
y(y0) + l2h), (67)

where g0 ∈ ∂h(y0), l̄y(y0) := maxx∈X∥∇yf(A(x), y0)∥<∞, and lh is the Lipschitz constant of h. The inequality in
(66) follows from the similar arguments we used in (29) and (30); furthermore, (67) follows from concavity of fr(x1, ·)
and using Young’s inequality. Therefore, summing (66) and (67), we get

f̃r(x1, y1)− f̃r(x0, y0) ≤ −
β0 + l

2
∥x1 − x0∥2+

1

2τ2
∥y1 − y0∥2+τ2(l

2
y(y0) + l2h);

hence, using the definition of V1 given in (61) together with V0 := f̃r(x0, y0) = f̃r(x0, y0) for x0 ∈M, it follows that

V1−V0 ≤ −
β0 + l

2
∥x1−x0∥2+

( 1

2τ2
+

8

τ22 θ1
− 15

2τ2

)
∥y1− y0∥2+

(
8

τ2

(
1− θ0

θ1

)
− θ0

2

)
∥y1∥2+ τ2(l

2
y(y0)+ l2h).

Note that from (63), we have β0+l
2 ≥ α0; moreover, since 8

τ2
2 θ1
≤ 13

10τ2
, we also have 9

10τ2
+ 1

2τ2
+ 8

τ2
2 θ1
− 15

2τ2
≤ 0,

and finally we also observe that 1− θ0
θ1

< 0; therefore, after using these bounds in the above inequality and dropping
the non-positive terms from the right hand side, we get

α0∥x1 − x0∥2+
9

10τ2
∥y1 − y0∥2≤ V0 − V1 +B0, where B0 := τ2(l

2
y(y0) + l2h). (68)

For t ≥ 0, we have ∥Gxt+1∥2+∥G
y
t+1∥2 ≤ At(Vt − Vt+1 + Bt) + 2θ2t ∥yt∥2 for At := max{4d1αt,

10
9 ( 4

τ2
+ 6l2τ2)}.

Therefore, we can conclude that
T−1∑
t=0

1

At

(
∥Gxt+1∥2+∥G

y
t+1∥2

)
≤

T−1∑
t=0

(
Vt − Vt+1 +Bt +

2θ2t
At
∥yt∥2

)
, ∀ T ≥ 1. (69)

Note that from (61), we can lower bound the potential value at time t+ 1 as follows:

Vt+1 ≥ f̃r(xt+1, yt+1)−
15

2τ2
D2

Y +
8

τ2
(1− θ0

θ1
)R2

Y −
θ0
2
R2

Y , ∀ t ≥ 0, (70)

where DY := maxy,y′∈Y ∥y − y′∥ and RY := maxy∈Y ∥y∥; therefore, for f := infx∈X,y∈Y fr(A(x), y), we have
Vt+1 ≥ V := f − 15

2τ2
D2

Y + 8
τ2
(1− θ0

θ1
)R2

Y −
θ0
2 R

2
Y . Thus, for any T ≥ 1, we have

T−1∑
t=0

(Vt − Vt+1) = V0 − VT ≤ V0 − V ; (71)

moreover, using the definition of {Bt}t≥0 given in (65) and (68), it follows that for any T ≥ 1, we also have
T−1∑
t=0

Bt =
8

τ2

(θ0
θ1
− θT−1

θT

)
R2

Y +
θ0 − θT−1

2
R2

Y + τ2(l
2
y(y0) + l2h),

≤
( 8

τ2

θ0
θ1

+
θ0
2

)
R2

Y + τ2(l
2
y(y0) + l2h).

(72)
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Therefore, we can conclude that for all T ≥ 1,
T−1∑
t=0

(Vt − Vt+1 +Bt) ≤ fr(x0, y0)− f +
15

2τ2
D2

Y +
(16
τ2

θ0
θ1
− 8

τ2
+ θ0

)
R2

Y + τ2(l
2
y(y0) + l2h)

≤ fr(x0, y0)− f +
15

2τ2
D2

Y +

(
8 · 3

2
+ 1

)
R2

Y

τ2
+ τ2(l

2
y(y0) + l2h) := d2,

(73)

where in the last inequality we used 2 θ0
θ1
− 1 = 2 · 21/4− 1 ≤ 3

2 . Note that d2 is independent of the penalty parameter ρ.

Let Ā := max{4d1, 10
9 ( 4

τ2
+ 6l2τ2)

1
α0
}. Then, At ≤ Ā · αt for all t ≥ 0; hence, (69) implies that for all T ≥ 1,

T−1∑
t=0

∥Gxt+1∥2+∥G
y
t+1∥2

αt
≤ Ād2 + 2ĀR2

Y ·
T−1∑
t=0

θ2t
At

, and
T−1∑
t=0

θ2t
At
≤ 1

4d1

T−1∑
t=0

θ2t
αt

=
τ2

32d1(b̃− 2)l2

T−1∑
t=0

θ4t .

Thus,
∑T−1

t=0
θ2
t

At
= O(1)

∑T−1
t=0

1
t+1 = O(log(T ) + 1). Moreover, noting that

∑T−1
t=0

1
αt

= Ω(
√
T ), we have

min
t=0,...,T−1

{∥Gxt+1∥2+∥G
y
t+1∥2} = O

(
log(T )/

√
T
)
, ∀ T ≥ 1. (74)

Moreover, for any given ϵ > 0, define Tϵ := inf{t ≥ 0 : Dt+1 ≤ ϵ}, for which it holds that

ϵ2 Ω(
√
Tϵ) =

Tϵ−1∑
t=0

ϵ2

αt
≤

Tϵ−1∑
t=0

1

αt
D2

t+1 ≤
Tϵ−1∑
t=0

∥Gxt+1∥2+∥G
y
t+1∥2

αt
= O(1 + log Tϵ); (75)

therefore, within Tϵ = O( 1
ϵ4 log

2( 1ϵ )) iterations, sm-MGDA will return a pair (xϵ, yϵ) satisfying

dist2
(
0,∇xf̃(xϵ, yϵ) + ∂δX(xϵ)

)
+ dist2

(
0,−∇y f̃(xϵ, yϵ) + ∂h(yϵ)

)
≤ ϵ2. (76)

To establish the stationarity of (xϵ, yϵ) for the original problem (1), we need to argue that the norm constraint x ∈ X is
never active. Indeed, from (65), (68) and (72), it follows that VT ≤ V0 +

∑T−1
t=0 Bt ≤ fr(x0, y0) +

(
8
τ2

θ0
θ1

+ θ0
2

)
R2

Y +

τ2(l
2
y(y0) + l2h). Thus, for t ≥ 0, since {θt/θt+1}t≥0 is decreasing and θt ≤ 1

τ2
, (61) implies that

f̃r(xt+1, yt+1) ≤ Vt+1 +
15

2τ2
∥yt+1 − yt∥2 +

( 8

τ2

θt
θt+1

+
θt
2

)
∥yt+1∥2

≤ fr(x0, y0) +
15

2τ2
D2

Y +
(16
τ2

θ0
θ1

+ θ0

)
R2

Y + τ2(l
2
y(y0) + l2h) := f̄ .

(77)

Using a similar argument that we adopted for deriving (55), for any y∗t ∈ argmaxy∈Y f̃r(xt, y), it holds that

Φ(xt) := argmin
y∈Y

f̃r(xt, y) ≤ f̃r(xt, yt) + (l̄y + lh)∥yt − y∗t ∥≤ f̄ + (l̄y + lh)DY := Φ̄,

where l̄y := maxx∈X,y∈Y ∥∇yf(A(x), y)∥< ∞; therefore, since Φ(xt) = F (A(xt)) + ρ
4∥c(x)∥

2 and
minx∈X F (A(x))= F̄ > −∞, we have

∥c(xt)∥2≤
4

ρ

(
Φ̄− F̄

)
.

Then, for ρ > 16(Φ̄−F̄ ) = 16(f̄+(l̄y+ lh)DY −F̄ ), we have ∥c(xt)∥≤ 1
2 , which further implies ∥xt−PM(xt)∥≤ 1

2 .
Thus, whenever C > 0 is sufficiently large, xt ∈ int(X) for all t ≥ 0. Then, (76) reads

∥∇xf̃(xϵ, yϵ)∥2+dist2
(
0,−∇y f̃(xϵ, yϵ) + ∂h(yϵ)

)
≤ ϵ2.

Thus, we can conclude that (xϵ, yϵ) is indeed O(ϵ)-stationary point of the NCMC minimax problem in (1)
by invoking Lemma 2 for ρ > 0 sufficiently large, i.e., ρ ≥ max{16(Φ̄ − F̄ ), 36maxy∈Y Lx(y)}, where
Lx(y) := max{∥∇xf(x, y)∥: ∥x∥2≤ 1}. Moreover, define {(x̄t, ȳt)}t≥0 such that (x̄t, ȳt) = (xT (t), yT (t)) where
T (t) := argmin{∥Gxk+1∥2+∥G

y
k+1∥2: k = 0, . . . , t − 1} defined for all t ≥ 1. Since {(x̄t, ȳt)}t≥0 is a bounded

sequence, it has at least one limit point, and any of its limit points is a stationary point of stationary point of the NCMC
minimax problem in (1).
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Figure 7: Primal loss, gradient norm, and test accuracy of tested algorithms over 3 runs.

11 Addition experiments

Here we provide additional experiments on superquantile-based learning. Indeed, we focus on distributionally robust
optimization (DRO) over Riemannian manifold. Given a set of data samples {ξi}ni=1, the DRO over Riemannian
manifoldM can be written as the following minimax problem:

min
x∈M

max
w∈S

{
n∑

i=1

wiℓ(x; ξi)− α∥w − 1

n
∥2
}
, (78)

where α > 0 denotes the coefficient, w = (w1, · · · , wn), S = {w ∈ Rn :
∑n

i=1 wi = 1, wi ≥ 0}. Here ℓ(x; ξi)
denotes the loss function over the Riemannian manifoldM, which applies to many machine learning problems such
as ICA [19], dictionary learning [42], neural network training [24], structured low-rank matrix learning [15], among
others. For example, the task of PCA can be cast on a Grassmann manifold.

In the experiment, we use Stiefel manifoldM = St(r, d) =
{
X ∈ Rd×r : X⊤X = Ir

}
on parameters x of DNNs

(convolution layers and linear layers), see Table 2 for details. Different algorithms are tested on CIFAR-10, CIFAR-100,
STL-10, Fashion MNIST, and MNIST datasets. We set τ1 = τ2 = 10−3, β = 0.9, p = 1, ρ = 10, C = 1000 for
sm-MGDA with the same τ1 and τ2 for MGDA and RSGDA. The batch size is 512, and the model is trained for 200
epochs. The results are listed in Figure 7, where the primal loss denotes F (x). It is shown that sm-MGDA not only
converges the fastest but also has the highest test accuracy compared with other tested algorithms. Furthermore, the
gradient norm and primal loss are also the lowest compared with the tested algorithms. The final test accuracy of the
compared algorithms are list in Table 4. It is shown that sm-MGDA has the highest test accuracy compared with the other
two algorithms.

Table 4: Test accuracy (%) of different algorithms on five datasets after 200 epochs.
Algorithm MNIST FashionMNIST CIFAR-10 CIFAR-100 STL-10
MGDA 99.28 91.85 74.42 37.82 64.01
RSGDA 99.26 90.95 74.95 38.12 63.81
sm-MGDA 99.42 94.12 76.95 41.12 65.81

Since Algorithm 1 is a retration-free algorithm, the heatmaps of parameters W⊤W across different layers of the model
training by Algorithm 1 after 200 epochs are shown in Figure 9, which demonstrates that the parameters of the models
are indeed lies in the Stiefel manifold. The figures of manifold error with epoch for superquantile-based learning and
robust DNN training task are shown in Figures 8 and 6. respectively. It is shown that the manifold error decreases with
the epochs, which validates our theoretical result.
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Figure 8: Manifold error of the model with epoch on superquantile-based learning problem.

Figure 9: Heatmaps of W⊤W across different layers (from left to right: Layer 1 to Layer 7) after training 200 epochs.
The diagonal dominance in each block demonstrates the approximate satisfaction of Stiefel manifold constraints
(W⊤W ≈ I).
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