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Characterization of quantum measurements and dynamical processes is typically performed using pure state
preparations. However, in realistic experimental settings, the preparation of pure states is often infeasible due
to noise and system constraints. In this work, we present a unified framework that enables the direct and
complete characterization of an unknown Kraus operator using only a single input state. The same framework
also supports the characterization of unknown observable, unitary operator, and density matrix. Remarkably, all
these tasks are accomplished using a single input state, a set of projector-based unitary evolution operators, and
the measurement of a single observable. Importantly, our approach imposes no constraints on the strength of

the coupling between the system and a probe.

INTRODUCTION

Generalized quantum measurements are most effectively
described using Kraus operators, which capture both the
post-measurement probability distributions and the resulting
quantum state after measurement. At the core of quantum
measurement theory are Positive Operator-Valued Measures
(POVMs), expressible via Kraus operators. These general-
ize ideal projective measurements to accommodate a wider
class of measurement processes [1, 2]. In realistic scenarios—
particularly when systems interact with their environments—
POVMs offer a complete description of the measurable statis-
tics accessible to observers. The standard technique for re-
constructing these measurements is quantum process tomog-
raphy, which provides a full characterization of the POVM
elements [1, 3]. While robust, this method is highly resource-
intensive and inefficient when only partial information about
specific POVM elements is needed.

To mitigate this inefficiency, recent work has explored the
direct characterization of quantum measurements (DCQM),
which enables the selective determination of matrix elements
of individual POVM elements with significantly reduced re-
source requirements [4, 5]. However, existing DCQM tech-
niques often rely on weak probe-system-environment inter-
actions, sequential measurements, and auxiliary resources,
thereby limiting their precision and scalability in high-
dimensional settings [5].

A deeper understanding of quantum measurements neces-
sitates the identification of the Kraus operators responsible
for generating the observed statistics. This is nontrivial be-
cause a given POVM element can correspond to multiple dis-
tinct Kraus representations. For instance, consider the POVM
{31,5(I+02),3(3] —0z)}, where o7 denotes the Pauli
Z operator. The element Ey = %I may be implemented us-
ing different Kraus operators, such as Ay = %I or AO =

%(ox + oz) satisfying Ey = AEAO = ggﬁo. This ambi-

guity highlights the need for methodologies capable of iden-
tifying both the POVM elements and their underlying Kraus

structures. Moreover, standard quantum process tomography
techniques and DCQMs typically rely on pure-state prepara-
tions, which are often unfeasible in practical scenarios due to
unavoidable system—environment interactions that induce de-
coherence and result in mixed states.

In parallel, accurate characterization of quantum states—
especially the off-diagonal elements of the density matrix—is
crucial for revealing non-classical phenomena such as coher-
ence and entanglement, which underpin numerous quantum
technologies [6—12]. The conventional method for such char-
acterization is quantum state tomography (QST), which re-
constructs the complete density matrix using an information-
ally complete set of measurements [13, 14]. However, both
the experimental and computational demands increase signif-
icantly with system size, making the QST technique impracti-
cal for large-scale systems.

To overcome these limitations, the direct characterization
of the density matrix (DCDM) has been proposed, enabling
efficient extraction of specific matrix elements without re-
quiring full state reconstruction [15-20]. While DCDM re-
duces resource consumption, existing implementations typi-
cally rely on sequential coupling schemes, which become in-
efficient and error-prone in high-dimensional systems. More-
over, obtaining high-order correlations through sequential
weak measurements amplifies statistical noise and reduces ac-
curacy [16, 17]. To enhance precision, strong-measurement-
based strategies have been introduced [18-20], though these
depends on the complex structures of the unitary operators
acting on the system and a probe(s), and often demand addi-
tional assumptions or resources.

Here, we propose a unified framework for the direct and
complete characterization of an unknown Kraus operator, its
associated POVM element, and a density matrix, using only a
single input state. The framework further supports the char-
acterization of an unknown observable and unitary operator.
Remarkably, all these tasks are accomplished using a single
input state, a set of projector-based unitary evolution opera-
tors, and the measurement of a single observable. Notably,
our approach imposes no constraints on the coupling strength



between the system and a probe. Unlike existing DCQMs and
DCDMs, our framework avoids the need for complex unitary
evolution, additional probes, or extra resources. We compare
our method with existing DCQM and DCDM protocols in
terms of the number of required unitary operations and mea-
surement settings.

PRELIMINARIES: KRAUS OPERATORS

In this section, we discuss the origin and properties of
Kraus operators. When a quantum system evolves in isola-
tion, its dynamics are governed by a unitary operator. How-
ever, when the system interacts with another quantum sys-
tem—typically referred to as the environment—the evolution
is no longer unitary. We denote the system of interest by S
and the environment by F, and their Hilbert spaces by Hg and
‘Hg, respectively. Let us assume that the dimensions of the
system and the environment are dg and dg, respectively.

Suppose the system and the environment are initially in
pure states |is) and |€g), respectively. The joint evolution
is described by a global unitary operator Usg acting on the
composite Hilbert space. The combined state after evolution
is then given by

[Wse(t)) = Usk (|¢s) @ [&g)) - )]

Because the state |Ugg(t)) is generally entangled, a projective
(selective) measurement on the environment using the oper-
ator ITf = |kg)kg| collapses the system-environment state
according to the Born rule:

(WS (1)) = —= (1 @ IIE) |Wsg(t))

N

1
N [¥s) ® |ke)
where pj, = (Usg(t)| (I @ TIE) |[Wsg(t)) is the probability of
obtaining outcome kg. The Kraus operator Ay acting on the
system is defined by

Ay = (ke| Usg |&g) - 3)

After measurement, the system is in the state Ay |1)s) /\/Dk>
and the environment is in state |kg). For a given Kraus opera-
tor Ay, the corresponding POVM element is defined as

The probability pg, introduced in Eq. (2), can then be ex-

pressed in terms of Ey, as px, = (¢s|Ex|vs)-

The operator A encodes the effects of the global unitary
Usk, the initial state |g) of the environment, and the mea-
surement outcome via IT%. These operators are generally non-

unitary but satisfy the completeness relation

dg—1

> AJA =,
k=0

which follows from the conservation of probability,

Zk opk—

In the case of a non-selective measurement, where the mea-
surement outcomes are not recorded, the post-measurement
state of the system-environment is given by

(non sel) _ Z D ‘\Il(kF ><\I!(kF (t )’

dg—1
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To obtain the reduced state of the system, we perform a partial
trace over the environment:

dg—1

Tre [ ] = 37 Acloshs| AL )

k=0

€ (Is)isl) =

Here, the map £ describes a transformation of the system
state, known as a quantum operation or quantum channel. For-
mally, it is a linear map

€ L(Hs) — L(Hs),

where p € L(Hs) is a density operator on the system Hilbert
space.

The map & is known to satisfy the following properties [1,
21]: (2) linearity, (7) trace preservation, and (i¢7) complete
positivity. Such maps are referred to as quantum channels in
the context of quantum information theory and the theory of
open quantum systems. For a detailed discussion, see Refs. [1,
2,21]. If the initial state of the system is a mixed state ps, then
Eq. (5) generalizes to: £(ps) = ZZEZI AkpSAL

UNIFIED FRAMEWORK

Although a unified framework of this type was recently
introduced in Ref. [22], we reconstruct it here to provide
a more comprehensive understanding of our characterization
technique.

In the context of measurement theory, defining Kraus oper-
ators typically requires an interaction between the system and
its environment. In our approach, we introduce a probe that
interacts with both the system and the environment, allowing
for the direct characterization of individual Kraus operators.
However, for the purpose of characterizing the density ma-
trix, the system-environment interaction can be neglected, as
it does not play an essential role. Let Hp, Hs, and Hg repre-
sent the Hilbert spaces of the probe, system, and environment,
respectively. The dimensions of the system and environment



are denoted by dg and dg, while the probe is assumed to be a
qubit, i.e., dim(Hp) = 2. The computational basis states of
the probe are |0p) and |1p).

Let the probe, system, and environment initially be pre-
pared in the product state p(0) = |xp)Xxp| ® ps @ |Ee)XEE]-
We consider the joint unitary evolution operator for the probe-
system-environment as

Upse = |0p}0p| ® Us ®1Ig + [1pX1p| ® Usgo (Us ® Ig), (6)

where Us and (75 are two different unitary operators acting on
the system, and Ugg represents an interaction unitary operator
between the system and the environment.

& oo}
=
=

Probe : |xp)xp| O

—
System: pPs —

Usg » (Us ®Ip)

Env.: |&eX8el —

UPSE

Fig. 1. Quantum circuit for implementation of the unitary operator
Upsg given in Eq. (6).

Equation (6) defines a controlled unitary evolution condi-
tioned on the probe:

* When the probe is in |Op), the system evolves solely under
the unitary operator Us.

* When the probe is in |1p), the system and environment
jointly evolve under the unitary operator Usg o (Us ® Ig).
This process is illustrated in Fig. 1.

After applying the global unitary Upsg, the initial product state
p(0) evolves according to

p(t) = Use p(0) Ulgg. ()

Subsequent measurements are performed on each subsystem:
the Pauli operators of and op on the probe, projective mea-
surements Hg’ = |¢s)¢s| on the system, and TIE = |kg)(kg|
on the environment. This yields the main result of this work:

((of +iof) @ @TIF) )
N ;8
PSE

(5| AxUspsU{ | ds) =

where Ap = (kg|Usg|&e) is a Kraus operator defined
in Eq. (3), Nese = 2(xp|Op) (1p|xp) (¢elke), and
((of +i0p) ® Hf ® Hé)p(t) is the average value of the tri-

partite operator (of + iop) ® H(SZ5 @ IIE w.r:t the time evolved
tripartite density operator p(t) given by Eq. (7). A compre-
hensive derivation of Eq. (8) can be found in the Supplemental
Material of Ref. [22]. The relation is exact and does not rely
on any form of approximation. In what follows, we demon-
strate that Eq. (8) provides a unified route to obtain the matrix

elements of a Kraus operator, a unitary transformation, or an
observable, all from a single mixed input state. Moreover, the
same framework applies to reconstruct the matrix elements of
an arbitrary system density operator. Importantly, all these
quantities can be accessed within one experimental configura-
tion, without requiring the weak-coupling limit.

DIRECT AND COMPLETE CHARACTERIZATION OF AN
UNKNOWN KRAUS OPERATOR

In this section, we show that only a single mixed state can
be used to characterize a Kraus operator using the preparation-
evolution-measurement technique described in the derivation
of Eq. (8).

To obtain the ij-th element of the Kraus operator Ay, we
set:

. [75 — 0T _ I+(e‘i9—1)H§, where 6 is the system
parameter and IT = [7)(j],

e Us = Is,
* los) = 2)
in Eq. (8), which yields the 7j-th matrix element:
((of +iop) ® I @ TIE)
Npsi

y 1
(e = 1) (jlpsli)”

In this context, ps is taken to be such that (j|ps|i) # O for
specified 7 and j. We choose the states |yp) and |£g) such
that <Xp|0p> 7& 0, <]-P|XP> 7& 0, and <£E|kE> 7& ‘0, ensuring
Npsg # 0. Unitary operators of the form e~

(il Alj) = LN

i| Agpsli)

9

s have been
widely used in methods for characterizing POVMs and den-
sity matrices [4, 19, 20]. The quantity (| Agps|i) is obtained
from Eq. (8) by just setting ﬁs =I5, Us = Is, and |¢s) = [i).

For the full characterization, we consider only one input
state ps and ds + 1 number of unitary evolution operators
{Us = e 158 }?5251, Us = Is}, and for each unitary evo-
lution operator [75, we have to measure an observable on the
system whose eigenvectors are exactly {|¢s)} = {|i)} =
{]0),|1),---,|ds — 1)}; see the construction and derivation
of Eq. (8). By doing so, we obtain the j-th column of the
Kraus operator Ay, and consequently, the entire Kraus opera-
tor Ay. To ensure that (j|ps|i) # O for all 4, j, we may initial-
ize the system in a pure state of the form |¢s) = Zfigl oy |
with all coefficients «; # 0. Passage through a generic noisy
channel that transforms this state into a mixed state while pre-
serving the condition (j|ps|i) # O for all 4, j, thereby sat-
isfying a key requirement of our protocol irrespective of the
specific channel dynamics.

In practical scenarios, preparing a pure state is challenging
due to unavoidable system-environment interactions that in-



duce decoherence, ultimately resulting in a mixed state. Con-
sequently, pure-state-based characterization schemes may ei-
ther fail or yield significant errors in these settings; see for ex-
ample [4, 22]. The method presented here overcomes this lim-
itation by providing the matrix elements and complete char-
acterization of a Kraus operator using a mixed state only. It
is straightforward to demonstrate that the error in estimating
Ay using our method, as outlined in Eq. (9), is approximately
same to that in the method presented in Ref. [22].

CHARACTERIZATION OF A POVM ELEMENT

Given a Kraus operator Ay, the corresponding POVM el-
ement is defined as Fj, := ALAk [see Eq. (4)]. The ij-th
matrix element of E}, can be evaluated using

ds—1

(i Belg) = > (U Agli)" (1] Axl3) - (10)

=0

To determine the sets {(I|Ax|i)};" and {(I|Ax|5)}5,"
via Eq. (9), we require an arbitrary input state ps such
that (j|ps|i) # 0, two unitaries Us = e~ and Us =
¢~ TI5 Then an observable is measured on the system whose
eigenvectors are exactly {|1)},", which remains unchanged
across both the unitaries. In comparison, the method in
Ref. [4] requires dg distinct input states corresponding to the
complete basis {]s) ffS:_ol, one unitary operator e~ 07v®Ils op
the probe-system, where o, is the Pauli-Y operator of the
probe, and the measurement of the POVM element Ej, itself
to access the same matrix element of Fj,.

For full characterization of the POVM element E, one may
exploit the full matrix form of the corresponding Kraus oper-

ator Ay that directly gives Fy, := ALAk.

CHARACTERIZATION OF AN UNKNOWN UNITARY
OPERATOR AND OBSERVABLE

Unitary operators play a crucial role in quantum informa-
tion, including in the evolution of open quantum systems,
the generation of entanglement, quantum measurements, and
more [1, 2, 6, 21, 23]. The characterization of such opera-
tors is therefore of significant interest. Similarly, observables,
or projective measurements, are fundamental in quantum in-
formation theory. In many cases, it is of practical interest to
determine which type of observables generate specific prob-
ability statistics or cause disturbances due to the strong or
weak interaction between the probe and the system. In the
following, we demonstrate how individual matrix elements
of unknown unitary operators as well as observables can be
accessed directly using a single mixed input state, when the
interaction coefficient between the probe and the system is ar-
bitrary.

Unitary operator

To obtain the 7j-th element of an unknown unitary operator
operator Usl, we set:

e Usg = Isg = Ay = I, also discard any involve-
ment of the environment,

« Us = Ud o U2,

U2 = e 0T — I+(e‘i9—1)H§, where 6 is the system
parameter and IT{ = [5)(j

* Us = Is,
* [¢s) = i)
in Eq. (8), which yields the 7j-th matrix element:

((of +ioy) © TI§)
NPS
1
“ e =1 Glpshiy”

Here, ps is taken to be such that (j|ps|i) # O for specified
i and j. We choose the state |yp) such that (xp|Op) # O,
(1p|xp) # 0, ensuring Nps # 0. The quantity (i|Agps|i) is
obtained from Eq. (8) by just setting Us = Us, Ay = Is,
Us = Is, |¢s) = |i), and finally discard any involvement of
the environment.

For the full characterization, we consider only one input
state ps and ds + 1 number of unitary evolution operators
{{Ug = e~"}B7 1 U2 = I}, and for each unitary evo-
lution operator USQ, we have to measure an observable on the
system whose eigenvectors are exactly {|¢s)} = {|i)} =
{]0),|1),---,|ds — 1)}; see the construction and derivation
of Eq. (8). By doing so, we obtain the j-th column of the uni-
tary operator U¢, and consequently, the entire unitary operator
Ul

(i|Ul) = 2O (iU psli)

(1)

Observable

From the relation U = e~4 one can approximate
the matrix elements of the observable A by expanding the
exponential and neglecting second and higher-order terms:
(ilAlj) ~ +5(8:;; — (i|Ug|j)). However, in many practical
scenarios, the weak interaction approximation (f =~ 0) may
not be required or experimentally feasible. In such cases, we
propose the following technique applicable for arbitrary inter-
action.

Consider U¢ as a concatenation of two unitaries: Ud =
e 01Agi02A — o=i(01-02)A Then, expanding to first order in
060 = 61 — 65, we obtain:

Lo 1
(i|Alj) ~ — (51]' -

30 (ilUs4)) (12)



assuming 67 ~ @, but not necessarily 8; » ~ 0. This approx-
imation avoids reliance on weak interactions, while higher-
order terms vanish as §; — 6. The accuracy of Eq. (12) im-
proves with smaller §6, and can be further enhanced by sys-
tematically including second-order corrections, as discussed
in Appendix A. Hence, each matrix element (i|A|j) of the
observable can be estimated directly from the corresponding
matrix element of the unitary operator U¢ using Eq. (12).

CHARACTERIZATION OF AN UNKNOWN DENSITY
MATRIX

To obtain the ¢5-th element of the density matrix pg, we set:

e Usg = Isg = Ay = I, also discard any involve-
ment of the environment,

« Us = Is,
< Us = Ul o U2,
U2 = e~ i0TS — I+(e’i071)ﬂé, where @ is the system
parameter and 1T} = |5)(j|,
* [¢s) = i)
in Eq. (8), which yields the 7j-th matrix element:

(o +iop) ®T05) ()

(ilpsl) = o (ilosUs i)

X — ! —
(e = 1) (j|Us " [3)

13)

We take Ug to be such that ( j|U§Jr i) # 0 for specified i and
j. We choose |xp) such that (xp|Op) # 0 and (1p|xp) # 0,
ensuring Nps # 0. The quantity (i|ps UgT ) is obtained from
Eq. (8) by just setting Ay = Is, Us = Is, Us = U¢, and
|¢s) = i)

For the full characterization, we have the unknown input
state ps and ds + 1 number of unitary evolution operators

{{Ug = e~} U2 = I}, and for each unitary evo-
lution operator USQ, we have to measure an observable on the
system whose eigenvectors are exactly {|¢s)} = {|i)} =
{10),]1),---,|ds — 1)}. By doing so, we obtain the j-th col-
umn of the density matrix ps, and consequently, the entire
density matrix ps.

In Ref. [19], the authors demonstrated that to fully char-
acterize an unknown density operator, their scheme requires

ds distinct unitary operations: {U% = e~ #01s®Ya @ [} 1

. 0
along with an additional unitary operator Up = e=i01s ®YE
I, for each ¢, acting on a tripartite system consisting of
0
the system (S) and two probes (A and B). Here, Hg =

|b3)(b3[, and [bY) = \/—% Z?igl |#). Additionally, three joint
probe measurements and the measurement of an observable

on the system with eigenvectors {|0),|1),---,|ds — 1)} are

required. In Ref. [20], it was shown that to obtain the ij-th
matrix element of ps, their scheme requires ds distinct unitary
operations: {U; = e~ 19, (Is=2) iy ®a¥ 1451 which act
on the system (S) and a probe (P). Here, H; ; represents the
Hadamard transformation on the system operator Is — 21'[%. In
addition, two probe measurements, o and O'ZPI , along with the
measurement of an observable on the system, whose eigen-
vectors are {|0),|1),---,|ds — 1)}, are required. Both of
the methods described in Refs. [19] and [20] involve com-
plex unitary evolution operators, in contrast to the method de-
scribed in Eq. (13). Notably, if the unitary evolution operators
are Pauli X-gates, a complete characterization of an unknown
density matrix can be achieved using only % + 1 Pauli X-
ds—1

gates for even dimensions ds, or 5= + 1 Pauli X-gates for

odd dimensions ds, as shown in Ref. [22].

DISCUSSION AND CONCLUSION

Knowledge of a POVM element alone is insufficient to de-
termine the post-measurement state, as the latter is defined
by the action of a specific Kraus operator on the initial state.
Since a single POVM element may correspond to multiple dis-
tinct Kraus operators, identifying the correct one is essential
for accurate quantum information processing. Previous works
have concentrated on directly characterizing POVM elements
rather than the associated Kraus operators. In this work, we
have presented a unified framework that enables the direct and
complete characterization of an unknown Kraus operator, as
well as a density matrix. Our framework further supports the
characterization of an unknown unitary operator and observ-
able. All characterization tasks are accomplished using only
a single input state, d projector-based unitary evolution oper-
ators, and the measurement of a single observable. Crucially,
our method does not rely on weak system—probe coupling,
nor does it require detailed modeling of complex interactions.
This stands in contrast to existing approaches, which often in-
volve complex unitary evolution operators acting on one or
more probes and the system.

Given that quantum measurements—i.e., POVMs—are
central to both foundational studies and practical applications,
their precise characterization is of fundamental importance.
However, the preparation of pure input states, as required in
existing DCQM schemes, is often infeasible in experimental
settings due to noise and system constraints. Our framework
overcomes this challenge by enabling the complete characteri-
zation of unknown Kraus operators, and hence POVMs, using
only a single input state.
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Appendix-A

A better approximation for determining matrix element (i|A|j) can be achieved instead of the first order approximation of 66

used to obtain Eq. (12) in the following way.

By subtracting the ij-th elements of the two unitary operators U = e~*(*+1=02)4 and Usﬁ = ¢H01-02)A4 e have

GOd5) — GU315) = 260 (i] Alj) + O(56°)

~ 260 (i) Al}) |

where the third and higher order terms are discarded, and thus we obtain

L

(1417) = 5= [GI03"13) = GlUdl)] - (Al)

By substituting the ij-th elements of the unitary operators Ug and US“L from Eq. (11) into Eq. (A1), a more accurate estimate of

the i7-th element of the observable A is obtained.
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