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In the quantum world, the process of energy storage can be enhanced thanks to various non-classical phenom-
ena. This inspiring fact suggests quantum batteries as plausible sources of power for future quantum devices,
at least in principle. However, thermodynamically not all of the energy stored in a quantum battery is useful
for doing work. By considering a class of models based upon quantum continuous variables, here we show
how the maximum extractable energy from a bosonic quantum battery can be intimately related to Heisenberg’s
uncertainty principle. We found that realizing minimum uncertainty essentially guarantees that all of the energy
stored in a Gaussian quantum battery can be withdrawn and used to do work. For a standard system where the
charger and battery are coupled linearly, this criterion is satisfied rather trivially. However, our theoretical results
demonstrate that — for a quantum battery with nonlinear coupling — a state of minimum uncertainty can also be
achieved nontrivially via the generation of quantum squeezing. We characterize the charging performance of
our proposed continuous variable quantum batteries in detail, and we hope that our theory may be useful in the
design of a new generation of efficient quantum batteries harnessing bosonic excitations, such as those built
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with photonic architectures.

1. INTRODUCTION

Quantum batteries are energy storage devices composed of
fundamental building blocks (qubits, qutrits and so on) [1, 2],
which aim to exploit quantum phenomena in order to improve
their performance [3, 4]. In the last few years, the first steps
towards the experimental realization of viable quantum bat-
teries have already been taken, with steady progress made in
the quantum coherent control of such objects [5-12]. Most
notably, there is vast potential for building quantum batteries
from organic microcavities [13], and their credible application
as an energy source for quantum computers has recently been
suggested [14].

Thus far, the majority of theoretical attention on quantum
batteries has been focussed on proposing devices working
with discrete variables [15-23]. Much less work has been
conducted on batteries exploiting quantum continuous vari-
ables [24-26], despite some intriguing advantages (including
a lack of saturation due to their infinite dimension, and poten-
tially attractive experimental realizations in photonic architec-
tures — such as that assembled in Ref. [9]). To aid the filling
of this gap, here we consider a class of bosonic quantum bat-
teries in an open quantum systems approach. We suppose that
these driven-dissipative quantum batteries are built from two
components, namely a charger mode a and a battery mode b,
with some coupling between them [as sketched in Fig. 1 (a)].
During the charging phase of this device, from the initial time
t = 0 and until ¢ = T, the coupling will be turned on. Out-
side of this temporal window the charger will be disconnected
from the battery, where the energy will then be stored until it
is needed.

Most notably, we reveal the importance of generating min-
imum uncertainty states for the thermodynamic performance
of Gaussian quantum batteries, via a criterion which is intrin-
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sically linked to Heisenberg’s uncertainty principle. As ex-
amples of this credo, after discussing linear charger—battery
coupling we go on to consider the more interesting exam-
ple of quantum battery with a nonlinearity [4, 27], which is
represented pictorially in Fig. 1 (b). Such a setup is shown
to be a nontrivial example of a quantum battery which sup-
ports a minimum uncertainty state, whereby the phenomenon
of quantum squeezing [28, 29] gives rise to the desired mini-
mum uncertainty in a nontrivial manner [as already previewed
in Fig. 1 (c)] and hence a thermodynamically efficient energy
storage device.

In what follows, we sketch out the theory of quantum bat-
teries utilizing quantum continuous variables in Sec. 2, be-
fore consider two types of interaction: the (essentially classi-
cal) case of linear charger—battery coupling in Sec. 3, and the
arguably more intriguing case of nonlinear charger—battery
coupling in Sec. 4. We draw together some conclusions on
the prospects for bosonic quantum batteries in Sec. 5, while
the Supplemental Material contains some auxiliary calcula-
tions [30].

2. BOSONIC BATTERY

Let us consider a quantum battery defined by quantum con-
tinuous variables [31-34]. The bosonic quantum fields are
represented by a single pair of self-adjoint canonical opera-
tors labelled z and p, which are subject to the canonical com-
mutation relation [Z,p] = i (since we take i = 1 here and
throughout). For a quantum state p, the two-dimensional vec-
tor r of first moments and the 2 X 2 covariance matrix o of
second moments are together defined by [35, 36]
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FIG. 1. The bosonic quantum battery as a driven-dissipative system. Panel (a): the general setup of the two-component quantum battery,
complete with its charger and battery pieces (modes a and b). The charger is driven by laser light with an amplitude 2 (green region), and it
suffers from dissipation at the rate - into its surrounding heat bath (blue region). Two flavours of interaction (orange region) are considered:
either (i) linear coupling (of strength g) or (ii) nonlinear coupling (of strength J). These couplings enable excitation transfer from the time
t = 0 from the charger mode «a into the battery mode b, where the energy is eventually stored in once the interaction is turned off at ¢ = T..
Panel (b): The nonlinear quantum battery is modelled as two quantum harmonic oscillators interacting via a nonlinear coupling of strength .J,
which is mediated by (for example) a x® nonlinear crystal. The emission of one photon of frequency 2wy from the charger (mode a) leads to
two photons of frequency wj, impinging on the battery (mode b). Panel (c): the quadrature variances 2 and crz in the steady state ({ — o0) as
a function of the dimensionless ratio 2/J for the nonlinear quantum battery [cf. Eq. (60) and Eq. (61)]. Dashed green line: guide for the eye

at the minimum uncertainty.

with the anticommutator { A, B} = AB + B A, and where the
expectation value of some operator O (for a given quantum
state p) is given by the trace relation (O) = Tr (pO). The
covariance matrix o in Eq. (2) is equivalently determinable
using the two quadrature variances o2 and af) and the coher-
ence ¢ as follows

(7 5)
o = (%) = (@)%, @)
oy = (%) = (p)?%, (5)
¢ = (zp) — (@)(p) - 3- ©)

The determinant D of the covariance matrix o is simply
D=4(o200 — &%), (7)

which plays a key role in judging the thermodynamic per-
formance of the bosonic quantum batteries considered in
what follows. The link to Heisenberg’s uncertainty principle
0z0p > 1 /2, for the product of standard deviations of position
0, and momentum o, and the given form of D from Eq. (7)
is most apparent.

2.1. Measures of performance

The canonical position and momentum operators & and p,
first introduced in Eq. (1) and Eq. (2), can be decomposed into
& = (b' +b)/v/2 and p = i(b" — b)/+/2. Here the bosonic
creation and annihilation operators are b' = (2 — ip)/v/2 and
b = (& +ip)/+/2 respectively, while the bosonic commutation
relation [b, bT] = 1 is strictly observed. Then the Hamiltonian
operator H, of a (single-mode) continuous variable quantum
battery can be simply written as

Hy = wpb'h, (8)

where wy, is the consistent energy level spacing, found upon
climbing the infinite number of rungs of the bosonic energy
ladder. Such a ubiquitous Hamiltonian as Eq. (8) arises in
the description of many particle and quasiparticle excitations
(from photons to magnons to plasmons to polaritons). Indeed,
this Hamiltonian operator has already shown great utility in
explaining the experimental behaviour of the photonic quan-
tum battery reported in Ref. [9].

In the Fock basis, the creation operator b acts so that
bf|n) = /n+ 1|n + 1), meanwhile the annihilation opera-
tor b enforces the result b|n) = y/n|n — 1), where the number
state |n) accounts forn = 0, 1,2. . . excitations in the bosonic
mode. In terms of these ladder operators b' and b, the quadra-
ture variances 03 and 012), the coherence £ and the covariance
matrix determinant D [cf. Eq. (4), (5), (6), (7)] explicitly then
become

202 = 1+ 2 ({b18) — (o) (B)) + (1) — (b1)2 + (V?) — (0)*,

9

202 = 1+2 ((b'0) — (b)(b)) + (bH)2 — (67 + (1) — (1?),
(10)

26 =i ((b7) - (o) + (0)2 = %)), an

D= (1+20'0) — 20 (1)" — 467 — B)*2. (12)

These decompositions allows for more convenient calcula-
tions to be carried out later on, when we consider specific
charging protocols along with the foundational quantum bat-
tery Hamiltonian operator of Eq. (8).

The total energy E stored in the quantum battery should be
directly proportional to the average population of the quan-
tum harmonic oscillator mode b, which can reach a maximum
value E (tg) at some specific charging time ¢, which itself
lies within the overall charging period 0 < ¢t < T'. The charg-
ing power P, the amount of stored energy per unit time, and



the maximum value of this power complete a list of four com-
mon measures of interest as follows [2, 37]

E = wy(b'h), (13)
E (tp) = max {E(t)}, (14)
P = E/t, (15)
P(tp) :mtax{P(t)}. (16)

The thermodynamic performance of the quantum battery can
be gauged using the ergotropy &£, which measures the maxi-
mum energy which can be extracted from a quantum system
in a cyclic unitary process such that it is available to do work,
via the relation [38, 39]

E=FE-Ejg. (17)

The subtracted off energy FEg is the energy of the passive
quantum state pg, which is defined as the quantum state from
which no energy can be extracted [40, 41]. In general, it is dif-
ficult to obtain a simple analytic expression for this important
quantity after some choice of total Hamiltonian operator.

The ergotropy £ of a bosonic quantum battery can be read-
ily calculated in certain situations however. If it is Gaussian,
the quantum state p associated with the quantum battery can
be completely described by its vector 7 of first moments [cf.
Eq. (1)] and its covariance matrix o of second moments [cf.
Eq. (2)] alone [35, 36]. In this interesting Gaussian case, the
passive state energy Fg can then be exactly found from the
rather neat expression [42, 43]

By =uwy (YB1), (18)

where the covariance matrix determinant D is defined in
Eq. (12), which therefore gives immediate access to the de-
sired ergotropy & [cf. Eq. (17)]. Furthermore, the purity P of
a single-mode Gaussian state is only dependent on the quan-
tity D via the simple expression P = 1/4/D, which can take
on values satisfying the inequality 0 < P < 1 [35, 36]. Hence
a pure Gaussian state where P = 1 is associated with D = 1,
while mixed Gaussian states are characterized by the inequal-
ity D > 1.

Notably, for a minimum uncertainty state satisfying Heisen-
berg’s criterion 0,0, = 1 /2, the covariance matrix determi-
nant collapses into D = 1 [cf. Eq. (7)]. The coherence should
disappear (¢ = 0) due to the property D > 1, as is guaran-
teed by a consideration of the purity P. Therefore, for mini-
mum uncertainty states the passive state energy Fg vanishes
[cf. Eq. (18)], which results in all of the energy stored in that
quantum battery being ergotropic (F = £). This is a hallmark
of a thermodynamically perfect quantum battery. As already
previewed in Fig. 1 (c), one can imagine that the craved for
minimum uncertainty condition 0,0, = 1/2 can be achieved
through a more exotic pathway with a squeezed quadrature
variance o2 < 1/2 (pink line) and Ug > 1/2 (orange line), as
well as through a more standard route where o2 = crg =1/2
identically (dashed green line).

2.2. Two-component quantum battery model

We shall consider a class of so-called two-component quan-
tum battery models [44—47], defined by the overall system
Hamiltonian H operator

H=H,+H,+ H, »+ Hy, (19)

where the bosonic battery Hamiltonian H, was already de-
fined in Eq. (8). We suppose that there is a charger subsystem
described by the Hamiltonian fIa, which interacts with the
energy storing battery mode b via the coupling Hamiltonian
H, only during the charging phase (which starts at the time
t = 0 and ends at some chosen instant where ¢ = T). The
driving Hamiltonian H; supplies energy to the charger, and
the initial state of the system at ¢ = 0 is taken to be the vac-
uum state without any excitations in either mode.

We imagine that the charger subsystem (mode a) inter-
acts rather easily with environment such that it can be read-
ily driven, however this utility would come at the cost of
the charger suffering from dissipation. However we as-
sume that the battery subsystem (mode b) is rather inac-
cessible, being well isolated from the environment such
that all of the stored energy remains in the battery dur-
ing the storage phase (that is, for times ¢ > T'). In this
scenario, the following quantum master equation (in stan-
dard Gorini—-Kossakowski—Sudarshan—Lindblad form) de-
scribes the open quantum system version of the model via [48]

Oro = ilo, I;T] +32 (QaQaJr —afap— QCLTCL) , (20)

where g is the quantum state of the combined system, with the
vacuum state initial condition o(¢ = 0) = |0)4 (0], ® ]0)5(0]s
occurring at the commencement of the charging period. The
dissipation rate of the charger (mode a) subsystem ~v > 0,
while the energy holder (mode b) subsystem is necessarily
considered dissipationless in order to serve as a realistic bat-
tery in the storage phase (f{ > T') when the charger is discon-
nected (so that the coupling Hamiltonian becomes H a—b = 0).

This two-component quantum battery model is sketched in
Fig. 1 (a). The cartoon depicts the charger being driven by a
laser with the amplitude €2 (green region) and suffering from
losses at the rate v (blue region), while energy is being trans-
ferred from the charger and into the battery via some — as
yet undefined — coupling (orange region). In what follows,
we shall briefly revisit the prototypical case of linear charger—
battery coupling (at the rate g) in Sec. 3, before delving into
the captivating case of nonlinear coupling (at the rate J) in
Sec. 4, both of which showcase the utility of the quantum con-
tinuous variable descriptions of Egs. (1) and (2).

3. LINEAR COUPLING

Let us warm-up by considering the Hamiltonian model
of Eq. (19), complete with a linear interaction between the
charger and battery at some coupling rate g (following on from
the pioneering work of Ref. [42]). Along with Eq. (8) for the



bosonic battery mode b, the Hamiltonians accounting for the
charger, coupling and driving read

H, = wyala, 21
Hy =g (a'b+bla), (22)
Hy = Q (e witql 4 elwitq) (23)

where we have supposed a driving laser of amplitude €2 and
driving frequency wy in Eq. (23). This setup is represented
in Fig. 1 (a), including the laser drive (green region) and lin-
ear coupling (orange region). The dissipative charger mode is
implied by the heat bath (blue region) and is captured mathe-
matically by the quantum master equation of Eq. (20).

Transforming the quantum state o into o with the frame
change § = UpUT, carried out with the aid of the unitary
transformation U = exp(i(H, + Hy)t), leads to the rotated
quantum master equation for g [cf. Eq. (20)]

00 = i[o, H] + % (2aga’ — afag — gaa), (24
H=yg (aTb + bTa) +Q (aJr +a), (25)
where we have considered the resonant case where the driving
frequency wg = wy, since then the rotated Hamiltonian opera-
tor H = U(ﬁa_anI{Id)UT simplifies. Using the trace relation
(O) = Tr (§0), for some arbitrary operator O, with the mas-
ter equation of Eq. (24) allows one can to find the equation
of motion for the mean occupation of the battery (b7b), and
indeed any other relevant averaged operator, as is shown in
detail in the Supplemental Material [30].

3.1. Energetics

The dynamical energy E stored in the linear quantum bat-
tery follows directly from Eq. (13) and the mean population
(bTb) of the battery, as explicity calculated in the Supplemen-
tal Material [30]. The exact analytical form for £ exhibits
damped oscillations (with a nonzero steady state) via

9

E=uw (9)2 {1— [cos (Gt) + 15 sin (G1)] e_%}z, (26)

where there is a clear competition between the charger—battery
coupling rate g and the damping rate . Therefore, it is con-
venient to introduce the renormalized frequency parameter G,

where
G=y\e-(3) @7

An interesting borderline situation arises when the coupling
strength ¢ = ggp, a location in parameter space which corre-
sponds to an exceptional point in the governing non-Hermitian
effective Hamiltonian due to the coalescence of two eigenval-
ues and eigenvectors exactly at that point [49, 50], explicitly

geP = 1. (28)

The dynamical energy E stored in the quantum battery is plot-
ted as the thick cyan line in Fig. 2 (a). The curve displays char-
acteristic population cycles due to the strong charger—battery

coupling, which are eventually damped out into a steady state
(horizontal dotted line) as the driving and dissipation settle
down. Clearly, in this strong coupling regime the nonzero
dissipation present in the system means that the first energetic
maxima E(t ) is also the global maximum (horizontal orange
line), which suggests there is a obvious optimal charging time
tr (vertical pink line) at which the charger should be discon-
nected from the battery mode.

This driven-dissipative system eventually reaches its steady
state at a long enough timescale such that ¢ > 4/~, thanks
to the interplay between the driving laser and lossy charger
mode, whereby the steady state stored energy arises as

t—o0 g

lim E = wy (2)2 . (29)

It is apparent that this steady state energy result is not optimal
for maximizing the stored energy. For example, in the dissi-
pationless limit (where the damping rate v — 0) the full and
dynamical stored energy F of Eq. (26) reduces to

2
lim £ =, (%) sint (), (30)
which displays a fourfold increase in stored energy compared
to the steady state, since the energy maximum 4w;(£2/g)? is
attainable at the specific charging time tg = 7/g. In general,
the optimal charging time ¢tz [cf. Eq. (14)] depends on the
coupling regime, as defined in reference to the exceptional
point ggp [cf. Eq. (28)], like so

9 < gEP, 31
g > gEp. (32)

tE:OO,

tE:%7

Notably, in the weak coupling regime (¢ < ggp) the ener-
getic maximum is only achievable asymptotically, while in the
strong coupling regime the first energetic maxima occurs rel-
atively quickly, scaling inversely with the renormalized cou-
pling strength G [cf. Eq. (27)]. This behaviour of the optimal
charging time ¢ is plotted as the thick pink line in Fig. 2 (b),
with the exceptional point (vertical grey line) demarcating
the two distinct regimes of response. The asymptotic result
limgs., (tg) = m/g recovers the dissipationless result (dot-
ted pink line) coming from Eq. (30).

The two cases of optimal charging time ¢ g, given explicitly
in Eq. (31) and Eq. (32), are associated with their respective
optimal stored energies F(tg) as follows [cf. Eq. (14)]

2
E(ts) =w (2) . 9<ger,  (33)

2 2
E(tE) = Wwyp (%) (14—6_%) R g > gEP- (34)
These optimal energy relations are plotted in Fig. 2 (c) as the
thick orange line, alongside the limiting cases of very strong
coupling (dotted line) and very weak coupling (dashed line).
This curve showcases how the fourfold increase in stored en-
ergy (compared to the steady state) is approached with in-
creasing coupling strength g. Notably, in the very strong cou-
pling regime where g > ggrp, this ideal quadrupling in stored
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FIG. 2. Performance of the quantum battery with linear coupling. Panel (a): the energy E (cyan line) stored in the quantum battery, in
units of the asymptotic result lim;—, o (F), as a function of time ¢ (in units of 1/g) [cf. Eq. (26)]. Dotted line: the steady state energy [cf.
Eq. (29)]. The instant in time (pink line) and specific energy (orange line) of the energetic maximum is marked. In this column we take the
charger—battery coupling strength g = /2, where + is the decay rate of the charger. Panel (b): the optimal charging time ¢ g (pink line) in units
of 1/g, as a function of the dimensionless ratio g/~ [cf. Eq. (31) and Eq. (32)]. Dotted line: the asymptote tg = /g of the dissipationless
limit. Panel (c): the maximum energy F(tg) (orange line) as a function of g/~ [cf. Eq. (33) and Eq. (34)]. Dashed line: the steady state result
[cf. Eq. (29)]. Dotted line: in the dissipationless limit, the result is four times the steady state result [cf. Eq. (30) when ¢t = 7/g]. Panel (d):
the charging power P (green line) of the quantum battery, in units of w,$? /g, as a function of time ¢ [cf. Eq. (15) with Eq. (26)]. The instant
in time (pink line) and specific power (orange line) of the power maximum is marked. Panel (e): the optimal time ¢p (pink line) as a function
of g/~. Dashed line: the weak coupling limit [cf. Eq. (35)]. Dotted line: the strong coupling limit [cf. Eq. (36)]. Panel (f): the maximum
power P(¢p) (orange line) as a function of g/~. Dashed line: the weak coupling limit [cf. Eq. (37)]. Dotted line: the strong coupling limit
[cf. Eq. (38)]. In this figure the vertical grey lines in panels (b, c, e, f) mark the location of the exceptional point ggp [cf. Eq. (28)], and the
energies F referred to in the top row of panels are exactly equivalent to ergotropies £ since the quantum battery is in a minimum uncertainty
state [cf. Eq. (40)].

energy is slowly degraded like E (tg) ~ 4w,(Q/9)%(1 —
my/4G). This brief energetic analysis highlights the impor-
tance of achieving strong coupling for both peak energetic and
temporal performance, as well as the importance of correctly
judging the charging time tg at which one should ideally dis-
connect the charger mode from the battery mode.

3.2. Charging power

The associated charging power P follows immediately
from Eq. (15) with Eq. (26), which judges the combined ener-
getic and temporal performance of the quantum battery in one
simple measure. A typical result in the strong coupling regime
is plotted as the solid green line in Fig. 2 (d). This curve show-
cases a well-defined peak in power P(¢p) (horizontal orange
line) at a specific charging time ¢p (vertical pink line). Even-
tually, the dissipation present in the coupled system — as well
as the always advancing charging time — wash out the amount
of energy stored per unit time to essentially zero.

The optimal charging time tp [cf. Eq. (16)] can be readily

found by analyzing the turning points of the charging power
P, and the result is plotted as the thick pink line in Fig. 2 (e).
This temporal behaviour, which is strikingly different below
and above the exceptional point ggp (vertical gray line), can
be captured analytically in the limiting cases of very weak and
very strong coupling. When g < v, the optimal charging time
tp acts like

tp= AL

T (35)

g <7,

where the dimensionless number A = 1.256. .. arises from
the expression A = —1/2—W_; (), which itself comes from
a turning point equation. The argument of the special function
a = —1/(2y/e). Here W,,(x) is the Lambert W-function,
sometimes called the product logarithm function, which is
a multivalued function of argument = (with infinitely many
branches, which are indexed by the integer m). The expres-
sion of Eq. (35) is plotted as the dashed pink line in Fig. 2 (e),
illustrating that the optimal time ¢p has an inverse-square di-
vergence with small coupling g, since under weak coupling
more charging time is needed before the peak in power is fi-



nally reached. In the opposing and desirable limit of g > ~,
when one can completely neglect dissipation, the optimal time
tp reads

tp = Ea 9>, (36)

where the dimensionless number B = 2.786. . . is a solution
to the transcendental turning point equation tan(B/2) = 2B.
The result of Eq. (36) is plotted as the dotted pink line in
Fig. 2 (e), which shows that under strong coupling the max-
imum charging power is rather appealingly arrived at ever
more quickly with stronger coupling g, following an inverse-
linear relationship. Further analysis of the two charging times
tr and tp is provided elsewhere [30].

The maximum charging power P(¢tp) which can be
achieved in this linear quantum battery, for some dimension-
less ratio of the coupling to dissipation rate g/, is given as
the thick orange line in Fig. 2 (f). This performative curve can
be understood using the asymptotic optimal charging times ¢ p
from Eq. (35) and Eq. (36) as follows

2

Q
P(tp) = Cwb77 g <, (37)

2

Q

where the numerical prefactors C' = 2[1 — exp(—A4)]?/A =
0.814... and D = 4sin*(B/2)/B = 1.347 ... arise from the
aforementioned limiting forms of the charging times ¢ p. With
very weak coupling g < ~, Eq. (37) encapsulates the lower
bound on the maximum power, while for very strong coupling
g > v, Eq. (38) estimates the kind of charging powers which
can likely be achieved within this simple linear model.

3.3. Thermodynamics

The second moments of the bosonic quantum battery with
linear coupling factorize exactly, for example (b'b) = (bT)(b),
as is shown in the Supplemental Material [30]. This immedi-
ately means that determinant D of the covariance matrix [cf.
Eq. (12)] evaluates to unity, that is

D =1. (39)

Along with the expression of Eq. (18), which holds here due
to the Gaussian nature of the linear battery, the elegant result
of Eq. (39) ensures that the passive state energy g vanishes
identically (Eg = 0). Then all of the energy E stored in the
quantum battery is ergotropic [cf. Eq. (17)] or

E=¢. (40)

Thermodynamically, this Gaussian quantum battery is then (in
a sense) perfectly efficient, essentially due to the form of the
influential determinant of Eq. (39). Using the decomposition
of Eq. (7), this mathematical result can also be traced back

2

to the the quadrature variances o2 and o

values [cf. Eq. (9) and Eq. (10)]

being pinned at the

ol =0, =13, 41)
as well as the coherence vanishing or £ = 0 [cf. Eq. (11)]. In
this way, the fact that the total stored energy E is completely
ergotropic stems from the bosonic quantum battery with lin-
ear coupling remaining in a minimum uncertainty quantum
state, that where the relation 0,0, = 1 /2 holds, throughout
the duration of the charging phase from the initial vacuum
state preparation at t = 0 to the disconnection of the charger
att = T'. This proof of the ergotropic efficiency of the lin-
ear quantum battery concludes our groundwork with the lin-
ear coupling case, and lays the foundations for the physically
richer nonlinear case we consider next.

4. NONLINEAR COUPLING

Let us now consider an arguably more interesting problem,
that of nonlinear coupling between the charger and battery at
some coupling rate JJ. The full Hamiltonian model of Eq. (19)
[along with the battery mode b of Eq. (8)] is made explicit with
the following charger, coupling and driving Hamiltonians

f]a = waaTa, (42)
Hoy = J (a'bb+b'bta) (43)
ﬁd o) (e—indta’( + eindta> ) (44)

Importantly, compared to the linear model of Sec. 3, here the
energy level spacing in the charger mode is doubled to 2wy,
and (while the laser remains associated with the amplitude €2)
the driving laser frequency is also doubled to 2w,. This non-
linear quantum battery arrangement is sketched in Fig. 1 (a),
complete with the laser drive (green region), nonlinear inter-
action (orange region) and dissipation from the charger mode
a into a heat bath (blue region), which is again modelled with
the quantum master equation of Eq. (20).

The undriven version of the decidedly nonquadratic Hamil-
tonian operator of Eq. (19) is qu, where Hu = f[a + ﬁb +
H o—b, Which does not conserve the excitation number due to
the explicitly nonlinear coupling featuring in Eq. (43). This
fact can be understood from the commutator result [N, H,,] #
0, where the total number operator N = ata + bTb. How-
ever, the related object M = 2ata + bTb is indeed conserved
since this commutator vanishes, or [M , ﬁu] = 0. This exact
cancellation corresponds to every emitted photon of frequency
2wy, (coming from the charger oscillator, mode a) leading to
the absorption of two photons of equal frequency w; (in the
battery oscillator, mode b). The cartoon of Fig. 1 (b) suggests
such a nonlinear coupling process, which is reminiscent of de-
generate parametric downconversion (mediated perhaps by an
appropriately nonlinear crystal) as explored for example in the
experiments reported in Refs. [51, 52].

Working with a rotated density matrix ¢ = UpoUT, where
the unitary transformation U = exp(i(H, + H,)t), the quan-



tum master equation of Eq. (20) collapses into

0:0 =i, H) + § (2aga’ — alag — ga’a), (43

H=J(a'bb+b'bTa) +Q (o' +a), (46)

where we have considered the resonant case where the driv-
ing frequency Wda = W, since then the rotated Hamiltonian
operator H=U ( ab+ Hd)U T simplifies. As demonstrated
in the Supplemental Material [30], the equations of motion
for the statistical moments of the quantum battery system can
then be found, giving access to the average population of the
battery (bb) for example. It is also shown there that the first
moments (b) and (b') are necessarily zero, so that the covari-
ance matrix determinant D of Eq. (12) reduces to the even
simpler form

D = (1+2(b'0))° — 4|(bb)|2. @7)

Furthermore, the first derivative (with respect to time) of this

influential object D, divided by a factor of four for conve-

nience, is given by the expression

10,D = (1+2(b'b)) 0, (bd) — (bT61) 9, (bb) — <bb>at<bfb4f§.
(48)

This derivative is useful in analysing the thermodynamic be-

haviour of the nonlinear quantum battery in what follows.

4.1. Cumulant expansion

The nonlinear nature of this problem ensures that the equa-
tions of motion of the moments form an infinite hierarchy,
with lower-order moments always depending upon higher-
order moments in perpetuity. This somewhat unwieldy sys-
tem of equations can plausibly be truncated by performing a
cumulant expansion [53, 54], which (at the second-order of
approximation) gives rise to just five governing equations

9¢(a) = —3(a) —iJ(bb) —iQ2, (49)
O (ata) = —y(a'a) +2J Im ((a')(bb)) — 2QIm(a), (50)
9, (b'b) = —4J Im ((a')(bb)) , (51)
O(aa) = —y{aa) — 2iQ{a) — 21 (a)(bb), (52)
Dy (bb) = —2iJ (a) — 4i.J (a)(b'D), (53)

as derived in detail in the Supplemental Material [30]. This
approximation is indeed a reasonable one when the drive am-
plitude €2 is not too large compared to the coupling rate .J,
since this means that higher excitation sectors of the coupled
system are left essentially unpopulated, such that the trunca-
tion made (and the discarding of higher-order correlations) is
rather unconsequential [53, 54].

Substitution of these equations of motion [cf. Eq. (49)-
Eq. (53)] into the formula of Eq. (48) reveals a neat result for
the time derivative of the covariance matrix determinant D,
explicitly

9,D = 0. (54)

Hence the determinant D itself is a constant in time over the
charging period, starting from ¢ = 0 and ending at ¢t = T
when the charger is disconnected. Since the quantum battery
is initialized in the vacuum state at ¢ = 0 all of the moments
appearing in Eq. (12) must be zero at that particular instant,
such that the constant implied by the integration of Eq. (54)
must be unity, whence one may conclude

D=1. (55)

Within the second-order cumulant approximation, strings of
three operators like (ABC') are discarded [53, 54]. The largest
surviving correlators are then of the form (AB), that is the
second moments of the system. Hence the considered cumu-
lant expansion forces a description of the nonlinear quantum
battery using only first moments and second moments, in a
similar manner as to how Gaussian states can be fully ac-
counted for using Eq. (1) and Eq. (2) only. Therefore, within
this specific approximation, it is reasonable to assume that the
the passive state energy Eg formula of Eq. (18) essentially
holds. The neat result of Eq. (55) then implies that the pas-
sive state energy FEg = 0, such that the stored energy F is
thermodynamically perfect, being from Eq. (17)

E=¢, (56)

at least within this second-order cumulant approximation of
course. This useful discovery provides a nontrivial example of
ergotropy optimization in a nonlinear system, complementing
the elementary linear model consideration of Sec. 3.

4.2. Steady state

The steady state of the system, whereby the left-hand sides
of Egs. (49)—(53) are necessarily zero due to the moments be-
ing unchanged in time, reveals that the long-time behaviour of
the nonlinear quantum battery is described by

Ao = ligfle) = iy (o) =0, 67
. Q
A (00) = =7 Y

Then, since the relation of Eq. (55) holds under the second-
order cumulant expansion, inverting the definitional result of
Eq. (47) and substituting in Eq. (58) gives access to the mean
value of the battery population (bb). Hence the total energy
E stored in the nonlinear quantum battery in the steady state
now follows directly from Eq. (13) as

tlggoEzﬁ( 1+(2§?)2—1), (59)
which is, quite remarkably, independent of the charger damp-
ing rate v — just like the linear coupling result of Eq. (29).
The analytic expression of Eq. (59) immediately reveals that
the lower energetic bound displays a quadratic scaling like
limy oo (E) ~ wy(2/J)? when Q < J, while the up-
per energetic bound instead exhibits the linear relationship
limy s o0 (E) =~ wp(€2/J) when Q > J.



Similar to the discovery of Eq. (59), the quadrature vari-
ances o2 and o in the steady state, as defined in Eq. (9) and
Eq. (10), evaluate to the rather compact forms

1 20\? 20

. 2 _ ~ _

Jim o =5 1+(J> 7] @0
1 20\? 20

Jm oy =3 1+<J> Rl D

such that the nonlinear quantum battery is seen to be in a min-
imum uncertainty state, since the product of standard devia-
tions is identically lim; o (0,0,) = 1/2. Notably, unlike
the linear quantum battery [cf. Eq. (41)] the minimum uncer-
tainty in the nonlinear quantum battery is not achieved equally
amongst the two quadratures, but instead the uncertainty sat-
uration is attained through quantum squeezing [28, 29] in the
Z-quadrature only [cf. Eq. (60)]. This quantum squeezing
phenomena is illustrated in Fig. 1 (c), which shows the vari-
ances for the Z-quadrature (pink line) and p-quadrature (or-
ange line), in the steady state and as a function of the drive
amplitude—coupling rate ratio €2/.J. The minimum uncer-
tainty relation 0,0, = 1/2 (dashed green line) is shown as
a guide for the eye. When the driving is weak and €2 < J, the
variances deviate from one half linearly like lim;_, oo (02) ~
1/2 — Q/J and limy_,oo(07) =~ 1/2 + Q/J, as shown in
Fig. 1 (c). Conversely, in the limit where the driving is strong
and so €2 > J, the pair of variances approach the expressions
limy o0 (07) =~ J/8Q and limy_, oo (07) ~ 2Q/J, such that
the Z-quadrature squeezing is even more apparent. This brief
steady state analysis provides a concrete example of a nontriv-
ial minimum uncertainty state leading to a thermodynamically
perfect bosonic quantum battery.

4.3. Dissipationless and weak driving limit

Let us now consider the dynamical behaviour of the non-
linear quantum battery in the dissipationless limit (v — 0),
using the equations of motion given by Eqgs. (49)—(53). Upon
considering the weak driving limit where 2 < .J, a perturba-
tion theory can be built around the small and dimensionless
parameter 2/J. Then the energy E stored in the battery can
be expanded in a series as

E=£0 4L g +E@ ... (62)

as discussed in detail within the Supplemental Material [30].
The leading order contribution is quadratic in the parameter

Q/J, being
EO = @ i sin? ﬁ (63)
— Wh 7 \/5 )

which, similarly to the linear case of Eq. (30), displays a sine
to the power four functional form as part of the flip-flop popu-
lation cycles between the charger mode and the battery mode.
The optimal charging time for energy ¢z, and the maximum
possible stored energy E(tg), in this zeroth-order regime are
simply [cf. Eq. (14)]

™

tp = —,
E NGT,

20\ >

(64)

The energy dynamics according to Eq. (63) are plotted as the
dashed dark blue line in Fig. 3 (a), alongside the exact result
(solid cyan line) for the example case where the driving am-
plitude Q2 = J/4. The optimal values of Eq. (64) and Eq. (65)
are indeed quite realistic approximations, as can be noticed in
the chosen case of Fig. 3 (a) where the dimensionless number
estimates are Jtp = 7/v/2 ~ 2.22 and E(tg)/w, = 1/4.

Similarly, the charging power P for this simple case is
shown in the below panel of Fig. 3 (d) [cf. Eq. (15)], where
the exact result is given by the solid light-green line and
the leading-order approximation [following Eq. (63)] by the
dashed dark-green line. The optimal charging time for power
tp, and the maximum power P(¢p), in this zeroth-order case
are given by the expressions [cf. Eq. (16)]

Voo
= 7
Q2

P(tp) = 5%7, (67)

tp (66)

where the two dimensionless prefactors are /2o = 1.97...
and B = 2v/2sin*(a)/a = 1.905... since the influen-
tial number « = 1.393... arises as a solution to the tran-
scendental turning point equation tan(e) = 4«. The ana-
Iytical expressions of Eq. (66) and Eq. (67) can be seen in
Fig. 3 (d) to be excellent approximations in this dissipation-
less and weak driving regime, since the zeroth order predic-
tions are for the dimensionless numbers Jtp = V2a ~ 1.97
and P(tp)/wpJ = B(Q2/J)? ~ 0.119 in this chosen case.

The leading-order perturbative result of Eq. (63) can be im-
proved upon using the Poincaré-Lindstedt method to remove
the problematic secular terms which appear later on in the
asymptotic series solution [55]. This approach leads to the
first three terms in the energetic expansion E(™ of Eq. (62) as
follows
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FIG. 3. Dynamics of the quantum battery with nonlinear coupling. Panel (a): the energy E stored in the quantum battery in the dissipa-
tionless limit (solid cyan line) and in units of the energy level spacing ws, as a function of time ¢ (in units of 1/.J, the inverse of the coupling
rate J). Dashed, dotted and dash-dotted lines: three approximate results, derived with perturbation theory of increasing order [cf. Eq. (62),
along with Eq. (63), Eq. (69) and Eq. (70)]. Panel (b): the stored energy E (solid cyan line) in units of the steady state energy, within the
weak driving regime €2 < J. Dashed blue line: the approximate behaviour [cf. Eq. (73)]. Vertical pink line: the optimal charging time ¢ [cf.
Eq. (77)]. Horizontal orange line: the approximate maximum stored energy E(tg) [cf. Eq. (78)]. Thin grey line: the approximate steady state
energy lim;—, oo (E) [cf. Eq. (72)]. Panel (c): a semi-logarithmic plot of the dynamic energy F in units of wp. Panels (d, e, f): the charging
power P of the quantum battery, in units of wsJ, corresponding to the stored energies of the above panels (a, b, c) respectively [cf. Eq. (15)].
In panel (e), the vertical pink line corresponds to the optimal charging time ¢p [cf. Eq. (66)] and the horizontal orange line represents the
maximum power P(t;) [cf. Eq. (79)]. Within this figure, in the first two columns £ = J/4 and in the final two columns v = J/2.

. ), (68)
B — < (9)*sin (7 [3sin (2 ) — 25sin (27 ) — 60sin (25)] . (69)
B — 215 () sin® (25 ) 101983 + 75156 cos (V277 ) — 2586 cos (2v/27 ) — 2248 cos (3v2J7) + 135 cos (4v2J7 )|,
(70)
[

as derived in the Supplemental Material [30], and where (at 4.4. Weak driving limit
the second-order of approximation) the shifted time variable
T is given by the polynomial expression

T= (1 +5 ( %)2 — 24@ (%)4) t. (71) Despite the harmful effects of dissipation, it is interesting

to consider how the results of the previous subsection are de-

graded when loss is added to the analysis, since it may be of

These three approximate results £(™) are plotted in the dy- experimental relevance. Under nonzero damping (y # 0),
namic energy F and charging power P plots of Fig. 3 (a, d), the nature of the dynamics of the nonlinear quantum bat-
where the dotted lines are for the first-order £(!) case and the tery changes significantly compared to that encountered in
dash-dotted lines are for second-order E(?) expression. These Sec. 4.3. For example, the competition between the driving
two graphs showcase the claimed improvements to the zeroth- and the dissipation leads to the formation of a nonzero steady
order E(©) results (dashed lines) and the tendencies towards state population in the quantum battery. Remaining in the
the exact results (thick solid lines). weak driving limit 2 < J, the energy E stored in steady
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FIG. 4. Performance of the quantum battery with nonlinear coupling. Panel (a): the energy E (thick cyan line) and ergotropy £ (thin
pink line) stored in the quantum battery in the steady state, shown as a function of the drive amplitude 2 (in units of the coupling rate J).
Dashed orange line: the cumulant approximation [cf. Eq. (59)]. Dotted green line: the weak driving approximation [cf. Eq. (72)]. Panel (b):
the optimal charging times for the the quantum battery in order to maximize the energy ¢ (thick cyan line) and power ¢p (thin orange line)
[cf. Eq. (14) and Eq. (16)]. Dashed blue line: the weak driving approximation for energy [cf. Eq. (77)]. Dotted red line: the weak driving
approximation for power [cf. Eq. (66)]. Panel (c): the maximum energy F(¢g) (thick cyan line) and the peak power P(¢p) (thin orange line)
that can be achieved in the nonlinear quantum battery [cf. Eq. (14) and Eq. (16)]. Dashed blue line: the weak driving approximation for energy
[cf. Eq. (78)]. Dotted red line: the weak driving approximation for power [cf. Eq. (79)]. Upper row: we consider the damping rate v = J/2.
Panels (d, e, f): as for panels (a, b, c), but with the loss rate increased fourfold up to v = 2.J. In this figure we utilize log—log plots and the
calculations are performed such the results are convergent up to the energy 10wy.

state presents the quadratic scaling

. 0\ ?
tlggoEiwb <J) ’

which comes directly from the cumulant expansion result of
Eq. (59). The system of equations defined by Eqgs. (49)—
(53) can be approximately solved analytically within the weak
driving regime, as shown explicitly in the Supplemental Ma-
terial [30]. Such a perturbative analysis leads to the following
expression for the dynamical energy FE stored in the battery

(72)

E:wb(%)2{1f2Fe*¥+Ge*%‘}, 73)
F = cos (Kt) + ;% sin (Kt), (74)
G=1z+ (1 - ;7) cos (2Kt) + 7% sin (2Kt),  (75)

where the auxiliary and time-dependent functions F' and G
are defined in terms of the characteristic frequency K, where
272 — (2)°.

K = )

(76)

The damped oscillations inherent to Eq. (73) are plotted in
Fig. 3 (b) as the dashed cyan line for the case where the damp-
ing rate v = J/2, as well as the numerically exact result (solid
blue line), displaying the decay towards the steady state en-
ergy (grey line) of Eq. (72). When the dissipation is not too

strong, the optimal charging time ¢g and maximum possible
energy E (tg) are approximately described by [cf. Eq. (14)]

~

tp ~

E(tg) ~ w (?)2 (1 Jre—%)2

which are marked with the pink vertical line and orange hor-
izontal line in Fig. 3 (b), which correspond to the dimension-
less estimates Jtp ~ 2.23 and E(tg)/lims, o {E} ~ 3.27
respectively in this panel.

The charging power P is likewise plotted underneath in
Fig. 3 (e), with the exact result denoted by the solid light-green
line and the approximate result by the dashed dark-green line
[cf. Eq. (15) with Eq. (73)]. The time of maximal power ¢p is
roughly given by the dissipationless result of Eq. (66), which
leads to the approximate maximum charging power

, (77)

==

(78)

P(tp) ~ w0y (1-cos e #57)" . (79)
~wp—— |1 —cos(2a)e 2vZ7 ] |

where o = 1.393... is the dimensionless number also ap-
pearing in Eq. (66) and Eq. (67), which is further discussed
around there. Hence, within the weak driving limit and with
or without losses from the charger accounted for, the charging
performance of the nonlinear quantum battery can be quanti-



fied at basically the same level of analytic description as was
the linear quantum battery.

4.5. Moderate driving

Away from the weak driving regime, where the cases with-
out dissipation and with dissipation were treated in Sec. 4.3
and Sec. 4.4 respectively (leading to the results presented in
the first and second columns of Fig. 3), the quantum master
equation of Eq. (45) can be readily solved numerically for the
mean battery population (b'b) — and indeed for other relevant
quantities — using for example the QuTiP quantum toolbox in
Python [56]. The results are presented in the semi-logarithmic
plots of the final column of Fig. 3, for both a weak driving
case (cyan line) and for two successively higher driving am-
plitudes (orange and pink lines). The time-dependence of the
stored energy E is plotted in Fig. 3 (c), highlighting the ben-
efits of having larger drive amplitudes €2 for both (i) gener-
ating a higher energetic peak F(tg) at some instant in time
tg and (il) spawning a more impressive steady state energy
lim;_, o (E) at long timescales. The corresponding charging
power P is shown in the below panel of Fig. 3 (f), confirming
the intuitive behaviour that the peak power P(¢p) occurs with
increasingly small charging times tp for increasingly large
drive amplitudes.

The overall performance of the quantum battery with non-
linear coupling is summarised in Fig. 4. The steady state be-
haviour of the energy E (thick cyan line) and ergotropy £ (thin
pink line) is considered in Fig. 4 (a), as a function of the drive
amplitude € (in units of the coupling rate J, and with the ex-
ample damping rate v = J/2). The weak driving approxima-
tion (dotted green line) showcases the quadratic dependence
of these steady state quantities following Eq. (72), which is
eventually superseded by the cumulant approximation (dashed
orange line) and a deviation from a strict quadratic depen-
dence as encapsulated by Eq. (59). With stronger driving am-
plitudes still, both the steady state energy F and steady state
ergotropy £ exhibit sub-quadratic dependencies. Importantly,
these steady state quantities are indistinguishable from each
other (within the tolerance of the numeric computation) since
in the steady state the quantum state can essentially be de-
scribed by the first and second moments only.

The dynamic performance of the nonlinear quantum battery
is displayed in Fig. 4 (b, ¢). As already previewed in the final
column of of Fig. 3 for three specific cases, Fig. 4 (b) shows
that the specific charging times ¢z and ¢ p at which one should
disconnect the charger from the battery in order to optimize
the stored energy (thick cyan line) and charging power (thin
orange line) quickly reduce with increasing driving amplitude
Q. In the weak driving limit, the upper bounds of these op-
timal charging times are approximately given by Eq. (77) for
energy (dashed blue line) and Eq. (66) for power (dashed red
line).

The associated optimal energy E(tg) and optimal charg-
ing power P(tp) are similarly plotted in Fig. 4 (c) as the
thick cyan and thin orange lines respectively. The weak driv-
ing regime (dashed blue line) reveals that optimal energy
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E(tg) has a quadratic dependence on the driving amplitude
2, with an enhancement compared to the steady state energy
[cf. Eq. (72)] due to the second bracketed term in Eq. (78).
While there is a straightforward quadratic dependency on the
driving amplitude €2 for the optimal power P(¢p) in the weak
driving regime (dashed red line) thanks to Eq. (79), a devia-
tion is presented for higher driving amplitudes.

For the avoidance of any doubt, we check what happens
when the loss rate is increased fourfold up to v = 2.J in the
lower panels of Fig. 4, where the panels (d, e, f) correspond to
those panels (a, b, c) sitting directly above them. The steady
state results of panel (d) present minor (almost imperceptible
by the eye) differences which suggests that even moderate dis-
sipation rates do not majorly harm the steady state energetics
already reported in panel (a). The optimal charging times of
panel (e) are noticeably different from those of panel (b) when
the driving amplitude €2 is smaller, but the overall trend of the
curves is rather similar to those of panel (b). A similar pat-
tern is observed in panel (f), where the fourfold increase in
dissipation changes the quantitative relationships between the
optimal energy and the charging power with the driving ampli-
tude, but not the qualitative behaviour of the quantum battery
as already shown in panel (c). Overall, our findings suggest
that the proposed nonlinear quantum battery presents an inter-
esting quantum system for accumulating reasonable amounts
of energy and ergotropy.

5. DISCUSSION

We have discussed a class of two-component quantum bat-
teries built from quantum continuous variables. Some funda-
mental results for Gaussian states lead to the claim that all of
the energy stored in such a single-mode bosonic battery can be
extracted if the system is also in a minimum uncertainty state.
We have explored the consequences of this thermodynamic
rule for two example cases, one with linear charger—battery
coupling (where this rule applies universally) and the other
with a nonlinear charger—battery interaction (where the rule
can be applied within certain coupling regimes). In each sit-
uation we have judged the quantum energetic performance of
the battery in its charging phase, which is mostly describable
with short and insightful analytic expressions.

The more captivating case of the nonlinear quantum bat-
tery was inspired by degenerate parametric downconversion,
where a photon of frequency 2w is converted into two photons
(each of frequency w) [51, 52]. Thanks to the phenomenon
of quantum squeezing, a nontrivial quantum state of mini-
mum uncertainty is able to be reached within some parameter
regimes. This gives rise to the realization of a plausible en-
ergy storage device exploiting a decidedly non-classical phe-
nomenon, as well as one exhibiting an interesting coupling
nonlinearity.

We anticipate that our groundwork results should inspire
further and more sophisticated experimental and theoreti-
cal work on the (perhaps underappreciated) topic of bosonic
quantum batteries, especially as the wider field of quan-
tum energetics continues to develop at a rather impressive



pace [57, 58].
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