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Abstract. Let x denote a Laver real over L. We prove that in L[x] there
is a Π1

1 infinite mad family. Since Π1
1 and Σ1

2 sets are Laver measurable in
L[x], this shows that there are examples of well-behaved classical pointclasses
Γ, namely Γ = Π1

1 and Γ = Σ1
2, where Γ-uniformization and “all sets in Γ are

Laver measurable” hold, but there is a mad family in Γ. This result stands
in contrast to that in [19] it was obtained that for reasonable pointclasses,
the Γ-Ramsey property together with uniformization implies that there are
no mad families in Γ.

1. Introduction

A.D.R. Mathias classic paper “Happy Families” [14] connects in a remarkable
way (1) Ramsey-theoretic measurability properties for families of subsets of the
natural numbers ω, (2) the kind of forcing reals, now known as Mathias reals,
that arise from Mathias forcing, and (3) the combinatorial structures known as
mad families, that is, maximal almost disjoint families, of subsets of ω. The un-
derstanding of these connections have since been developed in many directions by
various authors, of which [1, 3, 5, 7, 8, 17, 22] are perhaps the most immediately
relevant to the present discussion.

The present paper is a contribution to the understanding of the connection
between (3) and the other two. Let us first discuss (3) and the forcing point of
view (2); some remarks about the measurability view follows afterwards. (The
precise definition the Mathias and Laver posets are reviewed in 1.1 below.)

One picture that emerges from Mathias’ and subsequent work can be sum-
marized as: Definable mad families do not co-exist happily with Mathias reals.
An illustration of this, which we will consider prototypical, and which can be
derived easily from the results of [19], is: If x is a Mathias real over L (Gödel’s
constructible universe), then there are no Π1

1 mad families L[x] (and then there
are no Σ1

2 mad families in L[x] either, by the trick in [21]).

By contrast, it turns out that definable mad families coexist just fine with some
other forcing reals, including, but certainly not limited to, Cohen and Random
reals; this is delightfully demonstrated in [7].
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Why this difference? The most obvious difference between the reals considered
in [7], which can coexist with definable mad families, and Mathias reals, is the
fast growth of the latter. The proof in [19] supports the suspicion that this is
important, though other properties of the Mathias poset, especially the Prikry
property (also called the “pure decision property”), also seem to play a role.

Among the classical forcing posets, the Laver poset is one whose generic reals
grow very fast, and Laver forcing also has the Prikry property. So the natural
question arises if Laver reals could replace Mathias reals in relation to the de-
finability of mad families. That is, can Laver reals coexist with definable mad
families, or are they similar to Mathias reals in that they do not allow such
coexistence?

The purpose of this paper is to prove the following theorem which shows,
somewhat surprisingly, that Laver reals on a very basic level can coexist with
definable mad families:

Theorem 1.1. Let x be a Laver real over L. Then there is an infinite Π1
1 mad

family in L[x].

One may take this theorem as an expression of that it truly is the Ramsey-
theoretic properties of Mathias forcing that make the proof in [19], and in turn
[6], work.

1.1. Forcing and measurability properties. There is a well-known connec-
tion between many classical forcing notions and measurability properties. The
best-known are of course the connection between Cohen forcing and the Baire
property, and Random forcing and Lebesgue measurability. The paper [2] ex-
pands this greatly by generally considering measurability notions associated with
so-called arboreal forcing notions, a general class of forcing notions to which all
considered here belong.

We keep here a narrow focus and consider only the measurability notions
associated with Mathias and Laver forcing, and refer to [2] for the general theory.
For the convenience of the reader, and for the purpose of fixing notation that
will later be used in relation to the Laver poset, let us set down the otherwise
well-known definitions of the Mathias and Laver posets:

Definition 1.2.
(1) The Mathias poset (originally defined in [13, 14], but see also [9, p. 524]),

denoted R, consists of conditions of the form (a,A) where a,A ⊆ ω, a is
finite and A is infinite, and a ⊑ A (meaning that a is an initial segment of
A, that is, max(a) < min(A\a)). The extension relation is (b, B) ≤ (a,A)
iff a ⊑ b and B ⊆ A.

(2) The Laver poset (originally defined in [11], but see also [9, p. 565]), de-
noted L, consists of all stemmed Laver trees, that is, infinite subtrees
p ⊆ ω<ω where there is unique s ∈ p (the “stem” of p) such that

(∀t ∈ p) t ⊆ s ∨
(
s ⊆ t ∧ t⌢i ∈ p for infinitely many i ∈ ω

)
.
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We will write s(p) for the stem of p. The ordering of L is inclusion, i.e.
p ≤ q just in case p ⊆ q (so the stem can grow longer, and above the stem
we may thin out the tree). If s(p) = ∅ (that is, p is “stemless”) is called
simply a Laver tree.

When G ⊆ L is a sufficiently generic filter (meaning that G meets
sufficiently many dense sets), then

xG
def=

⋃
p∈G

s(p)

defines an element of ωω. When G is M -generic for some transitive model
M , we say that xG is a Laver real over M .

The associated measurability notions are defined as follows:

Definition 1.3. (1) For each (a,A) ∈ R, define

[a,A] = {B ⊆ ω | a ⊏ B ⊆ A}.

Then a set X ⊆ [ω]ω is R-measurable iff it is complete Ramsey, that is,
if for all (a,A) ∈ R there is B ⊆ A such that

[a,B] ⊆ X or [a,B] ∩X = ∅.

Ellentuck’s theorem ([4], but see also [10, Theorem 19.?]) states that
being completely Ramsey is equivalent to having the Baire property in
the Ellentuck topology, whose basic open sets are [a,A].

(2) For each p ∈ L, let [p] denote the set of infinite branches through p. We
will say that X ⊆ ωω is Laver measurable if for all p ∈ L there is q ≤ p

such that
[q] ⊆ X or [q] ∩X = ∅.

A. Miller has shown [15] that when x is a Laver real over L then all Σ1
2 subsets

of ωω are Laver measurable (even in a very strong way). With this in hand we
can rephrase Theorem 1.1 in terms of measurability as follows:

Theorem 1.4. When x is a Laver real, then L[x] is a model of ZFC in which
all Σ1

2 sets are Laver measurable, but there is a Π1
1 mad family.

One may read this theorem as saying that for pointclasses Γ (in the sense
of Moschovakis [16]), Γ-Laver measurability and Γ-uniformization (the latter of
which the pointclasses Π1

1 and Σ1
2 have outright), are not enough to ensure that

there are no mad families in Γ. Contrast this with that, by [19] and [20], for
reasonable pointclasses it holds that the Γ-Ramsey property in conjunction with
Γ-uniformization does imply that there are no mad families in Γ.
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2. Proof of Theorems 1.1 and 1.4 from the “Main Lemma”

In this section we first introduce some more background on Laver forcing, and
we introduce a theorem due to A. Miller we’ll need. Then we state without proof
the “Main Lemma”, which is the main technical step of the entire proof, and
then see that Theorem 1.1 follows from the Main Lemma. (Theorem 1.4 follows
directly from Theorem 1.1.)

2.1. Notation and further facts about Laver forcing. (1) Recall that the
extension relation in L is inclusion, that is p ≤ q if p ⊆ q. We will write q ≤∗ p

just in case q ≤ p and s(q) = s(p) (that is, the stem is unchanged).
(2) Given p ∈ L and t ∈ p, we let p/t denote the tree consisting of all s ∈ p

that are compatible with t. Note that p/t is a stemmed Laver tree, whose stem
extends t.

(3) Laver forcing has the Prikry property (sometimes called “pure decision”,
see [9, 28.19]): If p ⊩ φ1 ∨ · · · ∨ φk, then there is q ≤∗ p and 1 ≤ i ≤ k such that
q ⊩ φi.

(4) Laver forcing has “continuous reading of names” for reals in the sense of
the following proposition:

Proposition 2.1. If τ is an L-name and p ⊩ τ ∈ ωω, then there is q ≤∗ p and
a continuous function f : [q] → ωω, such that q ⊩ f(xG) = τ . Moreover, we
can arrange that whenever q′ ⊩ f(xG)i = j for some i, j ∈ ω and q′ ≤ q, then
actually f(x)i = j for all x ∈ [q] with x ⊇ s(q′).

Sketch of proof. This is essentially a standard fusion argument, but since the idea
comes back again and again later, it is worth sketching how it goes.

Find a maximal antichain A0 ⊆ p in the tree p such that for every t ∈ A0
there is jt and qt ≤∗ p/t such that qt ⊩ τ0 = jt. Then for each t ∈ A0, find a
maximal antichain A1,t in qt such that for all t′ ∈ A1,t there is jt′ and qt′ ≤∗ qt/t

′

such that qt′ ⊩ τ1 = jt′ , and let A1 =
⋃

t∈A0 A1,t. Continue to “freeze” the values
of τ0, τ1, . . . in this way (using maximal antichains Ai+1,t ⊆ qt, where t ∈ Ai).
Then let

q =
⋂
i

⋃
t∈Ai

qt,

and for x ∈ [q] let f(x)i = jt iff x ⊇ t for some t ∈ Ai. □
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2.2. A theorem of Arnold Miller. For the proof of Theorem 1.1, an important
component comes from a theorem due to Miller, [15], which we will now recall.
In this context, a Hechler tree is a tree H ⊆ ω<ω such that for every t ∈ H, the
set

{i ∈ ω : t⌢i ∈ H}
is cofinite. (So a Hechler tree is a rather fat Laver tree). Given a Laver condition
p ∈ L, we call H ⊆ p a Hechler tree in p, if for all t ∈ H with t ⊇ s(p) we have
that

{i ∈ ω : t⌢i ∈ H}
is a cofinite subset of {i ∈ ω : t⌢i ∈ p}.

Theorem 2.2 (Miller, [15]). (1) Let A ⊆ ωω be an analytic set. Then either
there is a Laver tree p such that [p] ⊆ A, or there is a Hechler tree H such that
[H] ∩A = ∅.

(2) If A is Σ1
1 (lightface), then the following effective strengthening holds: Ei-

ther there is a ∆1
1 Hechler tree H such that [H] ∩A = ∅, or else there is a Laver

tree p such that [p] ⊆ A

Note that while (2) above is not stated explicitly in [15], it follows rather easily
from Miller’s proof, since the ordinal analysis in Miller’s proof can be carried out
within LωCK

1
. From Miller’s theorem we obtain the following analogue of [18,

Fact 3.3]:

Fact 2.3. (1) If A ⊆ ωω is an analytic set and

p′ ⊩L xG ∈ A,

then there is p ≤ p′ (indeed, p ≤∗ p′) such that [p] ⊆ A.
(2) If ψ(x, y) is a Π1

1 formula, then the set

{(p, a) ∈ L × ωω : p ⊩L ψ(xG, ǎ)}

is Π1
1.

Proof of Fact 2.3. (1) If there is no such p, Miller’s theorem gives us a Hechler
tree H ⊆ p′ in p′ such that [H]∩A = ∅. Since the statement ∀x ∈ [H] x /∈ A is Π1

2,
and therefore absolute by Shoenfield’s theorem, we must have that H ⊩ xG /∈ A,
which contradicts that H ≤ p′ and p ⊩ xG ∈ A.

(2) Fix a ∈ ωω, and consider the set

Aa,p = {x ∈ [p] : ¬ψ(x, a)},

which is a Σ1
1(a) set. Then it follows exactly as in (1), but now using the effective

version of Miller’s theorem, that p ⊩ ψ(ẋG, ǎ) if and only if there exists H ∈
∆1

1(a, p) which is Hechler in p and [H] ∩Aa,p = ∅.
Note that we now have:

p ⊩ ψ(xG, ǎ) ⇐⇒ (∃H ∈ ∆1
1(p, a) Hechler in p)(∀x ∈ H) ψ(x, a).

By the Spector-Gandy theorem (see, e.g., [12]) the right hand side gives the
desired Π1

1 definition. □
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2.3. Main Lemma and proof of Theorem 1.1. We now turn to the proof of
Theorem 1.1. The proof uses an idea similar to that of [18], but Laver forcing
does not fit the mould of the general theorems there, so we have to move much
more carefully. In particular, the proof only applies to almost disjointness, and
not to graph-theoretic discreteness in general, as was the case in [18].

The main technical step of the proof is establishing the following lemma:

Lemma 2.4 (The Main lemma). Let p ∈ L and suppose f : [p] → [ω]ω is
continuous. Then there q ≤ p and a continuous f̃ : [q] → [ω]ω such that ran(f̃)
is almost disjoint and f̃(x) ⊆ f(x) for all x ∈ [q].

We postpone the proof of the Main Lemma to the next section, and proceed
to use the lemma to prove Theorem 1.1.

Proof of Theorem 1.1, given the Main Lemma. We will define a Σ1
2 predicate φ(x)

which defines a mad family in L[r] (and in L), whenever r is a Laver real over
L. By [21], it then follows that there is a Π1

1 mad family in L[r]. We omit the
painstaking verification that the predicate φ is Σ1

2, as this follows exactly as in
[18], but using Fact 2.3 above in place of [18, Fact 3.3].

We work in L to define φ; and <L is used for the canonical well-ordering of L.
Let (pξ, fξ), ξ < ω1, be a Σ1

2 enumeration of all pairs of p ∈ L and f : [p] → [ω]ω
continuous. We will define by recursion on ξ < ω1 a sequence of almost disjoint
families Aξ, all of which will be Σ1

1.
To begin the recursion, let A0 be any Π0

1 infinite a.d. family. Suppose Aγ has
been defined for all γ < ξ, for some given ξ < ω1. If

pξ ⊩ (∀γ < ξ)(∀y ∈ Aγ)|f(xG) ∩ y| < ∞

then by Fact 2.3 there is p ≤∗ pξ such that

(∀x ∈ [p])(∀γ < ξ)(∀y ∈ Aγ)|f(x) ∩ y| < ∞.

Let (q, f̃) be the <L-least pair satisfying the Main Lemma for some such p and
f = f ↾ [p], and let Aξ = ran(f̃) ∪

⋃
γ<ξ Aξ. If no such p exists, then let Aξ =⋃

γ<ξ Aγ . It is straight-forward to verify that

A =
⋃

ξ<ω1

Aξ

is an almost disjoint family, and by an argument similar to that of [18], there is
a natural Σ1

2 predicate φ(x) defining A.
We claim that φ defines a mad family in L[r] whenever r is a Laver real. It

is clear that φ defines an almost disjoint family in L[r]. To see that φ defines
a maximal almost disjoint family in L[r], suppose, seeking a contradiction, that
this is not the case. Then there is some p ∈ L and some name σ for an element
[ω]ω such that

(1) p ⊩ (∀x)(φ(x) → |σ ∩ x| < ∞).
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Since Laver forcing has continuous reading of names (Proposition 2.1) we can
assume there is a continous function f : [p] → [ω]ω (in L) such that

p ⊩ f(xG) = σ.

Then there is ξ < ω1 such that (p, f) = (pξ, fξ). By Miller’s theorem, there is
p′ ≤∗ p we have

(∀x ∈ [p′])(∀γ < ξ)(∀y ∈ Aγ) |f(x) ∩ y| < ∞.

The Main Lemma ensures that for any such p′ there is (q, f̃) with q ≤∗ p′ (and so
also q ≤∗ p) such that f̃(x) ⊆ f(x) for all x ∈ [q] and ran(f̃) is almost disjoint.
Let <L-least such (q, f̃). Then by definition of A we must have that ran(f̃) ⊆ A.
But then q, and therefore p, can’t force that |f(xG) ∩ y| = ∞ for all y ∈ A since
in the forcing extension we must have that f̃(xG) ⊆ f(xG) and f̃(xG) ∈ A. So
p ̸⊩ (∀y ∈ A) |y ∩ f(xG)| < ∞, which contradicts (1). □

3. Proof of the Main Lemma

We now turn to the technical work of proving 2.4, the Main Lemma.

Note on notation: Elements of [ω]ω are infinite subsets of ω. Obviously, each
A ∈ [ω]ω corresponds to a strictly increasing function ω → ω : n 7→ An, where An

denotes the n’th element of A. Sometimes it is more useful to think of elements
of [ω]ω as strictly increasing functions, and sometimes it is more useful to think
of them as sets. To clearly indicate to the reader what the current viewpoint is,
we’ll write [ω]ω• for the set of strictly increasing functions ω → ω. The • is there
to remind the reader that we’re taking the function point of view.

Definition 3.1. Let p ∈ L, i ∈ ω, and let f : ωω → ωω be a continuous function.
We say that p decides f(xG)i if p ⊩ f(xG)i = j for some j ∈ ω.

Note that if f ∈ [ω]ω• and p decides f(xG)i, then, since Laver forcing has the
Prikry property, there is q ≤∗ p which decides all f(xG)k for k ≤ i. Moreover,
using Proposition 2.1, for any p ∈ L we can find q ≤∗ p such that whenever
p/t ⊩ f(xG)i = j, then then for any x ∈ [q/t] we have f(x)i = j.

3.1. Strategy for proving the Main Lemma. We now comment on the idea
behind the proof of the Main Lemma, as the proof is rather technical. For this
discussion, and for the later proof of the Main Lemma, we make the following
definition:

Definition 3.2. Let p ∈ L and f : [p] → [ω]ω• be continuous. We will call t ∈ p

an f -deciding node (in p) if for all p′ ≤∗ p and all i ∈ ω there is q ≤∗ p′ which
decides f(xG)i. That is, t ∈ p is f -deciding if for every i ∈ ω the set

{q ≤∗ p : q decides f(xG)i}

is ≤∗-dense below p.
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Looking now at the Main Lemma and what it will take to prove it, given
f : [p] → [ω]ω• , our job is to find a suitable q ≤∗ p and define f̃ : [q] → [ω]ω•
such that ran(f̃(x)) ⊆ ran(f(x)) and ran(f̃) is an almost disjoint family (when
identified with a subsets of [ω]ω).

At any given t ∈ p with t ⊇ s(p), we will ask if t is f -deciding or not. If it is,
then we can essentially obtain all the information we need about f “locally”, in
the sense that, for every i ∈ ω and q ≤∗ p/t, there is a condition qi ≤∗ q that
decides f(xG)i. But if t is not f -deciding, then there is some i0 that requires
us to look farther down the tree (below t) to find nodes that decide f(xG)i0 .
In this case, we will prove in Lemma 3.4 below that there is a wellfounded tree
T ⊆ p/t whose terminal nodes decide f(xG)i0 , and, crucially, we can arrange
that different terminal nodes of T decide values for f(xG)i0 that are different.

Using what was just observed, we will then construct (in Lemma 3.3 below) a
sequence of well-founded subtrees T0 ⊊ T1 ⊊ . . . ⊆ p, such that T∞ =

⋃
i∈ω Ti is

in L and T∞ ≤∗ p, and each Ti-terminal node of t ∈ tmnl(Ti) decides f(xG)ηt (for
some ηt ∈ ω) to be a unique value (that is, if t′ ̸= t are terminal nodes in Ti, Tj

respectively, then the values decided for f(xG)ηt′ and f(xG)ηt are different). As
observed after Definition 3.1, we can then find q ≤ T∞ such that for t ∈ tmnl(Ti)
there is ϕt ∈ ω so that for any x ∈ [q/t] we must have f(x)ηt = ϕt. Then we
define f̃ : [q] → [ω]ω to be

f̃(x) = {ϕt : t ⊆ x ∧ (∃i ∈ ω) t ∈ tmnl(Ti)}.

This f̃ will have f̃(x) ⊆ f(x), and since we have arranged that for t ∈ tmnl(Ti)
and t′ ∈ tmnl(Tj), if t ̸= t′ then ϕt ̸= ϕt′ we must have that f̃(x) ∩ f̃(x′) is finite
whenever x ̸= x′.

3.2. Proving the Main Lemma. The outcome of carrying out the strategy
outlined above, where one analyses what can be decided “locally” versus what
needs a further exploration of the tree, can be neatly packaged into the following
Lemma:

Lemma 3.3. Let p ∈ L and let f : [p] → [ω]ω• be continuous. Then there is a
sequence T0 ⊆ T1 ⊆ . . . ⊆ Tn ⊆ . . . ⊆ p of well-founded subtrees of p, such that
T∞ =

⋃
i∈ω Ti is a Laver condition with T∞ ≤∗ p, and such that for every i ∈ ω

we have:
(1) Every non-terminal node t ∈ Ti with t ⊇ s(p) has infinitely many imme-

diate extensions in Ti.
(2) Every terminal node in Ti has infinitely many immediate extensions in

Ti+1.
(3) There are functions ηi, ϕi : tmnl(Ti) → ω and ρi : tmnl(Ti) → L such

that for every t ∈ tmnl(Ti) we have
(a) s(ρi(t)) = t;
(b) ρi(t) ⊩ f(xG)ηi(t) = ϕi(t);
(c) Ti+1/t ⊆ ρi(t);
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(d) If t′ ∈ tmnl(Tj) for some j ∈ ω and ϕi(t) = ϕj(t′), then i = j and
t = t′.

Let us once again postpone the technicalities, and prove the Main Lemma
granted Lemma 3.3.

Proof of the Main Lemma. Let p ∈ L and let f : [p] → [ω]ω• be continuous. Let
(Ti)i∈ω and T∞, as well as ηi, ϕi, ρi, be as in Lemma 3.3. Let q ≤∗ T∞ be such
that when t ∈ tmnl(Ti), then for all x ∈ [q/t] we have f(x)ηi(t) = ϕi(t). That
such a q exists by remark that follows Definition 3.1.

Define f̃ : [q] → [ω]ω by

f̃(x) = {ϕi(t) : i ∈ ω ∧ t ⊆ x ∧ t ∈ tmnl(Ti)}.

Then f̃(x) ⊆ ran(f(x)) for every x ∈ [q] since f(x)ηi(t) = ϕi(t) whenever t ∈
tmnl(Ti). To see that ran(f̃) is almost disjoint, let x, x′ ∈ [q] and suppose x ̸= x′.
Let m ∈ ω be largest such x ↾m = x′ ↾m. If x ↾m ⊊ t ⊆ x and x′ ↾m ⊊ t′ ⊆ x′

and t ∈ tmnl(Ti), t′ ∈ tmnl(Tj), then part (d) of (3) in Lemma 3.3 guarantees
that ϕi(t) ̸= ϕj(t′). It follows that

f̃(x) ∩ f̃(x′) = {ϕk(t) : k ∈ ω ∧ t ⊆ x↾m ∧ t ∈ tmnl(Tk)}

which is finite since there are only finitely many t ⊆ x ↾m. Thus ran(f̃) is an
almost disjoint family. □

All that remains now is to prove Lemma 3.3. How the construction of Ti+1
from Ti in Lemma 3.3 will proceed below a given terminal t ∈ Ti will depend on
whether t is f -deciding or not. The next lemma will tell us what to do in the
case when it is not:

Lemma 3.4. Let p ∈ L, and let f : [p] → ωω be a continuous function. Suppose
there is i0 ∈ ω so that no q ≤∗ p decides f(xG)i0. Then there is

(1) a wellfounded tree T ⊆ p;
(2) an injection ϑ : tmnl(T ) → ω;
(3) a function ρ : tmnl(T ) → L with ρ(t) ≤∗ p/t for all t ∈ tmnl(T );

such that for every t ∈ T with t ⊇ s(p) we have:
(a) if t is terminal in T then ρ(t) ⊩ f(xG)i0 = ϑ(t).
(b) if t is not terminal in T , then no q ≤∗ p/t decides f(xG)i0.
(c) if t is not terminal in T , then t has infinitely many immediate successors

in T , and exactly one of the following hold:
(i) All immediate successors t′ ∈ T of t are terminal; note that in this

case ϑ({t′ ∈ T : t′ ⊃ t}) is infinite.
(ii) No immediate extension t′ ∈ T of t is terminal.

Proof. To start the proof, we claim the following:

Claim 1: Under the assumptions of the Lemma: There is a well-founded tree
T ′ ⊆ p such that

(1) if t ∈ T ′ and s(p) ⊆ t, then no q ≤∗ p/t decides f(xG)i0 ;
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(2) if t ⊇ s(p) is not terminal in T ′, then t has infinitely many immediate
extensions in T ′;

(3) if t ∈ T ′ is terminal then the set

At = {i ∈ ω : t⌢i ∈ p ∧ (∃q ≤∗ p/t⌢i) q decides f(xG)i0}

is infinite.
Proof of Claim 1: Let T ′ be a maximal subtree of p with s(p) ∈ T such that

(1) and (2) above hold. (That there is a subtree for which (1) and (2) hold is
clear: {t : t ⊆ s(p)} is such a tree.) We just need to see that then (3) also holds
for such a maximal T ′. But if (3) fails for some terminal t ∈ T ′, then there must
be infinitely many i with t⌢i ∈ p and no q ≤∗ p/t⌢i which decides f(xG)i0 , and
then clearly T ′ is clearly not a maximal subtree of p for which (1) and (2) hold.

Finally, to see that T ′ is wellfounded, suppose, seeking a contradiction, that
T ′ has an finite branch x ∈ [T ′]. Since f is continuous, there must be some
n ∈ ω such that f(z)i0 = f(x)i0 for all z ∈ [p/x↾n] (and we can of course assume
that n ≥ ℓh(s(p))). Then p/x ↾ n decides f(xG)i0 , contradicting x ↾ n ∈ T ′ and
x↾n ⊇ s(p). □Claim 1

Claim 2: With T ′ as in the previous claim we have: Given t ∈ T ′ terminal
and k ∈ ω, there are only finitely many i ∈ ω such that some q ≤∗ p/t⌢i decides
that f(xG)i0 = k.

Proof of Claim 2: Otherwise we can construct q ≤∗ p/t which decides that
f(xG)i0 = k, contradicting that t ∈ T ′. □Claim 2

Using the Claim 2, we can easily build T ⊇ T ′, as well as injections tmnl(T ) →
ω : t 7→ jt and tmnl(T ) → L : t 7→ pt, such that each terminal node of T is an
immediate extensions of a terminal node in T ′, and pt ≤∗ p/t is a condition such
that pt ⊩ f(xG)i0 = jt. □

Next we define the objects that we will need when we encounter a node in p

which is f -deciding.

Definition 3.5. Let p ∈ L and let f : [p] → [ω]ω• be continuous. A finite
sequence u⃗ ∈ p<ω will be called f -deciding if u⃗j is f -deciding for all j < ℓh(u⃗)
and s(p) ⊆ u⃗0 ⊊ . . . ⊊ u⃗ℓh(u⃗)−1. We denote by Γ = Γp,f the set of all f -deciding
sequences.

The next lemma is really a recursive definition.

Lemma 3.6. With p and f as in the previous definition: We can associate to
each (u⃗, i⃗) ∈ Γ × ωℓh(u⃗) the following objects:

(a) a Laver condition qu⃗,⃗i ≤∗ p/u⃗ℓh(u⃗)−1;
(b) a strictly increasing function gu⃗,⃗i : ω → ω;

such that the following holds:
(*) Given u⃗⌢v ∈ Γ and i⃗ ∈ ωℓh(u⃗)−1, the conditions qu⃗⌢v,⃗i⌢j, where j ranges

over ω, form a ≤∗-descending sequence of conditions below qu⃗,⃗i/s(v) such
that qu⃗⌢v,⃗i⌢j ⊩ f(xG)j = gu⃗⌢v,⃗i⌢j.
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Proof. The definition of these objects can be done by recursion on ℓh(u⃗). □

Remark. The objects defined in the previous Lemma are (in most situations)
not uniquely determined by the requirements in the Lemma, so for our purposes
below, we fix once and for all (u⃗, i⃗) 7→ (qu⃗,⃗i, gu⃗,⃗i) so that Lemma 3.6 holds.

The last preparatory step for the proof of Lemma 3.3 is the following essentially
obvious proposition:

Proposition 3.7. Let A = {Ai : i ∈ ω} be a countable family of infinite subsets
of ω. Then there is a countable family B = {Bi : i ∈ ω} of infinite subsets of ω
such that

(1) (∀i ∈ ω) Bi ⊆ Ai;
(2) Bj ⊆ Ai implies that i = j;
(3) the family B consists of pairwise disjoint sets.

We will call a family B as in the previous proposition a disjoint refinement of
the family A.

Proof of Lemma 3.3. For use in the proof, we first define some auxiliary objects:
(1) For t ∈ p with s(p) ⊆ t, let u⃗(t) denote the maximal sequence with

s(p) ⊆ u(t)0 ⊊ u(t)1 ⊊ . . . ⊆ u(t)ℓh(u(t))−1 ⊊ t which is f -deciding (and
let u⃗(t) = ∅ if no s(p) ⊆ u ⊆ t is f -deciding).

(2) When t is f -deciding then we associate to t the objects qu⃗(t),⃗i and gu⃗(t),⃗i
for each i⃗ ∈ ωℓh(u⃗(t).

(3) When t is not f -deciding then for each i⃗ ∈ ωℓh u⃗(t), we associate to t

the objects Tt,⃗i ⊆ qu⃗(t),⃗i/t, and ϑt,⃗i : tmnl(Tt,⃗i) → ω, as well as ρt,⃗i :
tmnl(Tt,⃗i) → L, that we obtain by applying Lemma 3.4 with qu⃗(t),⃗i/t

playing the role of p in that Lemma.
(4) For every t ∈ p with t ⊇ s(p) and i⃗ ∈ ωℓh(t), the sets At,⃗i ⊆ ω are defined

by

At =

ran(gu⃗(t),⃗i) if t is f -deciding;
ran(ϑt,⃗i) if t is not f -deciding.

(5) Let A = {At : t ∈ p ∧ s(p) ⊆ t}, and let B = {Bt : t ∈ p ∧ s(p) ⊆ t} be a
disjoint refinement of A.

(6) Letting n = ℓh(s(p)), for each t ∈ p with t ⊇ s(p) we define

i⃗t = ⟨minBt↾n,minBt↾(n+1), . . . ,minBt⟩.

To prove Lemma 3.3, we define wellfounded trees T0 ⊊ T1 ⊊ . . . ⊆ p recursively
as follows: Let T0 = {t : t ⊆ s(p)}. If Ti has been defined (and is wellfounded),
then define for each t ∈ tmnl(Ti) a wellfounded subtree Ti,t ⊇ p/t as follows:

Ti,t =

{r ∈ p/t : r ⊆ t ∨ (∃k) r = t⌢k ∈ qu⃗(t),⃗it
} if t is f -deciding;

Tu⃗(t),⃗it
if t is not f -deciding.



12 SCHRITTESSER AND TÖRNQUIST

Let Ti+1 =
⋃

{Ti,t : t ∈ tmnl(Ti)}. Then (1) of (2) of Lemma 3.3 clearly hold. To
define ηi, ϕi : tmnl(Ti) → ω and ρi : tmnl(Ti) → L, let ϕi(t) = minBt, let

ρi(t) =

qu⃗(t),⃗it
if t is f -deciding;

ρt,⃗it
if t is not f -deciding,

and let ηi(t) ∈ ω be such that ρi(t) ⊩ f(xG)ηi(t) = ϕi(t). Clearly (a) and (b) of
(3) in Lemma 3.3 hold. An easy induction on i ∈ ω shows that (c) also holds.
Finally, for (d), note that ϕi(t) ∈ Bt, so since B consists of pairwise disjoint sets,
(d) holds. □
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