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ABSTRACT. Fomin, Kratochvil, Lokshtanov, Mancini, and Telle showed that
every Cy-free graph is reconstructible from the multiset of closed neighbor-
hoods. We strengthen their result proving that every Cy-free graph is recon-
structible from the set of closed neighborhoods.

This extends the work of Lafrance et al. by showing that all Cs-free graphs,
and hence all graphs of girth at least five, are reconstructible from their digitally
convex sets. A subset S of vertices in a graph G is digitally convex if, for every
vertex v ¢ S, there is a private neighbor of v. We establish that reconstruction
from digitally convex sets is equivalent to reconstruction from the set of closed
neighborhoods.

1. INTRODUCTION

Throughout this paper, we use the terminology in [3], and all graphs are sim-
ple and finite. Let G = (V, E) be a graph and S be a vertex subset of G. The
(open) neighborhood Ng(v) of a vertex v in G is the set of vertices that are ad-
jacent to v. We drop the subscript when the host graph is clear from the con-
text. The closed neighborhood Ng[v] of v in G is the set {v} U Ng(v), and the
closed neighborhood Ng[S] of a set of vertices S in G is Ng[S] = U,ecsNg[v].
Given a graph G, the open neighborhoods of G, denoted by N(G), is the multiset
{Ng(v) : v € V(G)}. Analogously, the closed neighborhoods of G, denoted by N[G],
is the multiset {Ng[v] : v € V(G)}. For a multiset M, we define the support of M,
denoted by supp(M), to be the set of elements with positive multiplicity in M. In
particular, supp(N[G]) = {M C V(G) : M = NJv| for some v € V(G)}.

Reconstructing a graph from its partial information dates back to the 1940s.
A graph G is reconstructible from a parameter p(G) if, for every graph H, the
equality p(G) = p(H) implies that G = H. We say a labeled graph G is strongly
reconstructible from a parameter p(G) if, for every labeled graph H on the same
vertex set as G, the equality p(G) = p(H) implies that G = H. Let G be a
graph with vertex set V and edge set E. For each vertex v € V, the induced
subgraph G — v is called a vertex-deleted subgraph of G. The deck of a graph G
is the multiset D(G) of isomorphism classes of all vertex-deleted subgraphs of G.
The famous reconstruction conjecture by Kelly [8] and Ulam [10] states that every
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graph G on at least three vertices is reconstructible from its deck D(G). Harary [6]
suggested a stronger conjecture saying that every graph G on at least four vertices is
reconstructible from the support of its deck supp(D(G)). Both conjectures remain
open; see [2,7,11] for more information.

Beyond these two famous reconstruction conjectures, there has been extensive
research on reconstructing graphs from other graph parameters. In particular, when
G is a labeled graph, the question extends to whether the original labeled graph
can be uniquely determined from a parameter p(G); that is, whether G is strongly
reconstructible from p(G). Some studies focus on determining when a graph G
is reconstructible from its open neighborhoods N (G). First, we note that not all
graphs are reconstructible from their open neighborhoods. Consider a 6-vertex cycle
Cs = v102v30405v6v1 and a disjoint union of two triangles 2K3 = v1v3v5+v2v4v6 (Se€
Figure 1). Tt is straightforward to check that they are non-isomorphic but have the
same open neighborhoods. Aigner and Triesch [1] showed that the decision problem
of whether a given multiset is the open neighborhoods of a graph is NP-complete,
and they proved that each forest F' is reconstructible from the open neighborhoods
N(F). Hammack and Mullican [5] proved that a graph G is reconstructible from
its open neighborhoods if and only if G is a cancellation graph. Moreover, they
provided some sufficient conditions for a graph to be reconstructible from its open
neighborhoods.

4 6

FIGURE 1. Two non-isomorphic graphs that have the same set of
open neighborhoods.

Analogously, it is natural to ask when a graph G is reconstructible from its
closed neighborhoods A[G]. We also note that there are infinitely many pairs of
non-isomorphic graphs that share the same multiset of closed neighborhoods. For
instance, the graphs K3 3 and the triangular prism C3[0K5, with the vertex labelings
shown in Figure 2, have the same multiset of closed neighborhoods.

Let H be a graph. A graph is H-free if it does not contain H as an induced
subgraph. Fomin et al. [4] studied the complexity of the realizability problem on
the multiset of closed neighborhoods. They showed that for a graph H € { Py, Ci},
where Py, C} are paths and cycles on k vertices respectively, given n subsets S =
{51,52,...,8,} of an n-element set V, it is polynomial-time solvable to determine
whether there is an H-free graph G with N'[G] = S for k < 4, and NP-complete for

2
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FIGURE 2. Two non-isomorphic graphs that have the same set of
closed neighborhoods.

k > 4. Their proof for Cy-free graphs implies that every Cy-free graph is strongly
reconstructible from its closed neighborhoods. For the sake of completeness, we
provide an alternative proof of this result in Section 2.

Theorem 1.1 (Fomin, Kratochvil, Lokshtanov, Mancini, and Telle [4]). If G is a
Cy-free graph, then G is strongly reconstructible from its closed neighborhoods N'|G).

We prove the following stronger result.

Theorem 1.2. If G is a Cy-free graph, then G is strongly reconstructible from
supp(N[G]).

This reconstruction problem was initially motivated by a problem arising in dig-
ital convexity. A convezity € on a finite set V is a collection of subsets of V' such
that {0, V} C € and € is closed under intersection. For a graph G, a set S of ver-
tices of G is digitally conver if, for each v ¢ S, there is a vertex = in N[v]\ N[S]. We
call such a vertex x a private neighbor of v with respect to S. The digital convezity
2(G) of a graph G is the collection of all digitally convex sets of G. One may easily
check that the set of digitally convex sets of G is a convexity of V(G). Lafrance,
Oellermann, and Pressey [9] studied when a graph G is strongly reconstructible
from its digital convexity 2(G). They showed that every tree T is strongly recon-
structible from 2(T'), and they also pointed out that their proof methods could be
generalized to graphs with girth at least seven.

Theorem 1.3 (Lafrance, Oellermann, and Pressey [9]). Every tree T is strongly
reconstructible from its digital convezity 2(T).

The following equivalence demonstrates the correspondence between digitally
convex sets and closed neighborhoods of vertex subsets.

Proposition 1.4. Given a graph G, a vertex subset S is digitally convex if and
only if there is a vertex subset A such that N[A] =V (G)\ S.

Proof. If S is digitally convex, then let A = V(G) \ N[S]. It is straightforward to
check that N[A] = V(G)\ S.

Conversely, for each vertex v not in S, there is a vertex a € A such that v € N|a].
Because N]a]NS = (), we know a is a private neighbor of v with respect to S. Hence
S is digitally convex. O

Note that for a graph G, the set supp({N[A] : A C V(G)}) consists of all possible
unions of the sets in supp(N[G]). Thus, from supp(N[G]) one can easily recover
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supp({N[4] : A C V(G)}), and hence recover Z(G). However, the converse is not
straightforward. In this paper, we establish the following result.

Theorem 1.5. A graph G is strongly reconstructible from its digital convezity 2(G)
if and only if G is strongly reconstructible from supp(N[G]).

Therefore, by Theorem 1.2 and 1.5, we improve Lafrance, Oellermann, and
Pressey’s results.

Theorem 1.6. If G is a Cy-free graph, then G is strongly reconstructible from its
digital convezity 2(G).

In [9], Lafrance et al. asked whether the girth of a graph G can be determined
from its digital convexity Z(G). We resolve this question affirmatively for graphs
with girth at least five.

Corollary 1.7. If G is a graph with girth at least five, then G is strongly recon-
structible from its digital convezity 2(QG).

However, if G contains an induced Cy, the digital convexity 2(G) may not
uniquely determine the girth of G. For instance, as shown in Figure 2, the graph
K3 3, which has girth four, and the triangular prism, which has girth three, have
the same digital convexity.

The remainder of this paper is organized as follows. In Section 2, we provide an
alternative proof of Theorem 1.1, along with observations on graphs with the same
multiset of closed neighborhoods. Section 3 introduces the notion of union basis,
which we apply in Section 4 to prove Theorems 1.2 and 1.5.

2. AN ALTERNATIVE PROOF OF THEOREM 1.1

Before presenting the proof, we note that Theorem 1.1 is equivalent to the fol-
lowing.

Theorem 2.1. Suppose G and H are two distinct graphs such that N|G] = N[H].
Then both G and H contain an induced Cy.

If N[G] = N[H] for two graphs G and H, then G and H have the same vertex
set V' and there is a permutation o of V such that o(v) = w implies Ng[v] = Ng[u].
Define the orbit of v with respect to o, denoted by O, (v) (or simply O(v) when o
is understood from context), as the set {v,o(v),0%(v),...}. Note that the orbits
partition the vertex set V. Because V is finite, we have |0, (v)| < oo and O, (v) =
O,-1(v) for each v € V. First we make the following elementary observation.

Observation 2.2. Let G and H be two graphs on the same vertex set V' such that
N[G) = N[H]. Suppose that o is a permutation of V such that o(v) = u implies
N¢[v] = Ng[u]. Then the followings hold.

(i) If a € Nglb], then a € Ng[o(b)], and

(ii) if c € Ny[d], then ¢ € Ng[o~1(d)].

Lemma 2.3. Suppose G and H are two graphs such that N|G] = N[H]. Then
[E(G)| = |E(H)|.
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Proof. Tt is straightforward to verify that the number of edges in both graphs is

1 1
B@)|=5 Y degglv)=5 > (M|-1)
veV(G) MeN[G]
1 1
=5 > (M-1)=5 Y degy(u)=|E(H).0
MeN[H] u€V (H)

The next lemma characterizes the structure inside each orbit.

Lemma 2.4. Let G and H be two graphs on the same vertex set V' such that
N[G] = N[H]. Suppose that o is a permutation of V such that o(v) = u implies
Ng[v] = Nglu], and O(v) is the orbit of a vertex v with respect to o. Then O(v)
induces a clique in both G and H.

Proof. We show that, for an arbitrary integer 7 and a positive integer k, the ver-
tex o(v) is in the closed neighborhood of o'**(v) in both G and H. We apply
induction on k for each i. For the base case k = 1, since Ng[o?(v)] = Ng[o*t!(v)]
contains both o%(v) and o**1(v), it is clear that o%(v) € Ng[o'™!(v)] and ot(v) €
Nglot(v)].

Now suppose that, for each integer 4, the vertex o?(v) is in the closed neighbor-
hood of o7 (v) in both G and H for all j < k. Since o'(v) € Ng[o"tF~1(v)] =
Nglot*(v)], we know o'(v) is in the closed neighborhood of ¢**(v) in H. More-
over, since o't (v) € Ng[o™*(v)] by the inductive hypothesis, we know o+¥(v) €
Ng[ot1(v)]. By Observation 2.2, 0*t*(v) € Ng[ot(v)], and equivalently, o*(v) €
Ng[o*+t¥(v)]. Therefore, since O(v) is finite, every two distinct vertices in O(v) are
adjacent. Thus, O(v) induces a clique in both G and H. O

Proof of Theorem 2.1. Suppose, on the contrary, that at least one of G and H
does not contain an induced Cy. Without loss of generality, we may assume that
H is Cy-free. Since G and H are distinct graphs on the same set of vertices and,
by Lemma 2.3, have the same number of edges, G is not a proper subgraph of
H. Tt follows that G has an edge ab that is not in H. Let o be a permutation of
V =V(G) = V(H) such that o(v) = uw implies that Ng[v] = Ny[u]. By Lemma 2.4,
it is clear that O(a) and O(b) are disjoint. We show by induction that

2.4.1. in the graph H, for every pair of positive integers i and j,
(i) oi(a) is adjacent to b,
(ii) o’ (b) is adjacent to a, and
(iii) o'(a) is adjacent to o7 (b).

For the base case i = 1, since a is adjacent to b in G, by Observation 2.2, o(a) is
adjacent to b and o(b) is adjacent to a in H. Moreover, since a is not adjacent to
b in H and, by Lemma 2.4, O(a), O(b) form cliques, we know o(a) is adjacent to
o(b) in H, otherwise there is an induced Cy4 in H on the vertices a,o(a), b, o(b).

Now suppose that the claim holds for all i < s and j < t. Since 0 (a) is
adjacent to o(b) in H, by Observation 2.2, 0°~!(a) is adjacent to b in G. Similarly,
o'=1(b) is adjacent to a in G. Therefore, by Observation 2.2, o%(a) is adjacent to b
and o'(b) is adjacent to a in H. Since a is not adjacent to b in H and H does not
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contain an induced Cy, we know o*(a) is adjacent to o*(b) in H. Thus, 2.4.1 holds.

However, since both orbits are finite, there are two positive integers x, y such that
o0*(a) = a and ¢¥(b) = b. By 2.4.1, 0%(a) is adjacent to ¢¥(b) in H, contradicting
the fact that ¢ and b are not adjacent in H. O

3. UNION OF CLOSED NEIGHBORHOODS

Recall that, given a graph G, the set supp({N[4] : A C V(G)}) consists of all
possible unions of the sets in supp(N[G]). We denote the set supp({N[4] : A C
V(G)}) by UNIG)).

Observation 3.1. Suppose G is a graph. Then U(N[G]) can be determined from
supp(N[G]).

From U(N[G]), we can determine the inclusion relation between N[A] and N[B]
for each pair (A, B) of vertex subsets.

Lemma 3.2. Let G be a graph and let A and B be sets of vertices of G. Then
N[A] C N[B] if and only if ANM # 0 implies BN M # Q for all M € UN|G]).

Proof. Suppose that N[A] C N[B], and M is a set in U(N[G]) such that ANM # (.
Let S be a set of vertices in G such that M = N[S]. Suppose that a is a vertex
in AN M. Then there is a vertex © € S such that a € AN N[z]. Then, z €
Nla] € N[A] C N[B]. Clearly, there is a vertex b € B such that x € N[b] and thus
b€ N[z] C M. Therefore, BN M # 0.

Suppose that N[A] € N[B]. Let + € N[A] \ N[B] and M = N[z]. Then
ANM # 0 and BN M = 0. O

As a direct consequence, from U(N[G]) we can recognize whether the closed
neighborhoods of two vertex subsets are equal or not.

Corollary 3.3. Let G be a graph, and let A and B be sets of vertices of G. Then
N[A] = N[B] if and only if

ANM#0 <= BNM #10
for all M € UN[G)).

Given a collection X of sets, we denote the set { |J X : X’ C X'} by span(X).
Xex’
Given a finite collection A of sets, we say that A is spanned by another collection

B if A C span(B). Note that the relation is transitive, which means that if A is
spanned by B and B is spanned by C, then A is spanned by C. A subcollection B
of A is called a union basis of A if A is spanned by B and is not spanned by any
proper subset of B.

Proposition 3.4. There is a unique union basis for every finite collection A.

Proof. We construct a sequence Ag, A; ..., A of subcollections of A as follows.

(i) Let Ay = A.



(ii) For all ¢ > 0, if there is a set A € span(A4;\{A4}), then let A, 1 = A;\ {A},
otherwise
(iii) let k =4, and terminate the sequence.

Since A is finite, the sequence will terminate in a finite number of steps. It is
straightforward to see that Ay is a union basis of A.

To prove the uniqueness, suppose that B; and Bs are two distinct union bases
of A. Without loss of generality, we assume that there is a set A € B; \ Ba2. Since
Bs is a union basis of A, there is a subcollection {Bj, Ba, ..., By} of By such that
A =By UByU---UBy. Note that A ¢ By, so B; C A for all i € {1,2,...,k}.
Moreover, since B; is a union basis of A, and {By, Ba,...,Br} C A, we know
{Bi1, Bs, ..., By} is spanned by By \ {A}. Therefore, A € span(B; \ {A}) and By is
spanned by B; \ {A}. By transitivity, A is spanned by By \ {A}, a contradiction.
Therefore, the union basis is unique. O

A vertex subset S of a graph G is called a set of base vertices of G if {N[v] : v € S}
is the union basis of supp(N[G]).

Lemma 3.5. Given U(N|G]) of a graph G, one can find a set of base vertices of
G.

Proof. Given U(N[G]), by Corollary 3.3, for each pair of vertex v and vertex subset
A of G, we can determine whether N[v] = N[A] or not. We construct a sequence
So, 51, .., Sk as follows.
(i) Let Sy = V(G).
(ii) For all ¢ > 0, if S; contains a vertex v such that N[v] = N[A] for some
A C S;\ {v}, then let S;11 = S; \ {v}, otherwise
(iii) let k = 4, and terminate the sequence.

It is straightforward to see that Si is a set of base vertices. ]

The next result follows immediately from the previous lemma and Observa-
tion 3.1.

Corollary 3.6. Given supp(N|G]) of a graph G, one can find a set of base vertices
of G.

We remark that a graph can have different sets of base vertices, despite the
uniqueness of the union basis, since there may exist different vertices with the same
closed neighborhoods that are in the union basis. For example, if G is a complete
graph K, for some n > 2, then every single-vertex set is a set of base vertex, and
there are n such sets.

4. PROOF OF THEOREMS 1.2 AND 1.5

In this section, we prove Theorems 1.2 and 1.5. We first define some concepts and
notation that we will use. Let G be a graph and let v be a vertex of G. To blow up
v into a clique of size k, we first delete v from G, and then add a set {vy,va,...,vx}
of new vertices that are mutually adjacent. For each i € {1,2,...,k}, we make v;
adjacent to every vertex in Ng(v). For vertex subsets S; and Sy of a graph G, the
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set Eg[S1, S2] is the set of edges in G that have one endpoint in S; and the other
endpoint in Ss.
We prove the following result.

Theorem 4.1. Suppose that G is an induced-subgraph-closed class of graphs, and
G is strongly reconstructible from N[G] for all G € G. Then G is strongly recon-
structible from supp(N'[G]) for all G € G.

Proof. Given supp(N[G]) of a graph G in G, by Corollary 3.3, for each pair of
vertices u and v, we can determine whether Ng[u] = Ng[v] or not. For each pair
of vertices u and v, we define the equivalence relation u ~ v if Ng[u] = Ng[v]. Let
Vi, Va, ..., Vi be the equivalence classes of V(G) with respect to ~. It follows that

4.1.1. V4, Vo, ..., Vy, are determined from supp(N[G]).

Clearly, in G, every such equivalence class induces a clique. Note that if a set
A in supp(N[G]) intersects V; for some i € {1,2,...,m}, then V; C A. For each
A € supp(N[G]), we define

A={V;:V;CAandic{1,2,...,m}},
and let S be the collection {4 : A € supp(N[G])}. Clearly,
4.1.2. S is determined from supp(N[G]).

Note that, for each i € {1,2,...,m} and each pair of vertices a and b in V,
the closed neighborhood Ngla] of a equals the closed neighborhood Ng[b] of b.
Therefore, E¢[V;, V;] is either complete or empty for all j € {1,2,...,m}\ {i}. Let
G’ be the graph on vertex set {Vi,Va,...,V;,} where V; and V; are adjacent in G’
if and only if Eg[V;,V;] is complete.

Next we show that

4.1.3. S=N[F].

Note that S equals the set {Ng[v] : v € V(G)}. Moreover, Ng[z] = Ngly]
if 2 ~ y. For each i € {1,2,...,m}, choose a representative vertex v; from the
equivalence class V. It suffices to show that Ng[v;] = Ng/[Vi].

Suppose V; is adjacent to V; in G’. Then there is a vertex « € V; adjacent to a
vertex y € V; in G. Hence, E¢[V;, V] is complete, V; C Nglv;], and so V; € Ng[v;].
Moreover, V; C Nglv;], and V; € Ng[v;]. Thus, Ng/[Vi] C Ng[vi].

Conversely, suppose V; € Ng(v;]. If j =4, then V; = V; € Ng/[V;]. Otherwise
j # 1, and there is a vertex z in V; that is adjacent to a vertex y in V;. Hence V; is
adjacent to V; in G', so V; € Ng/[V;]. Therefore, 4.1.3 holds.

Note that G’ can be obtained from G by deleting all but one vertex in each
equivalence class with respect to ~. Since G belongs to an induced-subgraph-closed
class G, it follows that G’ € G as well. Hence G’ is reconstructible from S, which
equals N[G’]. To obtain G from G’, we blow up each vertex v; into a clique of
size |V;| and label the new vertices by the elements of V;. By 4.1.1 and 4.1.2, we
conclude that G is reconstructible from supp(N[G]). O
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Since Cy-free graphs form an induced-subgraph-closed class, Theorem 1.2 follows
immediately from Theorems 1.1 and 4.1. The following example illustrates the
reconstruction process of the Cy-free graph G shown in Figure 3.

FiGure 3. A Cy-free graph G.

Example 4.2. We are given the support supp(N[G]),
{{1,2,3,4,5,6,7,8}, {1,2,3,6}, {1,2,3,4,6,7,8}, {1,3,4,7,8}, {1,5}},

of the closed neighborhoods of a Cy-free graph G, and we proceed to reconstruct G
as follows.

(i) By Corollary 3.3, for every pair of vertices x and y in G, we can determine
if they have the same set of closed neighborhoods. Let x ~ y, if Ng[z] =
N¢ly]. We partition V(G) into the following equivalence classes,

{1}, {2.6}, {3}, {4,7,8}, {5}.
(i) Let Vi = {1},Va = {2,6},V3 = {3}, V4 = {4,7,8}, and V5 = {5}. From
supp(N[G]), we define the collection S as

{{Vi, Vo, Vs, Vi, Vs }, {Vi, Vo, Va}, {Va, Ve, Va, Vi), {Va, Vs, Va}, {V1,V5}}.

We know S equals N'[G’'] for some Cy-free graph G.
(iii) By Theorem 1.1, we can reconstruct G’ from S as shown in Figure 4.

Va

4
Vs Vs

Va

FIGURE 4. G’ can be reconstructed from S, which equals N[G’].



(iv) To complete the reconstruction of G, for each i € {1,2,3,4,5}, we blow up
V; into a clique of size |V;| and label the vertices by the elements of V;. The
resulting graph is G. |

It remains to complete the proof of Theorem 1.5.

Proof of Theorem 1.5. Let G be a graph with vertex set V. By Proposition 1.4,
U(NIG]) is precisely the set of complements of the sets in Z(G). Suppose that
G is reconstructible from 2(G). Given supp(N[G]), by Observation 3.1, we can
determine U(N[G]) and hence determine 2(G). Therefore, G is reconstructible
from supp(N[G]).

Conversely, suppose that G is reconstructible from supp(N[G]). We argue by
induction on |V(G)|. For |V(G)| = 1, the statement is trivially true. Suppose that
the graph G has at least two vertices and the statement holds for every graph G’
of order less than G.

Given 2(G), we can determine U(N[G]). By Lemma 3.5, we can find a set S
of base vertices of G. Let G’ be the subgraph of G induced on S. If S = V(G),
then G’ = G and supp(N[G]) = N|G] = {N[v] : v € S}. Since G is reconstructible
from supp(N[G]) by assumption, then G is reconstructible. If S C V(G), then
G’ is reconstructible from supp(N[G']) = {N[v] : v € S}. For each vertex v €
V(G)\V(G"), there is a subset A of S such that Ng[v] = Ng[A4]. By Corollary 3.3,
the closed neighborhood of every vertex in G can be determined. Therefore, G is
reconstructible from 2(QG). O

CONCLUDING REMARKS

In this paper, we have shown that every Cy-free graph is strongly reconstructible
from either of the support supp(N[G]) of its closed neighborhoods or its digital con-
vexity Z(G). Indeed, the class of Cy-free graphs is the maximal induced-subgraph-
closed class in which every graph is reconstructible from its set of closed neighbor-
hoods. To see this, first we observe that every induced-subgraph-closed class that is
not a subclass of the class of Cy-free graphs must contain Cy4 as a member. However,
a labeled Cy is not strongly reconstructible from its set of closed neighborhoods.
Figure 5 shows all three distinct labelings of Cy, each having the same set of closed
neighborhoods.

4 3 3 4 4 2

FIGURE 5. Cy4 with three different labelings.

On the other hand, the Cy-free condition is not necessary for such reconstructions.
For instance, it is straightforward to verify that the graph in Figure 6 is the unique
graph whose set of closed neighborhoods is

{{1,2,4,5}, {1,2,3}, {2,3,4}, {1,3,4}, {1,5}},
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and that G contains an induced C4. Therefore, providing a precise characterization
of graphs that are reconstructible from the support of their closed neighborhoods
remains an open problem.

4

FIGURE 6. G contains an induced Cj.
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