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Abstract

In this paper, we study non-supersymmetric O(16) x O(16) heterotic theory on an AdSs x S x T*
background, finding a family of vacua parameterized by a pair of flux integers. Adding the one-loop
scalar potential to the effective theory contributes positively to the cosmological constant, but we find
that there is no uplift to de Sitter for any values of the fluxes. We study the fluctuations around these
vacua and show that all scalar and tensor modes from the six-dimensional effective theory lie above the
Breitenlohner-Freedman bound. The moduli coming from the torus compactification will also be above

the bound, at least for a large range of fluxes.
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1 Introduction

We have known for the last two and a half decades that the universe is expanding with an accelerated
expansion [1]. One way to explain this observation is to assume that our universe has a positive cosmological
constant, making it a de Sitter universe. Since string theory is a proposed framework for fundamental
interactions, one expects to have some string construction that gives stable (or at least long lived) de Sitter
vacuua. After decades of studies (see [2-13] for a sample) we have learned that this is not an easy task [14,
15]. Some have questioned if string theory even has de Sitter vacua [16-18]. In addition, there are some
results that prohibit a de Sitter construction in certain scenarios [5, 19, 20] or question the validity of
existing proposals [21] . For most of the attempts that we have mentioned above, supersymmetry is found
at the string scale, but one has to break supersymmetry at low energies (e.g. by fluxes [22]) if one needs
a phenomenologically relevant model. Instead, it is interesting to ask about models where (spacetime)
supersymmetry is broken already at the string scale.

Of course string theories without spacetime supersymmetry are under less control than supersymmetric
string theories. Although we will maintain supersymmetry on the world-sheet, the lack of supersymmetry in
spacetime introduces a number of potential issues that need to be approached cautiously. In supersymmetric
backgrounds, the dilaton ¢ will often remain a flat direction (i.e. with no potential) but without supersymme-
try, quantum corrections can and typically will generate a potential for ¢. If it’s not stabilized, the dilaton can
run away to strong coupling (breaking perturbation theory) or zero coupling (making the model unrealistic).
Additionally, non-supersymmetric string theories often suffer from tachyons in their spectrum, and hence
perturbative instabilities, which are not present in supersymmetric models. Finally, there are conjectures
that non-supersymmetric AdS' is unstable (the instability may be perturbative or non-perturbative) [23, 24]
but there are some counterexamples which may challenge this claim [25-27].

Despite the fact that it is hard to get rid of tachyons in non-supersymmetric models, people have come up
with perturbatively stable string models where supersymmetry is broken at the string scale. These models
include the closed string O(16) x O(16) heterotic string theory [28-30] and two orientifold models i.e. the
USp(32) Sugimoto model [31] and the U(32) model [32, 33]. All of these models can be constructed by
starting with one of the tachyon-free supersymmetric string theories and then breaking supersymmetry with
some orbifold/orientifold. For a review of these models, see [34, 35].

When working with one of these string theories, one can consider the one loop correction to the potential
in the effective field theory (which was absent in supersymmetric string theories) and hope that if one starts
with an AdS spacetime, this one-loop contribution may uplift the cosmological constant from a negative
value to a positive value, giving us a tachyon free de Sitter construction. Moreover, one has to check whether
the scalars present in the effective gravity model go below the Breitenlohner-Freedman (BF) bound when the
one-loop effects are included. To check these two things, [36] performed an analysis for AdSs x S3 x §3 x S1,
making use of the analysis performed in [37]. It was found that neither the uplift to deSitter nor a violation
of the BF bound take place. Later, [38] found eight tachyon-free maximal symmetry enhancement points in
the circle moduli space, but they were all unstable.

In this paper, we repeat the analysis for a AdS3 x S% x T* background and study the spectrum around
a critical point in the T* space. In our construction, there are two Hs fluxes (ni,n5) on AdSs and S3
respectively. At tree-level, the string coupling is frozen at the following value

2 v|ns|
95 = Gmyim] (1.1)
where v is the volume of 7% in string units. In the n; — 0 limit, g, blows up. However, as can be seen
in (3.19), g, is stabilized at a finite value for n; = 0 when we add the one loop correction, which is the same
behavior as seen in [36]. Therefore, for n; = 0, we have intrinsically quantum vacua for different values of
ns, but we will find that strictly in this limit we run in to trouble with scalars from the 7% moduli dropping
below the BF bound. Addressing the question of whether the one-loop potential can uplift the tree-level
vacuum to de Sitter, we conclude that this uplift never happens for the T compactification. The analysis
of fluctuations around the vacuum solution reveals that there are no tachyons below the BF bound or other
perturbative instabilities coming from the six-dimensional supergravity fields, and, at least for a range of
fluxes, there are no tachyons below the BF bound coming from the torus moduli either.

This paper is structured as follows: In section 2, we derive the tree level potential and find its extremum
to find the values of g, and the cosmological constant A. In section 3, we include the one loop correction to
the potential (assuming that the size of AdSs x S is much bigger than T%) and find the one loop corrected



results for g; and A. We also explore different limiting cases in this section. In section 4, we perform the
perturbative stability analysis and find that there are no scalars that violate the BF bound. In the appendices
we present some lattice sum calculations to show that a square torus at self-dual radius is an extremum of
the scalar potential, and to compute the magnitude of the one-loop contribution for this specific case.

2 Tree level analysis

Adopting the conventions of [36], the tree level action of O(16) x O(16) non supersymmetric heterotic theory
is
1
S= o [dPre 2¢«/_(R+ 4(96)? - —|H3|2 - 7|F2|2) (2.1)
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where ¢q is the vev of the dilaton, which means that ¢ in the action is a fluctuation with zero vacuum
expectation value i.e. (¢) =0. The line element for AdS3 x S x T* is

ds?o = d5,24ds3 + e2XdQ§ + ezadszw, (2.2)

where eX is the radius modulus of S and e is the volume modulus of T*. dQZ is the metric on S® with
radius L (and volume 27%L3). Compactifying on S® x T4, the volume integral measure becomes
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where g3 is the determinant of the metric on AdS3; and

2
"0 . (2.4)
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If we go to the Einstein frame using g3 = V™23, we get the following two terms from the Ricci scalar term in
(2.1)

fd% w——g?,R:fd3x¢—_g?,(é3+v-2R7). (2.5)

The second term will be required to construct the tree-level potential. R; is given in terms of the radius of

the sphere as follows
6
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Now, let’s attend to the Hj field. The magnetic flux H3" is the H3 flux wrapping the S which is quantized
as
1 2a/ns 5 24a"ni 4
WszgL:n5 = Hgn:?ﬁss = |H§n| :Te X, (27)
where n5 € Z and egs is the volume form for the S? of radius L. To determine the electric Hs flux (i.e. HS),
we determine the Poincaré dual flux Hy first. The correct Poincaré dual in this case is Hy = *(e 2% H3) (since
this is the 7-form that is closed by the equation of motion), and its quantization condition is
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where vol(T*) is written as va'? with v a dimensionless parameter. Moreover, eps is the volume form for T4,
Transforming back to Hf we get
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Now, the potential term in the Einstein frame comes from the following three terms
1 . 1 - 1 1
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resulting in

Viree(d,X,0) = V7> —%ﬁx - ML,#&GX + V*Qmi‘)‘# (2.11)
The partial derivatives of this potential are given as
0pVivee = — 7864(2;2X+¢) (3L4v2e4("+2”) - 5129371%71’80/26% - ngvzaaes") , (2.12)
Ox Viree = W (2L%0%e* 270 — 256¢2nInSa%e? — nZv?a/2e7), (2.13)
0o Viree = W (3L4v264(2‘”>‘) -512ginindae? —nZv?a?e®7). (2.14)
v

Note that we haven’t set any of the moduli to zero yet. We also note that 204V + 0,V = 0 since the ¢ and o
dependence only comes through the factor e 247 in V. Setting the derivatives in (2.13) and (2.14) to zero
with vanishing fluctuating moduli (i.e. ¢ = x = o = 0) results in

L* =nia”, (2.15)
2 vlns|
gs = — . 2.16
@] (2:10)
The value of the potential for ¢ = x = o0 =0, at the extremum is
2
Vmin = 5 (217)
a/|ns|
which in turn corresponds to a cosmological constant
1 1
A3 = 7Vmin == . (218)
2 o |ns|

This Ag is negative.
The value of v depends on the volume of the 7% on which we compactify. A particular case is a square
torus at the self-dual radius, in which case v = (2r)* and we have;

gz

sl (2.19)

ni

3 One loop correction

3.1 One loop corrected potential

To include the one-loop effects, we need to find the one-loop correction to the potential, given by integrating
the genus one partition function of the O(16)xO(16) heterotic string compactified on T* over the fundamental
domain of the genus one moduli space. We will assume that the fluxes are such that the AdS length scale and
the radius of S are much bigger than the self-dual radius, which enables us to approximate the AdSs xS xT*
background by a R'5 x T* background. The six-dimensional cosmological constant for compactifications on
RY5 x T is given as follows (following [38] with d = 4)

1 d’r
Ao :_W[FT%Z(T). (3.1)

Alternatively we can interpret this as a contribution to the six-dimensional scalar potential,

1
—fdﬁx\/—gAG:—Q—zfde\/—g VO, (3.2)
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When we compactify (3.2) on S3, we get

/ &S /=g VO = _ (2 213) f B =g VO = - / Ba /=g X VO, (3.4)
Going to the Einstein frame, this term becomes
f B /g V3 VO, (3.5)

resulting in the following one-loop potential in three dimensions

253
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where the dimensionless quantity A is defined as

(27r) ()3 d*r
A= - f Z(7). (3.7)

On general grounds we expect A to be an order one number. Indeed, the value of A for the square torus is
calculated in Appendix C, yielding A ~ 1.565.

The one-loop contribution to the potential is given in (3.6). The new potential is V' = Viyee + Vi—1o0p. For
¢=x=0=0,the 0,V,0,V,0,V derivatives being zero give equations

2(2m)%gon? 3(2m)* Ngo LY
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where L, and g, are the radius of the sphere and string coupling that solve (3.8), (3.9), and (3.10). To
simplify, we will set v = (2m)*%, its value for the square torus at self-dual radius. The v dependence can easily
be restored later by rescaling g2, since v only appears in the combination (27)%g2/v.

We notice that the 9,V and 9,V equations are the same. If we use (3.8) and (3.9) to get rid of the g2LS
term, we get

2 4 2
a_[nigs  2n5\ p 2 1 2
L°‘(3+3)“ = 05 = [ V/3LE ~ 20703, (3.11)

Therefore, we now have to solve (3.8) and (3.11) for L2 and g2. Moving the g2L6 term in (3.8) to one side,
then squaring both sides of the equation, and then using (3.11) to substitute g} in terms of L2 yields a quartic
equation for L2, which can thus be solved exactly. The physically relevant branch solution for L2 is given by

1/2
18v/3 n2a’6 60n2 An2
G [30/2”5 V3 (u + ) \/6“1 ~ 32 wﬁluj (”é -5 )] Ty 260,
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with the solution for g2 then given by (3.11). These results are plotted in Figure 1, and show that the
quantities are well-behaved for the whole range of available fluxes. The qualitative behavior is essentially the
same as what was observed in [36] for the AdSs x S3 x S x S' compactification.
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Figure 1: Plots of L,, g, and Vi, against logn; for different values of ns given in the legend.

Note that if we look at the ratios of one-loop to tree-level quantities, § = g,/gs and L= L,/L, then
these only depend on the parameters A, n;, and ns through the combination s := An2/|n;|. The limit s — 0,
corresponding to sending A - 0 and hence turning off the one-loop potential (but which can also be viewed
as either a large |nq| or small |ns| limit, holding other quantities fixed), recovers the tree-level results.

We can expand (3.12), (3.11) and (3.20) as corrections to the tree-level solution, L? = o|ns|, g% =
(v/(2m)")|ns/n1|, Az = =1/(a’|ns|). The small s expansions can be written as
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Note that the expansion parameter can also be expressed in terms of the tree-level quantities and \ as

_/\n5 (277) gzL2

(3.18)
ni|  w o

Of course, trusting the corrections beyond first order in s may seem suspect since at that point we should
presumably include two-loop corrections to the effective action. In fact, we will argue below in section 3.3
that these corrections can be meaningful as long as nj is large. It is also worth noting that the —1/4 appearing
in the first order correction in Az, is identical (for v = (27)*) to the result found in [36].

3.2 Large s limit

The other limit, s — oo is also of interest. We can think of this as a limit in which we turn off the electric
flux, sending n; — 0. At tree-level, this limit is badly behaved, with the string coupling diverging and no
solution available in the strict n; = 0 limit. Once we include the one-loop contribution, however, the situation
improves; the divergence in g, gets cut off, and the quantities g,, L,, and Vi, all asymptote to constant
non-zero values in this limit (corresponding to the left-hand side of the plots in Figure 1). In [36] these were
referred to as intrinsically quantum solutions.

The large s expansions of (3.12) and (3.11) are as follows

2 3 261 3 1 21 2115
Liz[a'|n5|(1+sz— ’4+...), g2 = ,7(1_73*2+ 4+...). (3.19)
3 8 128 2 |Ans| 8 128
The corresponding cosmological constant in the ny — 0 limit is
1 2 1 1
hm Azo= lim | -———] = lim L2+ Ao | —\/g <0, (3.20)
n1—0 n1—0 LAdS,o n1—0 2a/ 2 2 |n5|a’

which is negative. Therefore, we do not find an uplift to de Sitter.



3.3 Scaling arguments and higher corrections

Let’s take a moment to briefly present some scaling arguments and comments about corrections that we have
neglected. At tree-level, we find curvatures of AdSz and S3 that go like Riemann ~ 1/(a/|ns]), and a string
coupling that scales as g, ~ [ns/n1|'/2. These are obtained by minimizing the effective potential Viyee, (2.11),
and at the minimum the various terms in V;;ce, due to curvature, magnetic flux, and electric flux, are all of
the same order, 1/(ca/|ns|).

Now we add in the one-loop correction to the effective potential, which goes like (recall that A is an order
one dimensionless number, so we suppress it) g2/a’. If we assume that it doesn’t shift the minimum much,
then this scales like s/(a'[ns|), where s ~n2/|n;|. As long as s is small, then the assumption that this won’t
shift the minimum much will be valid. So if we take flux numbers satisfying |ni| > n? > 1, then both s
and the curvatures (in string units) will be small. In this regime, the terms we have neglected include both
higher-derivative corrections such as o(Riemann)?, as well as higher loop contributions that go like g*/o/,
the leading genus-two contribution to the effective potential, and also terms that are higher order in both
the o’ and g, expansions. These neglected terms scale as

o' (Riemann)® ~ pE (3.21)
5
4 2
g s
g 2 (3.22)
5

So if we indeed have |n;| > n2 > 1, then these terms are all suppressed by at least an extra factor of 1/|ns|.

But we claim that the situation is actually even better than this; we don’t actually need s to be small.
In this case the one-loop correction to the potential does shift the location of the minimum by a significant
amount, but the shift remains finite. Even in the s - oo limit discussed in section 3.2, we find curvatures
that still scale as Riemann ~ 1/(a'|ns|) and a string coupling that goes as g, ~ |ns|""/2. As s interpolates
between 0 and oo, these values change monotonically. Even in this large s regime the neglected higher order
terms scale as

o (Riemann)” ~ —, (3.23)
an5
4
1
9s 5. (3.24)
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Comparing to the terms in Vi, which for large s will scale as either 1/(a/|ns|) (for curvature and magnetic
flux contributions) or 1/(a/|ns|s?) (for the electric flux contribution), we see that, as long as |ns| is large,
regardless of the value of s, it is reasonable to drop the higher order terms.

4 Stability analysis

4.1 Vacuum solution

In this section, we will study fluctuations around the previously determined background solution in the
effective six-dimensional gravitational theory. Our analysis follows earlier work, specifically [36, 37, 39]. The
effective action in six dimensions takes the form

1 _ 2 1 2 1 2 1 2 2)\_92 1
Se = fd6 — 2¢(R 4(0 I = SN AN S ) )_ S e, 043' 4.1
6 22 T/ g[e +4(09) 12| 3 4| o 2| ol "~ GHapoto (4.1)

Here gp/n is the six-dimensional metric, ¢ is the dilaton, Hpy;nyp is the three-form field strength in six
dimensions, F},, are the field strengths for the twenty-four vector fields (sixteen from the gauge fields of
the ten-dimensional theory, and eight more from reducing the metric and B-field on T%), and ¢ are the
eighty scalars coming from the Narain moduli of the (20,4) signature lattice. The indices M run over the
six dimensions of space-time. The one-loop contribution includes the six-dimensional cosmological constant
piece A := 2\g?/a’, as well as the mass terms for the o® (so in particular all of the eigenvalues of s Wwill
have an explicit factor of g2).

Note that we normalize the string coupling gs = g such that the field ¢ has zero vacuum expectation
value. Similarly, the fields ¢ will have zero VEV, and we only keep the terms in the action quadratic in



these fields. They can then be chosen so that their kinetic terms are canonically normalized and their mass
matrix pepg is diagonal. We call these, along with the three-dimensional scalars constructed from the vectors
A%, the free scalars, while the scalars coming from ¢, gy, and Byy are coupled scalars. Since we will be
seeking vacuum solutions in which ¢® = 0 and Aj; = 0, we can essentially drop those fields from the rest of
the analysis.

The equations of motion for ¢, gyrn and By are then (setting the free fields to zero)

1 1

0=v™Vno+ B |Hs)* = VM ¢V ar 0, (4.2)
1 1 1

0= Zgumn (R +4vPVpe - 4(0¢)° - 5 |Hs|? - 62¢A) —RunN-2Vn VNG + ZHMPRHNPR, (4.3)

0= VP (€_2¢HMNP) . (44)

We look for vacuum solutions where ¢ = 0, the metric is that of AdSs x S® with scales L AdS,o and L, for
AdS3 and S® respectively, and with a background H-flux

2 2
€3 + ——€g3, (45)

H =
’ L 4ds,o L

where €3 and egs are the volume forms for AdSs of radius Lags. and S3 of radius L.. In particular this
implies that

24 24
\Hs|” = HY NP Hyynp = ot (4.6)
Ads,o o
2
R/ﬂ/ = - 12 Guv (47)
AdS,o
R,q =0, (4.8)
2
Rab = fggaba (49)
and 6 6
R=- + =, (4.10)
Lids,o L52>

where we now use Greek indices for the AdS; directions and latin indices for the S° directions. With this
ansatz the B-field equations and block off-diagonal metric equations are satisfied. The dilaton equation
simply implies that R = $|H3|27 and the metric equations within the AdSs; and S® blocks are satisfied
provided that

1 2 2 1 2 2
O=—A+—-—5—, 0=—A-—+—. (4.11)
2 L?ﬁlds,o ‘Cids,o 2 Lg ‘Cg
These equations let us rewrite all the length scales in terms of L.,
-2 2 1 -2 2 1 -2 2 1
Lygs.o="Ls" - ZAa L7=L"+ ZAv Lyas,.0 =L - 51\- (4.12)

This also implies that R = %A, |H3|? = 18A which is consistent with what we found earlier.

Of course as we saw in section 2, quantization fixes £ 445, and L, in terms of the flux numbers n; and
ns respectively, as well as o’ and g, (and the volume v of the four-torus). The relevant expressions are as
follows

L3v
Lads,o = Tomta/g2n, (4.13)
LS
Lo=—> (4.14)
a'ng

Therefore, the above relations allow us to determine L, and g, in terms of n; and ns. However, for the
analysis in this section it is more convenient to keep everything in terms of L, and® A = 2\g2/a’.

I This six-dimensional cosmological constant should not be confused with the three-dimensional cosmological constant given
by Az o=-L2s =—(L;%2-3A)
Y 3,0 AdS,o o 4/



4.2 Torus moduli

The one-loop contribution to the scalar potential is (3.6), which includes a factor of the integrated genus-one
world-sheet partition function, , ,
Vidoop =~ [ L7 7(r;0). (1.15)
a'v
Here we have indicated explicitly that the partition function depends on some moduli ¢®. For a T* compact-
ification, these are the eighty moduli of the (20,4) signature lattice of the Narain compactification, consisting
of ten metric moduli, six B-field periods, and 4 x 16 = 64 Wilson line moduli. Note that although the dimen-
sionless torus volume v also depends on the moduli o, the combination g2/v does not (that combination is
fixed purely in terms of the fluxes), so the true ¢ dependence is entirely through the partition function.

In order to have a vacuum solution, we must sit at a critical point of this potential in the Narain moduli
space. In appendix D we show that for the square torus at the self-dual radius, all the first derivatives of
the potential with respect to ¢® vanish (in fact we show the stronger result that the first derivatives of the
partition function Z(7;0%) vanish even before integrating over the fundamental domain). In a forthcoming
article we will argue for the existence of several other critical points and compute both the value of the
potential (i.e. \) as well as the Hessian matrix which determined the masses of the fields o for each of them,
as well as checking for so-called knife edge solutions [29, 38]. In the present work we will perform a less
quantitative analysis.

The masses of the torus moduli will then depend on finding the eigenvalues of the Hessian at the critical
point, but will certainly be of the form ,

m2 =20y, (4.16)
a'v
where ji, is a dimensionless number, independent of the fluxes n; and nz. Although we do not expect that
our critical points will be true minima of the scalar potential, meaning that at least some of the p, numbers
will be negative numbers, the important question is whether the squared masses land above or below the BF
bound, i.e. whether

2 2
2 LAdS,ogo

Lias.ome [ > —1. (4.17)

a'v
Near tree-level, this condition becomes
s'uTa > —(2m)*, (4.18)

so for sufficiently small values s, all the torus moduli scalars will be above the BF bound (we’re assuming here
that our critical point is not a knife edge for which some directions are automatically unstable, regardless of
the Hessian eigenvalues). For the large s limit, the condition becomes

2 3(2m)™*
-1< lim L% g,m2 =21/ S|nsla’ 3 (2m) e
2 Alns|

8§—00 3

- 2“7“ > —(2m)*%. (4.19)

So in this case, stability depends on the precise value of the most negative eigenvalue pi,. Preliminary investi-
gation seems to indicate that, at least for the square torus and some other critical points, that this inequality
is violated for some eigenvalue i, and hence the intrinsically quantum solution is not perturbatively stable;
rather there is some maximum value of s, or equivalently minimum value of n;, beyond which an instability
develops. In subsequent work we will explore this behavior in more detail.

4.3 Perturbations

Now we consider fluctuations around this vacuum solution. We need to expand the fluctuations of the six-
dimensional gravitational fields. Besides the dilaton ¢, we have the metric and the B field. For the metric
we write

5g;w = H;w + MQW, 5gua = Suav 5gab = Kup + Ngap, (420)

where H,,, and K, are traceless, ¢"" H,, = g™ K4, = 0. For the B field we take
0By = €, U?, 0Ba = Cha, 0Bap = €apcVE, (4.21)

where €, and €q5c are the antisymmetric tensors (i.e. volume forms) on AdSs and S3 respectively.



We will impose a Donder-Lorentz-like gauge on the diffeomorphisms and B-field gauge transformations,
demanding that
VSua=0,  V'Kw=0, V°Cua=0, V[V =0. (4.22)

Next we expand each of our equations of motion, (4.2), (4.3), and (4.4), to linear order in the fluctuating
fields, using the gauge condition to simplify slightly. Collecting the results together and using notation
Op = V#V,,, Op = V*V, for the Laplacians on AdS; and 53 respectively, we find the following.

Dilaton:

1 1 3A 1 1 1
0=- 2M +3N -4 —0,(3M +2N -4¢)-— (M+N)—- yH! JVE-——Vv, U¥, (4.23
4|:|0( + ¢)+4D ( + ¢) 8 ( + ) 4Vllv +2£OV 2£AdS,OVIL ( )

g Trace component:

12M 3A 3
0= o + 22 (M 43N - 49) - V,U" — 0o(M + 3N - 4¢)
Liaso 4 L ads,0
1 3
+ SV HM - V=30, (M + N -26), (4.24)

g Traceless component:

4
0= L27H’W - VuVy (M +3N —4¢) + QVPV(NHV)p - (0o +0z)H
AdS,0
1 2
+ 0w B0 (M +3N ~46) = 20, VoV, H, (4.25)

gdap Trace component:
0= —4L%N + % (3M =3N —4¢) + LAys .V, U = 0o (M + N - 2¢) + %VMVVH””
+ LIV V- % O, (3M + N - 4¢), (4.26)
gap Traceless component:
0=2V,VuS"p) = (00 + Oz = 2L,%) Kap = V(a V) (3M + N - 4¢), (4.27)

Yua cOmponent:

3A
0= ?sw - (00 +04) Spa + Vo VaH,” 2L, V, Vo + V,uV,8 4 =2V, Vo (M + N - 2¢)
+ 2[’21&9,0 (EILV[)VPCU(J, + V!IU/L) - 2£;1 eabcvccluby (428)
B,, component:
0=Lays,V" (3M = 3N +4¢) - v*v,U" - 0, U", (4.29)
B,, component:
0=2L,'v,S" —ggVC - €, V, VP CH — L3IV (BM - 3N - 4¢) - VeV, V', (4.30)
B,,, component:
A
0= (5 —0Op — D$) Cua + VMVZICVII + 2£;41dS706M)\VvVS)\a - EM)\VVVVU,[]A - 2£;1€U«bcvcsﬂb' (431)

4.4 Spherical harmonics

Next we will expand each of these fields in spherical harmonics on S®. We recall that a scalar field on S°
can be expanded in harmonics Y49, ¢ > 0, vector fields can be expanded in terms of Y“*? and v,V (0,
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£ > 1, and symmetric traceless two-tensors can be expanded in terms of Ya(f’ﬂ), V{aYb(}z’il), and V{avb}Y(AO),
£ >2. We have also introduced notation for traceless symmetrization,

Tapy = %Tab + %Tba - %gabTCC' (4.32)
The spherical harmonics satisfy some identities,

0, Y40 = — L 20 (0+2) YO, (4.33)

vaYa(e,ﬂ) -0, (4.34)

O, V) = — L2 (2 +20-1) YD), (4.35)

€YD = £ L7 (4 1) Y, (4.36)

gV =0, (4.37)

VY, =0, (4.38)

0, Y = L2 (24 20-2) v 2. (4.39)

We use O, = V*V, to denote the Laplacian on S% and Og = V#V, to denote the Laplacian on AdSs. We also
have low ¢ properties

VYO0 -0, vvy vV -0, vy Y =0 (4.40)

We will expand each of our fields in this basis, e.g.

o= 3 Oy (4.41)
£=0

Spa = i (SEDYED 4 gDy E-D) | g0 g y () (4.42)
=1

K = Z (K(é,z)ya(lfﬂ) +K(e,—2)ya(f,—2) n K(Z’I)V(QY;)()Z’U +K(z,—1)v(ayb()e,—1) n K(z,o)v{avb}y(m))_ (4.43)
=2

Note, however, that once we impose our gauge conditions (4.22), some of the terms in this expansion will go
away, specifically we will have Sff’o) =0 and K& = g0) = 0, C’l(f’o) =0, and vl -,

4.5 Residual gauge transformations

We can also consider six-dimensional diffeomorphisms with parameter ¢ and six-dimensional B-field gauge
transformations with parameters Ay;. We will work only to first order in fluctuations or gauge parameters.
Expanding in spherical harmonics the diffeomorphism parameters have components

€= Z §ff’o)Y(£’0), (4.44)
=0
¢ - i(g(l,l)yﬂ(&l) 4 DY D) | (L0 gy (t0) (4.45)

~
I

1

Under these gauge transformations we have in particular

S0 = Vo + Vaby = Z (vug(&l)ya(&l) i vﬂg(frl)ya(f,—l) i (Vuf(z’o) 4 6/5&0)) VaY(Z’O)), (4.46)
=1
(£,0) _ (€,0) _ _ (£,0) s
so to preserve the gauge S, =0, we must have £, = -V ,£'5", £> 1. Similarly,
_ _ S 2,1 (£,1) £,-1 £,-1) 2,0 2,0
0K b = 2V (o) = 2; (6CDvY Y + ey + 00y v, YD), (4.47)

which preserves our chosen gauge only if £(61) = ¢(6=1) = ¢(6.0) — ( for ¢ > 2. The only surviving diffeomor-
phisms are

g, = €00y 00 _g c(10)y (10) £, = QDY A 4 oDy (oD L (L0 g y(1,0), (4.48)

11



Turning to the B-fields, we’ll focus first on the B-field gauge transformations with parameters

Au= A0y B0, (4.49)
£=0
Ao = i (AEDY D L A\EDY 6D L AE0 g yh0)) (4.50)

~
Il
Juy

Under these transformations we have

[}

0Cha = Vira = Vadu = 3 (v, AEDYED 4 g AEDY 67D 4 (9 A0 _\E0) gy (60)) (4.51)
l=1

Demanding that (5C’ff’o) =0 then requires that )\ELE’O) =V, A0 for £> 1, but this just means that the (£,0)
parts of the gauge transformation comprise an exact one-form and so drop out of all gauge transformations.
We will set )\,(f’o) and A9 to zero for ¢ > 1 henceforth.

Similarly,

SV = e vy, = L8 (0+1) (AEDy (D 2 EDy (D) (4.52)
=1
so preserving the gauge condition that V&*1) = 0 requires A“*1) = 0 as well, for £ > 1. The only residual
B-field gauge transformations are the (0,0) ones, A, = ALO’O)Y(O’O).

The B-fields also have vacuum expectation values (corresponding to the H-fluxes that wrap AdSs and
S3), so the fluctuations will also transform under the residual diffeomorphisms found above. In order to
preserve the gauge conditions on these fields, the diffeomorphisms must be paired with compensating B-field
gauge transformations. The final form of the B-field fluctuation transformations is most easily determined
by demanding that the equations of motion remain invariant.

Putting everything together, these residual transformations have non-trivial actions on the following fields,

58 = v,,e(=) (4.53)
JOM*D = 5 L,L71v,e0+D, (4.54)
2
OH" = ~ 2V, 0,600 + 29,00 640, (4.55)
2
5M(110) - — g o 5(1’0)’ (456)
SN0 = _97-2¢(1,0) (4.57)
sV (1,0) = 2/_";1§(170)’ (4.58)
SUSMD = = 2L5055 v, (4.59)
and
2
SHL = Tl + V00 - 20, 7€, (4.60)
2

SsM 0.0 _ gvﬂfﬁo’o), (4.61)
SUOD) _ ok, (00 4 ¢ rog, \00) (162

4.6 Spectrum

Plugging these expansions into the equations of motion, we can extract the coefficients of each spherical
harmonic structure.

e (£,+2): This structure only appears in the traceless g, equation. Reading off the coefficient of Ya(f ’i2)7
£ > 2 gives the equation
0=- (0o~ L2 (0 +2)) K\“=2). (4.63)

In other words, the modes of K, give rise to scalar fields in three dimensions with masses m? =

L320(¢+2), which are all positive.

12



Y(é,il)

b) in the traceless g, equation,

e (£,+1): For £ >2, we get one equation from the coefficient of V(,
0=2v+S{H*D, (4.64)
while the coefficients of Ya(e’il), £>1, in the g,q, Ba, and B, equations give,

0= -0pS* + v, v S oLl ¢ 6,7, O

+ (L;2 (Z+20-1)+ §A) S Lop-test (0+1) CD), (4.65)
2 M 7
_op-1 (£,£1) | 7-1 (1)

0=2L" VIS, L (L+1) VIO, (4.66)

0= — DOC‘L(LE,il) 4 vﬂvuclgl,il) _ zﬁzld&oe#upvysél,il)

_ A 1

. (L[,2 (2+20-1)+ 5) C* oLt £t (04 1) SO0, (4.67)

So for £ > 2 we have V“Sff’il) = V“C’ff’il) =0, and remaining equations

_ ) _ 3 1A
00S* = — 2L 6 e, 0V, CLED +(L02(£2+2£—1)+§A) SUED Lor Lt (0+1) O, (4.68)

1
00CE=D = — 207k 6,77V, 8¢ + (L;2 (2+20-1)+ 5A) CU*D Lor71 et (0+1) S+ (4.69)

For ¢ =1 we don’t have the equation that imposes V“S,Sl’il), but we do have a residual gauge trans-
formation with parameter £(*1) that can be used to impose this as a gauge condition, resulting in the
same two equations as above but setting £ = 1. It would be interesting to do a more detailed analysis
of the stability implications of these vectors.

e (£,0) scalars: Let’s start with the scalar fields in three dimensions. We’'ll drop the (¢,0) superscripts
on all fields, but it should be understood that we are only working with these modes. Additionally, we
will rescale the field V', defining?

V=LV (4.70)

For ¢ > 2 the (¢,0) piece of the traceless g, equation tells us that
SM+ N —4¢=0, (4.71)

which can be used to eliminate ¢. The (¢,0) part of the B, equation tells us that the one-form U, is
closed in AdSs, so we can locally write it as a gradient of a scalar field u, U, = L4450V u. Of course,
this v is only defined up to constant shifts. Finally, by taking the divergence of the (¢,0) part of the
9ua €quation we get

VHVYH,, =00 (-M + N +2V - 2u). (4.72)

Substituting these into the equations for the dilaton, the g,, trace, and the gq; trace respectively, we
get the following equations

1.1 1.1 3 3

= “N-= L720(0+2 (—7N—7 ) A(“M“N), 4.

0 D0(4 2V)+ Sl(e+2) 1 2V + S S (4.73)
0= uo(SM—2N+V—4u)+12L;2M-L;2£(6+2)(gM-gN-w)+A(—LQ5M+§N), (4.74)
0= 0oV -4L2N - L20(£+2)V - AN, (4.75)

The (¢,0) part of the B,y equation is redundant, being equivalent to the g, trace equation above. The
B,,, equation becomes

0=V, [-0ou+L?(6M-2N)+L20(£+2)u+A(-3M +N)]. (4.76)

2Not to be confused with the V appearing in (2.4).
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Figure 2: The four eigenvalues for the ¢ = 2 mass matrix plotted against logns for ny = 10. On the left of the
diagram (corresponding to small values of n?/n;) the eigenvalues approach their tree-level, or supersymmetric,
values for which L% ;5 ;m?* are £(£-2) =0 and (£+2)(£+4) = 24 in this case. To the right (large values of
nZ/n1) the eigenvalues split and asymptote to another set of values (see section 4.7 for further discussion).
Although one eigenvalue is negative, it remains above the BF bound L124dS,om2B r = —1 for all values of the
fluxes. For £ > 2, all four eigenvalues are positive for the whole range of fluxes.

The solution here is that the quantity in square brackets must be a constant, and we can use the
constant shifts in u to set that constant to zero. Combining this with the three equations above, we
can rearrange to get the mass matrix,

M\ (8a+b-3A IA 3b S0\ (M
N 3A 8a+b+IA 4b O || N
- 2 2
Dol y) 0 sarh b oollv] (4.77)
U 6a — 3A —2a+ A 0 b U
where we have defined,
a=L7%  b=L;2(+2). (4.78)
If we work to tree level, setting A =0 and L, = L, then the eigenvalues of this mass matrix are
m?=mi=L"2(-2), m3=mi=L2+2)({+4), (4.79)

which for £ > 2 are all non-negative and hence well above the Breitenlohner-Friedmann bound of —L~2.
Once we incorporate one loop effects we can either solve for the eigenvalues numerically, or we can
write the eigenvalues as expansions,

2 2 )\gngf 2 2
Llasemis = £(0-2) + 22— (£ 42+ VP +16) + O(N), (4.80)
L, 20/ (£ +1)
AgZL? (£ +2
LAgsomiy= (£+2)(£+4) + M (£ +40+6+ V0 +360+52) + O(N?). (4.81)

Here the expansions have been written so as to easily compare with the Brightenlohner-Friedmann
bound of m%, = _Lfds,o‘ The quantities on the right-hand side are the tree-level values (L? = a/|ns|,
g% = (v/(27)*)(ns/n1)). The full numerical results for a range of fluxes are plotted in Figure 2 for £ = 2.
Note that the combinations L?MS,OmZ2 only depend on the fluxes ni and ns through the combination
n2/n1, so it’s enough to fix one of the fluxes (say n1) and vary the other. For £ = 2, one of the eigenvalues
is negative, but remains above the BF bound, while for ¢ > 2 all four eigenvalues are positive. We note
that the numerical solutions for Lidsyom2 asymptote to constant values both in the small ns limit,
where we recover the tree level results (¢ —2) and (£ +2)(£ +4), but also in the large ns limit. This
is of course equivalent to the n; — 0 limit discussed previously, and will be examined more closely in
section 4.7.

For ¢ =1 the analysis is almost the same. We no longer have the equation 3M + N — 4¢ = 0 coming
from the traceless g, equation, since that was only valid for ¢ > 2. However, we do have residual gauge
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Figure 3: The three eigenvalues for the ¢ = 1 mass matrix plotted against logns for n; = 10. At small nj
we get the tree-level values, which are two eigenvalues at L% ds7om2 = (L+2)(£+4) =15, and one more at
£(¢-2) = -1, which is the BF bound. For large ns we asymptote to different values. All eigenvalues are
above the BF bound for all values of the fluxes.

transformations parameterized by £(:%). We can use this freedom to impose 4¢ = 3M + N as a gauge
condition. There are still some residual gauge transformations left after this step, namely ones for
which

0=30M + 0N —45¢ = -2 (0o + L;?) €10, (4.82)

Once this gauge condition has been imposed, we can follow the same steps as above and arrive at
the same mass matrix, except with the condition that b = 3a, since £ = 1. In this particular case, it
turns out that the mass matrix has one particularly simple eigenvalue, m? = —a = —L;2, which only
receives loop corrections implicitly through L, (this corresponds to the eigenvalue with ¢ = 1 and the
lower sign chosen in (4.80)). This is precisely the correct value to be removed by our residual gauge
transformations. The remaining three eigenvalues correspond to physical scalar modes. They have
expansions

2\g2 L*

al

3\g2L?

4o/

2 2 _
Ljgsomi= -1+

+0O(\), (4.83)

2 2
Liagsomas =15+

(11+v97) + 0. (4.84)

In particular, at tree level one of the masses is right at the BF bound, but the first order correction
to m? is positive, and so doesn’t lead to a perturbative instability. Looking at the numerical solution,
plotted in Figure 3, we can see that the eigenvalue indeed remains above the BF bound for all values
of the fluxes.

Finally, we turn to £ = 0. In this case the field V is no longer present, and we also lose the traceless
Jab €quation, the g,q, the B, equation, and the By, equation. Although we have lost the equation
which tells us that U, is a closed one-form, we can now impose that as a gauge condition using the

residual B-field gauge transformations parameterized by )\fLO’O). This still leaves some residual gauge
transformations, namely ones for which
0=0(€,""V,U,) = 2L 245061 Vo€ + (0o + 2L 25, ) A0, (4.85)

In particular, any diffeomorphism generated by @SO’O) = Vo will not disturb this condition. Once we

have imposed that U, is closed, we can again write it locally as U, = La4s,0V ,u, and we see from (4.62)
that under the gauge transformation parameterized by « above we have du = 2[:;12513700(.

Next we use the a gauge transformation to set
4
M =N - §¢' (4.86)

We still have residual transformations from parameters « that satisfy Oga = 0. Now substituting the
above equation for M, the B, equation becomes simply

Oou = 0, (487)
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Figure 4: The two eigenvalues for the £ = 0 mass matrix plotted against logns for ny = 10. The tree-level
value L?qu’om2 = 8 is reached at small n5 (equivalently large n;), while for larger values of the ratio nZ/n;
the eigenvalues split, but remain positive through the whole range of flux values.

but the residual o gauge transformation can then be precisely used to set u = 0. For the remaining
dilaton, g, trace, and g, trace equations, we get

5 5 3 1 1
0= -N-- AM--N+=¢|--V*V'H,,, 4.88
D°(4 3¢)+ (4 +2¢) PR (4.88)
1 1
0= oo (—4N + §6¢>) +LG2(12N - 169) + A (3N +49) + 59"V H, (4.89)
10 1
0= 0o (—2N + §¢) + L2 (-4AN) + A (-2¢) + §V”V”HW. (4.90)
Eliminating V#V* H,, and rearranging, we get the mass matrix
00N = (8L, +3A) N +2A¢, (4.91)
Qoo = SAN + (8L -A) ¢, (4.92)
corresponding to eigenvalues
mi,=8L% + A+ V13A, (4.93)
or
2\g2 L*

3+/13)+ O(\?). (4.94)
(3= v13)

2 2
Ljgs,omis =8+ o

The exact values are plotted in Figure 4.
e (£,0) tensor: The remaining fields are the traceless spin-two fields. For £ > 1, we can define
3 3

1
2,0) _ 17(£,0 2,0 2,0 2,0 2,0
X0 = HEO + = (€+1)2_1AV{#V1,}(2M( )—§N( ) 4 P _ g >). (4.95)
° 4

Then using the equations of motion we can verify that V¥ X l%,o) = 0. Moreover, substituting into the

traceless g,,, equation and using the equations of motion for the scalar fields, we find that the pieces
(£,0)

involving the scalars drop out and we are left with an equation of motion for X,

(DU _ (L;2 (2+20-2)+ %A)) X0 <, (4.96)

corresponding to a massive spin-two field.

For ¢ = 0 we will argue that the residual gauge freedom can be used to entirely gauge away the tensor
degrees of freedom. Indeed, if we first define

1
x(0,0) _ f7(0,0)
nv v 16L;4 +4L52A - 3A2

ViV (= (24057 + 15A) NOO 4 (321072 +18A) ("0 . (4.97)
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4.7

We also still have some residual gauge transformations parameterized by 5,30’0) satisfying V”fﬁo’o) =0.

We can use some of this freedom to impose a gauge condition V¥ X ff,),’o) = 0. This still leaves some

residual freedom, namely parameters fﬁo’o) satisfying
0= (V. + 7,609 = (g - 2L3%5.,) & (4.98)
For such &0,0)7 it is possible to compute that
(00 +2L3%s,) (Va0 +v,£09) = 0. (4.99)
With this definition and gauge condition for X, 0.0 , the traceless g, equation becomes simply
0=—(00+2L5%s,) XSO0, (4.100)

Since this is the same form as the condition on the remaining @SO’O) gauge freedom, we can precisely
use this freedom to set Xﬁ?,’o) =0.

Large s behavior

Using (3.19), can also calculate the eigenvalues of the mass matrix in the large s, equivalently small n, limit.
For ¢ > 1, these eigenvalues are

n]}r_r)lo L3as.0A1 = 20(L +2), (4.101)
2

limOLidS,O/\Q =3 (20 + 60+ 302 - 2(€ +/3(1 - £2))1/2(32 + 180 + gzz)) , (4.102)
2

limOLst)o)\g =3 (20 +60+30% —2(6 —/3(1-€2))\/2(32 + 180 + 9£2)) , (4.103)

2
lim 5,00 = (20+60+ 3% +4¢/2(32 + 180+ 97) ), (4.104)

where
1+ (V24 (115 + 54 + 270%) ++/B)?/3
€= : (4.105)
2(V/2A (115 + 540 + 27¢2) +/B)1/3
with
~ 1 g BL(T8+3760+ 50002 + 38403 + 186" + 540° + 9(°) (4.106)
(324180 +902)3’ - (32 + 180+ 9¢2)3 ' '

Although /B is imaginary, ¢ can be shown to be real and § <€ <1, so the eigenvalues are all real. Note
that these limiting values are independent of A. For ¢ =2, we find

lim L4527 = 16, (4.107)
ny—

. (1=2) _

hmo L4508~ = -0.669, (4.108)
ny—

(=2

1imOL?4dSOA” ?) = 65.173. (4.110)
ng—

For £ =1, we get (after discarding the unphysical eigenvalue, which is /\glzl))

lim LAdSOA“=1) =6, (4.111)
lim L2%,5 A0 =13.03 (4.112)
n1-0 AdS,0"'3 +U9, .
lim LAdSOA“=1) = 46.97. (4.113)
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For ¢ =0, we get (after discarding the unphysical eigenvalues, which are /\EZ:O) and )\SZO))

Jim L., =344, (4.114)
lim L2445, A7 = 5.58, (4.115)

These results do match the numerical results shown in figures 2, 3 and 4.

5 Discussion and outlook

In this paper, it is shown that the non-supersymmetric heterotic O(16)xO(16) compactified on AdSsx S xT*
does not uplift to de Sitter due to the one-loop correction to the potential. It is also shown that the scalars
and tensors resulting from the deformations of the fields in the six-dimensional effective theory are above the
BF bound. These results are quite similar to what was found in [36].

There are certain questions that this paper leaves unanswered. One question is regarding the stability
under non-perturbative bubbles that change the flux [40-43]. Such studies have been performed for non-
supersymmetric string theories on backgrounds with a single flux [44] 3. In the case of a single flux, the fastest
decay channel is when a single flux unit at a time is removed and thus the thin-wall approximation [40] would
work. It is also known that the ‘bubble’ can be treated as a probe brane (see e.g. [44]). Multiple flux cases
have been discussed in the literature and it has been argued that the fastest decay in this case may be a giant
leap instead of a small step and proceeds by a bubble formed from a stack of probe branes instead of a single
probe brane [45, 46]. It was also shown in [46] that when one has a single flux wrapping on multiple cycles,
there are some additional complications that can make those decays dominant that were subdominant in the
genuine multiple fluxes case. It was also argued that this case, the decay proceeds by a ‘minimal’ brane that
isn’t visible in the effective theory.

In the background studied in [36], one has magnetic H3 flux threading two S® cycles and an electric H
flux on AdSs3. The background studied in this manuscript one has an electric flux threading on AdSs and a
magnetic flux threading an S3 cycle. For the case of O(1) number of fluxes, the issue of whether the fastest
decay is a small step or a giant leap would have to be studied case by case and we leave it for future work.

Another direction that we will are exploring in a subsequent article to appear is a more detailed analysis
of some specific critical points in the 7% moduli space. We do not attempt a classification, but there are a set
of critical points (determined by rank four even lattices, such as can be obtained by combinations of ADE
lattices) where we can do concrete calculations of the mass matrix. In particular, we will address the open
problem of whether any of these critical points can host perturbatively stable examples of the intrinsically
quantum vacua (where the electric flux n is set to zero), or whether they all develop instabilities in this
limit due to some modulus field dropping below the Breitnlohner-Freedman bound.

It would also be of great interest to study these solutions, or the AdSz x S% x §% x S! solutions of [36],
purely from the world-sheet perspective, using WZW models for the AdS; and S® factors. Many of the
phenomena we uncovered here can also be studied there, without relying on any approximations that the
torus direction is at a smaller scale than the spacetime directions.

Finally, it remains true that the tachyon-free non-supersymmetric string theories, both the O(16) x O(16)
heterotic string, as well as the non-supersymmetric open string models [31-33], remain under-studied, and
in particular there should be more attention focused on compactifications of these theories. The absence of
space-time supersymmetry certainly makes such studies more challenging, but understanding these theories
and how they behave in various regimes could potentially help us understand how we might construct stringy
solutions that look like our universe.
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A Theta functions
The 2% lattices used in (C.1) are the d = 4 case for the following lattices;

Pi1+16,d “(pipe Fd+16,d’ p-8el), pd+16.d _ (pipe Fd+16,d7 p-8eZ)2)

where I'*16:4 ig the usual Narain lattice for d dimensional compactifications for Eg x Eg heterotic theory. We
will write down the members of T4 in the (pr;pr;pr) convention where these three momenta correspond
to left momentum, right momentum and the gauge momentum. Frequently, we will refer to (pr;pr) as Pp.
The vector 9 is

§=(0%0%07,1;07,1).
The theta functions Vg, Sg, Og and Cy are defined as

Vé 2,'74 (194 [ :| (07 T) - 7‘94 [1(;2] (Oa T)) )
ST

1 0 0
Og = ? (194 |:O:| (0,7) + 9 [1/2] (O,T)) ,

where 7 is the Dedekind eta function

oo

n(r) = g’ I1 (1 - qk) where ¢ = 2™,
k=1

and

) |:§:| (z,7) =Y exp(mi(n+ @)1+ 27mi(n +a)(n + B)).

nez

B Gauge lattice sums

The Eg lattice I'g, can be described as the union of two sets in RS,

I'g,=TalUTs, FA:{(n17~~~,n8)|nieZ, Znie2Z}, FB:{(rl, 7‘8)|TZEZ+ Zne2Z}

(B.1)
The generating function for lengths squared in this lattice can be written down. The sum over Z8 is given
by

8
> g - (Z q5”2) = J3(7)°. (B.2)

veZ8 nez

To get the constraint that Y, n; € 2Z we introduce an analogous sum weighted by the parity of each compo-
nent,

8
; —1)2 n *712
> ()= g :(Z(—l) a* ) = 04(7)" (B.3)
veZ8 nez
Then we have

> qH = 2 (95(r) + 04()) (B4)

’UeFA

Similar analysis gives the generating funxtion for I'p as
1 1
Z ‘U| — (Z q2(7l+2) ) 5192(7')8. (B5)
vel'p nez
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Note that the condition }; r; € 2Z in this case is simply taken care of by the factor of %, since

> (1)"qF D =iy (r) = 0

nez

Putting these together, we get

> g = (0a(0)° 941 4 9()) (B.6)

vel' gy

The sums we'’re actually interested in involve the lattice I'g, ® I', R and the additional shift vector
§=1(0,--,0,1;0,---,0,1) € RIS, First we note that the generating function for two copies of the Eg lattice will
just be the square of the generating function above. Next we want the sum weighted by phases 2™ If we
write v = v1 ® vg, then this phase is +1 if v; and v are either both in I' 4 or both in I'g, or -1 if there’s one
vector in each sublattice. At the level of generating function, this is accomplished by flipping the signs of the
Jo(7)® terms. Finally, we want the sum over the lattice shifted by d, weighted by the same phases or not. The
shifting by 6 means that each component v; is contained in either I'y = {(n1,---,ng) | n; € Z, Y n; € 2Z + 1}
or Iy ={(r1,18)| | ri e Z+ %, Y r; € 2Z+1}. This is accomplished by simply flipping the sign of the 9,(7)%
terms in the generating functions.

Summarizing,
1
S = L (05 0a()" + ba(r)*)
vel'pg @' pg 4
~1+480¢ + 61920 ¢> + 1050240 ¢ + 7926240 ¢* + - - (B.7)
- 1
S gl o 2 (9(r)® 4 04(r)® - 192(7)8)2 =95(7)95(7)
vel' gy @' gy 4
~1-32¢+480¢* - 4480 ¢> + 29152 ¢* + --- (B.8)
. 1
Y= 205 - 0a() + 0a(r)%)” = ()
veFESGBFEB 4
~ 256 ¢ + 4096 ¢/ + 30720 ¢ + 147456 ¢°/% + --- (B.9)
N 1
627”5'1)6]5'“6'2 T (193(7' ~94(7)% - 192(7')8)2 =93(7)95(7)

veFES GBFEB

~ 256 ¢ — 4096 ¢/ + 30720 ¢ — 147456 ¢°/% + - (B.10)

where the representation in terms of the product of theta functions in the last three equations is obtained
by using the following quartic identity [47]

I3(7) = 03(7) = 03(7) = 0 (B.11)

C ) for square torus

The partition function for a compactification of O(16) x O(16) heterotic theory on Ty is given as follows;
1
ZT4( ) 2| |8 [VgZF204 —SgZF204 +08ZF204 6_CSZF20 4+5:| (Cl)

The lattices Fi0’4 and the functions Vg, Sg,Og and Cg are defined in appendix A. The partition functions
used in (C.1) are defined and simplified as follows;

7 ! srzghe, o L e
e DI L 2074 g 1774
U] peFiUA 77 7" per20.4
270 N

A Pigivh - L L7 4Pigivh

2045 2 q —1 q

: 2071 £, 20 2

pel2041s P71 per20.4
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where the momenta Py, and pp are obtained from Pj, and pg respectively by sending 7 to 7 +d. The part in
the square brackets of (C.1) depends on the lattice, and it is given as follows

= s B ) i
141 Vs —Ss D q%pﬁaénger Ss 5 27‘r25>7rqépzq%p%+08 Cs JiPEhh
7}207] 2 pel20,4 2 pel'20,4 2 pel20,4
— —
Si 51 S
Osg + 68 p

L gaPR (C.2)

where we have named different sums to keep track of them. These names are inspired by the terms in the
partition function of the S'/Z, CFT. The first term in this bracket vanishes because Vg — Sg = 0. Therefore,
the expression for the torus partition function at the extremum point is as follows

ZT4(7') = [(VS +§8)Si]+(68_68)53_(68 +68)Sg] (C?))

272 1724ﬁ8

Using (3.7) for the square torus, we have the following;

A= —2(27;_)4 _/ 47_24(71722::7712 [(ﬁs +§3) Si] + (53 —58) S; - (58 +58) Sg:l (0.4)

where the tilde on theta functions indicates that the factor of (277)~! that appears in their definitions have
been taken out. To use this formula, we will need some series expansions. The series for the (7?477?)~! factor
is as follows

1

24712 — e—ﬂ'i‘f'l 6371'7'2 + 12(267ri7'1 + e—37\'i7’1 )eTl'TQ + 18(56_57”;7—1 + 166—Tri71 + 18637”:7—1 )e—ﬂ"f'z
n=n
+8(65e™ 7™ 4 270e 73T 4 486€™ ™ 4 400 )e T2 4 (C.5)

which means that if we want the integrand in (C.4) up to the e™™™ term, we need the bracketed expression
in (C.4) up to the e™*™™ term. We now turn to the theta functions. They are expanded as follows

Vi + S = 82 ™M™ 1+ 12879 ¢TI L 0 (¢7577) (C6)

Og + Cg =2+ 16 ™M e ™™™ 4 48 2T 72772 4 G4 =371 ¢™3772 | 4R~ 4MiT1 g=47T2 4 (5772 (C.7)

Lastly, let’s work out the expansions of the sums 57,57, .S ; and S§ which will require more work. These sums
are products of a gauge lattice part (which isn’t the same for all of these sums) and a momentum/winding
part which is common. This common part is given as follows

4
(Z e‘”z(”ZJ’wQ)ezmﬁ"w) = [1 +4e7™2 4 4cos(2mT )e T2 + 4e7 T2 4 O (7072 )]4 (C.8)
n,w

where we only needed to sum over the following (n,w) pairs to get the e™™™ terms

(n,w) =(0,0),(0,£1), (£1,0), (£1,£1), (£1,F1), (£2,0), (0, £2).
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The series expansions of the gauge lattice part of ST, 57, S; and S§ are calculated by the analysis in Appendix
B and they are given as follows

Sh: Y eminilemmmalnl  q 4 48062 4 619206 e 4 (C.9)

Sy g:62"”-5'”(37”7'1‘7T|2 e 2 1 39e2miM om2mTe y ggedminigmanTy (C.10)

Sl zﬁje“”ﬂ“”'%*’ffz‘ﬂw = 25662722 | 40963 TITTE 4 3072064 AT 4 (C.11)
T

§9: Y Pridmeminlmtil omanalttdl® _ 956,2nin 02172 _ 4096eBTIT ¢TI 4 307206 e 4 L (CL12)

T

Now, we can expand the integrand in (C.4) up to O(e™"") and calculate the value of X\ for the square torus
with vanishing b field and Wilson lines. We get the following;

d? . . . ) .
A= / —73 [32e727 71 €772 4+ 512e 72T e + 256 (3¢ + 1267 + 647 - 32)
2(2m)* JF 4m
+1024 (11e™™7 4+ 82T 4 256°™ ™ —129) e ™™ + .| ~ 1.565 (C.13)

D First derivatives
We need to calculate the first derivatives of (C.1) with respect to the metric, b field (where b is the background

Kalb Ramond field) and the Wilson line moduli, and show that they are zero for square torus, with vanishing
b field and Wilson lines. The expressions for the square of momenta are as follows [48];

Pg :p% +p§ = %gik (nl + Eijwj - Ai) (nk + Egw' -7 Ak) +017 (7rI + AZIU/Z) (7TJ + A;-]wj) (D.1)

1 . .
Pk = iglk (ni - Byjw’ — - A;) (ru, - Epuw' -7 Ar) (D.2)
where we have;
. 1 . 1
Eij = gij + bij + §Az‘ A Eij =2gij - Eij = gij — bij - 5147: - Aj (D.3)

The expressions for ]5,% and 13%,1 are quite similar;
P? = P? withm > 7+ PR =Py with 7 > 7+ (D.4)

The derivatives of the squared momenta in (D.1) and (D.2) are as follows

Op> 1 o
LI? = - (F]qu + *(quA[j’wj +glkqu]i)) (nk - Eklwl —W-Ak) (D5)
DAl 2
8Pg_ q and) — gk Lo akg gL ik, ag ot —
aAI =2w (7T]+A[j’w ) g + 2(g AI]U) +g w A]z) (nk+Eklw 7T~Ak) (Dﬁ)
q

op? 1, : 1
89& = —ig“”gkq(ni - Ejjw! —m.A;)(ng - Egw' -7 Ag) - B (g”kwq + quw”) (ng — Eyw' -7 Ag) (D.7)
pq

oP} 1 . : 1 ;
E o= _59”79’“1(7% + Bijw’ —mA;) (ng, + B’ -7+ Ap) + 2 (9" w? + g™ w?) (ny + Eqw' =7+ Ay) - (D.8)
Ipq
op? 1
82;3 -3 ( Pk quw”) (ng - Equw' -+ Ag) (D.9)
rq
oP? 1 -
- L _ - (gpkwq _ quw”) (ng, + Ew' = - Ay) (D.10)
Pq
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while the derivatives of P? and $% are obtained from P? and p% respectively by sending 7 to m +d. For the
square torus with vanishing b field and Wilson lines, these derivatives become the following

oP?|  op% OPZ| _ oph
—== =2 =-(n!-wl)my 7= 57| = (m+0)r (n? - w?) (D-11)
9AL|~ DAL oAyl oA
2 2 p2 52
OPE| _ Opg|_ 0P| _ Opk :_}(npnq_wpwq) (D.12)
pa|  Ogpa|  O9pq|  Opq 2
2 2 p2 52
OPL| _ opk|_ OPE|_ Opn =L — ) (D.13)
6bpq abpq abpq 8b1’q é

where the vertical line indicates that we are evaluating the quantity at the specified point in the moduli
space. Lastly, we will need the following expressions;

1 1
PIQ"Z§(n2+2n'w+w2)+51JﬁlﬂJ P?z’zi(”Q—Qn-unz)
- 1 ) 1
Pz| = 5(712+2n-w+w2)+51J(7r+5)1(7r+5)" P3| = §(n2—2n-w+w2)
where we used the following shorthands;
n’® = gijninj w? = gijwiwj n.w = mwz

Using the above results, we get the following expressions for the A! derivatives of the four terms in (C.2)

gfé = 27Ty n’%:m mr(n' - wi)q% Pil 6% il (D.14)

gii}' — 9y n%:m 2TOT (i i) gd PEl g PR (D.15)
;)j% ZQWTQnEW(Hé)I(ni —wi)gs Pil g ARl (D.16)
Zfé] P n%:ﬁ 2T (1 4 §Yp(n — wi)g? Pi| g3 Pl (D.17)

All of these derivatives are zero and it can be seen by renaming n’s and w’s (by swapping them). Note that
we can do this swapping without changing P?|,p2|, P?| or p%|. This wouldn’t necessarily be the case if we
were at some other point in the moduli space. The metric derivatives are given as follows;

R

=7 Y (nPnd- wpwq)q% P 7° Prl (D.18)
09pq n,w,T
g
957 | _ a3 2T (nPnd — Py )gh Pil gh il (D.19)
ag;r)q n,w,mT
oS} z 5
9 arry 3 (nPnf - wPu)g? il g3 Pl (D.20)
09pq n,w,T
g ~
953 | _ a3 €T (0Pt - wPw)g? il g3 Pl (D.21)
09pq n,w,T
These derivatives also vanish if we swap n’s with w’s. Lastly, the b field derivatives are as follows
1
957 | _ ar Y (nPw? - nfur)g? PL| g2 Pl (D.22)
Obpq n,w,T
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g
95, —rry S €2 (Pt — nluP)gh Fil g Pl (D.23)
Obyq n,w,m

0S¢ 22 45

Llcar 3 (nPw? — ndwP)qz il g2 Pxl (D.24)

Obyq nw,m

g ~
957 —rr Y 2TIOT (P — pyP) g2 Pl g3 Pr (D.25)
abpq n,w,m

and as expected, these derivatives also vanish by using the n <> w swap. Therefore, the square torus with
vanishing b field and Wilson lines is an extremum point in the moduli space.
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