Shear viscosity of a binary mixture for a relativistic fluid at high temperature
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The determination of the shear viscosity is a central topic in various areas of modern physics. In
particular, it is often necessary to evaluate the shear viscosity n of fluids made up of more than one
species, all interacting with different cross sections. Since it may be difficult to extract information
on the interaction among different species, various combinations of the viscosities of the individual
components are often used. We work in the Chapman-Enskog framework and investigate on binary
mixtures, by comparing such single component combinations with a full 2-component formalism:
we find that, in most cases, the full viscosity is well approximated by a weighted linear average
of the single component viscosities, although this result is far from being general. Moreover, we
validate our 2-component Chapman-Enskog results for 7 by comparing them with an independent
numerical simulation of the Boltzmann equation, which estimates the shear viscosity via a Green-
Kubo formula, in the case of a quasi-particle system that reproduces lattice QCD thermodynamics.
We see that the temperature dependence of /s of such system of quarks and gluons is not well
described by combinations of the individual components, highlighting the importance of inter-species

scattering.

I. INTRODUCTION

Shear viscosity is a fundamental transport coefficient
that quantifies the resistance of a fluid to deformations
under shear stress. It is a key property of a fluid, since it
characterizes the internal friction arising when adjacent
layers of a fluid move relative to one another, so that
a force applied on the upper layer is transferred to the
next, with a small defect due to friction [1]. In this sense,
it represents a measure of its dissipative behavior.

Shear viscosity plays a central role in the hydrody-
namic description of many physical systems, governing
the rate at which momentum is transported across layers
of the fluid. As such, it controls the approach towards
local equilibrium and can influence macroscopic observ-
ables for different physical systems. In classical fluids,
such as water or air, viscosity determines energy dissipa-
tion, flow behavior and the onset of turbulence. In astro-
physics, shear viscosity plays a crucial role in the damp-
ing of stellar oscillations and in the cooling of neutron
stars, arising mainly from scattering processes among the
constituents of dense nuclear matter [2-4]. In condensed
matter physics it governs transport in liquid metals, ul-
tracold atomic gases, and superfluid phases [5-8]. Shear
viscosity is an important concept also in studies of su-
perfluidity and of the low-temperature behavior of cold
Fermi gases at unitarity [9-12].

In high-energy physics, the concept extends to ex-
otic states of matter like the Quark-Gluon Plasma
(QGP) [13-16], where experimental observations sug-
gest that the QGP exhibits nearly perfect fluidity
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with an exceptionally low shear viscosity to entropy
density ratio (n/s), approaching the conjectured Kov-
tun—Son—Starinets (KSS) bound of n/s = 1/4n [17].
Understanding shear viscosity is therefore essential for
modeling both conventional fluid dynamics and strongly
interacting quantum systems. It serves as a key pa-
rameter in the study of turbulence, thermalization, and
transport phenomena across a broad range of physical
contexts.

Despite the key role of shear viscosity, its evalua-
tion becomes particularly challenging when the medium
is composed of more than one species. In a multi-
component fluid one has to take into account for both
intra-species and inter-species interactions, each of which
may contribute differently to transport properties. In
particular, a relevant question arises when one has to
evaluate the shear viscosity of a mixture of two different
species, without detailed information on the interaction
among one species and the other. For this purpose, in the
literature many approaches consider the shear viscosity n
of a binary mixture as a combination of the two shear vis-
cosities 171 and 7y of the single components. This method
has been widely employed in the study of cosmic objects
(stellar plasmas [18], superfluidity [19], neutron stars [2—
4]) and also in condensed matter physics [20]. Just as an
example, one can evaluate the shear viscosity of a binary
mixture by noting that the mean free path of the two 2-
component fluid is A = Ay + A2, where A; 2 are the mean
free paths of the two components. Since for the viscos-
ity 7 oc A7, this may suggest that 1/n = 1/m + 1/n2
[10-12].

In any case, whatever combination of 7; and 7y we
intend to use to describe the viscosity of the mixture, the
result will contain no information about the interaction
among the two species, encoded by the differential cross
section o12. Depending on the magnitude of 014, its effect
on the actual viscosity of the mixture may be huge, thus
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the regime of validity of any form of single-component
interpolation may be questionable.

The purpose of this work is to address this issue by
studying the shear viscosity of binary mixtures within
the Chapman—Enskog (CE) formalism, which provides a
systematic framework to extract transport coeflicients
from the Boltzmann equation, based on an expansion of
the phase space distribution function of the fluid around
equilibrium. We compare the two-component CE result
for n with various combinations of the shear viscosities
of the single components 1; and 72 (evaluated using the
single component CE formalism), in order to determine
the domain of validity of such approximations. Finally,
we will compare our findings for a realistic case with the
results from a numerical simulation of the relativistic
Boltzmann equation.

The paper is structured as follows. In Section II we
will introduce the Chapman-Enskog formulas for 7, for
both 1- and 2-component fluids. In Section III we will
compare various l-component interpolations against the
2-component full result, highlighting the regime of valid-
ity of each of these approximations. In Section IV we will
introduce the Green-Kubo method, which will provide an
independent measure of 1 based on the numerical solu-
tion of the Boltzmann-Vlasov equations. Finally, in Sec-
tion V we compare the Green-Kubo and the Chapman-
Enskog results for the ratio 7/s. We then report our
Conclusions and Outlook. This work also contains 5 Ap-
pendices: those contain technical details on the calcula-
tions of the paper, which have not been included in the
main text for the sake of clarity.

Throughout this work we will use natural units of mea-
sure, i.e. we assume h =c=kp = 1.

II. SHEAR VISCOSITY IN
CHAPMAN-ENSKOG

The Chapman-Enskog (CE) expansion is the conven-
tional formalism used to derive fluid dynamic quantities
from the Boltzmann equation. It aims to obtain a solu-
tion of the transport equation valid in the hydrodynamic
stage of equilibration, i.e. in the phase in which the
spatial non-uniformities slowly disappear and the system
relaxes to complete equilibrium [21]. It was originally
developed for non-relativistic systems, but then Israel
proved that it could be used with almost no modifica-
tions to describe relativistic systems as well [22, 23].

The CE formalism corresponds to the microscopic im-
plementation of a gradient expansion, assuming that
the single-particle distribution function depends only on
the five primary fluid dynamical variables: temperature,
chemical potential and the three independent compo-
nents of the fluid velocity field (as well as their gradients).
The series generated by the Chapman-Enskog procedure
is generally thought to be asymptotic rather than con-
vergent: this indicates that the first Chapman-Enskog

approximation, which corresponds to linear laws for the
transport phenomena, is the most significant.

In more detail, for a system not too far from equilib-
rium, one can express the Lorentz-invariant distribution
function as follows [21, 24, 25]:

f=Ffol1+9), (1)

in which the function ¢ describes the deviation from the
local equilibrium Boltzmann distribution function (i.e.
fo) and it is assumed to satisfy |¢| < 1. The explicit
form of fy is [25]

zexp (ugp®/T
fo= ’ 47751(3[(5(2/) ) 2)

In Eq. (2), p = p(z) and T = T(z) are the particle-
number density and temperature in a proper coordinate
system, u = u(x) is the four-velocity of the hydrodynamic
particle flux (such that u®u, = —1) and Ks(z) is the
modified Bessel function of the second kind with z =
m/T. The corrections to the local distribution function
(included in the term ¢) are systematically expressed as
an expansion in powers of the Knudsen number [26].

This formalism enables the calculation of the shear vis-
cosity n. Furthermore, it provides flexibility in choosing
both the order of approximation and the type of medium
to be studied, whether it be a homogeneous gas or a
multi-component mixture.

A. Chapman-Enskog for homogeneous gases

Following the approach outlined in [24], we can com-
pute the shear viscosity n within the CE approximation
for the general case of relativistic particles with finite
mass, colliding with a non-isotropic, energy-dependent
cross section.

First, we focus on a single-component gas. The first order
approximation for the shear viscosity is given by:!

y= 572, @
where:
Yo = — 10;%
coo =16 (w§2> O 1wg2>> ‘ (4)
z 322

In the above expressions h = Ks3(z)/K3(z), being K, (z)
the modified Bessel function of the second kind, whereas

1 For homogeneous gases also second and higher order approxi-
mations are available, cfr. [24]. However, we checked that the
second order approximation is very close to the first order result,
therefore in the paper we will just stick to first order CE.



wl(s) is the so-called relativistic omega integral [24]:
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Here j = 5/2+(—1)"/2, y = \/s/2m and do /dSQ is the dif-
ferential cross section, which is obtained from the (prop-
erly summed and averaged) squared scattering matrix as:

do 1 9
@—MIM(W)I s (6)

being s is the proper Mandelstam variable. Here note
that the Chapman-Enskog approximation relies on elastic
scattering only, hence in this model the particles retain
their species after the collision.

B. Chapman-Enskog for binary mixtures

The Chapman-Enskog formalism allows for the calcu-
lation of the shear viscosity in binary mixtures, where the
two species interact with distinct cross sections among
themselves and with each other. This 2-component
extension follows from a straightforward extension of
Eq. (1), see [21] for details. In this section we follow Ref.
[27], in which the first-order CE approximation for 7 in
a binary mixture has been derived. While the formalism
can, in principle, be generalized to mixtures with
three or more components, such extensions introduce
substantial algebraic complexity. For this reason, we
restrict our analysis to the binary case, which already
catches essential features of multi-component systems
within the CE expansion.

At first order in the CE approximation, the shear vis-
cosity of a binary mixture is given by:

_ T yfesr +93c11 — 2miyecn

(7)

10 C11C22 — 6%2 ’
where v, = —10ck[K3(2k)/K2(21)], being K, (zx) the
modified Bessel function of order n and zp = my/T
(k = 1,2 labels the particle species).
The coefficients cg; in (7) are given by:
Ckk = CiCo0 + Crk, (8)
Ckl = Ekl for k 75 l. (9)

and the concentrations ¢ are defined as ¢ = pi/p, be-
ing py the mass density of each species (mass times the
number density) and p = >, pi the total mass density.
The term coo = coo(2x) in (8) accounts for contributions
from interactions between two identical particles of type
k:

coo(zk) = 16[ws? (1) — wi? (2) /26 + Wi (21)/ (322)],
(10)

(s)

where w;”’ are the relativistic omega integrals:
3 +o0
(s) _ 27z / ST i
w; (%K) = —"5 di sinh" v cosh” -
() Ks(z1)* Jo

- K (22 cosh ) /W df sinf oy (1,0)(1 — cos® 0).
0
(11)

Here oy is the differential cross section for the interac-
tion between two particles of the same species, and:

Vs Vi +p2)?2 5 1 i

Instead, in (8) and (9) the coefficients ¢; and ¢y denote
contributions to the shear viscosity due to the interaction
between different particle species:

32p2c3c3
3MZn%r xy

102120675 Zi5 wih (012) + Bwiiho (012) -

Cl2 = [—102122Cf21Z1721W§;)11(012)_

3255 wiho(012) + Zi2w e (012)],
32p%c3c3
3MEn2z xy
1023¢55 Z1 2w b0 (012) + 3wig (012)—

3255 witho(o12) + Ziwigho(012)],
32p2c3c3
3MEn2z xy

1022¢ 5! Zi20 3y (012) + 3wSihg (012) —
8255 wizho(012) + Zi5 wigho(012)]. (13)

In the above relations xy, = ny/n, where ny, is the par-
ticle number density of particle type k, and n = Y, ng
is the total particle number density. We have labeled by

P12 = mimg/Mia, (14)

e = [1023¢05! Z 15 winho(012) +

Cog = [1022¢5! Z 15 wisha (012) +

Mis = mq +mo

the total mass and the reduced mass of the particles,
respectively. Moreover,

G2 = 2p12/T

The expression for the generalized relativistic omega in-
(s)

Z1o = Myo/(2T). (15)

tegrals w,yy,, is:
) T / " s 0y
rtuv 4TK2 (21 )KQ (22) 0 12 12

g%Q " M12 t N i
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0
(16)

(s)

2 The following relation for w,;”’ is basically the same as (5), just
expressed in terms of more suitable integration variables.



where 019 is the differential cross section for the interac-
tion among particles of the two species, and:

5 1
Ui =91+ 12, v= 5 5(—1)t+u+v

P = m? +m3 + 2mimy cosh ¥y,

)

mimeso sinh \1112

gi12 = )
Pis

1
cosh; = P—(ml + mg cosh ¥qy),
12

1
cosh by = P—(mz + my cosh ¥y3). (17)
12

Above Pjs = 1/(p1 + p2)? is the invariant center-of-mass
energy of the two particles colliding with initial four
momenta p; and ps.

Unless otherwise stated (for instance in §III C), in our
work the particle number concentrations xj and the rel-
ative mass concentrations ¢, have been obtained via a
Boltzmann distribution:

dg/dgpexp [— pz—&-mg/T]

Z di/dgpexp [— p? —|—m?/T]
i=9,9

I'Q(T) =1- 1‘1(T),
mg dg/dgp exp [f P2+ mz/T}

> mi di/dgpeXP {— p2+m?/T]
1=g,q

es(T) =1 — ey (T).

xl(T) ’ (18)

C1 (T)

where d, = 2+ (N2 — 1) = 16 is the degeneration factor
of gluons (spin x colour) and dg =2-N.-2- Ny = 36
is the degeneration factor of quarks (spin X colour X
antiparticles x flavours). It is worth noting that our
reference to quarks and gluons is just exemplificatory,
since the conclusions of the paper are much more general.

Let us note that, intuitively, if we consider a binary
mixture in which both masses are equal m; = mo = m
and all the cross sections are equal as well o171 = 092 =
012 = 0, what we get is an homogeneous gas, a single-
component fluid whose particles have mass m and inter-
act with an interaction cross section o. Of course, the
CE formalism for a binary mixture has to reproduce this
result in the aforementioned limits. For this purpose, in
Appendix A we perform the analytical calculations and
show how (7) reduces to (3) when m; = mg = m and
011 = 022 =012 = 0.

III. COMPARISON WITH SINGLE
COMPONENT INTERPOLATIONS

As already discussed in the Introduction, we now study
how well simple prescriptions involving only the sin-
gle—component viscosities 1; and 7, given by Eq.(3), can
approximate the Chapman—Enskog results for a binary
mixture. Such prescriptions correspond to four different
rules that have been employed in the literature in differ-
ent physical contexts. In the plots that will follow, we will
compare the full 2-component result with the following:

e Linear Sum, of the single component viscosities
(blue):

Nlps. =m +ne. (19)

This has been used, for instance, in [2], where the
shear viscosity of a mixture of electrons, muons and
neutrons in a neutron star core is given by the sum
of the respective viscosities, assuming small inter-
action between species. When the interaction be-
tween the species is not negligible, (19) is still used,
but the intraspecies interaction is encoded in the
respective relaxation times, as done also in [28, 29].

e Linear Average, i.e. by weighting the two viscosi-
ties with weights being given as in (18) (red):

Np.a = T1M + T2 72 (20)

Such a relation has been applied, for instance, in
the study of attractors in heavy-ion collisions, for a
mixture of quarks and gluons [30]. Check also [31]
for a use of this relation.

e Inverse Average, the inverse of the total viscosity is
the weighted sum (with weights as in (18)) of the
inverses of the single component viscosities (green):

Mia = @m ' +aamyt) (21)

The use of this average is justified in the Relax-
ation Time Approximation (RTA) of the Boltz-
mann equation. Indeed, n’ ~ 7, for each compo-
nent, and one can get an effective inverse relaxation
time by summing the inverses of the ¢, for all
components, with respective weights.

e Inverse Sum, the inverse total viscosity is the sum
of the inverses of the two viscosities (purple):

s = (i +m )7 (22)

Similarly as before, the total relaxation frequency
can be considered as the sum of the partial relax-
ation frequencies, as done by [10] in the study of
superfluid neutron stars. The same sort of formula
has been used to describe the low T behavior of
the experimental values of the shear viscosity in
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FIG. 1: Scaled shear viscosity n/T* vs T, for five different configurations of masses and cross sections. We compare the full
2-component result for  (black full line) with various interpolations of the 1-component results for each of the two species. Both
the five configurations and the various 1-component 7 combinations are described in the main text, as well as in Appendices B

and E.

the superfluid phase of a cold Fermi atomic gas in
the unitarity limit, where one assumes that it is
also dominated by the dynamics of the superfluid
phonons [11, 12].

It is easy to prove that these relations always respect the
following ordering:

77|L.s. > 77‘L.A. > 77\1.A. > 77|LS.' (23)

The middle inequality in (23) follows from the well-
known Arithmetic Mean-Harmonic Mean inequality, and
its equal sign holds if and only if ; = 75. The first and
the third inequalities, instead, follow from the fact that
the number concentrations trivially satisfy x1,22 < 1.

A. Dependence on temperature

In Figure 1 we show the temperature dependence of
the scaled shear viscosity 1/ of the binary mixture (in
black), compared to the aforementioned single compo-
nent combinations. We show the results for the following
five different cases:

- massless, isotropic: two component system with
massless particles and isotropic cross sections (top-
left panel of Fig. 1);

- constant masses, isotropic: two component system
of massive particles with m; = 0.8 GeV, ms = 0.5
GeV and isotropic cross sections (top-middle panel
of Fig. 1);

- QPM, isotropic: two component system with tem-
perature dependent masses taken from the Quasi-
Particle Model (QPM) and isotropic cross sections
(bottom-left panel of Fig. 1). The QPM is a mi-
croscopic effective model of QCD, which assumes a
temperature dependence for the coupling constant
and for the masses of quarks and gluons: more de-
tails on the QPM have been provided in Appendix
B;

- massless, anisotropic: two component system with
massless particles and angle-dependent cross sec-
tions (bottom-middle panel of Fig. 1). The cross
sections used are from tree-level pQCD;

- QPM, anisotropic: two component system with
temperature dependent masses taken from the
Quasi-Particle Model (QPM) and angle-dependent
cross sections (bottom-right panel of Fig. 1). The
cross sections used are from tree-level pQCD ap-
plied to massive quarks and gluons, see Appendix
D for the technical details.

For a summary of the masses and the parameters
hereby used, see Tab. II in Appendix E.

The results for n may vary significantly from one case
to the other. It is important to stress, however, that
here we want to focus on the relative position of the
black curve with respect to all the others, rather than
on the actual numerical values. What we observe is that
in 4 out of 5 plots, the curve that better approximates
the 2-component result is the red one, i.e. the Linear
Average curve. In only one case (massless, anisotropic)
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FIG. 2: Shear viscosity 1 vs the squared scattering amplitude |Mi2|? of interaction between species 1 and 2, for three different

configurations of masses and cross sections.

We compare the full 2-component result for n (black full line) with various

interpolations of the 1-component results for each of the two species. Temperature is fixed at T' = 0.5 GeV. Both the three
configurations and the various 1-component 77 combinations are described in the main text, as well as in Appendices B and E.

the green curve, representing the Inverse Average, is the
best approximation. In any case, for all the plots we see
that the 2-component result lies within or close to the
band enclosed by the red and the green curves. We can
interpret this as a consequence of the fact that the inter-
species differential cross section o3, for all the cases con-
sidered, is of the same order of the cross sections within
each species, namely 011 and o92. Apart from that, the
quantitative agreement between the green, red and black
curves may not be important, since it is not universal,
rather is heavily dependent on the specific values of the
cross sections.

The blue and the purple lines, as we will see in the
next Subsections, are obtained only for extreme cases.
For now it is sufficient to note that, as can be easily
shown, for 012 — 0 Eq. (7) reduces to the Linear Sum
1 — 1M1 + 12, hence approaching the blue line from below.
The opposite limit, g1 — +oo implies n — 0. More
details on such limit cases are explained in Appendix C.

B. Dependence on o012

Due to the interesting behavior of the 2-component 7
with respect to variations of 015, which we have briefly

highlighted in §III A, we now investigate further. In
Figure 2 we plot the behavior of n with respect to the
squared scattering matrix |M;a|?, it being such that
|M2|? /64725 = 015. We show the results for three dif-
ferent cases:

- massless, isotropic, 011 = 029;
- massless, isotropic, o11 = (81/8) 092 ~ 10 0a0;
- QPM, isotropic, 011 = (81/8) 023 =~ 10 099.

The temperature has been fixed at T" = 0.5 GeV. For fur-
ther details check once again Appendices B and E. As be-
fore, the 2-component CE approximation (black curve) is
compared with various single component interpolations.
Notice that in Fig. 2 the single component interpolations
appear as flat lines, as expected since they do not depend
on oi2.

To start, we see that for all cases considered, as already
mentioned, for o125 — 0 the 2-component CE approaches
the blue curve n — |, . For increasing |[Mis|? the
black curve decreases, and we find that for o159 between
099 and o717 the black curve lies around the region be-
tween the red and the green lines, i.e. between 7| ,
and n|; , . This suggests that for small inter-species in-
teraction (small o19) the Linear Average gives a good
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FIG. 3: Shear viscosity n vs the number concentration x; of the species 1. We fix the cross sections 011 and 22, and show the
full 2-component result for n for different 12 (various shades of grey). Those 2-component results are compared with various
interpolations of the 1-component results for each of the two species. Temperature is fixed at T'= 0.5 GeV. The details on the
two configurations and on the various 1-component combinations are described in the main text and in Appendix E.

estimate for the 7 of the mixture. In the massless case
with isotropic o117 = 092 the red and green lines are col-
lapsed onto one, and the full result crosses those lines
exactly when 015 = 011 = 092: this has to be expected,
since when 017 = o092 we have 11 = 1, therefore green
and red lines coincide since we are averaging equal quan-
tities. Moreover, since in this particular case also 015 is
equal to 011 and 92, our system is basically a single com-
ponent gas, and therefore n = 11 = 72 (check Appendix
A). For even greater | M2|?, in particular for o1 greater
than all the other scales in the system, the 2-component
CE (black curve) gets closer to the Inverse Sum (purple),
then it crosses this line and approaches zero in the limit
M2 — oco. It is important to emphasize, however,
that the Inverse Sum is a good approximation only for
specific values of the inter-species interaction. So, it is a
coincidence valid for some values of the parameters and
does not imply a more general identity. As a final re-
mark, notice that the considerations above hold for all
three panels of Fig. 2, regardless the mass of the inter-
acting partons.

C. Dependence on relative concentrations

Up to now the relative concentrations of the two
species have been fixed as in Egs. (18). We now want to
relax this constraint and study the behavior of the shear
viscosity with respect to the number concentrations. In
Fig. 3 it is shown the behavior of 1 with respect to the
number concentration x; of the species 1. We show the
results for two different cases:

- massless, isotropic, 011 = 029;
- massless, isotropic, o011 = (81/8) 022 ~ 10 0a0.

The temperature has been fixed at T' = 0.5 GeV. For
the actual values of the cross sections check Appendix
E. Here the full 2-component result is shown for differ-
ent values of the inter-species cross section oq2: from
the top to the bottom of Figure 3, as the shade of grey
gets darker, o5 increases. As in the previous plots, those
grey curves are compared with single component interpo-
lations (since such interpolations do not depend on 12,
the colored curves are unique). First of all, let us note
that for increasing o2, the 2-component 7 results de-
crease for every concentration z1, except at the extremes
1y = 0 and 7y = 1: it is trivial to see that n — 79
for 1 — 0 and n — n; for 1 — 1 whatever is 012, as
expected. This suggests that the limits n — 7|, ¢ (i-e.
blue line) for 012 — 0 and n — 0 for 012 — 400, which
we have previously mentioned, hold only for intermediate
concentrations. In other terms, the sequence of functions
Ny (1) for o132 — 0 or 12 — +00 converges pointwise
but not uniformly in x; €]0,1[. As the previous results
suggest, the behavior of 7 in the limits 12 — 0, 400 and
x1 — 0,1 is quite tricky: in Appendix C we elaborate
further on these issues.

Figure 3 shows that, except at extreme concentrations
x1, for very small 015 the Linear Sum (blue curve) gives
the best approximation. On the other hand, when o5 is
very large with respect to o117 and 092, the best approxi-
mation is the Inverse Sum (purple curve). However, the
Inverse Sum is the best for large 015 only because it gives
the smallest n among all kinds of formulas considered: it



is the closest to zero, i.e. to the exact limit of the full two-
component 7 for o153 — 400 (black curve), and gives the
best approximation only for this reason. Moreover, even
if it appears to be the closest approximation, it is anyway
very far in percentage from the CE results. As far as the
‘intermediate’ 012 regime is concerned, we once again see
that when 015 lies between o171 and 092, the correspond-
ing n is approximated with good accuracy by either the
Linear Average (red curve), the Inverse Average (green
curve) or none of them, depending on the specific val-
ues of the cross sections. In particular, by looking at
Fig. 3 (right) we see that when o117 ~ 10092 = 10072,
i.e. the third brightest shade of grey, the Linear Average
(red curve) approximates quite well the 2-component re-
sult. Instead, when 012 = 011 =~ 10 092 (fourth brightest
shade of grey), the Inverse average (green curve) gives the
best approximation. These results give useful insights on
which interpolations work best for given regimes of cross
sections. Finally, we also see that for some values of cross
sections none of the single component interpolations gives
a satisfactory approximation: see for instance the second
brightest shade of grey in Fig. 3 (right), corresponding
to 011 ~ 10 099 = 102012, which is not well approximated
by any of the colored curves.

IV. SHEAR VISCOSITY IN GREEN-KUBO

As for other transport coefficients, like heat-
conductivity and bulk viscosity, also the shear viscosity
7 can be related to the correlation function of the corre-
sponding flux or tensor at thermal equilibrium [32, 33].
In particular, this means that it is possible to derive these
transport coefficients from the microscopic model, by us-
ing linear response theory. The underlying physical rea-
son is that dissipation of fluctuations has the same physi-
cal origin as the relaxation towards equilibrium, therefore
both dissipation and relaxation time are determined by
the same transport coefficients [24].

In this framework, the expression of the shear viscosity
is given by the Green-Kubo formula [34]:

Ttnax
/ dt/ dPx(r7 (x, 1)1 (x,0)),
0 1%
(24)
where [ is the inverse temperature and 7*¥ is the zy ma-
trix element of the shear component of the energy mo-
mentum tensor. Here (...) denote the following convolu-
tion procedure:

(7™ (x,t) 7Y (x,0)) =

. 1
lim
Trnax—4+0 Tmax

lim
Tmax—+00

n=p

Tmax
/ dt’ 7Y (x,t + )7 (x, t').
0
(25)
Notice that the choice of the xy component of 7 is
arbitrary: in (24), as it can be shown, we can choose

whatever indices i,j = x,y,z as long as i # j. This is
true since our system is isotropic, hence 7 is a scalar.

In this paper, the shear stress correlations
(r*¥(x,t)7"Y(x,0)) are computed through transport
simulations of a particle system at thermal equilibrium.
Such a system is confined in a static box of volume V
and subject to periodic boundary conditions, similarly
to what has been done in [35]. These simulations
are performed employing a relativistic transport code
developed, in recent years, to describe the Quark-Gluon
Plasma (QGP) dynamics of heavy-ion collisions for
different collision systems [35-52]. In the most recent
version the code has been written in C and has been
optimized for High Performance Computing [51-53].
Our purpose is to numerically solve the relativistic
Boltzmann transport equation with the full collision
integral to evaluate the shear viscosity using the Green-
Kubo formula, and to compare the results with the ones
from the Chapman-Enskog formalism. In order to solve
the transport equation we use the test particle method
[54], which basically consists in sampling the phase
space distribution function using a large number of test
particles.

Moving on to the computation of the shear compo-
nent of the energy-momentum tensor, since there is no
spatial inhomogeneity (e.g. external fields), we consider
the volume-averaged shear tensor 7*¥(t). Its numerical
evaluation is given by:

N
1 pip!
TY(H) = — i q
7Y (t) v; T

where i runs over all the test particles. Once we do so, we
finally derive the shear viscosity by using the following
discretization of (24):

(26)

Nrpax—1

n=BVAt > (T"V(jAt)T"¥(0)),

Jj=0

(27)

= Tmax/At, Thax is the maximum time
chosen in our simulation and the convolution procedure
(...) in (25) has been performed as

where Np

(m(jAt) 7(0)) =
NTmax -1

! T (AL + kAT (kAL)

NT, o

k=0
(28)

where N7 = Tmax/At (At is kept fixed for both
(27) and (28)). In order to have a good accuracy, Tmax
has to be chosen significantly larger than Tp.x. In
particular, for each event we fix Tmax/Tmax = 10. The
specific values of each quantity, however, have been
fixed in order to ensure convergence of the result (27).
More details on the numerical implementation of the
relativistic Boltzmann transport equation and of the
Green-Kubo method can be found in [35].
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FIG. 4: The behavior of (7*¥(t)n®¥(0)) with respect to ¢ at
a temperature T = 0.5 GeV in the QPM, anisotropic case
(check Appendices B and E for details). In cyan we show the
results for 45 different numerical events, in dark blue their
average, which highlights a clear exponential behavior.

For illustrative purposes, in Figure 4 we show (in cyan)
the result of 45 different calculations for the time behav-
ior of (7™ (t)m*¥(0)) at a temperature of T' = 0.5 GeV
in the QPM, anisotropic case (check Appendices B and
E for details). Together with the results for each event,
which carry a significant amount of fluctuations, we show
their ensemble average (dark blue), which highlights the
typical exponential decay of such correlator.® Notice that
the negative values of the correlators are only a matter of
numerical fluctuations. Indeed, they basically disappear
in the averaged correlator and would be suppressed by
further increasing the number of test particles.

Let us report the parameters we will use in Section
V in the Green-Kubo simulation. For each value of the
temperature, the Green-Kubo values for n have been ob-
tained as an average over 45 numerical events. Each
event would run with a total number of test particles
of about 1.5 - 10°. The value of the grid parameter used
in this work is Az = Ay = Az = 0.4 fm, with a to-
tal box volume of V = (5.2 fm)3. The timestep has
been fixed as At = 0.0625 fm/c, whereas the total time
Timax has been varied for each value of the temperature:
indeed, Thax has to be fixed large enough so that the
exponential behavior of each correlator is appropriately
dumped, but not too large in order to exclude the noise
which arises from the statistical fluctuations of each event
(those fluctuations have a major impact when the corre-
lator approaches its vanishing value at late times). Since
the timescales of such behaviors change from one tem-

3 The shear viscosity can also be obtained, as in [35], by assuming
an exponential decay for the correlator, and then by linking the
proper 7 of such decay to 7 using the Green-Kubo formula (24).

perature value to the other, this required varying Tyax.

V. COMPARISON BETWEEN
CHAPMAN-ENSKOG AND GREEN-KUBO

Once we highlighted the details of the Green-Kubo pro-
cedure for the evaluation of the shear viscosity, we want
to use this method as a benchmark for our Chapman-
Enskog calculations for a binary mixture. By keeping
in mind applications to heavy-ion collisions physics, we
want to compare the temperature dependence of 1/s, be-
ing s the entropy density, with Lattice QCD results [55—
59].

More specifically, for both Green-Kubo and Chapman-
Enskog calculations we performed the calculations in
the QPM, anisotropic case (see Appendix E). In the
transport code we simulate the evolution of w, @, d, d, s, 5
quarks, each weighted as 2- N, = 6 (spin X colour), and
gluons, each weighted as 2-(N2—1) = 16 (spin x colour).
The interaction matrices depend on the species colliding,
since we may or may not have the contribution of annihi-
lation/exchange diagrams. The full scattering matrices
are derived in Appendix D. The entropy density s is eval-
uated in the QPM as

P,
5 — €qpMm t+ QPM, (29)
T
eqpm and Pgpm being given by equations (B2) and
(B3), respectively. Once again, check Appendix B for
details.

The results are shown in Figure 5. Along with the full
2-component CE approximation and the Green-Kubo re-
sults, we show different combinations of the 1-component
viscosities of the two species, and various lattice QCD
data from [55-59]. The comparison between Chapman-
Enskog (black solid line) and Green-Kubo results (orange
points) is quite good within the error bars. This shows
that 1% order CE is already a quite good approximation.
A 2°4 order Chapman-Enskog approximation for a binary
mixture is certainly doable in principle, even though that
would require much more cumbersome calculations. In
any case, the agreement in Figure 5 suggests that higher
order CE approximations may not significantly modify
the 1% order result.

Moving on to the single component interpolations, we
see that Linear Sum (dashed blue line), Inverse Sum
(dashed purple line) and Inverse Average (dashed green
line) show large deviations with respect to Green-Kubo
in the whole range of temperatures explored. Among the
four single component interpolations, the Linear Average
result (dashed red line) is the one showing the best agree-
ment, both qualitatively and quantitatively, with the or-
ange points. In light of the discussions of the previous
Sections, this result suggests that in the physical context
of QGP (which is the one that the QPM, anisotropic case
aims to reproduce) the quark-quark, quark-gluon and
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FIG. 5: The ratio shear viscosity over entropy density

47n/s in the full 2-component Chapman-Enskog approxima-
tion (black full line), compared to the Green-Kubo results,
to various combinations of the 1 component results for each
of the two species, and various lattice QCD data from [55]
(green squares), [56] (cyan pentagon), [57] (purple down-
ward triangle), [58] (brown upward triangles) and [59] (yel-
low losange). The calculations have been performed in the
QPM, anisotropic case, all the parameters are listed in Table
V (check Appendices B and E for further details).

gluon-gluon cross sections have similar relevance in the
estimation of n among the different channels. In any case,
what we see is that only the full 2-component Chapman-
Enskog calculation (black solid line) is able to accurately
reproduce the Green-Kubo results.

Even though this is not the main focus of the present
work, we also note that the full CE curve is consistent
with the various lattice data, within the large uncer-
tainties. The minimum that we find for the n/s (i.e.
47 /s ~ 2 for T ~ 0.17 GeV) is higher with respect to the
conjectured minimum value of 477/s = 1 from AdS/CFT
[17]. On the other hand, our minimum is in agreement
with hydrodinamical/transport calculations [41, 60-62]:
when applied to experimental data of collective flows at
RHIC and LHC, these calculations suggest a value of
dmn/s ~ 2.

VI. CONCLUSIONS AND OUTLOOK

In this work, we have investigated the shear viscosity of
a binary mixture within a relativistic kinetic theory. The
theoretical framework is based on the 1% order Chap-
man-FEnskog expansion, which allows for a systematic
treatment of transport coefficients for binary systems. In
particular, we compare the 7 of a binary mixture against
various combinations of the viscosities of the single com-
ponent Chapman-Enskog results, n; and 7.

The general picture is that each of the single compo-
nent approximations can reproduce the full 2-component
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results only within specific ranges of the parameters
(masses, cross sections, concentrations). Across the var-
ious cases under study we have seen that, when all the
cross sections are similar within a factor of 2, the n of
the 2-component CE is well approximated by the linear
weighted average x1 71 + z2 772 of the single component
viscosities (here x; and x5 are the number concentrations
of each component, such that 1 +x2 = 1). Another good
approximation is provided by the weighted average of the
inverses, i.e. 1/ (z1my " 4+ z2m;'): in a specific case (i.e.
the massless, anisotropic case in Fig. 1) it turned out to
be even slightly better than the linear weighted average.
To better understand these results, we investigated the
behavior of our quantities by manually tuning the num-
ber concentrations x1,zs and the interspecies cross sec-
tion o12. What we found is that the linear and the inverse
weighted averages are good approximations just because
012 is of the same order of the interaction cross sections
among each species, i.e. 012 ~ 011 and g12 ~ 025. In the
extreme case o1 — 0, we instead see that n of the mix-
ture converges exactly to the simple sum 1 = n; + ns.
Overall, our study allows to understand which single
component approximation works the best in reproducing
the full 2-component result, for any given range of pa-
rameters. Our formalism also shows that in some regimes
none of the single component approximations provides a
satisfactory approximation of the 2-component result.

Once we have made such comparisons, we have
checked whether the 2-component result or any of
the 1-component averages would be able to properly
describe the viscosity over entropy density ratio /s in a
physical case. By developing an independent numerical
calculation using Boltzmann transport equation, we used
the Green-Kubo formula to have another estimate of the
shear viscosity, as an external cross-check. When the 7/s
of the QGP is computed within a quasi-particle model,
we see that the n/s cannot be trivially described by any
combination of the single species (quark and gluon) /s,
because the quark-quark, quark-gluon and gluon-gluon
interaction cross sections are of comparable relevance.
Among all the formulas considered here, we see that
the Linear Average is the single-component combina-
tion which better approximates Green-Kubo points.
However, only the full 2-component Chapman-Enskog
formula accurately reproduces the Green-Kubo results,
within the error bars, for all temperatures considered.

This work sheds light on the various approximations
used to evaluate the shear viscosity of a mixture, when
one does not have sufficient information on the inter-
action between one species and another. In particular,
we have shown that the conjectured formulas that try
to estimate n as combinations of the single fluid com-
ponents can largely underestimate or overestimate the
‘exact’ result of the 2-component fluid. The purpose of
the study is general, since its conclusions are not lim-
ited to hot QCD matter, but may be applied also to
the study of neutron stars and condensed matter sys-



tems. In the study of neutron stars, Pauli blocking ef-
fects are quite substantial [63], therefore a future exten-
sion of this study to include these effects has to take into
account a Boltzmann equation with the inclusion of the
Uehling—Uhlenbeck terms in the collision integral [64]. In
light of quark-gluon plasma applications, it may be useful
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to explore the multi-component (> 3) Chapman-Enskog
formalism, in order to distinguish the strange flavor from
the light flavors and the gluons: the outcomes may then
once again be compared to the Green-Kubo results.
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Appendix A: Analytical calculations for the 2-component to 1-component reduction of 7

As already mentioned in §IIB, if we consider a 2-component mixture in which m; = ms = m and
012 = 011 = 099 = 0, what we obtain is trivially a single component fluid, whose particles have mass m and
interact with a differential cross section o (v, 6). It is therefore natural to expect that if we consider our 2-component
formula (7) for n and put m; = mg = m and 012 = 011 = 092 = 0, we find the 1-component result (3), independently
on the relative concentrations z1,x5. In this Appendix we analytically show that the Chapman-Enskog formalism
outlined in §II B recovers this result.

Let us preliminary study the relation between the generalized two component omega integrals (16) and the single
component omega integrals (11) (which is the same as (5)) when all the masses and cross sections are the same. For
my = mg = m we have 1o = myms/(Mi2) = m/2 by the virtue of (14). By taking into account the relations (17)
we can write (16) as:

emj2 [t Ysinh?w 1" /M
Wi =— m }2/ d¥ sinh® ¥ [m S } () .
0

rtwe TUTK () 2(m/2)TP?] \ P
[;mu + cosh xp)} ’ [;m(l + cosh \If)] 'K, (1;) /07r d0sin 6 o(W,0)(1 — cos® 6). (A1)

By considering that ¥ = 2¢ in (17), we can rewrite:
sinh ¥ = 2sinh ¢ cosh v,

P = \/2m2(1 4 cosh ¥) = 1/2m2(2 cosh? ¢) = 2m cosh 1),

% = (cosh) ™,
%m(l + cosh ¥) = cosh 1, (A2)

and (A1) then takes the form:

+o0 ,
oo =%/{) (2d4) (cosh? ¥ — 1)(2sinh  cosh ) (1)
(Sinh2 )" (cosh ) T TV K, (22 cosh 1)) /7T dfsin@o(y,0)(1 — cos® 0). (A3)
0

Moreover, by noting that cosh? ¥ — 1 = 4 cosh? 1 sinh? 1), we finally obtain:

T +o0o 77
wﬁ‘;zw = ;?;ZP /0 dip (sinh 4)312" (cosh )3~ T K, (22 cosh 4)) /0 dfsin @ o(y,0)(1 — cos®0). (A4)
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(s)

iy a0d the single component

A quick comparison with (11) finally shows the relation between the two component w
(s)

w;’ when masses and cross sections are equal:

wé?,u,v = wi(is—)t—&-u—&-v' (A5)

Using this preliminary calculation, we can now see what happens to the coefficients ¢ in (13), of which we report the
general expression, just for convenience:

_ 32p2c3c3 1,1 (1 —1,-2 (1
€12 = m[_lozlz2g1zlz1zlw§2)11(012) - 102122C1212122W£3)11(012)+
2 —1 (2 _2 (2
3“’512)0(‘712) - 32121“’522)0(012) + 2122“’532)0(‘712)]7
- 32p%c3c3 1.1 (1 1,-2 (1
= 3]\/[1227121:612%2 [1OZ%<1212121W§2)20(012) + 1OZ%§121Z122°U§3)20(012)+
2 ~1 (2 _2 (2
3‘”512)0(012) - 3Z121W§2)00(012) + 2122‘”532)0(012)}7
- 32p2c3cs

11 (1 “1,-2 (1
Co2 = 3M122n2x1m2 [1OZ§C121Z121W§22)2(‘712) + 10z§§121Z122w§3%2(012)—|—
3 (2) _ 3Z_1 (2) Z—2 (2) A6
Ws100(012) 12 Wa200(012) + Z13 wagge(012)]- (A6)

By looking at the definition of the 2-component omega integrals (the original definition in (16) or equivalently the
simplified version (A1l)), it can be immediately seen that when the masses are equal we have:

(1) €0) (1) (1) 1) (1) (A7)

Wi211 = Wi220 = Wi1202; W1311 = Wi320 = Wi302-
Similarly, by using the relation (A5) we have just derived, we have

win =w”,  wio=wiY, wighe = wp?. (A8)

By using (A7) and (A8), the equations (A6) can be written as:

8
C12 :gzlxg[fIOwg)n - IOZflw%)ll + 3w£2) - 3z*1w§2) + zfzw((f)] =

8
:g"Ell'Q[*].OA + 33},
) 1, (1)

. .8 _ _ _
¢11 = Co2 :§x1x2[10wgu + 102wl + 3wl — 3271w 4 272 =

8

having defined A = wg)ll + z_lw%)ll and B = wg) — z_1w§2) + z_Qwéz)/?).

Now we can tackle the full expression (7): we will simplify the numerator and the denominator separately. Starting
from the numerator we have:

2
Ve + Y511 — 2miv2c12 = (10 ) [23c22 + @3c11 — 22120012] =

- (1‘)2(2)

2
80
) T1T2 {16x1x2B + Ea:%A + Sx%B + 16x129 B+

80 160
gng + 895%3 + ?xleA - 169519623] =

(055) e [Faeer] o
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Moving on to the denominator we instead have:

2
8 8 8
C11C22 — 0%2 = 16(17%3 + giEl.’EQ(lOA + 3B):| |:].6£EgB + g.’El{EQ(lOA + 3B):| — |:3.’E15172(—].0A + 3B) =

8 64
=2562223 B2 + 1682 12(104 + 3B) (a1 +23) + ?ﬁmg [(10A+3B)* — (—104 + 3B)?] =

64 64
=2562323B? + jxleGOAB(:E% + 22) + 128z 29 B2 (23 + 23) + 51;?3:%120143 =
64
=5 1226048 + 128z,29B% =
80

This means that, by using the results (A10) and (A11), the equation (7) becomes:

T ke +3en —2nmecis T [10K3(2)/Ka(2)] 2122 [80A/3+8B] T [10K3(2)/Ka(2)]° T 13
- 10 C11Co2 — Coo - 10 162172 B [80A/3 + 8B] 10 16B - 10 coo’

(A12)
i.e. exactly equation (3). This means that, when the masses my, mo of the two components are equal and all the
differential cross sections o711, 029 (within each species) and o015 (interaction between species) are equal as well, the 2-
component result reduces exactly to the 1-component formula. As expected, this occurs independently on the relative
concentrations x1, T2, since in this limit there is nothing differentiating the two components.

Ui

Appendix B: Details on the Quasi Particle Model

It is well known that perturbative QCD is applicable only for energies greater than the typical scale Aqcp. However,
the temperature range achieved at RHIC and LHC is not sufficiently large compared to the Aqcp, which implies that
the coupling a; is not sufficiently small and we cannot overlook the non-perturbative aspects of the interaction.
Consequently, the medium formed in the collision can be described as a many-body system which is heavily screened
and influenced by non-perturbative effects, even at very high temperatures. As well known, the experimental data
related to heavy quark dynamics, such as the D meson nuclear modification factor R44 and elliptic flow vy, are not
well reproduced by perturbative calculations. In particular, perturbative approaches effectively describe phenomena
occurring at high transverse momenta pp, but underestimate interactions at low pr (below 15-20 GeV). In order to
include non-perturbative aspects of the deconfined state, one should therefore move beyond the notion of massless
and weakly interacting bulk partons.

One approach proposed consists in describing quarks and gluons in the Quark-Gluon Plasma as an ensemble of
quasi-particles near the critical temperature. This approach allows to deal with the appropriate degrees of freedom
while still describing the lattice QCD results of equilibrium thermodynamics (e.g. the EoS). By attributing most
interactions to the T-dependent effective masses, we can treat the remaining interaction among quasi-particles
perturbatively. As shown in recent years, the inclusion of the quasi-particle model in relativistic heavy-ion simula-
tions, along with the incorporation of an appropriate hadronization scheme for coalescence and fragmentation, has
led, among other things, to a better description of the main observables of heavy hadrons and a more consistent
estimation of the spatial diffusion coefficient with values extracted from lattice QCD [65].

More specifically, within the Quasi Particle Model (QPM), we assume the masses for gluons and light quarks to
have the following temperature dependence:
_NZ-1

mo(TP = 5 (Mot g0 ) (TP (1) = S to(rP T B1)

where N, = 3 denotes the number of colors, Ny = 3 is the number of flavors and we assume no chemical potential.
The function ¢g(T') is an effective coupling constant, whose temperature dependence will be derived by fitting lattice
QCD data.

In this model the total pressure of the system can be written as the sum of independent contributions from
the different constituents (each having the T-dependent effective mass in (B1)). However, when the temperature-
dependent masses are included in the pressure, its derivative with respect to temperature will produce an extra term
in the energy density, which does not have the ideal gas form. Therefore, the model is completed by introducing a
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FIG. 6: Left panel: the coupling g as a function of T for pQCD calculation (black dashed line, from [68]) and QPM (red solid
line, for Ny = 3). Right panel: the gluon and quark Quasi-Particle masses as functions of T'.

temperature-dependent ‘bag’ term B(T') to account for further non-perturbative effects and to ensure thermodynamic
consistency [66]:

caru(T) =3 / P B0)fi0) + BT), (B2)

dp p2 —1ip) ~ B(T). (B3)

Popm (T

In the above equations f;(p) = [1 F exp|8FE; (p)]]’1 are the Bose/Fermi distribution functions for gluons and quarks,

respectively, F;(p) = \/p? + m? and d; are the degeneracy factors, equal to 2-2- N, for quarks and to 2- (N2 — 1) for
gluons. Each of the above quantities has been expressed in terms of two unknown functions, namely g(7') and B(T).
However, only one of those functions is actually independent, since we have to enforce thermodynamic consistency by

imposing:
0Pqprm

ame |, =0, i=ud,s,g. (B4)

At this point, only g(T) has to be determined, and this is done by performing a fit to the lattice data from [67]:
£QPM (T) - Elattice(T>7 <B5)

By doing so we get the g(7T') in the left panel of Figure 6: as shown, the QPM recovers the correct pQCD limit
for high temperature. For Tp = 0.151 GeV and gy = 6.26 (the initial value for go has been set in order to match the
lattice data for the pressure at temperature Tp) this function can be fitted as:

g(T) = (co + 1T + coT?) exp[—c3 T]  for T < 0.22 GeV,

1672
9(T) = 77 for T > 0.22 GeV, (B6)

9log[(bo(T/b1 — b2))?]

where the values of the constants are reported in Table I, assuming that 7" is considered in GeV.

co c1 ca2 cs Ca bo bi | b2
46.737| —436.86|1266.4|77.763|2.7523]2.2800|0.155(0.55

TABLE I: Values for the constants used in the fit for g(T').

In the right panel of Figure 6 we instead show the quark and gluon masses in (B1) that we obtain from this
procedure. We notice that at sufficiently high temperatures m(T) ~ T, as one can expect since in these regimes T

remains the only scale of the system.
More details on the QPM, as well as on its possible extension to a momentum dependence in the masses (known

as QPMp), can be found in [69)].
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Appendix C: Shear viscosity in the limit case o2 — 0

In Section III we have highlighted more than once that, when o1 gets smaller, the results for the shear viscosity
of a binary mixture approach the blue curves, i.e. the simple sum of the two viscosities (see Figures 2 and 3). This is
very easy to check also analytically, since when o152 — 0 Eq. (7) reduces to:

B 10 C11C22 — 0%2 10 (6%60071)(0360072) -0 o 10

=m+n2
(C1)

This may lead to think that, if we consider o12 = 0, that is, a system of two fluids which do not interact one with
the other but only within themselves, then the viscosity of the binary mixture is the sum of the two. However, the
issue is quite trickier than that, for both mathematical and physical reasons.

B 2712022 +73c11 — 27172012 N T (c170,1)2(c3c00,2) + (¢270,2)%(¢ico01) =0 T ('702,1 n 3o
€00,1 €00,2

Indeed, let us note that the result (C1), in the limit o2 — 0, does not depend on the relative concentrations of the
two components. This means that, if we now perform also the limit z; — 0 (without loss of generality) on (C1), we
simply get:

lim lm n=mn +no. (C2)
x1—0012—0
This implies that, even for infinitesimally small concentration of one of the two components of the mixture, the
viscosity will differ by a finite amount from the contribution of the remaining component only. This turns out already
counterintuitive and nonphysical.

A further insight into the issue is given if one reverses the order of the limit procedures in (C2). In particular, let

us first see how each term in (7) behaves when z; — 0:4

Yicas ~o(x]), Vic1r ~ @35 0011 ~ o(x1),  2mivaciz ~o(a}),  cicas ~ EiT3c02 ~ o(x1), iy ~o(a}). (C3)
This means that if we consider (7) when 27 — 0, only the terms o(z1) are relevant and we get:

2.2 =~ 2
T 757211 T Y2

—_—— =
10 0111‘200072 10 00072

= T72. (C4)

This is of course expected, since when x7; — 0 only the second component is left in the mixture. However, this implies
that now there is no dependence on 019, and if we perform the limit 015 — 0 we get:
lim lim 7 =ns. (C5)
0’12*}0 T —0

What we observe is that Egs. (C2) and (C5) lead to different results, and it is likely that performing the limits
012,21 — 0 along any line o15/x1 = constant will lead to values still different from the above.

The issue here is likely to come from the Chapman-Enskog approach itself. Indeed, a system with o125 = 0 is not
in an equilibrated state, since the two components of a mixture cannot interact with one another, and the relaxation
time of the system is Tyelax = +00. This means that the Chapman-Enskog approximation is not applicable when
o12 = 0, since there is no equilibrium state to expand from. As soon as o1 is however small, but not zero (as in the
studies we performed in Section IIT), the relaxation time is large but finite, and the Chapman-Enskog approximation
is valid.

A similar problem occurs in the opposite limit 015 — 400. In particular, one can easily see that:
li li =0 C6
:611210 o12 B;I}‘roo " ’ ( )
lim  lim n = ne. (C7)

o12——+00 x1—0

It is likely that, as before, in this limit the CE approximation cannot be employed and therefore the formula (7) for
1 breaks down.

4 Here “a ~ o(2%)” means “a goes to zero as z4”.
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Appendix D: Scattering matrices in the Quasi Particle Model

In the configuration which we label in the main text as QPM, anisotropic, we are interested in studying the QCD
bulk partons interacting with one another. In order to achieve this we calculate the gluon-gluon, gluon-quark, and
quark-quark scattering matrices M using perturbative QCD (pQCD) Feynman rules at tree level.

In the QPM framework, both quarks and gluons are massive: this means that, in order to calculate the matrix
element M corresponding to a scattering in QPM, we have to modify the expressions for the propagators as in [70]:

2
9" — q"q" /My

00000000, 1 = b (O1)
: , i+ M,
q

That is, the usual pQCD propagator for the gluon has to be replaced with a massive vector propagator. In the
above expressions ¢ is the 4-momentum of the exchanged particle, whereas the delta functions (over a, b for the gluon,
over ,j for the quark in the above diagrams) ensure that the exchanged gluon/quark is connected with the other
parts of the diagram carrying the same colour.

The addition of a mass in the gluon propagator, as in (D1), is not the only modification we have to make with
respect to a standard pQCD Feynman diagram study. Indeed, while evaluating |M |2, also the sum over polarizations
A of the gluons has to be modified as:

kky
SCAHRE) = —gu + "5, (D3)
A

whereas in usual pQCD only the —g,,, term in the right hand side would be present.

Once we discussed these technical subtleties, in this Appendix we now give more details on the calculation of the
matrix elements used to evaluate the cross sections for massive partons. In order to fix the notation, let us remind
that, by calling (k;, p;) the initial 4-momenta of the particles and (ks,ps) their final 4-momenta, the three Mandelstam
variables are given by:

s=(ki+p)®=(kp+pp)?  t=(ki—kp)’>=pi—pp) u=(ki—ps)’=(pi—Fkp)? (D4)

Moreover, the generators of SU(3) associated with QCD are the Gell-Mann matrices divided by two, i.e. T% = \*/2,
being a = 1,...,8 the gluon colour index [71]. The Lie algebra which the generators T* have to obey is given by the
following commutation relations:

[Ta’ Tb] _ ifabcTc7 (D5)

where f%¢ are the SU(3) structure constants. The rules for the sum over colors which we are going to perform are
given in detail in [72]. Furthermore, the Dirac gamma matrices will be denoted by v*. The Dirac spinors for particles
and anti-particles will be indicated by u and v, respectively, and e will denote the polarization vector for gluons.

We are going to proceed by listing all the matrix elements M of our interest, as derived from the Feynman rules
applied to the proper diagrams. The final analytical expressions for the squared invariant matrix element |M|? are
then determined by averaging over initial spins and colors and summing over final ones. This has been done using
the FEYNCALC package within Wolfram Mathematica [73-75].

Quark-quark scattering

When dealing with quark-quark scattering, depending on their flavours we may have the presence of not only the
direct (¢t-channel) diagram, but also of the exchange or of the annihilation diagram (u- and s-channels, respectively).
The diagrams involved in the quark-quark scattering are depicted in Figure 7.
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) t-channel ) u-channel (c) s-channel

FIG. 7: Leading-order Feynman diagrams of the quark-quark scatterings.

By denoting as «, 3,7, § the flavour indices, 4, j, k,I = 1,2, 3 the quark colour indices and a,b,c,d,e = 1,...,8 the
gluon colour indices, each of the diagrams in Figure 7 carries the following contribution for the M matrix [70]:

. i j _j . an. i .9 V_(qtqlt/)/Mz
iMi(4,95 — a3d%) = basbsyh (k) (—ign™ T Jug, (ki) [_Z (Zf R I
? g

G — (qliqy) /M2
(py — ki)? — M2

1 s () (—igy" Ty Ju (pi),

iMu(qhal = qidl) = —Sasbasday il (kr)(—igy” Tf uf (p:) [— ] @, (ps)(—igy" T )ul (ki)

G — (€q5) /M2
(ki + pi)? M2

iM (il = @3d,) = —6,500315 (kp)(—igy T v, (py) l ] o5 (pi) (—igy" Tk )uly (ks),  (D6)

where ¢ = (ky — k)", ¢* = (p; — kg)* and ¢ = (k; + p;)* is the momentum of the exchanged gluon in each case.
These matrices are then added up, modulus-squared and averaged (summed) over initial (final) colors and spins, that
is:
1 1
2 2
-~ = uw s| - D
|IM(qaqs = 45G)| T%X33%3 E E |IMy + My, + M| (D7)

colour spin

The action of the Kronecker deltas in the expressions (D6) for M therefore selects the diagrams of our interest
depending on the quarks involved. In practice, for quarks of different flavours we are going to consider only the
t-channel diagram, for ¢q§ — q¢ we are considering both the t- and the s-channel diagrams and for q¢ — qq we are
considering both the ¢- and the u-channel diagrams.

The final results are:

4
M(qq' = qd")* = .
002 —1)?

9
4q*
27T(MZ —t)2(M2 — u)?
MZ(3s(t 4+ u) 4+ 7t* — 10tu + Tu®) + 3s(t* + u®) — 3stu + (t + u)(3(t — u)® + tu)]+
M} (4% +3(t* +u?)) — 2M2(t + u)(25° + 3(£? — tu + u?)) + 357> — 25%tu + 3s*u® + 3t* + 3u'}
(D9)

[2M] +2M7(2M7 — s+t —u) + 2My — 2M7 (s — t + u) + s> + u?] (D8)

|IM(qq — qq)* = {8M[5M; — 5M (t +u) + 3(t* + u®) — tu] — AM[M (35 + t + u)—

4q*
27(M2 — 5)2(M2 —t)
M7 (3u(s +t) + 7s* — 10st + Tt%) + 3u(s” + t7) — 3stu + (s +t)(3(s — t)* + st)]+

44,2 2 42 2 2 2 2 2.2 2 2,2 4 4
Mg (4u® + 3(s™ + 1)) — 2M (s +1)(2u” + 3(s™ — st +17)) + 3u”s” — 2u’ts + 3ut” + 3s +3t(1}).10)

IM(qq — qq)|> = 5 {8My[5M,; — 5MZ (s +t) + 3(s” + t%) — st] — AMZ[M, (3u + s + t)—

Quark-gluon scattering

The diagrams involved in the qg — qg scattering are depicted in Figure 8.
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FIG. 8: Leading-order Feynman diagrams of the quark-gluon scatterings.

These diagrams correspond to the following expressions for the invariant matrix elements [70]:

iM ( a i b g\ _ (.* . cabC/\p,V ki — ke —k: k ] 7.g>\'r - (ngm/Mgz —7 —igNTTE G,
t(9"¢" = g'¢’) = (Eb,f)u[ qf (ki £ —kiskg)l(€ai)p | —i (ky — ki)2 — M2 w (py)(—igy ij)u (i),
4 g9

. a i b j —J . Ha gu+Mq * . vrby, i

Mulg*d" = g°d’) = @ (pg)(=igy" i) €asi)u |07 — 7 | (€.p)v(=igy " Ti)u' (po),
q

- a i b j —j - vrb * -gS+Mq - uay, i

iMs(g*q" = g°¢") = @ (py)(=ign"Ti5)) b, v i 5 | (€aidu(—igy" Tip)u' (pi), (D11)
q

with the 3-gluon vertex being (the 3-momenta are considered as all entering the vertex):

CM(q1,q2,q3) = (@1 — @2)" 9™ + (g2 — 43) 9" + (a5 — @1 )""9™"]- (D12)

The quantity of our interest is obtained by averaging over the initial - and summing over the final - spin and colors,
that is

1 1
8x23x2

(M(gq = ga)|* = ST TIM A+ My + M2 (D13)

colour spin

The final result is

[M(gg — q9)|* =
g {207 M2 + 9MIO[8M? — 21(s + u)]—
q q g
M3 [255M, — 8M 7 (455 + 3t + 45u) + 27s% + 585su + 12t + 27u’]+
IMS[—8MS + 82M (s 4 u) — AM (11s* + 62su + 11u”) + 175 4 1055*u + 105su” + 17u’]+
M [48M} + 4MJ (435 — 6t + 43u) + M, (—291s> + 4s(4t — 551u) + 12¢* + 16tu — 291u?)+
AM (545° + 57 (450u — 3t) — 2s(t* + Ttu — 225u”) + u(—2t> — 3tu + 54u”))—
90s* — 603s3u + 657t — 693s%u? + 28st%u — 603su> + 6t%u* — 90u*]+
MZ[—48M (s + u) + 4MJ(9s” + 25(3t — 68u) + u(6t + 9u)) + 2M,, (85" + 5335w — s(6t + 32tu — 533u”)—
6t%u — 8u®) + 4M§(954 — §3(t — 189u) + s2u(162u — Tt) + su(—8t> — Ttu + 189u?) 4+ u>(9u — t))+
(5 +u)(18s* + 1445%u + 52 (63u® — 2t) — 4s(3t*u — 36u>) — 2t2u® + 18u*)]+
2M5 (85 + 8su + 8u?) — 4AMP(9s® — s*(t + 34u) + 2su(4t — 17u) + v (9u — t)) + M (185" — 2325°u+
§%(—2t% + 16tu — 171u?) + 2s5u(8t> + 8tu — 116u”) — 2t°u® + 18u™) + 4M_ su(27s° — s*(t — 27u) + 5(27u” — 2t*)+

w(—2t% — tu + 27u?)) + su(—18s* + s%(2t* — 45u?) + 20> (t* — 9u?))}/[36(M, — s)*(M] — u)*(M] —t)?].
(D14)

Gluon-gluon scattering

The diagrams involved in the gg — gg scattering are depicted in Figure 9.
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FIG. 9: Leading-order Feynman diagrams of the gluon-gluon scatterings.

Such diagrams lead to the following expressions for the invariant matrix elements [70]:

iMi(g°g" = 9°9%) = (€1.4)o[—9f*C™ (01 — @1, — a1, 41)](€a,1) 1
9~ (ardr) /Mg
(4 —q)* — M2
iM(g%g" — 9°9") = (€54)0[— fpd"CT 7"(qa — g3, qa, Q3)]( €n )

Grrr — (q305) /M2 ] -
-t (@1 + @)% — M2g (Gb,z)u[—gfebac ”\(CD +q1,—q2, —q1)](€a,1)x,
g .

iMu(gagb - gcgd) = (62,4)0[—9fedb07/0”(—% + 42, q4, —Q2)](€b,2)u'
| grr — (g ) /M5 ]
I (g2 — qa)* — M2 ]
iMa(g®g" = g°9%) = —ig* [f** F (™ 9" — g7 9" )+
Feee (g g T — g g ) + fU (M g7 — 9 g€ a)o (€hs)u(€ba)ul€an)r  (D15)

(eZ,g)u[—gf“”CT YH(—qs + g2, 93, —q2)|(€,2) s

(62,3)u[—9feaCCTM(Q1 — g3, —q1, Q3)}(€a,1)m

The invariant matrix element, after proper averaging over the initial - and summing over the final - gluon states is

1
8><28><2

DD My My + M+ Myl (D16)

colour pol.

IM(gg — g9)|> =

The final result is:

|M(gg — gg)|* =
9g*[56160M,% — 100224 M )" (t + u) + 48 M *(2111¢% + 1934tu + 2111u?) — 1208M,° (49t + 53t°u + 53tu® + 49u”)+
M (20559t* + 30182t°u + 34705t%u” + 30182tu” + 20559u*)—
M (3948t° + 8743t"u + 12266t u” + 12266t°u® + 8743tu” + 3948u°)+
M (329t° + 1059t°u + 2035t u” + 2289t°u® + 2035¢%u* + 1059tu” + 329u’)—
2Mtu(3t° + 15tu + 29t%” + 29t%u® + 15tu* + 3u°)+
Pu?(t 4 u)* (8 + tu+ u?)]/[512My (M — 5)* (M — t)*(M7 —u)?]. (D17)

Appendix E: Tables on masses and cross sections

In this Appendix we list the specific values and relations used to reproduce the results shown in the Figures. In
particular, for each case we list the masses used for the two species, the coupling constant, and the squared scattering
matrices |M|? (those are related to the differential cross section by do/dQ = |M|?/64m2s).

In the massless, isotropic case (fourth entry of Table II), the quantities we are referring to are textbook massless
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pQCD scattering matrices [76]:

9 ut  su st
|Mgg|2:94 2(3_52_t2_u2)]' (E1)
:52 +u? 4524
Myql2 = ¢ e (B2)
t2 9 su
(4 (s24+u?  s24t2 8 52
My> =g |2 S8 (E3)
Maq 19 12 u? 27 ut |’
(4 (2 4+u? 24 u? 8 u?
2 4 F _ 22 E4
[Maal g _9( t2 52 ) 27 st |’ (E4)
'4 2 2
A -

The factors appearing in the expression for |Mas|? in the cases massless, anisotropic and QPM, anisotropic refer
to the probability that in a collision among two quarks we have a pair of equal quarks, a quark-antiquark pair and all
the other possible cases, respectively. Those have been derived via basic combinatorics, supposing a very large total
number of particles N, as:?

p _ # of possible qq pairs ~ N(N/6 —1)/2 . 1 (F6)
997799 " total # of possible pairs  N(N —1)/2 6’
# of possible ¢g pairs N(N/6)/2 1
P. . = = - E7
19799 " total # of possible pairs ~ N(N —1)/2 6 (E7)
2
Poq'sqq =1 = Pog—qq — Pgsqq = 3 (E8)

This has to be done since our Chapman-Enskog formalism for the binary mixture is not able to distinguish among
the different quark processes, since we can only deal with gluons and a unique flavour of quarks. Due to this fact, we
have considered an ‘averaged’ quark-quark differential cross section. On the other hand, the transport code which has
been employed to evaluate the Green-Kubo correlator allows for the different quark cross sections to be implemented
singularly for each different channel.

Furthermore, note that the values of |M|? which have been chosen in the ‘isotropic’ cases are just the prefactors
appearing in Eq. (E1) (i.e. 9/2), Eq. (E2) (i.e. 1 —4/9=15/9) and Eq. (E5) (i.e. 4/9).

Finally, when dealing with the physical case of Fig. 5 (parameters in Table V), note that the coupling constant
g(T) appearing in the QPM masses (B1) is in principle not equal to the coupling arising from the Feynman diagram
vertices. Indeed, to evaluate the shear viscosity in a physical case, we want to use the same coupling that gives heavy
quark drag and diffusion coeflicients in agreement with the experimental data for the nuclear modification factor R4 4
and the elliptic flows v,, of open heavy flavor observables [42, 69]. This correction corresponds to a multiplicative
factor of 1.25 to the coupling constant.

5 Since the relative abundance in the mixture only depends on the mass, all quarks and antiquarks appear in equal number. This implies
that the above ‘probabilities’ are fixed and do not depend on either temperature nor quark mass.
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Figure 1 H mi, me ‘ |Mi1]? ‘ |Mia|? ‘ | Maa|? coupling g
massless, isotropic 0,0 g*9/2 | ¢*5/9 g*4/9 2
constant masses, isotropic 0.8,0.5 GeV | ¢*9/2 | ¢*5/9 g*4/9 2
QPM, isotropic Mg, g*9/2 | ¢*5/9 g*4/9 9(T)
’ (B1) (B6)
. . 2 | (Mgl | 1/6|Mqgq|® + 1/6|Mgq|* +2/3| Mgy |?
massless, anisotropic 0,0 | Mg [Mag a K a9 2
P (E1) | (B2) (E3), (E4), (E5)
i ) mg,m 2 | [Mggl® | 1/6|Mgql® + 1/6|Myql® + 2/3| Mgy |? g(T)
PM, anisotropic 9 q [Mgg] a9 aq qq qq
@ > ) | (i) | D) (D8), (D9), (D10) (B6)
TABLE II: Parameters used in Fig. 1.
Figure 2 H mi, Mo ‘ |M11\2 ‘ |./\/122|2 ‘ coupling g T
massless, isotropic, o11 = 022 0,0 gt 4/9 gt 4/9 2 0.5 GeV
massless, isotropic, o11 =~ 10022 0,0 g*9/2 | ¢*4/9 2 0.5 GeV
. . Mg, Mq 4 4
QPM, isotropic, 011 ~ 10022 (B1) g-9/2 g 4/9 2 0.5 GeV
TABLE III: Parameters used in Fig. 2.
Figure 3 H mai,ma ‘ [ M1 ]? ‘ | Maa? ‘ coupling g T
massless, isotropic, 011 = 022 0,0 g*4/9 g*4/9 2 0.5 GeV
massless, isotropic, 011 ~ 10 022 0,0 gt 9/2 gt 4/9 2 0.5 GeV
TABLE IV: Parameters used in Fig. 3.
. 2 2 2 .
Figure 5 H mi, ma ‘ | M| ‘ |Mi2| ‘ [ Moz ‘ coupling g ‘
[Mogl® | [ Mal? 2 2 2 4
Full 2-Component || mg,Ma | (7 g5)7 (125)° (1/6|Mgq|? +1/6| Myql? +2/3[Mgq|?) /(1.25) 9(T)
Chapman-Enskog (B1) (D17) (D14) (D8), (DY), (D10) (B6)
|Mgg|* [Mgl? Mg |? J/(1:25) )* (D8) for g4 — qq’
Mg, M 1 1 9(T)
Green-Kubo 97 (1.25) (1.25) |Maq | /(1.25)* (DY) for qq — qq (B6)
(B | (p17) (D14) | Magl?/(1.25) (DlO) for qg — qq
TABLE V: Parameters used in Fig. 5.
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